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reactioB In the finite range microRciqiic diRtmrted-wnve Born-api>roxlinRtion 

fonnalbm 

S. K. Datta, W. R. Falk, S. P. Kwan, R. Abegg,* and O. A. Abou-Zeid 
Cfchuon Labontay, Dtpanmtnt of Phfiia, Vtilutnily of Manitoba, M'lnnipog, Manitoba. K3T 2S2, Canada 

(Received 21 June >979) 

Tlie differenlial cnae Hctioni for Uie '’C(p.a*)*B(|j.) end '’C(p.a)’B(f.i.) reectioni were roenaared at 
forward antka at the prolan energy of 4S.2 MeV. The outgomg a* particle (20.1 MeV, 0'^, T was 
detected by mtanring in coincidence llie proton and triton breakup producti. Finite range distotted-wave 
Born approximation and final atate inteiactum calculatlona were employed in deacribing the reaction with 
the unbound emitted portick. The form factor tor the dtatoried-wave Boni-appmximation analysia waa 
calculated in a micioicopic model employing Wooda^oxon wave fiinctiona for the three individual 
tranafened nucleona. Microeco{M wave fiioctlona for the a and a* particica, due to Hackenbroich tt at., 
were uaed. Compariaona were abo made with diatorted-wave Boro-approximation caknilathma uaing cluater 
tronafer form Ihcton. Rdative normoliatiooa between the (p,a*) and the corrtaponding (p.a) angular 
diatribution were found to be in good agreement with theoretical prediction fitan the microacopK model. 


NUCLEAR REACTIONS ‘’C(/>,a*)*B, “C(p.a)‘B, R-45.2 MeVj measured 
aif^,EpSU jr^-0.285 MeV, <r(Ea,0); finite range DWBA analyats, mtcroaoopic 
and cluster form factors; flnsl state interaction; relative normolixation. 


I. INTRODUCTION 

Study of nuclear reactions in which the outing 
particle Is In a resonant state la a relatively nctw 
area. Its Importance and usefulness In spectro* 
scoplc studies have been discussed by Robson. ‘ 
There are two main advantages. First, this 
method is suitable for studying many resonant 
states for a fixed beam energy in contrast to the 
usual method involving many changes of bombard¬ 
ing energy. Second, advantage can be taken of the 
diflerent quantum numbers (e.g., Isospln) of the 
resonant state to populate selected states of the 
residual nucleus. This latter point was made in 
connection with (p,ff) reactions,’ 3 being the sing¬ 
let (S a 0, TeI) unbound deuteron state. Typical 
examples of transfer reactions. Involving unbound 
light particles, that have been studied include 
a) reactions,’"’ PHe.S)reactions(a,"He)and 
{at, "Li) reactions,’"** and (o;’He) reactions.*’-*’ 
Recently («, a*) reactions*’-*’ have also been in¬ 
vestigated. To our knowledge, no work on {p,a*) 
reactions has been reported to date. 

The existence of a*, the first excited stSte of the 
a particle (20.1 MeV, 0", 7 = 0, unbound by 285 keV 
and decaying Into proton and triton) was first indi¬ 
cated in the ’H(d,pn)’H experiment of Lefevre et 
at.," which was analyzed by Wemtz.” Subsequent 
corroborations came from analysis of proton-tri¬ 
ton elastic scattering,**'** and more extensive stu¬ 
dy including ’H(p,p)’H,’He(n,«)’He,*H(/.,»i)’He 
channels by Meyerhof and collaborators.**"” A 
summary of the properties of this resonant state 

11 


and references to other works are given by Fiar- 
man and Meyerhof.” 

Aside from adding to the general body of infor¬ 
mation Involving transfer reactions with resonant 
particles, the present work was undertaken with a 
siieciflc end in view. The microscopic finite range 
form factor an?roach of Falk et ol.’’-*’ for (p, a) 
reactions makes possible finite range distorted- 
wave Bom approximation (DWBA) calculations 
where the details of the or and a* wave functions 
can be Incorporated. In a comparison between 
ip, or) and ip, at*) reactions those aspects due to 
the different wave functions of a and at* are em¬ 
phasized and effects due to the other parameters 
which are kept the same in both reactions are 
minimized. Therefore, such a study provides an 
additional and more stringent test of the micro¬ 
scopic theory. The alternative finite range cluster 
form factor DWBA calculations,” which neglect 
internal structures of the transferred particle 
group, can also be compared to the data and its 
merits relative to the microscopic approach eval¬ 
uated. 

The absolute normalizations of the cross sec¬ 
tion angular distributions for the microscopic 
form factor calculations are difficult to deter¬ 
mine” and only relative normalization between 
(p, at) and (p, a*) angular distributions are, there¬ 
fore, calculated. Janetzki et al.* have shown, in 
their study of the (’He,!!) reaction, bow to calcu¬ 
late the normalization factor for the reaction in¬ 
volving the unbound singlet deuteron. In their work 
the effect of the unbound emitted particle was taken 
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Into account using the final state formulation of 
Watson” and Mlgdal.** The enhancement in the en¬ 
ergy differential cross section was calculated us¬ 
ing a scattering length, effective range approxl- 
matlon of the Jost function for n-p scattering. Un¬ 
like the singlet deuteron, which is an antibound 
state (i.e., a pole on the negative Imaginary t ax¬ 
is of the complex h plane), the o* (singlet />-<) is 
a resonance. While the effective range i^roxi- 
mation is valid on the positive real E axis (the 
pole being on the negative E axis) for It, for the 
a* resonance a Breit-Wlgner description must be 
used (the pole being In the positive energy region 
though not on the positive real E axis). Coulomb 
effects between the proton and triton from the or* 
are also important. We followed, therefore, a 
slightly different method. The effect of the three 
body final state was still taken Into account using 
the Watson-Mlgdal approach, but the unbound wave 
function of the a* was expressed in terms of a 
Brelt-Wigner energy dependent factor and a bound 
s-wave function. The development follows closely 
the method of Pong and Austem* but, unlike theirs, 
includes Coulomb Interactions. 

The experiment was carried out to measure 
‘*C(/), a*)“B and '^C(p, o)*B cross section angular 
distributions simultaneously. The target was cho¬ 
sen because of Its known large cross section for 
the ( p, a) reaction at our available energy.® The 
proton and triton products from a* decay were 
detected In coincidence. The e^^iimental details 
are given in Sec. 11. Theoretical details for evalu¬ 
ating the (/>, a*) cross section—salient features 
of the Watson-Mlgdal final state formulation, our 
description of the unbound a * wave function, and 
the relation of the measured cross section to the 
calculations—are set forth in Sec. HI. The method 
of data analysis and the results are discussed In 
Secs. IV and V. 

II. bXFLRIMENT 

The experiment was performed using a 45.2 MeV 
proton beam from the University of Manitoba vari¬ 
able energy cyclotron. The momentum analysed 
beam impinged on a target at the center of a 56 cm 



FIG. 1. DotocUon geometry for coincident detection of 
the breakup products from a*. 


diameter scattering chamber. The target was a 
self-supporting Mylar foil of thickness 0.25 mil, 
yielding a '*C target of thickness 0.55 mg/cm*. 
Mylar was used because of the availability of thick 
foils. Interference due to the presence of oxygen, 
the other major component In the target, was ex¬ 
pected from the “0(/>, a*)»N (3.51 MeV) peak. 
Subsequently, this reaction was found to have a 
negligible contribution and was Ignored. 

The detector arrangement for detecting the pro¬ 
ton and triton decay products from a* Is shown in 
Fig. 1. The triton was detected in a solid state 
AE-B-veto counter telescope of thicknesses 100 
pm (A£) and 1000 pm (£), respectively. The col¬ 
limating slit In front of the telescope detector was 
0.315 by 0.956cm. The proton was detected In a 
1000 pm rectangular detector of 0.7 cm width and 
2.4 cm height with a horizontal collimating slit of 
width 0.315 cm. The two detectors were mounted 
in a vertical plane; the triton detector slightly be¬ 
low the scattering plane and the proton detector 
above it Both were at a distance of approximately 
11 cm from the center of the target. The angular 
separation between midpoints of the two detectors 
subtended at the target was set at 20° on the basis 
of a kinematic calculation for the most efficient 
coincidence detection. 

The protons and tritons from the o* decay were 
detected using a slow-fast coincidence electronic 
arrangement. The slow logic signals from the 
timing single-channel analyzers in the proton and 
triton detection channels were fed into a coinci¬ 
dence unit and the output pulse after logic stuqilng 
was used as a common analog-to-dlgltal conver¬ 
ter (ADC) gate. The fast timing signals from the 
two channels were put into a tlme-to-amplltude 
converter (TAC) and the TAC output fed into an 
ADC. Particle Identification In the telescope 
spectrum was performed by the data taking pro¬ 
gram on the basis of AE and £ signals. 

The energy resolution In the telescope spectrum 
was about 200 keV. No particle identification was 
made in the proton detector. Fortunately, com¬ 
peting reaction channels did not yield other par¬ 
ticles within the region of Interest of £» = 1 to 8 
MeV. The program displayed a two-dimensional 
spectrum of triton energy £, vs proton energy 
Ef for coincident events In the two detection chan¬ 
nels. A typical E,-Ep plot correq;>ondlng to o* 
scattering at angle dint >>20° is shown In Fig. 2. 

The fast timing coincidence constraint was Im¬ 
posed by software, selecting only events from this 
list that fell within the specified window of the 
TAC spectrum. The veto detector placed behind 
the triton telescope served to eliminate the large 
number oi background events due to coincldenee 
between elastic protons In the two detection chan- 
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FIC. 2. Two-dimensional plot of proton-triton coin¬ 
cident events at laboratory scattering angle of a*, B 
20°. The events projected along and £, axes are 
shown as spectra beside the axes. The events with a 
breakup energy of 28S keV are contained In the central 
band bounded by the two parallel oblique lines and the 
lines A and B. Boxes C and D denote locations of se¬ 
quential decay events from ‘*C(p,f)'°C* (5*29) and 

(6 •58), reapsotlvely. Loci E and F indicate 
locations of events from '*0(p,f)'*0* —'*N+p and 
'“0(p,f)“C)* —‘^ + o, respectively. For clarity of pres¬ 
entation, events In the region £^»2'3 to 2 *7 MeV (dom¬ 
inated by the elastic proton peak) have been left out. 


nels. PUeup rejection circuitry was also used to 
clean up the backgrtAind. 

The oi-particle spectrum from the (p, a) reac¬ 
tion was collected simultaneously by feeding the 
summed E + 6E signals from the telescope coun¬ 
ter Into a multichannel analyzer. No particle Iden¬ 
tification was necessary since all other competing 
channels produced peaks at the lower energy end 
of the spectrum due to either high negative Q val¬ 
ues or loss of little energy In the combined &E-E 
counter. 

The resolution achieved in the a spectrum was 
200 keV. The proton beam was stopped and col¬ 
lected in a Faraday cup separated by a 2 cm air- 
gap from the scattering chamber. Typical beam 
currents were 5 nA. Two NsJ detectors were 
placed to the left and right of the beam at 15® from 
the chamber center to monitor target thickness, 
necessary corrections due to evaporation of 


material from the target were made by normal¬ 
izing the monitor peak counts to the charge collec¬ 
ted In the Faraday cup. 

The angular distributions for (p, a*) and (p, a) 
were measured at laboratory angles 20° to 50°, at 
10° Intervals. 


ni. THEORY 
A. Thitc body final atate 

Since the ‘’C(/), a*)*B reaction yields In the final 
state three particles, °B, proton, and triton, the 
usual two body direct reaction theories, e.g., the 
DWBA, cannot be applied straightforwardly in the 
description of the reaction process. Final state 
interaction between the emitted particles and the 
three particle kinematics must be taken Into ac¬ 
count over and above the primary reaction mecha¬ 
nism responsible for the production of the a*. 

It is assumed following Watson and Migdal”'* 
that the total Hamiltonian of the system can be 
written as B=I/g+V+l/ where Eg is the Hamiltoni¬ 
an for three free particles, F is the potential 
which produces and a* (emitted as a composite 
particle), and U Is the final state potential be¬ 
tween the proton and triton into which the o* 
breaks up (final state interaction between other 
pairs are not considered). The Lippmann-Schwing- 
er equation for this case can be written as’*’''“ 

0*=X‘ + (£'_fl„±ic)-‘(I/+V')**, (1) 

where ip* is the three particle scattering state, x‘ 
are the three free particle plane wave states, and 
E the total energy. The Isolated scattering of the 
proton-triton through the potential U is given by 

0*= X* + (£_.ff„±,t)-'t/d.‘. (2) 

The transition matrix element between the 
entrance channel a C’C+p) and the exit channel 
b (“B +p^-t) is given by 

(x;|(u+v)|0;), (3) 

which after some algebra utilizing Eqs. (1) and 
(2), yields 

Following Watson,*’ the two body Interaction U is 
so chosen that the second term vanishes. A new 
wave function iig is defined for the case U = 0, when 
from Eq. (1) for (/ z 0, 

0St)(* + (£-/fo±ic)-*Vi).S. (5) 

Using this equation, after some further algebra, 
one gets 

In the Watson approximation, the production po¬ 
tential V Is assumed to be wei^. (This is justified 

























1690 


OATTA, FALK, KWAN. ABECG, AND ABOD-ZEID 


21 


since the first Bom approximation is often suffi¬ 
cient to describe the production process.) For 
such a case tends to 0^ and the second term in 
Eq. (6) can be dropped. We have finally 

= (7) 

whore 'hi, is the entrance channel (proton, 

+ / bound state) wave function assuming no pro¬ 
ton-triton final state Interaction, F is an effective 
interaction, and <t>f is the exit channel (proton, 
triton, '%) wave function where the proton and tri¬ 
ton interact via a potential U and the residual nu¬ 
cleus does not interact with the fi-l pair. 

B. Unbound qectilc wave function 

The exit channel wave function 0, can be separa¬ 
ted into three parts as 

0, = 0„(C,f)-*f(k»,fi.)S((g), (8) 

where 0^,(E, r) is the wave function of the unbound 
/!>-/ system, Xi it,, fS,) is a relative wave function 
between the centers of mass of the p-l cluster and 
the residual nucleus, and B(tg) is the intrinsic 
wave function of the residual nucleus. If we now 
make the usual DWBA approximation*' for the 
transition amplitude we get 

=<<!>;,( f), .'f( i?,, R,)«( « a) I V„( f) I 
>tX-(k,,R.)M(£^)), (9) 

where X{k„ R,) is the relative wave function be¬ 
tween the proton and ‘^C in the entrance channel, 
/l(f^) Is the intrinsic wave function of the target 
nucleus, and F,,(r) is the effective interaction. 

The intrinsic spin wave functions of proton and 
triton are implicit in this expression. 

Depending upon whether the proton-triton un¬ 
bound wave function 0,, is dominated by a reso¬ 
nant structure or not, we use two different ap¬ 
proaches to evaluate Eq. (9). 

(1) Breit-Wi^er resonance. According to 
Wemtz,” the a* iqjpcars as an / =0, S = 0 (spin- 
singlet) resonance in p-l scattering at £,,=285 
keV. For scattering states which are unbound by 
small energy we make the approximation follow¬ 
ing Pong and Austern" 

^f(f)0;-,>(ir, r)=A(l')FM(f)»'<k, r), (10) 

where A Ih) carries the bulk of momentum depen¬ 
dence and IF(k, ?) is a relatively energy indepen¬ 
dent 1 = 0 bound state wave function localized and 
normalized to unity within some radius R^. The 
bound state wave function W vanishes for large 
r, whereas 0„ has an oscillatory tall. The ap¬ 
proximation holds because V„ls a short range 
nuclear potential. (Coulomb interactions between 
the proton and the nucleons in the triton are neg¬ 


lected in the mieroseople form factor approach.) 

Since 1F(k, ?) is normalized to unity within some 
radius Ag, we can write 

f'“dV10‘-,>(£, f>I»- prVr|A(it) 1«I W{fi,r )|» 

-l>i(*)|«. ( 11 ) 

Writing 0^7’(£,?) = [»(«!,r)/rll'oo(^) we get 

h(it)|*=|^d»'|x(*,r)|». (12) 

This is evaluated hy standard techniques* (with 
modifications for charged particle) using at y^Ro, 

X ( k, r " Ao) “ c-*» 0 (Fo COsOo + Go Bln6,), 

(13) 


and neglecting Coulomb function derivatives 
dFjdk and dGjdk compared to db/dh over a sharp 
resonance. We get 


|A(fr)|* = 4r 


it* d6„ 
2ml! dE ' 


(14) 


For charged particle scattering, the resonant nu¬ 
clear phase shift for a single level is given by** 

6 „ = tan-> _ (15) 

where F is 2Fo> ’, the penetrability £„ is ka^/ 
(Fo*+Go’), Oo tn the channel radius, y* is the re¬ 
duced width, £„ is the resonance energy, and the 
shift function 

Using Eq. (15) in Eq. (14) we have the final ex¬ 
pression 

(£„-S„yLE)i+ir« j 

(E„-Soy*-£)*+ir* r 

( 16 ) * 

The first term is similar to that for neutral 
particles (in Ref. 8) except for the Coulomb shifted 
resonance energy in the denominator. But the se¬ 
cond term /,, is an entirely new one due to Cou- 
lomh effects. The relative importance of the two 
terms is shown in Fig. 3, where/., and/„■•■/,, are 
plotted as a function of the relative energy £,, ■£ 
The parameters lor the calculation, 
£o«0.84 MeV, r*B3.35 MeV, and <i,>v3.3 fm are 
taken from Meyerhof and McEleamey.** 

The expression for the transition amplitude can 
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FIG. 3. Enhancement factors |<4 (6) | *■/«!♦/js tor the 
singlet state and | B(A) | ’•/( for the triplet state, aa 
functions of relative energy between the proton and tri¬ 
ton. The quantities plotted are those given by expres¬ 
sions aS) and (23), wlthN,*«l. 

now be written as follows, using Eq. (10), 

Ts. =i4(fe)<iy(k, f),X<-'(k„ R,)fi(TB) I V„(r) | 

xX'*'(k.,5,)A(|,^)>=>l(fe)T‘-;, (17) 

where Tj,, is the usual OWBA amplitude In which 
o* Is treated as an f = 0, p-t bound state. The su¬ 
perscript 5 denotes singlet state. The effect of the 
unbound nature of the eJectUe Is separated out in 
the factor A (h), which is evaluated from Eq. (16). 
The quantity jA (h) | * is called the enhancement fac¬ 
tor. 

(11) Effective range approximation. A nonreso¬ 
nant f »=0,^ = ^(gpin-tr4)let) background underly¬ 
ing the at* state, is also associated with the ob¬ 
served p~t spectrum. For this case, the momen¬ 
tum dependence of the wave function is separa¬ 
ted out In the following way.** The wave function 
for large r Is 

f) = Vlie- (F, cos6o+G, 8lii6,)ir„. 


(18) 

rVir states of low relative momenta hr <xl, Fo(fer) 
«C*r, and G„fkr)m 1/C (Coulomb funettons normal¬ 


ised to unit amplitude at infinity), where 
2*t|/(B*^-l), q«*,*,peVti*h. The effective range 
antroKlmatlon for charged particles at small rela¬ 
tive momentum Is given by 

C'fe cota,_ 1 + ^ fe» _ (19) 


where a> scattering length, r,» effective range, 
A(j 7 ) = Re fr'{l-fq)/r(l-irj)|-lnq, A =.«*/ 2 )ie,e/i». 

Using this with the approximate expressions lor 
Fq and Co In Eq. (18) we get, 

= fin e-'-o sln6o/„(r), (20) 


where only the first term C*h cot6o =-1/a has been 
retained In the effective range expansion. 

Introducing this In the expression for the transi¬ 
tion amplitude, Eq. (9), we get 


To.=V^ 5F e-*»» ■ 


sln6o 


TF 


x </»,( r),X'->(t., Ro)B(|,)| Vo,( r)| 

xx'‘>(lt.,R.)A(T„)>, ( 21 ) 

We can proximate f„(r)»(1/r - 1/a) by MpfV,(r) 
where W,(r) is a normalizable triplet bound state 
wave function and Ng Is a normalization constant of 
dimension (length)*'* (Ref. 27), Putting this In 
Eq. (21) we have 

7 ’,..F(h) 7 ’{,'i, ( 22 ) 


where 


B(h) = /4v 


and 

nv =(»',(f),Jf'-'(k., R»)B(?») I Fo,( r) 1 


xX'‘'(k.,R.)A(|^)> 

is the DWBA transition amplitude for the triplet 
state. 

The enhancement factor, the quantity comparable 
to lA(h)|*, Is 

lB(fe)I>=N„«4,/(C*fe» + C*fc* cot*6o). 

Using the effective range approximation (19) for 
C*h* cot*6o we get 


|B(£)|* 




4ifC* 


2>*U£ i 

TFL *' 2m\ « 


tir. 
R tF 



(23) 
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The variation of |S«!)(*=/„ with energy £p„ is 
shown In the lower part of Fig. 3. The parameters 
sbA.IT fm and r, = 2.9 tm are taken from Meyerhof 
and McEleamey.’" 

Hence both for the Breit-Wlgner resonance and 
the effective range approximation we are able to 
separate out the transition amplitude into two 
parts; a momentum dependent enhancement factor 
calculable from fi-l scattering data and a DWBA 
transition amplitude. 


C. Eiwigy differentiil eras Mction 


The energy differential cross section, in obvious 
notation, is related to the transition amplitude by 



k 


V 




(24) 


where Pga* end p,, are the density of states in the 
residual nucleus -a* system and proton-triton sys¬ 
tem, respectively, and v is the velocity of the in¬ 
cident proton. The density of states p^, is given 
by* 




Writing out the expression for T,, from Eqs. (17) 
and ( 22 ) we have 

o<*'= |A(*)1 »<t,<,* Pm 

and (26) 

o''>=|fl(A-)|v'yp„. 

where we have used 
2 ir 1 I 1 3 


the cross section calculated from the DWBA for¬ 
malism assuming cr* to he a bound state of the 
proton and triton. The observed cross section is 
an incoherent sum of the two with statistical 
weights i for the singlet and i for the triplet. 
Hence 

= i 1(fr) 1XM + 3 |B(t) IX'* IPm • (27) 

Now is different from Tjfi for two reasons. 
First, it includes a radial bound state for the pro¬ 
ton-triton system, w,{y) ic (l/No)(l/r - 1 /a) which 
is perhaps not realistic, and certainly cannot be 
used for very small values of r, unlike the radial 
bound state W(fi, r) for the singlet state. Secondly, 
the effective interaction is different for the 
triplet and singlet states.’ Therefore, we write 
where is a constant to be deter¬ 
mined from experimental data and the value of N,* 
has been arbitrarily set to 1 . N.. is independent of 


angle because W(r) Is an 1=0 wave ftinctlott and 
Vftfr) Is a central lideraction. Thus 

|A(fe) |»+^|B(fe) I’jp,,. (28) 

Now the experimental quantity measured Is the 
laboratory energy differential cross section. This 
Is expressed as 

dB,da/in, 

“ i*7(iDw (fc) I *ppi 

+^./ 0 D*|B(fe)|*fV/ 

=^(f. + 3/^J^,), (29) 

where F, and F, are defined by this equation. The 
Jacobian of transformation J is given by* 

where Pg,* and are reduced masses, kgjt and 
are relative momenta, M 3 , tn^, ni, are parti¬ 
cle masses, and kf, kp, k, are Incident and out¬ 
going particle momenta. 

IV. ANALYSIS 
A. Dau reduction 

For the (p, a) reaction, the extraction of cross 
section data from the peak counts in the spectrum 
was done by standard techniques. Since the (p, a*) 
reaction involves a three body final state, the data 
extraction is different and described below in de¬ 
tail. 

For reactions with three particle final states, 
the energies of the two detected particles are re¬ 
lated to each other through three body kinematic 
equations which have been described by Ohlsen.” 
The present work follows his prescription except 
for relativistic corrections In the entrance channel 
due to the high energy (£ =45.2 MeV) of the Inci¬ 
dent proton. 

The coincident proton-triton events are shown in 
a two-dimensional plot In Fig. 2 with £„ the pro¬ 
ton energy as the x axis and £„ the triton energy, 
as the y axis. The mean laboratory scattering 
angle 6 , the angle at which the a* would be detec¬ 
ted if it did not break up, is 20*. The events of 
Interest are inside the band shown, of a width of 
400 keV. For a given detector geometry of small 
solid angles, e.g., polar angles for the pro¬ 
ton detector and for the triton detector, the 
kinematic locus of events Is approximately a 
stral^t line within the band and parallel to the 
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edges. The large solid angles of the detectors 
were divided into smaller elements and kinematic 
loci calculated for each pair. All these loci were 
within the band shown. 

The projected spectra along and E, axes <d>- 
talned from the hill two-dimensional plot are shown 
along the two axes. Positions of the various peaks 
obtained from the and reac¬ 

tions are indicated in the spectrum along the £, 
axis. In the spectrum along the £, axis two main 
peaks appear; the one centered at around 2.6 MeV 
is due to the energy deposited in the 1 mm thidc 
proton detector by protons elastically scattered 
from ‘*0 and '*0, while the other at 3.5 MeV is 
due to protons elastically scattered from hydrogen. 
Because of random coincidences between protons 
and tritons, large concentrations of events a]^ar 
at the position of strong proton or triton peaks. 

For clarity of presentation, the portion of the two 
dimensional spectrum from £,a2.3 to 2.7 MeV 
has been omitted in Fig. 2. 

The relative energy between proton-triton pairs 
is given by*”'" 

£„ = —i- 

x[»f,fi,+m^£,-2(w,w^,£,)*^*co8fl^,], (31) 

where are the masses of the two psurtlcles 

and 8,1 is the lab angle between tbs two detector 
elements. For a* events, ^breakup energy of 

0.285 MeV. There are two points on a kine¬ 
matic locus which correspond to this value of E„ 
for a given However, due to the large solid 
angles of detectors, we have to consider many 
pairs of detector elements. Consequently var¬ 
ies over a wide range, and events of £^, =0.285 
MeV occupy an extended segment within the band 
indicated by the region Afi in Fig. 2. For our de¬ 
tector geometry, 8 „ varied from 11.5° to 25.8°. 

To obtain the number of true a* events in the 
region AB, background events due to other pro¬ 
cesses had to be subtracted. The background e- 
vents were from random coincidences between 
tritons and protons and from sequential decays 
resulting in a triton and some other particle. 

Since the projected triton spectrum in the region 
of interest did not show pronounced discrete . 
peaks, the random coincidences with elastic pro¬ 
tons produced fairly uniform bands parallel to the 
£, axis (the band centered at E, =3.5 MeV is dis¬ 
tinctly visible in Fig. 2). Sequential decay pro- 
cesses **C( p, i)*'C * - ”8 + p and *»C( p, f )”C * - •Be 
-t-a proceeding through particle unbound states 
(5.29 MeV, doublet and 6.58 MeV) in ‘"C would 
■ generate events at the points C and D in Fig. 2. 

. Three body final states from *”0+p are Indicated 


by loci £ and F which are well outside the region 
of interest 

The number of events within the band and in tjie 
region AS was counted. Two parallel bands of 
equal width (400 keV) were drawn on both sides 
of the band of interest, at a distance of about 800 
keV (measured along £, axis) from the central 
band, and the number of events in these bands 
were taken as representative of the background 
due to random coincidences and subtracted Irom 
the counts obtained from the band of interest. The 
spectra of the total counts and the representative 
background projected onto the £^ axis are shown 
in the upper part of Fig. 4 for fl= 20° and 40°. The 
lower part of the figure shows the background 
subtracted spectra. The errors are due to count¬ 
ing statistics. No sequential events from 
‘’C(p,/)*“C* (points C and D in Fig. 2) were ob¬ 
served. 

The histograms represent number of counts 
dM(n^, n„£^A£^ In an energy range A£^ The 
region AB contains events of interesL However, 
because of the large solid angles of the detectors, 
the region A£ contains not only the a* events of 
£^, «285 keV but actually events in the energy 
range £^,»100 to 800 keV. The large range is 
necessary in view of the large width of the o* 
resonance (~300 keV) and the experimental ener- 



FIG. 4. Proton-triton coincident counts as funoHons of 
proton energy for Itboratoty scattering angles of a*, 
$•20* and 40*. In the upper region are shown total 
counts isolld line) and background counts tdashed line). 

, IB the lower region, background subtracted counta are 
presented. The region AB (between the arrows) contain 
a* events ofbreakuD^rgy>285 keV. The curves rep¬ 
resent ttw funotiooaZ)(,(gJ|;43N|,g^ and the hUto- 
grama the expertmental data. See See. IV A for detalla. 
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^^oIutJo.o/200AeV. 
pretsuBtsbfy due to die noaresomo np 
component underlying the singlet a* 

These are accounted for through the triplet 
in the cross section expression (29) as described 

below. . ■ ■ It 

For a given pair of detector elements t-j with 

solid ai^lee for the proton detector and Aa,j 
for the triton detector, the number of coincident 
counts in an energy interval is given by 


av(Aa^, dn,j, 


dEy!ta^da,j 


Afi^AOj^AF,, (32) 


where K= (target nuclei' cm^ x (number of incident 
protons) and rf’a“*'’Vd£/«2^</ll„ is the laboratory 
energy differential cross section measured in the 
i-j pair. We use expression (29) and sum over 
all detector pairs i~j to get the total number of 
counts in an interval AF, (corresponding to the 
histograms in Fig. 4), 






FIG. 5. The functions for singlet and triplet 

states versus proton energy, at a laboratory scattering 
angle of or*, 9"20“. 


X ((/^.)(,^)»,An,,+3/y„(F,),^AO^AO,^|AF^ 
= i ff<»D.(e)[^'i';’+ 3iV„ AE, . (33) 

where the variation of S (the a* polar scattering 
angle) among different i-j detector elements is 
neglected. For the worst case of 6 = 20°, the min¬ 
imum lab angle, the actual 6 values for peripheral 
elements lie within i0.5°. The detector element 
Indices i run from 1 to 9 for the proton detector 
and j from 1 to 4 for the triton detector. Each 
element subtended an angle of 1.3° in the vertical 
plane at the target. 

The expressions and were cal¬ 

culated by a computer program and are shown in 
Fig. 5. (The detailed expressions for the func¬ 
tions Ff and F, as weli as the parameters used in 
calculating them have been given in Sec. IIL) It 
is noted that the shape and magnitude of the triplet 
term is considerably different from the singlet 
term. 

Referring back to expression (33) we observe 
that} Kaf,^9)^Ep is a constant for a given 6. 
Therefore, the quantity In the square bracket 
Jjijgij'* as s function of must be 

similar in shape to the histogram spectrum in 
Fig. 4. These functions are represented by the 
curves in Fig. 4 and indeed the agreement be¬ 


tween the curves and the histograms is reasonable 
within statistics. This agreement lends credence 
to our description of the process in terms of final 
state interactions In the Watson-Migdal picture. 
The curves in Fig. 4 were calculated using a value 
of N,, = 10. This was a representative value and 
any value from 1 to 20 could fit the spec¬ 
tra quite well For values of M,, much larger 
than 20, the flat triplet distribution (Fig. 3) domi¬ 
nates and the calculated curves do not resemble 
the experimental distributions of Fig. 4. Effec¬ 
tively, the triplet state makes, at most, a small 
contribution to the spectra which are dominated 
by the singlet It is possible, in principle, though 
difficult In practice, to calculate hf,„ a factor 
proportional to radial Integrals Involving the effec¬ 
tive Interaction V^,(r) and the. proton-triton bound 
state wave function W(r) for the triplet and singlet 
states. No attempt was made in this analysis to 
evaluate this. 

Finally, we can define from Eq. (33), 

J'dNAS, _ 

<Td,( e)« av,.gi|>)AE, 

a u 



and call [dd(e)/dO]g the “experimental dJffereatial 
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,^088 sacUon.** This is the quantity we compare 

'ith the DWBA cross section for the (p,a*) reac¬ 
tion. 

B. DWBAtailyni 

The transition amplitude for the (p,a) reaction 
' In DWBA approximation is** 

I , Fa. )<Ba I \Ap) 

xxi*’(i^,r^»). (35) 

The matrix element (Ba \V^ \Ap) contains the ra¬ 
dial form &ctor F{ft,R), where p la the separation 
between the incident proton and the center of mass 
of the transferred nucleon group and A is the sep¬ 
aration between the residual nucleus and the same 
transferred nucleon group. 

In the conventional cluster approach, the trans¬ 
ferred nucleon grotqi is treated as a triton cluster 
with no Internal structure, the a particle being the 
bound state of the proton and triton and the target 
being the bound state of the triton and residual 
nucleus. The radial form factor is written as** 

F{p,R)~VtJfirV„(p)U,j,p), (36) 

where V,^(R) is the radial bound state wave func¬ 
tion of the trlton-resUhial nuclear system, V 0 t{p) 
the effective interaction Is an interaction potential 
between the proton and triton cluster, and C/,,(p) Is 
the radial bound state wave function lor the proton- 
triton system. 

In the microscopic ai^roach,***** wave functions 
are calculated for each individual nucleon in the 
transferred group in a Woods-Saxon potential, 
and then combined to form the bound state wave 
function of the transferred cluster relative to the 
residual nucleus [correspcmdiug to (/,j(J{)]. For 
the effective interaction, a Gaussian interaction 
of the form y,vxp{-0*rpf*) betareen the Incident 
proton and each of the picked up (<-1-3) nucleons, 
is used. A microscopic wave function of the form 
iV,exp(-7;’E^<^.,ry’) is used for the a particle 
[corresponding to l/,,(p)]. Then" 

F{p,R). g [e«-******>*Vl[«„,R»(«',.^.«)] (37) 

where Rm is a radial harmonic oscillator wave 
funcUon, v^,.»[3(A -3)/A]v„, 0.392 fm"* 

being the nucleon shell model oscillator parameter, 
end are coefficients resulting from all the In¬ 
ternal integrations In the construction of the form 
fkctor. 

In the actual microscopic calculation, a and a * 

- "hve fu nc t io ns of Hackenbrolch «f al.** were used. 

Those are 


3.1854 X 1.2656X 

(38) 

<^,*-2.2379x -8.1465X lO-^e-®""**^) 

where v*"S*jQ.ir y’, r^ being the distance be¬ 
tween i,j nucleons in the or particle, ^yice time 
wave functions are^ of the form iVo(e"*« *■ + *"**”), 
rather than ' , the form factor becomes a 
sum of two terms of the type shown in Eq. (37). 
The range parameter for the Gaussian interac- 
ticm was l/fi“1.47 fm. The microscopic form 
factors F{p,R) calculated for the (/>,aland 
(p,a*) reactions are shown in Fig. 6. 

The p dependence of the form factors is shown 
separately in Fig. 7 for a fixed value of A « 3.2 fm. 
There is an extra node in the (p,a*) form factor. 
The corresponding cluster quantity F^,(p)C/,^(p) is 
also shown for comparison. All curves have been 
arbitrarily normalised at p" 0 to the value of 
F(p,A) for the microscopic calculation for (p,ct). 

In the form factor calculation for (p, a) and 
ip, a*) reactions using the cluster transfer, the 
proton and triton were assumed to be bound in a 
Is,/, state with a separation energy of 19.82 
MeV for the a particle and in a 2s,/, state with an 
arbitrary small separation energy of 0.2 MeV 
for the a* (actually unbound by 0.285 MeV). The 
geometrical parameters for the proton-triton 
bound state were taken from the optical model 
analysis of n-f scattering of Sherif and Poflmore.** 
For the trlton-*B bound state, anL = l, J 
= j configuration was assumed. 

The DWBA cross sections for the reac¬ 

tions were calculated with the computer code 
LOI.A (Ref. 36). For the cluster calculation the 



R(fm) 

FIO. 6. Mtoroaooplo form factors F(p,A) for 
**0(^,0)^ and '*C(p,a*)'B reactions. 
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FIG. 7. The p dependence of F(p,K} for 
and '^(p,a*)'D reactions. The solid and dashed curves 
arc microscopic and cluster calculations respectively. 
"ntc functions are plotted for a fixed value of /I = 3.2 fm. 


program was used as such and slight modifications 
were made to allow calculations with microscopic 
form factors. The optical model parameters for 
the distorted waves in the entrance and exit chan¬ 
nel were taken from the '’C(/),o)*B reaction study 
of Li and Hird.” In our experiment, the exit chan¬ 
nel energies of the a and o * were af^roximately 
49 and 20 MeV. The Li-Hlrd parameters for the 
exit channel were obtained from fits to elastic 
scattering’f)e(ar,Of)°Be at £,^48 MeV. So we also 
used an alternative set of parameters, due to 
Kusnetsov c/ a/.,” In the exit channel obtained by 
fitting to * 86(0 ,a)“ne at » 26.6 MeV. All para¬ 
meters used in the calculations are summarized 


in Table I. 


V. RESULTS AND DISCUSSIONS 

The experimental cross sections and the DWBA 
calculations [dof 6)/dQ^« [formerly called oro«(0)] 
for the '‘C(p,a^(e.B.) and ‘*C(p,a*)^(g.a.) re¬ 
actions are shown in Fig. 8. For the (/>,«*) reac¬ 
tion, the experimental [da{0)/d(i]t is as defined In 
Eq. (34). The errors are due to counting statistics. 
The solid lines represent DWBA cross sections 
with microscopic form factors and the dashed lines 
are cluster calculations, both using Ll-Hlrd para¬ 
meters. The dashed-dotted line represents micro¬ 
scopic DWBA calculatims for ip,a*) with 
Kuznetsov’’' optical model parameters in the exit 
channeL The shiqie of angular distributions calcu¬ 
lated from the two different form factors generally 
follow the trend of the data and both calculations 
perform comparably in the description of the shape 
of the angular distribution. The microscopic cal¬ 
culations with Li-Hird and Kuznetsov parameters 
yield comparable fits to the (/>, o *) distribution 
within the accuracy of our data. A calculation for 
(p,a) distributions using Kuznetsov parameters 
produced a rather worse fit and is not shown. 

It was mentioned in the Introduction that the ab¬ 
solute normalization of the reaction is difficult to 
determine in the microscopic form factor ap¬ 
proach. We therefore determined only the relative 
normalization between the ip,a*) and ip,a) cross 
section distribution as a test of our theoretical de¬ 
scription. We define, 



TABLE I. Optical model and form factor parameters. 




Channel 

(MeV) 

No 

(ftn) 

«0 

(to) 

»'v 

(MeV) 

(to) 

(to) 

/?c 

(fm) 



"c + p 
Ref. 29 

37.6 

1,18 

0.7 

5.2 

1.4 

0.7 

1.25 

Optical 

l.l-lllrd 

’B + o 

207.1 

1.55 

0.4B 

26.08 

1.55 

0.48 

1.25 

par am otors 

Kuznetsov 

Ref. 29 

•b + o 

Ref. 37 

175 

1.37 

0.57 

15 

1.6 

0.6 

1.25 



Separation 








Channel 

energy 

(MoV) 

H, 

Cfm> 

»« 

(to) 

y.o 

(MeV) 

(to) 

(to) 


Cluster 

'b + < 

27 J7 

1.3 

OJ 

form factor 

P*I 

19S2 

0.879 

0.144 

Microscopic 
form factor 

•‘c +s 
“B + p 

9.12 

1.04 

0.563 


7.B 


0.98 0.46 
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FIO. 8. Experimental differential croae aecticm angular 
dlatrlbutlooa for '*C(p,«)’B and ‘*C(p,a*)’B reactlona. 
The aolld and daabed curves are DWBA calculations with 
microscopic and cluster form factors, respectively, 
both using Li-Hlrd parameters. The dashed-dotted curve 
Is the microscopic DWBA calculation for (p,a*) using 
Kuznetsov parameters. Each curve has been separately 
normalized to the data. 

The value of *a deduced from the current 
analysis for the calculations with Ll-Hlrd para¬ 
meters is 2.1 compared to the value of unity ex¬ 
pected for a consistent theoretical description of 
the two reactions. This value corresponds to our 
choice of If,,, the triplet to singlet cross section 
ratio [see Eq. (28)], to be equal to 10. As men¬ 
tioned before, a range of values otjf,, fits the dis¬ 
tribution shown in Fig. 4. This uncertainty in the 
value of N,, affects the magnitude of (dir( 8)/da)g 
for {p,a*) [in Eq. (34)J, and therefore the normal- 
Icatlon for the (p,a*) cross section. However, 
the effect is not large; the uncertainty in the rela¬ 
tive normalization factor Na*a caused by a varia¬ 
tion of N„ from 1 to 20 is estimated at only 30%. 
Considering the widely different methods of de¬ 
scription of the {p,a*) and (p,a) reactions em¬ 
ployed in our analysis and the approximate nature 
of the Watson model in evaluating three body final 
state effects, the value of - 2.1 ±0.63 repre¬ 
sents good agreement between theory and experi¬ 
ment. 


The normalization factor is also affected by the 
choice of optical parameters. If one chooses the 
Li-Hard calculation for (p,a) distribution and the 
Kuznetsov calculation for (p,a*) distribution, the 
mean S, *„ has the rather gratifying vahie of 1.0. 

If Kuznetsov calculations are chosen lor both (p,a) 
and (p,oi*) angular distributions, this factor comes 
out to be 1.6. This range ot variation within fac¬ 
tors of 2, for different optical model parameters, 
is acceptable. The more fundamental question of 
describing the a * elastic scattering by a-particle 
optical model parameters is not answered by the 
above discussions. 

The relative normalization factor N.*. was sim¬ 
ilarly determined for the cluster calculations with 
Li-Hird parameters and was found to be 0.23. 

Since the proton-triton wave function was calcu¬ 
lated as a single particle state, this number should 
be corrected by putting in the spectroscopic fac¬ 
tors of a* and a for (p + t). In a simple model of 
amp+/,s,~2. was calculated from 



with 4.2 MeV and channel radius ao 3,0 fm, 

obtained from Ref. 17. The radial part of the a* 
wave function atr>a,/;^(a)/a was obtained from 
the LOLA cluster calculation. This yielded a value 
ofS^«2.97. Hence putting in 5*/S,» 1.6, the cor¬ 
rected value of Na •„ for the cluster calculation, 
to be compared with the microscopic calculation 
was 0.15 ± 0.05. The error is due to the same rea¬ 
son as described for the microscopic calculation. 

The microscopic form factor calculation would 
thus appear to give a much better description of 
the reaction than the cluster calculation. However, 
the latter calculation may not give the right result 
for two reasons. First, a bound state form factor 
was used for the a * state which is actually un¬ 
bound. A better method would be to perform the 
calculations for various binding energies and then 
extrapolate It to the unbound energy region. Sec¬ 
ond, the geometrical parameters for the Woods- 
Saxon well for the p*t bound state (Table I) was 
chosen to be the same as those used for the a- 
partlcle (p + f) bound state. This may introduce 
errors In the final result. 

In conclusion, the microscopic description of 
(/>i<’i*) reaction with three body final state 
effects yields good agreement with observations 
'in the limited range of our experiment. Future 
investigation on other targets and over large angu¬ 
lar and energy ranges should prove valuable in 
further testing of these models. FUU three body 
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resctloa tttecta. Inclusion of the Coulomb force in 
the two body potentials, and coupled-channels ef¬ 
fects due to the neutron-’He threshold near the a * 
state are some aspects that should be investigated 
In more complete attempts at a description of the 


(pfOt*) reaction. 
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The eiigiilar dittribatiofi (or the reaction waa obaerved in the encrigy refina 6.3 to 9.3 MeV 

and at anglea of 9(r and 133*. The photooeutron meaturementa were analyzed in tenna of a multilevel Jt~ 
matrix fonnaUam. The reaction channe! waa explicitly ioduded in thia analytia. The cffccta of 

potential capture were directly obaoved in the photoneutron tpectra. The ground-atate radiative widtba for 
reKmancea in thia eoei^gy region were de duce d from the Jt-matrix interpretation of the resulta. The ground- 
■tatc transition probatnUtiea for £1 exdtationa at 7.69 and 8.19 MeV were found to be in good agreement 
with the predictions of the weak-coupling model. 
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«.„«6.S_9.3 MeV. moasured 
«-90", 135*: deduced r^. 


I. INTRODUCTION 

There have been numerous theoretical and ex¬ 
perimental studies of low-lying levels in ‘‘C. The 
theoreticsU studies fall Into two broad categories, 
the weak-coupling approach' and the more de¬ 
tailed shell-model calculations. The weak-coup- 
ling model’** has been successful in describing 
the essential features of the ‘’C(r,»)‘’C reaction 
below a neutron energy of 5 MeV. The most not¬ 
able of these calculations is the work of Lovas,’ 
who used the Feshbach formalism and Reynolds 
rf al.^ who used the coupled-channel approach of 
Tamura.’ In fact, Reynolds et al. provided a de¬ 
tailed description of both the observed cross sec¬ 
tions and polarizations In the '’C -i-n system. Un¬ 
fortunately, the studies of electromagnetic tran¬ 
sition rates in the mass 13 system have not 
been as successful. These transition matrix 
elements have been computed using bound-state 
shell-model wave functions. Barker* used a 
weak-coupllng approach, while Jttger et al7 took 
into account all 1 Itu) configurations. Kissener 
et at.* improved upon the work of Jdger et al. by 
incorporating into the bound-state calculation an 
A-matrix theory to account for nuclear decay. Of 
course, the most detailed calculation in the 1-p 
shell nuclei Is that of Cohen and Kurath.* These 
models differ rather markedly on predictions of 
the strengths of low-lying SI excitations. For 
example, for the 8.19-MeV £1 excitation In "C, 
the weak-coupllng model* predicts a value which 
is an order of magnitude greater than that of the 
full shell-model calculations.* 

Although there have been numerous experimental 
studies*®"'’ of the ‘’C(y,»t)'’C reaction, the values 
of the ground-state radiative widths for the £1 ex- 
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citations at 7.69 and 8.19 MeV remain uncertain. 
The difficulties in extracting r,o, unambiguously, 
in ”€ arise from the effects of large direct photo- 
neutron reaction processes and a strong level-lev¬ 
el interference. Moreover, these strong interfer¬ 
ence effects have led to the questionable specula¬ 
tion that there is a new resonance*’ in **€ at 7.88 
MeV. 

Consequently, we observed the *’C{y,«o)*’C 
cross section with high resolution In the photon 
energy range 6.5 to 9.3 MeV and at angles of 90° 
and 135*. The results were Interpreted in terms 
of a multilevel A-matrix analysis which was de¬ 
veloped specifically for photoneutron studies. The 
(n,H) reaction channel was explicitly included in 
the analysis so that the '’C(n,»)‘’C reaction waa 
simultaneously described. The ground-state ra¬ 
diative widths for the £2 excitation at 7.56 MeV, 
the £1 resonances at 7.69 and 8.19 MeV, and the 
Ml resonance at 8.89 MeV were deduced from the 
analysis. It was found that the £1 excitations are 
reproduced remarkably well by the weak-coupling 
model. 

n. EXPERIMENTAL METHOD 

The differential cross section for the( '’C(r,na)‘*C 
reaction was measured using the photoneutron fac¬ 
ility at the Argonne high-current electron Llnac. 
The operating mode of the Linac was selected to 
produce 10.0-MeV electron bursts of 35-ps dur¬ 
ation, 200-A peak current, and at a rate of 800 Hz. 
The electron pulses were converted to bremastrah- 
lung In a 0.15-cm thick Ag foil. The '’C sample 
(90.7% enrichment) was irradiated with brems- 
strahlung. The sample was in the form of powder 
and encased In a rectangular, thln-walled (0.8 mm 
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thick) A1 holder of dimensions: 5.0-cm along the 
photon beam axis x 1.0-cm thick x 4.0-cm high. 
The photoneutrons traveled through two 11-m 
flight paths which were at angles of 90* and 135° 
with respect to the electron beam axis. The neu¬ 
tron energies were determined with high resolu¬ 
tion (9.5 keV at £, = 1.5 MeV and 34 keV at 4.0 
MeV) using the time-uf-flight method. The neu¬ 
trons were detected in 2.5-cm thick NEllO plastic 
scintillation counters. The differential cross sec¬ 
tion was determined relative to the well-known 
cross section for the photodisintegration of the 
deuteron. The final cross sections are shown as 
the points in Fig. 1. The main features of the 
spectra are (1) a relatively large nonresonant 
cross section, (2) well-defined resonances at 7.56 
and 8.89 MeV, and (3) a strong level-level inter¬ 
ference pattern near 7.9 MeV. Except for the nar¬ 
row resonance at 7.56 MeV, which was barely vis¬ 
ible in the early photoncutron work,"^" the pres¬ 
ent observation at 90* is in excellent agreement 
with the previous measurements. Background ef¬ 
fects were estimated by replacing the ‘’C target 
with an identical '^C sample. The background was 
found in this way to be ' 10% of the foreground at 
all energies. Since the first excited slate in ‘‘C 
occurs at 4.44 MeV, there is no ambiguity as¬ 


sociated with nongroond-state neutron transitions 
in this work. 

m. PHOTONEUTRON PROCESSES IN 

The photoexcitation processes of are sum- 
marlsed in Fig. 2. An £1 photon can excite i* or 
I* resonances in "C. These levels subsequently 
decay by emitting an or d,,, neutron, respec¬ 
tively. An Ml photon excites or resonances 
which decay to the ground state of by />^, or 
neutrons. £2 photoexcitations are |' or 
and decay by or neutrons. All of these 
photoexcitation processes are explicitly included 
in the analysis. No multipolarities of order higher 
than £2 were considered. This restriction sim¬ 
plifies the analysis since the d^, and neutron 
channels are ruled otd. We note that the well- 
known E,‘=2.08-MeV, 1* resonance is absent from 
the present data since it would require an £3 or 
M2 photoexcitation. In the energy region of the 
present work, there are no known or reson¬ 
ances. However, the nonresonant components of 
the s,/, and />„, amplitudes were retained in the an¬ 
alysis. The expression for the photoneutron dif¬ 
ferential cross section was determined from the 
table of Carr and Baglln**: 


J4f/.^^(Afl)-4C/,_,^+6.928f;,,,^(£2))+a*J4t/,^,^-4{/^,(Ml) + 1.386l/^,,(E2) + 12.471£/,,,J} 

^/',(ci)SI/) 

+ 1-2 if',,,, + lf;,„(Ml)|-2(/,^,,{Afl) + 6.928l/,^,^(£2)- 6.928f/,,,J 

,1-4'’,,,,('fD- 6.9281/,^ ,(f^2) +6.9281/,, J+f/*,^(£2)[2l/,^^^(£2) +1.714£/,^^J 
+ 3.429 = -41/* ^f/,^^}i-,(co6e) 

+ff';, ,1-5.543/.,, 8.3146,^,^(£2)1- 6.9281/,*,^U,^,JP,(cose) 

+ 1-3.429!/',^ I- - 13.714//* ^(f.'2)f/,^ ^|P,(co8</)), (1) 

where are the enlUsion matrix elements for the (>,») channel. These matrix elements will be de¬ 

scribed in the following section. 


IV. THE N-MATRIX ANALYSIS 

The application of the ff-matrix theory to photoneiAron reactions was discussed in detail in Ref. 15. Only 
the elements essential to the present analysis will be discussed here. From Ref. 15, the collision matrix 
for the photoneutron reaction is given by 
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FIG. 1. HIgh-resohitioD spectra for the **c(y.«o)‘^C 
reaction at angles of 90* and 136*. The curves represent 
the results of an A-matrix analysts of the data. 

where J is the spin of the excited state and </, is 
the ground* state spin of '’C In this case. The first 
term of Eq, (2) is due to internal capture or that 
component that arises from capture inside the 
channel radius. The second term is due to extern¬ 
al capture. Outside the channel radius, the initial 
neutron-nucleus state is described by the scatter¬ 
ing wave function. Ib the electromagnetic oper¬ 
ator for either £1, Afl, or £2 radiation in the 
present case. The contribution from the external 
capture term is due to the long-range nature of the 
electromagnetic interaction. The 0, j are the phase 
shifts which describe the neutron-nucieus scatter¬ 
ing. Since only the photon and neutron channels are 


5/2". s/z- 



FIG. 2. Fbotonautron processes in . The labels 1^ 
on the neutron decay brandi refer to the orbital angular 
momenta and total spina of the neutrons relative to the 
“C nncleua. 


open in this energy range and since the neutron 
scattering cross section is times greater 
than the photoneutron cross section, then Eq. (2) 
provides a complete representation of the photo- 
neutron reaction. 

The phase shifts were parametrized in terms of 
the R-function in the following manner 

6,^=-0, +tan-MP,R,/|l - R„{S, -*„)]}, 

where (p,, S,, P„ and b,j are the hard-sphere 
phase shifts, shift factors, penetration factors, 
and boundary condition constants, respectively. 
The R function is given by 

where the last two terms describe the contribu¬ 
tions from distant levels and / are the reduced 
widths. The most recent set of R-functlon para¬ 
meters'* were used in the present analysis.. The 
results of this R-function analysis of Ref. 16 are 
in excellent agreement with the total cross section, 
angular distributions, and neutron polarizations 
below a neutron energy of 4 MeV. These para¬ 
meters are summarized in Table I. The final 
state wave function in Eq. (2) was taken to be 
a Whittaker function 

where is the reduced width of Lane and Thom¬ 
as" ' 

%=y/./(»VMR')‘'» 

and kf is the wave number corresponding to the 
binding energy of the neutron in ‘*C. The 6,/,. was 
a4)u8ted in order to lit the observed pbotoneutron 
cross section. This quantity is defined by the 
amount of nonresonant potential capture in the 
‘’C(y,«o)'*C reaction. 

We now focus attention on the internal capture 


TABLE I. R-functfon parameters for the 'V:(a,s)"C 
reactloD and the present analysis. [Note tl^at the (f|/{ 
snd /,/2 parameters are not necessary for the (y,s) chan¬ 
nel.) Channel radius, Ric4.61 fin. 


h 

(MeV) 

Vu/* 

(MeV) 


(MeV-*) 

*1/ 

*t/! 

-1B87 

0.666 

0.0245 

0.0 

0.0 

Pin 

4.20 

0.080 

0B9 

0B6 

-OB 

h/t 

-1.267 

4.940 

0.050 

0.010 

0B61 

0.06 

-0.18 


2B30 

3.510 

oaes 

0.968 

0.260 

0.0 

-1.0 

fMX 

2 BIO 

0.006 

OB 

0.0 

-IB 
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component in Eq. (2). The and are 

the neutron width and internai capture width, re- 
epectivety. is the transformation which re¬ 
lates the internal wave (unction to the real wave 
(unction (or a given resonance. 

where 

and the sum is taken over all reaction channels. 
The internal capture widths were determined by a 
least-squares (it to the data. The A-matrix analy¬ 
sis is compared with the observed differential 
cross section in Fig. 1. The data are well de¬ 
scribed by the A-matrix Interpretation. The de¬ 
duced parameters are given in Table U. The width 
(or the a' level was chosen to be approximately 
of the energy resolution of the tlme-of-fllght 
spectrometer. The width of this level is known*' 
to be small and without question smaller than 2 
keV. However, (or the present work we wish to 
extract the ground-state radiative width r,a and 
no error is introduced by this arbitrary choice as 
long as tt is much smaller than the resolution 
function. In order to obtain the carves in Fig. 1, 
a triangular resolution function was folded in with 
the A-matrix calculation. This resolution function 
has a large effect upon the 7.56 MeV resonance. 
The effect of the resolution broadening is insig¬ 
nificant for the remaining spectrum. 

The parameters that were allowed to vary in the 
present analysis were the (F,,)*'*, (r, J*'’, and 
Although, in principle, the ma^tude of 
can be determined from the reduced widths 
in Table I, a better fit was obtained by allowing 
them to vary. In Table HI these widths are com- 


TABL£ IL A-matrU parameters tor “cty,»,)”c re¬ 
action: A>4.fll fai, e|/,.»-0.S24. 


9n£ 

J' 

(MeV) 

(F,,)*'* 

(MeV)*'* 

(eV)*'* 

£2 

1- 

T 

7.B34 

0.045* 

0.346 

El 

f 

7.636 

0.412 

2.068 

El 

i* 

2 

8.151 

1.053 

1.664 

Ml 

f 

8.861 

0.412 

-2.258 

El 

f 

11.000* 

1.414 

-2.966 

El 

f 

11.000* 

1.414 

-2.280 


'This widtit was chosen to be 0.1 of the energy resolu¬ 
tion spread at this energy. 

'These reeonanoes were arbitrarily placed here in 
order to acoouat tor the eSeota of dtstant levels. 
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TABLE m. Comparison of the values of F, deduced 
firom the presets snalysla with those from A-function 
analyses of elastic n-**C scattering results. 


(MeV) 

J' 

Tale 

r.flleV) 

ANL 

Present work 

7.69 

f 

0.15 

0.15 

0,17 

8J9 

f* 

1.11 

1.15 

1.11 

8.89 

f 

0.20 

0.24 

0.17 


pared with those obtained from A-function analy- 
ses**’** of neutron elastic scattering. The neutron 
widths were deduced from the reduced widths with 
the following expression 

r.» = 2P,(*„A)v„», 

where P, is the penetration factor and kg is the 
neutron wave number evaluated at the resonance 
energy. The widths for the resonances are in 
good agreement with the present work. However, 
the width of the p,,, level from Ref. 16 seems 
rather broad. Our result is In better agreement 
with the Yale A-function analysis** for that reson¬ 
ance. One possible explanation for this disagree¬ 
ment is that the A-functlon analysis of Ref. 16 was 
performed primarily for angular distribution data 
for the *’C(n,n)‘’C reaction below E,=4 MeV, 
whereas that of Ref. 19 and the present work ex¬ 
tended to approximately 5 MeV. 


V. RESULTS AND DISCUSSION 

The collision matrix, Eq. (2), can be written in 
an equivalent manner in the level representation*' 


+U„(HS), 

where (/,,(H8) is the hard-sphere capture compon¬ 
ent. From the above expression it is clear that 
ground-state radiative widths depend upon both the 
internal capture width and the resonant component 
of external capture or the channel capture width 
8 r,y. The amplitude for channel capture is given 
by the expression 



(2£+l)II 


X e-‘*i(2J+l)-*'* 

The way in which the IMegral In the abovs sqnatloo 
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TABLE TV. Deduced ground-etete radiative wldtlia for 
the roaotton. 


(MeV) 

9IU1 

J* 

Present work 

(eV) 

Darmstsdt 

7.56 

E2 

r 

1 

Oai ±0.016 

0.1150 ± 0.0062 

7.69 

El 

f 

0.6 ±oa 


8.19 

El 

f 

7.0 ±0.9 


8A9 

Ml 

f 

5A ±0.5 

3.36 ± 0.46 


Is computed was given In tbe Appendix of Ref. 15 
and will not be discussed further. Then is giv¬ 
en by 

This Is the quantity*" that would be determined 
from a traditional area analysis of tbe data, l.e., 
this r,o governs the peak height of the resonance 
in the (y,n) cross section. The final results are 
given In Table IV. For the 7.56-MeV, E2 excita¬ 
tion, we have extremely good agreement with the 
Inelastic electron scattering results.*' However, 
for the 8.89-MeV Ml excitation, the results of the 
present experiment disagree with tbe Darmstadt 
value*' for the Ml component of tbe transition 
strength. The errors In our experimental values 
of were estimated by taking extreme cases for 
the Elects of distant levels In the (r,n) channel. 

In addition, we fixed the Darmstadt value for F,, 
fur the Ml excitation in our analysis and readjusted 
all the other parameters. We found no combination 
of the other parameters that would give a reason¬ 
able fit to the photoneutron cross sections. The 
origin of this discrepancy remains unknown. How¬ 
ever, in the Inelastic electron scattering process, 
the resonance can be excited by both EO and Ml 
transitions. Unfortunately, in Ref. 21 there was 
no discussion of the method for unraveling tbe Ml 
radiative wlctth from the EO transition rate. 

The deduced are compared with theoretical 
predictions in Table V. The results for the £1 
excitations are In remarkably good agreement 


with the early calculations of Barker* and in dis¬ 
agreement with the recent shell-model calculations 
of Jilger et al,'' and Kissener et al.* Kurath** pre¬ 
dicted the total strength for these two resonances 
and the results are in fair agreement with the pres¬ 
ent measurement. The Cohen-Kurxtb results over¬ 
estimate the Ml transition rate for the 8.89-MeV 
resonance, but they are in fair agreement with the 
£2 transition. 

It Is surprising that the more detailed models 
underestimate the amount of £1 strength In the 
7.69- and 8,19-MeV resonances. This present 
work provides additional evidence that the essen¬ 
tial features of these resonances can be explained 
In terms of the weak-coupling model. This result 
was suggested in the work of Fukuda," but the ob¬ 
served strength for the lower energy resonance 
was more than five times greater than the preseot 
observation. Of course, this is the magnitude of 
discrepancy one would expect from a traditional 
area analysis of these strongly interfering reson¬ 
ances. 

It is ncAeworthy that the Lane reduced width for 
‘*C+»«, e,,,. =-0.524, is near the value obtained'* 
for **0+n, e./j.a-O.SP. This Implies that ‘*C is 
nearly as well represented as a '*C core plus a 
neutron as '''O can be described by a '*0 core and 
a neutron. 


Vi. CONCLUSIONS 

Tbe differential cross section for tbe '’C(r,na)'*C 
reaction was measured with high resolution 
throughout the photon energy range 6.5 to 9.3 MeV. 
These results were interpreted in terms of a 
multilevel, multichannel £-matrix analysis and the 
ground-state widths were extracted. The F,, of the 
£2 resonance at'7.56 MeV was found to agree well 
with the Inelastic electron scattering results, 
while that of the Ml resonance at 8.89 MeV does 
not agree. Tbe radiative widths for the two 
strongly interfering £1 excitations at 7.69 and 
8.19 MeV were found to be in excellent agreement 


TABLE V. Comparison of the deduced internal oaplure widfoa with ttieoretical predictions. 


(MeV) 

9R£ 

Present 

exp6ftiii6nt 

Barker 

, (eV) 

Jlger 0 t al. 

Kissenw at al. 

Kurath* 

7.66 

E2 

041 ± 0.016 




0.18 

7.69 

El 

0.6 ±0.1 

0.71 

0.60 

1.64 


849 

El 

7j0 ±0E 

6.49 

033 

039 


8B9 

Ml 

6.4 ±0.6 



643 

13.87-14.78 


‘Reforenoes 9 and 82. 

*Oidy the integr ate d s tre ng t h from bobi El exsttstioos is quoted. 
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with predictions of a weak-coupling model, while 
the strength of the 8.19-MeV resonance is In 
clear disagreement with the more sophisticated 
shell-model calculations. The direct component 
of the interaction was found to be large, indicating 
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Qnasi'free (o^2a) reaction induced by 140 MeV alpha particles on *Be, 'Hi:, and ^e 
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Meewiementi of the (a,2a) reaction on ’Be, “C, ”0, end ’°Ne targets at ^ 140 MeV were made at 20 
angle pairs. The quad-free knockout mrrhanism appears to dominate the reaction. The expenmenlal data 
were analyzed with distorted-wave impultt approximation calculations. The factorization approximation 
employed in the calculations was tested explicitly and found to be valid. The shapes of the calculated energy 
sharing spectra are in satiafactny agreement svith the data. The predicted absolute cross sections svere found 
to be very sensitive to the cluster-core bound state radius paranteter, and a bound state radius 
R » 2.S2A, ''' itn is necessary to obtain absolute spectroscopic factors coisistent with existing theoretical 
values. Several possible explanationa for this excessive value are suggested. Comparisons are made with 
other alpha knockout and transfer reactions. 


iroCLEAH REACTIONS *Be. ‘’C, “o, “No (a,2o). E,= 140MoV: measured" 
(r(E^,£^, dal' UWIA analysis; deduced absolute spectroscopic factors. 


1. INTRODUCTION 

Quasi-free knockout reactions have proved to be 
a powerful tool for the Investigation of nuclear 
structure. Since the first experiment studying 
()>, 2/>) reactions on light nuclei,^ a conalderable 
amount of experimental and theoretical work has 
been carried out on this subject. In situations 
where the quasi-free knockout reaction mechanism 
dominates, the (p,2p) reaction can provide two 
types of Information.'*° Firstly, the proton hole 
states in nuclei can be Investigated, and secondly, 
one can study off-energy-shell p-p Interactions. 
Similar Information about nucleon clusters in nu¬ 
clei can be obtained using quasi-free cluster 
knockout reactions.’ 

In this psqier we present studies of alpha cluster¬ 
ing using the (a, 2a) reaction at 140 MeV. In re¬ 
cent years alpha clustering in Ip and 2sld shell 
nuclei has been studied using a variety of nuclear 
reactions. The (d,'Ll), (’He,’Be), (a,“Be), 

(°Li,d), (’Ll,/), and (*^,‘^) alpha transfer re¬ 
actions’*” has been studied and analyzed using 
distorted wave Born approximation (DWBA) and 
coupled channel Bom approximation (CCBA) cal¬ 
culations.'’ However, most of these analyses are 
limited to extracting relative alpha spectroscopic 
factors. The (p,pa) quasi-free knockout reaction 
has been investigated In several works.”'” Anal¬ 
yses of the experimental results at an incident en¬ 
ergy of too MeV have shown that the plane wave 
impulse aj^roximation (PWIA) reaction model is 
inadequate but that the data are well described by 
distorted wave Impulse approximation (OWIA) cal¬ 
culations.'** *' In these analyses the extracted a6- 
soluie alpha cluster spectroscopic factors are 
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found to be in good agreement with theoretloal cal¬ 
culations.”'” 

The (a, 2a) quasi-free knockout reaction on Ip 
and 2sld shell nuclei has also been studied by 
other groups. Results for the ‘'’Ll(a,2a) reaction 
at £,:» 50 to 80 MeV (Refs. 24 and 25) have been 
analyzed using the PWIA. Also a reaction mech¬ 
anism study of ‘Be(a, 2a) at 40 to 60 MeV has 
been reported.”'” In addition, data have been ob¬ 
tained for the *Ne(a, 2a) reaction at £,'=78 MeV 
(Ref. 28) and analyzed using the PWIA. Recently, 
Sherman el al.”’’* have carried out extensive mea¬ 
surements of the (a, 2a) reaction on nine nuclei 
from ‘t to “Zn at £,= 90 MeV. FlnaUy the 
‘°0, ”Sl(a, 2a) reactions have been studied at 0.65 
and 0.85 GeV.” 

The most complete (a, 2a) study is the work of 
Sherman et al., at 90 MeV which poses some in¬ 
teresting problems. Using an approximate para¬ 
metrized form for the distorted waves” quite good 
agreement was obtained with the shape of the en¬ 
ergy sharing spectra and the results were insen¬ 
sitive to the type of bound state wave function 
used. The alpha spectroscopic factors obtained 
from this analysis are 2.94:0.4 and 2.94 0.5 for 
*^la+‘Be(g.8.)J and'“Ofa+'^^Jg.s.)],' respective¬ 
ly, which should be compared to the theoretical 
values of 0.55 and 0.23 obtained by Kurath.” 
However, for the '“0(a, 2a)'’C data of Sherman 
et al., calculations by Chant and Roos,'* using an 
exact partial wave expansion of the distorted 
waves and a Woods-Saxon bound state wave func¬ 
tion with parameters chosen to reproduce the rms 
radius of "O, yield absolute spectroscopic factors 
•roughly 100 times the theoretical prediction. In 
spite of this unexpected result, the ratio So«/s,* of 
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the apeetroacopic lactora tor ^V(g.B.) and the firal 
excited state at ‘^(4.43 MeV, 2') was found to be 
t, fairly close to the value l/S.7 of Kurath. At 
S, = 860 MeV, Chant and Pooa obtained a value of 
1.8 tor S„ which is an upper limit since many lev¬ 
els contributed due to poor bindlnt; energy resolu¬ 
tion of the eiqieriment.’* 

Studies"'" of ‘•0(a, 2dr)*^(g.s.) at £. = 25 MeV 
and **0, *“Ne{fi, pa) at E, = 46.8 MeV showed that 
the alpha removal reaction at these energies is 
dominated by sequential processes, while in the 
systematic study of Sherman el of.,”’’® at £, = 90 
MeV the quasi-free knockout mechanism appeared 
to dominate. Nevertheless, since the difficulties 
in Sherman's approximate DWIA analysis and in 
the exact DWIA treatment of Chant and Roos may 
arise from the presence of competing processes 
at this energy, we chose to study the (a, 2a) re¬ 
action at a higher energy, £,= 140 MeV, in the 
hope that the reaction mechanism might be more 
easily understood and hence more reliable nuclear 
structure information obtained. Results for ®Be, 

*t, '*0, and “Ne targets are presented. The ex¬ 
perimental details and results are presented in 
Sec. U. A DWIA analysis of the data is presented 
in Sec. lU. An Important feature of this section is 
a aeries of explicit tests of the factorifsatlon ap¬ 
proximation employed in the analysis which serve 
to establish the validity of the assumed reaction 
mechanism. As a prerequisite to a comparison of 
experimental and theoretical values for the alpha 
cluster spectroscopic factors it Is important to be 
aware of the sensitivity of the results to the vari¬ 
ous parameters associated with the DWIA calcu¬ 
lations. Thus, in Sec. ill wc also present studies 
of these sensitivities together with comparison of 
our results with theoretical predictions and the 
other experiment'll studies. Finally the implica¬ 
tions of our results are discussed in Sec. IV. 

It. I XPtRlMLNT 
A. General deacrlplinn 

A 140 MeV alpha beam from the University of 
Idaryland sec tor-focused isochronous cyclotron 
was focused at the center of a 1.5 m diameter 
scattering chamber. The beam spot at the center 
of the target was 2 ram x 2 mm with an angular di¬ 
vergence of 5 mrad. Beam currents ranged from 
IS to 100 nA depending on the detector angles. 

The outgoing alpha particles were detected by 
two Identical counter telescopes which were 
mounted coplanar with and on opposite sides of 
the beam. Each telescope consisted of a 300 pm 
silicon surface barrier A£ detector followed by a 
4 mm St(Li) £ detector mounted at 45° to provide 
an effective thickness of 5.65 mm which is suffi- 


NA 

dent to stop 140 MeV particles. The solid 
angles subtended by the detectors were L9S and 
1.38 msr, respectively. 

For the *Be runs a aeU-eupportlag foil of 2,52 
mg cm'’ thickness was used. For the other mea¬ 
surements, high purity “O, and ethane (C,HJ and 
Isotopically enriched *^e gases were used in a 
12 cm diameter gas cell. The typical pressure 
was about 1 atmosphere. In order to define the 
gas target thickness and to prevent particles scat¬ 
tered by the gas cell windows from entering the 
detector telescopes, a double slit collimator sys¬ 
tem was used in front of each telescope. The 
overall angular resolution provided by the slit 
system was 1.9° and 2.8°, respectively. 

Details of the experimental setup are discussed 
In Ref. 35. Briefly fast timing signals from the 
A£ preamplifiers provided start and stop signals 
for a tlme-to-amplltude converter in order that 
real and accidental coincidences could be simul¬ 
taneously stored. The timing resolution was ap¬ 
proximately 3 ns. In addition a slow coincidence 
was required between the four detectors and the 
TAG signal. The analog signals from the four de¬ 
tectors and the TAG signal were gated by the 
slow coincidence and fed to analog-to-digital con¬ 
verters interfaced to an IBM 360/44 computer. I 
Dead time losses were determined using a four¬ 
fold pulser unit triggered at a rate proportional 
to the beam current. 

All AOG data were written, event by event, on 
magnetic tape for off-line reanalysis. In addition 
a very flexible data handling code permitted on¬ 
line calibration, particle identification, random 
coincidence subtraction, and one-and two-dimen¬ 
sional array accumulation. 

On reanalysis two-dimensional spectra were I 
constructed for the parameters F, vs T,, where ^ 

r, is the total energy deposited in one telescope ' 

and F,= T,+ Tj+ T,. Here T, is the energy de- | 

posited in the second telescope and T, the (com- i 

Snited) residual nucleus recoil energy. Clearly 
F,= T„-B, where T, is the incident kinetic energy 
and B the alpha binding energy in the target Thus i 
we refer to distributions of the parameter F, as 
“binding energy" spectra. Each F, vs spectrum ; 
was gated by the computer generated particle iden¬ 
tification functions to correspond to alpha-alpha 
coincidences and random events were subtracted. 

The counts in each F, vs spectrum were 
summed along the kinematic line for each final 
state in the residual nucleus in bins of ATi = 2.4 
MeV. The resulting spectra were plotted as a 
function of T, yielding the energy sharing cross 
section d*a/dai<Xi,dTi. 

The errors in the calculated cross sections are 
predominantly statistical. An error evaluation 



QUASI.FREE <a,Sa) REACTIOM INDUCED BY 140 M«V... 


1707 


> TABLE L Exparlnenttl angle palra and mini¬ 
mum allowed reooll momenta g_... 


Target 


Vmhi (MeV/c) 

"Ne 

48.7r/-48.71* 

0 


49.3B’/-.38.0* 

0 


B7.20‘/-30.0* 

0 


63.82*/-23.0“ 

0 

«o 

43.16*/-t3.16* 

0 


66.9r/-30.0* 

0 


63.82*/-23.0" 

LO 

«c 

43.11V-43.11“ 

0 


49.16‘/-37.0* 

0 


66.86*/-30.(r 

0 


62.21*/-23.0“ 

0 

•Be 

44.19*/-44.19' 

0 


47.39'/-41.0* 

0 


80.38‘/-38.0* 

0 


54.85'/-33.5- 

0 


S8.30*/-30.0“ 

0 


61.26V-27.0* 

0 


64.65"/-23.6' 

0 


so.oV—to.o* 

69 


36.0"/-36.0" 

125 


showed the errors due to other sources such as 
random subtraction, solid angles, target thick¬ 
ness, gas pressure and temperature, current 
Integrator, slit scattering, dead time correction, 
and bln size measurements could be neglected 
relative to the statistical errors. 

B. ExperlnwnUl multi 

The (a, 2a) reaction yields were measured lor 
"Ne, “O, and ‘Be targets at 20 angle pairs 
with an incident energy E^= 140 MeV. Table I 
shows the data taken In the eiqteriment, where 
4uii allowed minimum recoil momentum of 
the residual nucleus for the ground state transi¬ 


tion. All but three of these angle pairs permit 
At these so-called 'iquasi-free” angle 
pairs the reaction can proceed leaving the residual 
nucleus at rest 

The binding energy spectra for ”Ne, ”0, ‘‘C, 
and *Be(a, 2a) reactions at symmetric quasl-free 
angles are shown in Fig. 1. Each binding energy 
spectrum shows a prominent Isolated peak corre¬ 
sponding to the ground state of the residual nu¬ 
cleus. In the ‘‘Ne(a, 2a)“0 spectrum, a peak cor¬ 
responding to the 6.05 and 6.13 MeV doublet of 
is also rather clear. Other states, due to poor 
counting statistics, could not be identified. In 
the ‘^a, 2a)‘% spectrum, the 2*(4.43 MeV) peak 
is comparable in magnitude to that of the ^’Clg.s.) 
transition. In addition, there Is some evidence 
for a broad peak correspmdlng to the 4*(14.0 MeV) 
state. The ground and first excited states of ‘Be 
in ^%(a, 2a)‘Be are smeared somewhat in the 
binding energy spectrum. This is largely due to 
a slight gain shift of the detector telescopes and 
some nonlinearity of the F, functions in the F, vs 
T, spectra. However, the two-dimensional F, vs 
Ti spectrum used to calculate the cross section 
h^ a much clearer separation of the two states. 

For "Be(a, 2a)’He reaction, no ‘He state other 
than the ground state is seen in the binding energy 
spectrum. 

The energy sharing spectrum for the transition 
leaving the residual nucleus in its ground state was 
extracted for each target and angular setting. 

Three additional spectra for ”Ne(a, 2a)^‘0(6 MeV), 
“CKa, 2a)”C(4.43 MeV), and “C(a, 2a)“Be{2.9 
MeV) at the symmetric quasi-free angle pair were 
also obtained. 

The ground state (g.s.) energy sharing spectra 
for the symmetric quasi-free angle pairs are pre¬ 
sented in Fig. 2. There are several systematic 



FIO. 1. Binding energy spectra for the k>,2a) resctlao at 140 MeV on *Be, "C, "O, and **Ne. 
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FIG. 2. Energy sharing siiectra for the 140 MeV (oi, 
2<r) reaction at aymmotrlc quaei-tree angle pairs on 
*Be, ‘’C, '®0, and ^’’No leading to the ground atatos of 
the various residual nuclei. 1710 arrows Indicate the 
zero recoil momentum (P]>t 0) points. The solid lines 
are DWIA prcdietluns. 


features which characterize these spectra. First¬ 
ly, the maximum in each quasi-free angle pair 
spectrum comes at the minimum recoil momentum 
of the residual nucleus. An arrow in each spec¬ 
trum indicates this point Secondly, the structure 
of the spectra Is characterized by a broad, smooth 
bump which is characteristic of the quasi-free 
knockout mechanism for L=^0 transitions.’’ Spec¬ 
tra for nonsymmetric angle pairs, two of which 
are shown in Fig. 3, are very similar and the full 
width at the half maximum (FWHM) of the spec¬ 
trum for each target is essentially independent of 
the particular angle pair when plotted against the 
momentum of the recoil nucleus rather than out¬ 
going particle energy. The approximate widths 
are 70 MeV/r for “^ela, 2a)‘”0(g.s.), 90 MeV/c 
for '“0(a, 2a)’’C(g.8.), 90 MeV/r for 
”C(a,2a)"Be(g.s.), and 70 MeV/c for 
•Be(a,2a)’Hc<g.s.). 

When one of the detector angles is less than 30° 
strong contributions from mechanisms other than 
knockout are evident For example In Fig. 3 the 
data for ’‘74e(a, 2a) at 63.82°/-23° show a 

large yield on the lower energy side ol the ijuasl- 





noiitv) 


FIG. 3. Energy sharing spectra for '*0(a,3a)”C 
(g.s.) and ”Me(a,2a)“0(g.8.) at S i/Sjb 63.8V-23'. 
Arrows indicate minimum recoil momentum points and 
solid lines are DWIA predictions. 


free distribution, although there is no well defined 
peak. In the same figure the data for ‘*0 show 
evidence of sequential alpha decay following in¬ 
elastic scattering to levels In the target nucleus 
centered around 20 MeV excitation. In this exci¬ 
tation region many alpha decay channels are open 
and cannot be resolved In the experiment. 


III. ANALYSIS 


A. DWIA calcuIatioiB 


The theoretical analysis of the data was per¬ 
formed using the distorted wave impulse approxi¬ 
mation code written by Chant and Roos.” The dif¬ 
ferential cross section for the reaction A(a, 2a)B 
for the knockout of an alpha particle with total an¬ 
gular momentum J and orbital angular momentum 
L is given by 


dSi^ tXij dTi 


( 1 ) 


where F, is a kinematic factor, i/o/dn is the 
two-body a-a cross section, and Is the cluster 
spectroscopic factor for specific L and J. The 
quantity 




(2) 

where the x{** are distorted waves, y^S/A, and 

is the bound state wave function of the alpha 
cluster In the target nucleus. We refer to this 
quantity as the “distorted momentum distribution", 
since in the limit of no distortion reduces to 
02^ In a momentum representation at the point 9 
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■ -fg. In practice we shall see that distortion ef¬ 
fects are quite severe for the present data. 

It is important to note that Eq. (1) employs a 
factorized impulse approximation in which the 
two-body cross section enters as a multiplicative 
factor rather than as a f operator within the inte¬ 
grand of Eq. (2). Thus the integration over what 
Is properly a fully off-energy-ahell matrix ele¬ 
ment is r^laced the hall off-shell value at the 
asymptotic kinematics. Furthermore, in practice 
we make the additional approximation of replacing 
da/dd U-a ^ corresponding quantity deter¬ 
mined from a measured (on-shell) two-body cross 
section. In analyzing (p, pa) data at 100 MeV, 

Roos el al" found little error arose from the 
neglect of half off-shell effects, although there 
was some breakdown in the factorization approxi- 
mation. This problem is investigated for the pres¬ 
ent data in Sec. m B. 


B. Factoriutiofi teat 


In order to test our description of the assumed 
reaction mechanism we first divided the mea¬ 
sured experimental cross sections at p^ > 0 by the 
kinematic factor Fg. According to Eq. (1) we have 

, (3) 

a- a 


d^o 


d(i^ dCl^Ti 


/Fm 




where |(f>(-Pg)|‘‘=Sa|r|i*|’. 

In principle S, is constant. In addition, explicit 
OWIA calculations of the quantity |‘ varied 

by less than ±10% at the pg 0 point over the entire 
angular range sttidled for all four targets. Thus, 
in the factorized DWIA, the ratio constructed in 
Eq. (3) should be proportional to the two-body 
cross section da/dd to within this accuracy. 
Results are shown in Fig. 4 for all four targets 
studied plotted as a function of the two-body c.m. 
scattering angle. Also shown are measured free 
a-a cross sections at 120 and 140 MeV lab en- 
ergy,”’” As indicated In Fig. 4, since the struck 
alpha particle is bound, the effective scattering 
energy (in the final state) is less than 140 MeV. 

It is found that, for all four targets, the ratios 
{d‘a/ddiddgdTi)/Fg can be normalized to lie be¬ 
tween the free cross sections at 120 and 140 MeV 
and that the angular variation of the data points 
follows the free cross sections very closely over 
almost three orders of magnitude. 

The result of the preceding series of factoriza¬ 
tion tests with the quasl-free angular distribution 
data is encouraging. However, there is no free 
' a-a scattering data available at energies between 
120 and 140 MeV and the uncertainties In the ex¬ 
tracted half-shell cross sections are quite large. 

In order to choose a suitable energy lor the free 



FIG. 4. Half-sboll a-o cross scctirnis extracted from 
140 MoV (o,2a) reactions on *Bc, **C, '*0, and **Ne. 
The solid linos represent measured free a-a elastic 
scattering cross seottoos at 120 and 140 MeV. 


a-a cross section which is used to replace the 
half-shell cross section, three possible prescrip¬ 
tions were examined. On-shell a-a cross sections 
were obtained by interpolation at energies: (a) 

£= T„ (b) A-.-i(7’y,+ T,), and (c) £= T,. Using 
these cross sections the ratio of the experimental 
three-body cross section at pg = 0 and the product 
Fgdtr/dd is compared with the calculated |^(0) 
at each angle for each of the (a, 2a) reactions un¬ 
der Investigation. Differences between the three 
prescriptions are not large. However, a careful 
comparison of the extracted |0(O) |’ obtained from 
the on-sbell cross section at the three different 
energies with the calculated |0(O) shows that the 
Tf prescription gives slightly better consistency 
between the e3q>erimental and calculated results. 
This result is In agreement with other investiga¬ 
tions and with the result that the final energy pre¬ 
scription arises as the first term of a multiple 
scattering expansion based on the Faddeev equa¬ 
tions.” It thus Is used throughout the ensuing 
analyses. 

These tests have been carried emt with different 
sets of distorting and bound state parameters. 

The factorization characteristics are found to be 
insensitive to the choice of these parameters. 
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C. Comparinn of DWIA cakulilioiii with experimoit 

In order to carry out the DWIA calculations It 
Is necessary to evaluate both the distorted wave 
luncticms and the bound cluster “wave function” ap¬ 
pearing In the integrand of Eq. (2). The latter 
quantity, more properly represents the 

result of projecting the target nucleus wave func¬ 
tion onto the product of the residual nucleus wave 
function and the internal wave function of an alpha 
particle in its ground state. Following common 
practice in both knockout and transfer reaction 
analyses we have replaced calcula. 

tlons by an eigenfunction of a Woods-Saxon poten¬ 
tial with an energy eigenvalue equal to the alpha 
particle separation energy. The principal quan¬ 
tum number N is chosen on the basis of conserva¬ 
tion of oscillator shell model quanta. Thus 

2(W-l)+f..;^2(«,-l)^-/,, (4) 

where the n, and are individual nucleon principal 
quantum numbers and orbital angular momenta, 
respectively. Thus, assuming {Is^Klp") configura¬ 
tions for A ». 16, L = 0(2) transitions must have N 
= 3(2). For ’°Ne, if we assume an Initial 
(l«'')(l/)^^(2sld)'‘ configuration, i.a0(2) transitions 
have V= 5(4). 

Initially calculations were carried out using 
bound state potential parameters yielding a po¬ 
tential consistent with the known rms radii of the 
target nuclei. For the ‘°0 target the parameters 
used are listed in Table II. The values (R= 1.22 
X 12*^’ fm, 0.76 fm) are quite similar to the 
results of a folding procedure which was used suc¬ 
cessfully m an earlier analysis^'' of the {p,pa) re¬ 
action at 100 MeV. Also listed in Table II are po¬ 
tentials used for the incident and emitted alpha 
particles. Our notation is such that, for example, 
C139 is a potential obtained by fitting a+‘% elas- 
ilc scattering at a laboratory energy of 139 MeV. 
Notice that our use of potential parameters 
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Is consistent with the formal resalt*" that the pro- 
Jectlle-ejectlle interaction is, in principle, In¬ 
cluded to all orders via the two-body t matrix. 

Using the parameters C139/C139/C139 for the 
incldent/emltted/emitted alpha particles lor 
“(3(a, 2a)'%(g.s.) at 140 MeV the shapes of the 
experimental distributions at three different angle 
pairs were r e aso n a bl y weU reproduced. Typical 
results are shown in Fig. 2. Somewhat surprising¬ 
ly, however, the extracted spectroscopic factor 
was approximately 25, more than 100 times 
the theoretical value of 0.23 predicted in the 
Kurath shell model calculations.** This result 
is similar to that obtained by Chant and Roos*’ In 
their DWIA analysis of the 90 MeV (a,2a) data. 
Noting that, at pg’‘0, the emitted alpha particle 
kinetic energies are each about 66 MeV the sets 
C139/C104/C104, C104/C104/C104, C139/C56/ 
C56, C130/C56'/C56'were tried. However, these 
calculations produced a variation in the spectro¬ 
scopic factor of less than a factor of 3. Finally, 
to allow for the energy variation of the emitted 
alphas in the exit channel (between 40 and 90 MeV) 
calculations were carried out using the various 
combinations of potentials listed above with real 
potential strengths readjusted to yield volume in¬ 
tegrals j/4A corrected lor an energy dependence 
of -1.3 £„.^, where is the c.m. energy. 

This is consistent with the observed variation of 
the real volume integral in the range 30< £< 160 
MeV and 4<A<60. In all cases the extracted 
spectroscopic factors were at least 30 times 
larger than the theoretical value. 

A similar study** b7 Jkin and Sarma at the sen¬ 
sitivity of the spectroscopic factor extracted from 
the 90 MeV ‘"0(0,2o)**C daU“-" to the choice of 
optical parameters has been reported. These 
authors correctly point out that the optical param¬ 
eters selected for the original calculations of 
Chant and Roos** are not in good agreement with 
appropriate elastic scattering data (being In fact 
obtained from fits to slightly heavier targets). By 


TABLE II. Optical potential parameters * for '*0(a, 2a)'*C (g.a.) Initial oaloulationa. 


Sot Berios 


'*0 

a 

re 

IV, 

rt 

a' 

Ref. 

B.S. 

72.5 

1.22 

0.76 

1.24 





C13!* 


1.22 

0.76 

1.26 

16.9 

1.86 

0.47 

62 

C104 

114.0 

1.22 

0.80 

1.26 

13.8 

1.91 


52 

C56 

1SI.9 

1.24 

0.665 

1.4 

28,05 

1.24 

0.04 

S3 

C66' 

216.8 

1.3 

0.58 

1.4 

38.05 

1.5 

0.32 

53 


* The opUcal potential la defined to be Vo»« = —where/<r,r(,o) 
’'{l *expUr-rtA'‘'*)/air‘, A Is the target mass, Vp is die Coulomb potential of s uniform 
charged aphere of radtua 

V, and Wt In UeV: rg, r}, a, a', and In fm. 

*' Bound state. 
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g ^^ ^^ n ^Hll g optical parameton from tbe work of 
FaU/’ Jain and Sarma obtain Improved fits to the 
ralavant elastic scattering data and obtained a 
spectroscopic factor tmly about five times the 
theoretical value. We have carried oot additional 
^aiwiiatinM which suggest that this redaction in 
5, is a consequence not of the dmailed improve¬ 
ments In the elastic scattering fits but rather of 
the fact that, in his early work, Pehl reported the 
shaUowest potential from among the various dis¬ 
crete ambiguities. Specifically the potential of 
Ref. 42 has V~ 33 MeV and j/iA roughly one 
fourth of the value derived from the energy de¬ 
pendence described above. In the light of more 
recent work*’ we argue that this choice is unpbys- 
ical and does not satisfactorily remove the large 
discrepancy in S, which we have noted. 

Similar problems are encountered for the other 
targets. Initial calculations reproduced the shapes 
of the (a, 2a) dlstrlbutlaia but gave spectroscopic 
factors of B lor *Be, 11 for and 27 for ”Ne 
which are much larger than the theoretical val¬ 
ues”'*’of 0.57, O.SS, and 0.21, respectively. As 
found for reasonable variations in distorting 
parameters failed to remove the disagreement be¬ 
tween theory and experiment. 

Next a test of the sensitivity of the calculations 
to the bound state parameters was carried out. 

The results were found to be relatively Insensitive 
to the dllfuseness parameter “a” and to the Cou¬ 
lomb radius re- Variation of the bound state ra¬ 
dius parameter Vg produced no change in the shape 
of the energy sbar^ distribution, but resulted in 
significant changes in the predicted magnitude. 

To Illustrate this effect we have plotted in Fig. S 
the distorted momentum distribution at pg s 0, 

1^(0) {*, as a function of the bound state radius 
parameter for 2a)*^(g.s.) at dj - -8, 
>43.18°. In these calculations the distorting pa¬ 
rameter set was C139/C139/C139. For the bound 
state, the parameters a and rg were fixed at 0.76 
and 1.3 fm, respectively, while the potential 
strength was readjusted at each value of rg to 
yield a solution with the empirical alpha separa¬ 
tion energy. It is seen that the magnitude of 
1^(0) I* is increased by a factor of approximately 
120 on changing Vg from 1.2 to 2.52 fm which thus 
serves to reduce the extracted spectroecoplc fac¬ 
tor to approximately 0.23, the anticipated value. 

It should be noted that the value r,> 2.52 fm for 
:*^a, 2a)*\:(g.s.) does not lead to noticeable de- 
^rloratlon in the fit to the shape of the energy 
■haring dlstribuUoo. However, the associated 3S 
pave function has an nas radius of 4,37 fm while 
rms radius of the potential Is 3.56 fm. Both 
^lues are well In exceaa of the empirical rms 
wSdlus of 2.65 fm for Although the value rg 



FKl. 6. Dependence of the qutntlly 14(0)| ’ on the 
bound state radius parameter rg for ''0<a,2a)'’C(g.s.) 
at £,>140 MeV. The dlifUseness is held ilxed ata 
>0.76 tm and the Coulomb radius parameter Is rg 
>1.26 fm. 


>2.52fm is thus clearly excessive, it is impor¬ 
tant to note that comparable values have been used 
in analyses of alpha-transfer reactions in order 
to reproduce the experimental absolute cross sec¬ 
tions (that is, to obtain absolute spectroscopic 
factors In agreement with shell model theories). 
For example, the authors of Refs. 11 and 12 used 
bound state well radii of A> 2.0A/^’ fm and R 
“1.2 (A/^’+4*^’) fm, respectively, where Ag is 
the mass number of the core. These values are 
equivalent to rg> 2.0 and 2.05 fm for ”0 in our 
parametrlzation. 

Our decision to characterize the enhanced (a, 2a) 
cross sections by an increased value of rg thus 
has the merit of consistency with transfer reac¬ 
tion analyaee and is clearly preferable to the in¬ 
troduction of unpbysical optical potentials in both 
knockout and transfer analyses. Nevertheless, it 
is a somewhat arbitrary device. We shall return 
to the question of the implications of tills choice 
In Sec. m F. For the present we choose ra> 2.52 
ta for all targets studied in order to investigate 
the reauUant fits to the energy sharing distribu¬ 
tions as well as the deduced spectroscopic fac¬ 
tors. 
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Calculated energy sharing spectra for all four 
ground state transitions at the symmetric quasU 
free angle pair are shown In Fig. 2. The optical 
parameters used are listed In Table m. It should 
be noted that, with the exception of ‘Be, these 
are pure L = 0 transitions. For 'Be, as we have 
discussed previously,*'' roughly equal admixtures 
of 3S and 2D transitions are expected. These 
terms add Incoherently and the curve shown in 
Fig. 2 la the summed resiilL As found for (p,pa) 
at 100 MeV the 2D admixture has little effect. 

In general agreement between theory and experi¬ 
ment in Fig. 2 is good. Aside from the regions of 
sequential processes, comparable agreement Is 
also apparent in Fig. 3 in which results are shown 
for the ground state transitions at asymmetric 
angle pairs. 

I). Spectroncopic factari: ground Mate Inmitioni 

The ground state spectroscctpic factors extracted 
from our 140 MeV data are shown in Table IV to¬ 
gether with theoretical values obtained from struc¬ 
ture calculations employing shell model” and SU, 
model” approaches. All data sets have been in¬ 
cluded with the exception of the i36° angle pair for 
'Be which was poorly reproduced in the DWIA cal¬ 
culations. This difficulty can be attributed to the 
fact that this angle pair involves much higher mo¬ 
mentum components In the alpha wave function 
than any other angle pair chosen. Specifically, 
the minimum value of pg is 125 MeV/r which is 
to be compared with a distorted momentum dis¬ 
tribution width of ±10 MeV/r for 'Be. As a result 
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the knockout crose section Is suppressed, and ac¬ 
curacy In treating the bound state and distorted 
waves becomes more cruclaL Also competing re¬ 
action mechanisms may play a more signillcant 
role. 

From Table IV it Is seen that the extracted 
spectroscopic factors for each target vary between 
±20% and ±30% over the angular range studied. 

The uncertainties attached to the average spectro- 
scoptc factors quoted are merely standard devia¬ 
tions of the angular variations. Clearly many 
sources of relative and absolute errors have been 
ignored. 

Agreement between theory and eiqieriment is 
generally good. Clearly our choice of rg" 2.52 fm 
guarantees this result for However, it Is 
seen that this choice, made arbitrarily for the 
other targets, leads to an excellent description 
of the relative strengths for the four targets. 

As a further test of our chosen bound state ge- 
on}eti 7 , calculations were carried out for (or, 2 or) 
data obtained by other groups at lower energies. 
Results for the four targets under discussion are 
compared with our 140 MeV results in Table V. 

For °Be(at, 2a)'He(g.B.) data at £,>56, 40.2, and 
42.8 MeV (Refs. 26 and 27) have been analyzed. 

It Is surprising that at these low energies, where 
the quasi-free knockout reaction mechanism may 
be less dominant and the free a-a cross sections 
oscillate, we obtain an experimental spectroecopic 
factor consistent with that from 140 MeV data to 
within about 50%. The results of the same analysis 
of *% data at £,=>90 MeV (Ref. 29 and 30) and **0 
data at 90 MeV (Refs. 29 and 30), 52.5 and 46 MeV 


TABLE nL Optical pobeatial parameters* for final oaloulatlona. 


lieaclion 

System 

V 
^ 0 

*■1 

a 

r. 

iv, 

ri 

0 * 

*'rm 

J/4A 

Ref. 

^Poltr, 2a)‘'Hn 


72.63 

1.36 

0.76S 

1.3 

23.8 

1,36 

0.76S 


329 

54 


a * ‘Ho 

72.63 

1.36 

0.765 

1.3 

23.8 

1.36 

0.765 


396 

54 


B.S. 

36.69 

2.52 

0.765 

1.3 




4.74 

806 


'*C(<»,2u)"Hc 

a t ”C 

106.1 

1.22 

0.76 

1.26 

16.9 

1.85 

0.47 


356 

62 


0 • "lie 

106.1 

1.22 

0.76 

1.26 

16.9 

1.85 

0.47 


402 

52 


B.S. 

35.80 

2.52 

0.655 

1,26 




4.03 

700 




38.51 ** 










" 0 ( 0 , 2<rl‘*C 

a t “0 

lOH.l 

1.22 

0.76 

1.26 

16.9 

1.86 

0.47 


330 

52 


a + 

108.1 

1.22 

0.76 

1.26 

16.9 

1.85 

0.47 


366 

62 


B.S. 

30.50 

2.52 

0.7826 

1.26 




4.37 

604 




35.13** 










"Ne(a,2u)'‘0 

a ^“Ne 

110.6 

1.22 

0.82 

1.3 

17.9 

1.77 

0.63 


338 

66 


11 +“0 


1.22 

0,82 

1.3 

17.8 

lsT7 

0.63 


358 

55 
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TABLE tv. Siieotroaooplo hotora for angle palra (S,/£,) extracted bjr meana of the OWIA 
anatyals. The average C^*) ie a atatlatioal average of all angle palre. 


Reaotlaa 

fli/Ol 

s?" 

(SS") 


Ref. 

'Be(a, 2(>)'He(g.8.) 

44.1B‘/-44.ia' 

0.656 





47.39‘/-41.0’ 

0.930 





60.38"/-38.0' 

0.574 


0.57 

22 


54.86V-33.6* 

0.635 





68.39"A30.0" 

0.679 

0.633 ±0.120 




61.26*/-27.0“ 

0.622 





64.66V-23.6" 

0.S4D 





40.0'/-40.0* 

0.627 




‘*C(o,2o)'Be(g.a.) 

43.11*/—43.11* 

0.641 


0.674 

47 


49.ir/-37.0‘ 

0.682 


0.55 

22 


sB.ae'/so.v 

0.421 

0.558 0.107 

0.285 

23 


62.21'‘/-23.0‘ 

0.487 


0.759 

56 





0.675 

56 

“0(a.2a)“C(g.B.) 

43.16”/-43.16* 

0.209 


0.295 

47 


56.9r/-30.0* 

0.304 


0.23 

22 


63.82"/-23.0' 

0.222 

0.244 ±0.046 

0.206 

23 





0.333 

56 





0.296 

56 

“Ne(Qt,2a')“0(g.a.) 

43.71"/-43.71" 

0.167 





49.39f/-38.0“ 

0.235 


0.21 

23 


57.20"/-30.0" 

0.220 

0.202 10.029 

0.182 

47 


63.82“/-23.0" 

0.196 




‘*C(a,2a)*Be(2.9 MeV) 

43.16"/-43.16" 

1.74 

1.74 

0.72 

22 





0.502 

23 

"0(a,2a)“C(4.43 MeV) 

43.11“/-43.11 

1.26 

1.26 

1.31 

22 





1.48 

23 


Refs. 26 and 27) and ‘^e data at 78 MeV (Ref. 28) 
tre also shown In Table V. The results from the 
H: and ^*0 data at 90 MeV are consistent with the 
results from our own data to within a factor of 
For the '*0 data at around 50 UeV the agree- 
nent is within a factor of 4. For *°Ne at 78 MeV 
greement with our 140 MeV result Is within the 
ixperlmental error. Considering the original 
Isagreement of over a factor of 100, these dlf- 
irences are not large. 

The optical model parameters used for the lower 
ergy calculations are the same as those listed 
i Table HI. We lave not Investigated the sens!* 
vity of the lower energy results to the choice of 


distorting potentials. Clearly there are large un. 
certainties and a more consistent description 
might be possible. An important ingredient of any 
Improved analysis would be a more systematic 
treatment of the energy dependence of the alpha 
optical potential. 

E. Traiuilion* to the finl excited dates of 'Be and 

The overlaps of ‘'C - a+ 'Be (2.9 MeV, 2*) and 
a+*t (4.43 MeV, 2') have also been investi¬ 
gated with the quasi-free knockout reactions 
*^( a, 2a)’Be (2.9 MeV) and ^‘0(a,2a)^’C(4.43 
MeV) at angles 43.11°/-43.11" and 43.16y-43.16°, 


TABLE V. Spnctroacopic faotora extracted by means of the DWIA aualyeis at symmetric 
quasl-free angle pairs. 

BeaotlonB E„lMeVl S* MeV 

*Be(a,2al‘lIe(g.8.) SB 0.820 ^ 0.082 

49.8 0.655 :i 0.068 0.633 

42.8 0.936 ±0.156 

''c(a,2a)'Be(g.8.) 90 0.196 ± 0.014 0.558 

“0(a,8a)“C(g.a.) 90 0.0942 ±0.011 

S2.S 0.982 ± 0.226 0.244 

i;- 46 0.687 ±0.125 

? ''Ne(a,2a)'*0(g.B.) 78.6 0.149 ±0.017 


0.202 
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Tl (MeV) 


FlCi. <j. Enpi'nv shnrltiit aprotrn for '^C(o',2o’)’Bo 
( 2.9 M«V) and “O(o,2ol‘“c (4.43 MeVI at 0,/(lj»437 
— 43”. 'ITic solid linra arc UWIA prodlrtfuna. 

respectively. The measured energy sharing spec¬ 
tra are shown in Fig. 6. The distorting parameters 
and bound state radius and dllfuseness parameters 
lor the DWIA analysis are the same as those for 
the ground state transitions. Both states have spin 
and parity 2*. The princi|ial quantum number AT 
» 2 and orbital angular momentum quantum number 
1, B 2 are used (or the analyses in both cases. The 
calculated energy sharing distributions can roughly 
reproduce the experimental data in the region 
where the two outgoing alpha particle energies are 
not very different. However, the overall fits are 
disappointing. 

Alpha spectroscopic factors were extracted by 
comparing the data with the DWIA calculations 
near the minimum recoil momentum regions. The 
results are compared with theoretical estimates 
obtained using a Ip shell model” and by consider¬ 
ing the nuclei as alpha chains,” in Table IV. The 


consistency between the experimental and theo¬ 
retical values for the ^*0-> MeV) tran- 

sltloi is remarkable while lor the -> a+ *Ba 
(2.D MeV) transition agreement Is within a factor 
of 3. A difficulty In this case Is the possibility of 
LmO contributions to the transition which are per¬ 
mitted owing to the unbound nature of the final 
state and which may be present in (p,pa} data for 
the same transition.^'' Clearly data with improved 
statistics coupled with further reaction mechanism 
studies for the excited states are needed. 

F. The (Ipha cimter bound lUte were function 

in the precedii^ sections we have seen that OWIA 
calculations (or the (a, 2a) reaction at 140 MeV 
are relatively Insensitive to reasonable changes 
in the distorting potentials but are strongly depen- 
dent on the choice of bound state wave functions 
Specifically, if we accept the theoretical 
absolute spectroscopic factors quoted as being 
correct to better than an order of magnitude, cal¬ 
culations using a bound state radius parameter Vg 
~1.22 fm seriously underestimate the observed 
absolute cross section. Such a choice for rg is 
“reasonable” in that the resultant wave function 
and potential have rms radii similar to the em¬ 
pirical target rms radii. However, in order to 
reproduce the observed cross sections the appar¬ 
ently excessive value of rg» 2.52 fm is needed. 

This choice leads to reasonable predicted absolute 
cross sections for all four targets at 140 MeV 
without deterioration in the fits to the shapes of 
the distributions. In addition, consistent absolute 
cross sections are obtained at lower energies (at 
least to within a factor of 2-3). 

This behavior Is in marked contrast to studies' 
of {p,pa) and (p,d'Ue) reactions at 100 MeV on 
"Be and ‘“C and in more recent studies**’'^ at the 
same energy on and ”Ne. These authors use< 
values of ro~ 1.1-1.3 (m which Is close to a foldii 
model geometry and thus quite different from out 
value of ra° 2.52 fm. However, as pointed out 
elsewhere” the predicted distorted momentum 
distributions for these (p,pa) transitions are not 
very sensitive to the radius parameter of the al¬ 
pha-core bound state. Thus in Ref. 46 we noted 
that S, for '*(X/>,P<r)‘%(g.8.) at 100 MeV changes 
by less than a factor of 2 when rg Is changed fron 
1.09 to 2.3 fm. 

Some of these features can be understood In 
terms of the radial localization of these reactiom 
By integrating of Eq. (2), from r to Infinlfy 
one obtains a calculated differential cross sectloi 
o(r), which Is a measure of the contribution to tb 
reaction in the range from r to Infinity. The dif¬ 
ference <r(r)-€r{r*^r) Is thus a measure of 
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the coatrltMtlaB to the reaction in the range Irom 
r to r + Ar. From a bletogram ot theee differences 
against r one can investigate the reaction contribu¬ 
tion from different values of r. Figure 7 shows the 
histogram for *^o, 2a)*\;(g.s.) at 43.16°/ 

-43.16°, ^a~0, and F,^140 MeV. For the case 
of boui^ state radius parameter ra= 1.22 fm, one 
observes a dramatic interference near the region 
It Is this calculation which seriously 
unterestlmates the .experimental absolute cross 
section. Also shown in Fig. 7 is the corresponding 
histogram for Vg^ 2.52 fm, which leads to agree- 



FIG. 7. Hietograms of A<r , the calculated contribu- 
tiona aa a Amctloii of radius to the "0<a,2a)'’CR[.s.) 
2rosasaoUonatl40MeVat«i/e,-43J!‘/-43.2’. Shown 
are oaloulaticoa for various values of Vg, the bound 
jrtate radlui paraiaetera. Also ahoam is a histogram for 
O(^>Fa)‘'C4g.s.)atl00HeVforrg-1.3tm. b eaoh 
ease the broken curve Is the corresponding bound state 
«dtal wave fanottonair). 


ment with experiment. It is seen that the re¬ 
action is now localised to a region near 6.5 fm 
and that the Interference region has been elim¬ 
inated. At the lower end ot Fig. 7 is the cor¬ 
responding diagram for '■‘0{p,pay‘C{fS.B.) at 100 
MeV using rg> 1.3 fm and a = 0.65 fm. These pa¬ 
rameters lead to calculations in good agreement 
with experiment.'** Here we see that the reaction 
is no longer localized in the extreme tail of the 
bound state wave function, and it is this feature 
which accounts for the more modest sensitivity 
to rg. 

As mentioned briefly in Sec. inC our choice of 
ra= 2.52 fm is not inconsistent with the values used 
in alpha transfer reactions. Firstly the (a,*Be) 
reaction study of Ref. 11 obtained absolute alpha 
spectroscopic factors for eight Ip shell nuclei us¬ 
ing an alpha core bound state radius parameter 
rg= 2.0 fm. Secondly, the analysis of the 
*^(*“0, *Ne)"Be reaction data*’ used an a-*^ 
bound state radius R= 1.2(16 *^’h- 4*^*) fm, which 
corresponds to Vg^ 1.06 fm in our notation, to re¬ 
produce the eiqierimental data. Thirdly, in analyz¬ 
ing the ** 0 ( 1 /, ‘Ll)*% reaction Nagel and Koshel** 
were obliged to use a bound state radius A«1.27 
(12*^’ + 4''^’) fm (which corresponds to ro= 2.15 fm 
in our notation) in order to reproduce the magni¬ 
tude of the experimental cross section. These 
authors pointed out that the magnitude of the cal¬ 
culated cross section increased by a factor of 18 
when the bound state radius changed from 1.25 
X 12"'* fm to the above value. This is to be com¬ 
pared with a factor of about 24 for a correspond¬ 
ing change in our ‘*0(a, 2a)*’C(g.B.) analysis. 
Finally, two groups*^'*’ have Investigated the 
(’He,^Be) reaction on Ip and Zsld shell nuclei and 
extracted relative alpha spectroscopic factors. 

The authors of Ref. 47 used rgw 1.2 fm for *Be 
- ’He-f a while Audi el of.*' used a bound state ra¬ 
dius A« 1.25 4*^’) fm. The results of Audi 

el al. are more consistent with the spectroscopic 
factors obtained in SU,. 

We have seen that while reasonable bound state 
geometry parameters work well for (p,pa), most 
alpha transfer analyses and the (a, 2a) reaction 
at 140 MeV incident energy or less require bound 
state wave functions enhanced in the nuclear sur¬ 
face by up to an order of magnitude. The device 
we have selected to achieve this end, namely an 
Increase in r,, probably has no intrinsic signifi¬ 
cance. For example, as an alternative, we could 
have arbitrarily reduced the calculated cluster 
binding energy. 

Yet another approach is that suggested by Jain,** 
who was able to reproduce both the shapes and ab¬ 
solute magnitudes of the 90 MeV data of Ref. 30 
using a strong absorption model with a radius pa- 
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rameter R- + tm where A is the tar¬ 

get mass number. Unfortunately the success of 
the strong absorption model calculations does not 
greatly clarify the situation and more pl^slcal 
explanations for the apparent enhancement of 
are needed. 

IV. DISCUSSION AND CONCLUSIONS 

The present (a,2a) data suggest the dominance 
of the quasi-free knockout mechanism. The en¬ 
ergy sharing data are well described by the DWIA 
calculations. Perhaps more importantly the angu¬ 
lar dependence of the three-body cross section Is 
In excellent agreement with that obtained in free 
a* a scattering. However, in spite of conslstemqr 
with alpha transfer analyses, the necessity of us¬ 
ing bound state radii yielding rms radii signifi¬ 
cantly In excess of those expected is disturbing. 

Two possible explanations are suggested. 

First one might conclude that surface clustering 
exists in excess of that predicted by the simple 
shell model calculations considered so far. To 
examine this question we have considered the 
treatment of the ground state by Brown and 
Green,’° who include 2p-2h and 4p-4h admixtures. 

We expect an increased yield over our Op-Oh cal¬ 
culation, since these components lead to 4S and 
55 bound state wave functions, respectively. Using 
the amplitudes of Brown and Green we obtain an 
enhancement in the DWIA cross section of only a 
factor of 3.5. In fact, any combination of the var¬ 
ious components is insufficient to explain the pres¬ 
ent data using a bound state radius near 1.2 
tm. 

Thus more pronounced correlation effects than 
included in the calculations of Kef. 50 seem to be 
Implied by the present data. However, this result 
is not at variance with the general success of 
structure calculations sucli as Ref. 50. Referrii^ 
to Fig. 7 we see that nuclear radii of € to 7 fm 
amiear to be responsible for the (a, 2a) yield. In 
this region for the targets studied, nuclear den¬ 
sities are well below 1% of central density and it 
is only here that alpha clustering of order 100 
times shell model estimates are Implied by the 
data. In this regard it is of interest to compare 
the present results with charge distributions ob¬ 
tained in model independent analyses of electron 
scattering data. Using the bound alpha cluster 
wave function obtained with 2.32 fm we can 
estimate the chai'ge densities a.t 6—7 fm tm- 
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piled by the (a, 2a) data. These are clearly crude 
estimates. However, it is interestiiig to note that 
the results are comparable to (or even eotceed) 
values obtained from electron scattering. For ex¬ 
ample, for at r«7 fm, Stck*^ obtained p(r)/p(0) 
~ 2.5 X 10** from analysis of low momentum trans¬ 
fer electron scattering data whereas our 
*-^(a, 2a)'Be result is p(r)/p(0)~3.5x 10**. Thus 
the (a, 2a) data seem to Imply that most of the nu¬ 
clear matter at these very low densities has co¬ 
alesced into alpha clusters. 

As an alternative explanation of the present re¬ 
sults we can consider alpha clustering in the sur¬ 
face region induced by the projectile. This would 
correspond to inelastic scattering to states with 
large alpha parentage followed by knockout This 
is an appealing possibility since there exist (at 
least in ^*0) states near the alpha threshold** 
strongly excited in inelastic scattering. Thus, 
the second step would consist of knocking out an 
alpha particle weakly bound to the residual nu¬ 
cleus (and therefore having a large asymptotic 
tall). Unfortunately, no calculations lor such pro¬ 
cesses exist at present It is worth noting that not 
only is it necessary to fit the energy sharing dis¬ 
tribution, both in shape and magnitude but also 
such calculations must reproduce the angular de¬ 
pendence of the (a, 2a) cross section. As we have 
seen this is in excellent agreement with free a+ a 
scattering and thus seems to imply a one-step 
process. This feature of our data may well prove 
decisive since one might speculate that dominance 
of two-step processes would lead to some broad¬ 
ening of the angular distribution. Lastly, similar 
levels must exist in all four nuclei studied despite 
their rather different nuclear structure, since all 
show the same basic effect. Notice also that such 
calculations must reproduce the alpha transfer 
data, since similar bound state geometries are 
needed in those analyses. 
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The orbital current end ipin oontributiani to aovector Jtfl ndtatioiii in light nuclei an etudied 
■nicroKopically by combining infonnation from inelastic dectron scattetlnt at small momentum transfers 
with that obtained from recent measurements of (j>,n) cross sections at forward angles. The (ppi) reaction 
is studied within the distofted-wave approsimatioo using a O-matrix Interaction and shell model wave 
functions and the (e.e') scattering a calculated in a plane wave approximation. 

[ NUCLEAR REACTICRiS Charge exchange scattering, £,'=62 MeV, oroas sec-l 
tions; Inelaattc electron scattering; targets ’’c, **Mg, Wgi, I 


I. INTRODUCTION 

Experimental studiee of the (p,n) reaction at 
£,•: 60 MeV, currently being carried out at the 
Indiana University Cyclotron Facility, will provide 
much new information on laovector modes of ex¬ 
citation In nuclei.'"* In one of the first (p,n) ex¬ 
periments, forward angle cross sections for the 
excitation of analogs of 1* T = 1 levels In “C, ”Mg, 
and ’"Si by 62 MeV protons were measured. We 
report here a study of the nature of the isovector 
dipole transitions in these nuclei based on the shell 
model wave functions of Cohen and Kurath (‘’C) 
(Ref. 6) and Chung and Wildenthal (""Mg,’"Si).’ It 
Is shown that a separate measure of orbital cur¬ 
rent and spin transition matrix elements can be 
obtained by simultaneously considering informa¬ 
tion from the {p,ii) reaction and corresponding 
information from tow momentum transfer inelastic 
electron scattering."'” The (/i.it) reaction is in¬ 
terpreted within the distorted wave approximation 
and the G-matrix interaction of Bertsch el al.'* is 
assumed for the effective Interaction. The com¬ 
plete spin dependent Isovector part of the inter¬ 
action is compared with the one-pion exchange 
potential (OPEP) which is expected to be the lead¬ 
ing term at small momentum transfer. 

II. RELATION BtTWEFN THE (r.e’) AND (#».«) 

REACTIONS 

For 0*-./* abnormal parity transitions It is 
cummon"'”’to characterize the inelastic elec¬ 
tron scattering cross sections by the reduced 
magnetic transition probability. The Bom expres¬ 
sion for this quantity, which is adequate for the 


discussion of electron scattering from light nuclei, 
is given by” 


B(AfJt;<,) = 



^ lctgip5i(9) + c£g(p"i(fl)l , (1) 


where q is the momentum transfer, £. Is the orbital 
angular momentum transfer which is restricted to 
the values </ - 1 and J r I, t differentiates between 
isoscalar and isovector quantities, gi and gj are 
the S|rin and orbital g factors, CJ | = + 1)'^’, 

C-J.. = 2(./i-l)-‘'’, = C'„ = 2J->'’, and 

p*x(9) andp”.[( 9 ) are the momentum representa¬ 
tions of the spin and orbital current transition 
densities defined by 


P*A(<7)=(j’||E#iWT,)lVx(r,)xOfKr{||o), (2) ' 

where <|| ||> denotes a reduced matrix element,” | 
Ib a spherical Bessel function, and is | 
o, or T, as £ is $ or 1. We are specifically inter- j 
ested in transitions with J = t = l for which L can j 
be 0 or 2. By expanding the Bessel funettons in j 
Eq. (2) about q^O one easily obtains the two para- | 
meter formula'"” commonly used to describe the 1 
low q electron scattering data, l.e.. 




where BiMJt; 0) is the reduced transition pro¬ 
bability for V decay and R,, Is the transition radius. 
To see the connection between Inelastic electron 
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•catterlng and the (p.ti) reactiaa for a (T-J’ ab¬ 
normal parity tranalUoa, It la useful to examine 
the direct microscopic Bom approodmatlcm ex¬ 
pression for the (p,n) cross section. In the case 
of a local effective interaction with central, ten¬ 
sor, and spln-orblt parte this is*’-*’ 


(2J+1)8» 

an \2tir) », 

HIS 

+^ I S W)+"fW) £ p} t- k) 

+ «f®(9)Alp”(<7)J I |, (4) 


where the factors outside the curly brackets are 
the usual kinematlcal and statistical factors, 

and v*'®( 4 ) are the Bessel transforms 
of the spin-dependent central, tensor, and sptn- 
orblt components of the effective Interaction, L' Is 
the orbital angular momentum transfer to the tar¬ 
get when the tensor Interaction la acting, A^, 
and are statlatlcal coefficients which can be 
obtained elsewhere,*’-** ff/ik) la th® apln transi¬ 
tion density, and p"k) la a linear combination of 
the orbital current densities. As in the discussion 
of Eqs. (l)-(3) we are specifically Interested In the 
case J-fa 1 for which L and L' can each be either 
0 or 2. A proper treatment of the (p,n) reaction 
requires, of course, the inclusion of distortion 
effects’* and knockout exchange amplitudes.** 

These effects are not included explicitly in Eq. (4) 
lecause they complicate the relation without af- 
'ecting its basic sense. Both distortion and knock¬ 
out exchange are treated exactly In the final cal- 
lations of the (p,n) cross sections to be dlscuss- 
below. In die graphs of the effective Interac- 
•n to be shown, the knockout exchange ampu¬ 
les for the central and sidn-orblt Interaction 
mponents are Included in the interaction by 
^ans of a well established approKimatlon.’*'*’ 
this point, it Is clear from Eqs. (1) and (4) that 
5 connection between the (e, e') and (p,n) reac- 
ins for 0 * ~J’ abnormal parity transitions is 
ually complicated. 


lU. RESULTS 

Some of the essential results obtained from the 
ell model wave functions of Refs. 6 and 7 are 
mmarlsed In Table I and Fig. 1. The table Usts 
» theoretical and experimental excitation ener- 
es, reduced transition probsblUUes a(Mlt), and 
tnsitloo radii Ji„ for the first IT -1 excltaUon 



FIG. 1. The L-0 andL-2 spin and orbital current 
densities lor the If and If T-1 excitations in "St are 
compared with the Isovector spin-flip parts of the C- 
matrix interaction of Bef. 12. For die If T-1 exoitattcn 
the oibttal ourrent densities are too small to show in the 
graph. C, LS, and T refer to the central, spin-orbit, 
and tensor components of the Interaction. 

In ‘*C and the first four IT - 1 levels in **Mg and 
TSi. The last two columns in the table contain the 
values of the theoretical X. - 0 spin and orbital cur¬ 
rent transition densities at 9 - 0. The complete set 
(X. - 0 and X, - 2) of theoretical spin and orbital cur- 
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TABLE 1. Coinp«rt»on ot ihell model rewilts with a«perlment for tiovactor JOT. trinttlooB In **C, **Mg, Mid **81. 


Nucleus 

Final 

state 

(MeV) 

(MeV) 

R(M1 *)„,• 
(e*fm*) 

fl(Ml *)tt» 
(«*fm*) 

RP* 

(fm) 

R&* 

(fm) 

Pfl«» 

i4i<o) 

•»C 

1,* T-l 

15.11 

15.08 

(3.22 ± 0.23) X10-^ 

2.54 X 10-* 

2.70^:0.20 

2.67 

-0.221 

0.026 


1; T=1 

9.97 

10.22 

n30i0.21)xl0-“ 

631X 10-* 

3.05 i. 0.44 

3.10 

-0.035 

-0.339 


IJ T»1 

10.72 

11.14 

(4.10 t0.77)xl0-* 

3.85 X 10-* 

2.94 t 0^4 

2.94 

-0321 

-0.210 

“Mg 

ij* r= 1 


15.50 


3.41 X 10-* 


3.45 

-0.156 

0.361 


I4* r»i 


13.59 


2.53 X 10-* 


2.75 

0.090 

-0.104 


1,* i 

10.48 

12.05 

(5.99 t 2.75> x 10-® 

3.86 X 10-* 

3.90.1: 0.40 

2.78 

0.022 

0.293 


IJ T=1 

1036 

12.29 

(1.28 t 0.27) xlO-» 

2.23 X 10-* 

2.98 ± 0.25 

235 

0386 

0.080 

“•si 

ij r»i 

11.41 

13.28 

(4.01 t 0.77) X 10-* 

4.64 X 10-* 

2.58 0.23 

2.97 

-0.292 

0.001 


1; T=1 

12.27 

14.00 

(1.13 1 0.29) xl0-» 

5.26 X 10-* 

2.93 L 0.36 

237 

-0.098 

-0.001 


‘Reference 11. 

‘The results are from Ref. C while the ^Mg and ^*81 results are from Ref. 7. Harmonic oscillator rttllal wave 
functions were used In the calculations with h=1.95, 1.82, and 1.86 fm for '^C, ’*Mg, and **31, respectively. 


rent transition densities for the 1 ‘ and 1 , T -1 
excitations in “Si are shown with the isovector 
spin-flip components of the G matrix Interaction 
of Ref. 12 in Fig. 1. 

From Table I it is clear that the theoretical wave 
functions give a good qualitative account of the ex¬ 
perimental electromagnetic data. One can distin¬ 
guish between two types of transitions. One type 
might be called current correlated, l.e., p’u,' 

The IJ T -1 levels in both “‘Mg and “"Sl are of this 
type. These are weak in electron scattering be¬ 
cause g,‘ »0.l;^,‘. They are weaker still in the 

reaction at low q because p{^ couples to the 
projectile through the spin-orbit interaction which 
is essentially zero at q-d. These levels were not 
seen in the 62 MeV experiment''^ being discussed 
here. The other type of transition might be called 
spin dominated, i.e., > 1 , 'pm, AU of the other 

excitations in the table fall into this group. The 
current contributions to the spin dominated states 
in “‘Mg are considerably larger than those for the 
spin dominated states in '“C and “Si. This occurs 
because of the open ) - Id,,,, shell for “‘Mg. It is 
the Id,,, - Id,,, single particle transition which 
has the largest current matrix elements in the 
.s-d shell. 

Using the fact that the tensor interaction, the 
spin-orbit interaction, and the 1.-2 transition 
densities are small near 9 - 0 , Eqs. ( 1 ) and (4) 
reduce approximately to 


for the spin dominated transitions at low q. These 
relations clearly show that the scaling of the for¬ 
ward (p,») cross sections for spin dominated 
transitions measures the scaling of the L « 0 spin 
transition densities at low q and departures in the 
scaling of Ml rates and forward (p,n) cross sec¬ 
tions are a direct consequence of the L = 0 orbital 
current transition densities at low q. 

Equations (5) and ( 6 ) do not allow for a model 
independent determination of t>f{q) at low q since 
there are two experimental values, B(M14; q) and 
do/dU, and two structure unknowns, p% and pfj, 
for each transition, p decay is more useful In this 
regard because allowed Gamow-Teller decays 
provide a direct measure of p;i(0) (Refs. 24 and 
25) which can be used in Eq. ( 6 ). The essential 
relation is 

(o>“ = 6r|p(J(0)|“, (7); 

where <o)‘ is the Gamow-Teller matrix element. 
There are no d-decay data available for transi¬ 
tions in “‘Mg and ’®Si. The "N(l')-‘*C((r) 
rate*"’*’ implies that 0.223 for the 0*-11 

7' -1 transition in ‘“C. This is quite close to the 
value of 0.221 obtained from the Cohen and Kuratli, 
wave functions so this transition serves to fix 
nf(q)- In addition, it is concluded that the discre¬ 
pancy between the experimental and theoretical 
R(Mlt) for this transition is associated with the 
orbital current transition density. Multiplication 
of p{i(0) in Table I by about -2 is sufficient to 
remove the discrepancy. 

The results of theoretical distorted wave calcu¬ 
lations are compared with the experimental (p.x) 
data in Fig. 2. The theoretical {p,n) cross sec- 
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FIQ. 2 . The remits at the distorted wsve oalcuUthms 
Mrmslized to the date as desortbed In the text. Hie 
lashed ourvea are the results obtained with the oentral 
lomponanta of the C-matrlx interaotloa alone and the 
■olid ourvea are the resulta oUained wiOi the complete 
T^natrlx tnteraotlon. The levels observed In “Mis sJxJ 
*St oorreapondtotfae If and exctteUons listed In 

Cable I. 

Ions have been calculated with the computer code 
1WBA70 (Ret 27) using the wave functions ol Refs. 
I and 7, the G matrix interaction of Ref. 12, and 



FIG. 3. A comparison of the central and tensor parts 
of the G-matrtx Interactlnn of Ref. 12 (reduced by the 
factor 1.4) with the corresponding parts of the OPEP. 

optical model parameters of Ref. 28. The theore¬ 
tical results give a good reproduction of the shape 
of the experimental data, but have to be renor¬ 
malised by factors N = 0.3-0.7 to reproduce the 
magnitude of the experimental cross sections. The 
noncentral components of the effective interaction 
make essentially no contributions to the (p, ti crosi 
sections at CP. They do enter and improve the 
shape of the (p,a) cross sections at larger angles. 
Much less scatter is obtained in the normalization 
factors if the theoretical wave functions are first 
normalized to the experimental B(Mlt). This is 
reflected in the normalization factors shown in 
parentheses in Fig. 2. This prescription was not 
applied to the ”C transition because of the 8-decay 
Information discussed above. The calculation for 
the ’*Mg(p,n) transition to the analog of the 1^ 
state was not renormalized either since the 
corresponding transition is not observed in (e, e'). 
The fact that this transition is seen in the (P, s) 
reaction but not in (e, e') experiments supports the 
large cancellation between spin and current terms 
predicted by the Chung-Wtldenthal wave functions. 
This further emphasizes the complementary In¬ 
formation which can be obtained from comparative 
studies of this type. Excluding the IJ state in **Mg, 
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the final renormalization factors range from 
N • 0.43 to N 0.54. One could attempt to reduce 
further the discrepancy between the normalization 
factor lor ”0 compared to *<Mg and ”Si by making 
additional acljustments In the spin and orbital 
current densities for ‘^Mg and ’'Si. Uncertainties 
in the effects of distortion for the scattering of 
62 MeV protons from ”0 (Ref. 28) are, however, 
comparable to the existing discrepancy so this has 
nut been done. 

It is concluded from these results that the Iso- 
vector spin-flip components of the G-raatrlx In¬ 
teraction of Ref. 12 are too strong by a factor of 
approximately 1.4 at tow q. In keeping with cur¬ 
rent Interest In describing the (/>,») reaction in 
terms of amplitudes which might be considered 
elementary,” the central and tensor components 
of the G-matrix interaction of Ref. 12 (reduced by 
1.4) arc compared with the corresponding com¬ 
ponents of the OPEP in Fig. 3. The corrected G 
matrix of (0) Is 180 MeV fm* which la to be com¬ 
pared with the OPEP value of 119 MeVfm'^, so 
that OPEP accounts for approximately 44% of the 
forward (/>, n) cross sections at = 62 MeV. The 
present calculations are currently being extended 
to tlie newer experimental (/>,») data for incident 
energies near 120 MeV.'"’ Preliminary re- 
Bults’'-'*'^" indicate that the l matrix interaction 
of Ref. 31 is adequate for describing the forward 
(p, n) cruse sections for Isuvector Ml excitations 
near 120 McV. OPEP accounts for about 60% of 
the forward (p,n) cross sections at this higher 
energy. These results are only in qualitative 
agreement with results based on partially con¬ 
served axial-vector current (PCAC) and the 
absorption model.’" 


IV. SUMMARY 

In summary the manner in which experimental 
data from the (p,n) and (e, e') reactlans at low 
momentum transfers can be used to separate the 
orbital current aiul spin contributtons to Isovector 
Ml transitions has been demonstrated. It was 
necessary to Introduce the available d-decay rate 
for the single transition in “C to tlx the strength 
of the effective Interaction used in the description 
of the (p,n) reaction. Specific results are that the 
wave functions of Cohen and Kuratli^ give a good 
description of p*J(0), but not p[J(0), for the 0*»i; 
T=i transition in ’’C while the Chung and Wilden- 
thal wave functions’' for *^Mg and **Sl give about 
the correct values for p[o(0)/pio(0)> l^ut miss 
somewhat on the overall magnitude of these quan¬ 
tities. The large orbital current contributions to 
the ”Mg transitions is a striking feature of the 
latter wave functions that Is consistent with the 
data. In addition it has been shown that the iso- 
vector spin-flip components of the G-matrlx in¬ 
teraction of Ref. 12 are about 40% too BlRong and 
that the OPEP accounts for only about 44% of the 
forward angle (p,n) cross sections at £^■■62 MeV. 
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Adiabatic limit of the Faddeev equationa 
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The adubativ scallcfing of two heavy particlea, interacting by the exchange of a third light particle, ia 
uonaidercd frotn the Faddeev viewpoint. The Paddeev equationa are reduced to an equivalent infinite aet of 
coupled integral equations, which like the equations of the cloae^coupling achcme have tsvo-body kinematica, 
and effective two-hody interactiona, but unlike the cloae.coupling equationa, properly include the effects of 
breakup states. Complete seta of eigenatates of the kernels of the two.hody Uppmann-Schwinger equatkmt 
(Sturmian states) are used to effect the espantiona. For the special case of separable interactioiis the 
equivalent aet is shown to be finite. The effective interactions of the theory ace examined in the adiabatic 
and static limits and compared with the potentials of the cIose.coupling acheme. In the limiting case the 
mtcmctiuns are determined by a reduced form of the three-particle propagator and found to be local, 
leading to an alternative set of coupled differential equations for the three-body elastic amplitude. The 
effective potentials and their limiting forms are constructed for three specific examples, the Yamaguchi 
interaction, a nunrelativistic model of the nucleon-nticleon interaction, and a model of heavy-km tranafer 
scattering using 8-shell interactions 

NllCIJIAR REACTIONS Three-body scattering In molecular-masB limit. Stair-' 
mlan reduction of Faddeev equations. Adiabatic and static limits of effective 
two-body Interactions for Yamaguchi. d-shell potentials, model nucleon-nucleon 

interaction. 


I. INTKOIIIK'.TION 

AlthuuKh varujua lorniH ol the Faddeev equations 
have been used extensively in recent years to ex¬ 
plore the properties of three-body systems, much 
of this work has necessarily involved lengthy nu- 
meriral calculations. Simple systems for which 
the equations can be solved exactly are few. Exact 
solutions in closed form for the one-dimensional 
model of three equal mass particles interacting 
with 8-functiun potentials have been displayed by 
Dodd* using the work of McGuire.^ Other models 
which admit exact solution.s have been discussed 
by Fuda,' McGuire and Hurst,'* and Gaudln and 
Derrida.’ The problem of two noninteracting par¬ 
ticles scattering from a center of force has been 
analyzed from the Faddeev viewpoint by Amado.” 

Despite the complexity of the three-body equa¬ 
tions, the physical properties of some three-body 
systems are adequately described using only two- 
body dynamics. In these situations a derivation 
of approximate two-body equations from the three- 
body theory ts of interest in providing a theoreti¬ 
cal justification of Uie siniplified two-body descrip¬ 
tion. More importantly, consideration of such 
limiting cases should allow a useful check of the 
numerical solutions of the full three-body equa¬ 
tions to be made. For example, the scattering of 
a weakly interacting particle on a tightly bound 
state of a pair of particles is essentially a two- 
body process. The solution of the Faddeev equa¬ 
tions is given to a good approximation by a wave 
function that Is the product of the bound state wave 
function and a wave function of the coordinate of 
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the scattered particle relative to the c.m. of the 
pair. Corrections to the Lamb shift in deuterium, 
due to the finite size and polarizability of the 
deuteron,’ and ott-shell effects Inpionic deuterium* 
have been calculated In a three-body perturbation 
theory baaed on this point of view. 

Another class of three-body systems considered 
in this paper, for which the Faddeev equations 
have accessible limiting forms, are those where 
two heavy particles interact by the exchange of a 
light particle, which may bind to either of them. 

In this molecular-mass limit, exemplified by the 
Ion, one expects that low energy processes 
will be well described by the adiabatic approxima¬ 
tion* where the motion of the light particle Is 
decoupled from the motion of the heavy particlea. 

Recently Fonseca and Shanley** have compared 
In the molecular-mass limit binding energies cal¬ 
culated from the Faddeev equations with separable 
potentials with values obtained using the adiabatic 
approximation. Agreement is very good, even 
when the mass ratio of the heavy to light particles 
is not particularly large (M/m< 30). Some years 
ago a similar comparison was made for a one- 
dimensional model with 8 Interactions.** Here the 
adiabatic approximation took a very simple form 
and the bound state spectrum calculated in this 
approximation was also In excellent agreement 
with the exact spectrum calculated from the 
Faddeev equations. 

Oir present Interest in the adiabatic limit was 
stimulated by the work of one of us (IC.N.) on a 
three-dimensional, three-body model of heavy-, 
ion elastic transfer collisions using O-sbell poten- 
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la.ls.'* The S shell was chosen because it Is both 
ocal and separable, and its properties in momen- 
um space simidlty the angular momentum algebra. 
:)n the other hand, because of the analytic proper- 
ies of the potential, the standard technique of 
contour rotation” cannot be used to solve the 
•'addeev equations, and rather comidlcated nu- 
nerlcal methods are necessary.” One is faced 
rith the problem of checking the results of a large 
lumericai calculation. We have found that a con- 
ideration of the adiabatic limit in'ovides an in- 
aluable test of the validity of the numerical 
;ork. In this limit, independent solutions of the 
>roblem may be found by an entirely different 
nethod, namely by solving sets of coupled dtfferen- 
ial equations, with effective local potentials as 
xplained in this paper. 

Von Oertsen” has already discussed, on the 
lasis of the exchange Interaction, the effective 
x>tential acting between the heavy cores in the 
'lastic transfer reaction. In the adiabatic limit 
he potential has a Yukawa form in coordinate 
.pace for large separations of the cores.” The 
-ange is fixed by the binding energy of the valence 
jartlcle in the core. We obtain a similar result 
rom three-body theory. 

Our purpose in this paper is to show how the 
.diabatic limit of a three-particle system with 
pproprlate masses emerges from the Faddeev 
ormulation. In Sec. n our approach is to reduce 
he Faddeev equations to an infinite set of coupled 
.ilppmann-Schwinger equations which formally have 
wo-body kinematics and which contain effective 
wo-body interactions. Although it is well known 
hat the Faddeev equations reduce to coupled two- 
>ody equations in the separable potential approxi- 
nation, we wish to emphasize here that our meth- 
)d is more general. We make use of the complete 
et of eigenstates of the kernel of the two-body 
.lippmann-Schwlnger equation to effect the expan- 
lions.”'” A rigorous set of coupled two-body 
equations, of the same form as the equations of 
he close-coupling approximation, is obtained. Un¬ 
ike the close-coupling equations, the effects of 
ntermediate continuum states have not been dis- 
:ar<led in these equations. 

In Sec. lU the three-body system is taken to con- 
list of two heavy identical particles and one light 
^article which may bind to either heavy. The el¬ 
ective two-body interactions of the theory are 
.‘xamlned in the adiabatic limit. It is shown how 
hey may be reduced to the potentials which appear 
n the usual adiabatic ^iproach. Corrections to the 
idiabatic solutions may be obtained by treating the 
lifferences between the exact effective potentials 
Ad their adiabatic limits as perturbations. 

In Sac. IV specific examples are discussed. In 


IVA we deduce the form of the effective potential 
when the pair Interaction is a Yamaguchi potential. 
In the adiabatic limit It is shown that the interac¬ 
tion between the heavy particles reduces to a local 
Yukawa interaction with space exchange (Majorana 
force). In IV B a nonrelativlstlc model” of the 
nucleon-nucleon interaction first proposed by 
Lovelace*" and used by Thomas and Afnan*‘ in 
their model of pion-deuteron scattering is dis¬ 
cussed. In IVC the heavy-ion elastic transfer 
model with S interactions is considered. Explicit 
forms for the exact effective potentials and their 
adiabatic limits are given. In the limiting case the 
potentials are local and the dastic amplitude may 
be obtained by solving a set of coupled differential 
equations. Some preliminary numerical calcula¬ 
tions comparing the solutions of the differential 
equations, valid in the adiabatic limit, and the 
full Faddeev equations have been carried out. The 
results of these calculations will be presented in 
a subsequent paper. 

II. EQUIVALENT TWO-BODY EQUATIONS 
(A) Claae.coupling mImim 

Consider die scattering of particle 1 with mo¬ 
mentum $ relative to the cjd. of a bound state 
of particles 2 and 3. The Faddeev represen¬ 
tation of the scattering state is 

= + + (2.1) 

with satisfying 

|^i''>) = |^','>>8„ + (2.2) 

where G, is the free Green’s operator and t, is 
the two-particle transition operator acting in the 
three-particle space. 

In order to obtain a set of coupled equations to 
which the adiabatic approximation can be applied, 
we make a decomposition of the orbital in 
terms of a complete set of states of the pair 
subsystem consisting of particles j and k, 

( 2 . 3 ) 

Among the states are included the bound 
states of j and k. The state depends only on 
the observables of particle i relative to the c.m. 
of J and k. Introducing (2.3) into (2.2), we obtain 
the coupled equations 

For the bound states in the set the kernel 
simplifies, 

lc.1. I^V’)=(-fV’ Its - B.r^v, 


(2.5) 
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Here/o'^ is the tree oi°i»rticle i 

depending only on “ ^potl^.afa iVl' 

and the effective two-panticl P" 

defined by ^2 gj 

v^^i' ■ 

rnue if the ee. ,2..J i« ^ -“bXed 

only bound Htates .n the eum (2-3). » ^ ‘ 

eel of coupled, two-b<Kiy Llppman-Schvoniser equa 
tlurtH rosuEls, i.e.. 


•S''-"'" 


.'■'Iv'.'i’W’l- 


(2.7) 


It must be emphasized that the truncation which 
is necessary to obtain (2.7> excludes continuum 
eigenstates of the two-body subsystems, which 
should appear in the formal expansion (2.3). Con¬ 
sequently, the difficulties arising from states 
containing three .separated particle.s, which the 
Paddeev equations (2.2) correctly take into account 
are ignored. 


(It) Hie Siumiiwi reduction 

An alternative method of obtaining an infinite 
set of coupled two-body equations, having the 
advantages of the closc-coupling set (2.7), but 
avoiding the difficulties of the continuum slates, 
uses the eigenstates x?/' of the kernel of the two- 
body Lippman-Schwinger equation 


/gfl K. J. NiEVKEHKe 


a 10) ^the pole a, - e«t combing it with 
the usual spectral repreeenUtion, with the rasu" 

that 



If is the momentum of particle i relative to 
the c.m. of perticle J and *, then from (2.B) we 
see that the identity operator in the three-particle 
space has the representation 


/=-^/gJ'’(o.)h(i,‘’>l5,K5(KxS,‘V/'i. (2.13) 

the states Xg ’ are evaluated at the pair subenergieL 
di equal to the three-body energy £ less the kinetic 
energy of particle t, 

o,=£-V/2p*. (2.14) 

In terms of the free Green’s operator Go acting 
in the three-particle space, Eq. (2.13) may be 
written in the alternative form 


/ = - 53g,(£)Ix‘.''(o,)><x'.'’(<i.)I . (2.15) 

This expression, together with (2.11), suggests 
that (2.3) be replaced by the expansion 


n(«o‘V()lxL‘'(oi )> = 2!,'\:(7 ,)Ix*,'’(<7i)). (2.8) 

For a wide class of polential.s, the kernel of (2.8) 
after symmetrization can be shown to be compact, 
ensuring the discreteness ol the .set x^,“ and leading 
to the orthonormaiity conditions 

<yy’)fli‘’ld,)lxl,'V--6.S. (2.9) 

It is essential to note that the eigenvalues xy and 
the states depend parametrically on the choice 
of the pair subenergy a,. 

The orthonormaiity relations (2.3) hold strictly 
only lor negative energies a,, but the defining 
equations (2.8) can usually be continued to energies 
above the two-body scattering threshold, with a 
suitable generalization of (2.9).'” 

From (2.8) and (2.9), it is easy to show that the 
transition operator has the form 


l|(»i)'-]^lx!,‘’(o’,»Ay(o,) 

4 l-A''’(d,)J-'(!(L'V,)|. ( 2 . 10 ) 

If there is a bound state of particles J and ft 
with binding energy , Eq. (2.8) implies that 
The relationship of the bound 
atate and the eigenstate xi*' may be established 


It!'"’) = - ^C„(£)|x (2.16) 


with 

For eigenvectors associated with bound states, the 
normalization constant is fixed by Eq. (2.12); tor 
other states may be taken as unity. 

With the help of (2.10) and (2.16), £q. (2.2) yields 
the coupled equations 

W’>'l5>«u8.p 

- ^i"(l - . 

B 

with 

=n'<,'’<x ‘j ’ Ks.bt'/wy. (2.n) 

At the bound state energy oi kernel at 

Eq. (2.17) has a pole since the eigenvalue X^ 
(-«!/’) is unity. To make this pole explicit we de¬ 
fine Si,'> (a,) by 

S»>(er,)*(o,+£','>>-‘ 

- -ky(o,)ll - xyCe^jj-'AfiO-* , ( 2 . 18 ) 
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SO that at the pola (o,) -1. 

With the aid of factors 5^,'*, the kernel of Eqs. 
(2.17) may be symmetrised glvliig 

+^ft(B+ey*)vVi’|?V'> (2.19) 

with a symmetric potential 

’ >Ary ’sy Xx y ’ ic, ixy '>Ari' ’sy >(<t,) . (2.30) 


The coupled two-body equations (2.19), which 
result from the rigorous reduction of the Faddeer 
equations using the Sturmian states (2.8), will be 
called the Sturmian set and the approximate equa¬ 
tions (2.7) will be referred to here as the close- 
coupling set. The two-body potentials (2.20) of 
the Sturmian set will be compared with the poten¬ 
tials (2.6) of the close-coupling set to examine 
the validity of the adiabatic approximation. First, 
however, we find suitable forma for the scatter¬ 
ing amplitudes associated with the solutions of 
Eqs. (2.10). 


(C) Scattenig anpliludM 

By definition, the amplitudes for elastic and inelastic scattering of particle 1 and the bound state of 
particles 2 and 3 are 

A<y>(pMi)=<«y>ii'k+«.i^*) 


'jvy'<xy’p')G. 5{ixy’My’<jty’i ^ ixy‘>Ay><xy>ii i^‘>, 


where the expansion of e, and u, in the eigenstates 
(2.8) and Eq. (2.11) have been used. 

Now from (2.16) 

-Ar<r>|^y’)-JgAri'’‘V^'’|^y>). (2.22) 

a 

On simplifying the result of substituting (2.22) in 
(2.21) with the integral equations (2.17), a conven¬ 
ient expression for the amplitudes (2.21) is ob¬ 
tained; 

/iyp‘>(5',w=5{(|5' +<?'iv<“'i«y’)} • 

(2.23) 

in terms of the symmetrlxed potentials (2.20), 
we may define amplitudes 

I ’I +(^' i*y’)} • 

a 

(2.24) 

it is straightforward using the on-shell condition 
(2.18) to show that the amplitudes (2.20) and (2.24) 
tre equal on the energy shell, and thus yield the 
same cross sections. 

Similar manipulations show that die rearrange¬ 
ment ami^ltudes with the same initial stats as 
ebove but where particle 3 emerges wUh momen¬ 
tum {)' leaving particles 1 and 2 in the bound state 
4” Are 

I/.”)+(p' my’ i^y*)} • 
(2.26) 


( 2 . 21 ) 

I- 

The corresponding elastic and rearrangement 
amplitudes in the close-coupling scheme (2.7) have 
the same form as Eqs. (2.24) and (2.25) but with 
the potentials of Eq. (2.20) replaced by the 
potentials of Eq. (2.6), and the states 
replaced by the states calculated from Eq. 

(2.7) instead of (2.19). 

We see that Eqs. (2.7) and (2.19) have the same 
two-body structure and in order to compare the 
close-coupling approximation, and hence the 
adiabatic approximation, with the Sturmian form 
of the Faddeev equations, we need only compare 
the approximate two-body potentials with the 
exact two-body potentials The additional 
complexity of three-body continuous spectra is 
contained in the symmetrlzation factors and 
the energy dependence of the eigenstates xV’ which 
appear in the exact potentials. 

(D) SepvMile poteatid* 

Finally, in this section we wish to remark that 
separable potential models are also included in 
our approach as special cases of the Sturmian 
reduction of Sec. IIB. 

Suppose that the potential v, is separable, l.e., 

where 9^ are a set of n ortfaonormal vectors span¬ 
ning a aabspace Jl of the two-particle space. Let 
S be the set of integers 1,2,... n, and ^ be the set 
N +1, a +2,.... Substitution (2.26) in Eq. (2.8) 
shows that s of the Sturmian states {lxy’)i aeS^ 
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and their eigenvalues may be found by solving the 
finite set of linear equations 

p6„xf<>-^;,'KV’(a,)|0V’>fC, = O, pcs 

(2.27) 

for the H eigenvalues A**’ and the associated 
components of |x‘„'’> in the subspace R, all 
other components of !)(*„'’> being zero. A complete 
set of Sturmlan states may then be formed by 
adding to the states {ly'J'). aC S} states {lyS,*’). 
ofcS'} which are orthogonal togj*’ (oJ|yl,‘’), 
aC S. Such states have eigenvalues a'„'' of Eq. 

(2.8) which are identicaliy zero and thus the states 
{IXo*)> ®' make no contribution to the expan¬ 
sion (2.10), and hence do nut appear in Eq. (2.19). 
Therefore for the case of separable potentials, the 
Faddeev equations may be reduced rigorously to 
the ftnite set of coupled two-body equations (2.19) 
with equivalent two-body potentials which are 
easily constructed from the solutions of the finite 
eigenvalue problem (2.27). 

III. THE ADIABATIC UNIT 

In this section we examine the formal results 
of Sec. II in the particular kineniatical situation 
of two identical heavy particles and one light par¬ 
ticle, which may be described as the molecular- 
mass limit. We wish to simplify the equations of 
Sec. II under the adiabatic hypothesis, by which we 
mean that in a low energy collision the motion of 
the light particle may be uncoupled from the motion 
of the heavy particles. 

Particles 1 and 3 are taken as the identical heavy 
particles of mass M and particle 2 as the light 
particle of mass tr , which can form at least one 
bound state with either particle 1 or 3. Since we 
are interested in tlie effective forces generated by 
the exchange of the light particle, the interaction 
ti, between the heavy particles is taken to vanish. 

From the identity of particles 1 and 3, the am¬ 
plitude is physically indistinguishable (row 
the amplitude A” and the correctly symmetrized 
amplitude for clastic scattering is 

(3-1) 

with the plus sign for identical bo.sons, and the 
minus tor Identical fermions. From Eq. (2.19), 
and ') are determined from 

(3.2) 

-pfoCe +<!f• 


By symmetry and y|,** have the same functional 
form and since =A"’, ej/' and 

= are Independent of the particle labels 

1 and 3. 

So defining 

IJo*)* 1%’') • 

Eqs. (3.2) may be combined to give 

l^\> = l5>»»p±5AroCE +e„)F„gl5»), (3.3) 

determining the elastic amplitude (3.1); 

= (3.4) 

Similar considerations apply for the close-coupling 
approximation with the result that the elastic 
amplitude takes the same form as (3.4) with the 
scattering state calculated from Eq. (3.3), but 
using the potential of Eq. (2.6). 

In its simplest form the adiabatic hypothesis 
implies that in a low energy collision the initial 
bound stale is not disturbed by the scattering inter¬ 
action so that the scattering state factorizes into 
a state describing the bound state of the light par¬ 
ticle and a state describing the relative motion of 
the heavy particles lil'*)-But particles 
1 and 3 are indistinguishable so the simplest ac¬ 
ceptable form for the scattering state under the 
adiabatic hypothesis is 

\r>~ K”>i 0 'p”> ■ (3.5) 

The same result can be obtained by retaining 
only the ground state |0p) in the close-coupling 
decomposition. In this case |0p) is determined by 
the equation 

IV = IP>=tgo(C + WIV • (3-®) 

The effective two-body potential is 

t'pp = <-^‘p‘’Kl0'p”). {9.7) 

If the two-body interaction v^ is local, the equiva¬ 
lent potential (3.7) in the position representation 
has the form 

V'pp(5) = / 0 'p‘>(F)o,(F)0<p»( 5 r)dV, (3.8) 

where R is the vector from particle 1 to the c.m. 
of particles 3 and 2. In the static mass limit M/m 
— a>, the equivalent potential is a function of the 
separation of the two heavy particles. The same 
exchange integral appears in the Born-Oppenheimer 
approximation, where the adiabatic hypothesis is 
applied to the SchrOdlnger equation, the energy of 
the three-body system being calculated for fixed 
values of the separation of the heavy particles.**** 
We now turn to the problem of applying the adia- 
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batic hypothesis to the FSddeev equations. Pro¬ 
ceeding as for the close-couidlng scheme, we 
take as the simplest acceptable form for the scat¬ 
tering state [cf. Eq. (2.14)] 

which leads to the equivalent two-body potential 

/,p-A^p‘’sf/>(o,)<x<>>|G„(E)lx!,>>>s{,’’<‘'.K’’ • <3-0) 

In contrast to (3.7), this potential is In general 
nonlocal, energy dependent, and non-Hermltlan. 

However, It is not difficult to establish that 
when taken on the energy shell the potential (3.9) 
reduces to (3.7) and hence, for low energies and 
in the static limit agrees with the Born-(^pen- 
heimer form (3.8). To see this in detail consider 
the matrix element of the three-particle propagator 
in (3.9) between an initial momentum state |p) and 
a final momentum state '). With the help of Eq. 
(2.8) and the relation 

Go(£)lx‘p‘’?'>=lfo(f'')IXp(<j'))l5'>. 

where o' = £-/>'*/2/i and (i “(A^ +m)M/(2M +m), 
we may write 

<?'x<‘>|Go(£)|x<p”?> 

•Xp-‘((T'Xf'xV’lGo(£)i'.Go(S)lxi*’?). (3.10) 

Let and 6=o+e, where a»£-p ’/24 

and e is the binding energy of the light particle 
with either of the heavies. The on-shell condition 
is then 6 =o. A simple perturbation calcula¬ 

tion in powers of 8 about 6 = 0, gives 

Xp(o) = 1 +6X<‘’ - 6*X'«’ +0(6>), (3.11a) 

with 

^p‘’'<Xpl£o’tXp) 

and 

'(XpIfo’IXp) + jC <Xp \go* IXs)’ • 

Also 

and 

£o(ff)lx(«i)>“&IXp>(l 

+6 V 1^ 240(6*). (3.11c) 

fitp 1 -X, 

Combining these results, the potential (3.9) may 
be exiffessed as 

<P' li^pplW l*^pplP> +0(8) +0(8'). (3.12) 


Thus, If the off-shell terms are neglected the 
potentials from the Sturmian expression and the 
close-coupling scheme agree. If in addition the 
static limit is taken, then both give rise to the 
same local potential. 

The importance of the off-shell terms is, in gen¬ 
eral, difficult to estimate but their effect in par¬ 
ticular models is discussed in the next section. 

We show there that the off-shell terms are multi¬ 
plied by the mass ratio m/M and may therefore 
be expected to make only small corrections to the 
local potential of the Born-Oppenhelmer approxi¬ 
mation in the molecular-mass limit. 

Since in the case of separable potentials the 
Sturmian expansion gives rise to a finite set of 
equivalent two-body equations, whereas those 
of the close-coupling scheme form an Infinite set, 
it might be expected that calculations based upon 
the equivalent potentials (3.9) to be more accurate 
than those based on (3.8). This suggests that a 
useful method of treating situations where the 
adiabatic limit is expected to be valid would be to 
take the difference of potentials (3.9) and (3.7) as 
a perturbation acting on the solutions evaluated 
from the local effective potentials. 

IV. EXAMPLES 
(A) The Ypmaguchi kitmcUon 

As our first example, we consider a specific 
two-body interaction between the light and heavy 
particles of the Yamaguchi form, used in numer¬ 
ous three-body calculations: 

with 

<?|e>=(q*+a»)-'. (4.1) 

The only nontrivial eigenvalue of Eq. (2.8) for this 
interaction is 

X«[(fco+a)/(fe+or)p. (4.2) 

The momentum k is related to the energy a of the 
subsystem by 

**»-2(ia, (4.3) 

p +’”) being the reduced mass, and kg is 

related to the binding energy e by 

*o’”2p«. (4.4) 

The associated Sturmian vector with appropriate 
normalization is 

lx)-;^)‘'*(a+*)|0>. «-5) 

In this case the factors 5 and N of Eq. (3.9) are 
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~ k„{k*Kt2n) ■ 

Since the interaction contains only one separable 
term, it follows from Sec. UD, that Eq. (3.3) 
reduces to just one equation which, it Is Impor¬ 
tant to note, gives the exact three-body scattering 
amplitude. The equivalent two-body potential, 
reproducing the ejtocf elastic amplitude, may be 
determined explicitly using Eqa. (4.2), (4.5), (4.6), 
and (4.7) in Eq. (3.9) with the result that 


(4.6) 

(4.7) 


?( 5 ', 5 ) +<*)’«(<» +k'){a +k) 


[(*' tin+2(»)(*+ t'o+2/»)J 


2 Ml 


2mE -2p.p' *p'^) 


(4.8) 


where the total energy of three-body .sy.stem is 


2fi 


and 




(4.9) 


(4.10) 




with 


It seems reasonable to require that the approxi¬ 
mate potential to first order reproduce the exact 
Born term, i.e., the equivalent potential and Its 
approximation are equal on shell p ’‘p' With 
this constraint we are led to the potential 

= - 21^ (»o + “ 

This has the form of a local potential combined 
with a space exchange operation, as expected from 
the Born-Oppenheimer theory. It Is easily checked 
that (4.12) agrees with the usual eximession (3.7). 

The potential (4.12) Is further slmplilled 11 the 
zero-range limit a-* of the two-body interac¬ 
tion is taken 

which Is just the space exchange form of the Yukawa 
interaction, with an inverse range determined by 
the binding energy of the light and heavy particles. 
(The subtlety of these limiting processes should 
be emphasized. Zero-range forces may only be 
taken after the adiabatic constraints have been im¬ 
posed. If the zero-range limit is taken premature¬ 
ly, the kernel of the three-body equations is no 
longer compact due to the loss of the convergence 
factors In Eq. (4.8).] It is clear that for short- 
range two-body interactions, the tail of the equiva¬ 
lent potential in the three-body system always has 
a Yukawa form depending only on the binding 
energy of the two-particle subsystem and indepen¬ 
dent of the details of the two-particle interaction. 


q =(wt -t 2M)ni/[M + wY. 

We note that the uff-shell terms a.ssociated with 
the symmetrization factors S are multiplied by 
the mass parameter q which tend to zero in the 
static limit M- 

The term in (4.8) involving the total energy, 
which comes from the three-body Green’.s opera¬ 
tor may be written in a more suggestive form: 


2pK-215.]i'-^^(f)’+p'“) 


=-2m€ - (p 2p„>) 




Pn'- 


(4.11) 


The last term in (4.11) Is second order In m/M 
and the penultimate term vanishes on the energy 
SheU or In the static limit. 

Ill seticing an approximate expression for the 
sqafvalent potsntlal valid for small mass ratios. 


(B) NonreUlivutk nodel of the nudeoa-nucleoa potcatU 

Consider the heavy particles of the preceding 
example as "nucleons” and the light particle sis a 
"pion.” In a simple bootstrap picture” of the 
nucleon, the binding energy of the plon with one 
of the nucleons is set equal to the rest mass of 
the pton, and the composite Is regarded as being 
indistinguishable from the other nucleon. As In 
the three-body model of v-d scattering of Afnan 
and Thomas,*' we Introduce a further ad hoc antt- 
symmetrization of the three-particle elastic am¬ 
plitude to ensure that the pion is equally likely to 
bind to either nucleon In the final state. If P de¬ 
notes the operation of exchanging the c.m. coor¬ 
dinate of the bound state of the light particle with 
one of the heavies with the coordinates of the other 
heavy, the elastic amplitude (3.4) becomes, with 
the additional antisymmetrlzation. 
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With IJa) now satlafylng 




!>«> » l?o> • «• 14) 

The effective potential correepondlng to (4.12) le 
now a local potential PP’=V{i-f') In the adlat>a- 
tlc limit. Furthermore, when the mass ratio 
m/M-O this potential reduces to the familiar 
Yulawa potential. 

This result has also been deduced more gen¬ 
erally from minimal requirements of unltarlty and 
analytlclty in Ref. IB, and further discussion of the 
effective potential may be found there. 

(C) The fi-dteU poteutiil 

As a final example we take a local two-body 
potential confined to a thin shell of radius r 

v(r)=g6(r-rt). (4.15) 

As mentioned in the Introduction, the numerical 
solution of the Faddeev equations with this inter¬ 
action'* initiated our interest in the adiabatic limit. 

In momentum space the local potential (4.15) can 
be represented as an infinite sum of separable 
terms, (22 + 1) terms for each orbital angular mo¬ 
mentum 2, 


with 

a,"* »=2f4*ro*j,(*ro)lt,(*ro). 

The potentials (2.20) of the set of equations (2.19) 
which yield the exact three-body amplitudes for 5- 
shell scattering are readily constructed. An ad¬ 
vantage of the form factor (4.17) is that the rela¬ 
tion between the potential factors in the various 
two-body coordinate systems is easily obtained 
and consequently the angular momentum algebra 
in the partial wave equation for the effective po¬ 
tential (2.20) may be carried out.** The details 
of this and the numerical solution of the resulting 
equations will be presented elsewhere. 

Here we confine our discussion to the molecular- 
mass limit discussed in Sec. m. We suppose that 
the potential is attractive {g< 0) and that there is 
a bound state of orbital angular momentum with 
binding energy e, ’=2nk,’ corresponding to the 
eigenvalue l,(-e,) = l and the strength 

if ■* =2fiA,rgj,(ife,ro)k|(«*|ro). (4.20) 

From the definitions (2.12) and (2.16), the factors 
S, and V, needed for the construction of the effec¬ 
tive potential (3.9) are 


y'#510(9.1 . (4.16) 

with 

(5|9o) = 9h.(9)"'^0.(9r,)l"r(^)- (4.17) 

Here the state label a stands for the orbital angu¬ 
lar momentum quantum numbers 2 and m, j, is a 
spherical Bessel function, and is the usual 
spherical harmonic. In this case the eigenvalues 
of Eq. (2.8) are 

X,(o) = -2<p«sr„*j,(«rr,)A['’(fer„), (4.18) 

where is a spherical Hankel function and it* 
-2pa, n being the reduced mass. The (22 + 1) fold 
degenerate Sturmlan states associated with the 
eigenvaiues (4.16) are related to the form factors 
(4.17)by 


AT,-* =-24*irrg*,-*/;(»•*,), 
with 

/,(*) “ikrj,{krf,)h,{kr,) 

and 

(A^+y)/;(.»,) 

' 2k,Mik,)[f,ik)-Mik,)] • 

In momentum space Eq. (3.3) becomes 

*,(?) = B(^-r) 6 ., 


(4.21) 


(4.22) 


5 / ^ . 

(4.23) 


with the effective potential 


(4.24) 

2m£-2f.?'-^2^(2.*+p'*) 

wither,, S,, xi. defined by Eqs. (4.21), (4.22), (4.1B), and (4.17). 

As In Sec. HI and the first example of this section, we take the adiabatic limit by setting the arguments 
o and o' of S ,, a, and S|>, a,- to their on-shell values. Again we note that in the static limit the effective 
potential is a function of $ +f', which suggests transforming Eq. (4.23) to configuration space. The Fourier 
transformation of Eq. (4.23) in the static limit yields 

Go(f-r)v„„.<r)*a-(-rypr'. 


(4.25) 
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with the potentials 

(f') ^ -2muN,Nr J " “* ' 

Equation (4.25) may be simplified by making a partial wave decomposltton of the wave function 






/ L j\(l L 


m M n/\-‘n 0 nl 


yielding the set of one^dimensiunal equations 

rp 

with the local potentials 


471 V 

1 

--lG»o;A( V = f’ 

W„.[r )-~liy»i^N,Nr>o (2m«, 49^) 


I L )lfL i' j\/l t J 


.0 0 0/\0 00 


WiAr'), 


(4.26) 


(4.27) 


(4.28) 


(4.29) 


(4.30) 


Because of the local nature of the potentials it i.s 
simpler to solve the differential equations with 
appropriate boundary rimditions corresponding to 
the integral equation (4.28). Thus, in the adiabatic 
and static limits we have obtained a set of coupled 
Schrddinger equations with local potentials, whose 
solutions form a very useful check of the solutions 


of the original Faddeev equations with the molecu¬ 
lar-mass configuratioa Finally, we note that If 
the zero-range limit of the G-shell potential is also 
taken, the potential (4.30) vanishes for I and i 
nonzero and, in fact, reduces to the Yukawa with 
exchange of our first example. 
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TrtiiBtioii openton for the ooUiskm of two clusters composed of an artitnuy number of charged and 
neutral partidea are re p r esented is a sum of pure Coulonib and Coulomb-modified ihort-nnae operaiora. 
SandwicUng this relatian between the corresponding channel states, correct two-fragment scattering 
amplitudes are obtained by adapting the conventional two-body screening and lenmmaliution procedure. 
Furthermore, integral equations are derived for ofT-shell eitensioas of the full screened amplitudes and of 
the unscreened Coulomb-modified short-range amplitudes. For three particles, the final results coincide rrith 
those derived previously in a different approach. The prtrposed theory is valid for pure Coulomb scattering 
as rvell as for systems contairting, in additkm, two-body interactions of short range. 


NUCLEAR REACTIONS N-body scattering theory for charged particles. Scat¬ 
tering amplitudes for two-fragment collisions defined via screening and renor¬ 
malization procedure. Derived effective two-body integral equations. Formal- 
. lam also applicable to atomic problems. 


I. INTRODUCTION 

In recent publicatlone three-body scattering pro¬ 
cesses with two*'* or three* charged particles have 
been Investigated by employing the quaslpartlcle 
method* which consists In replacing the original 
three-body Integral equations by fully equivalent 
Llppmann-Schwlnger (LS)-type matrix equations 
for effective two-body operators. By making use 
of the close analogy between this effective two- 
body formalism and the well-established genuine 
two-body Coulomb theory, scattering amplitudes 
for (in)elastlc and rearrangement collisions of two 
fragments could be defined, and at the same time 
manageable Integral equations for their calcula¬ 
tion have been obtained. 

In the present paper we develop an alternative 
approach which Is based on the fundamental opera¬ 
tor relations between the relevant quantities of the 
problem. Hereby, the previously derived expres¬ 
sions for the on-shell scattering amplitudes are 
reproduced In a direct and transparent manner. 
Consequently, their generalization to collisions of 
two fragments consisting of an arbitrary number of 
charged particles*'’* becomes straightforward. 

We, moreover, show that these amplitudes may 
again be calculated from manageable Integral equa¬ 
tions. 

The general Idea of our procedure can be stated 
in the following way. As su^sted by the results 
of Refs. 1-4, which are very much in accord with 

zi 


physical intuition, a center-of-mass Coulomb po¬ 
tential, acting between the total charges of the two 
fragments concentrated in their respective centers 
of mass, is introduced besides the original Cou¬ 
lomb interaction. We then derive a representation 
of the full transition amplitude as a pure center-of- 
mass two-body Coulomb amplitude, plus a Cou¬ 
lomb-modified short-range transition operator 
sandwiched between the bound state wave functions 
of the fragments and between the two-body Cou¬ 
lomb scattering states associated with their rela¬ 
tive movement. 

As in Refs. 1 to 4 the derivation of this repre¬ 
sentation is first performed for screened Coulomb 
potentials. Applying then the usual two-body re¬ 
normalization and limiting procedure,’*the oc¬ 
curring two-body Coulomb scattering amplitudes 
and states go over into the corresponding, explic¬ 
itly known, unscreened quantities. However, no 
renormalization Is needed when performing the 
zero-screening limit in the Coulomb-modified 
short-range transition operator sandwiched be¬ 
tween bound states. For, in this expression there 
occurs, besides any short-ranged potentials, the 
difference between the original Coulomb Interac¬ 
tion and the center-of-mass Coulomb potential. 
Expanding this difference into a multipole series 
with respect to the relative distance of the two 
fragnpents, the first nonvanishing term is the 
dipole term. Since It decreases sufficiently fast 
for large spatial separations, the transition to in- 
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finite screening radius, indeed, poses no problems 
In this amplitude. Of course, the Justification of 
the multipole expansion rests on the localization 
property of the cluster wave functions. 

The screening technique used to define the rele¬ 
vant transition amplitudes represents also an ap¬ 
propriate practical method. For, it allows us to 
apply any method of short-range collision theory 
to calculate Urst the screened scattering amplitudes, 
and then to perform after renormalization the zero¬ 
screening limit, e.g., numerically.” One of these 
Short-range methods is the quaslpartlcle approach of 
Hef. 5 which has the advantage of providing us with 
exact Integral equations for off-shell extensions of 
the two-fragment amplitudes considered. Hence, 
we describe Its application to the present problem, 
reproducing In this way the integral equations 
given for three particles in Refs. 1-4, and deriv¬ 
ing their generalization to arbitrary particle num¬ 
bers. In addition, the quasiparticle method leads 
to A second approach which is based on integral 
equations directly for the unscreened Coulomb- 
modified short-range transition amplitudes. 

The paper is organized as follows. The simple 
example of the scattering of two particles interact¬ 
ing via short-ranged plus Coulomb potentials is 
recalled in Sec. 0. Two-fragment collisions of 
three particles are dealt with in Sec. ID, utilizing 
the cloae structural analogy of the three-body 
formalism of Ref. 8 with the two-body theory. The 
generalization to the scattering of two fragments 
built up of an arbitrary number of charged partic¬ 
les is contained in Sec. IV. Quasiparticle equations 
for the full screened amplitudes and for the un¬ 
screened Coulomb-modified short-range ampli¬ 
tudes are described in Sec. V for three, and in 
Sec. VI for If particles. 

n. TWO.BOOYCOLl.iSfONS 

We recapitulate in this section some aspects of 
the scattering theory of two charged particles” in 
a way which suggests straightforward generaliza¬ 
tion to two-fragment arrangement collisions with 
an arbitrary number of (charged) particles. 

A. Oprrsnir rrbfinns 

Let the Hamiltonian B'’‘' be composed of tiie 
kinetic energy part/fg, a short-ranged potential 
V*, and a screened Coulomb potential V‘, 

fl'*»-J¥g + V*+K*, (3.1) 

wtth/l denoting the screening radius. Then, the 
full resolvent, the free, and the *T:;oulomb-dis- 
torted free" resolvents, are given by 

(2.3) 


» 

(3.S) 

G*U)*{s-ff„-V*)-‘. (2.4) 

Factoring out from G'*' the resolvents Gg and G*, 
respectively, and from G* the resolvent Gg, by 
meane of 

C'*'»C„*Cgr<*>Cg, (2,6) 

G<*>*G*+C*r*'G*, (2.6) 

G''=G„ + Ggr*Gg, (2.1) 

the full transition operator , the Coulomb- 
modified short-range operator T**, and the pure 
Coulomb transition operator T* are introduced. 
These definitions emphasize the basic tact that ap¬ 
propriate singularities of the Green's functions 
have to be removed when going over to T opera¬ 
tors. Moreover, the fundamental interrelationship 

r*' = r*+(i + r*G.)T>*(i+c,r*) (2.8) 

Is obtained in a particularly simple msnner by 
equating the right-hand sides of (2.5) and (2.6), and 
by replacing the occurring resolvent G* by the 
representation (2.7). Let us recall, however, that 
the definitions of the various T operators via Bqs. 
(2,5)-(2.7) are equivalent to the more conventlohal 
ones 

r**'V’ + V*G‘*’V*, (2.10) 

r* = v*+K*c*v*. (2,11) 

B. ZvoMcnenhie limit 

We are now going to perform the tero-screenlng 
limits of the transition amplitudes obtained by 
sandwiching tiK operators (2.9)-(2.11) between 
plane waves |p>. This is unproblematic for F** 
since in its definition (2.6) the singularities ol G‘ 
corresponding to the Coulomb-distvrted free move¬ 
ment of the particles are separated off from G'"^ 
In fact, the explicit repreaentation (2.10) shows 
that the full resolvent G'*' appears in 
<p'(T*s(e+<0)(p) between states V* Ip) which are 
normalizable and smooth under appropriate condi¬ 
tions on V*. Thus, the existence of the limit it 
-«>. which is denoted by (p'|r*‘'(B+iO))p>, Is 
guaranteed for all values of tbs initial and final 
momenta. 

In contrast, the amplitudes F*** and F* are ob¬ 
tained by extracting from the respective Green's 
functions only those singularities which eorresponc 
to the undistoried free relative motion. Since such 
an unperturbed movement does not exist in the 
presence of unscreened Coulomb potentials, tbs 
performance of the limit ft -« requires tbs well- 
known rsnormalUatlon procedure.”*” In fact, the 
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momentum representation of the relation (2.8) 
takes on the energy shell with 4 

being the reduced mass] the form 

<p'I T'*'(S +10)Ip> . <p'I T*(Jt + fO)Ip> 

+ <p'<-)|r**(ff+/0)|pV'). 

( 2 . 12 ) 

with the screened Coulomb scattering states de¬ 
fined according to 

|pi*’> “ f 1 +Go(£ ± 10 )t''(£ ± 10)] I p> . (2.13) 

When these wave functions are multiplied by the 
appropriate renormalization factors and 

the amplitude <p'|T*(E+I0)|p) by Z*"*(/»), the un¬ 
screened Coulomb scattering states |p2;*’) and the 
Coulomb amplitude 7‘’(p',^, respectively, are re¬ 
covered in the zero screening limit. ( For in¬ 
stance, in the case of exponential screening, F^(r) 
-c,c,exp(-r/il)/r, we have 2«(p) = exp(-2fe,ej(u/ 
/>)(ln2/iiR - C)]. Here, e^ is the charge of particle 
i, and C = 0.6772... the Euler number.) Hence, the 
limit R~» exists in both terms on the right-hand 
side of Eq. (2.12) after renormalixatioH by 
thus providing the full transition amplitude for a 
short-ranged plus an unscreened Coulomb potential 
according to 

r(p', p) = 7 ^(p',p) + < Pc' ■’! r*‘^(£+10) I Pi;*’). 

(2.14) 

C. Integral equations 

These considerations immediately suggest two 
different approaches of how to proceed in practice. 
One of them consists in solving the partial-wave 
LS equations for T**’ and T" tor finite values of 
R, and subtracting the result of the latter from 
that at the former. Summing up these partial-wave 
contributions yields the Coulomb-modified short- 
range amplitude in the (screened) Coulomb repre¬ 
sentation, <pi‘'’|r*''(£+lO)|p)J*>. Renormalizing 
then by Zj,'‘(p) the corresponding on-shell ele¬ 
ments, and repeating the calculation for succes¬ 
sively Increased values ofR, the transition to 
large ('Tnllnite") screening radii is performed 
numerically." 

Alternatively, we can calculate directly the un¬ 
screened Coulomb-modified short-range amplitude 
occurring in (2.14) by making use of the LS equa¬ 
tion 

fIC-yS + yMQCj,SC (2.15) 

and of the analytically known Coulomb wave func¬ 
tions, Equation (2.15) follows from (2.6) or (2.10) 
in the zero-screening limit which exists according 
to the above discussion. 

In both methods we then have to add the eivlicU- 


ly known Coulomb amplitude T‘’(p',^ In order to 
get the lull amplitude via (2.14). 

III. SCATTERING AMPUTUDES FDR TWOFRACMENT 
COLUSiONS OF THREE CHARGED PARTICLES 

For short-ranged potentials the three-body the¬ 
ory was formulated in Ref. 5 in structural analogy 
to the two-body case. The same concept is now 
being used to extend the considerations of Sec. II 
to three particles interacting via potentials with 
Coulomb tails. We remark that the pure Coulomb 
scattering is contained as a special case in our 
treatment. 

A. Openloi rekitiom 

The interaction in the total Hamiltonian 

//**> + + ( 3 . 1 ) 

r 7 

is assumed to be a superposition of short-ranged 
pair potentials 1^ and screened Coulomb potentials 
acting between particles a,p^y (here and in 
the following, the familiar cyclic notation is used). 

Let us introduce, in addition, the screened Cou¬ 
lomb interaction between particle a and the 
center of mass of particles ft and y. In coordinate 
space this potential reads 

v5(P»)=c»(p«+p,)/5(a,)/Oo. (3.2) 

with denoting the corresponding relative coor¬ 
dinate, and the charges of the three par¬ 

ticles.**'” The screening function /J(p„) has to be 
suitably chosen, e.g., exponentially decreasing. 
Now, the full resolvent, the channel, and the Cou¬ 
lomb-distorted channel resolvents, are Introduced 
as 

G'*>U) = U - HoI'? - E 

= (2-H'*')'‘, (3.3) 

Gi*'>(s) = (a-H„-Fj-Vj)'*, (3.4) 

g*(*) = (*-//„-/*-Fi|-rg)-*. (3.5) 

We emphasize that in two-fragment reactions of 
the three particles the channel resolvents (3.4) and 
(3.5) play the same role as the resolvents (2.3) and 
(2.4) in the two-elementary particle case. This 
fact suggests defining the full transition operators 
f/Vy, the Coulomb-modified short-range operators 
Uff, and the pure center-of-mass Coulomb opera¬ 
tors If, in analogy to Eqs. (2.5)-(2.7), via 

G"“ =1^G‘,*'> , (3.6) 

(3.7) 

g;=Ci*»+Gi*>/5Gi''>. (3.8) 
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Equating the rigfit-hand sides of (3.8) and (3.7) and 
inserting the representation (3.8) of <ee end up 
with the fundamental relation 

(/i^> - (3.9) 

which generalizes Eq. (2.8). 

We mention that in writing the definitions (3.6) 
and (.3.7) of and respectively, we have 
followed the idea of Ref. 5, namely to introduce 
transition operators by extracting subsystem sing¬ 
ularities from the full resolvent in a most sym¬ 
metric way. Similarly toEqs. (2.9)-(2.11), the 
various transition operators ran also be represent¬ 
ed in the explicit forms 

-- + v's"’ ' , (3.10) 

.(n*'-';:K;"”(r'/’-r«,), (a.m 

(3.12) 

In (3.10) and (3.11) the channel potentials V'/’act¬ 
ing between the colliding fr.ngments are 

fih) . V® ^ t'* - t-S - t '5 = X] ‘• r ' S ‘'r ■ 

T'" r'" 

(3.13) 

And, as usual, we have 6s„ =1 - hsr,. Note, that the 
lack of symmetry of (3.10) under interchange of a 
and fl is only apparent. For, we have 
+ • Vi"’. A similar remark applies 

to (3.11). Of CTOirsc, as in any short-range theory 
we could work also with unsymmetric post and 
prior transition operators”® , which are re¬ 
lated to f/J.?’ vi.i < f'ii"’* 

+ f)}"’*. Analogously, post and prior operators 
Ofo* can be defined according to V(irSr’ 

+ f/|,"' =6(a(A'(^'' t tfl*’- All these operators 
yield the same on-shell amplitudes when introduced 
In the respective expressions of relation (3.22) 
given below. 

B. ycru-MTeenins lin)il 

The limit R -«<> is now investigated for the on- 
shell matrix elements of (3.9) between channel 
Btates** 


= (3.14) 

belonging to the energy - q«V2Af„ + Here, 
is the »dh bound state wave function of the 
pair (^,y) with binding energy E„„, and the plane 
wave |4>) describes the free motion of particle or 
relative to this bound state (Af„ is the correspond¬ 
ing reduced mass). To simplify the notation the la¬ 
bel X is suppressed on the states (3.14) and on the 
snerglss to which they belong. 
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Let us first consider the action of 

fl +GJ,*>(F„„±f0)f*(£„± *0)] • (I +^5(£„ ± 10 )p5] 

(3.15) 

on ll'lB purpose we associate with the 

operators tij, Cl/'Kt), and gSU), which act in the 
three-body space, potentials b", “free Green’s 
ftincttons” and ‘^Coulomb Green’s functions" 

C"(a). respectively, which are restricted to the 
relative momentum states |q„). I.e., we define** 

= (3-18) 





(3.18) 


where are the relative momentum operators 
with eigenstates |q„). Moreover, two-body Com 
lomb transition operators are defined by 


iSU)=»S*‘>SeSU)i> 


a 

ft ' 


(3.19) 


All these quantities satisfy, of course, the uaial 
resolvent and transition operator LS equations as 
known from the two-body theory. 

With these definitions wc find 


fl± tO)i^ ] I >I q„> 

= U„)<i,l5u> = k«>l5!.‘J,>. (3-20) 

That is, fl+G'„">(£a,±f0)i;(F„„i:t0)] acts on 
j<i>„„) as a MiAler operator w*,*}; with respect to 
iq„>. mapping the latter onto screened Coulomb 
scattering states |qJ,*J,) which characterize the 
Coulomb-distorted free movement of the two frag¬ 
ments. We furthermore see that 

( 3; i ( (llu. I f 5 (£' 0 - + <0) I ((-aw ) 13u> 

= 9*<54l»;(f«V2A/„+f0)|q„) 

=e,«»;(3i.5«) (3.21) 

represents the screened two-body Coulomb scat¬ 
tering amplitude for particle a off the center of 
mass of particles ^ and y. Sandwiched between 
channel states (3.14), our basic relation (3.9) con¬ 
sequently reads on the energy shell 

*6so««-t5(5i,q«) 

+ <5iU’K(fcJ +f0)|,i„>|5i%>. 

(3.33) 
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ProcMdlng u In Bee. JJ, we first demonstrate 
that the limit H ->•>> can be performed without any 
problems in the effective two-body operators 

^ resulting unscreened quantities 
being denoted by This is easily 

demonstrated with the help of the explicit repre¬ 
sentation (3.11) which yields 

(3.23) 

As in the momentum representation of the corres¬ 
ponding two-body equation (2.10), the full Green’s 
function G‘*’ occurs here between states (V’J,*’ 

- t'S)llP<»)ID which are normalizable, a proper¬ 
ty which is shared even by their zero-screening 
limits (Fa~ "S)! This is obvious for the 

short-ranged part Vj of 

y f 

(3.24) 

but holds for the Coulomb terms, too. For, in po¬ 
sition space the contribution of the latter is 

^<Qa(*Po 

^ f ( 3 . 25 ) 

With the relative coordinate between particles 
O' and fi being expressed as a linear combination of 
P. and r„, 

r. (a.fi.y cyclic) (3.26) 

and similarly for r^ (see Fig. 1). For sufficiently 
fast (e.g., exponentially) decreasing bound state 
wave functions ^a,,(r„), a multipole expansion of 
r^'* and Vg'* in powers of Pa‘‘ is Justified. Thus, 
in fact, the first nonvanishing terms of (r^ *‘ 






FIQ. 1. Qraphioil representation of the dlffereooe be¬ 
tween the Coulomb channel Interaction and the Cou- 
lomb potential ej eotlng between particle a and the oen- 
ter of mass of particles f and y. In position space Icf. 
Eq. (3.26)1. 


-p„‘*)and (r*'*-p„'') are of the order p„‘*. 
Therewith the proof of our statement is completed. 

Consequently, when the screening radius goes to 
Infinity, divergencies can originate in (3.22) only 
from the two-body amplitudes tS(q^,4>) hid scat¬ 
tering states |qi,‘Ji). These divergencies, however, 
can be eliminated by the renormalization proced¬ 
ure of Sec. n. In fact, with the renormalization 
factor Za^giQa) defined as in the two-body case,*'' 
we obtain the on-shell two-body Coulomb amplitude 
for scattering of particle a off the center of mass 
of particles and y via 

f2(qi.5«)^<.j»'‘(<7„) ~ tS(qi,q„). (3.21) 

and the corresponding Coulomb scattering states 
via 

~ |qiVc>- (3.28) 

R *ea 

Thus, multiplying the whole equation (3.22) by 
2s-.>i*(ft')2;^*(9.). we arrive In the limit /f — •» at 
the representation 

Um2;;i*(,i)<qi I (it.J f/i^'(£..+i0)k..>iq.> 

” 8ga8,.,ialqo» Qa) 

+ < ils. I ( J?.. +<0)Ua-) I 5i?C> 

= T»..«.(5s.qa) (3.29) 

for the transition amplitudes describing two-frag¬ 
ment processes of three charged particles. 

Of course, our formalism remains valid if one 
of the bound particles in the incoming and outgoing 
states is neutral. This case has been discussed in 
detail in Ref. 3. Only the corresponding charge 
has to be set equal to zero in the above formulas. 
Furthermore, Eq. (3.29) simplifies considerably 
if the bound state or the elementary particle in the 
initial or in the final state is neutral. Then, the 
pure Coulomb amplitude is absent and the corres¬ 
ponding Coulomb scattering state has to be re¬ 
placed by a plane wave. If, in particular, both in 
the initial and in the final state, one of the frag- 
nnents is neutral, the limit R—’o exists in the ar¬ 
rangement amplitudes without renormalization, 
l.e., no screening is necessary at all and conven¬ 
tional short-range scattering theory is applicable.** 
Let us emphasize that the basic result (3.29) is 
valid also for pure Coulomb scattering, i.e., if 
Ff Vjf = V* =0. For, our treatment yields also in 
this case a splitting of the interaction between the 
two fragments into a part which is of short range 
[cf. Eq. (3.2S)] and the long-ranged Coulomb po¬ 
tential u^. In other words, even without short- 
ranged pair potentials V* our formulation of two- 
fragment collisions of three particles is structur¬ 
ally equivalent to the genuine two-body problem 
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with a Coulorab plus a short-ranged interaction, 
ae discussed In Sec. H. 

IV. GFNERAUZATION TO/V-PARTICLE SYSTEMS 

For t«ro-fragment collisions the formalism de¬ 
veloped in Sec. HI can be extended to arbitrary 
particle numbers in a straightforward manner.* 

A. Operator relatioRK 

We denote by a, 6,... two-fragment partitions of 
N distinguishable particles 1,2,.... IV. Then, the 
total Hamiltonian 

with the short-ranged potentials Vfj ~ vj, and the 
screened Coulomb potentials Vjy is split, accord¬ 
ing to 

If , (4.2) 

into a channel Hamiltonian 

ffi*'53 = + (4-3) 

l<i 

<</K« 

and the channel interaction 

V^,*’= 53 (l1y + Vfy) = V‘+v;. (4.4) 

!</ 

Ilil v< 

Here, as usual, (i7)Co means that both particles i 
and j arc contained in the same fragment of the 
partition a. 

Denoting by p, the relative coordinate between the 
centers of mass of the two clusters of fragmenta¬ 
tion u, we define as in (3.2) the Coulomb interac¬ 
tion Ilf between them. In position space it reads 
explicitly 

vf(h)= 53 (4.5) 

(<y P« 

(W'^9 

That Is, It is obtained by replacing in all potentials 
Vff which occur in the Coulomb part Vf ot the 
channel interaction, the relative coordinates be¬ 
tween particles i and J by the center-of-mass vari¬ 
able p,. This allows us to introduce, besides the 
resolvents G**’ ot and g/' of 7/1*’, the gen- 
eralication ot the Coulomb-distorted channel resol¬ 
vent (3.5), 

jf;(x) = U-Hi“>-ii?)'‘. (4.6) 

Then, analogously to (3.6)-(3.8), transition op¬ 
erators are defined as follows: 

G'*>«6^Gi*' + Gt*»l/tf'Gi*», (4.7) 

G<'> - 8„gf +^f I/iV?. «•«) 


g;-Gl*'+Gi*'ffGi*’. (4.9) 

Their interrelationship is expressed by an equation 
similar to (3.9), 

f/i.*> (1+/;Gi*»)f^*(i +Gi*>f;). (4.10) 

For the various transition operators, explicit rep¬ 
resentations can again be derived which are of the 
form (3.10)-{3.12), with a,/3 replaced by a,b. 

B. 'Z<f 04 creenln| limit 

Sandwiched between channel states belonging to 
the energy £., Eq. (4.10) becomes, by means of a 
generalization of the arguments leading to Sq. 
(3.22), 

<q;i(0»it/i;’(£.+<o)i)/’.>iq.> 

= 6^t;(q;,q.) 

+ (qi:;’l(ii’Ji^L*C«.+<o)l;f.>|ql*p^>- (4.11) 

Here ° 1* > product of the bound 

state wave functions of the two asymptotically free 
fragments of partition a, and ^ their relative mo¬ 
mentum. In order to simplify the notation the 
quantum numbers characterizing the bound states 
are suppressed. Furthermore, f*(ql,5,) denotes 
the two-body on-shell amplitudes for screened 
Coulomb scattering ot the total charges of the two 
clusters situated in their respective centers of 
mass, and are the corresponding scattering 

states. Note that both quantities go over for infin¬ 
ite screening radius into their unscreened counter¬ 
parts lf(qj,q,)and respectively, after hav¬ 

ing been subjected to the usual two-body renormal¬ 
ization procedure [compare Eqs. (3.27) and (3.38)]. 

Thus, it remains to be shown that the zero- 
screening limit exists for the matrix elementa of 
the Coulomb-modified short-range transition op¬ 
erator between channel states. 

Making use of their explicit representation, Eq. 
(3.11) with a, b substituting a,0, we recognize that 
for it — ao tbo full Green’s function G occurs sand¬ 
wiched between normalizable states which in posi¬ 
tion space read as 

< P.K 5ri (- v?)! OI 13.) 

i<i 

itj 

(4.13) 

Here, Itf collectively denotes the Intemal vari¬ 
ables ot cluster tot the partition a. Note that tbe 
relative coordinates r,^ between particles i and J 
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are Klven as a sum of p, and a linear 'combination 
1 ( 2 ?’of flio internal variables, 

+ (4.141 

In view of the strong decrease of the bound state 
wave functions again a multipole expan¬ 

sion of r,y'* in powers of p,'* is Justified, so that 
the first nonvanishing term of (r^y'* - p,"*) Is of the 
order p,*'. This, however. Implies that Ul^ statd- 
wicfled between channel states exists without 
screening. Consequently, after renormallxation 
the zero-screening limit of both terms on the 
right-hand side of Eq. (4.11) exists, providing us 
with the two-fragment transition amplitude 

T».(q;,5,)=a*,tf(5,'.q.) 

+ <qi',?l< +/0)U.> I . 

(4.15) 

represented as a superposition of a pure Coulomb 
two-body amplitude and a Coulomb-modified short- 
range amplitude in the Coulomb representation. 

We finally mention that the discussion at the end 
of Sec. m concerning neutral fragments and the 
pure Coulomb problem carries over directly to the 
present general case. 

V. INTEGRAL EOUAHONS FOR TWO-FRAGMENT 
SCATTERING AMFUTUDES; THREE-BODY CASE 

The screening procedure used in Sec. HI to de¬ 
fine scattering amplitudes for two charged par¬ 
ticles, one of which is composite, can also serve 
as a means to perform practical calculations. We 
may, indeed, evaluate for finite R the on-shell 
amplitudes (3.22) 

<qil< lqo> • 

(5.1) 

with the help of any method known) in short-range 
multichannel scattering theory. Subtracting from 
(5.1) the screened Coulomb amplitude (3.21) ob¬ 
tained by means of a two-body LS equation, and re¬ 
normalizing this difference, the transition to infin¬ 
ite screening radius can be performed numerically 
(cf. the corresponding discussion at the end of Sec. 

II). In this way we arrive at the correct Coulomb- 
modified short-range transition amplitudes occur¬ 
ring in (3.29) 

^iS««(58iqo) 

• <*J (^- + I ®.:?:) • (8.2) 

Adding the explicitly known two-body center-of- 
mass Coulomb amplitude, tiie full transition ampli- 
2'g„aai(q(ii®) Are obtained according to 
(3.29). 


INTEGRAL EQUATIONS FOR... 

One special method to calculate the two-frag¬ 
ment amplitudes (5.1) is provided by the quasipar- 
ticle approach’*** which is particularly well suited 
for the present problem. For, it yields exact inte¬ 
gral equations directly for transition operators 
sandwiched between two-body bound states, i.e., 
for effective two-body amplitudes the on-shell ele¬ 
ments of which coincide with the expressions (5.1). 
And Just for such amplitudes our zero-screening 
procedure has been established.*' We, therefore, 
describe in the following the application of the 
quasipartlcle concept to N =*3. 

A. Qu*ii|Mrticle cqmtiom for the fuU amplitiidea 

The transition operators l/'^> defined by (3.6) or 
(3.10) fulfill the Faddeev-type integral equations' 

I'/o’ = . (6.3) 

Here, is the two-body T matrix (2.9) for sub-- 
system y read in the three-body space. Following 
the treatment of Ref. 5 (see also Ref. 29) we de¬ 
compose T'*’ into a sum of Ny separable terms and 
the rest T'''”: 

+ . (5.4) 

Making use of this representation the three-body 
equations (5.3) ate reduced exactly to effective two 
two-body equations of the Lippmann-Schwinger type 
which can be written in matrix notation as 

r(S) +'ui*)g„r<*>. ( 5 . 5 ) 

Here, the elements of the amplitude, potential, 
and free Green’s function matrices are defined by 

= <<F..(2 •)|C„(r)f/5£'(x)C.(z)k„.(r)). (5.6) 
■«i;i,-(^)- (9>«,(^*)|t;o(^)t/J«'’(')G<.(*»l9>a-C*)> - (5.7) 
So:Sii,ori(*) ~ .„*(x). (5.8) 

The operator occurring in (5.7) satisfies Eq. 
(5.3) with T}.*’ replaced by 7 ^"': 

GKf* » 6^^T;*'Gof/;'„'''. (5.9) 

T 

In praxis, the splitting (5.4) is usually based on 
a splitting of the potential 

F<'> = + Ff V<Xrrl + ’'r'"'’- (S-W) 

Then, |^y,(c)) is related to the form factor |xyr)< 
which itself may be energy dependent, via 

• [1 + T^'*> (z)G,(t)] lx,r> • (5-11) 

with 
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= + (5-12) 

And the Inverse of the matrix is given by 

f A, -(4)}„ = 6„ A,r“ - < XrlCo^'Mv'r.U)) • 

It is advantaReous to chcxise the form factors \xyj> 
orthogonal to the bound states 

forr^l . Ny ( 5 . 14 ) 

at the binding energies .n, with ti, 

Af . Then the corresponding bound state poles 
show up only in the diagonal elements Aj _^^ 


<5;|A,,.,(e)|q,> = 6(q; - q,) — 


( 5 . 15 ) 


with Sy ,(i) being, in general, a complicated func¬ 
tion of ^ which, however, as a consequence of 
(6.14), becomes unity for i Conse¬ 

quently, the quantities 

qJ = (qiI•r«>, J£„. efO)|q„ >. 

with w = 1 ,...and »i = 1.. labeling two- 

body bound states, coincide on the energy shell 
With the transition amplitudes (5.1). In other 
words, solving Eq. (5.5) numerically and proceed¬ 
ing as described after (5.1), we end up with the de¬ 
sired arrangement scattering amplitudes (or three 
charged particles. This procedure corresponds to 
the/frs/ practical approach described at the end of 
Sec, 11. 


B. Moififird nlT-^hefl vxtmsinn tif tfiv full amplitude 

For the generalization of the second practical 
approach it proves convenient to introduce another 
off-shell continuation of the amplitude (5.1). It is 
defined by a LS equation of the form (5.5), but with 
So replaced by a more appropriate free matrix 
Green’s function g,. Namely, for indices enumer¬ 
ating the two-body bound states, is chosen to 
have only diagonal elements which are of the sim¬ 
ple structure of a geauine two-body free Green’s 
function, i.e., of the form (S.15) with S,,,(*) = l 
for all values of ^. In other words, we define the 
elements of gj via 

( ■"^oji), for a = I,.., .n^ 

or w = 

I'j-:B.drotherwise, (5.18) 


with 4o,« given by (3.17). Multiplying (5.5) from 
t)ie rtgM by SoBo'ww obtain again a matrix 
oqoatlaa of tb« LipppHSm-Schwinger structure 

f«>. + Cl*' (6.17) 


for the matrix operator 

(5.18) 

which contains the simpler free matrix Green’s 
function if instead of So* 

From the above mentioned properties of So and 
It follows that all elements (Soio'^)*a m de¬ 
noting a two body bound state vanish, when applied 
onto loa) at the corresponding channel energy E„^, 
exceptthe one with nam which, infact, has the val- 
ue one. Therefore, on the right-hand energy shell, 
coincides with 

15a) =n?.aj£a- +<0)|4.) 

for (6.19) 

In other words, r'*’ and r**' represent different 
off-shell continuations of the amplitude (5.1). A 
relation similar to (5.19) holds true also between 
ii'*> and D<*>. Henceforth, we will work with Eq. 
(5.17) Instead of (5.5). 

C. Quuiputicle equatlom for the luucreened Coulomb- 
modlfled ihort-nnsB ampUludn 

The two-body structure of the quaslpartlcle equa¬ 
tions (5.5) and (5.17) suggests generalizing also 
the second practical approach deecrlbed at the end 
of Sec. n. As mentioned above, the form (5.17) le 
particularly convenient for this purpoee. In order 
to be able to perform all algebraic manipulations 
as in the genuine two-body case, an effective two- 
body Coulomb potential matrix 5* and an amplitude 
matrix t* are associated with the operators (3.16) 
and (3.19) by means of 

f . fov n and m 

bound state indices 

(O, otherwise (5.20) 

and 

- ^i»»). foe a and m 

bound state indices 
0, otherwise. (5.21) 

To Introduce nonvanishing elements In these ma¬ 
trices only for bound state Indlcee is euggeeted by 
the desire to reproduce the on-shell relation (3.32' 
for the physical two-fragment amplltudee which 
are characterized by these indices [compare Eq. 
(5.27)]. The other 1° (b*^) (or which n and 

tn do not codteapond to bound state indices, are 
purely auxiBary quantities, Introduced in order to 
improve th^ accuracy. Bence, no renormallxattor 
procedur^ and eoneequently no eptittlng of the 
form (3 Ja), is needed for these terms. In thts 
context Itimay be helpful to recall the argumenta- 

i 
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tlon employed in Refe. 3 and 4. There, by inspect¬ 
ing the kernels of the effective two-body integral 
equations, it was found that, due to the absence of 
physical-sheet poles in the effective propagators 
tor nonbound state indices, no overlap with the 
singularity of of in the zero-screening limit can 
occur. Consequently, no renormalization proced¬ 
ure is necessary in these unphysical channels. 

The Coulomb resolvent matrix corresponding to 
the definitions (5.16), (5.30), and (5.21) is then in¬ 
troduced by the conventional two-body relation 


f'”9o+Boi“8o. 

(5.22) 

or equivalently by 


B* = 0o + eo6*8'' • 

(5.23) 


log limit of the latter by 

therefore, end up with the representation 

rjf‘;„.(qi,q,,)= (q!f;c' +f0)|qi*.fc> 

(5.29) 

for the mscreened Coulomb-modified short-range 
transition amplitude (5.2). 

An integral equation for itself now follows 
directly by letting A go to infinity in Eq. (5.26). In 
this way, we arrive at the generalization of Eq. 
(2.15), 

ysc = ^jsc^.^scjc^sc ( 5 . 30 ) 

Here, the Coulomb-modified short-ranged potential 
matrix 


Then, in complete analogy to (2.8), a Coulomb- 
distorted short-range amplitude is defined via 

T-'*' .P + d +r*5o)7-**(l +9„T«). (5.24) 

Introducing a potential matrix t;** by means of 

U«>=-U®*+5* (5.25) 

we find that this amplitude satisfies the integral 
equation 

‘r**«u** + U®"9* /'**. (5.26) 

The definition (5.24) is closely related to (3.22), 
as becomes transparent by going over to the ex¬ 
plicit notation. Indeed, for bound state indices 
n-1 ,... ,»gand m = 1,...,a,, it reads 

+ [(l+tS(x-£„,)»0.s(*-^B,)] 

(5.27) 

Taking into account (3.20) and (3.21), we see that 
both the left-hand side and the first term on the 
right-hand side of (5.27), when sandwiched between 
plane waves <q{,| and |^), coincide on the energy 
shell with the corresponding terms of (3.22). This 
implies on-shell the equality of the respective sec¬ 
ond terms, too, namely 

"<5i'i»l»-if.''.a«(««- + <0)|q«.%). (5.28) 

From the investigation leading to Eq. (3.20) we 
know that the states <qg<fj|| and |^%), multiplied 
and respectively, go over 

for A -•<> into the unscreened Coulomb scattering 
states. Furthermore, as has been shown in Sec. 
in, this limit can be performed immediately in 
and consequently due to 
the equality (5.28) the same holds true for the 
quantity Denoting the zero-screen. 


(5 31) 

and the Coulomb Green's function matrix F are 
given by Eqs. (5.25) and (5.22), respectively, after 
having switched off the screening. 

Let us briefly comment on the relation between 
the present approach and the one developed in Refs. 
1-4. There, we demonstrated explicitly that 
does not contain contributions of infinite range. 
From this fact the validity of Eq. (5.30) and, as a 
consequence, the existence of 7*®^ could be infer¬ 
red. Alternatively, in the present paper we started 
by directly proving the existence of T"®*^ from which 
then the validity of the integral equation (5.30) fol¬ 
lowed, However, whether Eq. (5.30) is also useful 
for practical calculations depends on properties of 
its kernel which go beyond those required for prov¬ 
ing its validity. In fact, since is still of fairly 
long range it is even questionable whether the ker¬ 
nel falls into that class for which standard 

integral equations theory is applicable. Certainly 
further investigations are needed to clarify this 
point. 

For convenience we present our result (5.30) in 
explicit notation, 

'r|.‘;«(*)»v®.<;„(x)+ E 

y6»ri 

(6.32) 

with 


for a or wt 

y bound state 

* \ indices 

( t’Bii.o»(®). otherwise, (5.33) 

and 

( <Wt6*,9S(4 “ ^am) I for s or SI 
S%m.amU)“ < bound State indices 

( 8oiB«.<»(*)> otherwise. (5.34) 
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in,medutelr that the /u/l unscreened 

fi5.3^) roes over into (5.5) in (tils cnee, felvtnff 
Bq. (5.32) we therefore obtain, besides the Mi 
amplitudes for unphysical channels, the CotilomD- 
qistorted amplitudes ,. for physical channels 
enumerated by a(oi) “ 1.a^(ihr)’ Sandwiching 


the latter oaes betweeo (gj^^l aad /£*^, thg /gji 
unscreened arrsugement smpittudes art obtat/M 
via (S.Jfl), f6.2), »"<• 

This procedure ta coMidtrably sfinplifled if the 
Coutomb interactions i^ between the eoUidinr cjof. 
ters are repolslre. Fop, Inserting tbe spectral 
decomposition ot oeeurring ria (SM) In 

Sq. (6.32), we obtain relattoag which directly yleW 
off- shell continuations of the amplitudes (5.3). In 
fact, we have for m ° 1,... , <u>d s *1,..., 






and a similar relation with (qj(.c’| replaced by 
(qji) lor the elements with » =0,.,, •. - .N/i, 

A final remark concerns the case of attractive 
Coulomb forces in one or mare subsystems. As¬ 
sociating to each of the infinitely many two-body 
bound states a separable term in (5.A) would blow 
up the system of equations (5.5). In this case, it 
might be preferable to represent by separable 
terms In (8.4) only (he dominant bound states, in 
particular tho.w which are eaplicitly considered in 
the special physical situation, and to absorb the 
remaining ones via 7'^ into the definition of f'Jj,, 
el. Bq. (5.91. Whether the quasi-Born series, 
which perturbatlvely determines the effective po¬ 
tential TJ, and consequently also then still 
converges deserves further inve.stigation, 

0. Mtuflfieri scrmiing procedure 

In the above definitions of three-body transition 
Operators and effective two-body amplitudes all 
Coulomb potentials bod been screened before ap¬ 
plying the renormalization and limiting procedure. 
From the reasoning following Eq. (3.22) we know, 
on the other hand, that such a screening is actually 
required only for the center-of-mass Coulomb po¬ 
tential B$ when it is being used to define the two- 
body amplitudes tj and the scattering states 
li'c). In contrast, for the definition of the Cou¬ 
lomb-modified short-range amplitudes we 
could have worked from the very beginning with 
unscreened Coulomb potentials. 

This fact has already been utilised in the secomt 
approach where, as shown in Sec. V C, the «*- 
ecremed amplitude V*® la obtained directly as 
solution of (5.S0). But we eiqpect that also the 
>af practical approach, baaed on solvingBqa, 


(5.5) or (5.17), can be simplified in a correspond¬ 
ing manner. Indeed, according to the above con¬ 
siderations, the screening of the Coutomb interac¬ 
tion is expected to be unnecessary In most terms 
of the effective potential (5.7). To make this ex¬ 
plicit we introduce the modified effective potential 

€'*>• t.’®®+6* (5.36) 

which originates from (5.2S) by replacing the Cou¬ 
lomb-modified short-ranged part V** by its zero¬ 
screening limit The representation (5.31) al¬ 
lows us to write (5,36) in the form 

+ (5.37) 

which clearly shows that C'-*' is obtained from the 
unscreened potential t by screening only Its long- 
ranged contribution if. 

Inserting V**' instead of in (5.17), a new 
screened amplitude ts defined as 

flK, (j jg) 

Making use of the splitting (5.36) of ft'*' we obtain 
the representation 

?<*' > ? + (I +t*8.)?**<l +»,?*), (5.39) 

where f"’* is given as solution of 

(5.40) 

Since this relation, which contains the screening 
only via {*, goes over into (5.30) (dr A -<°, its 
Sdlutlan becomes tdenttca! with r*® in this limit. 
ComparlsoD of (5.39) and (5.24) then reveals that 
#**’ and f**' lead to the sums unscreened amplt- 
tude <3.29) when eubiseted to the rsnormalUattoa 
and limiting procedure. In other words, the flral 
practical approach discussed in Sec. V A yielda tbe 
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lame on-shell arrangement amplitudes when being 
laeed on the solutions of (S.38) instead of (6.6) or 
5.17). However, the amount of work repaired for 
he numerical solution is drastically different for 
lOth types of equations. For, when solving Eqs. 

5.8) or (8.17) the full effective potential has to be 
ecalculated every time the value of A is Increas- 
d. This, however, is a most time-consuming 
18 k. In contrast, when Eq. (5.38) is used the bulk 
[ namely, has to be computed only once 
or a fixed energy) since the R dependence resides 
}Iely in the trivial term s'. Therefore, the pro- 
idure described in the present section represents 
considerable simplification of the first practical 
iproach. 

In addition, the present version is even more 
closely related to the corresponding method in the 
genuine two-body problem. Namely, as is the case 
there, only that part of the potential v has to be 
screened which behaves like a pure Coulomb po¬ 
tential in the relative two-fragment coordinate, 
whereas which is of shorter range with re¬ 
spect to this variable although it contains two-body 
Coulomb potentials, remains unscreened. 

Sections VD and VC, therefore, contain the 
most natural generalizations of the first and the 
second practical approach discussed for the two- 
body case in Sec. n. 

VI. INTEGRAL EQUATIONS FOR TWO-FRAGMENT 
AMPUTUDES: AT-BODYCASE 

The method discussed at the beginning of Sec. V 
for N=3 can be extended Immediately to arbitrary 
particle numbers. First, the screened amplitude 
(4.11), 

n?’(qi.5.)=<q;l<«,|l^^'(£. + <0)|p.)|q.>, (6.1) 

is calculated for finite R by means of any method 
applicable for purely short-ranged Interactions. 
Subtracting from it the center-of-mass Coulomb 
amplitude /J(q^,q,) yields, on account of (4.11), 
the screened Coulomb-modified short-range ampli¬ 
tude. Renormalizing the latter, uid repeating the 
calculation tor increasing values of A, the zero¬ 
screening limit is approached numerically. By 
this procedure we end up with the unscreened 
Coulomb-modified short-range amplitude 

T5.'^(q;, q.) = < q;:c’l< *,l + «»I^.> lilti). (8-2) 

and according to (4.16) with the full unscreened 
ecattering amplitude T^lq^,^). 

Particularly appropriate for the calculation of 
the screened amplitude (6.1) is the generalization 
of the three-body quaaipartlcle method to Af-body 
problems proposed in Ref. 30. For, it replaces in 
(n- 2 ) steps the original operator identities for 


INTBCRAL R0WATION8 FOw... *< 

lf<*’byex«ct#qnRtloii»foroff-RheIlext«»loiw7'w* 

ofthe effective two-body amplitades 

(8.3) 

For details of the definitions of the effective poten¬ 
tial W" and “free Green’s ftinction" g, we refer to 
Ref. 30. There it is also shown that on the energy 
shell the physical reaction amplitude (6.1) can be 
obtained via 

TS:’(q;.q.)“<qil*’tf‘(^.^<o)|q.>- (e.4) 

Therefore, solving Eq. (6.3) and proceeding as 
discussed after Eq. (6.1), represents the Af-body 
generalization of the first practical approach de¬ 
scribed in Sec. n. We remark that this ntethod 
may again be simplified along the lines described 
in Sec. VD. 

Of course, the second approach developed in 
Sec. VC can be extended to arbitrary particle 
numbers, too. For this purpose, it is again ad¬ 
vantageous to work with. Instead of (6.3), an equa¬ 
tion containing the simpler free Green’s function 
matrix gg, with elements 

f 8o..(* “ ^t). b or a denoting 


So,..' j 

bound state channels 


(Go !M • 

otherwise. 

(6.5) 

Here 



9o ..(.')'(* 

.-Saiy* 

2mJ 

(6.6) 


is a genuine two-body free Green’s function which 
acts on the relative momentum states [^) only 
[cf. Eq. (3.17)]. Multiplication of (6.3) with 
SoBo"‘ results in the V-body analog of (5.17); 

(8.7) 

*.< 

Since we assume g, to be chosen such that it dis¬ 
plays the same pole behavior as g, (compare the 
discussion in Secs. V A and V B for the three-par- 
tlcle case), the solution f'** = r'"*8o8^'* of (6.7) 
equals f'’ on the right-hand energy shell. 

Next we introduce a two-body Coulomb potential 
describing the interaction between the charges 
of the two colliding fragments concentrated in 
their centers of mass, which is related to the Af- 
body cq;>erator (4.5) according to 

( q.' I»? I q. > “ < qi I < F. I"? I *.) I q. > 

“»?(qi-q.)- (8.8) 

The corresponding two-body Coulomb resolvent 
t! and Coulomb transition operator t' are 
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(6.9) 


and 




( 6 . 10 ) 


respectively. With the help of these quantities we 
define for bound state channels a and b an effective 
two-body amplitude T^, In analogy to (5.27), via 


t fi+tf(z-£j)ao,,(i-£,)] 

X rl^U)li +B„;.(i - - e.)]. 

( 6 . 11 ) 

For a or b nnt characterizing bound state channels, 
the first term on the nght-hand side of (6.11) and 
either the right or the left bracket in the second 
term are missing. Sandwiching ( 6 . 11 ) between 
plane waves <qj| and Iq,) and comparing with 
( 4 . 11 ) we see that the left-hand sides and the first 
terms on the right-hand sides of both equations, 
respectively, coincide on the energy shell. Gen¬ 
eralizing the argumentation following (5.28), we 
infer that the zero-screening limit of V®*, which 
we denote by is indeed related on the energy 
shell to the Coulomb-modified short-range ampli¬ 
tude (6.2) according to 

Qa) = < q;!?l + «o) 13^:^) • <6-12) 

An integral equation directly for is now 
easily derived. For this purpose we introduce the 
zero-screening limits of the potentials t)ij> and 
dJ, and of gj. to be denoted by of, and gf, 
respectively. As in (5.33), the short-ranged part 
of t) is obtained by subtracting from the latter 


the long-ranged Coutonab contribution, 

/ Vj. - 6,,of, for a or b denoting 

V’lf ■ < bound state channels 

VV„, otherwise. (6.13) 

Familiar algebra, then, leads immediately to the 
generalization of (6.32), 


Here the elements of the matrix Coulomb Green's 
function B^(r) are defined by fct. Kq. (5.34)] 

! 6». sf (r - . for 5 or a denoting 

bound state ctiannels 
otherwise. (6.15) 


Solving (6.14) we, therefore, get without any 
screening procedure an amplitude 7*^. When 
sandwiched between the explicitly known two-body 
Coulomb states (qf.cl nnd it yields via 

(6.12) the Coulomb-modified short-range amplitude 
(6.2), and then by means of (4.15) the full transi¬ 
tion amplitude r^(qj,q,). 

As emphasized in Sec. VC this method is sim¬ 
plified considerably It the Coulomb potential is 
repulsive. For, insertion of the spectral decom¬ 
position of the Coulomb Green’s function gf oc¬ 
curring in (6.15) results in an integral equation 
directly for 

’•£‘^(5;. q.) = < qi'.c’ I I qiti >. (6.16) 

which we need not write down explicitly since It 
generalizes the three-body equation (5.35) In an 
obvious way. 
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The crou section ’‘Fe(e,a) bas been mcniured u a ftinction of a cneny, lab anfle, and incident dectroo 
energy. The anaiyscs of these data using diitotted-wave Bom approximation virtual photon spectra have 
been perfomied in the framewurk of models suggested by the data. We find that the (e,a) channel exhausts 
a sj/able percenlagr of the El lanacalar sum rule. 


[ NUULt^LR REACTIONS *‘Fe(e,c.) nieaaured oCfioi^e* obtained o(e,a) and! 

dctornilned o'*(y,o) and i7**(y, a). J 


I INTRODUCTION 

The work that we report here Is an outgrowth of 
our earlier (e.u) experimentsin which the sya- 
tematics of alpha enussiun from various nuclei 
after electron bombardment were studied. The 
primary motivation tor this experiment, however, 
was the recent work by Wolynec ef al.^ in which it 
was concluded that the £2 isoscalar resonance for 
"•“■“Ni decays predominantly throogh the alpha 
channel. They reported that roughly 30-50% of the 
E2 sum rule was exhausted by the (y, a) reaction, 
and while this percentage exhaustion has been 
lowered after reanalysis,'* the conclusion is still 
that the (y.o) channel is a dominant decay mode 
of the £2 isoscalar resonance for these nuclei. 

We have measured the '“Fete, or) cross section 
to see if a similar effect exists in this nucleus. 

As was the case in "^i, the capture reaction 
“Cr(nf.y„)"'Fe is small and the amount of £2 
strength located near 16 MeV (60 A"'") is less 
than 1%.’ Hence the picture proposed by Wolynec 
el at. that the a's preferentially decay nut to the 
ground state but rather to the first excited state 
In “Cr by .s, d. or g waves may also be applicable 
in “Fe (see Fig. I). 

The technique that the National Bureau of Stan¬ 
dards group used wa.s to measure yields of the 
{e,a) cross .section and then u.se a modified 
Lurentzlan line shape to unfold the £1 and £2 
cross sections. Subsequent analysis has shown 
thRtthe£l aiutlysisls independent of an assumed 
line shape.* The indicator in their work that £2 
transitions are an important factor Is the rapid 
rise of the yield as the incident energy increases. 
This is due to the fact that the number of £2 
virtual photons is greater than the number of £1 
photons. If only £1 transitions were important, 
the slope of the tsochromat would be much less, 

21 


as is demonstrated by their (e,/>) measurement 
which proceeds essentially by £1 processes. The 
point has been raised by the Glasgow group* that 
the increase in the isochromat as Eg increases 
may be accounted for by a statistical model. We 
can fit our measured energy distributions with a 
statistical model that gives reasonable parameters 
(e.g., nuclear temperatures of ~0.3 MeV). Be¬ 
cause of this we have looked as well at the angular 
dependence of the emitted at particles, since a 
statistical interpretation of data such as these 
would demand that the angular distribution be 
symmetric about 90°, whereas if direct or reao- 


- 1/3 



FIG. 1. E2 decay scheme for the '*Fe(a,a) reaction, 
equivalent to Che one proposed for "NI by Wolynec at at 
Otel. 3). The ground state channel, as noted in the dia¬ 
gram la amall (Ref. 6). 
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nance eftecta are prevent the angular dlstrlbutiona 

mar bs asymmetric.'' 

n. EXPERIMENTAL PROCEDURE 

The aigiaratus used In this eqieriment was 
similar to the one used in our earlier work.*'’ 

The a particles were detected by a positive-ion 
spectrometer which consisted of five silicon sur¬ 
face barrier detectors positioned In the focal plane 
of a 127° double-focusing magnet The beam cur¬ 
rent was measured by a nonintercepting ferrite 
monitor that was periodically calibrated with a 
Faraday cup. 

The iron foils used in this experiment were 
2.0 and 3.0 mg/cm’. The thicknesses of the foils 
were determined by both direct micrometer mea¬ 
surement and by measuring the energy loss of 
5.49 MeV a particles In passing through the foils. 

The overall experimental uncertainty, reflecting 
errors in measuring the Incident charge, target 
thickness, solid angle, and detector efficiencies, 
is ±5%. 

As well as electrodisintegration data, photodis¬ 
integration data were also taken by inserting a 
thin (22 mg/cm’) Ta radiator in front of the tar¬ 
get. Checks were made by varying the thickness 
of the radiator to ensure that a thin enough radia¬ 
tor was used, which allowed us to ignore thick 
target effects. The position of the radiator along 
the Incident beam line was found not to affect the 
count rate of a particles In the spectrometer. 

The radiator data were taken only to ascertain 
that we are Justified In neglecting Ef continuum 
contributions to the (e,a) cross section. The E9 
isoscalar resonance, located at -SOA'**’ MeV, is 
not expected to contribute at the excitation ener¬ 
gies that we are predominantly measuring £, 

S20 MeV. 

ni. RESULTS 
A. Eneiyy ipectn 

The (s,at) cross section as a function of a energy 
was measured at a number of incident electron 
energies. The spectra at 35 and 100 MeV are 
shown In Fig. 2. The 100 MeV run was performed 
to add to the systeraatlcs that were studied in our 
earlier work. Since the virtual photon theories 
currently available do not Include corrections for 
finite size effects the incident energy was kept at 

&S0 MeV for the main body of the experimental 
data. Above 00 MeV the point nucleus approxima¬ 
tion made in deriving the virtual photon spectra is 
not valid.* 

For cross sections as a function of a-particle 
energy we can use a statistical or evaporation In- 



FIG. 2. Measured differential cross sections at *L*B 
-•45* for Incident electron energies of 35 and 100 MeV. 
The solid lines are Qts using the statistical model ein- - 
played in our earlier studies of the (e.ci) reaction from 
various nuclei. These fits result In a nuclear tempera¬ 
ture of 0.3 MeV. 

terpretatlon of the (e, a) process to tit the data. 
These fits, shown in Fig. 2 by the solid lines, 
give nuclear temperatures of 0.3 MeV. However, 
the nuclear temperature is essentially determined 
by the Coulomb barrier and the penetrability, l.e.. 
It is determined primarily by where the cross 
section peaks. These energy distributions are 
similar to those that we have measured for other 
nuclei. The value of 0.3 MeV for '*Fe is not In¬ 
consistent with the systematics deduced from our 
other data. 

B. Angular dimitialion 

U a statistical model analysis of the data is 
adopted, then the angular distribution of a particles 
is expected to be symmetric about 90°. We have 
measured a six point angular distribution for 
Eg = 35 MeV over a wide range of a-partlcle ener¬ 
gies. Representative angular distribution data 
are shown In Fig. 3. The data have been analyzed 
by fitting to the form 

a(9,F) = o+ 6 sirffl +C8in*e cosS 

+d 8in*6 cos*e. (1) 

In this form of fitting, the coefficient “c” arises 
from interference of opposite parity transitions. 

A finite value of c would not be explained by a 
statistical picture of the (e, a) process. The re¬ 
sults of fitting the angular distribution data are 
shown in Fig. 4 and as can be seen, a finite value 



1748 


D. M. SKOPIK, J. ASAI, AND J. J. MURPHY II 



KIG. 3. Krpn-auntallve angular dlatrlbutlona that show 
the shift froni h.vlcwnrd to foiiaard anules of a particles. 

of the asymmetry, defined as /j = r/b, is observed. 
A model-dependent explanation of the energy de¬ 
pendence of the asymmetry will be given in the 
next section. 

The value of "cf” wa.s found to be consistent with 
zero over the range of « particles measured. This 
implies that rf-wave emission of or particles is 
small. This result is con.si.stent with the {a,y„) 
measurement since the decay to the ground state 
Involves cf-wave emission (recall that the capture 
results indicate a very small cross section) while 
decay to the 2* first excited state would involve 
primarily .s-wave emission due to angular momen¬ 
tum arguments. As can be seen from the angular 
distribution data, a sizable isotropic term is mea¬ 
sured, in marked contrast to the case when one 
restricts the or's to be emitted to the ground 
state, i.e., the capture results, where “o" is 
identically zero. 

C Isochromal data 

At fixed a energies, the incident electron energy 
was varied from 26 to 50 MoV. Represenutive 
integrated over angle data are shown in Fig. 5, 
corresponding to an a energy near the peak in the 
energy distribution that is shown in Fig. 2. The 
analysis of these data will be explained in the next 
section. 



FIG. 4. Angular diBtrlbuUon coefficienta (fdi/MeVsr) 
lhal are found by fitting to Eq. (1). The agymmetry g 
- c/b shows a change in sign that can be associated with 
reeonance interference. The solid line is the result of 
fitting to an asymmetry defined In the text. 


rV. MODELrDEPENDENT ANALYSES 
A. Angular diitilbution data 

To account for the energy dependence of the 
asymmetry in the angular distribution data, we 
assume that the transition matrix element can be 
written in the usual notation as being proportional 
to 

which leads to an asymmetry: 

The quantities Fi and Ft we determined by least 
squares fitting and are related to the £1 and £2 
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FIG. 6. The cross sectloo da/dE found by Integrating 
over dO using the angular dependence shown In Fig. 4. 
These data are analyzed in terms of a particles making 
transitions to the Z* state In ‘^Cr. The solid lines are 
the contributions to the cross section from £1 and £2 
cross sections by least squares fitting Eq. (3). 


matrix elements. All we are interested In here 
Is to ascertain If the energy dependence of p can 
be explained by this simple model which contains 
resonance and direct interference terms. 

The best fit to the data Is shown by the solid 
line In Fig. 4. The resonance parameters deter¬ 
mined are 

r =3.1 ±1.6 MeV, 

17.6±0.9 UeV (8.0±0.4 MeV a energy). 

Again, we point out that statistical processes in¬ 
volve symmetric distributions (p > 0) and direct 
processes alone cannot account for the change of 
sign in p. 


B. Isochnunsl analytii 

Since the angular distribution exhibits a definite 
asymmetry about 00°, we have analyzed our data 
assuming that the a particles are making transi¬ 
tions to the 2* first excited state in “Cr. In other 
words, we adopt the decay scheme that is shown 
in Fig. 1, We further assume that only El and £2 
multlpoles contribute to the cross sectloa The 
results of our real photon measurements that are 
discussed later rule out any significant contribu¬ 
tion to the cross section from E9 transitions which 
are allowed in the electrodisintegration process 
but not in photodisintegratloa 
In general, the total electrodisintegration cross 
section can b« expressed as 


O, .M » f'° o[[W‘\Eo. EyZ)^, ( 2 ) 

where the sum over I encompasses all multipoles, 
and E, is the threshold for the reaction. 

The quantity Ey , Z) has been computed by 
Wright.’ The distortion for the El and £2 spec¬ 
trum defined as the distorted wave to plane wave 
ratio Is shown in Figs. 6 and 7, respectively. 
These distortions were used to calculate the pho¬ 
ton spectra in all the following analyses. 

In charged particle experiments, a total cross 
section Is seldom measured. The total cross sec¬ 
tion is defined as 



dndE 


dadE, 


where the experimentally determined quantity Is 
tPa/dOdE. Therefore, assuming that the a par¬ 
ticles are primarily emitted to the 2 * excited 
state in ‘*Cr, the Integral in Eq. (2) can be evalua¬ 
ted at fixed gamma ray energies, if the angular 
dependence is removed. The angular dependence 
was determined from the coefficients of the fit to 
the angular distribution data given by Eq. (1), 
evaluated at 45°, the angle at which the energy 
dependence was studied. These coefficients were 
assumed to be independent of the incident elec¬ 
tron energy in this analysis. Thus we form the 
cross sections (Isochromats) 


-ai ip \ Ej , Z) 

dE~^‘'‘^ 1' £- 


+a^„(£^ 




(Eo,£r,Z) 

Ey 


(3) 


These cross sections were then fitted by mini¬ 
mizing x’i which determined the quantities 



FIO. 6. £1 distortion factor defined as the ratio of 
distorted ware to plane wave virtual photon spectre. 
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FIG. 7. ^2 difltorlion factor. 


( 7 **„(£^ and In Fig. 5, the fitted values 

of the and E2 contribution to ila/dE are shoxvn 
for one of the isochromats. In Fig. 8 we show 
o** and (J** for each of the seven isochromats that 
were measured. The areas were determined and 
the appropriate sum rules were found. By fitting 
these data to Lorentzian and Breit-Wigner line 
shapes the usual resonance parameters can be 
determined. These results are summarized in 
Table I. The width and position of the £2 reso¬ 
nance are con.sistent with those found using the 
angular distribution data. Note that the shape of 
the £1 cross sections in this analysis is primarily 
determined by the fact that (l~a/(lUdE rises, then 
falls, with the fit deterniining the relative amounts 
Of £1 and E2 strength. The £2 strength, however, 
is determined essentially by the fact that the tso- 



FIG. 8. Total £1 and £2 cross section determined 
from the Isochromst analysts at seven a energies. The 
dashed line Is the Lorentz line shape fit and the solid 
line Is the Brett-Wlgner line shape fit. The resonance 
parameters are summarized In Table I. 


TABI.K I. E2 integrated cross sections and resonance parameters d^rmlned by the Iso- 
chromat nnal.vsls of Sec. IVB. 



Trapezoidal * 
iDlegratlon 

2iid order fit * 
Integration 

loreidz 
line shape 

Brelt-Wigner 
line ahape 

JndE (mbMeV) 

3.6 1:0^ 

3,8 ±0,3 

3.9 tO.l 

3.9 *0.1 

/ ^ (pb/MeV) 

11.0 *1,0 

11.3 10.9 

ii.i ti.e 

11.1 *1.6 

% at E2 sum rule * 

28 t3 

29 *2 

29 

29 *4 

£j, <MeV) 



17.9 *0.2 

18.1 *0.2 

r (MeV) 



2.8 *0.3 

2.9 *0.3 

Oj <“•>) 



1.00 * 0.07 

1,00*0,06 


‘Beferonce 13. 

''We have used the value 0.22£ Va^^’. 
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cbromat rises more rapidly with £, near the peak 
In the measured cross section. 

C. Total cros wctloii malydi 

The total cross section was found by 

numerically integrating the cross sections d*c/ 
dSldE over alpha energy and angle. The angular 
dependence at £ 0 °^^ MeV.was again assumed to 
be the same for all Incident electron energies. 
[Taking 4s for the angular integration was found 
to produce a 4% difference In a.,„(£a).l 

The measured total cross section la shown in 
Fig. 9. If we analyze these data assuming specific 
line shapes for a*^ and a** in Eq. (2), the total £1 
and £2 cross sections may be determined without 
an initial assumption with regard to the specific 
transition taking place, as was done in Sec. IV B. 
The total cross section was least squares fitted 
using 

(r/2)* 

and 

(Eyp* 

Since the fitting procedure used*' can minimize x* 
by varying parallel parameters, the x’ parabola 
is expected to be very shallow. In other words, 
the particular values of fitted parameters (T, £„, 
and Og) in the above equations that are determined 
in the fit should not be taken as seriously as the 
amount of exhaustion that these parameters dictate 
for the appropriate sum rules. 

We have used two methods lor determining o**’’ 
and this way. First, we have constrained the 
fit to give the values Eg = 17.6 MeV and r = 3.1 
MeV for the £2 cross section. These were the 
parameters that were found from the angular dis¬ 
tribution data. Second, we have allowed all the 
parameters to be fit (six in all) with no constraints. 
The results are summarized in Table U. As can 
be seen, the constrained and unconstrained fits 



FIG. a. The total electrodislntegratloii cross section 
for the (g,a) channel. The solid line is the result of 
least square fitting these data with Eq. (1). No appre¬ 
ciable difference was found for Istrentr.ian and Brelt- 
Wlgner line shapes. 

give values with respect to the sum rules that 
are in good agreement. 

Fits to the data assuming that the cross sections 
were either pure £1 or £2 resulted in an unsatis¬ 
factory x* for either case. Both £1 and £2 com¬ 
ponents are required to obtain acceptable values 
of x’. It is also of some comfort that the uncon¬ 
strained fits give values lor Eg and T for the £2 
line shapes that agree reasonably well with the 
values determined from the angular distribution 
data. Combining all of these results, we find that 
the (e,a) cross section exhausts 2i± 8% of the 
isoscalar sum rule for **£0 which is 39 pb/MeV.“ 
The £1 integrated cross sections determined by 
the various analysis procedures are summarized 
in Table UI. 

D. Real photon data 

To ascertain that roonopole transitions were not 
making a significant contribution to the electro- 
disintegration cross sections, data were also taken 
with a thin Ta foil inserted in the beam in front of 


TABLE H. £2 Integrated cross seotliins and resonance parameters determined bry the total cross section analysis of 
Sec. IV C. 




“b 

r 

Em 

/orf£ 

/mf£/£’ 


%of£2 

Line shape 


(mb) 

(MeV) 

(MeV) 

(mbMeV) 

(mb/MeV) 

x’ 

einn rule 

Lorente 

a 

0.72 10.02 

3.1 

17.6 

3.04 ± 1.5S 

8.74 ±2.82 

3.6 

22 ±7 

b 

O.W ±0.03 

2.2 ±0.2 

17.9 ± 0.4 

3a4±0J0 

9.12 ± 0.42 

3.4 

23 ±1 

Brelt-WIgner 

a 

0.75 ±0.02 

3J. 

17.6 

. 2.99 ±1A0 

8.92 ±2.84 

3.7 

23 

b 

1.00 ±0.02 

2.3 ±0.1 

16.0 ± 0.6 

3a3±0.23 

9J!7 ± 0.15 

3.4 

24±1 


*Flt ooDstralned to the £2 values of F and £j| tound from the angular dlatrlfautlon analysta. 
‘unoonatralned fit. 
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TABLE m. summary of the £1 Integrated cross sections lor the "Pel*,a) reaction sad tiie 
percentage exhaustion of the sum rule 60NZ/A. 




JadB 

fix 

r 

®i 

%0f 

Analysis 


(mbMeV) 

(MeV) 

(MeV) 

(mb) 

Bins rule 

Isochromats 


6.41 t 0.64 




0E*0.1 

Lorente 

a 

10.51 t 2.6.3 

16.5*3.1 

4.04 * 0.26 

2.19 * 0.02 

1.3 *0.3 

b 

10.44 t 0.80 

17.0 * 2.5 

4.14 * 0.30 

2.02 * 0.02 

1.2 *04, 

Breit-WIgner 

a 

9.87 ± 3.12 

16.7 * 3.5 

4.09 10.3 

2.19 * 0.03 

14 *0.4 

b 

9.98^2.19 

17.1 * 2£ 

4.25*0.23 

2.06 * 0.02 

14*0.3 


‘Fit constrained to the £2 values of r and Eg found firom the angular distribution analysts, 
“ Unconstrained fit. 


the Fe loll. 

The ratio of radiator in to radiator out measure¬ 
ments can be written as 

o(e+y)/o(c) = l *R 

= 1 + —Ljl---- Jtl -, 

I 

If monopole transitions dominate, then no differ¬ 
ence between the radiator in and radiator out mea¬ 
surements would be observed since fi - 0 in this 
case. We find that A does not vanish. Further¬ 
more, the quantity I +fi serves as a check on the 
Integrated strength fur the £1 and £2 cross sec¬ 
tions found in the previous section. Using furmuia 
3BS(e) in Koch and Motz** to calculate Ny{Eg,E.^, 
we calculate the expected value of a{c +r)/o(e) and 
compare it with the experimental ratio. 

These results, (or three different incident elec¬ 
tron energies 40, 45, and 49 MeV, give an 
average value of (1 +A),h„, /(I +«)„,, = 1.00 * 0.02. 
We only mean by (I ^ here the value expected 

using our extrscted resonance parameters. We 
have not considered thick target bremsstrahlung 
due to the thinness of our radiator. Thus, our 
analyses would tend to agree more with the Schiff 
limit given by Hayward'* for the ”Fe percentage of 
the £2 sum, l.e., (18*3)%. 


V. CONCLUSION 

We find that by considering various model-de¬ 
pendent analyses ol the ’*Fe(e, a) cross section 
measurements that this channel exhausts a sizable 
percentage of the £2 sum rule (24*8%). The 
angular distribution data which exhibit a definite 
asymmetry rule out a statistical interpretation as 
the sole explanation of the data and give reasonable 
consistency with the parameters determined from 
the energy-dependent analyses of the (e,a) cross 
section. Real photodisintegration data were taken 
that serve as a check on the extracted cross sec¬ 
tions and analysis method. The measured ratios 
of real to virtual processes were consistent with 
the cross sections extracted from the electrodis- 
integration data. 
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Nuclear exdtatkn of "'Cd by poeitron innihilation hat been invesligated. The experimental evidence for 
thii proceaa was leaiched by obaerving the 245-keV y rays from '"Cd" after irradiation of natural cadmium 
foils by poaitrona from the fi* decay of *‘Cu. For the excited level of 1330 keV in '"Cd, the experimental 
crou aectioa of the annihilation-excitation pro cei a has been estimated to be lest than 8.6x 10 cm'. This 
upper limit it larger than the simple theoretical estimate. Further improvements of theoretical and 
experimental studies are ditnweed. 

[ NUCLEAR REACTIONS evaluated eiccltation oroaa section for ISSO-H 

keV level by positron annihilation. J 


T. INTRODUCTION 

Among various modes of positron annihilation, 
there exists an annihilation process without emis¬ 
sion of radiation. When the positron annihilates 
with the atomte electron strongly bound to the 
nucleus, the excess energy liberated in annihila¬ 
tion is given up to the nucleus, resulting In its ex¬ 
citation. This process was first predicted by Pre¬ 
sent and Chen in 1951.' According to their simple 
estimate, the total cross section for the annihila¬ 
tion process to excite "‘In to its principal activa¬ 
tion level is in the order of lO"” cm*. 

Neglecting the very small recoil energy of the 
nucleus, the energy liberated In annihilation and 
used to excite the nucleus is expressed by the 
simple relation 

W = £, + 2m„c'-fl,f, (1) 

where £, Is the kinetic energy of an incident posi¬ 
tron, ntg is the electron rest mass, and Bg is the 
binding energy of the/f-shell electron In the target 
atom. 

The first experimental evidence of this annihila¬ 
tion mode was established for "‘In by the present 
authors' in 1972. Recently more accurate experi¬ 
mental study was performed by us’ and the cross 
sections of nuclear excitation by positron annihila¬ 
tion for 1078- and 1484-keV levels of "’in were 
evaluated to be (3.9± 1.4) x 10-” cm’ and (1.4*0.5) 

X lO"” cm’, respectively. Up to the present, no 
experimental study has been reported for other 
nuclides. 

In the present paper, we report the nuclear ex¬ 
citation of "'Cd by positron annihilation. The ex¬ 
periment has been made by observing the y rays 
from the Isomeric state '"Cd* after irradiation 
of cadmium foils by positrons emitted from a ^Cu 
source. For'"Cd, many excited levels have been 
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observed, but only three of them, 740-, 1120-, 
and 1330-keV levels, are known to be excited by 
photons and have branches which decay to the 
ground state via the 396-keV isomeric state.’ Of 
these three levels, the excitation probabilities to 
the 740- and 1120-keV levels by photon Irradiation 
are more than three orders of magnitude smaller 
than that to the lS30-keV level.’ In the present 
work, only the 1330-keV level Is considered to be 
excited by positron annihilation. 

The energy-level diagram of ‘"Cd is shown in 
Fig. 1. The nuclear transitions relevant to the 
present experiment are indicated by the arrows. 

The isomeric state '"Cd* has a half-life of 4B.7 
min and decays to the ground state by emission of 
two r rays, 151 and 245 keV, In cascade.’ The 
nuclear excitation process to be studied has been 
observed by the use of 245-keV >• rays, since for 
the preceding transition of 151 keV the internal 
conversion coefficient (ag = 1.53’) is much larger 
than for the 245-keV transition (og - 0.0525’). 

II. EXPERIMENTAL 

The experimental method is similar to that of 
our previous experiment for “‘In and has already 
been described in detail earlier.’ Experimental 
conditions, however, are briefly presented here. 

The positron source was produced by thermal 
neutron Irradiation of a 20-mm dlam x 241-mg/cm’ 
thick copper disk In the Kyoto University Research 
Reactor (KUR). The intensity of this ”00 source 
is about 20 Cl. 

Natural cadmium foils of 20-mm dlam and 435- 
mg/cm’ thickness were placed just above the posi¬ 
tron source and irradiated by positrons for 3.5 h. 
This period was chosen so as to get maximum in¬ 
duced activity of ‘"Cd. The target foil was cover¬ 
ed with a thin rvibber-hydrochlorlde film to protect 
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FIG. 1. A part of level dliigmm ot '“Cd. The trnn- 
sitiuiie rclev/uit to tb»' present work are Indicated by 
tlie ar/uwa. The energies of three lei-ela 740, 1120, 
and 13.10 keV insslble to tjc excited by ptiotaDa are 
taken from Boivin. Cnuchois, .»nd Heno (Ref. 4). Other 
dat.1 are token from llamun and Kim CRef. 5), 



243 245 248 

ENERGY (keV) 

FIG. 2. Ctieerved spectra of y rays from natural 
cadmium foils, (a) After Irradiation by y rays la a 
700-CI **00 Irradiation facility, by (y.y') reaction, 
(b) After Irradiation by positrons from a 2i>'CI **Cu 
source, by the positron annihilation proceas. 


radioactive contamination by direct contact to the 
positron source. After |>osilron irradiation, the 
24S-keV y rays from "'Cd* were measured by a 
75-cm^ Ge(t,i) detector for t h. The actual number 
of positrons incident on the target foil was deter¬ 
mined in a similar manner to the previous work."* 
Since this annihilation process has a resonance 
character, nuclear excitation can take place only 
for positrons with definite kinetic energy corre¬ 
sponding to Eq. (1). In order to estimate the cross 
section for this process, we need the number of 
positrons within the resonance width. For this 
purpose, the momentum spectrum of u' positrons 
was measured with a sector-type double-focusing 
(1-ray spectrometer by the use of much weaker- 
Intensity “Cu source of the same thickness as that 
of (he 20-Ci source. 

To estimate the reasonable profile of y-ray 
spectrum from "‘Cd“, a natural cadmium foil was 
irradiated in the 700-Cl "“Co irradiaUon facility of 
our Institute* and photons from the isomeric level 
“‘Cd* produced by (y, y') reaction were observed 
with the same measuring system as that used in 
the actual experiraent. The result Is shown In 
Fig. 2(a). From this observation the energy of y 
rays and the half-life of the isomeric state have 
been determined to be 245.3 1 0.4 keV and 40.7 
414.3 min, respectively. 


III. RESULTS AND DISCUSSION 
A. Effectin cmmaectioit 

The observed y-ray spectrum from cadmium 
folts irradiated by positrons is shown In Fig. 2(b). 
This spectrum was obtained as a sum of the ex¬ 
perimental results of typical 14 runs. The poor 
staUsUcs make It difficult to discern distinctive 
features of a peak. Nevertheless, there Is un¬ 
doubtedly an excess of counts above the background 
around the peak position to be expected. More¬ 
over, at the y-ray energy of the isomeric transi¬ 
tion in ‘"Cd, there is a suggestion of a peak. How¬ 
ever, considering the poor statistics of the present 
experiment, we cannot accept this as a definite 
observation of the ieomerlc transition. The count¬ 
ing rate under the peak was therefore used to set 
an upper limit of the process to be studied. 

In order to deduce the upper limit of the cross 
section for nuclear excitation by positron annihila¬ 
tion, we must carefully examine the possibility of 
the competing processes which may excite the 
“‘Cd nucleus from the ground state to higher ex¬ 
cited levels cascading down to the 396-keV iso¬ 
meric state. As discussed in a previous paper,* 
the nuclear excitation by photons from the follow¬ 
ing four processes may contribute to the forma- 
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Uon of thia Homeric state, viz. (1) photons from 
me two-quantum annihilation In flight, (2) photons 
from the single-quantum annihilation, (3) 1346-keV 
photons of **N'l emitted from the **00 positron 
source, and (4) bremsstrahlung of conversion 
electrons from the 1346-keV state of For the 
1330-keV excited level of “‘Cd, all of these possi¬ 
bilities were carefully estimated In a similar way 
to the previous cases of '“In,’'’ and concluded to 
be negligible. 

Using the observed r activity of “‘Cd* induced 
by positron annihilation, the effective cross sec¬ 
tion for Isomer production of “'Cd by the annihila¬ 
tion-excitation process has been evaluated. This 
cross section Is defined as the cross section for 
the total number erf positrons Impinging on the tar¬ 
get In the first appraxlmation, we assume that 
me partial width of the excited level for transition 
to the Isomeric state is equal to its total wldm. 

Then me effective cross section can be expressed 
as 

C,(l+a)(X,-X,)exp(X,/.) _ 

-exp(-x,t,)l[exp(-x,/,) - exp(-x,/,)l ' 

( 2 ) 

The symbols In the expression are as follows; 

C, = the observed counts of the 245-keV photons 
during the measuring period N„=the number of 
“'Cd atoms in the natural cadmium foil per unit 
area (natural Isotropic abundance of this nuclide’ 
is 12.75%) [2.97 x lO”), « = the overall detection 
efficiency of the Ce(Ll) detector for the 24S-keV 
photons from the cadmium foil [(4,8± 0.1) x 10'’j, 
n, - the number of positrons impinging on the cad¬ 
mium foil per unit time at the beginning of irradia¬ 
tion, a = the total internal conversion coefficient’ 
of me 245-keV transition of “‘Cd (0.0619), f, = the 
period of irradiation by positrons (3.5 h), the 
time elapsed between the end of positron Irradia¬ 
tion and the start of measurement of the 245-keV 
photons (180 s), X, = the decay constant of ”Cu 
|l.52x lO'^s"*!, ’ and X, = me decay constant of 
'“Cd" [(2.32*0.20) X I0''s'', corresponding to 
^ 1 / 2 = (49.7* 4.3) min, the present work]. 

Inserting the experimental values of C,, and 
the numerical values of other factors Into Eq. (2), 
the effective cross section was evaluated to be 
v,„-(4.8*2.8)x 10*” cm’, as an average value of 
16 experimental runs. The error contains the un¬ 
certainty due to the counting statistics and the er¬ 
rors of all the factors in Eq. (2). The large un¬ 
certainty Is ascribed mainly to the poor statistics 
In measurements of the Induced activity. Although 
the observed value Is larger than the estimated 
uncertainty, this value was considered to be an 
upper limit of the effective cross section because 


we could not discern a definite peak, as described 
above. 

B. Croaitctlon 

The relationship between the effective cross sec¬ 
tion and the croaa section for annihilation-excita¬ 
tion Is given by the expression 

(3) 

where r,,, and T are the partial width for the 
transition to the isomeric state and the total width 
of the excited level, respectively, and it is the 
ratio of the number of positrons In the target foil 
within me interval of the resonance width F to the 
total number of positrons impinging on me target 
foil. 

The ratio was determined by me relation 

between the integral cross section for me Isomer 
production by photoexcitation J <7^,^^E)d£ and me 
partial wldm for me direct transition to me ground 
state of me excited level To: 

/<T,.„(£)d£X;fr„i^. (4) 

Here X is me wavelengm of me photon wim me 
resonance energy and the factor f is (2J^ f 1)/ 

(2J|, +1), where tf, and J„ are me spins of me ex¬ 
cited level and the ground state, respectively. 

Using the values of our previous experimental 
results,’ /(T,„(£)d£ - (3.5* 0.4) x 10'” cm’ eV, and 
(1.7* 1.1) X lO"’ eV, obtained by Chertok and 
Boom,*® me ratio r,,„/r was found to be 0.099 
*0.065. 

The total widm of me 1330-keV level, T, was 
calculated from the values of gV„ and Fq/F based 
on me following two assumptions: (1) The 1330- 
keV transition to me ground state is pure £1(/, 

- §), and (2) me total widm of the excited level is 
equal to me sum of the partial widm for the direct 
transition to the ground state F^ and that for the 
transition to me isomeric state F„„. Bolvin el al* 
concluded mat the multipolarity for the upward 
transition to me 1330-keV level is neimer Ml nor 
£2. Considering the large value of me photoex- 
cltatlon cross section to mis level, it is not rea¬ 
sonable to assume me multipolarity higher man 
£2. From me latter assumption, the branching 
ratio of me direct transition to the ground state 
F„/F is expressed as (1 - r,„/r), and me total 
level widm Is determined to be F ^ (9.4 * 6.1) x 10** 
eV. 

The factor n was evaluated by the same way as 
mat discussed In the previous paper.’ Because of 
difficulty In estimation of the positron distribution 
In the target, me positron spectrum at me arbi¬ 
trary point In the target was approximated by the 
apeotnim of positrons passing mrough me thin 
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layer whose thickness corresponds to the distance 
Irom the target surface. In this approximation, 
the effect of backscattering of positrons in the tar¬ 
get material is neglected. Using the measured 
spectrum, described in Sec. II, as the energy 
spectrum of the incident positrons, the factor n 
was calculated to be 4.9 x 10'“. 

Combining the effective cross section c,,, deter¬ 
mined above with the values of n and r,../r, (he 
upper limit of the cross section for nuclear ex¬ 
citation of '“Cd by positron annihilation has been 
evaluted to be 8.6 x 10"” cm* by the use of Eq. (3). 

According to the two-step model of Present and 
Chen,' the cross section of the annihilation-excita¬ 
tion process la given by 

'' = ®MKb/(2f+Dvfc'M. (5) 

where er„ is the positron annihilation cross section 
with the A-ahell electron with emission of a 
spherical wave of 2'-pole radiation converging on 
the nucleus, is the cross section of the nuclear 
photoexcitation by this photon, and k is the pro¬ 
pagation number of tlie photon. 

Provided that the multipolarity of the upward 
transition from the ground state to the excited 
level is £1, the cross section o,, is given by 

, (6) 

where t = (A', + m„r“)/w„r*. From this equation, 

CT^ is calculated to be 2.0 x 10'“ cm* lor the 1330- 
keV level in ‘"Cd. On the other hand, the t*oto- 
excitatlon cross section measured by us" is 
(2.4* 1 . 6 ) X 10'*“ cm*." Inserting these values Into 
Eq. (5), the theoretical value of the cross section 
for annihilation-excitation was estimated to be 
2.4 X 10"** cm- in the case of (wre F.i transitian. 

IV. CONCLUntNC. RFMAKKS 

In the present work, nuclear excitation of ‘"Cd 
by positron annihilation has been studied by ob¬ 
serving y rays from the isomeric slate. The up¬ 
per limit of the cross section fur this annihilation 


process has been estimated to be in the order of 
10-’‘ cm*. This value Is about 36 times larger 
than the two-step model proposed by Present and 
Chen.' However, their theory is based on rough 
assumptions, and we have already pointed out in 
our previous paper* that this annihilation mode 
should be treated theoretically in a one-step model. 
Recently Grechukhin and Soldatov'* calculated the 
cross section for the nuclear excitation by positron 
aimihilatlon by the use of Weisskopf single-particle 
nuclear transition matrix element The cross 
section for "'In is found to be -lO"** cm* for the 
case of El transition. It is hoped to perform 
similar calculations for ‘"Cd. 

Experimentally our counting statistics were 
poor. In order to estimate the experimental cross 
section and compare with the theoretical value. It 
is necessary to measure the induced activity In 
good statistics. For this purpose, the experi¬ 
ments with much stronger positron sources and 
enriched "'Cd targets should be performed. 
Furthermore, there is a problem in estimating 
the positron spectrum in the target foil. Our 
method is based on a rough assumption, as has 
been discussed already in our earlier work.* The 
value of H estimated by our method may be smaller 
than more rigorous values and this fact leads to 
the larger value of a. 

Finally we have made many assumptions on the 
nuclear properties of the excited level of ‘"Cd, 
such as energy, spin, multipolarity of the upward 
transition from the ground state, and branching 
ratio to the isomeric state. In order to compare 
the theory and experiment, more accurate data 
lor these properties are needed. 
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The (r,a) emu. Mction in ‘^■r has been measured at incident electron energiet from 13.5 MeV to A6.5 
MeV for a poruclra helwecn 6.9 and 16.8 MeV. 77ie (TiO) cnoss aectiaa iras deduced from it astioniag both 
Jb'l interaction and £2 interaction. The angular diatnbulion of the (y.Og) ciiDM aectioo and an CJiperinient 
using the brenuatrahlung plus electron beam make it clear that the £ I interaction is dominant over all the 
present energy range. The (y.u) cross section extracted by using £I virtual photon spectra hat a large 
bump above the excitation energy of 30 MeV in addition to a bump in the giant dipole reaonaiioe tegioa. 
The <y.a„) cross section also has a bump at the giant dipole reionance which exhausts moat of the (y,a) 
crou section in that region The compound nucleus moilel was used succesaliilly to explain the bomp at the 
giant dipole resonance The cross section above 30 MeV it discusaed in terms of the pre-equilibrium a 
emission process combined with the quasi-deuteron model. 


NUCLEAll UKACTIONS '*Zr(o.a), £, = 13.5-66.5 MeV; meamired dcr(e.u)/dO, 
ikiiuocd rfii(v,u)/dn and ojl/dQ. Angular distributions; (v.Qo) at £,= 17.5 
MeV and <e,o) at £,-40.0 MeV, 0, -45-136". Experiment using electron plus 
bromsatrahlung nl £, = 60.0 MeV. Calculations, compound nucleus mode), and 
pre-eiiuIUbrlum oxclton model combined with qunsl-deuteron model. 


I INTBOIIUtTlON 

A number of studies have been made of alpha 
spectra in (> , rr) reactions on medium-weight 
nuclei.*"* Most cases have been explained quite 
well by statistical model calculations. In heavy 
nuclei such as In and Au, however, an excess of 
energetic rr particles has lieen observed in com¬ 
parison with those expected from the evaporation 
model.* Isotropic angular distributions were 
obtained for a particles with low energies in "Cu 
and Zn as expected by the statistical model.*'*" 
On the other hand, r> particles from heavier 
nuclei showed a strong forward peaking, which 
suggested a direct process."'" Forward-peaked 
angular distributions were measured for the high 
energy component of ly particles even In ""Ni and 
•*Cu (Refs. 11 and 12). The measurements of 
Flowers et at. showed that the high energy rv 
particles exhibit a cross section in ""Ni several 
orders of magnitude above the statistical model 
prediction,*’ and they suggested that the two-step 
process involving (y.N) and (iV.o) reactions 
might explain these experimental results |the 
symbol N means a nucleon (neutron or proton)]. 

In regard to the emission of an rr particle from 
heavy nuclei, studies of the (n, i>) and (p,a) re¬ 
actions also have been carried out successfully 
In the framework of the pre-equilibrium exciton 
model, in which a performed a particle is emit¬ 
ted in the intranuclear cascade mechanism.*’"** 


The photonuclear reaction in the high energy 
region has been studied mainly on the basts of 
the quasi-deuteron model discussed by Levin- 
ger.*’ In the region above 150 MeV, the model 
has successfully predicted the production cross 
sections for high energy nucleons, energy and 
angular distributions of outgoing nucleons, as 
well as the presence of neutron-proton coin¬ 
cidences.*'"” Also in the region under ISO MeV, 
several investigations have been made in the 
framework of this model,**'*" and attempts have 
been made to take account of the scattering and 
reabsorption of the emerging nucleons by the 
target nucleus.**"** The Intranuclear cascade 
model and the pre-equUibrium exciton model have 
been combined with the quasi-deuteron model to 
interpret photonuclear reactions above the giant 
resonance.*"'*•'*" 

The (v.iz) reaction on heavy nuclei Is suitable 
for the study of the photonuclear reaction in the 
high energy region because a emission through 
the giant resonance is suppressed by the high 
Coulomb barrier. However, only a few such cross 
sections have been measured as a function of ex¬ 
citation energy, and there is little information on 
the reaction mechanism above the giant resonance 
region. In the giant resonance region, the (y, a,) 
and (or. To) reactions have been studied on several 
nuclei lighter than the Nl isotopes.'*"** The angu¬ 
lar distributions of (y,a,) cross sections in such 
nuclei show that the E2 component is less than 109 
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of the Ei croaa aaetion. Recently Wolynec et aL 
have ffleaaured the (a, a) croaa sections in the N1 
isotopes up to 50 MeV end suggested a large £2 
pross section should exist in the isoacalar giant 
quadrupole resonance (GQR) region.*' They claimed 
that electroprodueed a particles decay preferenti¬ 
ally to the 2* first excited state. However, more 
work needs to be done in order to understand the 
reaction mechanism of the photoalpha reaction in 
this region. Moreover, the £2 contribution is un¬ 
certain in heavier nuclei and in the region above 
the giant resonance. It is Important to understand 
correctly the contribution of the £2 interaction 
in these cases. 

This paper presents measurements of the 
*°Zr('>', a) cross section up to 60 MeV, and gives 
the multipolarity for the cross section by means 
of an experiment using bremsstrahlung plus elec¬ 
trons. Angular distributions are given both for 
the (y,aa) and (e,a) reacticms. 

Also, the results of two kinds of calculation, the 
compound nucleus model and the pre-equilibrium 
exciton model combined with the quasi-deuteron mo¬ 
del, are compared with the experimental cross 
sections. 

U. EXPERIMENTAL PROCEDURES 

The experiments were performed with electron 
'leams from the Tohoku University electron Llnac. 
In enriched "’Zr target, of 97.80% purity and 
>.08 mg/cm’ thickness, was bombarded with elec- 
rons, whose energy resolution was fixed at 2.0%. 
Electron beam currents were monitored with a 
errite core monitor calibrated with an accuracy 
)f 1%. Alpha particles were detected with a multi- 
vire proportional counter (MWPC) placed in the 
ucal plane of a Browne-Bdechener type broad 
-ange spectrometer." The window of the MWPC 
8 a 644 mm long and 30 mm wide aluminized 
dylar sheet 12 pm thick, which is reinforced 
lutslde with 4 mm tungsten meshes of 200 pm 
liameter. A hundred sense wires made of 30 pm 
liameter gold-plated tiuigsten were stretched 
S mm apart providing energy and position resolu- 
ions of 0.6% and 3 mm respectively measured 
'ertically to the direction of the particle orbits. 

The distance between the sense wire plane and 
:athode plane is 5 mm. High voltage of 1.2 kV 
vas supplied to the sense wires and signals were 
aken out through capacitors. PR gas (00% Ar, 

^9% CH«) at atmospheric pressure was used as 
he counter gas at a flow rate of 15-39 cm* per 
nlnute. Cards of charge-sensitive pre-amplifiers 
vere attached directly to the chamber frame. 

A set of signals on several successive wires is 
nade by one incident particle as shown in Fig. 1 



FIG. 1. An incident particle passes obliquely through 
the MWPC and makes signals on several successive 
wires. 

because its track is inclined to the MWPC at an 
acute angle (21.50°-37.52°). An electronics sys¬ 
tem identifies the signals as due to one particle. 
The entrance window plane of the MWPC is located 
in the focal plane, so that an incident particle in¬ 
tersects the focal plane at the point of the first 
wire of the successive wires which produce sig¬ 
nals. The measurement of the sum of their pulse 
heights, which is proportional to the energy loss 
of the incident particle in the counter gas, allows 
particle identification. 

Figure 2 shows the schematic diagram of the 
data acquisition system. It delivers the sum of 
puUe heights on the successive wires and the 
wire number' of the first wire to the computer. 

Figure 3 shows pulse height spectra from the 
MWpc. A discrimination level was set at an inter¬ 
mediate point of a particles and tritons. The 
pulae height of a particles is 10 times as large as 
that of protons, and can be discriminated from the 
proton background. Yields of deuterons, tritons, 
and ’He particles are very small in medium- 
weight nuclei, and the background from them can 
be ignored. 

Ah example of an a-particle energy spectrum is 
shown in Fig. 4. This was corrected for energy 
loss on the assumption that each a particle orig¬ 
inated half-way through the target. The energy 
loss is about 0.7 MeV at a energy of 10 MeV. The 
experimental conditions are shown in Table 1. 



Flo. 2 . Sohematlc diagram of the data aoqulaltlon 
system. 
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FIG. 3. Typical pulat height spectra from the MWPC. 


HI. tXPi:RIMENT.S and RESULTS 
A (y.a) and ( 7 .c^) cnwwctions 

The (e.rr) differential cross section at 90" was 
measured at electron energies from 13.5 to 66.5 
MeV at intervals of 0.5 MeV. Alpha particles be¬ 
tween 6.9 and 16.8 MeV were summed after the 
correction for the solid angle of the detector. 

The result is shown in Fig. 5. The (e,a) cross 
section i.s related to the (y.ar) cross section, a.s 
follows: 

tr'' = (1) 



pro. 4. (^,ck) energy spectrum of *®Zr at fl=9(r', for 
^55 MeV. AJpha-particle energy was corrected for 
energy loss in half largest thickness. 


const x/'* 

•'o 

( 2 ) 

where Ey) is the virtual photon spectrum 

of energy Ey and multipolarity Xf, for electron 
energy E,. The extraction of the (y, a) cross sec¬ 
tion from the (e.a) cross section was done first 
of all on the assumption that all of the or particles 
are attributed to the £1 Interaction. The "Zr(y,a) 
cross section was deduced by the variable-bin 
Penfold-Leiss method.*"^' El virtual photon 
spectra used in the analysts were calculated from 
the analytical expression of Nascimento ef aL,*^ 
which was obtained from a fit to the distorted- 
wave Born approximation (DWBA) calculations of 
Gargaro and Onley.” The analysis also took into 
account bremsstrahlung,** which came from the 
target and from the Ti vacuum window separating 
the srattering chamber from the accelerator at 


TABLE I. Expcrimenlal conditions. 


Kxperliufnl. 

Electron energy 
(MeV) 

Spectrometer angle 
(dogroe) 

a-particle energy 
(MeV) 

cross section 

1 Interval 0.5) 

90 

6.9-1B.8 

(> ,ap) cross section 

M .0-25.5 
(Interval 0.5) 

90 


M u It 1 polar lt>' 

Angular dlatrlbutions 

00.0 

90 

6.9-10.1 

10,1-11-6 

11.5- 13.6 

13.5- 16-8 

(y . 0 (() 

17.5 

45-135 
(Interval IS) 

9J-10.3 

W,o) 

40.0 

45-135 
(Interval IS) 

10.1-11.5 

11.5- 13.5 

13.5- 18.8 
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FIG. S, Differential crosa aectlon of the (eiO) reac¬ 
tion at * 90*. 


the entrance of the scattering chamber. 

The closed points In Pig. 6 give the (y.o) cross 
section on "’Zr. There is a broad bump above 
30 MeV in addition to a peak at 18 MeV. The solid 
line in Fig. 6 Is the (y,ii) cross section^; the 
position of the peak corresponds to the T, GDR, 
and the peak at 18 MeV in the (y,a) cross section 
agrees with it. 

The ‘"Zr(>', a^,) cross section, which is shown hy 
the open circles in Fig. 6, was obtained from the 
higher energy part of the spectra measured with 
successive electron energies; the method is 
similar to that described in He/. 48. It shows 
that the (y.org) cross section dominates the (y,a) 
cross section in the GDR region. It appears that 
the (yiOfo) cross section surpasses the total (y.o) 
cross section in the low energies because the 



PIG. 6. Photoalpha differential cross aectlon of "Zr 
iclosed points) ansiyaed from the is,a) cross aectloa in 
Pig. 6 and **Zr(y, Og) differential cross eectlan (open 
circles), at s>B0’. R1 interaction only was considered 
In these analyses. The value of r* fOr ihe total (r, o) 
cross section was ealoulsted for the cross seoUon 
emoothed by ays. Solid line shows "ZrOy.n) cross sec¬ 
tion. 



FIG. 7. Electric dipole and quadrupole virtual photon 
spectra for electrons of kinetic energy 60 MeV, scatter¬ 
ed by a '^r nucleus. 


missing part of or particles due to energy loss 
through the target was corrected for the (y, Og) 
cross section but not corrected tor the (y,a) cross 
section. 

In the above analyses, only the £1 cross section 
was assumed to exist over the full energy region 
in which the ejqierlments were made. However, 
a small £2 contribution to the cross section might 
have a considerable effect on the analyses because 
the £2 component of virtual photons Is much lar¬ 
ger than the £1 component, as shown in Fig. 7. 
Two additional analyses of the total (y,ot) cross 
section were made taking account of the £2 com¬ 
ponent: 

(a) both £1 and £2 cross sections in the giant 
resonance region, 

(b) £1 cross section in the giant resonance re¬ 
gion and £2 cross section above 30 MeV. 

The (s, a) cross section was fitted by £1 and £2 
(y,o) cross sections calculated from Eqs. (1) 
and (2) using Lorentz shapes for the cross ssc- 
tions. These were slightly corrected at low ener¬ 
gies In order to make the (e, a) cross section 
vanish below a cutoff energy (the cutoff energy 
means the lowest electron energy that gives the 
lowest a energy coneidered): 
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TABLE n. ParametarB at Lorcntx shapes. 

IT, r, E, "j r, E, Eort C X* 

(Mh/sr) <MeV) (MeV) ftib/ar) (McV) (MeV) (HeV) (MeV) 

(a) El hkI E2 rrosB aectlons In the giant resonance region 
7,21 (i.O IN.5 lfi.57 6.6 16.6 X.7.0 3.6 18.50 

J]) £1 cro.ss section In the giant resonance region and £2 cross section above 30 MeV 
24.75 7.5 18.5 24.02 21.0 38.0 13.0 3.5 3.08 






^c 


t\ - a ;, 
c 


"xl' 






for B„ 


+ C 


■ 0 lor Ey > - 


(3) 


An analytical formula by Nasciniento ct «£■“ wa.s used for the £1 virtual photon spectrum, and the 
following lurmula for the £2 photon spectrum: 


Ky) * 


»ArL 


In 


V m.l-'y } 


8 

^3 


/_^Vn 0.69 

Ur) ^0 


cap 





(4) 


where £'„ 'I-,* »',< E - I'.„ - hy. 

/>»(£„“ P'-(E‘ - »;,•“)“■'. 

The first term of the right-hand aide in Eq. (4) is 
the virtual photon .s[ieciruiii given by Barber,'" 
and the second term is a correction term. The 
values of the constants in tlie second term were 
determined so that the value.s calculated using the 
equation on •‘^r agree with tho.se given by DWBA 
calculations. The code presented by Onley" was 
used for the calculation. 

The results using a least squares method are 
shown in Table II, and the (7 ,or) cross sections 
obtained are given in Fig. 8 . What we must do 
next is to assess the three cases. This problem 
will be discussed in the following sections. 

8. Multipolarity of the '“’Zriy.ol cron section 

In order lo study the reaction process in detail, 
the (e,a) cross section was divided into four parts 
with particular ix-partlcle energies: 6.9-10.1 
MeV, 10,1-11.5 MeV, 11.5-13.5 MeV, and 13.5- 
16.8 MeV (Fig. 9), and the (y,a) cross sections 
were deduced from them on the assumption that 
the b>,a) cross sections consist of 

(a) El cross section over the full energy range, 



FIG. 8. Photoalidia differential orosa secUona reduced 
by taking account of the £1 end £2 compooentB; (a) both 
£1 and £2 crosa sectiona in the giant renonanoe region, 
(b) El croaa section in the giant reaonance regloo and 
£2 croaa section above SO MeV. 
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FIG. 9. •*Zr<»,a) cross sections divided Into four 
puts with particular o.partlcle energies. 


(b) El and E2 cross sections in the giant reso¬ 
nance region, 

(c) El cross section in the giant resonance re¬ 
gion and £2 cross section above 30 MeV. 

The method of fitting has been described in Sec. 
niA. The results are shown in Fig. 10 and in 
Table in. It was difficult to get a small x’ 

(b) although the parameters were changed over 
wide ranges. In this case, the sum of the four 
cross sections does not equal that shown in Fig. 
8(a). 

An experiment was performed to assess the 
three cases. Copper foils were (daced in front 
of the ”Zr target, so that the target was ir¬ 
radiated with bremsstrahlung from the copper 
foils plus electrons. The yield of a particles is 
given by 

t) = r!* (E„ t) + n'(£,), (5) 

f) - ^ t). (6) 

The first term of the right-hand side in Eq. (5) 
shows the yield associated with bremsstrahlung, 
and 

f)«const /*' t,Ey)dEy . 

( 1 ) 


where Af**(£,,f,£^ is the bremsstrahlung spec¬ 
trum, f is the thickness of the copper foil, E, is 
the electron energy, Ey Is the photon energy, and 
is the (v,a) cross section for multipolar¬ 
ity \L. The second term in Eq. (S) is the yield of 
a particles due to virtual photons of the multi¬ 
polarity XL, and Is given by 

n£(£.) =con8t X f’‘a[yy;’’^{fiy)N\l(E.. 

*^0 


( 8 ) 

where ExilE,, Ey) is the number of virtual photons 
with multipolarity XL and photon energy Ey due to 
an electron with energy £,. 

Now we consider P(f): 






yZm' 


The value obtained from the experiment is denoted 


P«p(/)= . 


( 10 ) 


As shown in Pig. 7, 


N!Jf(E„E;>N;Ft£.,fi^), (11) 

and N‘*(E,, I, Ey) is the same lor £1 and E2. There¬ 
fore the value of Pit) for the £1 cross section will 
be greater than that for the £2 at the same I. The 
inclinations of Pit) for higher multipolarities are 
gentler than the slope for the £2 because their 
virtual photons exceed £2 virtual photons. The 
slope for the Ml Interaction will be close to that 
for the £2 because the Afl virtual photon spec¬ 
trum is like the £2 (Refs. 43 and 47). In the 
case of the £0 interaction, the £0 transition with 
a real photon is forbidden, and the slope oi Pit) 
will be horizontal. One can decide whether the 
cross section is associated with the £1 interaction, 
the £2, or other interaction by comparing the 
measured and calculated Pit) values. 

The experiment was done with copper foils of 
four thicknesses; 139.3, 26B.8, 399.2, and S36.S 
mg/cm*. The electron energy was 60 UeV, and 
emitted a particles were measured at 90° to the 
electron beam. Measurements were made for 
two values of magnetic field In the spectrometer, 
corresponding to a particles with £„*6.0-10.5 
and kg <*9.4-18.3 MeV. The experimental results 
for P„it) are shown In Fig. 11 for four ranges of 
er-particle energy. These have been corrected for 
energy loea In the target, and correspond to the 


[ 





OBsutned over Thu '™®' BBCtlons In Fig. ». (,) ^ gi 

««. « eroe, .uu-tlone were*Ur«.““ <=«« 
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TABUE HL Pwameten at Larsntc ahapea. 


£« 

(MeV) 

bib/4r) 

Ti 

(MeV) 

*1 

(MeV) 

(ub%r) 

r. 

(HeV) 

(HeV) 

(HeV) 

c 

(MeV) 

X* 

(b) SI ttxl £2 orofls sMtloiis In th^ giuit retooMooe raglos 





6.B-10.1 

13.99 

7.0 

18.0 

3.93 

7.0 

16.6 

13.0 

3.5 

4.45 

10.1-11.5 

5.94 

6.0 

17£ 

10£B 

7.0 

15.5 

16.6 

2.0 

4.00 

11.5-13.6 

0.00 

6.0 

17.0 

20.24 

7.0 

14.6 

18.6 

3.0 

16.13 

13.5-16£ 

0.00 

6,0 

17.0 

18.62 

7.0 

14.6 

20.0 

3.5 

64.22 

(c) £1 cross seotfon In the giant resonance region and £2 cross sectloo above 30 MeV 


6.9-10.1 

17.61 

7.6 

18£ 

6.07 

20.0 

38.0 

13.0 

3.0 

1.93 

10.1-11.5 

11.65 

7.6 

18,6 

6.60 

20.0 

38.0 

16.5 

2.0 

2.14 

11.5-13.S 

4.85 

lA 

18,6 

7.79 

20.0 

39.0 

18.5 

2.0 

1.38 

13.5-16.8 

0.00 

7.6 

1B.S 

6.41 

20.0 

40.D 

20.0 

2.0 

1.94 


ranges in Fig. 10. The calculated values are also 
shown in Fig. 11 for the £1 and E2 interactions. 

In the calculation, bremsstrahlung spectra were 
calculated using a formula given by Schlff,^ and 
virtual photon spectra by using a formula of 
Nascimento el al. and Eq. (4). In case (a), the 
{Yio) cross sections in Fig. 10(a) were used for 
'“'(Ey) in Eq. (9) alter smoothing by eye. The 
experimental results are very close to the values 
calculated on the assumption that all a particles 
arc associated with the £1 interaction. 



Flo. 11 . Increase at at yields tor thickness of brems- 
etrahlung target (Cu). Three sets of straight lines (a), 
t)), (o) oorrespood to (a), (b), (o) in Fig. 10. 


C. Angular dhlribulioiB 

The angular distribution of the (y, o,) reaction 
was measured at an electron energy of 17.5 MeV. 
The £1 and £2 cross sections were determined 
using the expression*' 

IV(fl) =^lo,(l -P,) +0,(1 +0.71P, - 1.71P,) 

- 2.68(0,0,)*" co89„(P, - P,)] , (12) 

where o, and o, are the £1 and £2 cross sections, 
and is the difference in phase between a- 
ixirticle waves with 1 = 1 and 1 = 2. The result o,/o, 
= 0.009«'iSS (£^'17.07*0.24 MeV was i*tained 

through the naethod of least squares (Fig. 12). The 
result shows that the £2 component for the ground 
state transition is very small and is consistent 



FIQ. 12, Angular distribution of '^r(Y, o,l oross sec- 
tlon at 5^-17.07 * 0.24 HeV. A solid curve ahowa the 
calculation result for a pure £1 cross saotlon. 
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FIG. 13. Alpha-pnrticU' .-ingular ilistrihuUona at 
MeV. 


with the experiment of Sec, IHB. 

Angular dislribution.s of a particle.s from ’’’’Zr 
were also measured for three ranges of a-particle 
energy with a 40 MeV electron beam. The result 
is shown in Fig. 13. The angular distribution is 
forward-peaked for the highest o-particle energy, 
and more symmetric about 90'^ for lower a-par- 
tlcle energies. As shown in See. IIIB, a particles 
above 13.5 MeV come from the A'l cross section 
above 30 MeV, and the forward-peaked angular 
distribution reflects the nature of the cross sec¬ 
tion above 30 MeV. These o particles cannot be 
explained by a compound nucleus process because 
the calculation based on a statistical theory gives 
a symmetric angular distribution at 90°. The 
forward peaking obtained experimentally suggests 
that these a particles are emitted relatively di¬ 
rectly from earlier stages of the reaction. Inter¬ 
ference with a small £2 component also may be 
necessary to explain the forward-peaked angular 
distribution. The more symmetric angular distri¬ 
bution for a particles with lower energies is due 


*I 

to a contribution from a particles emitted through 
the giant resonance [Fig. 10(a)]. As shown in Fig. 
6, the (y, Og) cross section forms a large fraction 
of the (y.or) cross section in the GDR region. The 
angular distribution tends to be nearly symmetric 
to 90° for lower a-particle energies because the 
angular distribution for the (y, Og) reaction is very 
similar to that of a pure £1 process (Fig. 12). 

IV. DISCUSSION 

In Secs. mB and inC, moat a particles emitted 
through the (v, a) reaction in **Zr are associated 
with the £1 interaction, and a broad bump exlsta 
above 30 MeV in addition to one in the GOR region. 
The reaction mechanism is discussed in this 
section. 


A. Compound nudeia model 

The (y,a) cross section of ‘°Zr has two bumps 
as shown in Fig. 6, one at 18 MeV corresponding 
to the GDR and the other above 30 MeV. In the 
giant resonance region, the (y,ag) cross section 
forms a major part of the (y,a) cross section. 
This result is explained by the compound nucleus 
model. On the basis of the Hauser-Feshbach 
formula,® the (y.ag) cross section is expressed 
as 


(13) 

c 

where is the compound nucleus formation 
cross section and 7(0,) is the transmission coef¬ 
ficient of the emitted a particle leading to the 
ground state of the residual nucleus. The denom¬ 
inator is the sum of the transmission coefficients 
for all possible decay channels. 

Considering the angular distribution of the £1 
interaction [see Eq. (12)], the differential cross 
section at 90“ for the even-even nucleus is given 
by 


<<o<1'-°o>(Ct) 

da 




T(ao) 
£ Tc 


(14) 


c 

Similarly, it is assumed that all neutrons are 
emitted through the compound nuclear process 


„(r.»>(£^=orCN^^E:- 

c 

From Eqs. (14) and (15) it follows that 


(15) 


c 

The transmission coefficients were calculated 
using Woods-Saxon type optical potentials shown 
in Table IV, which had been obtained through the 
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TABI£ IV. Optical pctantlal paramatara uaad tor oaloulatlooa of transmlaaloa ooaffi- 
olaota. 



♦i 

«« 

t'o 

n 

S| 

»'/ 

Vk, 

•'c 


(fm) 

(fm) 

(MeV) 

(fm) 

(fm) 

(MeV) 

(MeV) 

(fm) 

(S) 

1.26 

0.66 

52.B-0.625£ 

1.25 

0.98 

6.4 + 0A£ 

10.185-0.171F 


(a) 

1.553 

0.631 

34.63 

1.553 

0.631 

17.36 


1.4 


experiments of a scattering^ and neutron scatter¬ 
ing."’ On the assumption of an Isotropic angular 
distribution for all a particles except those lead¬ 
ing to the ground state, the (y,a) cross section Is 
written In the form 


da S To .(fi) 
c* 


(17) 


The solid lines in Fig. 14 are the cross sections 
calculated by Egs. (16) and (17). Both (y,a) 
and (y,Oo) cross sections calculated by this model 
agree welt with the experimental results in the 
giant resonance region. However, the (v,a) cross 
section above 20 MeV is not explained by this 
model at all. 


8. Pie«<iuilibc<am exciton model comMned with Che 
quMldeuCeron model 

The angular distribution of a particles emitted 
rom the region above 30 MeV shows a forward 
leaking as discussed In Sec. QIC. This Implies 
hat or particles from the excited state above 30 
deV are not always emitted through a compound 
luclear process. 

A calculation was made In the framework of the 
>re-equillbrlum exciton model combined with the 
luasi-deuteron model. The photonuclear reaction 
ibove the giant resonance region has been suc- 
essfully studied on the basis of the quasl-deuteron 
node], which was introduced by Levinger.''' Ac- 
mrding to this model, a photon is absorbed through 
he photodlslntegratlon of a correlated neutron- 
iroton pair in the nucleus. Levinger showed that 
he absorption cross section could be written as 

<?/£,) = L^a®(£^. (18) 

vhere 0 “ is the photodlslntegratlon cross section 
or a free deuteron, and L is a constant which indi¬ 
cates the probability of this process compared 
vlth the disintegration of a free deuteron, whose 
'alue was obtained theoretically to be 6,4. There- 
ifter, different values of L have been obtained ex¬ 


perimentally by many investigators, for example 
La; 2.8 by Costa et al." and L ;= lO.S by Garvey 
ef of.” 

In the case of the emission of a particles on 
medium-weight and heavy nuclei, the (a, or) and 
(P,a) reactions have been successfully studied in 
the pre-equilibrium exciton model,*’"*• An in¬ 
coming particle, having entered the nucleus, hits 
a particle (proton, neutron, or preformed a par¬ 
ticle) in the nucleus, and makes a particle-hole 
pair. A two-partlcle one-hole state (so-called 
three exciton state) formed in this way decays 
either by particle emission or by a transition to 
a flve-exclton state through an exciton-partlcle 
scattering in the nucleus. 

In the case of the pre-equilibrium exciton model 
combined with the quasl-deuteron model, the first 
stage of the reaction is characterized by a tour 
exciton state (one-particle one-hole pairs which 
are made for both proton and neutron through the 
quasl-deuteron process). An alpha particle-hole 
pair can be formed for the first time in the six- 
exciton state. 

The calculation of the iy,a) reaction can be done 
with the same formalism as for the (ii,af) or (/i, or) 
reaction Involving the pre-equilibrium exciton mo- 



FtO. 14. Comparison of the compound nucleus model 
(solid lines) and the pre-equilibrium exciton model com¬ 
bined with the quaai-deuteron model (dashed lines) with 
tile experimental “zr(y, a) cross section (closed polnu) 
and *'Zr(r,a^ cross section (open circles). 
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del, with a alight modification: 


( l »-2 ) 


x(/t^ - l)n „ . (19) 


Symbols in Eq. (19) are as follows: 

0 j(£) is the photon absorption cross section. 

*n„ and e are the reduced mass of the a particle 
and its kinetic energy in the exit channel. 

o^{f.) 18 the cross section for the inverse pro¬ 
cess: the absorption cross section for an a par¬ 
ticle with the kinetic energy f. 

gg and g(. are the single particle level density in 
the residual and target nucleus. 

fl and F are the excitation energy of the residual 
nucleus and that of the nucleus before decay. 

M is the exciton number in each stage of the cas¬ 
cade, which varies only by two units. 

n is the exciton number of the state at equilibri¬ 
um. 

M is the matrix element describing the transi¬ 
tion from a state with n excitons to the subsequent 
state with « +2. 

K° and KH are factors tor an a particle and a 
nucleon introducing the corrections due to charge 
conservation and assuming the ot particle to have 
a level density equal to g/4. 

tp Is the probability fur the nucleon in the intra¬ 
nuclear cascade to .strike a preformed or particle. 

The inverse cross .section Is repre.sented 

by the formula 

r 

= < 20 ) 

vdiere T,(e) is the transmission coefficient for an 
a particle with kinetic energy « and angular mo¬ 
mentum f. 

The following relations were also used*'-”: 


IMP = BA*’ (MeV-*), 

(21) 

^=8^ (MeV-), 

(22) 


da 




(24) 


An isotropic angular distribution was assumed 
here. The calculated result is shown in Fig. 

14 by a dashed line. It rises gradually with in¬ 
creasing excitation energy like the experimental 
result, although there is a slight difference in the 
absolute value. The value of L cannot be evaluated 
because the parameter <p in Eq. (19) is uncertain. 


V. SUMMARY AND CXINCLUSIONS 

The total {e,a) cross section for “Zr and the 
four cross sections for particular alpha energy 
intervals can be described assuming a broad bump 
of £1 or £2 cross section above 30 MeV in addi¬ 
tion to an £1 cross section in the GDR region. It 
is difficult to explain the (e, n) cross sections 
using £1 and £2 cross sections in the giant reso¬ 
nance region. The angular distribution of the 
(r,aio) cross section shows that the £2 component 
is not more than 1% of the £1 cross section at 
£^=17 MeV. The experiment using bremsstrah- 
lung plus electrons indicates that almost all a 
particles are emitted through £1 excitation. 

The angular distribution of a particles with 
high energies, which are associated with the 
cross section above 30 MeV, shows a forward 
peaking. This suggests that they should be emit¬ 
ted through earlier stages of the reaction than a 
compound nuclear process. 

The calculation using the pre-equilibrium exci¬ 
ton model combined with the quasi-deuteron mo¬ 
del gives a bump above 30 MeV like the experi¬ 
mental result. Some problems In the formula by 
Milazxo-Colli et al. used In this paper have been 
pointed out.” They have no serious influence on 
the calculation made in this paper. Very recently 
Flowers et al." and members of our group” have 
successfully compared high energy parts of a- 
particle spectra from the (e,a) reaction in several 
heavy nuclei with ones calculated by the method of 
Wu and Chang.’" Their results are consistent 
with the existence of the (y.o) cross section 
above 30 MeV. 

The cross sections in the giant resonance region, 
both {.Y,a„) and (v.ot), can be explained by the com¬ 
pound nucleus model. 


n=ViEgcV'^. 


(23) 
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The imponance of coiuidenag the defonnuioo of nuclei at high angular momenta in computing 
transmiakin coefllcienu for their decay is (he major to|Nc of (hit work. Ddbrmationi haied on the rotating 
liquid drop model were used to generate tranuniiaion coeflicienta venua compound nudeua angular 
momentum. The results were then used in a Hauser-Feshbncb code which included flsaion competition to 
assess the ultimate importance of deformation modified transmission coeflicients. It was found that for a 
broad range of prolate nuclei (superdefonned) the course of dcexcitation predicted changes totally from 
predominant fission to predominant a decay because of a new mechanism called a-decay amplification. The 
phase space relationships responsible for this new mechaniaro are presented. It is shown that this predicted 
new decay mode of superdefonned nuclei is consistent with a large body of existing experimental results, 
though more explicit experiments must be completed to confirm the new mechanism. 


Nl'CLEAB liEACTIONS Study effects on doexcltntton from cnlculatlng trana- 
mtsRlon coefficients for supordeformed **N1, *3^rb miclet formed by HI bom- 
liardmcnt. Coinpnre resulta with usual Hauser-Feahbach calculation aaaam- 
tng spherical nuclei. 


1. INTRODUCTION 

A large fraction of heavy ion reaction cross 
sections end up In evaporation residue (ER) and 
fissionllko products. Analysis of these reaction 
products often involves the statistical model in 
various degrees of sophistication (or lack thereof). 
The degree of agreement between theory and ex¬ 
periment is then interpreted as the reaction being, 
or not being, describable as decay of an equilib¬ 
rated compound nucleus. 

The flaw In this argument of course occurs if 
the model is used in an invalid form. Indeed the 
domain of application has been extended, almost 
without question, from a few tens of MeV of ex¬ 
citation and relatively low angular momenta, to 
excitations in excess of 100 MeV and angular 
momenta beyond the predicted limits of stability 
of the systems in question. Lack of agreement 
under these circumstances lor experimental re¬ 
sults versus model calculations may indicate 
more the inadequacy of the model input than 
difference in mechanism. 

In an earlier work we examined changes in 
input to the Hauser-Feshbach (HF) statistical 
an>roach which might result from relaxation of 
the Pauli principle due to high excitation energy, 
and also due to particle emission during the co¬ 
alescence and equilibration phases of heavy ion 
reactions.*'* In this work we investigate the 
Importance of considering the high deformation 
of nuclei at high angular momenta in calculating 
the transmission coefficients {T,) used as Input 

XI 


into statistical codes.* The transmission coef¬ 
ficients determine the accessible phase q>ace in 
the decay process, and can therefore have an 
exponential influence on final branching ratios. 

The nuclear shapes used will be based on the 
rotating liquid drop model (RLD).* They will 
therefore be of a global nature, and will not 
reflect variations due to shell structure; the 
latter provides a vast area for discussion on its 
own merit. The very prolate nuclei at high 
angular momenta will be shown to be dominated 
by alpha decay, rather than fission, as the prin¬ 
cipal initial deexcitation mode when the ground 
state deformations are recognized In the T, 
input. It will be shown that these results are 
consistent with many experimental observations, 
although definitive experiments remain to be 
done. 

A brief description of the computer code used 
will be given in Sec. U. The calculation of 
transmission coeflicients for spherical and de¬ 
formed nuclei will be discussed in Sec. m. In 
Sec. IV results of various sets of calculations will 
be presented, such that the predictions of de- 
excitatlon of superdefonned nuclei will be more 
fully understood and, in particular, bow these 
model predictions using 7| for deformed nuclei 
differ vastly from earlier predictions. Two gys- 
tems will be calculated for Illustrative purposes 
in order to show the mass dependence of deforma¬ 
tion effects. These will be, reflectively, the 
decay of **Ni at 172 MeV of excitation as formed 
by 214-MeV ‘*0 ions on “Ca, and *“Tb nnclei at 
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120 MeV ol excitation as formed by 230-MeV *Ar 
on ‘°*Ag. Conelualons will be presented in 
Sec. V. 


a DESCRDHION OF COMPUTER CODE 

The code used for the calculations to be pre¬ 
sented represents a minor modification ol the 
Hauser-Feshbach (HF) MBII code’; the new 
code has been named ALERT. The logic ol 
the code Is represented pictorlally In Fig. 1. 

The computer core is organized Into files cor¬ 
responding to a Chart-of-Nuclides-llke region 
beginning with the compound nucleus at some 
excitation energy £, and with a partial reaction 
cross section distribution o,. The subroutines 
used to provide input to the HF calculation will 
be described shortly. 

The ALERT code nuclides are each dimensioned 
100 A X 200 MeV with a mesh size 1 MeV by 1 K. 
Outgoing particles a) may hare energies to 
60 MeV and angular momenta to 00 K, also with 
1 MeV and 1 K mesh size. The gamma-ray com¬ 
petition with particle emission has been limited 
arbitrarily to IS MeV Shore the yrast energy at 
each value of the angular momentum and only 
dipole decay is considered. At present, an 
array 9 mass units wide by T Z units deep may be 
calculated (63 nuclides), although these dimen¬ 
sions could easily be extended. 

As is illustrated in Fig. 1, n, />, a, fission, 
and sometimes r-emisslon spectra are calcu¬ 
lated, and the residual nuclide differential 
cross section elements are stored In the appro¬ 
priate residual nuclide array. The particle 
emission spectra are also stored according to 
kinetic energy and angular momentum of the 


A-l A 



1. niustraHoo of logic of the Hauser-feshbaoh 
de Ai.EaT which was used in oaloulatlooa Is presentsd 
rein. The control ssquenoe and mesh sizes are dls- 
•aed In Sso. H. 


outgoing particles. 

When no farther particle emission or fission 
is possible from the compound nucleus, control 
transfers to the nucleus A-l, Z; this becomes the 
new compound nucleus, and the deezcltatlon cal¬ 
culation Is continued for as many of the 20000 
E-J points as may be populated and capable of 
further deexcitation. The calculation continues 
toA-2, etc., then to A-l, Z-1, A-2, Z-1, etc., 
until all nuclides In the array specified by data 
Input have had their population and deexcitation 
calculated. 

The code has been written to read transmission 
coefficients from either an intemally generated 
or separately generated files. Binding energies 
and Q values may be user supplied or Internally 
generated using the Myers-Swlateckl-Lysekil 
mass formula.’*'' Fission barriers and ground 
state rotational energies are generated using the 
RLD,'* with subroutines from the Welsskopf- 
type* code ALICE’; entrance channel T, are calcu¬ 
lated from the parabolic model routine from code 
ALICE.*’’ The angular momentum dependent level 
density was used in the form proposed by Lang,'"'" 

p(£, ^ (2.1 +1)£-* exp2{fl[£ - £„, (J)]}* 

( 1 ) 

Lang showed'* that this expression, which gives 
no level density below the yrast line. Is very 
much superior to the more commonly used ex¬ 
ponential cutoff factor formulation. This level 
density, Eq. (1), was used in the code ALERT 
to evaluate the equation 


Py{t,I)dc 


1.0 /.| /,,! 


(a) 


where symbols are defined in Table I. 


lU. CALCULATION OF TRANSMISSION 
COEFFICIENTS FOR SPHERICAL AND DEFORMED 
NUCLEI 

A. Spherical nuclei 

Standard global optical model parameter sets 
from the MBII code subroutines were used to 
generate T, sets for nuclei beginning with the 
compound nucleus (A, Z) and for nuclides 
(A-2, Z.1)-(A-10, Z-S).’-'* This was done for 
n, p, -and a particles at channel energies between 
0.1 and 50.1 MeV In 1-MeV Increments. Partial 
waves up to 60 X were permitted In the buffers 
chosen. Transmission coefficients were computed 
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T,. T,(€), TJ(c) 
PJi.Dik 
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rT„<f) 

"*K 

EK 


TABLE L Oeflnttloii of synsbola tiaed. 


Tranamlaalon coefficient; (or channel energy c; for 
particle type » and orbital angular momentum 1X. 

Probablll^ of emitting particle type v with channel 
energy ( to f*(U from compound nucleus of angular 
momentum L 

Intrlnetc spin of particle f. 

Compound nucleus exottatlon. 

Residual nucleus excitation. 

Residual nucleus angular momentum. 

Orbital angular momentum of captured or emitted particle. 

I>!vel density of nucleus at excitation energy V and 
angular momentum J. 

Level density parameter; value used In this work Is 
A/10 MeV'. 

Rotational energy of a nucleus with angular momentum J fg). 

Reduced maas, 

iDverse reaction erase section for particle v with channel 
energy <. 

Evaporation residue croas section. 

Evaporation residue. 


to values of 10‘“. 

Classical sharp cutoff parameters (SCO) were 
also selected to reproduce, as nearly as possible, 
the optical model results. The sharp cutoff model 
Ti values were defined by 


l„..=0.187(2p<)‘/*(« + 3.4/t^'‘) 

(3a) 

lor neutrons and 


= 0.187(2pt)‘'‘-'(l - K 

(3b) 

for protons and a particles, where 


r,(0 = l 

(4a) 

r,(c) = oif 

(4b) 

The radius R, is defined by 


R, = 1.2ll(A-A,)‘'^i-A,‘*l, 

(5a) 

and the potential by 


fi. + 1.6 

(5b) 


where K, = l.32 for a particles and 1.15 for pro¬ 
tons. A comparison between the SCO result and 
the optical model result Is shown in Fig. 2 for 
30-MeV a particles incident on “Fe. Results 
for neutrons and protons as calculated on the 
SCO are shown in Fig. 3. Symbols are defined 
In Table I. 

B. [Xrfonited nucM 

The rotating liquid drop model was used to 
estimate the maximum radius of the equilibrium 
deformed nucleus at various values of the angular 
momentum. Calculations were performed for 


each nucleus for / = 5fito/=95Ain 10 It Incre¬ 
ments. If the deformation exceeded the saddle 
point value, the saddle point result was taken. 
The latter procedure requires some discussion. 
First, calculation of input T, for nuclei with 
angular momenta beyond the RLD stability limit 
does not require that this regime be considered 
In any particular deexcitatton calculation. How¬ 
ever, if the Intrinsic excitation equilibration and 
particle emission decay rates are much greater 
than the rate of fission, such a calculation may 



FIG. Z. Compartsona of several sets of transmission 
coeffictenta calculated for 30-MeV a particles Incident 
on ^¥e. Solid lines sre for spherical systems, dashed 
lines for deformed systems. Rssults are shown for tbe 
SCO model and the optical model, plotted as T; vs 
partial wave (abaolsta). The deformed nucleus Is at 
55*. 
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FIG. 3. Comparlaon at T, (ordinate) for 3-MeV neu¬ 
trons and 15-MeV protons from “NI vs partial wave /. 
Results are from the SCO model (or spherical and de¬ 
formed (S6 K) nuclei. 


give valuable insights into the possible non- 
equlllbrium decs; modes. 

Two procedures were followed for generating 
sets of transmission coefficients for deformed 
nuclei. One of these involved an averaging over 
the surface of the spherlod Indicated by the RLD 
using the classical SCO s^iproxlmatlon; the other 
was an extreme model In which the optical model 
radius was modified to generate T , results ap¬ 
propriate for emission from the tips of the 
nuclei.’ 

In the classical SCO approximation the triaxlal 
shapes were replaced by ellipsoids of revolution 
having a major axis to spherical axis ratio as 
given by RLD (Fig. 10 of Ref. 4) and a minor axis 
defined to be volume conserving. The ellipsoids 
of revolution were defined by 


X* 



= 1 , 


( 6 ) 


where x is the symmetry axis and y is 90° to x. 

The potential of such a spheroid at any point 
on the surface is given by” 

^(x,y)=D-\Ax*-^:^, (t) 


where 





( 8 ) 




(9) 


^'2 !^c’[(1 -£’)-^- 

(10) 

ln[(l^ £)/(!-£)] 

^ 3c 

(11) 

and 


c=(l-a’/c’)**. 

(12) 


The eccentricity £ is real if a prolate spheroid 
and Imaginary If an oblate spheroid. 

The transmission coefficients were then defined 
as to the surface of the spheroids at 

increments in radius where the maximum radii 
R, of Eq. (5) were replaced by 

= (13) 

The symmetry axis was divided, between zero 
and R\ Into 50 increments. For each increment 
the surface area was approximated by 

AA,a«2»y^,, (14) 

where 

S, = [(3’i-J’...)’+(Av)’J^ (15) 

(and Ax = 0.02 c). The potential V, of Eq. (6) was 
replaced by calculated for (X|,))) of each 
segment according to Eq. (7). The variation of 
V{x,y) and R with x increment is shown In Fig. 4. 



FIG. 4. Comparison of radius (R/Rg) and potential 
(F/Vg) ratios of a deformed nucleus to those of a apher- 
ical nuoleoB (ordinate) versus position along the sym¬ 
metry axis (abscissa). The nucleus considered la 
'"Tb at SB ». 
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The T, values were then averaged over the surface 
area by 

4, '‘I 

where 5, = 1 ii l~ /„,» and 6, =0 If 

A comparison between the T, values calculated 
for a particles for a spherical and deformed 
nucleus via the SCO and optical models is shown 
In Fig, 2, A comparison of SCO model results 
for neutrons and protons for spherical and de¬ 
formed nuclei Is shown In Fig. 3. 

In Fig. 2, the deformed optical potential result 
Is shown for a particles. The optical model 
radii were modified by multiplying the radius 
parameter by for each value of f. The 

dlffuseness parameter was left unchanged. The 
ratio of Coulomb barriers at the tip of the de¬ 
formed nucleus to that at a point on the ground 
state spherical nucleus was computed via Eq. (7) 
and the charge of the optical model was altered 
to reproduce the calculated barrier height at the 
enlarged radius. This represents an extreme 
estimate of the effect to be expected from defor¬ 
mation. Comparisons between results using the 
SCO and optical model results might therefore 
give some indication as to whether results are 
very sensitive to the exact manner in which the 
T, are calculated, or only to the fact that the 
deformation is included in some fashion In de¬ 
termining the T, cutoff point. The point which 
needs to be accepted with caution is that we have 
computed the maximum T , based on the deforma¬ 
tion of the emitting nucleus. Tlie question as to 
whether emission of the particle at large I can 
couple to a residual nucleus of considerably 
lower deformation has been begged. We feel that 
this question may best be answered by experi¬ 
ment. 

The averaged SCO results may be seen to give 
T, values which begin to cut off at lower 1 than 
the nondeformed SCO. This reflects the lower 
radii at the “waist” of the highly deformed nu¬ 
clei. The averaged SCO results are generally 
lower than the extreme deformed optical re¬ 
sults, as expected. Yet It will be shown that re¬ 
sults are not terribly sensitive as to which T, 
set is used. The relative shapes and Coulomb 
barriers, as a function of angular momenta, are 
summarized in Figs. 5 and 6 for the two sample 
systems (”N1 and considered in this work. 

It may be seen In these figures that the super- 
deformed region is entered quite rapidly once 
the transition to prolate shapes is made, and that 
a considerable reaction cross section exists 
for superdeformed naelei with nonzero fission 
barriers. 



FIG. S. Rntio to spherlonl oF radii wd potential for 
‘*Ni nuclei versua angular momenta (abacisu). Values 
of R and V were calculated as shown by tbe small open 
and closed pointa. The shapes of some of the nuclei 
are shown superimposed on a spherical projection of 
tbe same volume nucleus. The oblate and prolate/ 
iriaxial regions nro indicated, as well as the valuee of 
the angular momentum for which the RLD predicts 
fission barriers of zero and S MeV. 



FtO. e. As in Pig. S for tba nuclena. 
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IV. RESULTS OF STATISTICAL DECAY 
CALCULATIONS FOR DEFORMED VERSUS 
SPHERICAL NUCLEI 

A. EJ phne coinpvlnm 

In order to appreciate resalts to be presented, 
It is worthwhile to examine the E-J space of the 
residual nuclei. This is shown In Figs. 7 and 8. 

The point ol compound nucleus excitation Is 
shown for each test system and IjNi) for a 

single value of the entrance channel angular 
momentum, In each case for a superdeformed 
nucleus. Residual V and J are considered for 
a particle emission. There is an energy re¬ 
quired for a binding energy and for the Coulomb 



FIQ. 7. The E va J epaoa for '*NI. The yraat line Is 
from BLD, The circle represents the compound nuc¬ 
leus ejocltatton (ordinate) for 214 MeV *'0 on ^'Ca, for a 
US t partial wave In the entrance ohamel. The solid 
line represents the loci of minimum residual angular 
momenta and excitation when 9 to 39 MeV a particles 
ere emitted, with T, from the spherical SCO model. 

The dashed curve represents the same for the deformed 
model. The effective excitation energies above 
the yrast line ore indicated for several Unettc energies. 
Triangles below the yrast lines contrast the differences 
In minimum and nievimme realdkiol excitations tor the 
Iwo seta (apherlosl and dsformsd) of caloulatlaBa. 



JIN 

FIG. 8. As In Fig. 7, for the nucleus formed by 
236-MeV **Ar+‘"Ag. 

barrier. For each value of the kinetic energy, 
there Is a maximum I value which the outgoing 
particle can use to couple to lower (or higher) 
angular momenta. The loci of coupled anti- 
parallel with I, are shown in Figs. 7 and 8, for the 
a kinetic energy range from the Coulomb barrier 
to 39 MeV. The loci are shown for the SCO model 
for both spherical and for deformed nuclei. The 
results of this figure using optical model T, 
values are essentially identical. 

The consequences of using deformed versus 
spherical transmission coefficients may be 
understood qualitatively by comparing the loci 
of minimum residual angular momenta for the 
two cases. The n and p channels (cl. Fig. 3) do 
not show such a large change in T| between 
spherical and deformed nuclei as do a particles, 
and deformation effects on fission rates are al¬ 
ready explicitly considered via the RLD saddle 
point energy. The main change In deexcitation 
properties results from the enhanced a emis¬ 
sion due to the much higher effective residual 
excitation accessible when deformation effects 
persist, as reflected in the nuclear level density 
lEq. (1)J. 

For the ‘**Tb case, the residual nucleus excl- 
tation range for emission of 9 to 39 HeV a 
particles Is 60 to 41 MeV for spherical T,, and 
74 to 59 MeV when deformed T, are considered. 
Since these energies enter the level densities 
(1) In an oqxmenttal way, a huge effect la to be 
expected. Aa a manyfold enhancement of a de¬ 
cay resalts, we refer to this as an a-decay 


ar’ 
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amplification. 

An even more dramatic, qualitatively different 
result obtains for the "N1 compound nucleus. 
Here the steepness of the yrast line permits the 
result that as the o-emission energy from the 
deformed nucleus goes from 8 to 39 MeV, the 
accessible residual excitation actually increases 
from 89 to 107 MeV. In contrast the excitation 
range decreases for the spherical case from 79 
to 75 MeV over the same range. From these 
numbers one can see that a decay is enhanced 
over results at lower angular momenta using 
spherical T„ but should be very strongly en¬ 
hanced for deformed versus spherical T, at 
high angular momenta. In this example an ad¬ 
ditional 30 MeV of residual excitation is available 
to the deformed system. The very large effect 
here might be called a superampllfication from 
superdeformed nuclei. We turn next to quanti¬ 
tative results of these qualitative considerations. 

B. Decay branrhinij ratkM «ikI amplificetiun facton 

Branching ratios for first chance particle em¬ 
ission and lor total fission deexcitation are sum¬ 
marized in Fig. 9 lor ■'“'Tb and in Fig. 10 lor 
“Nl. Hesults are compared for both spherical 
and deformed T,. 



w je w m n 

I IN 


FIG. 9. Calculated branching ratios for the dcexclta- 
tion of '“lb at 120 MeV of excitation versus initial an¬ 
gular momentum. The open circles near the abscissa 
represent the values of compound nucleus angular mo¬ 
menta for which results were calculated. Smooth curves 
were drawn through these points. Flssioo curves (y) 
represent total fission, whereas n, p, and a curves 
represent only first chance emission. Curves are tor 
spherical (solid lines) and deformed nuclei (dashed 
Unes). 



I IN 

FIG. 10. As in Fig. 9 tor decay of “Nl. 

In each case, nucleon emission exceeds other 
decay modes at low angular momenta. Consider 
the "spherical" T, emission as angular momentum 
increases. The or-emisslon probability Initially 
increases with Increasing 1, as expected. Per¬ 
haps less anticipated Is the subsequent decrease 
as angular momentum increases further. It may 
be seen that this Is a consequence of the rapid 
increase In the ftssion width with Increasing /. 

It illustrates as a side point the importance of 
including the fission channel in HI deexcitation 
calculations, e.g., to compute residual angular 
momentum distributions. At higher excitations, 
fission completely dominates the deexcitation. 
There should be no evaporation residues accord¬ 
ing to the spherical T, calculation. 

Next compare the branching ratios when T, of 
deformed nuclei are used (the SCHO model results 
were used in preparing Figs. 9 and 10). In both 
these cases the additional phase space available 
for a decay causes a huge Increase in its emis¬ 
sion rate such that this mode totally dominates 
the decay process; total fission drops to around 
1% for *^1 at 55 It, down from 74%, and to 10% 
for ‘■•'Tt), down from 97%. The full liquid drop 
fission barriers were used in all the calcula¬ 
tions, and Of/a, = 1.0 was assumed. 

Numerical results of Figs. 9 and 10, with ad¬ 
ditional information, are summarized in Tables 
n and m. Results for deexcltatlon are 
summarized In Table IV for Ti computed with the 
optical model as described in Sec, W.* In par¬ 
ticular it Is of Interest to compute the a-decay 
amplification factor due to deformation. This 
amplification effect may be expressed in a 
quantitative fashion If It is assumed that the change 
In B and p deci^ rates due to using T| eharae- 
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TABLE n. Sommary of t|Mi decay at 173-MeV excitation nalng aharp cutoff tranamlaalon 
ooefflclaiita for apberioal and deformed nuclei. 


apherlol__ Deformed 


w 

S 

35 

45 

55 

5 

35 

45 

55 

<rtj) 

4.1 

26.7 

34.2 

41.7 

4.1 

26.7 

34.2 

41.7 


OJO 

0.21 

0£0 

0.22 


0.21 

0.056 

0.018 

fp 

0.B0 

0.36 

0J7 

0.44 


0.33 

0.11 

0.042 

fu 

0.21 

0.43 

0.40 

0.17 


0.46 

0.82 

0.93 

//" 

0 

0.0036 

0.035 

0.17 


0.003 

0.007 

0.009 

ft tots” 


0.006 

0.094 

0.74 


0i)0B 

0.008 

0.010 

Amplification 
for a decay 






1.13 

6.8 

65 

“ (mp) (MeV) 

13 

18 

20 

13 

13 

19 

28 

36 

(Je> (»)• 


28.6 

36.4 

49.7 


26.2 

25.4 

24.5 

W ct)' 

8.6 

32.7 

43.1 

53.7 

5.6 

32.5 

41.5 

51.9 


‘Fraction decay by neutron channel. 

^Flrat chance flaelon fraction. 

‘Total flaaion fraction with multiple emlaalon. 

''Moet probable kinetic energy. 

‘Average final angular momentum foUovlng emlasion of one a particle. 
‘Average final angular momentum following emiaeion of one netitron. 


terlatlc of deformed rather than spherical nuclei 
la negligible. One can then represent the frac¬ 
tional a decay from spherical or deformed nuclei 
aa/a and/I, respectively; the rates of or decay 
as and flj, and the rate of m, p, and fission 
decay by R. The fraction of a decay from spheri¬ 
cal and deformed nuclei can then be represented 


as 


/ 


< _ 

Cl 


i =s OT d. 


(17) 


Then the amplification factor A, defined as the 
ratio of a-decay rates for the deformed versus 
spherical system Is given by 


TABLE in. aummsry of ttlb decay at 120-MeV excitation using transmission coefflclents for spherical and deformed 
nuclei oaleulated in the sharp cutoff approximation, liquid drop barriers were used. 


Spherical Deformed 


m 

5 

65 

75 

85 

95 

65 

75 

85 

95 

(7(0 

1.43 

17.0 

19.6 

22.2 

24.8 

17.0 

19.6 

22.2 

24.8 

/. 

0.70 

0.65 

0.69 

0.50 

0.44 

0.62 

0.43 

0.090 

0.11 

fp 

oa2 

0.079 

0.064 

0.06 

0.040 

0.075 

0.051 

0.0135 

0.017 

4 

0.18 

0.26 

0.25 

0.13 

0.077 

0.29 

0.45 

0.86 

0.80 

't 

0 

0.009 

0.097 

0.320 

0.44 

0.000 

0.064 

0.040 

0.074 


0 

0.068 

0.52 

0.93 

0.97 

0.049 

0.52 

0.090 

0.165 

Ampllfloatlon 
for a decay 






1.16 

2.4 

41 

48 

*.(mp) 

18 

18 

18 

18 

18 

21 

21 

23 

24 

<4) 91) 

7.0 

68.8 

68.0 

79.7 

97.4 

58.4 

64.2 

56.9 

65.6 

<4> It) 

B.7 

USA 

73A 

84.3 

93.8 

83.2 

73.0 

83.1 

92.8 
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TABLE IV. nummary of ‘J{Tb decay at 120-MeV excittdloa using transmission ooe fl Iol m i t B for spharloal and do- 
formad nuclei calculated using the nuclear optical model. 



5* 

65 

75 

86 

95 

SB 

65 

76 

86 

96 

19) 


.Spherical nuclei 



Beformed nuclei 


off) (mb) 


17.0 

19.G 

22.2 

24.8 

14,4 

17.0 

19.6 

22.2 

243 

/- 

o.ri3 

0.40 

0.33 

0.23 

0.19 

0.53 

0.45 

0.21 

0.037 

0.062 

f. 

0.11 

0.065 

0.040 

0.025 

0.020 

0.084 

0.085 

0.033 

0.000 

0.016 


0.25 

0.31 

0.23 

0.10 

0.058 

0.35 

0J7 

0.62 

0.92 

038 

0" 

0.00)4 

0.139 

0.40 

0.64 

0.73 

0.038 

oa2 

0.14 

0.032 

0.066 

tf total 

0,0014 

0.56 

0.«7 

0.97 

0.99 

0.17 

0.46 

0.46 

0.38 

0.47 

Ainpllflcatioo 
for a decay 







1.3 

7.4 

104 

120 

f„{mp) (MeV) 

21 

21 

21 

20 

19 

21 

21 

21 

23 

24 

' (mpl 9) 


.•is 

66 

60 

92 

49 

58 

63 

63 

67 


'This cohimn Is characteristic of spherical nuclei at zero angular momentum; column 6 for S5 A should be approxi¬ 


mately characteristic of sfiherical systems os welt, since deformations ore not large at 55 A. 
" Liquid drop flsalon barriers reduced by 40% were used with a//a.,> 1.03. 

'Most proliablc residual angular momentum following the emission of one a particle. 


A jSk “/.»} (18) 

(t may be seen in Table 11 (and III) that the a 
amplification for *^1 (•'"Tb) starts to become 
significant above 35 k (65 A), exceeding a factor of 
85 (40) by 55 h (85 ft). 

The phase space increase may be .seen to cause 
such on amplification in a-cmlssion rate that the 
predicted fission late of the high 1 compound nuclei 
Is highly suppressed. Furthermore, following the 
dominant o-decay mode in the first step of de- 
eacitation, the residual nuclei are .it very much 
lower J than would have been expected. This 
means that nuclei formed near (and perhaps 
beyond) the barrier disappearance point could a 
decay to a nuclide having a significant fission 
barrier. This nuclide might in turn undergo 
fission or deexcltc to an KR by further particle 
emissioo. 

Some comparisons might be made at this point 
to some relevant but probably inconclusive ex¬ 
perimental results. Vigdor ef al. have measured 
the ER excitation function for “O e'^a at ener¬ 
gies up to and including 214 MeV.*< They report 
ER yields implying = 54 k, with an estimate 
of *4% fusion cross section being attributable 
to fission. This is consistent with the calcula¬ 
tion using T| for deformed nuclei, inconsistent 
with the result using spherical T, values. 

Additional comparisons are to be found in ex¬ 
perimental results published by Britt et 
One set involves the syirtem ^’Ar “"Ag at Incident 


■“Ar energies of 169 to 3S7 MeV (lab).” Evapor¬ 
ation residue and flsslonlllce excitation functions 
were measured. The sum of llsslonllke and ER 
cross sections imply fusion angular momenta 
beyond the liquid drop limit. This could have sev¬ 
eral Interpretations. One of these is that the 
flsslonllke yields measured (and reported to have 
some ambiguity of interpretation) are from a 
noncompound mechanism. Another Is that the 
predicted Initial a decay takes place, leaving a 
residual nucleus with finite fission barrier which 
then undergoes fission. This is very speculative 
on such weak evidence of coarse; more direct 
experiments are suggested. 

Additional evidence—still not ccmclusive—Is to 
be found In yet another result of Britt ef al.'-* 
reproduced as Fig. 11 herein, with the kind per¬ 
mission of the authors. In Fig. 11 the de¬ 
termined from r-ray multiplicity measurements 
is shown as a function of excitation energy. The 
systems included are “Ar + ^Sn, “Kr+''^e. 

This curve seems to flatten at around 65 H, This 
could result from the fission limit, except that 
the results Imply yet higher I limits. (The 
latter also include points from **Kr and Cu and 
“Ar + “*Sb.) This may also be seen In the 
from ER measurements in Fig. 11. They clearly 
extend beyond the survival range expected for I, 
when deexcltatlon fission competition Is inclnded 
In the decay calculation. Both sets of results are 
coaslatent with deexcUation by a amplification at 
high angular momenta. The residual angular 
momenta are seen to limit ttfomid 65 K following 








21 


DECAY OF DEFORMED AND S U PE R D E FO R M E D NUCLEI FORMED... 


J779 



0 I_1-1-1- 1 -1 

0 so 100 150 200 2SO 

Excitation energy IMeV) 


FIG. 11. Maximum angular momenta deduced from 
y-ray multiplicity and evaporation residue excitation 
{unction meaauremcnta. These curves are reproduced 
from Ref. 15 with permission of the authors. This 
figure la discussed In Sec. IV. 

emission of the first a particle (TsUiles in and 
IV) from the superdeformed region consistent 
with the y-ray multiplicity results. This would 
also stabilize the residues against subsequent 
fission, consistent with the higher deduced 
from the results (since the latter are Inferred 
from the cross sections surviving fission de- 
excltatlon, whereas the y-ray multiplicity Is a 
measure of the actual anguliur momentum of the 
evaporation residues following particle emission). 

Another result consistent with the change In 
deexcitation to be expected by consideration of 
deformation Is found In product yield measure¬ 
ments. Plasil et al." (and others as well) have 
fwind in measuring the nuelldle yields of evapor¬ 
ation residues, that more charged particles are 


apparently emitted than are predicted by ordinary 
eviqioratlon theory. As Figs. 9 and 10 Indicate, 
the snperdeformatlon should enhance the charged 
particle emission substantially. This represents 
yet another observation consistent with the pro¬ 
posed new mechanism, yet still is inconclusive. 

C. Kinetic eneigy qMctra 

Ibe Influence of superdeformation on the a 
kinetic energy qiectra Is shown in Tables n 
and IV and in Figs. 12 and 13. The most probable 
energies are summarized In the tables. For 
‘**Tb, spherical T| calculations predict a rea¬ 
sonably Invariant most probable kinetic energy 
withi, whereas deformed T, values predict some 
Increase at the higher 1 values. For the case 
of “Nl, the spherical T, results predict most 
probable kinetic energies of 13-20 MeV for 
1 =0 to 45 A, then decreasing to 13 MeV. For the 
deformed case, the most probable energy con¬ 
tinued to Increase roonotonlcally to 36 MeV at 
55 A. This represents nearly a factor of 2 
increase in peak kinetic energy over the spherical 
result. It may be seen In Fig. 13 that the super- 
amplified a particles from ’*N1 are expected to 
extend with reasonable cross sections to energies 
up to 60 MeV from a purely evaporation, non- 
precompound mechanism. This represents a 
rather surprising change from results of all 
earlier calculations for which spherical T| values 
were used. 

The high energy a particles arc predicted to set 
in rather sharply in ’*N1 beyond 35 A as the super- 
deformed region is populated (see also Figs. 5 and 
16). Vlgdor et al." measured ER angular distribu¬ 
tions at a series of bombarding energies. They 
observe a bulge and extension to relatively high 
recoil angles at bombarding energies where the 
predicted superdeformed region Is populated. 
Kinematic calculations show that the emission of 
one or two energetic a particles or a *Be emis¬ 
sion could well explain this bulge. The deformed 
nucleus calculation would predict large *Be emis¬ 
sion cross sections, whereas the spherical case 
would DOt. A coincidence experiment Is presently 
being pursued by the Livermore heavy Ion group 
to measure the spectrum of the light particles 
emitted In coincidence with the heavy fragment. 

D. Multiple partklr eniiuian pattenn 

It is of some Interest to see how the total de- 
excltattOQ pattern varies for the various T, 

Inputs under discussion. Figures 14-17 Indicate 
the particle emission cross secUoos for deexcUa- 
tlon by the n, p, a, and fission channels for a 
'*N1 compound nucleus Initially populated at S5A. 

The results are shown using SCO T, values fOr 

-W 
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FIG. 12. First chance a spectra calculated for decay 
of '^^n> foi different entrance channel antpilar mo¬ 
menta. The moat probable kinetic energies are shown 
by each spectrum. All spectra are computed using T, 
for deformed nuclei using the SCO model, oaoept for 
the lower curve for /» 95 A, for which spherical nucleus 
7*1 (SCO) were used. 

both spherical and deformed nuclei. Results are 
also shown using optical model T , for spherical 
nuclei, and the optical model tip emission assump¬ 
tion for deformed nuclei. In Fig. 18 a result is 
shown at 45 K using the SCO for deformed nuclei. 

For both sets of spherical Tt (SCO Fig. 14 and 
tqiAlcal model Fig. IS) very similar deeacltatlon 
patterns are predicted. In each case, first chance 
fission Is comparable to all other decay channels. 




. uwn 


FIG. 13. First chance a spectra calculated tor decay 
of at 172-MoV excitation using spherical and de¬ 
formed SCO transmission coefficients. The compound 
nucleus angular momentum for which each spectrum 
was computed le shown by the spectrum. 

as Is a decay. In both cases fission accounts for 
75% of the decxcitation when multiple particle 
emission is considered. Nucleon emission is In 
both cases the dominant overall nonfission mode 
of deexcitation. 

Next consider the two sets of results (Figs. 16 
and 17) using deformed T, values. In each case 
total fission falls to below 0.5% for first chance 
fission, and below 1% over all channels, Inde¬ 
pendent of the T, set used. In each case, first 
chance a decay accounts for at least 95% of the 
decay. And In each case, second and third alpha 
particles are of the same order of magnitude 
as nucleon emission. The similarities of results 
from the two sets of calculations with deformed 
nuclei again emphasize that the a-decay amplifi¬ 
cation is not strongly dependent on how the T, 
are calculated, but rather reeult from recogniz¬ 
ing that the deformation and large radii do exist, 
and that this allows some high partial waves for 
the emitted a particles. Figure 18 shows that the 
a amplification and fission suppression persist 
Strongly at 45 ft, as Is shown by reference to 
Table n. 

V. CONCLUSIONS 

We hare stressed tbat the RLO which seems to 
prt^rly and semlquantltatlvely predict the dlB- 
appeorance of the fiaslon barrier with high angular 
momenta, also predicts very high equUlbrtnm de¬ 
formations for rotating nuclei in their ground 
states. We further show that conslderatloa of this 
deformation makea substantial changes in trans- 
missioo coefficients for particle emission, par¬ 
ticularly for a particles. 
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FIO. 14. Reproaentation of branching for multiple 
particle omlaalon from ®Ni at S5 K and 172 MeV of ex¬ 
citation. The particle reaction cross section of 42 mb 
divides as shown by the histograms. Approximate emis¬ 
sion cross sections from various nuclides are shown 
above the histograms. The shaded bar graphs of the 
lower portion of the figure indicate that 31 of 42 mb are 
calculated as going Into fission for this example, using 
T, calculated with 8CO for spherical nuclei. 

Since residual excitation has an exponential in¬ 
fluence on level densities, the predicted change in 
T, values for deformed nuclei leads to a strong 
amplification of a decay. This in turn can totally 
alter the predicted course of decxcttatlon at high 
angular momenta from almost pure fission to 
almost pure a decay, and can quantitatively alter 
the cross section and J distribution of ER products 
surviving fission. 

Many of the predicted changes expected In 
statistical deexcltatlon due to including deforma¬ 
tion effects are consistent with a broad body of 
experimental evidence. Many experiments which 
might more directly verify the model predictions 
are Implicitly suggested, and some of these are 
underway. Since the deformation of nuclei at high 
angular momenta has been verified by a huge body 
ot evidence, it is not so reasonable to ask for a 


N 

a 2« 27 a 



FIG. l.l. As In Fig. 14, but calculated using T, cal¬ 
culated with the spherical optical model. 

Justification of the model presented herein, as for 
all the previous calculations using T, computed 
for spherical nuclei. While decay channels for 
larger clusters have not yet been explicitly In¬ 
cluded in these model calculations, It Is clear 
that heavier cluster emission will also be very 
much favored by the phase space considerations 

M 


M » 3» 27 a* 



FIG. 16. Ab In Fin. ^4, but calculated using SCO 
deformed nucleus Tj values. Note the virtual disap¬ 
pearance of fission and dominance of a emission. 
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FIG. 17. As in Fig. M, but calculated using the T, 
resulting froin the deformed optical model. 

of superdeformed nucleus decay. Thus, a more 
general new mechanism of cluster emission 
amplification la predicted. 

As there Is evidence for a rapid energy equi¬ 
libration in the entrance channel of heavy ton 
reactions,^' the phase space considerations 
stressed herein may also prove valuable In ad¬ 
dressing deexcitation of interacting heavy ion 
target systems prior to the attainment ol equl- 
llbriura, i.e., for various possible precompound 
modes of deexcitation. We feel that this model, 
and the predicted new mechanism of m-dccay 
amplification from superdeformed nuclei, merits 


N 



FIG. 18. Ab in Fig. 14 but for a “N1 compound nuc¬ 
leus at 45 A. 


further testing and exploration, as It is potentially 
important In understanding HI reaction 
mechanlsras. 
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The cnci eectfcm Ibr the pfXKtactioa at 99 dOercot target fiagmmtt from leactkni ofS.O GeV **Ne with 
'**Ta and '**Au were meaiured. The target fraament radioactivitiee were measured by oiT-hne ganuna'ray 
•pectraeoopy. Details of the measuicment ss well as the calculation of the independent iiotapic produciion 
cross s ectiom and the intagrated mats yields are given. Compatisons of these data to previously reported 
data for proton induced reaetkna ahow that the target residue production cross Kctions scale with the total 
prpiectile kinetic energy, not velocity. The total cross section for residue productiem indicates that some 
products result horn coHiskmi with significant overlap of the central densities of the two nuclei, in contrast 
to results obtained with low mass targets. Comparisons of the date with a Monte Carlo cascade calculation 
and an abrasion-ablation caleolatian verify the importance of ground state correlations of the neutrons and 
protons on the fragmentation isotopic cross aectiona. 


NUCLEAR HEACTIOTS ‘"Tn(”Ne, apallatton), '"Au (*Ne, npaUatton), E 
> 8.0 QeV; meanured radionuclide production cross sections and isobarlc 
yields; comparison to proton Induced spallation of "’Tb and '**Au; comparison 
to sdiraslon-ablatlon and Monte Carlo cascade models for residue production; 
Qe(Li) spectroscopy, radioanalytlcal mass and charge distributions; relatlvls- 
tic heavy ion nuclear reactions. 


I. INTRODUCTION 

Currently the highest kinetic energy available 
for the laboratory study of heavy ion Induced re¬ 
actions is 2.1,4 GeV.‘ Reactions induced by these 
heavy ions were thought to hold great promise for 
the observation of many exotic collective phenom¬ 
ena not observable in proton Induced reactions.‘ 

A large body of data now exists from the study of 
25 GeV ions Interacting with targets ranging 
from hydrogen to uranium.*'° Both radiochemical 
and on-line counter techniques have been success¬ 
fully employed in these studies. The experimental 
observables have been found to separate into three 
major categories according to the rapidity of the 
products; projectile fragments tightly correlated 
with the beam rapidity’ from large Impact param¬ 
eter peripheral collisions, light products, such as 
protons, alphas, and pi mesons, moving with 
intermediate rapidities and showing evidence of 
thermallzation* from central collisions, and large 
target residues that do not escape the target ma¬ 
terials and thus have low rapidities*'’ from pe¬ 
ripheral and near central collisions. These stud¬ 
ies have shown no evidence for the predicted exotic 
phenomena that spurred them on, and now the sug¬ 
gestion is that still higher energies are necessary 
for the observation of such phenomena.* Such en¬ 
ergies are not presently available; however, maiQi 
facets of the reaction mechanisms at the currently 
available heavy Ion energies are not well known. 
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And so. attention is now being turned toward 
understanding the relationship of heavy ion re¬ 
actions at a few GeV per nucleon to the well ex¬ 
plored fields of low energy heavy ion reactions 
and relativistic proton induced reactions. 

The previous studies of relativistic heavy ion 
(RHI) induced reactions have shown the produc¬ 
tion, in large amounts, of "heavy" target resi¬ 
dues.*'These residues range in mass from 
essentially that of the target down to a few selected 
light nuclei observable with the radiochemical 
methods employed, e.g., 'Be, ’*Na. The residue 
production cross section has been found to be ~70% 
of the geometrical reaction cross section for both 
low and high mass targets. An important aspect 
of these studies will be to determine if the number 
of central collisions, i.e., collisions resulting in 
the complete annihilation of the target nucleus, is 
dependent on the projectile velocity. Due to the 
extreme velocity of the RHI projectiles the total 
reaction cross section does not vary significantly 
over this energy region. Up to the present only 
one study of target residue production in RHI re¬ 
actions at an energy lower than 2.1 GeV/nucleon 
has been reported," that for the reaction of 280 
MeV/nucleon "N with copper. However, only rel¬ 
ative yields for target residue products were re¬ 
ported tor this system. Thus, the assumption at 
straight line trajectories that forms the basis of 
the fireball* and flrestreak" models remains un¬ 
tested over a wide energy region of its assumed 
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A Becond question of basic interest in ftm 
duced reactions is how such reactions compare 
with relativistic proton induced reactions, ft has 
become common when discussing; the projecttle- 
like and intermediate products from RHl induced 
reactions to describe the experiments in terms of 
the projectile velocity (i.e., 2.1 GeV/nucleon, 
etc.).’''*''’ Relative yield measurements by Cum- 
ming et have shown that the target residue 
isotope production cross sections for the interac¬ 
tion of 3.9 GeV “N and 25.2 GeV with copper 
targets compare most favorably with isotope pro¬ 
duction cross sections trom reactions induced by 
protons of equivalent total kinetic energy. How¬ 
ever, another study by Gumming el showed 
that the target residue isotope production cross 
sections from the reaction of 80 GeV '“’Ar with 
capper also compared very favorably with those 
from the reaction of 28 GeV protons with copper. 

In view of the observed difference between 25 GeV 
‘*C induced reactions on high mass (Ref. 8) (“‘U) 
and low mass (Ref. 5) (Cu) targets and the larger 
volume to surface ratio in high mass targets, we 
felt it was important to study the relative impor¬ 
tance of projectile velocity and total kinetic energy 
in RHI interactions with heavy nuclei. A particu¬ 
larly good target nucleus for this comparison is 
““Ta. Previous studies of the reaction of 340 MeV 
protons with ‘"‘Ta by Nervik and Seaborg,'" and the 
reaction of 5.7 GeV protons with ‘"'Ta by Grover*" 



FIG. 1. Largo dlfCoroncea Id tbc product mass yield 
o (A) obtained as a function of Incident proton energy 
are shown by the work of Nervtk and deaborg <Bef. 14) 
<340 MeV) and Giwer (Ref. 15) (6.7 GeV). 
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showed large dlf/erences between the product 

mass distributions for these two reactions (see 

Fig. 1). The comparison between the mass dis¬ 
tribution from the reaction oi 8 GeV *lNe with 
”*Ta with these distributions should allow differ¬ 
entiation between the velocity and total energy de¬ 
pendence of RHi induced reactions with a *"‘Ta 
target. 

In this paper we report the study of the reaction 
of 400 MeV/A "^e projectiles (8.0 GeV total kin¬ 
etic energy) with ““Ta and ‘"Au targets. As dis¬ 
cussed above the choice of this projectile and en¬ 
ergy allows us to make the comparison with the 
earlier studies of the proton Induced reactions 
and also allows us to study the Interaction of RHI 
at an energy lower than the previously reported 
studies. In Sec. U we present the details of the 
experimental procedure used in this work and in 
Sec. Ill we present the results. The results are 
compared to abrasion-ablation model calcula- 
tions**'** from which we are able to draw con¬ 
clusions on the ability to observe the predicted 
ground state correlations of nuclear matter.**’** 
Part of this work was published previously in a 
preliminary form.® 

II. EXTERIMENTAL 
A. Croat KClion nieraunn.nl 

As in previously reported radioanalytical mea¬ 
surements of the target residue products from 
RHI reactions,'•** these products are observed 
through gamma-ray spectroscopy of the target 
materials subsequent to the irradiation. A de¬ 
tailed review of the reproducibility and sources 
of error in sucb measurements has been made by 
Orth et al.,^ and the considerations of Gumming** 
for proton Induced reactions certainly apply here. 
The “"Au targets consisted of two foils, 12.5 cm 
by 10.2 cm each, with thicknesses of 49.3 mg/cm* 
and 242.0 mg/cm*, each surrounded by 6,6 mg/ 
cm* A1 catcher foils. These two targets, differ¬ 
ing by a factor of approximately 5 in thickness, 
allowed us to evaluate the contribution from sec¬ 
ondary particle induced reactions to the RHI reac¬ 
tion products. The ‘"*Ta target consisted of a sin¬ 
gle foil, 13.6 cm by 10.2 cm, of thickness 154.1 
mg/cm*, also surrounded by 6.6 tng/cm* A1 foils. 
An external beam of **Ne was delivered to a 1 m 
air gap by the BEVALAC at the Lawrence Berkeley 
Laboratory. Two separate irradiations were per¬ 
formed, one of the gold foils and one of the tanta¬ 
lum folL The average beam fluxes and durations 
of these irradiations are given in Table L The 
beam intensity was monitored on a pulse by pulse 
basis with an Ar-CO, ion chamber (80% Ar, 20% 
CO,) that was developed and calibrated for use at 
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TABLE I. ImdUtlon oandlttaoB, taigal thtckneea, ud awroxlinate vataies ot the beam de. 
gradation by the target folia. 


Target 

FoU 

thtokness 

(mg/oml) 

Average flux 
(perUcles/mln) 

Length of 
bombardment 
(min) 

Energy loss 
in target 

MeV (percent) 

Niiclear reaction 
attenustlon 

Au-I 

au-h 

Tl 

49J 

242.0 

154.1 

7 J.9 X10* 

1.64 xio*’ 

612 

247 

<15(<0.2) 

<60(<0.7) 

<40(<0.5) 

-0.9994 

-0.997 

-0.998 


the BEVALAC facility.’’ In order to check the re¬ 
producibility of the ion chamber calibration and 
to facilitate absolute normalization of the calibra¬ 
tion, aluminum monitor foils were Irradiated in 
series with the primary target foils and the ion¬ 
ization chamber. These aluminum monitor foils 
were 20.3 mg/cm’ thick and were surrounded by 
5.6 mg/cm’ Mylar catcher foils. A schematic 
diagram of the arrangement of the target foils, 
monitor foils, and ion chamber in the air gap ir¬ 
radiation facility is shown in Fig. 2. The beam 
enters from the left and passes through the ion 
chamber, the primary target materials, and then 
through the A1 monitor foil. Approximately 30 m 
ahead of the targets the beam is bent -5" clock¬ 
wise and approximately 2 m ahead of the targets 
it is bent ~10° further clockwise to remove con¬ 
taminants from the beam. 

Approximate values for the energy loss of the 
8.0 GeV ’°Me beam in each of the primary targets 
are given in Table I. The ”Ne‘“* ions are near 
minimum ionizing at this energy” and approximate 
values of the energy loss can be obtained from the 
Bethe formula.**'“ As one can see from Table 1 
the energy lost by the “Ne beam in all the targets 
is quite small and for the purposes of this work 



6cm 8cm 


Al 

8 cm 

FIO. 2. A aohematlc diagram of the target arrange¬ 
ment used in the bombardment with ”lie projeotiles 
at the BEVALAC U shown. 


can be ignored. Estimates of the attenuation of 
the beam by nuclear reactions are also given in 
Table L These values of 0'/*, the emergent flux 
divided by the incident flux, were calculated from 
the total reaction cross sections of Heckman el 
al.^ Again, these estimates show that the beam 
is only slightly degraded by passage through the 
target materials, and therefore nuclear attenua¬ 
tion of the beam also can be ignored. 

Gamma-ray spectrometric measurements were 
made with a single Ge(Li) detector on ~5-10 cm’ 
area pieces cut from the irradiated target foils, 
which were centered on the beam spot. These 
measurements began 20 min after the end of bom¬ 
bardment (EOB) tor the gold targets, 14 h after 
EOB for the tantalum target, and continued essen¬ 
tially uninterrupted fur ~40 d. The irradiated tar¬ 
get materials provided strong radioactive sources 
which allowed measurement in low geometries 
where gamma-gamma summing losses had been 
measured to be small.” The identification of the 
product radioactivities and the calculation ol their 
production cross sections has been described in 
detail elsewhere” and will only be described brief¬ 
ly here. After the gamma-ray measurements were 
completed the spectra were analyzed with an auto¬ 
matic version of SAMPO.”*”* This code performs 
a peak find, a peak fit, and then an energy calcu¬ 
lation and a full energy peak efficiency correction 
for each spectrum. Decay curves are then auto¬ 
matically constructed with the sorting routine 
TAUl. These decay curves are then identified 
interactively by their gamma-ray energy and half- 
life with the code TAU 2. Multiple assignments are 
made to the decay curves at this point if the as¬ 
signment based on the combination of half-lUe and 
gamma-ray energy is ambiguous. Off line, all the 
assignments are screened to remove multiple as¬ 
signments and ensure that the gamma rays tor 
each isotope were observed with the proper abun¬ 
dances (i.e., no transition stronger than the ob¬ 
served transition can be missing). The cross sec¬ 
tion is then calculated from the statistically 
weighted average of the observed gamma-ray 
transitions for each Isotope. 
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TABLE U. Cro0a seotloaa <la mb) obaarFad la tbla work. 


Targat 

Nuclide Type- 49J mgW Au 242 mg/cm* Au IM mg/can’ Ta 


'*MK 




*'K 
«Sc 
“Sc* 
“sc 
**Sc 
■■'V 
Cr 
“Mn 
“Mn 
“Co 
"Fe 
"‘Ha 
'"Cla 
’Ab 


7B., 


■Se 

"Br 

“Bb” 

"Hb 

“Hb 

My 

«Zr 

lUy 


“•Sb" 

*^*T<*"* 

la^e 




IK' 


Xv 


■“Xe 

'”Xe 

'“Ba 

‘“Cb 

'’‘Ce 

»«Eu 

WTjgu 

«’Gd 

‘**Gd 


C 

7 

/ 

/ 

7 

7 

r 

c 

c 

I 

7 

C 

C 

C 

C 

c 

7 

C 

7 

c 

7 

C 

I 

c 

c 

c 


I 

c 

c 

r 

c 

c 

c 

c 

c 

c 

c 

c 

7 

c 

c 

c 

c 

c 


7.5 k 2.0 


2.8 i. 0.4 


C.7 t 0.6 
3.G ± 2.0 
S.2 1 0.9 


>. 1.4 



c 


“Y 

c 


*"2r 

c 


*»Zr 

c 

8.3 ± 0.8 

"Nl) 

c 

7.2 i 0.7 

“Nb" 

/ 


“Mo" 

/ 

4.1 f 0.4 


c 


•“Tc 

/ 


«1{U 

r 

4,0 t 0,3 

‘"Rh’' 

c 

6.1 ± 0.8 

"“ak 

C’ 


‘“Ag" 

/ 


"'[n” 

<' 


'“to 

c 



S.S t 0.5 

9.1 ^ 1.1 

20.4 7 1,0 

10.1 t 1,6 

12.1 .. 2.4 


9.04 *■ 0.9 
1.9 ± 1.B 

9J 1 O.B 
2B ± 0.1 
3.1 t 03 


9.0 ± IJ 

6.7 ±1.4 

2.8 t 03 

7.0 ±1.4 
7.6 ± 1.2 


6.4 ± 0.4 

4.3 ± OB 

6.4 * 03 
8.B t 13 
4.1 ± 03 


8.1 t 0,8 

5.4 t 0.5 

7.7 ±0.7 

9.2 ±0.9 

6.7 ±0.7 
l.G X 0.1 

9.0 > 1.2 

3.6 ± 13 

4.4 ± 03 

5.6 X 3.0 
3.9 ± 1.2 

5.3 ± 03 

8.6 t 03 


10.6 t 23 

7.2 ± 0.7 
83 ± 0.7 

7.7 ±0.7 


19.5 t 2,4 
2.5 ±0.9 


22.7 ± 33 


6.7 ± 0.75 

7.4 t 0.7 

3.2 ± 03 
14.8 ± 3.2 

2.4 ± 0.4 
3.1 ± 03 
6.9 ± 23 
1.68 ± 0.11 

10.6 ± XA 

8.7 ± 0.9 

2.3 ± 03 

3.1 ± 13 

13 ± 0.1 

4.8 t 0.8 
7.7 ± a.i 
9.0 ± 0.9 


8.7 ± 03 
2.2 ± 03 
8.1 ± 13 

4.8 t 1.1 

9.8 t 03 

8.7 ± 0.5 
8.4 ± 03 


2.9 ± 0.2 
10.4 ± 13 

2.8 ± 03 

5.8 ± 0.4 


7.4 ± 13 

6.5 ± 0.4 

2.1 ± 0.4 
12.2 ± 0.7 

10.1 t 0.7 

8.1 ± 0.9 

8.6 ± 0.8 
11.6 ± 1.1 
11.5 ± 2A 

16.7 ± 0.9 

21.8 ± 5.1 

14.7 ± 0.6 

29.8 ± 3.6 

21.4 ± 2.1 
17.0 ± 4.6 

24.5 ± 2.5 
12.7 ± 8.6 


) 
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TABLE Q. (CmMiMif.) 


Nuclide 

Typo' 

49 J mg/cm‘ Au 

Target 

242 mg/cm‘ Au 

154 mg/cm^ Ta 

itorh* 

C 


4.7 1 03 



‘“Tb 

C 


10.9 ± 7.3 

21.0 

+ 16.0 

‘"Tb 

C 

13.61 

12.0 + 6.1 

36.6 

± 7.6 

‘■Tb 

C 



is.g 

1 53 

‘■Oy 

C 



9.7 

* 2,1 

‘"Tb 

C 



6.8 

+ 0.6 

‘“Dy 

C 

13.6 1 1.4 

12.2 + 1.2 



‘"Dy 

c 



28.3 

1 1.9 

‘"Er 

c 

9.0 1 3.8 

123 1 2.9 

19.4 

1 3.1 

‘“Er 

c 

36.0 1 3.6 

303 1 1.7 

38.0 

122.0 

***Tin 

c 



41.0 

+ 16.0 

“*Yb 

c 

26.91 4.1 

28.6 1 23 

63.0 

1 6.2 

‘"Tm 

c 

17.0 1 6.7 

15.4 1 4.9 

33,0 

± 1.3 

‘“Tb 

c 


7.4 1 2.2 



•"Lu 

c 


29.1 1 2.1 

36.0 

1:11,0 

‘"Lu 

c 


27.9 1 2.1 

B7.3 

t 1.1 

”*Hf 

c 

16.5 1 8.1 


36.4 

t 7,2 

"‘Lu 

c 

19.0 i 1.9 

26.2 1 5.0 

46.7 

± 2.1 

”‘Hf 

c 



41.4 

+ 3.0 

“•Lu 

I 



11.1 

t 1.4 

‘“hi 

c 


24.5 1 2.7 



‘“Hf 

c 



32.8 

i 8.6 

‘"Ta 

c 

12.0 1 7.0 

9.0 t 2.8 



“*Ta 

c 


21.1 1 6.4 



‘"llf 

c 



56.5 

± 5.7 

”*Ta 

c 

S2.0 1 25.0 

53.0 1 20.0 

55.4 

t 23 

‘"Ta 

c 



163 

t 1.7 

‘"Re 

c 

42.4 1 8.0 

39.1 1 33 



‘"Re 

c 


53.0 118.0 



‘"ir 

c 

18.91 7.0 

13.0 1 4.5 



l»lr 

c 

29.2 1 3.0 




i«lr 

c 


58.0 117.0 



‘“ir 

c 

42.6 t 4.1 

41.3 ± 3.6 




I 

S.5 ± 0.9 

5.0 ± 0,46 



‘■pt 

c 

32v4 i. 3.0 

293 1 23 



IWpt 

c 


60.6 1 93 



‘"Au 

c 

31.7 L 2,8 




‘“Au 

I 


56.0 1 33 



‘"Au 

/ 

174.0+25.0 

181.9 t 14.4 



‘"au 

/ 

43.11 33 

16.6 1 0.8 

__ 



'Nuclides are typed / or C to Indicate either todepeodeot yield or partial cumulative yield, 
respectively. This distinction Is discussed in the text. 


The cross section calculation Includes correc¬ 
tions for a nonunlform beam level during the ir¬ 
radiation. During the bombardment of the ‘”Au 
targets 2,4% of the beam was delivered in the first 
175 min, and the second 97.6% was delivered in 
the final 416 min, with a 21 min interruption in be¬ 
tween. A constant beam level was maintained dur¬ 
ing the bombardment of the ^'^Ta targ^ The pro¬ 
duction cross sections for all the activities ob- 
served in this woA are given in Table XL The 
cross sections and their uncertainties due to count¬ 
ing statistics are given in mb lor each nuclide ob¬ 
served In each of the three targets. The nuclide 


type, / or C, Indicates whether the cross section 
is an Independent yield or a partial cumulative 
yield, respectively. Seventy-three different radio¬ 
activities were observed in the two gold targets 
(35 In the thinner target and 62 in the thicker tar¬ 
get which includes those observed in both) and 65 
radioactivities were identified as reaction products 
in the tantalum target. In all, 99 different radio¬ 
activities were identified. 

The contribution of secondary particle induced 
reactions to the measured cross sections can be 
estimated from a comparison of the production 
cross sections measured with the thin 49.3 mg/ 
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cm* ‘*’Au target to thoae simultaneously measured 

Z tAtmcZr 242.0 mg/cm^ ^Autarg^. Cu«- 

ming et al. have previously reported a study of 
the secondary reaction contributions to the pro¬ 
ducts from tJie reaction of the 28 GeV protons a^ 

25 GeV ions with copper’ white Parile ft tu. 
report the results at a similar study for the inter¬ 
action of 25 GeV “t with a silver target. In the 
study by Gumming el nt. they found that the sec¬ 
ondary contributions to cross sections measured 
using two targets of total thickness 154 mg/cm’ 
and 1158 mg/cm’ differed by factors that ranged 


from no contritjution to 23% with the proton pro¬ 
jectiles (the highest contributions were to near¬ 
target products) with the average secondary cor¬ 
rection being l.a'J./lOO mg/cm“. (Upiier limit es¬ 
timates of the increase in secondary contributions 
with the projectiles over the protons ranges 
from a factor of ~1 to 3 when measured with only 
the thicker copper target.’) Novel arguments were 
used also by Gumming cf at. to conclude that sec¬ 
ondary contributions for 80 GeV ’“Ar projectiles, 
for all but the lightest products, were proportion¬ 
al to those found from proton reactions.” The 
thin target used in the present study was nearly 
a factor of 3 thinner than the thinnest targets used 
In obtaining the previously reported estimates ol 
Gumming el and secondary contributions in 
this foil should bo negUgible (’ 23%./3~ 8%). 
Porfle’’' reported secondary contributions of 
2.5-2.8%/l00 mg/cm’ for the reaction of 25 GeV 
with a silver target which would again suggest 
negligible corrections be applied to the thin target 
cross sections. 

A simple way to obtain a feeling for the varia¬ 
tion and importance of secondary reaction contri¬ 


butions to the cross sections measured with the 
thicker '”Au foil is to plot the ratio of these mea¬ 
surements to the thill target cross sections versus 
product mans number. This has been done in Fig. 
3 (uncertainties represent one standard deviation), 
and the values of the ratios arc given in Table III 
for the 24 products observed in both foils. Figure 
3 shows that no dramatic variation of the ratio of 


the measured cross sections can be seen as a 
ftmetion of product mass number. A least squares 
analysts shows that the linear function /{= 1.044 
-6.0x 10"* A gives a slightly better description 
of the data than a straight line at It = 1. This func¬ 
tion IS shown by the dashed line in Fig. 3. (This 
function is in good agreement with the value of 
1.05i 0.03 obtained by Portle et al.*^ m a similar 
treatment of their data.) The statistical F test of 
the inclusion of the mass number dependence of 
the ratio yields a value of F, = 9.2, which also in¬ 
dicates that such a dependence may be Juetlfled by 
the data." However, because all the data points 



FIG. 3. The ratio of the production cross sections 
measured with the thtek ‘*(40 target to those measured 
with the thin ‘**Au are plotted versus the radionuclides' 
mass number. The solid line at A of represents the 
value of this ratio that would be expected it there was 
no contribution from eeoondary parttele Induced reao- 
ttons. Hie dashed curve ts discussed In Che text. 


(save two) are within one standard deviation of R 
= 1, contributions from secondary reactions to the 
production cross sections were ignored. 

These results, and this neglect of secondary 
corrections, do differ somewhat from the pre¬ 
viously cited work of Gumming et al.' and Porlle 
et al. who found some significant contribution to 
near-target activities from secondary induced re¬ 
actions. However, as Fig. 3 shows, there appar¬ 
ently is no such eHect for the reaction of 8.0 GeV 


TABLE in. Thick to thin target cross section ratio 
from the '*'Au targets. 

Nuclide 

.... 0(242.0 mg/cm*‘"Au) 

0(49.3 mg/cm‘ ‘"'Au) 

*«Sc 

1.00*0.15 

"As 

1,13 L 0.21 

"Rb 

1.08 *0.41 

"Zr 

1.11*0.15 

•*Nb 

0.93 * 0.09 

”Ru 

1.10 lO.U 

mj 

0.90 * 0.13 

H'Ra 

0.96 *0.13 

‘«Tb 

0B8 * 0.61 

ISlDy 

0.90*0.13 

H«Er 

1.37*0.66 

161 Er 

0.86 * 0.10 

'••yh 

0.96*0.16 

H'Tm 

0.91*0.46 

«'Lu 

1.38 *0.30 

'"Ta 

0.75 * 0.60 

”*Ta 

1.02*0.62 

‘"‘Re 

0^2 ± 0.23 

166 Jr 

0.69 * 0.35 

I86ir 

0.97 * 0.13 

t66jr 

0.91 * 0.17 

I66pt 

0.92 * 0.12 

‘••au 

1.05*0.16 
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*°Ne with gold. Also, some Indlvidoala msy object 
to our attempt to evaluate the effect of secondary 
induced reactions by simultaneously irradiating 
the thick and thin targets since, in principle, the 
possibility exists that for at least some of the sec¬ 
ondaries, the two targets will act as a single thick 
target With respect to this latter point, the dif¬ 
ficulty of obtaining eiqperlmental time to check 
such effects already noted ah being small, would 
indicate that further study of these phenomena is 
not indicated at this stage of our understanding of 
RHI reactions. 

B. Quuge uid mm diitributioni 

The radioanalytical cross sections, whose mea¬ 
surement was described above, represent post 
neutron and charged particle evaporation, post 
“fast” beta decay production cross sections. 

Thus, in order to obtain true production cross 
sections one needs to correct radloanalytlcally 
measured cross sections for beta decay, when 
possible, that occurs between the time of their 
production in the nuclear reaction and the time at 
which they are detected through their own beta de¬ 
cay. Once corrected, these values of the indepen¬ 
dent production cross sections can be used to cal¬ 
culate the mass or charge yield, and also to esti¬ 
mate the total cross section for target residue 
production. 

In order to make the correction for precursor 
decay to each measured cross section and in order 
to calculate the total isobaric or mass yield, we 
have used the assumption of Gaussian charge dis¬ 
persions; that is, the Independent yield cross sec¬ 
tions can be represented by a histogram that lies 
along a Gaussian curve, at constant mass num¬ 
ber. This is written 

aU,/l)= (rW)jl2ns.’(>l)J-'' = eap[i2;Zl^^] I 

( 1 ) 

with the three parameters: <r(A) the total isobaric 
yield, sJiA) the Gaussian width parameter, and 
ZJ^A) the most probable Z value for that isobar. 
Given the assumption of Gaussian charge disper¬ 
sions, the beta decay feeding correction factors 
for cumulative yield isobaric members can be cal¬ 
culated once the centroid and width of the Gaussian 
are known. 

In order to uniquely specify these three variables 
ulA), sJiA), and ZjiA) one would need to measure 
three Independent yield cross sections for each 
isobar. In fact, the nature of radioanalytical stud¬ 
ies such as this one does not, in general, lend It¬ 
self to the measurement of Isobaric members. 
Rather, a wide assortment of radioactivities are 


observed which span the entire range of the per¬ 
iodic table that Is accessible In the nuclear reac¬ 
tion. As a result relatively few isobaric pairs are 
Observed." A further assumption needs to 
be introduced in order to apply the Gaussian 
charge distributions to the measured data. The 
assumption is that the value of a{A) varies 
smoothly and slowly as a function of mass num¬ 
ber A and is roughly constant within any A range 
considered when determining ZJiA) and S,(A)- 
This assumption is not as severe as the assump¬ 
tion that the production cross sections for RHI re¬ 
actions follow an exponential Rudstam equation’" 
that has been used in the analysis of data from 
low mass targets by Gumming el Another 

statement of the former, less stringent assumption 
is that the charge dispersion curves for neighbor¬ 
ing isobaric chains should be similar; thus radio¬ 
nuclide yields from a limited mass range can be 
used to determine a single charge dispersion 
curve. The two Gaussian parameters that specify 
the width s,(A) and the center Z,{A) of the charge 
distributions are iteratively fit to the measured 
data over limited mass regions. The width pa¬ 
rameter has been found, in general, to be approx¬ 
imately Independent of mass number over small 
ranges of A. The center of the charge dispersions 
were adequately represented by linear functions in 
A, over small ranges of A. The width parameters 
and the coefficients of the Z^[A) function are given 
in Table IV. These parameters should not be con¬ 
sidered as absolutes but rather as a consistent 
set. The values of S,(A) are uncertain to 0.1 Z 


TABLE IV. Charge dispersion parameters. 


Mass oumber 
range 

Target 

S. 

a 

a ^bA 
b 

28-48 

Ta, Au 

0.5 

0.1 

0.456 

51-59 

Ta 

0.476 

1.2 

0.436 

54-65 

Au 

0.475 

1.1 

0.436 

72-7e 

Ta 

1.2 

-2J 

0.48 

72-77 

AU 

0.8 

-3.8 

0.51 

83-89 

Ta 

0.8 

-4.7 

0.51 

82-89 

Au 

1 j 

-4.7 

0.51 

93-97 

Ta 

OA 

-4.7 

0.51 

90-111 

Au 

0.45 

5.95 

0A91 

110-139 

Ta 

OA 

4.76 

0.40 

118-131 

Au 

0.45 

4.76 

0.40 

145-149 

Ta 

0,40 

13.7 

0A37 

138-155 

Au 

0.45 

13.7 

0.337 

151-157 

Ta 

OJ 

13.7 

0.337 

160-166 

Ta 

0.45 

-1.4 

0.43 

180-169 

Au 

0.45 

-1.4 

0.43 

169-177 

Ta 

0.60 

-1.4 

0.43 

169-176 

Au 

0.60 

-1.4 

0A3 

181-191 

Au 

0.45 

13.07 

0A49 
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Z-Zp(A) 

FIG. 4. A coniparlson of the charge dieperstoa curve 
for the loH' mass products 40 --sA ^ 50 observed In this 
work (solid curve) with the charge dleperslon curve 
prevlouBly measured for products In the same mass 
range producod In the reaction of 80 GeV *’Ar, 3.9 GeV 
*%, 3.9 GeV ‘h, and 1.57 GeV »—with copper (Bets. 
10, 11, 31) (dotted curve). Thu latter curve has been 
arbitrarily nornialtzed to convert the reported values 
of fractional chain yields into Isotopic production cross 
sections. 


units While the values ol are believed to be 
Itnown, In general, to ~0.3S,(A). 

The results of this procedure can be seen in 
Figs. 4 and 5, where the calculated isotopic pro- 
duction cross sections are plotted versus Z 
- Z^CA), the distance in Z units from the center of 
the isobaric charge dispersion. Also shown in 
Figs. 4 and 5 are the Gaussian curves that are 
specified by Eq. <1) with the parameters in Table 
fV appropriately calculated for histogram distri¬ 
butions in Z. The data from the reactions of ^e 
with "“Ta and ‘'"Au are found to lie along the same 
charge dispersion curves for low mass products, 
but show some differences in mass regions where 
fission fragments are present An interesting 
feature of this comparison Is that, as shown In 



Z-ZplA) 

FIG. 5. The charge dispersion curves obtained In this 
work are shown as a function of mass region of the 
products. The parameters that describe the center and 
width of the individual curves are given In Table (V. 

Aa in Fig. 4 data from the '**Ta target are shonm by the 
triangles (A) and data from the ‘**An target are ahown 
by the inverted trtingies (V). 
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Fig. 4 , the low OUM8 products from this reaction 
have the same charge dispersion width as the 
same products from RHI reactions with copper 
targets,but In this work as shifted towards 
the neutron excessive side of the valley of beta 
stability. Such comparisons will be discussed in 
the next section. 

The value of the Isofaarlc or mass yield Is ob¬ 
tained for each data point through the assumption 
of Gaussian charge dispersions and the set of pa¬ 
rameters In Table IV. The measured production 
cross sections are adjusted to remove precursor 
feeding, where necessary, and a set indepen¬ 
dent yield production cross sections, seen In Figs. 
4 and 5, is generated. The mass yield Is then 
calculated as the independent yield cross section di¬ 
vided by the fractional chain yield. The mass 
yields obtained in this manner are shown as the 
solid circular points In Figs. 6 and 7. When mea¬ 
sured Independent yields for two Isobars exist, 
the resulting mass yields were averaged to give 
the final mass yield. The uncertainties in each 
solid circular point in Figs. 6 and 7 simply rep¬ 
resent the fractional uncertainty In the measured 
isotopic cross section leading to that point and 
not any systematic uncertainty Introduced by the 



FKl. 6. The target restchie mass dlatrlbatlon, ir(A) 
obtained for die reaction oi relatlvlatlc projeotiles with 
a "^Ta target la shown. For oompartaoa the data pre¬ 
sented in Fig. 1 are also reproduood. 



FIG. 7. Similar to Fig. 6, the mass distribution ob¬ 
tained for the reaction of 8 GeV ’°Ne with '"Au target 
is plotted. Fur comparison, the data of Kaufman ttal. 
^ef. 32) tor the reaction of 11.5 GeV protons (repre¬ 
sented as a solid line) with '*'Au and the data of Ihidia 
ei al. (Ref. 33) for the reaction of 29 GeV protons with 
“^Au (solid trlan^es) are also shown. 

Charge dispersion analysis. The magnitude of 
this latter uncertainty depends on the extent to 
which each independent radionuclide yield is well 
described by a Gaussian charge dispersion (see 
Fig. 5), the position of the measured radionuclide 
Z relative to Z^ (points far from Z^ have large un¬ 
certainties compared to points near Z^), uncer¬ 
tainties in ZJJi) and 5,04), and the extent to which 
the mass yield curve is a slow, smoothly varying 
function of A whose general magnitude and shape 
is to be determined [rapid variations of a[A) are 
poorly determined by our procedure]. Using a 
propagation of errors treatment, one estimates 
that on the average, individual points in the mass 
yield curve have a systematic uncertainty erf 
-1:30% which would be added quadratlcally to the 
error in the measured value. However the aver¬ 
age mass yield within each small A region used 
in the charge dispersion analysis is known to il5% 
In general, assuming a constant or slowly varying 
of o(i4) over each small mass region. 

lU. RESULTS AND DISCUSSION 

It Is convenient to divide the presentation of the 
results Into two parts. In the first part the mass 
distribution results are presented and discussed 
in terms of their implications for limiting frag¬ 
mentation and their relation to the total reaction 
cross section. In the second part comparisons of 
the predictions of different models of RHI reac¬ 
tions are compared to the detailed Isotopic pro¬ 
duction cross sections for near target residues. 
These comparisons will shed light on the question 
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of correlations of neutrons and protons In the nu¬ 
clear ground state. 

A. Man yield rMulU 

Comparison of the mass distribution from the 
reaction of 8.0 GeV “Ne with ‘"‘Ta with the pre¬ 
vious studies of proton induced reactions 
seen in Fig. 6, shows the striking agreement of 
the RHl results with those from proton Induced 
reactions of the (approximately) equivalent total 
projectile kinetic energy. The fact that the re¬ 
sults from the "^e induced reaction are close in 
absolute value to those from the proton Induced 
reaction, instead of being approximately twice as 
large according to the factorization hypothesis, 
may be due to changes in decay scheme informa¬ 
tion during the intervening years. This agreement 
is confirmed by the comparison of the “Ne + “"Au 
mass distribution with the results of Kaufman el 
lor the reaction of 11.5 GeV protons with 
“”Au and the sparser results of Hudis el for 
gaseous products from the reaction of 29 GeV 
protons with “"Au. This comparison can be seen 
in Fig. 7. Although no complete study of the re¬ 
action of 400 MeV protons with ""Au exists, the 
mass distribution is expected to be similar to that 
obtained with ‘“Ta targets." 

The agreement of the “Ne + ‘“‘Ta and ‘”Au mass 
distributions with those produced by high energy 
protons might be viewed as a manifestation of lim¬ 
iting fragmentation, as the studies with copper 
targets have been viewed.'" This process whose 
origins stum from high energy physics” has been 
extensively invoked and verified in studies of pro¬ 
jectile fragments in BHl ractions.The fact 
that the general features of the mass distributions 
from the reaction of 8.0 GeV ”Ne and 29 GeV pro¬ 
tons with ''”Au are so similar, even though differ¬ 
ing widely in projectile energy, would also appear 
to lend support to the limiting fragmentation hy¬ 
pothesis. However, similarity of these final dis¬ 
tribution of products docs not necessitate similar¬ 
ity of the primary excited systems, as suggested 
in Ref. 10 from the study of copper fragmentation. 

On the contrary, Morrissey cl al,^^ have shown 
that strongly divergent distributions of primary 
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products and excitation energies can. In fact, lead 
to essentially the same final product distributions 
for light fragmenting nuclei when the excitation en¬ 
ergies are large. This can be attributed to the 
dominant effect of the deexcltatlon process (when 
the primary product excitation energies are high) 
on the distribution of the final product cross sec¬ 
tions in the same way as the momentum distribu¬ 
tions of projectile fragments were shown to be 
dominated by the Fermi momentum."’ However, 
these results should be recognized as Indicating 
that little, if any change can be expected in the 
mass distribution if the projectile energy is in¬ 
creased from 8.0 GeV to 25 GeV. 

It is important to note, however, that other 
properties of the target fragments, such as their 
momenta and angular distributions, may not be in¬ 
variant over this projectile energy range. In fact, 
there is evidence'"' that the target fragment re¬ 
coil properties change significantly when compar¬ 
ing the reaction of 8.0 GeV “Ne and 25 GeV 
with tantalum. 

Integration of the mass yield curves over mass 
number gives the cross section for the production 
of target residues. We have chosen to Integrate 
these curves over the interval from mass number 
40 to the mass of the target. We have chosen a 
lower limit of 40 mass units for several reasons: 
(a) the multiplicity of fragments with masses 
smaller than ~40 Is unknown, that is, these pro¬ 
ducts may arise from interactions where another 
heavy fragment also survives. This certainly Is 
true for fragments such as protons and *He, where 
the number of such fragments per event is much 
greater than one''; and (b) because in studies such 
as this one very little data exist for these low mass 
products. 

The results of this integration are contained in 
Table V. (A correction was made in each case 
for fission events using the results of Katcoff and 
Hudis.'"') The total cross sections for the produc¬ 
tion of heavy target residues from ‘“'Ta and ""Au 
were found to be 2.6 ±0.4 b and 2.9 ±0.5 b, respec¬ 
tively. For comparison we have included two cal¬ 
culations of the total reaction cross section in 
Table V. The hard sphere calculation refers to 
the overlap form of the sharp sphere model where 


TABf£ V. Total cross section comparison. 


Experimental 

large fragment cross section 
(b) 


Calculated cross section 
(b) 

hard sphere soft sphere 


t*Ne + ‘"Ta 
“Ne + ‘"Au 


2.6 t 0.4 
2.9 ±0.5 


3.64 

3.80 


3.47 

3.59 
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the total reaction cross section is written” 

+ ( 2 ) 

We have taken the parameters and to be 
1.37 fm and 0.51 Im, respectively, from the work 
of Heckman et al. on projectile fragmentation.” 
The soft sphere calculations are those of Karol 
which were developed to take into account both 
the diffuse nuclear surface and the variation of 
the nucleon>nucleon cross section with energy.” 
The comparison of the hard sphere calculations 
with our measured heavy fragment cross sections 
show that approximately 74% of the reaction cross 
section gives rise to these products. The soft 
sphere calculation would Indicate that these pro¬ 
ducts represent approximately 78% of the reaction 
cross section. 

A current working hypothesis is that target re¬ 
sidues are produced in peripheral reactions.^^'” 
An estimate of the impact parameter range that 
gives rise to these products can be made from the 
fraction of the total reaction cross section that 
they represent Thus, 75% of the hard sphere re¬ 
action cross section would lie between the impact 
parameter range of 0.5 (ft, + R^) « ft « {Rj, + R^). 

This indicates that heavy residues are created in 
collisions where the center of the projectile lies 
Inside the radius of the target nucleus. This sit¬ 
uation is significantly different from the reaction 
of ^“Ar with ***00 where no target residues were 
inferred to arise from such central 0011151008.^° 

B. ComparaoiH with reacrion model calculitioni 

At present there are two models of the collision 
process that occur in RHI reactions that have been 
used to calculate isotopic and mass yield cross 
sections. They are a microscopic Intranuclear 
cascade model of Yartv and Fraenkel” and the 
macroscopic abrasion-ablation model.”*'* The 
predictions of these reaction models for the frag¬ 
mentation of 213 MeV per nucleon ”Ar has shown 
that correlatims in the yields of the highly ex¬ 
cited primary reaction products are “washed out" 
or obscured the deexcltatlon process which 
yields the final product mass distributions in both 
calculations.”’** A comparison of these two cal¬ 
culations has also been made for the target resi¬ 
dues produced in the reaction of 25 GeV with 
'*'Ag.**<** In this latter comparison, as with the 
comparison for "Ar, the mass yield curve was 
well rq)roduced by both calculations. However, 
unlike the *°Ar fragmentation calculations, the 
isotopic production cross sections from the two 
calcula ti ons were not at all similar. The Monte 
Carlo cascade calculation consistently overestl- 
niated the width of the isotopic distributions while 


the abrasion-ablation calculation** was in reason¬ 
able agreement with the data. Therefore, it is 
interesting to see if the disagreement between the 
two models Increases as the mass number of the 
fragmenting nucleus is increased. 

The collision of the RHI projectile with the tar¬ 
get nucleus is treated as a two step process in 
the Monte Carlo cascade calculation, a fast step 
with cascading collisions of nucleons from one 
reaction partner inside the nucleus of the other 
partner, and a slow statistical evaporation step 
deexciting the primary fragments after the fast 
cascading nucleons have escaped or have been 
captured by the primary fragments. The calcula¬ 
tion is made using an extension of the intranucleon 
cascade code**VEGAR for proton induced reactions 
which has been modified to treat two colliding nu¬ 
clei.*' The calculations were performed with step 
fimctlon density distributions for both nuclei and 
without refraction and reflection at the nuclear 
boimdaries for the cascading particles. Fermi 
motion was included in the projectile as well as in 
the target nucleus. An Infinite rearrangement time 
was assumed for the time necessary for the nu¬ 
cleus to respond to the removal of nucleons from 
the Fermi sea by the fast cascade. Meson produc¬ 
tion and cascades were included via the isobar 
model.*' The Impact parameter lor each collision 
was selected at random, and the final production 
cross sections were integrated over Impact pa¬ 
rameter. 

The primary fragments from the fast cascade 
are subsequently individually deexcited using a 
version of the Dostrovsky, Fraenkel, and Fried- 
lander statistical model Monte Carlo calcula- 
tions.**’** The excitation energy of each fragment 
was obtained from the fast cascade code. The ab¬ 
solute value of mass distribution of the final pro¬ 
ducts, i.e., alter statistical evaporation, from 
the reaction of 8 GeV *“Ne with '“Ta is shown in 
Fig. 8 by the histograms. For clarity the calcu¬ 
lated values of the mass yield have been averaged 
into 6 amo wide bins. The uncertainties shown 
reflect the uncertainties in the statistics of the 
calculations and not the uncertainties in the av¬ 
erages. 

For comparison with the calculations the mea¬ 
sured mass yield results for this system are shown 
by the dashed curve in Fig. 8. This curve was 
drawn smoothly through the data points of Fig. 6 
by eye. Several features of the comparison with 
the cascade calculation are worth noting: (a) the 
absolute normalisation of the cross section for 
the production of heavy products is approximately 
correct, but is ~2S% too large on the average. 

(b) The general shape of the residue distribution 
is also approximately correct in the region above 
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FIG. 8. A o<inip»ri3on of the mass jrleld curve mea- 
aurod In this work (dashed) with the predictions of the 
Monte Carlo cascade model (Kef. 41) (histogram) and 
with the prudlctlons of the abrasion-ablation model 
(Rot. 42) (solid curve). 

mass number 100. However, below mass number 
100 the data and the calculation diverge. The cas¬ 
cade-evaporation calculation does not predict the 
production of nuclei with mass numbers less than 
80 in signllicant amounts. 

In the abrasion-ablation view of the collision of 
the RHl with a target nucleus'*"*" the two nuclei 
are taken to be hard spheres which move on 
straighl line trujectortes. Those nucleons that lie 
in the region of overlap of the two nuclei are 
sheared off in the abrasion (or fast) stage of the 
collision. The spectator fragments of the target 
(and projectile) which consist of the nucleons that 
were outside the region of overlap are then as¬ 
signed an excitation energy that is proportional to 
their excess surface area. The neutron to proton 
ratio of the removed nucleons is taken to be equal 
to that of the target (or projectile) and the vari¬ 
ance in the ratio is calculated from the zero point 
quantum vibrations of the giant dipole resonance 
(GDR).*' The oscillaior spring constant for this 
vibration was taken from the liquid droplet model 
of the GDR."'' This calculation can be viewed as 
a leading term approximation to the correlated 
model of Bondorf el al^“ m which higher order 
vibrations arc included. The primary products 
are then allowed to deexclte Uirough a statistical 
evaporation chain with neutron, proton, and alpha 
emission, and fission competition.*" 

The results of these calculations are shown in 
Fig. 6 by the solid line. We have arbitrarily cut 
off the calculations at 4'110 because products 
with lower mass numbers arise from collisions 
in which the hard sphere projectile nucleus drills 
a cylindrical hole through the target nucleus (re¬ 
moving some 40 nucleons and leaving a “donut¬ 


shaped” nucleus with some *-250 MeV of excitation 
energy due to its increased surface area). It is 
doubtful whether such nuclei are created and 
should be cmsldered rather as a region outside 
the limitations of the original model.** As with 
the cascade calculation the absolute magnitude of 
the mass yield cross section Is overestimated by 
the abrasion-ablation calculation. However, the 
cross section is over estimated by a factor of ~2 
in the latter case, a much larger discrepancy than 
that for the former calculation. The general shape 
of the distribution of high mass (i.e., peripheral 
collision) products is reproduced. 

From the comparisons shown In Fig. 8 one can 
sec that both models can predict the general shape 
of the mass yield curve for high mass products but 
miss the absolute cross section. Neither calcula¬ 
tion can reproduce the mass yields observed for 
low mass products; that is, neither calculation 
produces the low mass products observed in the 
experiment. This discrepancy was hinted at in the 
study of Porile et al.*^ with an Ag target nucleus 
but is dramatized in the results with the Ta targ^et. 

A more stringent test of the two reaction models 
can be made by comparison of the predicted iso¬ 
topic production cross sections with the eiqieri- 
mental data. A significant difference between the 
two calculations that Is visible in the isotopic 
cross sections Is the amount of correlation of the 
neutrons and protons that are removed in the fast 
stage of the reaction. The cascade calculation has 
no correlation at all as the neutron or proton na¬ 
ture of the cascading nucleons is selected at ran¬ 
dom in proportion to their number in the nucleus. 
On the other band, the nucleons removed In the 
abrasion-ablation calculations are highly corre¬ 
lated.*"’** The difference between the final pro¬ 
ducts of the two calculations has been shown to be 
small for low mass nuclei"^ but should be large In 
h^h mass nuclei. Figure 9 shows the calculated 
final isotopic production cross sections for lutetl- 
um and hafnium products from the reaction of 8 
GeV "°Ne with ‘"*Ta. The details of these calcu¬ 
lations for the abrasion-ablation model are con¬ 
tained in Table Vi where the primary product 
cross sections and excitation energies are shown 
along with the individual cross sections after de- 
excitation. The Irregularities in the calculated 
cross sections show the effects of the variation 
excitation energy and Irregularities in the mass 
surface on the statistical deexcltatlon process. 

The difference in the widths of the two distribu¬ 
tions is dramatic, especially for these peripheral 
collision products. This difference stems from 
both the Initial removal of nucleons in an uncorre¬ 
lated fashion and the delivery to the target nucleus 
of large amounts of excitation energy with little 
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FK>. 9. CalouUted final produot Isotopic dlatrlbutloas 
re shown for the reaction of ’*N9+‘*^Ts to produce 
utettum and hafnium Isotopea. The solid line Is from 
he abrasion-ablation model (Ref. 42) and the histograms 
rom the oascade model (Rat. 41). 


amoved mans by the cascade calculation. Com* 
larison of the calculated Isotopic distributions 
.hown In Fig. 9 with the experimental data (cf. 
either Fig. 5 or Fig. 10) shows that the cascade 
alculation grossly oyer estimates the widths of the 
inal eiqierlmental Isotopic distributions. This 
nust be due In part to an assumption in the calcu- 
atlon that no neutron-proton correlation exists 
n the nuclear ground state. In fact, neither cal- 
lulation Is able to reproduce the measured Iso- 
oplc distributions, although the abrasion-ablation 
calculation does describe modestly well the width 
)f the distribution. In Fig. 10(A) we present the 
omparison of the abrasion-ablation calculation 
0 the measured Isotopic distributions for the A2 
: 1 and 2 products from the **’Ne4- ‘•^Ta system. 

Ine sees that the calculations fail to reproduce 
>oth the absolute value and the centroid of the 
listrlbutlons. The difference In the absolute nor- 
nalizatlon was seen before In the comparisons to 
he mass yield calculations. The difference be- 
ween the centroids of the calculated and mea- 
lured distributions may be easily understood. 

The excitation energies of the primary fragments 
IS predicted In the abrasion-ablation model cal- 
:ulatlon are merly due to the Increased surface 
irea of the fragments. This excitation energy 
clearly should be viewed as a lower limit to the 
:rue excitation energy of such fragments. Two 
irery likely sources of addition excitation the 
spectator fragments are any frictional forces 
acting during the abrasion process and scattering 
of the participant nucleons Into the spectator 


i05, -^ ■ . ■ ■ - . 
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FXl. 10. The isotopic production cross section cal¬ 
culated from the abrasion-ablation model (trlangleB) 
arc compared to the measured data (solid circles) for 
for the reaction of ”Ne with '“Tb (a) and ‘**Au (h). The 
results calculated for the deeacitatton of more highly 
erolted primary products as discussed In the text are 
shown for both target nuclei (solid squares). 


pieces.*'' To eoqplore the magnitude of these ex¬ 
citation energies we have increased the values of 
the primary fragment excitation energies in 10 
MeV Btei>s until the centroids of the calculations 
match those of the measured products. The re¬ 
sults of this process are shown in Fig. 10(a) by 
the solid squares. The excitation energies of the 
primary fragments were increased to the values 
given In Table VI. Extension of these comparisons 
to products with lower masses was not made be¬ 
cause of a lack of data for these products. 

In Fig. 10(b) we show the results of a similar 
analysis of the near-target residues from the re¬ 
action of *°Ne and ‘"Au. The features observed 
with the liiroducts from the “'Ta target are ana¬ 
logously obtained with the slightly larger target 
nucleus. In order to match the centroids of the 
Iridium and platinum distributions, the exclta- 
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ion energies of the primary fragments had to be 
■aised to ~60 MeV. The difference between this 
raiue and the ▼alue of ~70 MeV for the products 
rom may not be significant as It depends on 
he details of the deexcltatlon calculation. Thus, 
le have shown that the near-target residues fron\ 
he reaction of ’"Ne with ‘“Ta and ^‘’Au are not 
ccurately described by the Monte Carlo cascade 
alculatlon or by the abrasion-ablation calcula- 
lon. However, the abrasion-ablation calculation 
an be brought into closer agreement tf the excita- 
ion energies of the primary fragments are raised 
3 ~60 to -70 MeV. 

IV. CONCLUSIONS 

This snuty of the reaction of 8.0 GeV ^e with 
'‘Ta and ‘”Au has shown that several features 
f the reaction processes occvirrlng in RHI coUi- 
ions may be erqplored with high mass targets, 
hir results show that the total kinetic energy of 
ie projectile is a better parameter for describing 
le mass yield curve than the projectile velocity 
3r high mass targets. This is a confirmation of 
le results of Gumming et al. obtained with low 
loss targets.The similarity between the mass 
istributions measured in this work and those re- 
ulting from the reaction of 11.5 and 29 GeV pro- 
3ns with a gold target may be viewed as evidence 
31 the onset of limiting fragmentation in these re- 
ctions, or perhaps the insensitivity of the mass 
leld curve to some important features of the pri- 
lary product distributions (due to the obscuring 
fleet of the deexcitation of the primary products), 
'his deexcitation can obscure large differences 
:i the distributions of highly excited primary frag- 
rents of the initial encounter.” Comparison of 
le mass yield curve to two reaction models, a 
lonte Carlo intranuclear cascade model,** and an 
brasion-ablation model,*’ shows that neither mod- 
1 predicts the existence of low mass products. 


although both generate approximately the correct 
shape for high mass product distribution. These 
differences are much more pronoimced than those 
seen in the fragmentation of lighter nuclei.”'*’ 
Integration of the mass yields for nuclei with A 
>~40 shows that -74% of the hard sphere reaction 
cross section”'” (-78% for the soft sphere model*** 
reaction cross section) is accounted for in such 
products. This indicates that some collisions in 
which the central density of the projectile lies in¬ 
side the hard sphere radius of the target contri¬ 
bute to these products. Therefore, more central 
collisions give rise to heavy residues in these col¬ 
lisions than with lighter nuclei. Finally, neither 
reaction model calcuiatioo is able to reproduce 
the near-target Isotopic production cross sections 
for either target In the case of the cascade cal¬ 
culation this may be due to the lack of correlations 
of the nucleons in the nuclear ground state. The 
abrasion-ablation calculation falls to reproduce 
both the absolute values of the cross sections and 
the centroids of the isotopic distributions. The 
former problem may be an indication of the break¬ 
down of the assumption of straight line trajectories 
in the model, while the latter deficiency has been 
shown to be due to an underestimation of the ex¬ 
citation energies of the primary fragments. 
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ClAji) on lf‘2p 8heU nuclei 

R. I. Cutler, K. W. Kemper, and A. Roy 
DqiartmeHt qf Physio, Florida Salt University. Tallahassee. Florida 32306 
(Received 7 December 1979) 

(’lj.1) enfular dittributiom have been meenired on the UrgeU '^Ce, ^Ce, end “Ni at £ = 34 MeV for the 
gfDund and finl eicited atate traneitiona. The reaulta of the eaact flaite-range diatorted-wave Bom- 
approximation analyaea of the data ahow a greater a ipectroacopic atrength for ‘’Zn than for either *^i or 
«Ti. 


NUCLEAR BEACTIONS *“Ca, “Nt<’Lt,t), £-34 MoV; mOBBurod o (B)« ' 

-3*—60* c.m. for 0* and 2* states In reeldual nuclei. Compared dabi to ftnite- 
range DWBA oalculatlona; extrocted relative and absolute a specbmacoplo 

atrengtfan. 


1. INTRODUCTION 

Two recent (‘Li, d) studies on l/-2p shell nuclei 
lisagree strongly as to the systemattcs of four 
rarticle clustering as a function of mass. A study 
>y Fulbright el al.^ finds that the largest ground 
state spectroscopic strength In the 1/-2/) shell Is 
n the '“‘Ca —'“Ti system, while Hanson el al? 
ind the spectroscopic strength of the “Nl-^Zn 
system to be twice as large as ‘‘Ti. In addition, 
he Ref. 2 results have a factor of 10 larger spec- 
roscoplc strength for the ’"Nl-®Zn system re¬ 
stive to “Tl than do those of Ref. 1, Since the 
wo analyses lead to very different conclusions 
ibout neutron blocking effects, we have measured 
ingular distributions for the ('Ll, t) reaction on 
"Ca, “Ca, and “Nl to the ground and first ex¬ 
ited states of the residual nuclei to resolve the 
liscrepancy in the two previous studies. The 
;'Li, t) reaction has been observed to selectively 
populate states in light nuclei, and has a large 
r + I configuration,’ suggesting that it might be 
1 better reaction to extract four particle spec¬ 
troscopic factors than the more commonly used 
(’Ll, d) reaction. The present results are the 
Mrst published ('Ll, t) angular distributions on 
targets with A ^ 40. The spectroscopic factors 
lor the four particle transfers were obtained by 
comparing the data to exact finite range distorted- 
wave Born approximation (DWBA) calculations 
that use measured optical model parameters to 
generate the distorted waves in the entrance and 
exit channels. 

n. EXPERIMENTAL PROCEDURE 

The 34-MeV ’Ll beams for the TLi, 0 measure¬ 
ments were provided by the Florida State Univer- 

21 


sity Super FN tandem Van de Graaff Accelerator. 
Beam currents on target ranged from 100-500 nA 
of ’Li*’. The fLi, 1) cross section measurements 
were performed using A£-£ counter telescopes, 
each consisting of a 75-300 pm silicon surface 
barrier A£ detector and a 4-5 mm lithium drifted 
silicon detector. The detectors were cooled to 
-30 C to Improve energy resolution and stability. 
To eliminate the high flux of elastically scattered 
particles, 76 pm of Ta foil was mounted In front 
of each detector telescope, followed by a pair of 
small permanent magnets used to deflect low en¬ 
ergy electrons produced In the foil. The (’Ll,/) 
measurements were performed In an ultrahlgh 
vacuum (10"’-10'“ Torr) hydrocarbon-free scat¬ 
tering chamber to prevent (’Li, t) reactions on 
“C and "O contaminants, which have cross sec¬ 
tions 1000 times larger than those of interset here, 
from interfering with the ('Ll, t) reactions from 
the f-p shell nuclei targets. Because of potential 
Interference problems from "C the ’°Ca targets 
were prepared on Au backings. Both the ’°Ca 
targets and ”n 1 targets were prepared and trans¬ 
ferred to the scattering chamber under vacuum to 
avoid ”0 contamination. These precautions were 
not necessary for the “Ca targets, because the 
larger Q value of the (’Ll, t) reaction on “Ca eli¬ 
minated interference problems. The thickness of 
the ‘"Ca targets was typically 350 pg/cm’. The 
“Ca targets were made from isotoplcally separ¬ 
ated (98.55% “Ca) “CaCO, evaporated onto 100 
pg/cm‘ thick carbon backings. A typical target 
thickness was 360 pg/cm‘ ’‘CaCO,, or 150 
pg/cm* “Ca. The “Nl targets were made from 
Isotoplcally separated “Nl metal (00.92% “Nl) 
evaporated onto 60 pg/cm’ thick carbon backings. 
The thickness of these targets was 350 pg/cm*. 

The (’Ll, t) measurements were made In 2-3' 
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FIG. 1. (n)- (r) Fxpi^rimontnl dabi for the K^Htoid and ftrat excited state tranaitione from the targets indicated. The 
solid curves are the reaultB of exact finite-range DWBA calculations. 


Btejis from 2.7 (lab) to about 30' (lab), and to 70' 
(lab) for the ''"Ca target. Energy resolution was 
about 250 kc'V full width at halt maximum (FWHM), 
which was sufficient to resolve the first two states 
for each target. The measured angular distribu¬ 
tions are given in Fig. 1. The absolute cross sec¬ 
tions arc accurate to ±14% and were obtained by 
comparing elastic .scattering measured by the 
counter telescoijes with the stopping foils removed 
to previously measured scattering data."’’ 

III. /VNM.Y.SIS AND RESULTS 

To extract spectroscopic factors from the C'Ll, 
t) data, exact finite-range DWBA calculations 
were performed using the computer code 
MERCURY.” The '’Li optical model parameters, 
taken from Fefs. 6 and 7, had Woods-Saxon form 
factors with the geometrical parameters r,= l.l5 
tm, »-,= 1.65fm, r,, = 2.0fm, and a, = n( = 0.83 tm. 
The radius of interaction is given by R - rA 
The real and imaginary well depths were’n-t‘"Ca 
(244 MeV, 45 MeV), ''Li+ “Ca (258 MeV, 33 MeV), 
■’Li + '"Ni (194 MeV, 26.7 MeV). The '’Li geometry 


parameters used are similar to those which gave 
good fits to ’’Li induced single nucleon transfer 
data. The triton optical parameter sets for 
f+ ''“Ca and f + “Nl from Table I of Ref. 9 were 
used for the final systems f + “Tl and /+”Zn, 
respectively. The f+’'“Ti parameters were taken 
from Ref. 10. The a + target bound state para¬ 
meters are given by R=R^= 1.23AJ.'’ fm and 
a = 0.65 fm. It was assumed that the bound a pax- 
ticle had 2JY+Z.= 12. The a ± f bound state para¬ 
meters were determined by calculating the rms 
radius of the a + l interaction radius using elec¬ 
tron scattering measurements” of the a and 
f rms radius as 

and finding Woods-Saxon well parameters which 
also have this rms radius. The resultlngWoods- 
Saxon well parameters are R = R^= 0.79 fm and 
a = 0.23 fm. The depth of both bound state wells 
was varied to give the correct separation energy. 
The DWBA calculations are shown in Fig. 1. The 
absolute alpha spectroscopic factors obtained from 
the DWBA calculations are listed in Table I. The 


TARLK 1. Abnolutc and relative (’Li,t) ami (*U,d) four particle spectroscopic factors. The 
relative apectroacopic factora are normalixed to S i^TI g.s.) 1.0. 
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value of the epectroscoplc factor for the a +/ 
configuration of 'Ll was chosen to be 1.0.° It was 
found that the absolute spectroscopic factors were 
extremely sensitive to the choice of a + target 
bound state parameters used In the DWBA calcul¬ 
ations. An order of magnitude change In these 
factors could be Induced by a 20% change In bound 
state radius, making the absolute spectroscopic 
factors somewhat uncertain. However, the mass 
dependence of the spectroscopic factors does not 
vary greatly with changes In the a + target bound 
state radius. The relative spectroscopic factors 
obtained from the ('Ll, t) reaction and the two 
previous ('Ll, d) studies are also listed In Table I. 
There Is good agreement between the present 
work and that of Hanson et al.’ for the mass de¬ 
pendency of the ground state strength but the re¬ 
lative spectroscopic factors of g.s. relative 
to °°Ca g.s. In the present work differ by an order 
of magnitude from the Fulbrlght ei al. study. The 
S(0*)/S(2*) ratios for a given target of the present 
work and of Fulbrlght et al^ are In good agree¬ 
ment. 

The two different ('Ll, <0 studies use very dif¬ 
ferent 'Ll optical model parameters which Is the 
reason for the different spectroscopic strengths 


reported. The Fulbrlght et al. study varied the 
'Ll parameters until the shape of the angular dis¬ 
tributions derived from DWBA calculations 
matched that of the data, while the Hanson et al. 
work used 'Ll parameters that fitted measured 
scattering data In this mass region but not neces¬ 
sarily that for the specific target of the ('Ll, d) 
work. We have reanalyzed the ('Ll, d) data of 
Refs, land 12with 'Ll parameters determined 
from scattering on the targets of Interest. In 
addition, these 'Ll parameters were required to 
describe measured LI Induced single nucleon 
transfer data. The mass trends of our spectro- 
sci^lc strengths agree very well with those of 
Hanson et al. 

In conclusion, the present fLl, t) results show 
an Increase in four particle spectroscopic 
strength for N and Z>28 In agreement with the 
recent ('Li,d) results of Hanson et al.‘ These 
results are in agreement with neutron and proton 
pairing effects in this mass region.*^’“ 

The authors would like to acknowledge many 
helpful discussions with D. Robson and D. Stanley. 
This work was supported in part by the National 
Science Foundation. 
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“Mg(“0,‘^0“SI and reactions at backward angles 

M. Paul. S. J Sanders, D. F. Geesaman, W. Henning, D. O. Kovar, C. Olmer,* and J. P. SchifTer 
Argonne National Laboraioty, Argemne, Illinois 60439 

J. Barrette and M. J. LeVine 
Brookhaven National Laboratory, Upton, Ntw York II973 
(Received 29 October 1979) 

Excitation functions oT the and reactions to the ground states and first- 

excited 2* states in ^'Si and ^^Mg have been measured at s ISO* over the energy range 24^Bf„ ^40 
MeV, where the ^'*Mg('^/^C)^'Si reaction ii known to exhibit a strong resonant behavior at forward angles. 
The four measured excitation functions show prominent structures, about 1 MeV wide, strongly correlated 
in the rlastic and inelastic channels. Angular dUtributiona in the range 1 ICT^Bcja ^ ISO* were measured 
at MeV. At 27.8 and 36.2 MeV, where prominent peaks exist in the ('^,'^C) 

backward-angle excitation function, the angular diatnbutions of the transfer to the 0^ ground state are 
strongly rising toward 18(f and have an oscillatory shape. The partial waves L ^{70,22) and 26, 
respectively, arc predominant at these two energies. At 30.8 MeV the data Indicate the interference between 
odd and even partial waves. 

[nuclear REACTIONS “Mg('to,**C), “Mg(‘'0,“o) = 24-40 MeVj mea-l 

[aured (r(R. 0); correlation analysis; DWBA and Pj} analyses; deduced J values.! 


I. INTRODUCTION 

The resonance-llke behavior obeerved in heavy- 
ion Byatems involving a-d Ghetl nuclei has raised 
much Interest as to its origin and the possible new 
physical insight i( may provide. The elastic and 
inelastic scattering cross sections for the sys¬ 
tems ‘'0 + ^"Si and ‘’C + '"S1,‘ for example, show 
pronounced structures in their excitation functions 
at backward angles; at maxima of tbe excitation 
functions, the cross sections are strongly en¬ 
hanced above the values expected from convention¬ 
al optical-model calculations and have oscillatory 
angular distributions. The angular momenta of 
the dominant partial waves, as deduced from the 
shapes of the angular distributions, are close to 
the values obtained for the grazing partial waves 
in uptiral-model calculations. Lee el al.^ have 
observed the same phenomena in a study of the 
“Mg(‘’0, ”C)'"Si reaction at backward angles. 

fn the forward-angle region, resonant behavior 
has been observed in transfer reactions involving 
similar heavy-ion syslems."" The excitation 
function of the reaction ’''Mg(‘"0, ‘-C)“"Si at for¬ 
ward angles’ in the range 23 ■ ^ 38 MeV 

shows four evenly spaced structures. Direct 
transferralcuIafion.s,which can reproduce the 
shapes of the angular distributions at forward 
angles, do not .iccount for the experimental energy 
dependence of the cross sections. 

The physical origin of the observed phenomena 
is not yet understood. Several interpretations*’^ 
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have been proposed for the backward-angle behav¬ 
ior of the elastic scattering in the systems men¬ 
tioned above, primarily based on the occurrence 
of shape resonances in the heavy-ion potentials. 

No such model as yet is capable of explaining or 
reproducing the resonant behavior observed at for¬ 
ward angles. If resonance mechanisms are re¬ 
sponsible for these phenomena, they should be 
dominant in the backward-angle region where the 
direct-transfer processes are expected to be weak. 
The motivation of the present work was to study 
the behavior of the “Mg(‘'0, ”C)”Sl reaction as 
well as that of the *^g'(-"0 elastic and inelastic 
scattering at backward angles in the energy region 
where resonances were seen at forward angles. 
Such a study will explore the correlations between 
the forward- and backward-angle reaction excita¬ 
tion functions as well as the possible correlations 
among the reaction and elastic channel excitation 
functions. Taken together these data may provide 
an insight into the reaction mechanism. 

Excitation functions of the ’*Mg(**0, *’C)”S1 reac¬ 
tion to the ground state and 1.78-MeV, T state in 
’"Si and of the ’''Mg(”0, *"0)’*Mg elastic scattering 
and inelastic scattering to the 1.37-MeV, 2* state 
in ’"Mg were measured at 6, _ = 180° between 

= 24 and 40 MeV." At £‘= 27.8, 30.8, and 
36.2 MeV, angular distributions for the same 
reactions were obtained over the angular range 
130°^ 0,« 180° and used to establish limits on 
the angular momenta of the dominant partial 
waves. In the following paper,the ground-state 
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transfer data are c&scuBsed within the framework 
:f resonant amplitudes added to a direct reaction 
lackground. 

n. EXPERIMENTAL METHOD AND RESULTS 

In order to measure the excitation functions and 
angular dlstributlona for the **Mg(”0,^*C)’*Sl and 
°*MgC*0, '*0)’'*Mg reactions at backward angles, 
the kinematically reversed reactions were studied 
with ’*Mg as the projectile and the lighter outgoing 
ions detected at forward angles. Beams "Mg 
in the energy range of 60-100 MeV were obtained 
from the Brookbaven National Laboratory (BNL) 
tandem Van de Graaff facility. Self-supporting 
AljO, targets, about 70 (ig/cm* thick, were used. 

The outgoing ions were momentum analyzed at 
forward angles in the BNL quadrupole-trlple-di- 
pole (QDDD) magnetic spectrometer. The focal- 
plane detection system, described In Ref. 1, con¬ 
sisted of a double-wire proportional counter. The 
ions were stopped in the gas counter and generated 
signals for position, differential energy loss, and 
residual energy; unambiguous Identification of 
or “O Ions was possible. 

For measurements at and near the de¬ 

tector was shielded from the primary "Mg beam 
by metallic gold and Havar absorber lolls. The 
thickness of the absorber was varied over the 
range 3-25 mg/cm’ so that the “C or ‘"O ions 
retained sufficient energy to be Identified in the 
counter. For the detection of “O ions, an addi¬ 
tional nickel foil of 1.7 mg/cm’ thickness was 
placed at the entrance aperture erf the spectro¬ 
graph. This foil removed the degeneracy In mag¬ 
netic rigidity between elastically scattered 
ions and one of the charge states of the primary 
'*Mg beam and reduced the background contribu¬ 
tion. In all these measurements, the "C or “O 
groups corresponding to the ground- and flrst- 
nxclted states In "SI or ’*Mg were well resolved. 
Figure 1 shows the "C and “O energy spectra 
taken at 8^= 0° with an Incident "Mg beam energy 
□f 90.0 MeV. 

Fur relative normalization purposes, a thin 
layer of gold (~6 pg/cm’) was evaporated onto 
the A1,0^ targets. ’*Mg nuclei elastically scat¬ 
tered from gold were counted In two out-of-plane 
monitor detectors symmetrically located at 18° 
with respect to the beam. The ratio of the yields 
in the two detectors was used to monitor the In¬ 
cident beam direction. Absolute cross sections 
were obtained by normalizing the spectrometer 
fields to the Rutherford elastic scattering erf "Mg 
>y the oxygen target at£,.t>60.0 MeV over labor- 
itory angles from 13° to 19°. Charge state correc- 
lons to die "O yields, extrapolated from mea¬ 


>»0,*»0)**Mg REACTIONS... 



FIG. 1. Position spectra of the and "o groups 
from the ‘•oP‘Mg,‘*C)"a and ''o(**Mg,“o^Mg reac¬ 
tions, respectively, measured in the focal plane of the 
BNL-QDOD spectrometer at 0’ and an incident labora¬ 
tory energy of 90.0 UeV. 

surements at incident laboratory energies of 70 
and 86- MeV, were applied to the data. The es¬ 
timated errors In the relative normalizations are 
included in the figures; the error on the absolute 
scale is ^ut 25%. 

Excitation functions for the “C and "O groups 
corresponding to the groiaul- and flrst-exctted 
states in "Si and "Mg were measured at 6,,^= 
with beam energies from 60 to 100 MeV In steps 
of 0.750 MeV. The square-shaped spectrometer 
aperture subtended In-plane angles of i3°, cor¬ 
responding to center-of-mass angles for the 
"Mgp'O, "C)”S1 and "Mgl't), “0)"Mg reactions of 
180°i 5° and 180°i6°, respectively. The experi¬ 
mental excitation funettons are plotted In Fig. 2. 
They show a series of strong maxima about 1 MeV 
wide with peak-to-valley ratios as large as 10. 

At 27.8, 30.6, and 36.2 MeV, angular dia- 
tributionB of the "C groups leading to the ground 
state and first-excited 2° state In "SI were mea¬ 
sured over the range 145°< 6,.^. < 180°. At 30.8 
MeV, the yield (rf the reaction is low and the above 
aperture (*3°) was used; at other energies, angul¬ 
ar distributions were measured with a rectangular 
aperture subtending aO.S*. The reaction angle was 
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FIG. 2. Kxl'UuUuii fuiK'tluiiH for thf Indiualtxl reac- 
tlona al - 1«0 . The Hollii Itin's ronncol amoothly 
the experimental [Hjlnts. 

determined with an accuracy of i0.07 ' by perform¬ 
ing left and right measurements of the spectro¬ 
meter yields. The experimental results for the 
C'O,‘’C) reaction are shown in Fig. 3; in tliis 
figure, the vertical bars indicate the relative 
errors in the cross sections and, for the large- 
aperture measurements, the horizontal bars in¬ 
dicate the center-of-mass aperture angles. 

Elastic and inelastic scattering angular distribu¬ 
tions were measured in the backward hemisphere 
at „ =27.8 MeV and A,, „ =36.2 MeV. At 

-27.8 MeV, additional measurements were 
performed to establish the angular distribution 
over the full angular range. In these measure¬ 
ments, a self-supporting ”Mg target of 120 pg/cm' 
thickness was bombarded by an beam from the 
Argonne National Laboratory FN tandem Van de 
Craaff. Depending on the scattering angle, ’*Mg 



FIG. 3. Backward angular dlBtrtbutlons of the 
“Mg(''O.'“C»”a(0',g.8.) and “Mg(“0.‘*C)’'Sl(2‘,1.78 
MeV) reactions at the indicated energies. Vertical bars 
show the relative errors. Horizontal bars, where 
shown, represent the experimental angular aperture. 
The solid lines represent squared Legendre polynomlsls 
with the L values shown, normalized to fit the data. 



FIG. 4. Backward angular distributions of the 
“Mg(“O,'“o>”Mg(0',g.s.) ami “Mg(“0,‘HD)”Mg(2*, 1.37 
MeV) reactions at the Indicated enerdcs. The cross 
sections were obtained from the **0(**Mg,*to)**Mg reac¬ 
tion forl60“« 180"aiidthe’^Mg(**O,“Mg)‘*O reac¬ 
tion for 110*< Vertical bars show the rela¬ 

tive errors. The solid lines represent squared Legendre 
polynomials with the L values shown, normalized to fit 
the data. 
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nuclei recolllns in the forward direction, or elae- 
tically scattered ‘*0 nuclei were analyzed in an 
Enge split-pole spectrograph. A resistive-wire 
ionization chamber’ was used as focal-plane de¬ 
tector, providing position measurement and unam¬ 
biguous particle Identification. The backward- 
angle elastic and Inelastic scattering angular dis¬ 
tributions are shown in Fig. 4. In Fig. 5, the full 
angular distribution for the “0+ “Mg elastic scat¬ 
tering at = 27.8 MeV is presented. Also 
shown in Fig. 5 are angular distributions of the 
“*Mg(‘"0, ”C)”Si reaction to the ground- and first- 
ezcited states In ”81; these curves were obtained 
by combining the backward-angle data obtained 



FIG, S. Full angular distributions of the 
’’Mk elastic Boatterlng and the ’’MgC\),*’c)’*ai((l',g.s.) 
md “Mg?'0,“C)**a(2* ,1.78 MeV) reacUona. The 
elastic cross sections were measured using the 
“Mg^tD.^Ol^Mg reacUon for 8-< BO*, the 

**Mg(**0,*’Mg)*A3 reaction for 110*< 170“, and 

the ‘'0(“Mg,*to)**Mg reaoUon for 160*« 180*. 

Data at 0*« « 35* and at 36*« S,.^<110° for the 

*'Mg(*to,‘*C)"ai((F,2*) reactions are taken from Refs. 

1 and 9, respectively. The solid lines are TesuUs of 
optlcal-nuxlel and OWBA calculations (see text). 


here with the data from Refs. 3 and 10. 

Figure 5 shows the strong rise of the baxdcward- 
angle yields of both the elastic and the transfer 
reactions. The ”Mg(”0, ‘*0)“Mg elastic cross 
section at = 180° is about 10% of the Ruther¬ 
ford value. At back angles, angular distributions 
for transitions to the ground states of ’’Si and ”Mg 
are strongly oscillatory. The angular distribu¬ 
tions corresponding to the 2* states are somewhat 
smoother; some have a minimum at = 180° 
(see Fig. 4). 


in. DISCUSSION 


The excitation functions shown in Fig. 2 for the 
’■‘Mg(”0,‘’C)”S1 and ”Mg(“0,‘’Ol^Mg reacUons 
at 180° are similar in character to the recent re¬ 
sults of Lee el al} and Clover ei al.^' for 
17 « „ s 31 MeV; in the energy range of over¬ 

lap, the positions of the maxima agree with our 
results. It has been noted previously^ that excita¬ 
tion functions for the '’C + ”81 elastic and Inelastic 
channels exhibit a pronounced fine structure on the 
scale of 280 keV. In the present results, for both 
the (*"0, “’O and (‘“O, ‘“O) reactions, the width of 
the observed structures is about 1 MeV in the 
center-of-mass system. However, the energy 
spread due to the target thickness, =« 300 

keV, may have masked possible fine-structure 
effects. 

The excitation functions for the elastic and In¬ 
elastic channels (Fig. 2) show a very strong cor¬ 
relation in the position of their maxima. Such 
strong correlations have been observed previously 
in the elastic and inelastic scattering of ^'O on 
”S1‘ and more recently on *’■“81.^’ These cor¬ 
relations have been taken as an indication' of the 
existence of simple resonance mechanisms dom¬ 
inating the backward-angle scattering. In the 
present results, however, the structures In the 
‘*0-t'’°Mg elastic and Inelastic scattering excitation 
functions are not obviously correlated with those 
seen for the ("O, “O channels, except perhaps 
for the peak observed near 27.8 MeV. In 

Tiible I, cross-correlation coefficients are given 
for the excitation functions of the ’'Mg('"0, *’C)”Sl 
reaction and of the '"O+^Mg and *’c + ”Si elastic 
and Inelastic scattering. The data for the *’C + ’*S1 
system were taken from Refs. 1 and 13. The co¬ 
efficients were calculated using the expressions 


d,* 






7-^-1 


( 1 ) 


where (<r,(£))^ denotes the energy dependent aver¬ 
age cross section'* for the channel i, calculated 
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by averaging <r(E) over an energy Interval A; ( ) 
denotes the averaging over the whole energy range 
considered, 26.9 , < 38.6 MeV. Each excIU- 

tion function consisted of 40 equally spaced data 
points (300 keV steps); where necessary, an Inter¬ 
polation procedure was employed to obtain the 
equal spacing. The averaging interval A was taken 
as 1.8 MeV; the results are not sensitive to this 
value. An additional smoothing was applied to 
attenuate the effect of the fine structure apparent 
in the excitation functions, especially prominent 
for the + ’’Si elastic and inelastic channels; 
the experimental cross sections were averaged 
over an interval of 0.9 MeV: 

in Eq. (1). From an analysis of generated random 
spectra, It was determined that the 70% confidence 
level of a true correlation corresponds to a cor¬ 
relation coefficient of 0.25. 

It appears from Table I that only the correlation 
coefficient between the elastic and inelastic 
‘“0+ ^Mg channels is appreciable. The correla¬ 
tions between the (“O, **C) reaction channels and 
either the *”0+”Mg or the “Cf *"S1 elastic chan¬ 
nels are weak and, in contrast with the conclusion 
of Ref. 2, the present results do not seem to in¬ 
dicate that the ’*Mg('*0, ‘'C)“"Si resonant structures 
are governed by the entrance channel. In this 
context, it should be remembered that the exis¬ 
tence of correlations between the structures seen 
in a reaction and the relevant elastic channels is 
not a necessary feature of a simple resonant pro¬ 
cess. Since the cross section of a pure resonant 
reaction is u® r.F,, where r„ and F, are the 
partial widths of the resonant state in the entrance 
and exit channels, the dominant structures are de¬ 
termined by the overlap between the resonances in 
the two channels. For the two elastic channels, 
the cross sections for the same resonance are 
O 3 a and o, r,’. The resonances seen strong¬ 
ly in the reaction must also contribute to the 
elastic cross sections, but they do not have to be 
the dominant structures. 

Figure 6 shows a comparison between the experi¬ 
mental excitation functions of the ('°0, ^’C) reac¬ 
tion to the O' and 2* states in ’“Si at forward 
angles” and the present data at backward angles. 
The forward-angle data of Ref. 3 have been cor¬ 
rected for the mean energy loss in the target, 
which was estimated to be "800 keV in a reanalysis 
of these data. The backward-angle excitation 
curves were obtained by averaging the cross sec¬ 
tions, as described previously, over an Interval 
of 0.9 MeV to match approximately the energy 
averaging due to the target thickness in the for- 
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KIG. 6. E]q>eTiinent*l excitation luncUona of the 

reactlona to the ground and flrat-ex- 
oiled statea In ‘'a at forward angles (Ref. 3; upper part) 
and at "^*0° (present work; lower part). The 180° 
excitation curves were obtained by averaging the data 
of Fig. 2 over three adjacent energy steps, l.e., over a 
center-of-maas energy range of MeV to match the 
energy spread of the forward-angle data. 


ward-angle measurement. It Is noted In Fig. 6 
that while the correlation between the 0* and 2° 
excitation fimcttons Is quite strong at forward 
angles, at backward-angles a correlation Is not 
apparent. The strong peak In the forward-angle 
excitation functions at *28 MeV also appears 
at backward angles for the (”0, ”C) reaction and 
the ''0+'*Mg elastic and Inelastic scattering ex¬ 
citation functions (Figs. 2 and 6). At ™ 31 
MeV, the forward-angle cross sections for the 
transfer reaetkn show a strong maximum which Is 
not observed at 180°. This may be ex[dained by an 
Interference between close resonances, requiring 
the contribution of at least one even-J and one 


odd-J resonance, Interfering constructively at 0° 
and destructively at 180°. The assumption of In¬ 
terfering partial waves Is confirmed by the be¬ 
havior of the angular distribution of the (“O, “C) 
reaction at = 30.8 MeV, as shown below. 

The presence of a resonance structure around 
*27.8 MeV, as indicated both by the forward- 
and backward-angle data, is supported by the 
strong rise and the oscillatory behavior of the 
angular distributions of the various reactions at 
backward angles. In the forward-angle region, 
Erskine et al.“ showed that the ’*Mg(“0, ‘’C)““S1 
angular distribution at £, __ = 33.6 MeV is fairly 
well described by dlstort^-wave Bom-approxi- 
matlon (DWBA) calculations using the optical- 
model parameters ANLl (see Table II). Although 
these parameters reproduce the shapes of the 
(“O, **C) angular distrbutions over a wide energy 
range, a fit to the present forward-angle elastic 
data at = 27.8 MeV (see Fig. S) was made, 
using the ANLl parameters as starting values and 
adjusting the real and imaginary potential geom¬ 
etry. The resulting parameters are listed in Table 
11 as ANLIA, The DWBA calculations shown in 
Fig. S were performed with the code PTOLEMY** 
using the set ANLIA in both the entrance and exit 
channels. The calculated curves show some rise 
at backward angles, but neither the yield nor the 
oscillatory character of the data Is reproduced. 
Some success was achieved recently^ in reproduc¬ 
ing the angular distributions and excitation func¬ 
tions in the backward-angle region for the '*0+’“Sl 
elastic scattering, using a surface-transparent 
potential with a parity-dependent absorption term. 
However, it is not yet clear how successful this 
approach is (or other systems nor how it should 
be used in transfer calculations. 

In Figs. 3 and 4, the angular distributions cor¬ 
responding to the 0* state in “Si and ’*Mg are 
analyzed In terms of squared Legendre polynom- 

TABLE n. Optical potential parameter sets for the 
system ’^Mg as discussed In the text. The optical 
potential V(r) of Woods-Saxon shape Is given in terms 
of the listed parameters by the following expressions; 

K(r)- - V,/(r,ll,a,) - i IFi/(r,£„a,). 

/(r,R,a)«{l+oxpI(r-R)/B)}*'. 



y% 

’•o. 


W, 

’’W 

“I 


(MeV) 

dm) 

(fm) 

(MeV) 

(fm) 

(hn) 

ANU 

37 

1.36 

0.404 

78 

1.29 

0.174 

ANLIA 

37 

1.37 

0.3B4 

78 

1.32 

0.208 





1808 


M. PAUL et ml. 


21 


lal8. At „ - 27.8 MeV, both the elastic and the 
transfer angular distributions are reasonably well 
fitted by P^Mcose) or ^’jj’(cose), but the quality 
of the fits suggests that more than a single partial 
wave contributes to the reactions. Also, it seems 
Impossible from these fits alone to determine the 
main L value better than within ±1 K. This is 
illustrated in Fig. 7 where the values of the fits 
of to the angular distributions are plotted 

as a function of the L value. While the partial 
waves contributing to these transitions are obvious¬ 
ly close to each other, the fits do not determine 
whether, indeed, the same partial wave is dom¬ 
inant in the transfer reaction and In the elastic 
scattering. From their backward-angle measure¬ 
ment of the “*Mg('*0,‘''C)”“Sl(g.s.) reaction at 

j 28 MeV, Lee e/ fll.“ give a value of L =21. 
Clover et of." assign a value L = 20 to the 
= 27.9 MeV angular distribution of the *t) + ^'*Mg 
elastic scattering at backward angles. Both these 
values are consistent with the present work; how¬ 
ever, it should be noted that the excitation function 
of the ’''Mg(‘''0, "C)’“Si(g.8.) reaction measured at 
--90° (Ref. 10) shows a maximum around 
: 28 MeV and thus suggests that an even par¬ 
tial wave resonates at that energy, favoring a 
value of Z. = 20 or 22. 

At K, = 36.2 MeV, which corresponds to a strong 
maximum In the back-angle (“0,“C) excitation 
function, the fit of £j,’(coeS) to the 0*-transfer 
angular distribution is excellent (Fig. 3) and the 
dependence of if upon the L value is much sharper 
as attested by Fig. 7. The data on the clastic ang- 



t'lG. 7. l*lot of the x^/tdegree of freedom/ of the fit 
of experimental angulai' distributions to P^tcoB 9) as a 
function of L at “27.8 and 36.2 MeV. The histo¬ 
grams correspond to the “Mg(**0,**C)**Sl((r,g.8.) 
reaction; the points correspond to the '*0-(-^Mg elastic 
scattering. 



FIG. 8. Angular distributions of the 
(tr) reaction in the backward-angle region measured at 
£„_„^ = 30.8 MeV. Horizontal bare represent the experi¬ 
mental angular aperture. The dashed line was obtained 
from the expression IsPiotnos 0)+ bPalpoB *)|’, using 
a =0.445 and h-0.216, by averaging over the experi¬ 
mental angular aperture 10°. The dotted line rep¬ 
resents f'ig’lcos 9) similarly averaged. 

ular distribution at that energy, although limited, 
are consistent with an L value of 26. 

At JS,.„ '30.8 MeV, the shape of the (*'0,"C) 
angular distribution (Figs. 3 and 8) differs from 
that of the previous cases. Although an oscilla¬ 
tory behavior may be masked by the averaging 
over the large angular aperture, the envelope to 
the true distributlun is well defined by the data 
and differs drastically from the typical falloff of 
a Z’,_’-like angular distribution, as exhibited at 
Ej =27.8 and 36.2 MeV. This, together with the 
behavior of the excitation function discussed above, 
suggests the existence of a strong interference be¬ 
tween different partial waves, as is qualitatively 
illustrated in Fig. 8. The dashed line shows an 
example of the angular distribution obtained by 
assuming the contribution of two partial waves 
with opposite parity, Z. = 20 and L = 23, as dis¬ 
cussed for the excitation functions. The shapes 
obtained are rather Insensitive to the actual val¬ 
ues of the even and odd partial waves in the range 
20« Z. ^ 25 and to small changes in the relative 
phase of their amplitudes. In Fig. 8, the shape 
of a pure Z. = 20 angular distribution is drawn lor 
comparison of the fallcrff. Both lines were cal¬ 
culated by averaging over the range of angles 
(A0^ 10°) corresponding to the experimental aper¬ 
ture. 

IV. SUMMARY AND CnNCLUSIONS 

The 180° excitatitm funetioiiB of the *^g 
(*'0,**C)“S1 and "Mg(‘’0,‘*0)**Mg reactions to 
the ground states and flrst-exclted 2'^ states In 
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‘‘SI and **Mg reveal pronounced structures and a 
series of strong maxima, about 1 MeV wide, In 
the range 24 < * 40 MeV. A crosa-correla^ 

tlon analysla shows a high degree of correlation 
between the “O-t- **Mg elastic and inelastic scat¬ 
tering. The correlaUona between the (“O, “C) 
reaction channels and either the “0+ ”Mg or 
‘^C + ‘'S1 elastic channels ai« weak. At = 27.8 
MeV, a strong peak Is seen in the “0+*'^g elast¬ 
ic, Inelastic, and ’*Mg(“0, ‘’C)“Sl(g. s.) excitation 
functions at backward angles. 

The angular dlstrlbutlonB at £,_,, = 27.8 and 36.2 
MeV show a strong rise and an oscillatory shape 
at backward angles. At £, ,_ = 27.8 MeV, the main 
partial wave contributing to the backward-angle 
cross sections In the (“O, ‘*C) and (“O, “O) reac¬ 
tions Is L = 20 or 22. At £.^. > 36.2 MeV, L ^ 26 
IS predominant At£,^„ =30.8 MeV, the excita¬ 
tion function and the angular distribution oi the 
(“0, ”C) reaction suggest the existence of a strong 


Interference between an even and odd partial 
wave. 

In conclusion, the excitation functions and ang¬ 
ular distributions of the ”Mg(“0, ‘’C)“'Sl reactions 
both at forward and backward angles show evidence 
for resonant structures. However, the backward- 
angle data presented In this work point to a com¬ 
plex situation where several resonances interfere. 
It Is not possible, on the basis of the backward 
angle data only, to make unique assignments of J 
values. 
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,'V)”C)"Si reection *« been studied over the eneijy tenge 26.3 <3^ MeV. AnguUr 

K. * \ Vr*« <30- were me«ured «i nine different eretpa in thi* range and an eicitttiOT 
distnbutioiis with i ^ pteient meamremeati, together 

lUnclioii wes measured over a wider range at f . ^ 

wilh prevmusly meuaured escitation fumdiona at ff mid IKT. are analyred the frmnewtrt rf ^ 

iwonanees at 27,6 and ,10,« MeV. added lo a direct reaction background. Probable spin aaflgnmenU for the 
two resonances are J =. 20 (27.6 MeV) and J =23 (30.8 MeV). 


(nuclear reactions ’<Mg(“0,‘*C)”SI (g.n.); meaaured a(E,e); resonance 
L annlyals; deduced q>!ns. retkiced widths. 


t. INTKOllUCTION 

Unexpectedly, resonancelike behavior has been 
observed in the interactions of medium-heavy 
nuclei. The systems '“0+“Si,‘'=' ■’Cv^‘Si,‘’’ and 
arc found to have elastic scattering 
yields at 6^ „ = 180“ of between one and ten percent 
ol the Rutherford value, and excitation functions 
containing resonancelike structures with widths 
between 300 keV and 1 MeV. Resonances are also 
observed at both forward and backward angles for 
the transfer reactions '^Mg(“0, “‘CF'Si (Refs. 

4-6) and ”Si('‘''0, In the 0*' yield of the 

”Mg(“0,‘“C)*'*Sl(g.s.) transfer reaction, for 
inntance, strung modulations (peak-to-valley 
ratios as large as 5:1) are observed at excita¬ 
tions energies up lo 50 MeV In the ■’°Ca compound 
system. 

Several observations suggest a simple explana¬ 
tion lor the rapid energy variations in the 
^''Mg('"0,‘*C)'''Si reaction yield. The excitation 
functions for transitions to the ground state, first 
excited state,” and several more highly excited 
states” in '■'"Si are found to be correlated. In addi¬ 
tion, angular distributions measured in the back¬ 
ward hemisphere for the ground-state transition 
at energies corresponding to maxima in the 180" 
excitation function arc found to have approximately 
Ii',(cos0)j” angular dependences.”’’ This behavior 
would be expected for isolated resonances popu¬ 
lated in a reaction involving spin-zero particles 
in both the incoming and outgoing channels. 

Attempts to explain the origin of these structures 
have been hindered by insufficient knowledge of 
the resonance parameters. We have now complet¬ 
ed an extensive series of measurements on the 
“''Mg(‘“0,''’C)“'Si reaction concentrating on the 
energy range 26.3 ■- ‘532.4 MeV. Within this 

energy range are two, apparently Isolated, reso¬ 
nances In the 0" excitation function. An attem pt is 


made to establish, in a model Independent a manner 
as possible, the properties of these resonances. 

The analysis is based on new measurements, 
which will be discussed In the next section, as well 
as previously published measuremente^ of the 0° 
excitation function for this reaction. The 180° 
data Included in this analysis are presented In the 
preceding paper,’ together with “0+”Mg elastic 
scattering measurements. 

II. EXPERIMENT AND DATA PRESENTATION 

The new data to be presented consist, in part, 
of angular distributions for the ”Mg(''0,“C)’®Sl 
(g.B.) reaction with 4.5“=' 34" at = 26.3, 

26.9, 28.6. 29.4, 30.1, 31.6, and 32.4 MeV. An 
excitation function for the reaction at =90° in 
the range 24 s „ =■ 37.8 MeV was also mea¬ 
sured.” These measurements were performed at 
the Argonne National Laboratory FN tandem Van 
de Graalf facility using an Enge split-pole mag¬ 
netic spectrometer with a gas-lonization-chamber, 
focal-plane detector for particle detection and 
identification. The angular distributions were 
measured with a laboratory angular acceptance 
of kO.S" (R= 1 msr), and the 90° excitation function 
was measured with a il.4° acceptance ((2 = 2 msr). 
We have also reanalyzed earlier measurements of 
the 0° excitation functian and angular distributions 
at 1 27.8 and 30.8 MeV (Ref. 6) using a better 
value of the target thickness to estimate the ener¬ 
gy-loss corrections. 7 he 0° and 90° excitation 
functions, together with the 180° excitation function 
of Ref. 5, are shown plotted in Fig. 1 and the 
angular distributions are shown plotted in Fig. 2. 

Self-supporting ^”Mg tolls, of 90.9% enrichment 
and areal densities between 150 and 250 pg/cm’, 
were used for these measurements. Target 
thicknesses were determined by measuring the 
energy degradation of oxygen scattered elastically 
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FIG. 1. Excitation bmctlanB lor the *‘Mg("0,‘*C)**Sl 
(g.e.) reaction at = 90", and 180". Indicated are 

the statlatioal errore. The curves are to guide the eye. 


(rom the '^Mg (oils. Using this technique, the 
uncertainty In the target areal densiUes is approxi¬ 
mately a40 ng/cm^, which corresponds to an 
uncertainty of the mean beam energy of ~200 keV. 

In reanalyzing the 0° excitation function of Ref. 6, 
the target areal density was estimated to be 325 
1 75 ^g/cm*. The angle calibration of the spectro¬ 
graph was checked by measuring "O elastic scat¬ 
tering angular distributions from gold targets at 
both positive and negative angles. The uncer¬ 
tainties in angles are estimated to be ±0.07°. 

The data were normalized using the elastic 
scattering yields measured In a monitor detector 
located at 0m>il7.3°. The absolute normalization 
of the spectrograph yields was obtained by fitting 
the cross section predlcUons of an optical-model 



FIG. 2. Angular dlBtrUniUoDS for the **148^*0,‘’C)''81 
(g.B.) reaction, bdlcated are the statistical errors. 

The curves, as dlBcuaaed In the text, are the result 
of a tit to the data assuming two Brelt-Wlgner reson- 
snoes of I ="20 and 23, acMed to a dlreot-reaoUon back¬ 
ground which varies smooddy with energy (the back¬ 
ground was computed using the ANLl potottlal). The 
cross sections are plotted on a square-root scale. 

calculation (using the potential parameters of 
Ersklne et al.’} to an elastic scattering angular 
distribution measured with the spectrograph. This 
optical potential, whose parameters are tabulated 
as ANLl in Table I, was found to reproduce the 
measured forward-angle, elastic scattering an¬ 
gular distributions in the energy range of current 
Interest After an absolute normalization was 
obtained at one energy, the normalizattons for 
other energies were obtained by scaling the moni¬ 
tor yield with optical-model calculations of the 
elastic cross section. Two possible sources of 
systematic errors can be identified when using this 
technique: (1) the uncertainty in the calculated 


TABLE I. Optical-model potentials. 
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cross section at the monitor angle, and (2) since 
the monitor detector was located fairly close to 
the target (-11 cm), small displacements of the 
beam on target result in changes in the effective 
monitor angle and consequent changes in the 
elastic yield. The absolute normalization uncer¬ 
tainty is estimated to be approximately 20'|i. 

For the present analysis we have added in quad¬ 
rature a 10^ error to the statistical error of each 
data point (15T for the 0“ yields) in order to allow 
for posfllble normalization errors In the different 
experimental rune. For all fits to the data, the 
fitting funrtion is averaged over the angular range 
subtended by the detector. 


phases <r,. and <7„,. The addlHonal phase 0 was 
kept fixed over the full energy range and was 
treated as an adjustable parameter. The incoming 
and outgoing parUal widths r„ and r„, are ex- 
pressed in terms of energy independent reduced 
widths by factoring out the Coulomb and centri¬ 
fugal-barrier penetrabilities; 

(4) 

where the penetrability factor can be expressed in 
terms of the regular and irregular Coulomb wave 
functions as 



(5) 


III. OUrUNIiOF ANALYSIS 


To determine the proiiertics of the resonant 
structures observed in the transfer reaction, the 
assumption is made that the reaction amplitude 
for the resonant partial wave can be decomposed 
into a sum of a direct part, which varies slowly 
with energy, and a resonant part The cross sec¬ 
tion for a reaction involving spin-zero particles 
in botli the incoming and outgoing channels is then 
given by 


do 

da 

1 D/rf.fcose)!', 

1 r 1 

U) 

where 



,U,I 


(2) 


The resonance term in Fq. (2) vanishes for 
The direct part uf the amplitude / f"' can be ap¬ 
proximated by a calculated distorted wave ampli¬ 
tude /y*®*, although, as will be discussed further 
below, there are some uncertainties In this ap¬ 
proximation due to ambiguities in the optical- 
model parameters of the distorted-wave Born 
approximation (DWBA) calculation. II should also be 
realized that in the appro.\iniationof Eq. (2) the unit- 
arity limit on the amplitudes is not guaranteed,'" 
altliough the small size of the amplitudes as deter¬ 
mined by the present analysis suggests that this 
is not a serious problem. 

The behavior of the resonance amplitude ff” was 
investigated both in terms of requiring that it have 
a Breit-Wigner energy dependence and also by 
allowing It to be a free parameter in fits to in¬ 
dividual angular dislribulions. For a Breil-Wigner 
resonance (see, for instance, Hef. 11), 


X 


/r:, 




oul 


- E - iT,/2 • 


(3) 


where the overall iihases include the DWBA nuclear 
phase and the incoming and outgoing Coulomb 


For the present analysis the radius parameter R 
was taken as 1.6 x (A,‘^" + i4j'''’) fm. The contri¬ 
bution of each Brelt-Wlgner resonance to the cross 
section is therefore determined by five para¬ 
meters; the resonance angular momentum 2, the 
resonance energy the full width T, the product 
of reduced widths v„v„,, and, finally, an overall 
phase 0, determined with respect to the phase of 
the direct amplitude. It is important to realize In 
applying this analysis that o,,, ct„„ 

\/T^„ and the full width T are all energy dependent 
quantities. The energy dependence of the pene¬ 
trabilities can be especially significant by extend¬ 
ing the contribution of a resonance to higher ener¬ 
gies. Although the full width F has an energy de¬ 
pendence (through the penetrability factors (or the 
parUal widths), in the present analysis the value 
of r was fixed at 800 keV for both resonances. 
Allowing the lull width to have the same energy 
dependence as the partial-width product vr,,vr„,,, 
does not significantly alter our conclusions. 

The parametrlzatlon of the direct reaction back¬ 
ground using distorted wave amplitudes /■?*“* 
poses the problem of finding optical-model para- 
nielcrs which do not Intrcxluce resonance behavior 
into the transfer calculations. The substantial 
backward-angle yield measured In both elastic 
scattering channels of the ’’Mg('*0,‘’C)““Sl reaction 
indicates that substantial resonance strength is 
manifested in these channels. Ideally the optical 
potentials used in the analysis should fit the ob¬ 
served elastic data at forward angles, but not pro¬ 
duce resonance effects at backward angles. Clear¬ 
ly this cannot be done in an entirely self-consistent 
fashion. 

In the present study the analysts was carried out 
using two different optical potentials. The first 
potential, used by Erskine el al." and herein re¬ 
ferred to as ANLl (Table I), was obtained from a 
fit to forward-angle “O-i- **Mg elastic scattering 
data at = 33.6 MeV. This potential Is found 
to reproduce quite well the shapes of the 
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MMg(‘»o,‘’C)"Sl reaction angular dlstributloiui at 
lorward angles when used In both elastic channels 
(or a DWBA calculation although, of course, the 
normallzatlonB, or spectroscopic factors, obtain¬ 
ed at different energies vary greatly. A second 
potential, referred to as ANL2 (Table I) was ob¬ 
tained by Tabor et al.^* by fitting elastic scattering 
data at four energies between 19.2 < < 43.2 

MeV. Four parameters (r,, a', and a,) were 
varied, with the well depths fixed at V = 10 MeV 
and W=23 MeV. Figure 3 shows the predictions 
of the two potentials for the ’*Mg(“0,‘“C)’"Sl(g.a.) 
reaction at „_=29.4 MeV. Here the ANLl po¬ 
tential Is found to provide a better fit to the data. 
Other potentials which predict less oscillatory 
transfer distributions have been found to be un¬ 
suitable for the present analysis since, even with 
a substantial resonance term, they do not fit the 
forward-angle transfer data. The potential 2 of 
Peng el at.^* was found to yield results similar to 
those obtained with ANL2. 

IV. DISCUSSION 

Although an analysis such as the one outlined in 
the previous section is necessary to establish re¬ 
sonance parameters, it Is interesting to first 
inspect a more naive characterization of the data. 
Foward-angle angular distributions measured at 
energies corresponding to maxima in the 0° yields 



FIG. 3, Angular dlstrlbutioDS at MeV for 

the **Mgf*0,“C)**SI(g.B.) raaotlon. The curves are the 
results of DWBA oaloulatlcns i^oh have been normal¬ 
ized with respect to the data. The solid and dashed 
eurves were calculated using One AMLl and AMU po- 
tentiala, raspaettvdy. 


of the **Mg(‘*0,‘*C)”Si(g.8.) reaction are found to 
be well reproduced by a |P,(co88)|* angular de¬ 
pendence. Angular distributions measured at 
energies corresponding to minima in the 0° ex¬ 
citation function are also highly oscillatory but 
with attenuated peak-to-valley ratios. To further 
explore the simple |P,(cos9)|* parametrization of 
these data, each of the nine forward-angle angular 
distributions between 26.3 and 32.4 MeV was fitted 
by the function f'(S)=A|P,{co86)|*, where I was 
allowed to be a noninteger real number. {The func¬ 
tion F(B) was evaluated for noninteger I by a four- 
point bivariate interpolation of Legendre poly¬ 
nomials at Integer I values.] The resulting values 
for I are plotted in Fig. 4 as a function of center- 
of-mass energy [the ordinate has been scaled as 
/(/-t- D] along with the corresponding values of )^/ 
(degree of freedom). As expected, this procedure 
best describes the data at energies corresponding 
to the observed maxima in the 0° yields (near 
27.6 and 30.8 MeV). In addition, we note for the 
angular distributions taken near the 27.6 MeV 
resonance that the fitted value of I remains fairly 
constant at >>20. A flat I dependence might be ex¬ 
pected It an Isolated resonance is dominating the 
Structure observed in the angular distribution. 

For a direct-reaction mechanism, where many 
partial waves contribute and the dominant I has a 
smooth energy dependence, it would be surprising 
to find a plateau in the energy dependence of 1. 

That no such plateau is found for the higher struc¬ 
ture near 30.8 MeV may be Interpreted as a con¬ 
sequence of the resonance amplitude competing 



FIG. 4. Legendre polynomial fits to the forward-angle 
asgiiUT dlstrlbatlons. The polyiiomials were oontbiBed 
to Dontnteger values ofl by tnteipcdatlon from Integer 
< values. Shown are the optimal values ofl at energies 
where angular dlstrlbuttonB were measured. The le- 
enlting values of x*/(degree of freedom) for foe poly¬ 
nomial fits are alao Indloated. 
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lesa favorably with the direct amplitude at thia 
energy. 

When conalderlng data over the full angular 
range, a |/’,(cos0)|* parametrlzatlon la clearly 
not appropriate and a resonance parametrlzatlon 
such as discussed in the previous section be¬ 
comes Important. The data for the 27.8-MeV an¬ 
gular distribution (0° - s 180°) of Hef. 5 are 
shown In Fig. 5 with a fit to this angular distribu¬ 
tion using Eq. (1). At this energy there are 
correlated maxima in the 0°, 90°, and 180° excita¬ 
tion functions (see Fig. 1). The fit to the full 
angular distribution has two free parameters for 
the complex resonance amplitude. The direct- 
reaction amplitudes /■?*“* were calculated with the 
code PTOLEMY” using the potential ANLl in both 
the entrance and exit channels. The normalization 
of the direct term was fixed at the value obtained 
by fitting the data between 26.3 and 32.4 MeV with 
a Breit-Wigner parametrlzatlon of the resonance 
amplitudes as discussed below. The values of 
d.f. for fits to the 27.8-MeV angular distribution, 
as well as the corresponding values of 
are shown in Fig. 6 for different I assignments 
and using both the ANLl and ANL2 potentials to 
determine the direct-reaction backgrounds. (To 
obtain VFi.vT’^,, a fixed direct term normaliza¬ 
tion, a resonance energy of 27.6 MeV and full width 
r of 800 keV were assumed; changing the direct- 
amplitude normalization by 20Xi was found not to 
significantly alter the trend found for the depen¬ 
dence of on / assignment.) Also shown in Fig. 

6 are the resulting values of x’ from fits of the 





FIG. 5. Angular distribution at Fcao.= 27.8 McV for 
the **Mg(**0,**C)*.Sl(g.s.) reaction. The curve repre¬ 
sents a nt to the ilata assuming an i 20 resonance in¬ 
terfering with a direct-reaction DWBA amplitude as 
distnuised in the text. The errors indicate the actual 
weighting of the data used in the oaleulated fits. 
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FIG. 6. Goodness-of-flt analysis and partial-width 
products from (Its to the Ecn. ■27.8-MeV angular dls- 
trtbutlon. The partial widths were obtained assuming 
«,-27.6 MeV and r=800 koV. 


squares of Legendre polynomials to the backward- 
angle data (120°!: s 180°), where the direct- 

reaction contribution to the observed yield Is as¬ 
sumed to be negligible. 

For the analysis of the backward-angle yields 
there is a weak minimum in x’ for resonance I 
assignments between 19 and 21. The analyses of 
the full angular distribution shows a better de¬ 
fined minimum in x° for I assignments of 19 and 
20 (true for both of the background potentials 
used). However, the strong maximum in the 90° 
excitation function near 28 MeV supports an even 
I assignment (/',[co8(v/2)] = 0 for / odd). Combining 
this information with the results of the overall 
fits to the angular distribution leads us to an f = 20 
assignment for this resonance. The best fit ob¬ 
tained to the full angular distribution for the 2 = 20 
assignment using the ANLl potential is the curve 
shown in Fig. 5. 

Within the energy range of current interest a 
second strong maximum near 30.8 MeV is found 
in the 0° yield. Here it is much more difficult to 
make a unique f assignment: there is a minimum 
in the 90° excitation function at this energy—which 
is consistent with an odd 2 assignment—but there 
is also a relative minimum in the 180° excitation 
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functton. This low backward-angle yield prevented 
a preciae meaaurement of a backward-angle 
angular diatrlbutlon at 30.8 HeV (although an angu¬ 
lar distribution, taken with a wide aperture was ob¬ 
tained, see Ref. 5). From the forward-angle data 
alone, which are dominated by the direct proceaa, 
it ia not poaalble to rule out angular momentum 
aaaignmenta between / «> 20 and I > 26. 

To study the possible role Of Interference among 
resonances as a contributing cause for the observ¬ 
ed 30.8-MeV angular distribution, the energy de¬ 
pendence of the resonance amplitudes was para^ 
metrized with a Breit-Wlgner form as in Eq, (3). 

At least two resonances must be Included to re¬ 
produce the 0° excitation function of Fig. 1 for 
26.3« * 32.4 MeV (one of which is the 27.6- 

MeV resonance discussed above). The results of 
a two-resonance fit to the ground-state data are 
shown as the solid curves In Figs. 2 and 7. The 



and dashed curves are the results (dl ~30'*-33 and! 

>20 +22 fits to the data, reapeotlvdly. The errors 
tndloate the actual wigating of the data used In the cal¬ 
culated fits. The ourree hare been averaged over the 
angular aooeptanoe of each detootor. 


two-resonance model is found to be able to repro¬ 
duce the qualitative features of the data surprising¬ 
ly welL In particular, the high-energy tail of the 
/ = 20 resonance at 27.6 MeV, amplified by rapidly 
increasing penetrabilities, is found to be sufficient 
to destructively interfere with die 30.8-MeV re¬ 
sonance and result in a relative minimum In the 
180° yield at the higher energy. 

Unfortunately, the parameters for this two-re¬ 
sonance fit are not determined unambiguously; It 
is possible to find several different pairs of spin 
assignments which result in essentially equivalent 
fits to the data. This Is seen in Fig. 6 where the 
value of jf^/d.!. is plotted for several fits of the 
type shown In Figs. 2 and 7. In each case, an I 
- 20 assignment Is assumed for the 27.6-MeV 
resonance, and full widths of F = 800 keV are as¬ 
sumed for both resonances. Also plotted in Fig. 8 
are the fitted values of the partial width products 
for the higher energy resonance. It is 
clear that the second resonance must be of opposite 
(odd) parity to obtain both a forward-angle maxi¬ 
mum and a backward-angle minimum in the ex¬ 
citation functions near 30.8 MeV [/’,(co80°)= 1; 




I 



FIG. 8. Goodness-of-flt analysis tot two-rescoanoa 
fits to dais between 26.3 and 32.4 UeV using the ANU 
and ANLZ potentials to oonpute the dlrect-reaotlco 
backgrounds. Also shown are tiw partial-width pro¬ 
ducts determined for the Ugher-energy resotianoe near 
30.8 MeV. 
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/>,(co8ff)= (-!)')• This is parUcularly evident in 
rig. 7 where the / = 20 + 22 and / = 20+23 fits to 
the data are compared at 0° and 180°. It is not 
possible, however, to distinguish between re¬ 
sonance spin pairs of 20> 21, 20 + 23, and 20 + 25 
from Fig. 8. 

Assuming that the fits should be most sensitive 
to the choice of spin assignments at the resonance 
energies, in Fig. 9 the data at , = 30.8 MeV are 
plotted with the curves obtained for various spin- 
assignment parameter sets. In this figure the 
plotted functions are averaged over the angular 
acceptance for the different detectors used at 
forward and backward angles „ =2.4° and 10° 
for the forward and backward angles, respectlve- 



FIC. S. Angular distribution at Bcji, -30.8 MeV. At 
forward angles the clashed, solid, and dotted curves 
correspond to thel ”20 + 21,1 ”20 + 23, sndl =20+25 fits 
to the data, respectively. At backward angles thel 
=20 + 21 snd 1 =20+23 llts are shown by the dashed and 
solid cnirves, respectively, "llie curves arc averaged 
over the mean angular acceptance of each detector. The 
parameters for these curves were obtained by OtUng 
the ftdl range of data between 28.3 aid 32.4 MaV using 
the ANLl potential. 


ly). By inspection of the forward-angle data it is 
found that for the 1 = 25 assignment the fit becomes 
out of phase with the data beyond 8, ,, >25°, at 
backward angles there appears to be a clear pre¬ 
ference for the f=23 assignment over the 1 = 21 
assignment These results suggest a spin of 23 
for the 30.8-MeV resonance. In Table n the para¬ 
meters associated with the Breit-Wlgner fit as¬ 
suming an {= 20 resonance near 27.6 MeV and an 
1 = 23 resonance near 30.8 MeV are tabulated. 

By imposing a Brelt-Wlgner energy dependence 
it has been possible to determine resonance para¬ 
meters; however, there are several shortcomings 
of the analysis which become clear with closer 
inspection of Figs. 2 and 7. Certainly the fine 
structure observed at 180° In Fig. 7 cannot be re¬ 
produced by this simple model. The failure to 
reproduce the forward-angle peak-to-valley ratio 
is probably a consequence of the choice of optical- 
model parameters for the DWBA calculation. To 
loosen the assumption of a particular energy de¬ 
pendence, and hence to be able to check that as¬ 
sumption, the data for each of the angular distri¬ 
butions near the strong 27.6-MeV resonance were 
individually fitted with a complex resonance term 
The direct amplitudes were computed using 
the ANLl potential and normalized by the factor 
which gave the best fit in the Breit-Wigner analy¬ 
sis. The results of the Breit-Wigner analysis 



FIG. 10 . Argand dlsgram for thel >20 resonance 
scattering amplltnde aa obtained from the angular dla- 
tributloaB near the 27.6-]lieVreBoisince. TheebadedregiOD 
corresponds to the loot of points where x* > 1.1 x 
The solid curve Is the oalcolsted behavior asamnlng s 
Breit-Wigner energy dependence (using the pammetecs 
of Table It), the numbers are oenter-ot-mass energies 
In MeV. 
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TABLE n. Rewouioe parameter!. 


1 

(MeV> 

VnYou, 

(MeVi 

YiaV 

A ir 

(MeV) 

r 

(MeV) 

4> 

20 

27.6 

0.0010 

0.011 

0.015 

0.8 

176* 

23 

30.8 

0.0006 

0.006 

0.008 

0.8 

195" 


were also used as a guide In subtracting the con¬ 
tributions from the higher-energy resonance 
(generally a small correction). The resulting 
complex resonance amplitudes are indicated in 
Fig. 10 on an Argand diagram. For comparison, 
the Breit-Wigner behavior of the resonance ampli¬ 
tude using the parameters of Table 11 is also indi¬ 
cated in this figure. The resonance amplitudes 
for the three energies closest to the resonance 
energy are found to have roughly the appropriate 
behavior, but an estimate of the errors on the 
fitted amplitudes Indicates the limitations of such 
an analysis. The shaded region in Fig. 10 sur¬ 
rounding the 27.8-MeV amplitude was found by 
mapping out a region in the space of the com¬ 
plex amplitude corresponding to a 10% Increase 
in above its smallest value. The phase uncer¬ 
tainty in the amplitude Is found to be about i30%. 
The large uncertainties in the fitted parameters 
preclude any conclusions from this last analysis 
other than that the energy dependence is consistent 
with a resonance interpretation. 

From these and our earlier considerations we 
conclude that while the simple model of para¬ 
metrizing the energy dependence of the resonances 
with two Breit-Wlgner shapes is not valid In de¬ 
tail, it does indicate with reasonable certainty the 
partial waves responsible for the dominant re¬ 
sonant structures. 

V. CONCLUSIONS 

The main features of both the forward- and 
backward-angle excitation functions for the 
“'‘Mg(“0,‘®C)’*Sl(g.s.) reaction in the range 26.3 
^ E, «32.6 MeV have been found to be explained 
reasonably well by assuming two resonances near 
27.6 and 30.8 MeV of probdSle spins 20 and 23, 
respectively. Both the full widths and reduced 
widths for these two reetmances are comparable. 
The very selective nature of this reaction In ex¬ 
citing the particular resonances Is seen by con¬ 


sidering that the predicted density of 6pin-20 
states near the 27.6-MeV resonance (correspond¬ 
ing to £,-44 MeV in the *°Ca compound system) is 
found to be close to 5x lO'* levels.'^MeV using the 
conventional Fermi gas formula. From simple 
shell-model considerations the lowest energy 
spin-20 state should be at a '‘°Ca excitation energy 
of about 27 MeV. Clearly the observed resonances 
are not part of the yrast band, but rather have 
structures more closely tied to the entrance and 
exit channels. 

In Fig. 11 these two spin assignments as well as 
an / = 26 assignment from Ref. 5 are plotted on an 
energy vs f(/+1) plot. Also Indicated on this plot 



FIG. 11, Plot of i (( +1) V8 energy for resonance 
assignments of the present work as well as a prevlaus 
{ >26 assignment from Ref. 5, Also indicated are the 
trajectories {oUoirod by the entrance and exit channel 
grazing partial waves, which were oalculated using the 
ANLl potential, and takhig as the grazing angular mo¬ 
menta the valws where 1I * 0 . 6 . 
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ar© th© trajectories followed by the entrance and 
exit channel graxlnK partial waves calculated using 
the ANLl potential. Here the grazing angular 
momentum was taken as the value where the ampli¬ 
tude of the elastic scattering 5 matrix equals 
0.5. Even though the spins are found to follow 
roughly a grazing trajectory, the observed spin 
sequence is inconsistent with any simple band pic¬ 
ture where the resonances are assumed to have the 
same principal quantum number. This situation 
may be compared to the backward-angle elastic 
scattering measurements for the ‘°0+ '“Si system 
where similar irregular spin sequences are 
found.^'^ For the elastic case it has been suggest¬ 
ed' that these spin sequences might be understood 


as resulting from a series of shape resonances In 
the ion-ion potential having different principle 
quantum numbers, and centered about a grazing 
trajectory window. Of course the strict optical- 
model shape resonances in the entrance and exit 
channels will not have a common origin. However, 
in the real nuclear system, there may well be 
simple structures, related to shape resonances in 
both channels, which will appear as resonances 
in the reaction connecting the two channels. A 
search for correlated resonances in other channels 
is in progress. 

This work was performed under the auspices of 
the U. S. Department of Energy. 
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The total ftiaioii crow Mctkxi for the tyatein ’’N + ”AI hai been mcaiured over an energy range 27 
MeV^£u^70 MeV by detection of the fiision-evaporttion roiduea. In addition elantic icattertng was 
measured at six energies and fitted by optical model calculations. The fusioa cross section for the system 
uturates at I1SO±SO mb. The data can be weil described by tbe model of Olas and Moul, using a 
reasonable set of parameters. Tbe model of Horn and Ferguson also describes tbe data well if an 
appropriate charge radius is used. Comparison is made between these results and the fusion cross sections 
for “O + "Mg and "O + "Mg, which lead to the tame compound nucleus. The results for "N + ”AI are 
quite tiinilar to those for "O 4 **Mg, and the differences between the fusion croas tectitms for these two 
systems snd those for '*0 4 "Mg may be evidence for an entrance channel effect. 

NUCLEAR REACTIONS “N+**A1, 27-70 MeV j meaaured moa-l 

sured da/dil elastic scattering; data fitted with Glas and Mosel model, Horn andf 
Ferguson model. J 


1. WTRODUenON 

As an extension to recent measurements* of 
the total fusion cross sections for the “04"Mg 
and “04*'Mg systems, measurements of the 
fusion excitation function have been made for the 
system “N 4 "a 1. The motivations for this study 
were as follows: Since ‘'N+”A1 forms the same 
compound nucleus, "Ca, as "04 "Mg and *'0 
4 "Mg, a comparison of the fusion excitatioa 
functions provides a test for entrance channel 
effects. In particular, at the time this study was 
undertaken no other systems had been reported 
in this mass region whose constituents are both 
odd.v4 nuclei, sind there is the possibility that 
transfer reactions involving the unpaired nucleons 
might affect the fusion process. Since then, some 
results for the system "F4"Na, which also 
forms the compound nucleus "Ca, have been pre¬ 
sented.* Because the Q values for these systems 
differ by only a few MeV, it is expected that ef¬ 
fects caused by different energies of the compound 
system are small. Also, previous measure¬ 
ments*'* of the fusion cross sectioa for several 
systems indicated an abrupt change in the maxi¬ 
mum fusion cross sections in going from 
reactions involving only Ip-shell nuclei (oC* 

~ 950 mb) to reactions involving Ip- and 2sld- 
shell systems (oJE*- 1200 mb). The only evidence 
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which existed at that time contrary to the inter¬ 
pretation of this difference as a shell effect was 
the “N 4 “C system.'* An investigation of the 
“N + *'’A1 system might help in understanding 
whether this anomaly is due to the specific par¬ 
ticipation of the *'N projectile. However, several 
recent measurements of other Ip-shell systems 
have also shown larger values of oS* (e.g., 
ujgx- 1200 mb for the “B + “0 system).* This 
gives further evidence that the differences in 
ojg* between various light systems are due to 
the structures of the interacting nuclei, but that 
they cannot be ascribed to a simple shell effect 
alone. 

II. EXFERIMENTAL PROCEDURE AND RESULTS 

Evaporation residues were measured with a 
A£-£ counter telescope similar to that of Fowler 
and Jared.’ This counter consists of a gas- 
ionization chamber backed by an Si surface- 
barrier detector. The total fusion cross sections 
were established by measuring complete an gu l a r 

distributions at 

MeV. All particles with Z > 13 were identified 
as fusion residues. Three monitor detectors, 
positioned in and out of the reaction plane as de¬ 
scribed In Bel. 1, provided the relative normali¬ 
zation and detected changes in the Incident beam 
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direction. The total fusion cross sections at 
other energies were extracted from single angle 
measurements ^ detailed description 

of the experimental tecliniques is given else¬ 
where. 

The aluminum targets used in the experiment 
were found to contain a significant amount of 
oxygen contamination. Since the “N + ’’A1 resi¬ 
dues overlap with those from “N + “O, it was 
necessary to subtract the oxygen contribution to 
the total fusion yield. Two methods were used 
to do this. In the earlier runs, fusion residues 
were measured alternately for A1 and WO^ tar¬ 
gets al several energies and angles in the mid¬ 
energy range. Since tungsten does not contribute 
too^ at the bombarding energies used here (be¬ 
cause of the higher Coulomb barrier), the *“N 

“O fusion yield was determined with the WO, 
targets and used as a basis for subtraction from 
the N + Al spectra. Fusion yields of + “O 
at other energies and angles were obtained by 
interpolation and extrapolation from the mid¬ 
energy data. In later runs, the fusion yields 
were alternately measured for both Al and AljO, 
targets at each angle and energy. An analytical 
subtraction procedure was then used to obtain 
the ■**N+”A1 fusion yield, based on the relative 
amounts of elastic scattering observed from Al 
and O. Total fusion cross sections at several 
energies were obtained using both methods and 
the rcsulLs agreed to within the statistical un¬ 
certainties. Therefore the weighted average has 
been used at repeated points. The energy as¬ 
sociated with each cross section is that of the 
target center; I.e., the energy loss in the target 
has been taken into account. 

A plot of the total fusion cross section vs 1/Ecj.. 
is shown in Fig. 1. The present data are not suf¬ 
ficient to establish the presence of any structure 
in the excitation function such as that seen in 
several other systems.’’The saturation of 
(7 k.(£) at the highest energies does appear to be 
established by the present data at'1150 mb. 

Klastic scattering of ’’N was measured simul¬ 
taneously with Uie fusion residues at the six en¬ 
ergies previously mentioned. Optical model 
analyses of the elastic scattering were performed 
to predict the total reaction cross sections and 
to help establish the absolute normalization of 
the fusion cross sections. The optical model 
analysis was done with the program FTOLSMT,’’ 
The depths of the real and imaginary potential 
wells were fixed at 10 and 23 tdeV, respectively, 
and only the geometry of the potentials was al¬ 
lowed to vary, to permit comparison with the 
values for “0 + *Mg and “0 + “Mg from Hef. 1. 
The total reaction cross sections based on these 





FIG. 1. Fusion and total reaction oroaa sections for 
the *‘n+ ”a 1 system. The values of obtained from 
complete angular distributions are simwn as solid cir¬ 
cles, while those obtained from single angle measure- 
monte are ahown as open circles. The error bars indi¬ 
cate the estimated absolute errors. The curve denoted 
”110 ^ fiieiOD data with the model of Glae 

and Moael. The curve denoted oj, le the total reaatlon 
cross section predicted by the optical model, with the 
crosses Indicating the energies where optical model fits 
were made to the elastic scattering data. 

calculations are shown in Fig. 1. The optical 
model parameters obtained are listed in Table I 
together with those previously determined for the 
O+Mg systems. The elastic scattering angular 
distributions and the optical model fits obtained 
are shown in Fig. 2 for several energies. The 
data were also fitted with fixed values of V and 
W equal to 30 and 15 MeV and to 5 and 7 MeV, 
respectively. These led to equally good fits, 

table L Eaergy-tndependent optical model parame- 
Icrs obtained In a fit to the elastic scattering data. The 
well depths were held fixed and only the geometry of the 
potentials was allowed to vary. The parameters are de¬ 
fined in Ref. 1, from which the values for the 0 +Mg sys¬ 
tems were taken. 


System 

V 

(MeV) 

r 

(fm) 

a 

(fm) 

V! 

(MeV) 

r; 

Wm) 

(fm) 

'‘n+*'ai 

10 

1.416 

0.633 

23 

1.338 

0.342 

“Ot^Mg 

10 

1.360 

0.473 

23 

1.200 

0.628 

'•o + “Mg 

10 

1.421 

0.366 

23 

1.200 

0.684 
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FIG. 2. Elastic scattering angular distributions, ‘Hie 
solid lines are the optical model nts at each energy. 
Estimated errors are no larger than the dots except 
where error bars are shown. 


TABLE n. Comparison of bie Glas and Mosel parame¬ 
ters for the present data with those obtained from Ref, 1. 
corrected to oenter-of-target energies. The values of 
Vc and Kw were fixed at 0 and 5 MeV, respectively. The 
value of Vb In parentheses Is that for ‘'N + *^A1 adjusted 
for Coulomb effects (see text). 




Ra 

Vb 

rc 

Rc 

System 

(fm) 

(fm) 

(MeV) 

(fm) 

(fm) 

*‘n > ”ai 

1.41 

7.70*0.36 

13.3*0.5 

1.10 

6.02 

'•04«Mg 



(14.1) 



1.S9 

8.70*0.30 

16.1*0.4 

1.12 

6.14 

‘"O + ^Mg 

1.40 

7.72*0.30 

14.6*0.04 

1.15 

6.33 


based on the Onal values of chi squared, and 
caused changes in the predicted reaction cross 
sections of less than 2%. 

ni. DISCUSSION 

The fusion cross sections were fit with the 
model of Glas and Bdosel,^* where the criterion 
for fusion is that the colliding nuclei must reach 
a certain critical distance of separation. At low 
energies the fusion process is determined by the 
barrier potential (Vb) and the barrier radius 
(Hb)- At high energies the important parameters 
are the critical distance of separation (Ac) and 
file potential (Vc) at this radius. As pointed out 
in Ref. 1, the 0+ Mg data were not sufficient to 
determine all the parameters reliably. Hence, 
for the purpose of comparison, the values used 
in Ref. 1 of Vc = 0 MeV and Aw = 5 MeV were held 
fixed and the other parameters varied. The Glas 
and Mosel fit to the data is shown in Fig. 1 and 
the general smooth increase and eventual satura¬ 
tion of Of^ with increasing energy are well repre¬ 
sented. The fitted parameters are listed in 
Table n, together with those of Ref. 1. All three 
systems agree well in the value of Rq, essen¬ 
tially a result of the almost identical values of 
and the choice Kc = 0. 

For comparison with the barrier parameters 
of the 0+ Mg systems, the value of Vb for “N 
* ”A1 (because of the dominance of the Coulomb 
barrier contributian) must be multiplied by the 
ratio of the charge product factors. The resulting 
value for Vb is included in Table U in parentheses. 
We note that the barrier parameters agree well 
with those of the “O + ^Mg system and differ from 
those of the “O+'^Mg system. This difference 
is shown in Fig. 3, where the function 
xAa*(l - Vj/Acji,). which represents well the low- 
energy fusion cross sections, is plotted for the 
three systems, using the charge corrected value 
of Vb for “N + ’^Al. While the uncertainties in the 
individual data are sufficiently large that the data 
for all three systems overlap when plotted vs 
, the general trend of the and “O 
induced fusion cross sections seems to differ 
from the *”0 induced cross sections. Thus these 
data appear to show evidence of an entrance chan¬ 
nel dependence. In fact it is at the lowest ener¬ 
gies in the present data for the three systems 
where these differences become most apparent, 
and further studies of the distrtbutians of re¬ 
action strength for £cs. < 20 MeV would be of 
interest. Unfortunately for present purposes, 
the other investigation' of entrance channel ef¬ 
fects in the A =42 system concentrated on the 
higher energy region and yielded no information 
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FIG. 3. Low-eoen^ heharlor ol the ftislon crass sec¬ 
tions for the *'^+^Al, '‘0+“Mff, and **0+“Mg sys¬ 
tems. The barrier parameters used are those obtained 
In Glas and Mosel fits to the data and listed In Table 11, 
with the Coulomb adjusted value of for N-i- Al (see 
text). 
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FIG. 4. Fusion cross sections for the “n+ *’A1 sys¬ 
tem. The curves were calculated with the model of 
Ref. IS. A radius of 4.496 Im at 1.36% charge density 
was used for the solid curve, while a radius of 4.696 fin 
was used for file dashed curve. 


■y 150 mb.“ Thus our present data suggest that 
the observed difference in these two systems is 
not a simple size effect. 


about the barrier dominated region. Recently, 
however, Rascher ei a/.*’ have noted a similar 
difference between “O- and “O-induced fusion 
with targets of ”A1 and natural Si. 

Horn and Ferguson** have suggested that the 
difference in aj^ between the “N + “C and *’N 
■f **C systems can be explained in terms of the 
measured **N and **N charge distributions. The 
radius parameter which they use is the sum of 
the radii of target and projectile at which their 
charge densities reach 1.3S% ol their central 
densities. Unfortunately, it appears that the elec¬ 
tron scattering data do not determine this radius 
well, since the most recent compilation*^ lists 
0ts using three diOerent shape models for ‘*N 
and the extreme values for the 1.35% radius differ 
by 0.2 fm. Fits to the present fusion cross sec¬ 
tions using the two extreme values (4.096 fm for 
a three parameter Fermi distribution and 4.495 
fm for a harmonic oscillator distribution) are 
shown in Fig. 4. It can be seen that the use of the 
smaller radius leads to a satisfactory fit to the 
data, while the use of the larger radius over¬ 
estimates the cross sections by about 100 mb. 
However, use of this smaller radius predicts 
only a 50 mb increase lor ojJJ* In the ‘“N + **C sys¬ 
tem over that lor the “N + **C system, whereas 
the experimental difference is observed to be 


IV. SUMMARY 

In this paper, we have reported measurements 
of the total fusion cross sections for the **N+”A1 
systems. A comparison of these data with those 
ol the previously reported 0+ Mg systems, which 
lead to the same compound nucleus, suggests 
that the energy dependence of the low-energy 
fusion cross section shows evidence of entrance 
channel effects. The barrier parameters ex¬ 
tracted for the *“N + *'’A1 system arc quite similar 
to those (Stained for the ‘*0-i-’*Mg system, once 
simple Coulomb effects are removed, while both 
appear to be distinct from those of the “O + ^Mg 
system. The maximum fusion cross section for 
“N + ”A1 is 1150t: 50 mb, typical of other sys¬ 
tems involving a ]/>-shell nucleus and a 2s Id- 
shell nucleus. Our analysis suggests that the 
large maximum fusion cross section for the 
**N+‘*C system is not a simple size effect. 

This research was conducted under the auspices 
of the Department ol Energy. It was also sup¬ 
ported In part (F.W.P. and R.A.R.) by the General 
Research Fund of the University of Kansas and by 
a grant from the Department of Energy. The 
assistance of J. Maher and W. Jordan during a 
portion of the data taking is gratefully acknow¬ 
ledged. 
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"S would, of course, be preferable to use the nuclear 
matter distribuUoo rather than the charge distribution. 
However, it is clear from the present data that no 
single choice of radius for ‘'n can almultaneously ex¬ 
plain the ttN+ttc and itNl-^Al fusion cross sections 
with the model of Ref. 16. The problem could Us with 
the radius of T'aI. Reference 17 gives two fits for dif¬ 
ferent momentum transfer ranges, both to a two. 
parameter Fermi distribution, for ”a 1. These dlOer, 
at the 185% radius, by less than 0.02 Rn end the choice 
will have B negligible effect on the conchiston. 
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Backward angle cross sections for ”A1+**0 reaction products 
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(Received 10 December 1979) 

Reactiom induced by bombarding a '*0 gaa large! with ’’Al ioiu were atudied. Evaporatiaa itaidues aa 
well aa urgel-Iike recoils were measured over a wide range of Q values. Ttie yield of particles with 6:sZ ^9 
was found In be forward peaked in the laboralory frame. These target-like particles emerge with center-of- 
mass kinetic energies that, on the average, ate independent of the reaetkw angle. Their combined cross 
section has a 1/sinA,„ angular dependence. If this cross section is assumed to be symmetric about 90* 
(cm) the integrated craaa section is about 10% of the measured evaporation residue cross section at a 
ccntcr-of-mass energy of 54 MeV. 

NUCLEAR REACTIONS ”A1+ ‘*0, = 105, 145 MeV; measured do/dO for 

fraction products with and Z>13 for 2.5"« 15". Extracted a for 

_ evaporation residues and damped events. 


I. INTRODUCTION 

The ”0+ ’’'Al eyatem has been the subject of 
numerous studies.*’’ The evaporation residue 
cross sections have been measured by bombarding 
”A1 targets with “O beams at many different bom¬ 
barding energies,*'**’ and some features have 
emerged that set it apart from other systems with 
similar mass. The resulting energy dependence, 
when analyzed in the framework suggested by 
Glas and Mosel,’ yields values for the critical 
radius and critical potential* (r„-- 0.79 fm and 
V„--40 MeV) which deviate significantly from 
the values one would expect on the basis of sys¬ 
tematic trends in this mass region (r„ = 1.0 to 1.1 
fm and V^-O MeV).’ Furthermore, a large com¬ 
ponent of strongly damped events with masses 
and charges near that of the beam (*'0) has been 
observed.* These events are forward peaked and 
have been identified* aa deep inelastic reaction 
products. 

In the present measurements on the *‘0 + *''Al 
system the target and projectile were inter¬ 
changed. By having the lighter particle as the 
target, we were able to simultaneously detect 
evaporation residue.s as well as the forward 
scattered target-like particles. Use of a gas tar¬ 
get of *'0 enabled the identification of reaction 
processes over a wide range of energy loss, mass, 
and Z without the confusion often due to light con¬ 
taminants. In this measuremenl we detected 
strongly damped-target-like products at forward 
angles. In this way we were able to extend the 
earlier measurements of damped events, done 
with ‘°0 as the beam, to the backward hemisphere. 
The angular distribution measured for these "deep 
inelastic" events shows a backward angle rise and 
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follows on the average a 1/sin9,_,., angular distri¬ 
bution in the backward hemisphere. 

II. EXPERIMENTAL PROCEDURE AND RESULTS 

A natural oxygen gas target* was bombarded witt 
120- and 160-MeV ’’Al beams from the Brook- 
haven National Laboratory MP tandem accelerat¬ 
or. The experimental setup is shown in Fig. 1. 
The beam was tightly collimated by two slits, C^ 
and Cg, which were about one meter apart The 
target cell was constructed in a way that allowed 
simultaneous measurement of reaction products 
emerging on both sides of the beam. By detecting 
reaction products on both sides of the beam it was 
possible to monitor the average position and angle 
of incidence of the beam. The reaction products 
were identified using two A£-£ counter telescopes 
A gas ionization chamber backed by a solid state 
detector” provided energy loss and residual energy 
signals for each evenL The solid angles of both 
detectors were determined from the measured 
dimensions by geometric calculations' and with a 
calibrated o-particle source. The absolute norm- 
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FIG. 1. A schematic of the experimental setup. 
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FIQ. 2. A tWD-dlmenaloiial apectrum for ’’Al-f “o 
reaction products, (a) is the peak correapoodtag to 
^'Al-t-Xc elastic scattering, (b) is the ’’Al-t-'^ elastic 
scattering peak, (c) damped-target-Uke events. 



fig. 3. Angular dlatrlbutioo for evaporation residues 
measured at a oenter-ot-mass energy of 54 UeV. The 
open and closed olroles correspoad to measurements on 
opposite aldea of the beam (see Fig. 1). 


allzatlon of the data waa obtained from scattering 
of the *'A1 beam by Xe gas mixed with the target 
gas at a 0.2%i0.0041B molar ratla More details 
on the geometric correctioas and normalization 
procedure are available from Ref. 8, A typical 
two-dimensional £ vs spectrum is shown in 
Fig. 2. The two elastic peaks resulting from 
‘•0+”Al andKe+^'A! elastic scattering are indi¬ 
cated, as is the two-dimensional gate drawn 
around the events which we designate as recoiling 
target-like nuclei {Z~8). The evaporation resi¬ 
dues are clustered around the strong 2 = 10 line 
located above the ’^Al line. Atmore forward angles 
the yield from evaporation residues became much 
more Intense and was shifted toward higher Z val¬ 
ues. Measurements were performed at eleven 
angles spanning 2.5° to 15° in the laboratory sys¬ 
tem. Figure 3 displays an angular distribution for 
evaporation residues with X>13 measured at 
= 64 MeV.*" The resulting integrated evap¬ 
oration residue cross section is 1260 e 220 mb. 

A comparison was made with mass and charge 
distributions from previous measurements at 
similar energies**’ and with the elemental dis¬ 
tributions predicted by a Hauser- Feshbach multi¬ 
particle evaporation code." As a result, we be¬ 
lieve that by summing evaporation residues with 
X > 13 we obtain more than 96% of the total evap¬ 
oration residue yield. The large uncertainties are 
mainly a result of low counting statistics in the 
Xe-f’’Al elastic scattering peak. 

We now focus our attention on the reaction prod¬ 
ucts encircled by the two-dimensional mask shown 
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FIQ. 4. Center-of-maaa angular dlatrlbntion for 
damped events at large angles and = UeV. 
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FIG. 5. EvaporaUoD residue cross swttons from Ref. 

1 are shown hy trianKles; the open circles arc the same 
but corrected for fission (see text). Damped back amcip 
cross sndlons due to *’Al+ '*0 collisions are shown by 
solid circles. Also shown are the damped events Idcntl'. 
fled ns deep inelastic scattering in Ref. 2 (solid squarcsl 
The error bars are not shown for the fusion and the 
evaporation residue cross sections. The uncertainties 
(ire the some us given In Ref. 2. The shisied bar indi¬ 
cates the upper limit on fusion-fission events suggested 
In Ref. 2. The hvperlioilc curve drawn through our data 
points for damped events at backward angles corre¬ 
sponds to an exponential energy dependence. 


lit Fig. 2. Assuming two-budy kinematics, it was 
found that events with 6 2 < 9 could be associated 
with a range of Q values whose average Is approxi¬ 
mately the same at all angles studied, 
f®’** ®o.»i. * 40°); 5 = -22 and -32 MeV for E, „ = 39 
and 5d MeV. Using the average Q value for ^1 
the events in this group yields the center-of-mass 
angular distribution shown in Fig. 4. The solid 
curve Is proportional to l/sin9„ „ . Assuming that 
the angular distribution for this process Is sym¬ 
metric about 90 , the total cross section for these 
events can be obtained (120 1 25 mb at 54 MeV, 

Fig. 4). The total cross section deduced lor this 
process, at the two energies studied, is shown in 
Fig. 5 (the solid circles). Also appearing In the 
same plot are the assigned total deep inelastic 
cross sections quoted in Ref. 2. While the present 
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data and those of Hef. 2 were measured at slightly 

different energies, it Is Interesting to note that 

their cross sections lie close to the extrapolated 

curve through our data. 

m. DISCUSSION 

Our measurements show the presence of strongly 
damped-target-like events which have a l/siiiS^_ 
anguUr distribution in ibe baclrward hsmispberet' 
These events have Q values and 2 distrlbuUoos 
which are similar to those reported as deep In¬ 
elastic scattering by Cormier et ot.* at slightly 
higher energies and at scattering angles in the 
forward hemisphere. The angular diatributlon in 
Fig. 4 shows that the present data are due to a 
mechanism having a tong Interaction time; how¬ 
ever, the degree of equilibration of the composite 
system Is yet an open question. 

The yield observed here could be the backward 
angle part of the deep Inelastic process previously 
observed at forward angles.* One can view, then, 
the 1/slnS^ angular distribution in the backward 

hemisphere as yet another confirmation that deep 
inelasttc scattering is an orbiting phenomenon.**'" 
The relaxed evente seen here could originate also 
from a completely equilibrated system. The factor 
limiting large fragment emission could be the level 
density at the saddle-point configuration,*' or the 
phase space available for the two fragments at 
Infinite separation." EstlmaOng the fission with 
the code ALICE*’ results in very low 
values. No attempt has been made to estimate°the 
rate of large fragment evaporation using the sec¬ 
ond approach mentioned above, since for such a 
calculation the excitation energy and spin of both 
outgoing fragments has to be taken into account 
and such a code does not yet exist. It should be 
noted, however, that a 10% fission yield due to 
fission evaporation competition would be surpris¬ 
ingly large for a compound nucleus with mass 
number 42 and excitation energy of 70 MeV.** 

One possible means of determining the degree 
of equilibration is to measure the full angular dis¬ 
tribution. Symmetry about 90” would indicate that 
the events originate from a fusion-fission process. 
Unfortunately, the counting statistics of the data 
observed in our forward angle counters is inade¬ 
quate to obtain meaningful separation of strongly 
damped and quasi-elastic cross secUone at these 
angles. A comparison with the results obtained by 
Cormier et aU* Is also difficult because our data 
were measured at slightly lower energies and 
these cross sections depend very strongly on ener- 
By (Fig. 5). However, the upper lUnlt placed on 
fUBion-fiBsicn events in Ref. 2 (where presumably 
only symmetric fission was considered) Is much 
lower than the trend Indicated by our data (see 
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fig. 

Although It Is still an open question as to whether 
the oxygen-Uke damped events observed In the 
present experiment originate from thslon-fisalan 
or orbiting, it is interesting to examine the con¬ 
sequences of an assumed tusion-flssion process. 

If this were indeed the reaction mechanism pro¬ 
ducing these damped-target-lUe products, then 
the measured evaporation residue cross section 
would no longer account for the entire fusion cross 
section. In this case, the fuslon-tieslon ccmtrlbu- 
tion must also be added to the evaporation residue 
cross section. The evaporation residue croes 
sections of Ref. 1 (open triangles in Fig. 5) "cor¬ 
rected" in this manner, are indicated bjr the open 
circles in the figure. The anomalous behavior 
reported for the *''Al+"0 system* compared to 
the systematic trend of fusion cross sections for 
light systems then disappears; the new and 


V„ values extracted are 1.1 fm and 5 MeV, re- 
spectively. 

In conclusion, our data show the presence of a 
pronounced backward angle yield of strongly 
damped events, with an angular distribution char¬ 
acteristic of a long interaction time. However, 
the degree of equilibration of the composite sys¬ 
tem that produces this yield remains uncertain. 
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Tlie hypcrtiiie tlynan.ic field aciing on f«si lonj traversing polariied iron foils has been measured as a 
riiiiciion of ihe ion velocity in Ibe region O.O.t <v/Zii„ <0.06 for Sm iom. The dynamic field increases with 
vcfocify but not linearly The santc conclusions were obtained from measuremenu on oxygen iont traveratng 
(htn iron foils nr flopping in thick iron foils All availabie data on dynainic>5eld meaauremenu at kms with 
8 < / • 62 traversing thin foils were examined and fitted to a single pneral form for the dynamic field. The 
region of validity of this pai.imetnruition of (he dynamic field, as well u possible explanatiofis of its origin, 
nn* di.scus^ed 


NL'ri.l-..4ll KKACTIONS *‘“ ‘”Sm(‘Sj,‘S)')*‘^‘“Sm(2;). “"•‘“Snl(’*S.”S^“'•“'Sm(2;)T 
and MeV, £,~70-80 MeV, £,■» 17.55 MeV; measured 

U'(e.fj.'"i through ,ioUrl 2 nl Iron; deduced (n); compiled exletiliR data 

to obtain general parametrtzatlon tor (t'.Z). 


IN I HODIICTION 

It tiafa hecn known for many years that excited 
nuclei wilhin ionized atoms traversing magnetic 
material.s arc subject to strong hypertine inter¬ 
actions.' In order to tibtain a consistent descrip- 
bon of Uibsc interacbons, it is helpful to separate 
the results of tlie various experiments according 
to the ion velocity through the solid. 

Expenments on alow moving ions (/■/<■ <.0.01) 
which eventually stop in polarized magnebe ma¬ 
terials have shown that the ions experience a large 
magnetic interaction which results Ironi the 
coupling between the magnebe moment ol the nu¬ 
cleus and the magnetic field which acts on the 
moving ion.'' This field was given the name of 
"transienl field," and in the formulabon of lind- 
liard and Winther' was thought to vary inversely 
with the ion velocity. Many excited states nuclear 
magnetic moments were measured by this terh- 
nique, but agreement with the model could only 
be obtained by arbitrary adjustment of paramc- 
tor.s ' In addition, these early experiments were 
subject to systemaUc uncertainbes Uiat were 
difficult to ascertain. 

At very high velocibos, (c /, „ ■.> 1 where 
c,,- IS the Bohr velocity, and / the atomic 
numlier of the ion), (lie ions can be assumed to 
be completely stripped and the interaction be¬ 
tween Uic fast moving charge and the niugnebzed 
meilium can be treated analytically in perlurba- 
bon theory. The enhancemont of die polarized 
electrons density around the moving ion was cal¬ 
culated classically hy Sak and Bruno.'’ They ob¬ 
tain the following expression lor the magnebe 
field at the po.sibon of the moving ion: 
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( 1 ) 

where is the Bohr magneton and Np the number 
of polarized electrons/cm’. Exjjierimeats on 
“C (Refs. 6 and 7) and “C (Ref. 8) nuclei and on 
fast polarized posiUve muons* traversing iron 
plates, indicate that indeed at very high velocities 
the hypertine field becomes vanishingly small. 

It must be emphasized here that even though the 
velocity dependence of the field at high velocities 
is the same as that predicted by the Lindhard- 
Winther theory, the magnitude of the interactions 
and the actual physical mechanisms responsible 
for them are very different. 

At intermediate velocities the moving ion wiU 
be accompanied by bound atomic electrons and 
the nature of the interaction is considerably more 
complex as several competing mechanisms can 
in principle be responsible for the magnetic In¬ 
teractions between the ion and the solid. Recent 
studies^'***’“■“ have shown that excited nuclei 
traversing magnetic materials at relatively large 
velocities, v/oO.Ol, experience in fact a very 
much larger magnetic interaction than that pre¬ 
dicted by the Lindhard-Winther model and that 
the magnetic field increases almost linearly with 
the velocity v of the ion. The Rutgers group de¬ 
veloped a sensitive technique to test the velocity 
dependence of the hypertine field." The moving 
ion is allowed to traverse a thin magnetic foil 
and made to stop in an interaction free environ¬ 
ment. Thus the magnetic interaction acts only 
lor the well-defined time during which the ion 
traverses the foil and by adjusting the foil thick¬ 
ness, the incoming and outgoing ion velocities 
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can be controlled. The thin foil Idea was actually 
guKgested in 1068 by Grodzlns” but had not been 
tested because It was believed at that time that 
the “transient field" was proportional to l/v and 
therefore its magnitude would only be large 
enough for measurements to be carried out at the 
end of the ion trajectory. 

The following expression lor the field was pro- 
posed”'” and generally used for practical pur¬ 
poses even though it had not been thoroughly 
tested: 

(2) 

where a is a constant andare pa¬ 
rameters tfaed best fitted the early data for ions 
with 10<^<48. The field acting on last ions 
was given the name of "dynamic field" to dis¬ 
tinguish it from the interactions acting on very 
slow i<mB described by lintiiard and Wlnther. 

As the existence of the large dynamic field acting 
on high velocity ions was established, the ad¬ 
vantages of the "thin magnetic ftnl technique” 
were fully realized. 

The thin foil technique is particularly suited 
to the study of the ion-solid interactian because 
the results that emerge are essentially indepen¬ 
dent of the excited nucleus lifetime, of radiation 
damage in the stopping material which might af¬ 
fect the hyperfine Interaction, and of a precise 
knowledge of the low energy ion stopping power. 
The last point is particularly relevant as the 
stot^ng powers of ions near the end of their 
range are not well known. In fact, strong oscil- 
iatloos have been observed both in the stopping 
powers of various ions from to Z - 36 in 
amorphous carbon^ and a similar ion-solid inter¬ 
action has affected the measurement by the Dop¬ 
pler shift attenuation method of nuclear life- 
tirnes** of a particular ion (”Na in the 3.34 MeV 
excited state) stopping in a complete range of 
stopping materials from Z °6 to ^ = 83. These 
oecillations have been generally attributed to 
atomic shell structure effects either in the slow¬ 
ing ion or in the stopping material. Van hfiddel- 
koqp^ has suggested a mechanism based on the 
creation of polarized holes in the s shells of the 
moving ion to exidain ttie variations in the hyper- 
fine interactions observed when light ions (Z < 14) 
stop in thick iron foils. They have analyzed the 
e^rimental data available in terms of the hyper¬ 
fine field** due to the presence of an uncoupled 
but polarized Is electron in C, N, and O ions, a 
3s electron in Ne, Mg, and a ions, and a 3s elec- 
trrni in Fe ions. They were able to fit all the 
above data with a single parameter thus strongdy 
supporting the hypothesis that the dynamic fields 
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are of an atomic structure origin. In this work, 
they assume, however, that the dynamic field is 
linear in the velocity down to zero velocity. They 
caution therefore that.this approach noay have to 
be revised if the velocity dependence of the field 
is found to be different from linear. 

The first systematic results on intermediate 
weight ions (Z > 14) were obtained in last Se ions” 
traversing thin iron and gadolinium f(dls and on 
fast Fe ions” traversing iron foils; these data 
suggested that the parameters p, and p, in the 
expression lor the dynamic field given by Eq. (2) 
differ from unity, and the best fits to the data 
yielded the somewhat crude results, p^^^l.SiO.S 
and p, = 0.5± 1.0. 

Following these studies, “thin" target measure¬ 
ments were carried out on Pd and Cd isotopes*^ 
in order to establish the Z dependence of the dy¬ 
namic field for heavier ions. Furthermore, some 
of the data on the light ion experiments could also' 
be used for this analysis even though the actual 
measurements were made with thick iron foils. 

The measurements had been carried out on ions 
entering the magnetic foil at a variety of initial 
velocities. The data were reanalyzed by sub¬ 
tracting the contribution obtained for the slowest 
ions from file effect measured lor the faster ones. 
The analysis of these data seemed to suggest that 
the dynamic field dependence on the charge and 
velocity of the ion is indeed consistent with a 
linear behavior. However, later higher precision 
measurements cm Fd ions and low velcxiity data 
on Sm ions contradicted this trend and suggested 
that if a unique field were to be responsible for 
the data observed for all isotopes for 6<Z<62 
and in the velocity range 0.02 <i'/Zt/g< 0.80, then 
the dynamic field must be proportional to a lower 
power of the velocity. 

It is clear that data with higher precision are 
required within a narrow velocity range, and for 
many Z before a correct description of the dy¬ 
namic field can be proposed and therefore we 
undertook the measurement of the dynamic field 
acting on Sm and O ions as they traverse thin iron 
foils at varying but well-defined velocities. 

EXPERIMENTAL PROCEDURES 

The measurement of the dynamic field acting 
on fast moving ions traversing ferromagnetic ma¬ 
terials is accomplished by observing in coinci¬ 
dence with back-scattered beam particles the 
precession of the angular correlation of gamma 
rays emitted in the decay of an aligned nuclear 
excited state whose magnetic moment is affected 
by the presence of the dynamic field (Fig. 1). The 
type of targets used and details of the technique 
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FIG. L. Scliemativotthe experimental arrangement 
(not to Hcule) displaying the triple layer target and 
the Y-ray detectors. The recoiling Ions traverse the 
ferromagnetic (oil and stop in the Interaction-free Cu 
or Pb backing. 

have been extensively described in previous pub¬ 
lications from this laboratory.The target 
consists of three layers: a relatively thin layer 
of the isotope under investigation (between 200 
and 800 pg/cm’ thick) evaporated on an iron foil 
(between O.S and 2.0 mg/cm^) backed by a thick 
(>10 copper (or lead) foil. The target 

is placed between the pole pieces of a magnet 
which produces an external magnetic field of 
0.03-0.05 T, which is used to polarize the iron 
foils either up or down perpendicular to the scat¬ 
tering plane. The direction of the external mag¬ 
netic field IS reversed periodically (every three 
to five minutes), according to a preset count in 
the particle detector window. 

The exciting beam is scattered backward into 
an annular particle detector and the decay gamma 
radiation is detected in four 12.7 cmx 12.7 cm 
Nal (Tl) detectors located 16.7 cm away from the 
target at the maximum slope angles of the parti¬ 
cle-gamma angular correlation. 

A. Sill ions 

The first 2* states of both ‘“Sm and *“Sm at 
335 and 122 keV, respectively, were Coulomb 
excited with oxygen and sulfur beams. The mag¬ 
netic moment of the lung-lived, t = 2050 psec 
stateof‘“Sm, p- 0.832 1 0.050 n.m., was mea¬ 
sured by Miissbauer spectroscopy.” The mag¬ 
netic moment p== 0.78 ±0.07 n.m. of the short¬ 
lived t^69.1i 1.6 psec state of “"Sm was derived 
from die raUo p(150)/p(lS2)^0.936±0.060 ob¬ 
tained by Ben iSvi el al.^ from experiments on Sm 
ions recoiling in gas and the magnetic moment 
of *”Sm derived from Moesbauer experiments. 

The experiments on the Sm isotopes were car¬ 
ried out at a variety of initial velocities and for 
several thicknesses of the iron foil. 

The long lifetime of the ^"Sm state had an im¬ 


portant effect on the angular correlation In this 
experiment. Instead of the lull angular correla¬ 
tion which was found for all states with picosecond 
mean lives, the correlation for ”*Sm ions stopping 
in copper was attenuated. A significant weaker 
attenuation in the angular correlation was ob¬ 
tained by using lead as a sttyiplng material. It 
is assumed that the electric field gradients in¬ 
duced by radiatioa damage are responsible for the 
attenuation of the correlation, and that the radia¬ 
tion damage is different for coigier and lead. The 
measured correlations for copper and lead back¬ 
ings are shown in Fig. 2. The result lor the lead 
backing is very close to that which would be ex¬ 
pected for complete alignment of the state after 
correction for the finite solid angle of the detec¬ 
tors. The normalized slope of the angular cor¬ 
relation at the angle of measurement 8y=± 67.5° 
and ±112.5° was |Sl = (l/W')dW'/dfi|6^=2.86±0.10 
for the lead backing, and |S| = 1.39± 0.05 for the 
copper backing. This effect was not observed 
for ‘"Sm, and copper-backed targets were used 
for which |5'| =3.03 ±0.10. 

It is interesting to note that even though the 
lifetimes of the two states vary by two orders of 
magnitude, the observed precession of the gamma- 
ray angular correlation in the dynamic field is 
comparable within statistical errors for the two 
nuclei when they move at the same average ve¬ 
locity through the magnetic foil and stop in an 
environment free of radiatioo damage, and more 
important, free of static magnetic hyperfine in¬ 
teractions. These would in fact be larger than 
the dynamic-field interaction lor the long-lived 
'”Sm state. This effect demonstrates vividly the 
power of the thin foil technique. 

A beam-bending correction of A9= -0.09 ±0.06 
mrad corresponding to the effect of the 0.03 T 
external field on the incident and scattered beams 



Angle (0) 


FIG. 2. Typical parttole-y angular oorrelotiaD of 
ions for Cu and Fb backlnga. The four Nal(Tl) de- 
teotors were placed at angle# a 67.5* and ± 112.6*. 
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was measured on a target evaporated on a 
Fb bacUng. The correction for the paramagnetic 
reduction** of the applied field was neglected be¬ 
cause it is uncertain, and in any case amounts 
to no more than 10-2G% of the beam-bending cor¬ 
rection. In the case of ^“Sm, the precession data 
were corrected for an additional angular shift of 
-1.2 mrad due to the precession of the moment 
of the long-lived 2^ state in the external 0.03 T 
field. 

The summary of all the data obtained on Sm iso¬ 
topes is displayed in Table I. 


B. O io« 

The 6.131 MeVJ* = 3-, T-=26p8ec, g=0.55 
state** of was excited by inelastic a-particle 
scattering at a bombarding energy of 17.35 MeV. 
The scattered a particles were detected in an 
annular Sl(Ll) surface barrier detector at an 
angle 6^“ 16S°-172°. The excited nuclei tra¬ 
versed the ferromagnetic layer and stopped in 
an adjoining nonferromagnetic backing where they 
decayed. The de-excitadon gamma-rays were 
detected in coincidence with the back-scattered 
a particles by the lour 12.7 cmK 12.7 cm Nal (Tl) 
detectors located at angles 43" and ±135" 
at which the measured angular correlation had its 
greatest slope ISl = /de) = 2.9. The angu- 

iar correlation was consistent with an 83% m =0 
magnetic substate population for the particular 
geometry involved (Fig. 3). The solid angle cor¬ 
rection factors for the NaI(Tl) detectors were 
taken from the work of Little,** who calculated 
the relevant Q, geometrical factors by the pro¬ 
cedure developed by Black and Gruhle.** 

Several experiments were carried out. In the 


2.0 

W(G) 1.5 
1.0 
0.5 
0 

0 45 90 135 100 

Angle (9) 

FIG. 3. Typical partlcIe-Y angular correlation of "O 
for the O'—3f—0* transition. The tour NaI(Tl) detectors 
were placed at ± 45* and f 135*. 



first series, targets of either 200 fig/cm* WO, 
or 130 Mg/cm* SiO^ were deposited on a 1.0 
mg/cm* iron layer backed by 6 mg/cm* ol Pb. 
For the second type of measurements, targets 
of 200 pg/cm* WP, evaporated on a 6 mg/cm* 
iron backing thick enough to atop all recoiling 
oxygen ions were prepared. 

A third type of experiment was necessary to 
determine the effect on the angular correlation 
due to the bending of the beam. This form of 
beam bending cannot be calculated from purely 
geometrical consideradons when all the pa¬ 
rameters of the nuclear reach on are not known.*’ 
In contrast to excitation by Coulomb excitation, 
in a nuclear reaction at energies much above the 
Coulomb barrier, the symmetry axis of the y- 
ray angular correlahon need not coincide with 
the recoil direction of the excited nucleus. Con¬ 
sequently the beam-bending effect was measured 
by observing the precession of the angular cor- 


TABLE I. Summaiy of the experimental net precesBloo augleB AS observed for ***80 uid "*SiD Isotopes. The paism- 
eter a|,„ was calculated using Eq. (3). Aguf soii the energies and velocities of the moving 

tons as they enter and leave the ferromagnatfo foil. L Is the thickness of the foil and T Is the time spent by the Ion In 
the ferromagnetic foil._ 



£l. (MeV) 

(MOV) 




T (psec) 

A9 (mrad) 

“l.n* 

"•Sm 

44.00 

36.20 

3.44 

S.I2 

0.36 

0.064 

3.8(7) 

8 B. 6 ± 16.3 

T-69.1(1.6) 
psee 

44.21 

32.81 

3.46 

2.97 

0.55 

0.100 

4.9(4) 

7S.2± 6.5 

£-0.390(36) 

34.10 

24.59 

3.03 

2.58 

0.66 

0.116 

5.1(4) 

7B.5e 6.6 


33.68 

25.29 

3.01 

2.61 

0.48 

0.100 

3.3(8) 

67.1*15.6 


33.36 

11.73 

3.00 

1.78 

1.60 

0.375 

17.8(9) 

101.4* 5.4 


13.70 

8.24 

1.92 

1.60 

0.55 

0.184 

7.4(4) 

ll5X:i 6.3 


13.19 

9.39 

1.88 

1.60 

0.36 

0.124 

3.9(6) 

89.6*11.5 

“»Sm 

39.3 

14.3 

3.13 

1.86 

1.68 

0.304 

20 . 6 ( 8 ) 

101.9* 4.0 

T a 2060 psec 

34.8 

11.8 

3.04 

1.78 

i .68 

0.393 

19.2(7) 

96.4* 3.4 


'*110 vma obtalnad fay analysing the data with the aasumption that hie dynamic field la given by £(s,Z)aa]i,ZA’/v,) 
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TABLE n. Sumnuiy of the net experlmontBl preceaeloB anf^es At for '*0 and ‘*0 isotopea and valnea of Bn, ob¬ 
tained aa described In Tabic I. 




^'in 

^out 



L 

T 


HJilg 



Data 

lOD 

(MeV) 

(MeV) 

U/u 

Vl/out 

(mg/cm’) 

(psec) 

(mrad) 

(mrad) 

®IIQ* 

Ref. 

I 

"o 

8.07 

3.17 

4.51 

2.87 

1.0 

0.180 

-2.15(58) 

-3.91(1.06) 

100(27) 

This 












work 

II 

'«() 

8.07 

0 

4.51 

0 

2.24*’ 


-8.4a0) 

-is.sas) 

168(22) 

This 












work 

m 

"o 

;i.78 

0 

2.90 

0 

l.S** 


-2.7(2) 

9.3(9) 

160(14) 

11,12 

rv 

“o 

t.597 

0 

2.14 

0 

0.91'’ 


-8.76(27) 

-12.2(5) 

346(19) 

7 

ii-i 

"o 

3.17 

0 

2.83 

0 

1.24 



-11.4(21) 


This 












work 


*a,|„ waa obtained fay analyzing the data with the aeRumptlon that the dynamic field is given by Blv,2)iiaii„Z(v/vg) 
°In the raeea where the O lone stopped in the Iron foil the active thickness Is the actual range of the Ion. 


relation with a target of 200 Mg/cni^ WO, on a 
50 mg/cm’ Pb backing. The beam bending was 
measured for external fields of 0.03 and O.OS T. 
Whereas the purely geometric bending of the 
beam was calculated to be about -0.4 mrad, the 
actual beam bending turned out to be Ad = - 2.03 
d 0.34 mrad and Ad --3.05 d 0.44 mrad for 
B„,*0.03 and 0.05 T, respectively. 

The results of all the measurements on “thin” 
and “thick" iron targets are presented in Table 
11, and are compared to the data of Goldberg el al,’’ 
on “O and by Forterre el and Van Hienen“ 
in a similar experiment on ^'O. In this latter 
work the 1.90 MeVd' = 2*, T = 3.1 psec”-0-31 
(Refs. 11, 12, and 29) state of was also ex¬ 
cited by inelastic alpha particle scattering but al 
lower energies, i'a = 7.4 MeV, and the oxygen 
recoils stopped in the iron backing. 

RESULTS 
A. Sm ions 


as it traverses the iron foil. The horizontal 
error bar indicates the range of velocitieB cor¬ 
responding to the thickness of the foil. It is clear 
that is indeed not a constant, but decreases 
with the ion velocity suggesting that the simplified 
expression with />„ 1 is not valid. Therefore, 

the data were fitted with a dynamic field described 
by Eq. (2) and the best values of the parameters 
p, and p, were obtained. For this analysis a pre¬ 
cession angle A(i is calculated talcing into account 
the slowing down of each particular ion in the 
magnetic foil as well as the nuclear decays that 
might occur within the foil. The electronic stop¬ 
ping powers were taken from the tabulation of 
Northcliffe and Shilling^ and a polynomial inter¬ 
polation scheme was used in the analysis. The 
simple universal fit formula 

y _ 1.7t‘^"ln(t 4C-) 

V ’ l + 6.8t +3.4e’'» 

in Lindhardt, Scharff, and Schi^tt units^^ was 


In the case where the dynamic field is assumed 
proportional to the first power of the velocity and 
atomic number of the ion [Eq. (2) with p, =p, = 1| 
A6, the precession of the y-ray angular correla¬ 
tion, is directly proportional to the thickness L 
of the magnetic foil as Ad is given by 


AS = — y if df 


(3) 

Figure 4 shows the value of the constant de¬ 
termined under the above constrictions for Sm 
ions plotted versus the average velocity of the ion 


- f ' 

IO 2.0 3.0 


FIG. 4. Plot of the value of the constaBt a^, deter¬ 
mined from Eq. (3), versus the average veloctty of the 
Sm Ion as It traverses the Uron toil. 
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used for the mcleBr stopidng powers. The fol¬ 
lowing Integral was thus computed; 


A0 


S 






where T is the time the ico spends In the mag¬ 
netic material, E, Is its initial velocity, and E, 
is its energy as it leaves the magnetic foil. The 
actual calculation takes into account the thick¬ 
ness of die target, decays in flight, and the kine¬ 
matic spread due to the finite solid angle sub¬ 
tended by the detector recording the exciting beam 
particles. The minimum chi square was searched 
and the best value for various parameters thus 
established. The best lit to the Sm data yielded 

= 0.50 and x’= 1.876, but, of course, provides 
no information on p,. 

Several of the runs were performed in targets 
mounted on very thin iron foils. Under these cir¬ 
cumstances one can assume that the ion velocity 
remains approximately constant through the foil 
and one may extract an average value for the dy¬ 
namic field for that particular velocity 


(«)=, 


A0 

(V-n/Kigr • 


Figure 5 shows the results obtained for Sm ions. 
The solid line represents the best fit to all ex¬ 
isting data, and was obtained by the procedure 
described in subsection C below. A very similar 
study was done by King and Clark’’ on ‘”Pd. 
Their results are consistent with those obtained 
here. 


B. O ioni 

Several conclusions can be drawn from the re¬ 
sults presented in Table II. The most striking 
IS the observaUon that the constants obtained 
from a fit to the data for the parametrization of 
the dynamic field with p, = l are different by al¬ 
most a factor of 2 for the thin (data 1) and thick 
(data n and m) experiments. Since the dynamic 
field was found not to vary linearly with the ve¬ 
locity of the Im for Sm ions, it is no surprise 
that the same effect is observed for oxygen ions. 

A rough estimate of the static hyperfine field 
acting on oxygen i(nts stc^pped in the iron fcril can 
be obtained from the comUned data on all oxygen 
isotopes. In the case at ’’O the precession of the 
angular correlation due to interaction with the 
static field is negligible in view of the short mean 
life of the 2^ state. The long mean life at the 3' 
state in ’*0, on the other hand, makes the pre¬ 
cession of experiment Q in the thick iron foil 


z" 

( TphlQ I 






40' 

30 
20 

"1 

- 


•'“Sml 
.«Sm I 
“Pd 1 


RjtqerL 

' bnnftrt 




''F- 


i'v /' 




FIG. 5. Plot of the average value of die dynamic field 
(B> versus the transit velocity of Sm Ions traversing 
Iron Ibtls. The solid line Is a representation of the dy¬ 
namic field according to £q. (4) and the dotted line Indi¬ 
cates the region where the formulation for Eq. (4) need 
not apply aa no experimental data are available. 


susceptlbie to both the influence of the dynamic 
and static hyperfine fields. If the precession 
corresponding to the high velocity portion (data 
I) of the range of the Ion through the iron foil 
is subtracted from the data n, the resulting pre¬ 
cession for “O (AB/gli, -A$/g\i) can be com¬ 
pared with the precession Ae/g|„| obtained for 
**0 for the same Initiai 2.9 and final V// 

i;„ = 0 velocities. The precession of the angular 
correlation in Just the static hyperfine field is 
given by 

Ae = - , 

where t is the mean life of the state and (, the 
time elapsed after creation of that state, or for 
file case of the thin foil experiments, the transit 
time of the ion in the iron layer before it stops. 

An upper limit on the static field on “O ions 
stof^ng in iron can thus be extracted from 

= (2.1± 2.2) mrad, 

giving Bridfc (oxygen) c 3.5 T. A similar analysis 
carried out by Gerber et of.” yielded Bmut ^ 8.0 T. 
DataIV lists additional data obtained from a low 
velocity experiment on ”0 excited by the 
“F(/>, a)“0 reaction.” The effect observed in 
this experiment is even larger than that observed 
for the ”0 experiment at comparable velocities. 

C. Other ions; GeneiaUied foraiulilioo of the 
dynamic field 

In order to obtain the beet eatimate of the dy¬ 
namic-field dependence on the velocity and charge 
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TABLE ni. Summary of the net experimental precession angles A8 for *Ne, ’*81, **Fe, **86, ‘'*Pd, *‘*Cd. 

‘'*Pt, and '^Nd Ions traversing thin Iron foils and **86 Ions traversing tfaln gadolinium foUs. The original data for Ne, 
Hg, 81, and Ba Ions wcro reanalyzed differentially as described In the text In order to simulate a "thin foil” experi¬ 
mental situation. For those data, L reprosents the effective target thickness corresponding to the chosen initial and 
final velocities of the Ion, and T Is the effective time spent by the ton at these volocltieB. 


Ion 

A'l„ (MeV) 

£«., (MeV) 

t'A.lln 

t'/va)ait 

L 

(mg/om^) 

T 

(P»ec) 

A6 

(mrtd) 

Ref. 

Ions trsvorslng Iron foils 








“Ne 

30.4 

17.9 

7.83 

6.02 

1.85 

0.155 

3.8(17) 

34 

r - 1.0 psec 

30.4 

13.9 

7.M 

5.31 

2.42 

0.214 

5.0(15) 


0.54(4) 









“Mg 

35.57 

15.1 

7.73 

5.06 

2.36 

0.216 

5.2(23) 

34,27 

T- 2.0 psec 

35.57 

7.8 

7.73 

3.63 

3.31 

0.343 

8.5(36) 


ir= 0.51(2) 

35.57 

2.9 

7.73 

2.23 

4.13 

0.507 

10.7(18) 


=*S1 









T = 0.68 psne 

31.4 

8.7 

6.72 

3.56 

2.4 

0.275 

5.3(18) 

35,16 

g=0..53(2) 

31.4 

2.6 

6.72 

2.04 

3.3 

0.468 

7.2(17) 



31.4 

0.6 

G.72 

1.13 

3.85 

0.675 

8.0(18) 


”F« 

GS.O 

23.7 

0.83 

4.14 

2.3 

0.247 

8.9(17) 

13 

T =• 10 pHftC 

56.0 

32.3 

6.35 

4.82 

1.3 

0.136 

4.9(11) 


g = 0.80(8) 

56.0 

17.5 

6.35 

3.56 

2.3 

0.276 

8.2(16) 


“So 

53.(1 

42.5 

5.10 

4.67 

0.5 

0.060 

1.6(14) 

14 

T => 16.3 pace 

5.1.0 

31.4 

5.10 

3.93 

1.1 

0.142 

4.8(16) 



S.'l.o 

24.3 

5.10 

3.46 

1.54 

0.212 

6.8(16) 



53.0 

19.2 

5.10 

3.08 

1.9 

0.276 

10.9(16) 



53.0 

11.0 

5.10 

2.33 

2.6 

0.429 

13.7(16) 


IMpd 

47.4 

21.5 

4.24 

2.66 

1.36 

0.226 

7.3(8) 

21 

T= 16.9(9) psec 

42.0 

18.1 

4.00 

2.63 

1.36 

0.244 

8.3(12) 

21 

g-- 0.40(2) 

46.9 

23.7 

4.18 

3.01 

1.15 

0.188 

6.6(9) 

31 


17.3 

5.9 

2.56 

1.60 

1.15 

0.339 

8.4(8) 

31 


11.0 

5.6 

2.10 

1.47 

0.70 

0.234 

6.4(20) 

31 

‘">Cd 

45.0 

16.7 

4.06 

2.48 

1.6 

0.201 

7.5(20) 

21 

7 a- 7.7(6) pHflC 

45.0 

12.0 

1.06 

Z.IO 

2.0 

0.394 

11.7(20) 

21 

g= 0.28(5) 









'“Ba 

12.1 

7.4 

1.91 

1.50 

0.49 

0.171 

5.4(18) 

36 

T = 7.0 p«cc 

43.0 

14.7 

3.62 

2.11 

1.74 

0.364 

15.2(38) 

36 

g-- 0.43(5)“ 









"'Nd 

30.0 

9.4 

2.86 

1.61 

1.57 

0.422 

15.9(11) 

37 

T*- 123(3) pser 









0.33(4) 









ll4pt 

133.93 

11.95 

5.27 

1.67 

4.1 

0.81 

27.7(2.2) 

38 

T = 60(4) psoc 

58.29 

10.71 

3.4H 

1.86 

1.95 

0.45 

12.4(8) 

38 

0.274(25) 

35.72 

13.62 

2.72 

1.69 

1.44 

0.389 

9.2(8) 

39 

Ions traversing gadolinium fofls 








«Se 

53.0 

41.5 

5.10 

4.52 

1.0 

0.212 

4.0(14) 

14 


63.0 

31.6 

5.10 

3.94 

2.0 

0.258 

7.6(16) 



53.0 

18.7 

5.10 

3.04 

3.6 

0.526 

20.4(44) 



63.0 

13.8 

5.10 

2.61 

4.4 

0.690 

21.2(24) 



Of the ion, all the existing data Irom this and other 
laboratories were collected (Table IQ) and analy¬ 
sed. Only data obtained with "thin” iron foils 
were used. In the cases of Ne, Mg, a, and Ba, 
however, the measurements were actuaUy carried 


out on targets deposited on thick iron backings 
in which the ions stopped. However, several data 
were obtained with loos at various initial ener¬ 
gies. In order to evaluate the effects of the dy¬ 
namic field acting oo fast loos only, the data wore 
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anal^ed dtOerontiallY as discussed iu die Intro- 
ducticm. 

The magnetic moments of all nuclear states 
used in the analysis are known from direct ex¬ 
periments such as measurements with radio- 
active sources in external fields or in known 
internal static hyperfine fields, with the excep¬ 
tion of **Si where the theoretical value of 
used." 

In Fig. 6, the parameters obtained from 
these data analyzed in the context of a dynamic- 
fieid linear in the ion velocity are plotted. It is 
clear that with the exceptiim of the Pt data, 
decreases with the increasing icm velocity for all 
ions, and increases slightly vdth the ion atomic 
number, in good agreement with the conclusions 
obtained from the O and Sm data. 

The ejqiression (2) for the dynamic field was 
simultaneously fitted to all tabulated "thin target" 
or eguivalent data in order to evaluate the pa¬ 
rameters a, p,, andp.. The best fit ()c’= 1.2) 
yielded 

/?(w,Z)=(96.7±l.e)(-^j (4) 

Because for Pt appears to be much smaller 
than warranted by the trend displayed in Fig. 6, 
the Pt data were omitted from this fit. The solid 
line in Fig. S is a representation of this equation 
applied to the Sm data. The physical processes 
occurring at velocities ti/iio'- !•& are not well 
known and the above formulation need not apply 
(dotted line). 

There is one glaring exception to the above fit: 
‘‘"Pt (Refs. 38 and 39) for which the observed 
angular precession is much smaller than the ef¬ 
fect which would be predicted from the above pa- 
rametrization of the field. No explanation of this 
anomaly can be offered yet. Recent ‘^^Ba mea¬ 
surements" in thick iron fmls appear to be con¬ 
sistent with the assumption of a dynamic-field 



FIG. 6. Plot of the ocDstant versus the average 
transit velocity tbr the data listed In Tables I, n, and 

m. 


linear in the ion velocity. However, a diflerential 
analysis of these same data yield results com¬ 
patible within statistical errors with the pa- 
rametrizatlon of the field given by Eq. (4) (Fig. 

8 ). 

DISCUSSION 

The ai^roach used in the data analysis Involved 
fitting all available data displayed in Tables I, n, 
and in by a unique fieldilft’,.?). This approach 
may be erroneous insofar as it is conveivable that 
light ions in which atomic structure effects are 
dominant would be subject to a different magnetic 
hyperfine interaction than the heavy ions where 
more complex electronic configurations might 
average out the sharp atomic features. Never¬ 
theless, the Sm and O data ccmfirm that the dy¬ 
namic field is not simply proportional to the itm 
velocity. 

Under these circumstances the very elegant 
analysis of the light nuclei by van Middelkoop 
el al./ which exhibits clear atomic structure 
effects, ought to be revised even though the under¬ 
lying ideas are undoubtedly correct. Further¬ 
more, when the field is proportional to a com¬ 
plicated function of either velocity or atomic num¬ 
ber, it is no longer possible to exhibit the fea¬ 
tures of the dynamic field by plotting the experi¬ 
mental data versus some common parameter; 
these can only be obtained from an analysis of the 
least square fit to a hypothetical model for the 
field. In fact, it may not even be possible to 
write B(v,2) as a product of two separable func¬ 
tions of V and Z. Nevertheless, the surprising 
results that all 40 independent experimental data 
points from Z=8 to Z = 62 obtained in many labora¬ 
tories can in fact be simultaneously fitted suggest 
that the dimamlc fidd could indeed be described 
for practical purposes by a “universal" expres¬ 
sion and hence could be used to measure the mag¬ 
netic moments of other nuclei. However, as long 
as the microscopic origin of the field is not quan¬ 
titatively described, the above fit of a generalized 
e:q>reBBion to the data should be considered more 
an accident than an accurate description. 

A more physical approach leading to a pa- 
rametrization (AB(v,Z) arises from the recent 
results of Dybdal el ol." They have measured the 
K vacancy fractloa for Si ions moving in nickel 
foils and for O and F ions in iron and nickel foils. 
They have shown that the K vacancy fraction in¬ 
deed increases with velocity, and that the dynamic 
magnetic field at the moving ion can be produced 
by a combination of sian exchange interacUons 
between the moving ion and the magnetic material 
and capture-loss processes involvlag polarised 
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electrons. Furthermore, they have observed that 
the K vacancy production for O ions, contrary 
to that observed for other nearby ions such as F, 
does not remain proportional to the velocity as 
the velocity of the ion is reduced but stays ap¬ 
proximately constant to very low velocity. This 
result IS completely consistent with the present 
observations on the behavior of the dynamic field 
at O ions moving at very low velocity. 

More quantitative K and higher shell vacancy 
production and dynamic-field data over the whole 
periodic table will be necessary to obtain a uni¬ 
versal microscopic formulation for the dynamic 
field. 

The “thin foil” technique is not the only approach 
to the study of the velocity dependence of the dy¬ 
namic field. Oe Raedt el al.*'' have recently made 
use of the line shape of the Doppler broadened 
gamma-ray line profile of ”Si ions slowing down 
in magnetized iron foil. Their preliminary re¬ 
sults indicate a dynamic-field proportional to the 
ion velocity. However, within the given statistical 
uncertainties in the measurements, the same data 
can be fitted equally well with the parametrization 
of Ek]. (3). Another method which has been used 
to determine the velocity dependence of the mag¬ 
netic field but is of limited scope involves the 
measurement of the interaction on very short¬ 
lived nuclei, and the recent experiment" on 
ions has confirmed the medium and high velocity 
behavior of the dynamic field. However, this 
technique is by its nature limited to the higher 
velocities. The “thin foil" technique, on the 
other hand, is more readily applicable to the 
measurement of magnetic moments. Its advan¬ 
tages have been extensively described in the In¬ 
troduction and in previous publications, but its 
limitations should not be overlooked. Since 
neither the dependence of the dynamic field on 
velocity nor on atomic number is yet completely 


understood from basic principles, the dynamic 
field should be applied with caution to absolute 
measurements of magnetic moments of excited 
levels: 

(1) in ions which have no isotope with a known 
magnetic moment which could be used to cali¬ 
brate the magnetic field, 

(2) in a velocity range different from that used 
to calibrate the field in the case where a level 
with known magnetic moment is available. 

It is interesting to note further that whatever 
parametrization of the dynamic field is chosen 
to reasonably fit the data for at least nearby 
nuclei, the best fit for each parametrization will 
yield the same magnetic moments for the unknown 
species to within S%.” 

One may conclude from these observations that 
whereas limited measurements of magnetic mo¬ 
ments in well-chosen isotopes are possible, the 
greatest onus remains to establish the nature, or 
at least the behavior, of the dynamic magnetic 
field, either from basic principles or from serai- 
empirical analysis. The observation that the dy¬ 
namic field is large and correlated with the 
velocity dependence of /C-shell vacancy production 
does suggest that single polarized electrons play 
an important rc^e and therefore that atomic struc¬ 
ture effects must be taken into consideration. On 
the other hand, the fact that it is possible to fit 
all available data ranging over one order of mag¬ 
nitude in atomic number with a single expression 
for the dynamic magnetic field, and the expecta¬ 
tion that ions moving through solids must occur 
with a broad charge distribution, suggest in turn 
that some average over many atomic configura¬ 
tions could be considered. 
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The boHibaidment of ""Pb by 'Li ioni hn been lued to •tudy the propeftki of excited itatef in '’’At, 
'‘'Po, and '"Pb ln>beain meaauremcnti with Qe(Li). intrinaic Oe, and Si aurface barrier detectors of a* 
decay excitation functions, a-y coincidences, y-y coincidences, y-ray angular distributicns, and pulsed- 
beam-y liming were made to establish decay schemes, level energies, y-iay multipolaritiea, spin-parity 
assignments, and isomenc lifetimes. Excited slates with spins up to 19/2 t in "’At and 6 0 in '"Po were 
idenlified. The mean lifetimes of the 1272-keV g* and 1193-keV 6* slates in ''°Pb were measured to be 
223(22) and 30(10) nsec, respectively. These liidimes imply R(£2) values of 31(12) e 'fin* for the 8* state 
and 308(113) e 'fm* for the 6^ aute. The "’At decay scheme and the "°Pb B(£2) values are compared with 
shell model calculations. 


Sue LEAR REACTIONS '“Pb('U,2«)“At. •“Pb('U,()*“Po, "•Fb('U,op)*“Pb, 
£ 141 = 30-34 MeV; meaeured a-decay excitations, ai.y coincidences, y-y coinci¬ 
dences, y-iVfg), pulsed-beain-y timing; deduced level schemes, y multipolari¬ 
ties, J', r,/j, B(£2). 


I. INTRODUCTION 

The shell model has been very successful In 
describing the properties of nuclei near the doubly 
closed ’"'Pb core (N = 126, Z = 82). As a result 
there has been considerable experimental and 
theoretical Interest In this region. For nuclei 
with £>82 and N >126, there Is a lack of experi¬ 
mental spectroscopic Information because it is 
difficult to populate these nuclei. However, the 
bombardment of ’"’Pb by ’u has proved to be 
very useful in studying such nuclei. It has been 
used to study ^'^At (Ref. 1) and as well as 

the closed neutron shell (A/= 126) nuclei of ’°’B1 
(Ref. 3) and **'At.^ In the present study, ’Ll + ’"Pb 
has also been used along with In-beam y-ray 
methods to investigate the (V=:12B nuclei ’‘^At 
(£ = 85), ’‘’Po(£=84), and ’"’Pb(£ = 82). 

The nucleus ’’’At is composed of five valence 
particles, three protons and two neutrons, outside 
of the ’"'Pb core, while the nucleus ’’’Po has four 
valence particles, two protons and two neutrons. 
The low-lying hlgh-spin states in these nuclei are 
expected to involve primarily neutrons in the g), 2 t 
iti/t, aadfti/i orbitals and protons in the Ag/ji 
/f/t, and I,]/] orbitals. Spectroscopic information 
for these nuclei would be useful in the study of the 
neutron-proton effective interaction. The nucleus 
*’'Pb is somewhat simpler than ’’’Po and ’’’At, 
since it is composed of just two neutrons outside 
of ’’'Pb. In this nucleus it would be particularly 
interesting to acquire lifetime information, which 
could be used to extract neutron £2 effective 
charges. The purpose of the present study is to 
ejqierlmentaiiy determine the properties of low- 
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lying hlgh-spin states in ”“At, “’Po, and ’’“Pb 
and to Interpret the results in terms of the shell 
model. 

At the beginning of the present study, the only 
available information for “’At was the study’ of 
the a decay of the ground state [7)/: = 110(20) 
nsec I, which was observed to decay via a 9.08- 
MeV or particle to the ’’’Bi ground state. For 
“’Po, the available experimental information in¬ 
cluded studies’’ ’ of the a decay of the ground 
state [7|/2 = 0-296(2) psec]to’'*Pbandthe0decay 
of ’”bi to low-spin states (,/ < 2) in “’Po. For 
“°Pb, available experimental information included 
transfer reaction and /3-decay measurements.' 
With these measurements, many levels in “°Fb 
were identified, including the 8*, 6*, 4*, 2* yrast 
states. 

In the present study, excited states in “'At, 
“*Po, and “ 'Pb were populated via the '"Pb(’Li,2»f), 
”'Pb('Li,/), and "”Pb(’Li,ap) reactions, respec¬ 
tively. To extract the required information, 
several In-beam measurements were carried out. 
a-decay excitation measurements were made to 
investigate the ('L1,2 h) and (’id,!) yields near the 
Coulomb barrier; an a-y coincidence measure¬ 
ment was carried out to identify y rays from “'At 
and y-y coincidence, y-ray angular distribution, 
and pulsed-beam-y timing measurements were 
made to determine level energies, spin and parity 
assignments, y-ray multipolarities, and isomeric 
lifetimes. The experimental techniques used in 
the a-decay excitation and a-y coincidence mea¬ 
surements are described in Sec. H. The tech¬ 
niques lor the y-y coincidence, y-ray angular dis¬ 
tributions, and pulsed-beam-y timing measure- 

1838 


® 1980 The Aawficu Phydial Sookty 



21 


SPECTROSCOPY OF *»«Po, AND ««»Pb FOLLOWING... 


1839 


menta are dtacuased In detail In Ref. 9, and are 
also briefly reviewed in Sec. n. The experimen¬ 
tal reaulta for ’‘*At and "'Fb are preeented in 
Sec. m, and diecuesed in terme of the ahell model 
in Sec. IV. The “'Po results are presented in 
Sec. m, and are also compared in Ref. 10 with a 
complete ’“Po shell model calculation. Prelimin¬ 
ary results of these measurements have been re¬ 
ported previously.** An independent study of ***Po 
employing the **'Bl(a,p) reaction has also been re¬ 
cently performed to Investigate high-spin states.'* 

H. EXPERIMENTAL PROCEDURE 

Levels in **'At, ***Po, and ’'"Pb were populated 
via the ***Pb(’u,2*i), “'Pbf'U.f), and *“Pb(*U,a/>) 
reaction, respectively. For these measurements, 
30-34-MeV 'Li** beams, obtained from the Stony 
Brook tandem van de Graff accelerator were Inci¬ 
dent on enriched (>99%) *°'Pb foils with thicknesses 
of 0.5, 1.1, and 250 mg/cm*. The deexcitation y 
rays were detected by large coaxial Ge(Ll) detec¬ 
tors with energy resolutfone of ~2j0 keV full width 
at half maximum (FWHM) at 1.3 MeV. For weak 
low-energy y rays (<400 keV), a planar type Ce 
detector, wlfli an energy resolution of 0.8 keV 
FWHM at 122 keV, was utilized in several mea¬ 
surements. The a particles were detected by 
silicon surface barrier detectors. Including one 
of annular geometry, which were typically 150 
ixg/cm' thick and 100-150 mm* in area. 

The of-decay excitation study was carried out 
to determine the relative cross sections for the 
population of ***At, *‘*At, and ***Po near the *L1 
+ *<"Fb Coulomb barrier. This was done by mea¬ 
suring the or-decay yields at *L1 beam energies 
of 30, 32, and 34 MeV with the 0.5 mg/cm* ”'Pb 
target. The energies of the a-partlcle groups for 
these nuclei are 9X8 MeV for “’At,* 8.78 MeV for 
’"Po,’ and prlmarUy 7.62, 7.68, 7.84, and 7.90 for 
“*At.** All other expected a-partlcle groups have 
energies less than 7.45 MeV. The a particles 
were detected at 160° relative to the beam direc¬ 
tion with a silicon detector (see Fig. 1). An In- 
beam resolution of 150 keV FWHM, which was li- 
limlted by the target thickness, was sufficient to 
resolve the a-partlcle groups. The yield for each 
a-partlcle group was determined by fitting to the 
data a Gaussian dlstribation with a quadratic back¬ 
ground. The yield lor ***At was obtained by sum¬ 
ming the 7.62-, 7.68-, 7.84-, and 7.00-MeV a- 
partiele group yields. Normalization was achieved 
by current integration. On the basis ot these 
yields, the beam energies lor the subsequent *L1 

**'Fb measurements were selected. 

A coincidence measurement between y rays and 
the ground state a decay of *'*At was made to 



FIQ. 1. The a-particle energy spectrum observed with 
a 0.5 mg/cm* **'Pb target at a'li beam energy of 32 
MeV. The energiea of the a-partlcIe groups are 9.08 
MeV for “*At; 8.78 MeV for ”>Pd: primarily 7.62, 7.68, 
7.84, and 7.90 MeV tor »“At; awl 7.4S MeV tor «>Po. 

The insert in the upper right comer contains the rela¬ 
tive yield of the and ^'At groupe at 34 MeV. 

identify those y rays orlginatlttg from the decay of 
excited states in ’’’At. Care bad to be exercised 
because of the considerably larger yield of tbe 
(*U,3n) channel to ***At (see Sec. 01). In order 
to achieve a reasonable coincidence event rate 
for this measurement, large detector solid angles, 
an optimal *'’At yield, and a thick target were re¬ 
quired. The large detector solid angles were ob¬ 
tained by using a target chamber which was de¬ 
signed to allow an annular surface barrier detec¬ 
tor and a Ge(Li) detector to be placed as close as 
3 cm from the target when the detectors are posi¬ 
tioned at 180° and 90° to the beam, respectively. 
The optimal **’At yield was achieved by carrying 
out tbe experiment at a 30-MeV beam energy. 

This energy was selected on tbe basis ol the a- 
decay excitation measurementa, which showed 
that for tbe range of energiea studied, the yield of 
**’At was a maximum at 30 MeV and that for *‘*At 
was at a minimum. Below 30 MeV the Coulomb 
barrier reduced all the channels. In addition, 
since the yield ol **'Po at 30 MeV is down by about 
an order of magnitude relative to that for ***At, it 
was not necessary to resolve the ***Fd and **'At 
decay a particles, which, are separated by only 
300 keV, Thus a thick 1.1 mg/cm* target could 
be used to Increase the coincidence a-y event rate 
for ***At. The a energy resolution with this tar¬ 
get thlckneas waa adequate to discriminate againat 
the ’*'At a grotqM. For the a-y coincidence mea¬ 
surement, standard faat-alow electronics were 
employed; this was possible because the mean 
Ulettme, 159(29) nsec, ot the **’At ground state 
la Bufflclently abort that tbe true-to-random ratio 
is acceptable. Coincident y-ray spectra were 
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collected on-line by setting digital gates on the 
9^6-MeV a particles from *'’At. 

The y-y coincidence, r-ray angular distribution, 
and pulsed-beam-v timing measurements vere 
carried out using 33-MeV 'U Ion beams and the 
thick 250 mg/cm* target. The increased energy 
was chosen to Increase the population of hlgh-spin 
states and at this energy the “’At yield relative 
to “’At is still reasonable. The yield for ’‘’Po is 
also large enough that spectroscopic Information 
could be obtained. The y-v coincidence measure¬ 
ments were carried out to identify the y-ray decay 
schemes. To obtain Information on the y-aniso- 
tropies, as well as the relative y-ray Intensities 
ly, y-angular distributions were measured at 3 
angles between 0° and 90°. The extracted photo- 
peak areas were fitted to WtS) = y,(l + AtPt), 
where P^ are the Legendre polynomials. The time 
differential pulsed-beam-y measurements were 
made to identify delayed transitions and to obtain 
lifetime results lor Isomeric states. For the 
time differential measurements, the ’Ll beam was 
pulsed with repetition periods of 1 and 2 psec and 
an overall time resolution of about 8 nsec was 
achieved with the Ge(Ll) detectors. 

III. EXPERIMENTAL RESULTS 
A. ’’’AUndr'^Pn 

The results of the or-decay excitation measure¬ 
ment (see Fig. 2) show that the ’'"Pb(’Ll,3n)“’At 
reaction Is much stranger than that of “’*Fb(’Li, 
2n)“’At. These results are consistent with the 
cross-section estimates which are expected*’ to 
peak at 41.8 and 29.5 MeVfor the(’Ll,3n) and(’Ll,2n) 
reactions, respectively. The yield of the (’Li,2n) 
reaction at Its peak energy is significantly limited 
by the Coulomb barrier (=30 MeV). The measure¬ 
ment also shows that the ’'’“Pb(’Li,f)“’Po reaction 
has a strong energy dependence between 30-34 
MeV. At 30 MeV this reaction is very weak, but 
increases rapidly, becoming nearly equal to the 
’•*Pb(’U,2fi)“’At reacUon at 34 MeV. The (’U,/) 
reaction Is expected” to Involve both direct trans¬ 
fer and breakup plus capture processes. Calcula¬ 
tions with a standard equilibrium evaporation 
code'* indicate that the contributions to the “’PH) 
yield from (’Ll,p2n) should be very small com¬ 
pared to the observed yields. Since these results 
showed that the yield of ’‘’At was largest at 30 
MeV lor the range oi energies studied and that lor 
’‘’At and ’”Po was a minimum, this energy was 
chosen for the a-> coincidence measurement in 
order to optimize the event rate. 

From the a-y coincidence measurement, the 
341-, 387-, 405-, and 725-keV y rays were as¬ 
signed to ’‘’At. These four y rays are seen in the 



(MeV) 

FIG. 2. Helatlve a-dccay yields for ’‘’At, ’‘’Po, awl 
’’’At during the bombardment of a 0.5 mg/cm’ ’••pb tar¬ 
get with ‘l 1 Ions at energies of 30, 32, and 34 MeV. The 
yield for ’’’At was obtained by summing the 7.R2-, 7.6S-, 
7.84-, and 7.90-MeV o-partlcle groups. 

coincidence spectrum for the 9.08-MeV a particles 
of the ground state decay of “’At, which Is shown 
in Fig. 3. The 511-keV y ray was also observed 
in coincidence; however, this y ray is most prob¬ 
ably annihilation radiation. 

The results of the y-y coincidence and angular 
distribution measurements for ’'’At and “’Po are 
summarized In Table I. The 387-, 405-, and 725- 
keV y rays assigned to “’At on the basis of the 
a-y coincidence measurement are also observed 
In coincidence with a 188-keV y ray. These four 
y rays are shown in the total y-y coincidence spec¬ 
trum at the top of Fig. 4. The strong y rays in 
this spectrum, which are not labeled in the figure, 
have been IdentUied previously as y rays from 
“’At,' ’"Bl,’ and **'B1.’ In addition to the “’At 
y rays, y rays with energies of 727, 40S, and 222 
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FIG. 3. y-ray spectnim obtained In coincidence with 
9.0U-MeV a particles firom the decay of the '*’At ground 
state during the bombardmmt of a 1.1 mg/om* ^Fb tar¬ 
get with 30-MeV 'U ions. 


keV were assigned to ’’’Po. This assignment was 
made with the assumed IdenttUcatlon of the 727- 
keV y ray with the 2*-0* transition In ***Po, 
which had been observed previously In d-decay 
studies^ of ’‘^Bl. This IdentUication Is strength¬ 
ened by the fact that the ratio of the Intensity of 
the 725-keV transition In ^'^At to the 727-keV transi¬ 
tion (see Table I) Is comparable to the ratio of the 
“’At to “’Po a-decay yields observed at 33 MeV, 
which Is the energy at which the >-y coincidence mea¬ 
surements were carried out (see Fig. 2), Also 
the 727-keV y ray has not been observed'"’ In 
coincidence with any of the y rays from ’'’At, 

’’’Bl, and ’'’Bl. Both the ’'’At and ’'’Po level 
schemes involve a 405-keV transition. The exis¬ 
tence of two 405-keV y rays was determined by 
the y-y coincidence measurement which showed 
that the 725-keV transition in ’'’At and the 727- 
keV transition in’'’Po were both in coincidence 
with a 405-keV y ray (see Fig. 4), Conversely, 
the 405-ksV transition Is observed In coincidence 
with both the 725- and 727-keV y rays. 

From the y-y coincidence results and the y-ray 


intensities level schemes lor ’'’At and ’'’Pu 
were constructed. The level scheme for ’‘’At la 
shown on the left side of Fig. 5. The main fea¬ 
ture of the decay scheme ie the y-ray cascade 
from the 131B-keV level to the ground state in¬ 
volving the 18-, 18B-, 387-, 405-, and 725-keV 
y rays. The IB-keV transition between the 1130- 
and 1112-keV levels was not observed, but its 
existence is confirmed by the coincidence be¬ 
tween the 188- and 387-koV y rays. The 341-keV 
y ray is also Included in the “’At level scheme, 
on the basis of the o-y coincidence measurement. 
No y ray was observed In coincidence with this 
transition, indicating that It decays to the ground 
state. 

For ’“Po, the 222- and 40S-keV y rays were ob¬ 
served to cascade to the 727-keV 2* state, defining 
levels at 1132- and 1354-keV (see Fig. 6). The 
present ’'’Po results agree with the recent 
’**Bl(o,f))’”Po study,” which observed 727-, 405-, 
and 222-keV y rays In coincidence with the ’'’Po 
decay a particles. In addition, the present y-y 
coincidence and angular distribution measure¬ 
ments remove any ambiguities in the placement 
of the 405-, and 222-keV > rays In the ’'’po level 
scheme. 

Evidence for isomerism in both “’At and ’'’Po 
was found In the pulsed-beam- 7 ' timing data. All 
the y rays listed in Table 1 had delayed components, 
except the 341-keV y ray. The 387-, 405-, 725-, 
and 727-keV y rays also showed prompt peaks in 
their time spectra. Since the 405-keV line is 
actually two y rays, it could not be determined 
definitely whether or not either of the components 
lacked a prompt peak. However, since both the 
“’At IBB-keV and ’'’Po 222-keV > rays are de¬ 
layed, it is most probable that the 1130-keV level 
In ’'’At and the 1132-keV level In ’'’Po, which 


TABIjE I. Results of the y-y coincidence and angular dlstrlhutloD njeasimements for ’‘^Po 
and “*At. 


B,tkeV)* 

Nucleus 



y rays coincident with E,'‘ 

188 A 

*”At 

13 

-0.21 1 0.07 

(386.7), (405.1), 724.6 

221.5 

«’Po 

16 

0.05 10.06 

465.1, 727.4 

340.5 

“’At 

40 

0.14 * 0.04 


386.7 

"’At 

27 

-OJSiO.OS 

188.4, 724.6 

406.1 

«*P 0 , ’"At 

58* 

0.21 rO.Oe 

168.4 , 221,5 , 724.6 , 727.4 

724.6 

"’At 

100 

0.28 ± 0.06 

188.4, 386.7, 406.1 

727.4 

»’PO 

80 

-0.01 * 0.03 

221.5, 405.1 


*y-ray energlas ore accurate to J keV. 

* 7 -rsy IntsDSItles ere normalized to the 724.6-keV yield | Intenaltles are accurate to 10% 
ualMS otherwise noted. 

°The A 4 ooeffloients are not quoted; all the A| coetHolentB are oonelstent with 0.00 1 0.08. 
‘Parenlhaeea around y-ray energy Indicate weak colnotdenoa. 

'The iBtsnsitlea (aoourata to 26%) of the “’At and ’”Po componwts of this y ray are esH- 
mated from the y-y oolnoldenos maasurement to be S3 and 26, respectively. 
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OtANNCL flUNUEN 

FIQ. 4. y-'f colncideoce apectrt from the ^Fb+’U 
rMcttoB at Em" 33 MeV. The total gate spectrum Is 
ooincldeat with sU y rays from 60 to 1000 keV. The 
stroag y rays tn this spectrum have been identified pre- 
vtoasly tn ’**Pb+’LI studies of ’’’At (Hof. 1), ^°B1 (Ref. 
2), and ’"bI (Ref. 3). The 725- and 727-keV gates are 
from the CU,2<>)’*'At and Cu,f)‘l*Poreactions, re¬ 
spectively. 

decay via the 405-keV y rays, are not Isomeric. 
From this timing data It was impossible to ex¬ 
clude the existence of prompt components in the 
188- and 220-keV y rays because the prompt 
Compton background was very large at these 
energies and the delayed intensity very weak. 
Based on the above information, isomeric states 
exist at or above 1318 keV in ‘"At and 1354 keV 
ln“'FO, 

The 387- and 405-keV y rays were the only 
transitions from which lifetime Information could 
be extracted. A fit of a single lifetime to the 
387-keV time dUferentlal data yielded a mean 
lifetime r = 158(25) nsec lor the ‘"At Isomer. 

For the 405-keV transition, which Involves two 
y rays, the beat lit to the time differential spec¬ 
trum was obtained with a function involving two 
Independent lifetimes, that yielded t= 163(14) and 
rs 25(9) nsec. These results suggest that the iso¬ 
mer with the shorter lifetime is in ‘"Po and that 
with the longer lifetime in ‘"At. All the other 
levels have lifetime upper limits of t 8 nsec. 

The observed r = 2S nsec lifetime In ‘"Po at or 
above 1354 keV Is consistent with a recent Inde¬ 
pendent "*Bi(a,p)‘"Po measurement" which 
identified an isomeric state at 1423(30) keV with 
a mean lifetlma of 20.5(33) nsec. 

y-ray multipolarities and, hence, J’ assign¬ 
ments were deduced from the y-angular distribu¬ 
tions with the asBumptlona that the states are 
aligned In low-m substates and that the dominant 
V-ray decay proceeds via yrast levels by stretched 


T-ISSnttc 



KX) 482 - 7/2- 



FIG. 5. The experimental and calculated energy level 
schemes for ’'’At. The experimental level scheme that 
was determined from the present ’"pbl* Ll,2n) y-ray 
measurements Is shown on the left side. The energies 
of the levels and the y raye are given In units of keV. 
The V-ray Intensities are normallaed to the 725-keV 
V-ray yield (-100). The results of the shell model cal¬ 
culation for the model space are shown 

on the right side for several selected levels. 


T»25n»sc 



FIG. 6. The energy level lohame for *‘’fo determined 
from the present’’'PbfLl.f) v-ray meeeuremente. Thr 
727-keV {2*^ 0^ treaettioa woe takaii from Bet. 7. 
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J-J-L tTMialtlnnB/* where 3 rraet levels ore tbe 
lowest energy levels lor a given spin J and L la 
the r-ray multipolarity. Lifetime Information 
also aided in these assignments by eliminating 
higher mulUpolarlUes. 

The deduced y-ray multipolarities and ■/' as¬ 
signments for “’At are included In the level 
scheme of Fig, 5. Based on the angular distribu¬ 
tion coefficients and Ufetljne limit, the 725-keV 
Y ray Is Identified as a stretched £2 transition. 
Assuming for the ground state of ’‘’At,' 
this multipolarity implies a for the 725- 

keV level. Since there are two 40S-keV y rays, 
the A| and A 4 coefficients lor each separate y ray 
are uncertain. However, since the an gular dis¬ 
tributions of the 222- and 727-keV y rays In ’"Bo 
were observed to be Isotropic and A 4 ‘° 0 ), 

the “’Po component of the 40S-lceV an gular dis¬ 
tribution is also most likely isotropic. The ob¬ 
served Af thus suggest that tbe “’At component 
for the 40S-keV y ray is a stretched £2 transi¬ 
tion. This Implies a = for the 1130-keV 
level In “’At; the bracket denotes the tentative 
nature of this assignment. For the 387-keV y 
ray, the angular distribution and lifetime Informa¬ 
tion strongly suggest a nUxed Afl/£2 multipolarity 
with a negative mixing ratio. This implies a </' 

= lor the 1112-keV level. Similarly, the 188- 
keV y ray is consistent with a mixed Afl/£2 tran¬ 
sition. Htowever, the possibility of £1 multipo¬ 
larity cannot be ruled out for this y ray because of 
the uncertainty In the A] coefficient. Thus, the 
1318-keV level is tentatively given an assignment 
of (^T. For the prompt 341-keV y ray, the small 
positive A}=0.14 Is suggestive of a nonstretched 
mixed Afl/£2 transition. The most probable spin 
and parity for the 341-keV level la (}', |’'). 

For the ’”pd y rays, the angular ^tribuUone 
are nearly isotropic (see Table I). However, 
the 727-keV 2*—0' transition Is known to be a 
stretched £2. This indicates that the (’Li,/) reac¬ 
tion is populating a broad distribution of m B\ib- 
states or that dealignment la occurring. Thus, 
strong J' assignments cannot be made. However, 
because “’Po Is an even-even nucleus. It Is moat 
probable that the yrast decay Is proceeding via the 
usual 6 * — 4* - 2* ->0* sequence of levels. For this 
reason, tbs 1132- and 1354-keV levels are tenta¬ 
tively given assignments of (4*) and ( 6 *), res¬ 
pectively. 

B. «»?b 

The y-y coincidence measurements showed that 
levels In “’Pb were being weakly populated during 
the bombardment of with 33-MeV ’U ions. 
Since the energies of the 8 % 6 *, 4*, and 2* levels 
in “*Pb were known from previous charged parti¬ 


cle studies,' the coincidence between the 287- and 
79B-keV y rays observed In the present experiment 
Identified these two y rays as the 4* -> 2’ and 3* 

-0* transltlonB in *!'Pb, respectively (see Fig. 7), 
These ’"Pb levels were being weakly populated 
most probably via the ’''Fb(’Ll,ap) reaction. 

Evidence for two isomeric states in “’Pb was 
found in the time differential data, which showed 
that both the 297- and 799-keV y rays had de¬ 
layed components. The results of the time dlf- 
ferentlBl measurement of the 297-keV y ray 
are shown in Fig, 7. A least-squares fit to the 
data yielded mean lifetimes of 225(22) nsec and 
30(10) nsec. The time differential spectrum of 
the 799-keV y ray, which had poor statistics, 
also yielded lifetimes consistent with these values. 
Since the time differential spectra of both y rays 
also Include prompt components, they Indicated 
that the Isomeric levels lie above the 1096-keV 
4* level and decay most probably via unobserved 
highly converted transitions. This assumption is 
consistent with the 8 * — 6 ' and 6 * -> 4* transition 
energies in “’Pb, which are known' to be 79- and 
99-keV, respectively. Such £2 transitions have 
internal conversion coefficients of about 23 and 8 , 
respectively, and would not be observed in the 
present y-ray measurements. Thus, the present 
experimental data suggests that “'Pb is similar 
to “'Po, where the 8 ' and 8 ' states are known” 
to be isomeric with mean lifetimes of 139 and 
61 nsec, respectively. Assuming tbe same situa- 



FIQ.7. Results of the time differential measuranent 
of the 127Z-keV 8* and 1193-keV 6* states In “*Fb ob¬ 
tained from the time apeotnun of the 297-keV y ray for 
the bombardment of a thick ’"Pb target with a pula^ 
33-MeV ‘LI beam. The solid line is a least squares fit 
to the data wfalefa yielded mean lifetimes of 225<22) and 
30(10) nsec. The assignment of these lifetimes to the 8* 
and S* states, reapeottvely In “’Fb is discussed In the 
teid. 
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Uon in *'°Fb implies that the 8* and 6* states have 
mean Uletlmes of 225 and 30 nsec, respectively. 

The decay of tlie recently discovered’ 2986-keV 
Isomeric state in ’°*Bi was also observed in 
Ue present experiment. This level was strongly 
populated via the ’”Pb(’Ll,a2n) reaction. From 
the time differential measurements, the mean 
lifetime of this state was determined to be r 
= 25(2) nsec, which is in excellent agreement with 
the previously measured value of t = 26.011.4 
nsec.’ The observed decay scheme for this iso¬ 
mer also agrees with that of Kef. 3. 

IV. DISCUSSION 
lUA* 

The experimental results obtained for ’’’At 
from the present ”'Pb('Ll,2n) y-ray measure¬ 
ments are summarized in Table I and on the left 
side of Fig, 5. The structure of the low-lying 
states is expected to involve primarily the Iig /2 
protons and the neutrons. Comparison of 
the ’’’At level scheme with those for ’’‘At and 
”**Pb suggests that the observed states in ’’’At 
can be described reasonably well as the (ir)’ yrast 
levels in ’'*At coupled to the (v)’ levels of ’'“Pb. 

To check this, a shell model calculation of the 
energies of the structure was made 

using two-body empirical matrix elements ex¬ 
tracted from ’'°Pb, ’‘“Bi, and ^“At.'" The results 
of the calculation for the yrast levels </' 

, ,y' are shown on the right side of Fig. 5, 
where they are compared with the experimental 
level scheme. The agreement is good. All the 
calculated levels are within 65 keV of the experi¬ 
mental levels, except for the 341-keV level, which 
is 142 keV below the calculated state. This 
indicates that, except for the 341-keV level, the 
observed levels in "’’At dominantly Involve the 
(ih»/ 2 )’(iV?i, 2 )^ structure. Furthermore, the cal¬ 
culation shows that the configurations for these 
levels are primarily the ’"At ground state coup¬ 
led to the excitations In ’'°Pb. 

In regard to the 341-keV I') level, no or 

y levels are predicted near this energy by the 
calculation for the (vA«/ 2 )’(i^.if 9 / 2 )’ configuration. 
This suggests that the 341-keV wave function in¬ 
volves additional orbitals. The orbital most likely 
Involved is through the 

I (irfcj/2)*0*(v/7/2)r < ) 

configuration. This is supported by ’"Bi, where 
the first excited state, known" to have a large 
component of Hv/i/t), (i^s^»/2)*0';j'>, is at 410 keV. 
This energy is considerably lower than the lowest 
|(vki/ 2 ), ( 1 ^ 1 / 2 )*;^) I®*®! ib observed at 765 
keV." 


It is interesting to conjecture as to the nature 
of the r = 159 nsec isomeric state in ’"At. Based 
on the (ffIia/ 2 )^>'gt/ 2 )’ calculation and the experi¬ 
mental information, it is possible that the 
|(»*i/ 2 )’ P, 8*®*® would be isomeric, 

decaying via an unobserved low-energy £2 
transition (20 < £, < 100 keV) to the |(xk|/ 2 )’I", 
state. This level would 
then decay promptly (t«B nsec) to the ob¬ 
served (^1 level at 1318 keV by an unobserved 
low-energy £1 transition. According to the 
{nhi)i)\vgtn)^ calculation, the unobserved 

— £2 transition should have an energy of about 
60 keV. The Isomeric mean lifetime, t= 159 nsec, 
then implies a £(£2) == 76 e* fm’ using an internal 
conversion coefficient e86. To zeroth order, this 
£(£2) value should be identical to that for the 8' 

— 6* transition of the neutrons in ’"Pb. 

This value, which Is discussed below, is 51(12) 
c’fm’ and is somewhat smaller than that suggested 
for the —£2 transition in ’"At. 

lUPo 

The results of the ’•'Pb(’lii,f)’"Po measure¬ 
ments are summarized in Fig. 6 and Table I. 

These results are compared in a previous p^r" 
by D. Strottman with a ’"Po shell model calcula¬ 
tion, which uses realistic matrix elements and a 
complete shell model space. 

b®Pb 

The results of the ’"Pb lifetime measurements 
are summarized in Table n. In the present ex¬ 
perimental investigation mean lifetimes of 
225(22)and 30(10) nsec have been measured in 
’"Pb for unobserved levels above 1096 keV. 

Based on the arguments described in Sec. m, 
these lifetimee were assigned to the 1272-keV 
8* and 1163-keV 6' states, respectively. With 
these lifetimes, the extracted £(£2) values are 
51(12) c’fm* for the 8*~6* transition and 
308(115) e’fm’ for the 8*-4* translUon. 

The results of a calculation of the effective neu¬ 
tron charges in ’"Pb are also Included in Table 
n. Theoretical £(£2) values were calculated 
using the wave functions of Kuo and Herllng” 
and harmonic oscillator radial wave functions with 
Hw = 41A*' The calculation yielded £(£2) 
values of 48 s’fm’ for 8* - 6* transition and 187 
r’ fm* for the 6* - 4’ transition; these values imply 
neutron effective charges of 1.03(12)eand 1.28(24)e, 
respectively. 

It is Interesting to compare the neutron effec¬ 
tive charges of ’"Pb with those extracted from 
’"Bi.” In ’"bi, neutron effective charges of 
041(8) and 0.8^16) were obtained from the 9' 
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TABLE n. Neutron tranaltbHU and eBeotive ohargee Involving tbe y{2g,/f) orbltala. 


Nucleus 

Jl — J/ 

E,(koV) 

T(nsec) 

or 


fm* 

*Mtle 

“•Pb 

8 *-6* 

79±7‘ 

226*22 

22 J‘ 

51* 12 

46 

1.03 *0.12 

“«Pb 

6*^4* 

99* 7» 

30*10 

8.3*' 

308 * 115 

187 

1.28 *0.24 

nOQ^e 

9--7' 

162.3 

84* 9 

0.98 

44* 5 


0.81 *0.08 

“'Bt' 

6 ’—3‘ 

90.4 

56 ± 9 

10.4 

1B0± 30 


0.89 *0.16 


'The tranaltton energy waa taken fron Ref. 8. 

*The internal conversion coefflolenta were taken from R. S. Hager and C. E. Seltser, Nuol. 
Data A4, 1 (1968) and O. Dragoun, Z.PlajDBr, and F. Schnaatzler, ibid. M. 119 (1971). 
°Rderence 21. 


->7* and S'->3' £2 transltionsi respectively. 

Since the dominant configuration for these levels 
is an effective proton charge of 

1.53e was used in order to extract the vgt/t effec¬ 
tive charge. The ‘‘"Bi values are slightly smaller 
than the present ^‘°Pb values, although almost con¬ 
sistent within the uncertainties. 
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tlon In ’“Pb Implies that the 8 * and 6 * states have 
mean lUetlmes ol 225 and 30 nsec, respectively. 

The decay of the recently discovered’ 2B86-keV 
isomeric state in ’’’Bi was also observed in 
the present experiment. This level was strongly 
populated via the ”'Pb(^Li,i](2n) reaction. From 
the time differential measurements, the mean 
lifetime of this state was determined to be r 
= 25(2) nsec, which Is In excellent agreement with 
the previously measured value ol t=: 26X± 1.4 
nsec.’ The observed decay scheme for this Iso¬ 
mer also agrees with that ol Ref. 3. 

IV. DISCUSSION 
»»Al 

The experimental results obtained for ’’’At 
from the present ’“’Pb(’Ll,2«) >-ray measure¬ 
ments are summarized In Table I and on the left 
side of Fig. 5. The structure of the low-lying 
states is expected to involve primarily the Itj /2 
protons and the gg /2 neutrons. Comparison of 
the ’’’At level scheme with those lor ’“At and 
“"Pb suggests that the observed states in ’‘’At 
can be described reasonably well as the (v)’ yrast 
levels In ’“At coupled to the (v)’ levels of ’‘“Pb. 

To check this, a shell model calculation of the 
energies of the structure was made 

using two-body empirical matrix elements ex¬ 
tracted from ’“Pb, ’'"Bl, and ’"At.” The results 
ol the calculation for the yrast levels ■/' 

= Y* are shown on the right side of Fig. 5, 

where they are compared with the experimental 
level scheme. The agreement is good. All the 
calculated levels are within 65 keV of the experi¬ 
mental levels, except for the 341-keV level, which 
Is 142 keV below the calculated j' state. This 
Indicates that, except for the 341-koV level, the 
observed levels in ’“At dominantly involve the 
(ffA»/ 2 )^(«'gii/ 2 )^ structure. Furthermore, the cal¬ 
culation shows that the configurations for these 
levels are primarily the ’“At ground state coup¬ 
led to the (i'gj/ 2 )’ excitations in ’‘’Pb. 

In regard to the 341-koV (}', p) level, no ^ or 
p levels are predicted near this energy by the 
calculation for the configuration. 

This suggests that the 341-keV wave function in¬ 
volves additional orbitals. The orbital most likely 
Involved is v/j^ through the 

I (TrA2/2)’0*(ff/t/j)T , ) 

configuration. This is supported by ’“bi, where 
the first excited state, known*’ to have a large 
component of |( 1 / 1 / 2 ), (>'^ 8 /!)* 0 *if*)t At 
This energy is considerably lower than the lowest 
l(»ki/ 2 )> (v/fi/ 2)’;2 ') level In ’“Bl observed at 765 
keV.“ 


It Is interesting to conjecture as to the nature 
of the r= 159 neec isomeric state In ’‘’At. Based 
on the (ffk|/ 2 )’(vg|/ 2 )’ calculation and the eaqierl- 
mental Information, It Is possible that the 
|(vk«/ 2 )’ I*, (vgt/ 2 )‘ 8 *'i¥'') ‘tate would be Isomeric, 
decaying via an unobeerved low-energy £2 
transition (20 <£,<100 keV) to the |(vA|/i)’^', 
(vg 8 / 2 )’ 6 *;y'> state. This level would 
then decay promptly (t «8 nsec) to the ob¬ 
served (^') level at 1318 keV by an unobserved 
low-energy £1 transition. According to the 
(vAB/ 2 )’(t'/f 9 / 2 )’ calculation, the unobserved 

— £2 transition should have an energy of about 
60 keV. The Isomeric mean lifetime, t= 159 nsec, 
then ImpUee a B(£2) '^76 e’fm* using an Internal 
conversion coefficient => 86 , To zeroth order, this 
B(£ 2 ) value should be identical to that for the 8 ' 

— 6 ’ transition of the neutrons In ’‘’Pb. 

This value, which Is discussed below, is 51(12) 

r' fm’ and is somewhat smaller than that suggested 
for the £2 transition in ’‘’At. 

The results of the ”*Pb(’Ll,f)’‘*Po measure¬ 
ments are summarized in Fig. 6 and Table I. 

These results are compared in a previous paper*’ 
by D. Strottman with a ’“Po shell model calcula¬ 
tion, which uses realistic matrix elements and a 
complete shell model space. 

JIOpi, 

The results of the ’“Pb lifetime measurements 
are summarized in Table If. In the present ex¬ 
perimental investigation mean lifettmes of 
225(22)and 30(10) nsec have been measured In 
’‘’Pb for unobserved levels above 1096 keV. 

Based on the arguments described in Sec. m, 
these lifetimes were assigned to the 1272-keV 
8 ’ and 1193-keV 6 * etates, respectively. With 
these lifetimes, the extracted B(£ 2 ) values are 
51(12) e’fm’ for the 8 * — 6 * transition and 
308(115) e’fm’ for the 6 * —4* transition. 

The results of a calculation of the effective neu¬ 
tron charges in ’“Pb are also included in Table 
n. Theoretical B(£2) values were calculated 
using the wave functions of Kuo and Herling” 
and harmonic oscillator radial wave functions with 
Aw^4L4'''’. The calculation yielded B(E7) 
values of 48 e’ tm* for 8 * — 6 * transition and 187 
r’ fm’ for the 6 * — 4* transition; these values imply 
neutron effective charges of 1.03(12) e and 1J!8(24) e, 
respectively. 

It Is Interesting to compare the neutron effec¬ 
tive charges of “’Pb with those extracted from 
’*’61,” In ’”81, neutron effective charges ol 
0.81(8) and 0.89(16) were obtained from the 9' 
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TABLE II. Neutron traoaltions ud effective diargee Involrinc the orbltale. 


Nucleus 

Jf —Jf 

£,(keV) 

T(aaeo) 

a 



*•« /« 

“•pb 

8 *—6* 

79i7‘ 

225*22 

22 Jl‘ 

51* 12 

48 

1.03 *0.12 

“»Pb 

6 *-4* 

99*7* 

30^10 

8 J‘ 

308 * 115 

187 

1.26 ±0.24 

h»bi« 

9'—7- 

162.3 

84* 9 

0.96 

44 ± 5 


0.81 ±0.08 

""Bl' 

5'—3- 

90.4 

65* 9 

10.4 

190± 30 


0.89 ±0.16 


*The Innaltlon energy wee taken (rom Ref. 8. 

‘The internal converalon ooefflolents were taken from R. s. Hager and C. E. Seltzer, NUcI. 
Data A4, 1 (1968) and O. Oragoun, Z.najner, and F. Scbmatzler, ibU. ^ 119 (1971). 
‘Rdiience 21. 


-T and 5'->3' B2 tranalUona, respectively. 

Since the dominant configuration for these levels 
is |irA(/ 2 )(i'gi/])«/)i an effective proton charge of 
1.53e was used in order to extract the effec¬ 
tive charge. The ‘“BI values are slightly smaller 
tiian the present ^“Pb values, although almost con¬ 
sistent within the uncertainties. 
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We Ktudy the dynamics of heavy-km collissoos using the bydrodynamical description and focus our 
attention on the head-on collisioiu which provide the most lavorable case for such a description. Angular 
distributions and energy distributiont were obtained for various combiaatioiit of projectiles and targets of 
equal and unequal masses in the energy range from SO to 4(X) MeV per prcgectile nucleon. It is found that 
regions of high density (the shock regions) are formed during the collisiom and that the angular and energy 
distributions for many of these collisions have prominent features. In the collision of a small projectile with 
a heavy target, there is the forward angular peak of slow dissociated particlea which represent much of the 
projectile nuclear matter stopped in the larger target nucleus, in additioo to the nucleons from the 
espansions of the shock region There is the side angular peak corresponding to the sidesplash of the target 
nuclear matter due to the impact of the projectile. There it also the backward angular peak due to the 
espansion of the shock tegion into the backward direction. In the collision of two equal nuclei, there are 
only the forward angular peak and the side angular peak. The effects of viscosity and thermal conductivity 
are uivesugated and found to affect the angular and energy distributions of the reaction products. 

NUCLEAR REACTIONS Ueavy-lon reactions, nuclear hydrodynamics, 

I ‘®’Au and *“pb • **Pb at 50, 100, 250, and 400 MeV per projectile nucleon. 

Nuclear viscosity and thermal conductivity. 


I. INTROUUCTION 

Our recent Interest in high-energy, heavy-ion 
reactions stems in part from the po.ssibility of 
probing the equation of state of nuicear matter, 
both with regard to its behavior at zero tempera¬ 
ture and at high temperatures. Many exotic 
phenomena such as the plon condensation and 
density isomers manifest themselves in peculiar 
shapes of the equation of state.* As the equation 
of state enters prominently in the hydrodynamicai 
description of the reaction process, it is desir¬ 
able to ascertain to what degree the heavy-lon 
collision process can be described by hydrody¬ 
namics. Although much discussion and Investl- 
gaUm has been made on the theoretical founda¬ 
tion of nuclear hydrodynamics,’’* in the final 
analysis, it is a direct confrontation of the re¬ 
sults of hydrodynamicai calculations with experi¬ 
ments which will validate or negate the hydrody¬ 
namicai description. Hie recent observations 
by Gutbrod and collaborators'' that many features 
of the heavy-lcm collisions at intermediate ener¬ 
gies may have hydrodynamicai origin gives addl- 
tlonal impetus to the treatment of heavy-lon 
collision in terms of nuclear hydrodynamics. 

The advantages of a hydrodynamicai treatment 
of the reaction process, if successful, are mani¬ 
fold. As different energy heavy i«i8 lead to 
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different compressed densities, the equation of 
state can, in principle, be traced by using pro¬ 
jectiles of different energies. Furthermore, 
one may also obtain the transport coefficients of 
nuclear matter which otherwise cannot be obtained 
by other means. For these reasons, one may 
wish to push the hydrodynamicai description as 
far as possible and see how it could perhaps 
describe some aspects of heavy-ion collisions. 

It is clear from the outset that not all the 
nuclear collisions can be described prcq^ierly 
by nuclear hydrodynamics. For example, periph¬ 
eral and transfer reactions are unlikely to be 
described well by nuclear hydrodynamics as the 
Interaction time involved is short compared with 
the time necessary to bring the system into local 
equilibrium. It is necessary to be selective in 
choosing the proper case for treatment. The in¬ 
teraction time increases as the impact parameter 
decreases. Head-on collisions involving large 
nuclei present lavorable cases where nuclear 
hydrodynamics may perhaps be a valid descrip¬ 
tion. For this reason, we focus our attention on 
head-on collisions, with the hope of exploring 
only the region around I = 0 at a later time. 

Past treatments of numerical nuclear hydro- 
dynamlcs*'*’* centered on the comparison of theo¬ 
retical results with the experimental single- 
particle Inclusive data.* The objective is to ob- 
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ain the angular dUtribntlon after a aummatlaa 
ver all the Impact parametera. Earlier work 
leals with the case of head-on coUlalons."* Hie 
lumerlcal technique used la the PIC (parUcle- 
n-cell) method. As no long-range interactlpn 
B used, the nuclear surface Is given as a sharp 
lurface which introduces the problem of negative 
iressure. Furthermore, viscosity and thermal 
onduetlvlty are not taken Into account. Anodier 
reatment of the hydrodynamlcal problem made 
ise of the assumptlcn of Irrotatlonal flow^‘ and a 
iualltative representation of the mach cone con- 
:ept.** Conjectures based on the latter are, 
lowever, not substantiated by the detailed calcu- 
atlons of Amsden et al.^" StlU another treatment 
ly Wong, Tang, and collaborators*’''' discussed 
hock waves In supersonic heavy-lon coUlaions 
nd later Introduced the long-range Interaction 
0 describe the nuclear surface. The numerical 
lethod Is based on the FCT (fluz-corrected- 
ransport) method of Boris and Book'* which 
Hows simple Incorporation of viscosity and 
tiermal conductivity. One-dimensional hydro- 
ynamical calculations based on such a model 
ave been reported previously.*’ Two-dlmen- 
lonal calculations lor the collision of one Infinite 
ylJnder of nuclear matter with another were also 
erformed and will be reported elsewhere." 

Tils paper deals with three-dimensional head-on 
coUlsiona. A preliminary report, baaed on the 
work of Wong, Welton, and Maruhn, was pre- 
lented previously.*' 

This paper is organized as follows. In Sec. n 
he basic equations of nuclear hydrodynamics are 
iresented. A brief description of the genealogy 
if nuclear hydrodynamics and its connecUon with 
he many-body theory Is given. A criterion of 
its validity In terms oi die thermal relaxatlan 
.Ime la also discussed. In Sec. HI an estimate 
if the nuclear transport coefficients Is made. 

The shear viscosity and the thermal conductivity 
ire estimated from the Landau-Ferml Uquid 
heory and the compresslocal viscosity from the 
«iddi of the giant monopole resonance. In Sec. 
fV we discuss our choice of the equation of state 
ind other parameters for the nulear fluid. Section 
V presents a detailed description and discussion 
If die results. They are the calculations for 
wad-on collisions of ’“Ne + ‘•'Au and *"Pb -t^Pb 
It the bombarding energies of 50, 100, 250, and 
100 MeV per projectile nucleon, both with and 
without viscosity and thermal conductivity. 

Special featnres of the hydrodynamlcal descrip- 
lon and die significance of dissipation In the dy- 
lamlcs are emphasised In order to facilitate 
'utore confrontations with experiments. Finally, 
tec. VI summarises the main results and remarks 


on future Investigatians along this Itne. An ap¬ 
pendix is attached in which some technical as¬ 
pects of the numerical problem are discussed. 

A very Important parameter In the present 
discussion la the initial kinetic energy of the 
colliding nuclei. For simplicity, we shall adopt 
the convention of measuring the energy In terms 
of the kinetic energy of die projectile per pro¬ 
jectile nucleon while the target is at rest. Fur¬ 
thermore, In the collision of unequal nuclei we 
shall take the lighter nucleus as the projectile. 

The energy parameter Is then expressed as 
Af, where £, 1 ^ Is the laboratory kinetic energy 
of the projectile and A, Is the projectile mass. 

For simplicity, this quantity is sometimes ex¬ 
pressed as simply as E/A. 

II. BASIC EQUATIONS OF NUCLEAR HYDRODYNAMICS 

The connection between nuclear hydrodynamics 
and a more fundamental quantum many-body 
theory has been extensively studied by various 
workers.*"****"*' We shall briefly discuss the 
results of Rets. 20 and 21 with regard to the con¬ 
nection between nuclear hydrodynamics and the 
many-body dieory. This connection can be de¬ 
picted in Fig. 1. One can start with the exact 
many-body theoiy and obtain the extended time- 
dependent Hartree-Fock (ETDHF) apprtxcimation.'* 
In dlls approximation, both the effect of the mean- 
field and particle collisions are considered. Next, 
one goes to a classical transcription’* by inter¬ 
preting the Wigner function In the ETDHF approx¬ 
imation as the classical distribution function. 

The resultant approximate Vlasov-Boltzmann 
equation forms the basis from which much sta¬ 
tistical dynamics can be extracted. One can in¬ 
troduce the quantity of local entropy field and 
prove with the Vlasov-Boltzmann equation that 
the total time derivative of the local entropy never 
decreases. It Is natural to speak of the situation 
when die local entropy Is stationary as the state of 
local (thermal) equilibrium. One can prove** 
further that when local equilibrium Is attained, 
the local momentum distribution is character¬ 
ized by a Fermi-Dlrac distrlbuttan. The param¬ 
eters In the distribution are (1) the local tem¬ 
perature, (2) the local Fermi energy which Is 
related to the local density, and (3) the displace¬ 
ment of the Fermi-Dlrac spherical distribution 
from the origin which is related to the local 
velocity field. Thus, when there is local equi¬ 
librium, the local stress tensor, as obtained 
from the momentum distribution, depends only on 
the local temperature, the local density, and the 
local velocity field. Then, by using the well- 
known Enskog-Chapman procedure, one can ap- 
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FIG. 1. CicneaUiKy of nuclear hydrodynamics nn<l Its 
connection wllh the many-bo<ly theory. 

proximate the Vlasov-BoUzmann equation by 
those of hydrodynamics,’’ namely the continuity 
equation 

0+V.(//iD-O, (2.1) 

the Navler-Stokes equations 

</V«(r',/)Vi(r,f'), (2.2) 
and the thermal energy density equation 

V-(«;;^u) ---/>tV-u f V - {kVT) 

(2.3) 

Here, In the hydrodynamical picture, the basic 
dynamical variables are the number density field 
n, the velocity field u, and the thermal energy 
field £f. The continuity equation (2.1) describes 


the time evolution of the density field. The 
Navler-Stokes equations (2.2) are equations for 
the current density. In Eq. (2.2), m is the nucle¬ 
onic mass and /> Is the total pressure which can 
be obtained from the equation of state (tf the nu¬ 
clear fluid. The dissipative behavior of the sys¬ 
tem is accounted for by the viscosity stress 
tensor pjj which is defined as 



where q and C are the transport coefficients of 
shear and compresslonal viscosity, respectively. 
The force-density term cm the right hand side of 
Eq. (2.2) is due to the long-range part of the nu¬ 
cleon-nucleon Interaction. In the thermal energy 
density equation (2.3), p, is the tiiermal pressure 
which can be related to the equation of state, k Is 
the coefficient of thermal conductivity, and T, 
the temperature field of the nuclear fluid. The 
choice of the transport coefficients t), g, and k, 
the parametrizatlons of the equation of state and 
the auxiliary quantlUes p, Pr, and T will be sub¬ 
jects of discussion in the later sections. 

As the establishment of local equilibrium is 
necessary for the reduction of the Vlasov-Boltz- 
mann equation to nuclear hydrodynamics, the 
crucial question becomes whether the relaxation 
time leading to local equilibrium is short com¬ 
pared with the total time Involved in the interac¬ 
tion. The magntlude of this relaxation time Is 
yet to be firmly established, althou^ attempts 
are being made to calculate it for some model 
cases.”"*’ We can, however, make a rough esti¬ 
mate of the magnitude. Previously, in connec¬ 
tion with the ETDHF approximation,” we argued 
from the magnitude of the level densities and of 
the two-body matrix elements that (global) ther¬ 
mal equilibrium for a slightly excited nucleus of 
mass number A could be established within a time 
of 

(2.3) 

Indeed, recent experimental studies” of the spec¬ 
trum of evaporated neutrmis from the deep-in¬ 
elastic collision fragments indicate that the re¬ 
laxation time for thermal equilibrium of the com¬ 
posite system Is approximately lO"** sec (~ 30 
fm/c). The estimate of Eq. (2.5) agrees with 
these experimental results. A model calculation*’ 
of the approach to equilibrium of an Irregular 
momentum distribution leading to a temperature 
of B.5 MeV also gives a relaxation time of 40 fm/c. 
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b heavy-ioa coUislona, the momentum dlstrlbu- 
lon of the nucleons In the colliding region is ap- 
roxlmately a Fermi blsphere whose centers are 
eparated tsy the relative momentum determined 
y the kinetic energy per projectile nucleon. As 
ie blocking due to the Pauli principle becomes 
>8S Inhlbitlve when the separation of the centers 
1 the Fermi bi-q>here Increases, the fraction of 
ucleons capable of making a two-body collision 
nd the [diase space of the final states increase 
dth bombarding energy. One expects that the 
elaxatlon time decreases with Increasing bom- 
ardlng energy until the energy is so hi^ that the 
Isphere separates into two disjointed Fermi 
pheres. Ihereafter, the relaxation time becomes 
:ss sensitive to the change of bombarding ener- 
y.’* Thus, for the bombardment energy in the 
ange of 250 MeV per nucleon to 2.1 GeV per 
uclecm (where the Fermi bl-sphere becomes 
Isjolnted) the relaxation time was found to be 
f the order of 5 Ira/c.^* This result agrees with 
le estimate of Bertsch" based on the moment of 
ie collision Integral for low-energy heavy-lon 
ollislons 

_ lOOOMeVfm/c 

"- (E,jAr ’ 

where Ap is the projectile mass number. The 
relaxation time in the intermediate energy range 
is therefore roughly SO fm/c lor an energy of 
Ei^Af = 2Q MeV per nuclecxi and 4 fm/c for 
A,= 2M MeV per nuclecm. 

Hydrodynamlcal description will be a proper 
approximation if the interaction time for the 
reaction process is large compared with the 
thermal relaxation time. The Interaction time 
for a head-on collision of ’°Ne on “''Au is about 
200 fm/c for a collision with an energy of £,d/A^ 

-- 50 MeV per nucleon, 130 fm/c for a collision 
with an energy of £,^A, = 100 MeV per nucleon, 
and 100 Im/c for a coUislon with energy of £]^ 

A,= 250 MeV per nucleon. Therefore, it appears 
that at least for these collisions involving large 
nuclei, the hydrodynamlcal description may be 
appropriate. Of course, one is reminded that 
these estimates of relaxation time are based on a 
nuclear matter equlllbratlcin. There are effects 
due to finite sizes, nuclear surface, and shell 
structure which may affect these estimates. In 
the final analysis, a direct confrontatian between 
experimental and theoretical results is needed to 
establish or reject nuclear hydrodynamics for 
some aspects of heavy-ion coUlsions. 


III. TRANSPORT COEFFICIENTS 

Not much is known about the transport coeffi¬ 
cients of the nuclear fluid. At the present, they 
can only be estimated from the theories. Direct 
comparison of the predictions by assuming differ¬ 
ent sets of transport coefficients and confrontation 
with experimental results will eventually allow 
one to determine these transport coefficients. 

We shall estimate the shear viscosity and ther¬ 
mal conductivity from the Vlasov-Boltzmann 
equation which Is embodied in the Landau-Fermi 
liquid theory. We shall estimate the compres- 
slonal viscosity from the width of the giant mono¬ 
pole resonance. Using the Bom approximation 
and a procedure developed by Baym and Pethlck^ 
which was suggested earlier by Sykes and Brook- 
er,’’ we obtain the thermal conductivity as 

J_ 

feo 3ir nt'k^Tida/dtl) 

^ _ (Zv-t-l) 

where 

and 

x(l+2co8e)^ 2cos^. 

In the above expressions, 8 is the angle between 
^ and while (t> is the dihedral angle between 
the planes p,x^ and q,, is the angle be¬ 

tween P| and and g is the degeneracy of the 
nuclear flidd which is 4 in this case. Upon tak¬ 
ing a constant value of 1.0 fmVsr from (p,/>) 
scatterintf* at a relative kinetic energy of C/ ~40 
MeV for do/dSl, we obtain 

K 0.4224 M eVc/fm» ,, . 

fcs" *8^ ’ 

where k^T is given in MeV. One can follow the 
same procedure of Baym and Pethick*'’ to obtain 
the shear viscosity coefficient 

n- ^ />>• 1 

^“15»* mHkgT'f (do/cKt> 

5 , V _ Zu+l _ ,, , 

«(r+lHF(t^+l)-2x,l’ 

where, {dc/Mt) is as given before and 


(3.1) 

(3.2) 

(3.3) 




{3.«) 
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Agftin, upon using a constant value of 1.0 fmVsr 
for do/da, we obtain 


IV. EQUATION OF STATE AND OTHER PARAMETERS 
A. Eneixy denity of tbe nuclear fluid 


675.39 (MeV)^ 


(3.7) 


The transport coefficients are therefore sensi¬ 
tive functions of the local temperature. It Is 
known, however, that the temperature reached In 
the collision of heavy Ions with a few hundred 
MeV per nucleon is about 30 MeV.** So, for our 
first estimate of an average transport coefficient, 
we use 30 MeV as the temperature parameter to 
obtain 

(c ^ 0.014 c/fm’, (3.8) 

and 

t)=. 0.75 MeV/{fm’r). (3.9) 

To estimate the compresslonal viscosity coeffi¬ 
cient from tlie width of the giant monopole reso¬ 
nance, we consider the equation of motlcm for 
smalt amplitude oscillations 

|^iV(«u)=-0 (3.10) 


and 


The use of an equation of state is a character¬ 
istic of nuclear hydrodynamics. In the present 
investlgatlcn, the Internal energy per nucleon of 
the nuclear fluid assumes a mathematically sim¬ 
ple, but physically plausible, form 

E,,{n,a)=E^{n) + Ef{n,a), (4.1) 

where £„ is the zero-temperature part of the In¬ 
ternal energy per nucleon, depending only on the 
local density field, and £, the thermal part which 
depends on the local density field as well as the 
specific entropy a (or temperature T). The zero- 
temperature part is taken to be of the form” 

£o(»«) = + by'* + by'* (4.2) 

and the thermal part is parametrized by die Fermi 
gas model 

which can also be re-expressed In terms of the 
temperature as 


^»/ul 0(n») = -u»Vw t (J-.’i))V(V-u), (3.11) 

where a Is the speed of sound related to the In¬ 
compressibility K by 


With this form of the internal energy function, 
the coefficients hj’s in Eq. (4.2) can be uniquely 
determined as follows. The leading coefficient 
ft. Is taken to be the same as the corresponding 
one In the Fermi gas model 


II- {K/5mV'*. 


(3.12) f.„ = 75.01 MeVfm*. 


(4.5) 


From this set of equatlais, the monopole osclUa- 
tlon frequency becomes complex and is given by 



1 - 


'(£- 

2mn„uiy)’ 


(3.13) 


where - (/Iir//<)(A,/9m)‘Is the elgenenergy 
of the monopole oscillation In the absence of com- 
pressional viscosity, H is the radius of the nu¬ 
cleus, and ttg the normal density of nculear mat¬ 
ter. Identifying the Imaginary part of the fre¬ 
quency with the width T of the giant monopole 
resonance, we have 


. 


(3.14) 


For ’“pb the width of the giant monopole reso¬ 
nance is 2.5 MeV.’* Thus, the compresslonal 
coefficient is 

£-=18.76 MeV/(fm*c). (3.15) 


The other coefficients can then be determined by 
three known bulk properties of nuclei. They are 
the normal density at equilibrium 

no = 0.17fm’’, (4.6) 

the binding energy per particle 

£b =-16.5 MeV (4.7) 

and the coefficient of nuclear Incompressibility 
at oquilibrlum density [estimated from giant 
monopole resonance of ^Pb (Ref. 33)] 

£(»„)= 186 MeV. (4.8) 

With the equation of state given, die pressure 
terms can now be obtained from standard ther¬ 
modynamic relaticns. The total pressure of the 
nuclear fluid Is of the form 

p{”,a)= />o(«) + />r("> 

where the zero-temperature part is now given by 

Po = »''’(45„ + fc.it*'* +1*."*'• +if 
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*1 

and the thermal part la given by 

= (4.10) 

B. Intenctloii panmeteit 

For the efiectlve nucleon-nucleoa interacUon 
we ad(^ a parametrlnatlan almilar to that need 
In microect^c theories such as the time-depend¬ 
ent Hartree-Fock theory.*' This Interaetian is 
taken to contain a short-range part Vg and a long- 
range part The short-range component can 
be characterized by a delta function with density 
dependence. This, however, can be incorporated 
into the internal energy, while the long-range 
component can be taken to be the sum at a Yukawa 
Interaction and die Coulomb interaetian. The 
Yukawa interaction is 


Vr(f.?') = dfr^, 

Ir- r 1 

(4.11) 

with 


fl=-85 MeVfm 

(4.12) 

and 


0 = 1,5 fm*‘. 

(4.13) 

TTiese parameters, 0 and a, are chosen to fit 
the binding energies and root-mean-squai^ 

radii of nuclei along the O-stablUty line. 
Coulomb Interactiou is given as 

The 

U,+Ar/ Ir-r l’ 

(4.14) 


where {Zp,Ap) and are the atomic and 

mass numbers of the projectile and target nuclei, 
respectively, and e the charge of an electron. 


V. RESULTS OF CALCULATIONS AND DISCUSSIONS 

We shall discuss the specific features ai several 
exactly central colUslons which we have studied 
In the energy range from 50 MeV up to 400 HeV 
per nucleon. Here and henceforth, the bombard¬ 
ing energy la given in terms oi the energy per 
projectile nucleon with the target at rest. Syste¬ 
matic studies of die other cases of non-head-on 
collisions will be reported elsewhere.** Our dis¬ 
cussions will concentrate on the bombarding of 
'°Ne on **^An targets and also that of *°*Fb on 
at various energies. In the subsequent 
discussion, we shall also refer to the case of 
equal projectile and target as the symmetric 
collision (or system) and the unequal projectile 
and target as asymmetric collision (or system). 

To study the efieets of dlssipatian on the dy¬ 
namics, we shall compare calculations using two 
dUfermt sets of transport coefficients. They are 


ij,£ = 10'* MeV/fm*c 

and (5.1) 

* = 10'* c/fm*, 

which will be referred to as the "small” viscosity 
or simply file nonviscous or Invlscld case In the 
text, and the values estimated In Sec. m 

»)=0.75 MeV/(fm*c), 

£ = 18.76 MeV/(fm* c), (5.2) 

and 

x=0.014 c/fm*, 

which, fpr simplicity, will be referred to as the 
“large” viscosity or simply the viscous case in 
the text. 

Each calculation Is started with the nuclear 
surface of the projectile and target nuclei barely . 
touching. The density distribution (rf each nu¬ 
cleus is obtained Individually In a self-consistent 
manner as the distribution leading to static 
equilibrium. The nuclei are given velocity fields 
corresponding to the bombarding energy in ques¬ 
tion. With the initial conditions established, the 
complete set of hydrodynamical equations (2.1)- 
(2.3) Is then solved tor the subsequent times. 

Some numerical aspects of this problem will be 
discussed in the Appendix. 

A. **Ne on '’^Au at 250 MeV per nucleon 

Figure 2 depicts the time evolution of the den¬ 
sity field in the center-of-mass system for the 
collision for 250 MeV per projectile (*°Ne) nucleon 
on '*^Au. The plots shown are the cuts of density 
contours in the reaction plane, graded in levels 
of 0.025 fm**. To standardize our notations in 
subsequent discussions, we take the value 0.15 
Im** to be the ‘tnormal nuclear density.” The 
calculation shown in Fig. 2 is done with the small 
values of transport coefficients given in Eq. (5.1). 
At about 10 fm/c, a region of compressed nuclear 
matter is formed and has attained a density of 
about 1.5 times the normal value. Tlie density 
cootlnues rising in this region until a maximum 
value of 0.35 fm'* is reached at about 25 fm/c. 
During the stage of compresslm, the density 
profile of this region has a very sharp Jump as 
one goes from this region to the rest of the sys¬ 
tem or normal density. The thickness the 
shock front is only slightly greater than the mesh 
size of 0.6 fm. The compressed region undergoes 
a forward displacement to tiie right as a udiole as 
time proceeds. At about 25 fm/c, the Ne nucleus 
is entirely embedded in the target system and the 
maximum density ot 0.35 fm** is also reached. 
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The compressed region maintains this maximum 
density for a, few fm/V and then begins to relax. 

At 32 tm/r, due to the size of the target and the 
consequent time delay In transmitting the impulse 
of the collision, roughly half of the target system 
is still unperturbed. There are currents going 
into the compressed region directed from the 
target. However, this current encounters the 
forward propagation of the shock region and gives 
rise to an ejection of nuclear matter along a 
“side-wing” direction which is approximately 
120" in the center-of-mass system. This side- 
wing expands outwards as the density in the com¬ 
pressed region drops from the maximum values. 
After 80 fm/r, the central density of the compos¬ 
ite system drops bark to the normal value and 
continues to decrease monotonically in time, 
while the volume of the system expands outwards 
irretrievably. This feature in the collision is 
similar to what was obtained previously."’ To 
determine the angular and energy distributions, 


we adopt the operational criteria that for such a 
case, the calculation Is to be terminated once the 
maximum density drops to below 50% of the 
normal nuclear matter density. This is a rea¬ 
sonable operational criterion. For, when the 
maximum density drops below 50‘jf at the normal 
matter density, the shortest separations between 
nucleons increase by 26% of the equilibrium 
separation. The average separatlan between 
nucleons Increases even more than this value of 
26% for the shortest separations. As nuclear 
interaction is a short-range interaction, the sep¬ 
aration between nucleons in this dilute gas is 
probably too large for the nuclear interaction to 
become effective. The dilute gas can therefore 
be approximately described as a free fermion gas 
subject only to the Coulomb Interaction. The 
final result of this reaction is interpreted as a 
complete dissociation into single particles. The 
knowledge of the density field and the velocity 
field at the end of the calculation allows us to 
compute both the angular and energy distributions 
of the outgoing nucleons. For our present calcu¬ 
lations of angular and energy distributions, we 
even neglect the final state Coulom interaction 
and the thermal velocities of the particles. They 
will probably shift and broaden the peaks in the 
angular and energy distributions slightly, but will 
not change the main features of the distributions. 
We hope to include these effects in the future. 

Figure 3(a) shows the angular distribution dN/ 
dn in the center-of-mass system. The main 
structure has prominent forward and backward 
peaks which are, respectively, one and two orders 
of magnitude higher than the rest of the distribu¬ 
tion. There is also a peak at 90° with a width of 
about 10° and a rather broad peak which extends 
from 100° to 120" and centers at about 110°. The 
corresponding angular dlstiibutian in the labora¬ 
tory system Is given in Fig. 3(b). Here, apart 
from the prominent peaks in the forward and 
bakeward directions (which are, respectively, 
two and one orders of magnitude higher than the 
rest), there is a rather broad peak which extends 
from 66° to 100° and peaks at 85°. Hie underly¬ 
ing components of this distribution can be further 
analyzed in greater detail from the energy dis¬ 
tributions d*N/dEdO. 

The forward peak comes from very slow parti¬ 
cles of less than 5 MeV. They arise as a conse¬ 
quence of the stopping of Qie small projectile 
nucleus by a much larger target. The backward 
peak in the laboratory system consists mainly of 
low-energy particles of below 10 MeV and also 
some slightly more energetic particles of about 
15 MeV. This arises from the eqpanslon of the 
shock region to the backward direction. As the 
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FIG. 3. (a) Angular distribution In the centei^of-mass 
system for **lfe+‘’’Au at 250 MeV per nucleon with 
small Ttsooslty, This and all other angular dlstrlbu- 
tluns hereafter ore given In the same, but aibltrory, 
unit. To convert a given angular dlatrlbutlco Into the 
absolute unit, that Is. nucleon nomber/sr, multiply it 
by Ihe factor of 180/v. (b) Angular distribution in the 
laboratory system for ’’Net- '”Au at 260 MeV per nuc¬ 
leon for the set of small transport coefficients given by 
Eq. (6.1). 


expansion of the shock region at the early stage 
(~25 tm/c) Is unhindered in this direction in con¬ 
trast to the forward direction, slightly more 
energetic particles of about IS MeV up to 30 MeV 
are also found in the backward direction, whereas 
die forward peak is restricted to particles below 
5 MeV. The spectrum of particles in the aide 
peak between 00° and 100° falls into roughly two 
groups. There is a large group of particles which 
peaks at Miout 10 and 31 MeV and a much smaller 
groi^ of particles wliieb peaks at about 65 MeV. 
The mean energy and standard deviation for differ¬ 
ent angular ranges are given In Table 1(a). 

To study the effects of the viscosity and tharmal 


conductivity on die dynamica, the calculatlan for 
**Me on ‘*'Au at 250 MeV per nucleon Is repeated 
with the larger values of the transport coefficients 
given In Eq. (5.2). The time evolutlcm of the den¬ 
sity field for this calculation Is depicted in Fig. 

4. In diis case, though some features appear to 
be similar to the small viscosity case, there are. 
Intact, several distinct differences. First, in 
the email viscosity case, the thermal energy re¬ 
mains negligible (about 1 MeV at the most) 
throughout the entire reaction. In contrast, the 
larger viscosity and thermal conductivity lead to 
the generation of considerable thermal energy 
during the compression stage, with a maximum 
value of about 1400 MeV. The second difference 
lies in the density field. With Urge viscosity, 
the density profile is smoother and the maximum 
density reached (0.23 fm*’) is smaller. That this 
Is a viscosity eflect can be understood as a eon-. 
sequence of the Navier-Stokes equattons. 'Hiere, 
the compresslonal viscosity gives a diffusion 
term associated with the current density field. 
Therefore, the greater the compreesicnal 
viscosity, the greater is die rate of diffusion of 
the current density field. It Is clear that when 
the compresslonal viscosity is Urge, any effect 
of density accumuUtlon in a region, due to the 
influx of nuclear matter from the outside, will 
be reduced due to a competing diffusion process. 

With small viscosity, the central density begtns 
to drq> below 0.075 fm** at about 81.70 fni/c, 
while with Urge viscosity, it begins to drop below 
this value at about 96.87 fm/c. These are the 
times at which the anguUr and energy distribu¬ 
tions are extrapoUted from the corresponding 
calcuUtions. Detailed comparisons of these dls- 
tributlonB for the nonviscous and viscous cases 
provide some interesting insl^it. For the Urge 
viscosity case, the angular distributian U the 
center-of-mass system is given In Fig. 5(a). 

This distribution has pronounced and narrow 
peaks in the forward and backward directions wltii 
a width of about 2°. There is also a peak at 90° 
with a width erf about 15°. This Is a simpler 
structure than the corresponding distributian in 
the small viscosity case (Fig. 3) for which there 
Is a broad spectrum between 90° and 135°. The 
laboratory distrlbuticn dN/dO, given in Fig, 5(b), 
has peaks at the forward and backward dlrecttaoe, 
and also a broad distribution between 50° and 00° 
with a peak at about 67°. In fact, except for the 
positions of tile various peaks which are shifted 
by abput 18°, this Is very slmlUr in shape to 
the corresponding distributian between 60° snd 
100° of the "email” viscosity calculation. (Com¬ 
pare Figs. 3 and 5.) Accordingly, the effect of 
viscosity In this case sppears to given an over- 
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TABLE I. The angular dlatrlbutlon, mean energy, and enaixy width for ooUialon of *»Ne 
+ '"Au at an energy of 260 MeV per nucleon. Table 1(a) Is for the case n - £ - W* MeV/(ftn*c) 
and ic-10-‘c/£m> and Table 1(b) tor Ti-0.7BMeV/(fta>c). £-18.76 MeV/(fm»e), andK-0.014 
c/fm*. The quantity i U the average energy within the angular Mn and o, la die rout-mean- 
squared energy within the bln. 


(a) (b) 


Bis 

(deg) 

dN/da 

t-io-* MeV/ita'c) 

K« lO"* c/fm* 

2 

(MeV) (MoV) 

q-0.76 MeV(ftnV) 
£-18.76 MeV/(fm*e) 
« = 0J)14 c/fm> 

£ 

dN/dCl (MeV) 

TS 

(MeV) 

0-20 

181.0 

1,18 

0.S5 

206.6 

1.13 

0.50 

20-40 

0 



0.184 

3a8 

1.06 

40-G0 

0.16 

7.00 

0.50 

0.908 

6.30 

2.68 

60-B0 

1.85 

21.2 

11.6 

4.19 

21M 

13.6 

80-100 

n.52 

23.7 

16.4 

0.60 

38.3 

16.4 

100-120 

0.22 

1G.3 

13.7 

0.04 

24.7 

13.3 

120-140 

0 



0.002 

9.0 

0.60 

140-160 

0,29 

1.00 

0.50 

0 



160-180 

21,6 

1.63 

.3.11 

3.38 

1.0 

0.5 
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FIG. 4. Ttmn evolution of the density field for **No 
♦ "’Au at 250 MeV per nucleon with large transport co- 
eStetents given by Eq. (5.2). 


10^ *1*7^ 
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FIG. 5. (a) Angular distribution in the center-of- 
mnas system for **Nb+ ‘"Au at 250 MeV per nucleon 
with large viscosity (Eq. 0.2)]. 0) Atwodar distribu¬ 
tion in the laboratory syrstem for *^+‘'*Au at 250 
MeV par nucleon with large vlMOslty (Eq. 0.2)). 
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all sbUt ol the side aosle peak toward smaller 
angles. This etfect ol dlssipatioa will be 
systemaUcally examined at the other energies 
and will be discussed again below. The mena 
energy and standard deviation for different 
angular ranges are given In Table 1(b). lYie 
energy dlstrlbutloas In the laboratory system for 
the forward and backward peaks come from slow 
particles of below 5 and 10 MeV, respectively. 
This is a broad spectrum which first peaks at 
about IS MeV, but drops slowly after that In an 
approximately exponential manner and extends 
to about 70 MeV. In the peak at the angular 
range e0°-80°, the mean energy Is 27 MeV with 
a standard deviatlan of 16 MeV. TTiese quan- 
UtieB are greater than the corresponding quan¬ 
tities in the small viscosity case. The effect of 
viscosity is to shift the energy of the side peak 
to a higher energy and also to increase the ener¬ 
gy width. 


B. “•l’b+**Pb at too MeV per nucleon 

Figure 6 depicts the reaction of *"Pb -t- “Ph 
at 100 MeV per projectile nucleon and for the 
small values of viscosity and thermal conductiv¬ 
ity. At 18.24 fm/e, a central region of com¬ 
pressed nuclear matter is formed (-0.25 fm*’). 
This is only the beginning ol the compression 
stage. The rest of the projectile and target nu¬ 
clei are essentially unperturbed. They continoe 
to come toward each other and maintain a con¬ 
stant Influx of nuclear matter into the central 
compressed region. The maximum density 
reached In this reaction Is 0.30 fm'^. Similar 
to the nonvlscous case of ”Ne -i- ‘’^Au discussed 
earlier (Fig. 2), the density profile of the shock 
region also has very sharp edges. A detailed 
study of the intermediate steps between 18.24 
Im/c and 81.58 fm/c shows that the diffuseness 
of the "edge" of this shock reglcn actually under¬ 
goes oscillation. (A hint of such an osclilatlcn 
can be found by comparing the level spacing of 
the contours from time steps 35.76 fm/c to 107.06 
fm/c in Fig. 6.) This is due to the tendency of the 
central re^cn to expand outward even during the 
compression stage. Beginning at about 36 fm/c, 
there Is ejectton of nuclear matter in the 90° 
dlrecUcn and eventually the composite system 
becomes discUke before the final overall expan¬ 
sion. The angular distribution dS/dti in the 
center-of-mass system is given in Fig. 7(s). It 
has peaks at the forward and backward directions 
and at BO*. Ilie angular distribnticxi in the labora¬ 
tory system is given in Fig. 7(b]. Its main struc¬ 
ture has peaks at tbs forward direction at 7* and 
at 39*. The forward peak consists of a groiqi of 


“•Pb**o*Ph 

CA*DO MiV b'OtmlnonviMDMl 
t.QOO tra/t t»l824 Mi<t 1*35,76 tmA; 


— 5ffT> 

GO 

6D 



0 





t>S0Z6 fnvt l•66 32 fm/c t'SISShn/c 


t- 



I•II0 06 Imi'c t=M306(mCc I>ll606tni<t 

FIG. 6. Time evolution of the density field tor "•Pb 
* at 100 MeV per nucleon with amsU viscosity 
(Eq. <5.1)1. 


particles of between 12 and 38 HeV, with a peak 
at about 23 MeV. The angular peak In the range 
between 35° and 55° consists of a broad spectrum 
at particles from 30 MeV up to 60 MeV, witit a 
peak at about 39 MeV. The mean energy and 
standard deviation for different angular ranges 
are given in Table 11(8). The mean energy and 
standard deviation increase as the angle increases 
until there is no cross section for > 60°. 

Figure 8 depicts the reaction “*Pb -t- ”*Pb at 100 
MeV per nucleon with the set of large coefficients 
of viscosity and thermal conductivity [Eq. (5.2)]. 
The thermal energy generated during the com¬ 
pression stage (-20-70 fm/c) reaches a m a xim um 
of about 1300 MeV. The maximum density at¬ 
tained in this reaction is 0.23 Im**. A compari¬ 
son of tile density plots with those of tiie small 
viscosity case (Fig. 7) reveals some differences. 
Mth la^e viscosity, the density profile remains 
very smooth during Sie entire compression stage, 
■nie maxtmnm density is smaller than the small 
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FIG. 7. (a) Anfcutar dfptrlbutinn In thp renter-nf-rnnHS 
ayntem for at 100 MeV [xr nueloon with 

aniaU vlMCunlty. (b) Angular dfntrlbutinn in the liibora- 
tory ayatem tor ^®*Vh + ’*'Pb at 100 MeV per nucleon 
with email vlscoelty. 

viscosity case. But once the maximum density Is 
reached at about 36 fm V, the system sustains this 
density for a longer period (~36—68 Im/r). The 


center-of-mass angular diatrlbutian la very 
similar to the small viscosity case, that la, 
sharp peaks at 90°, 0°, and 180°. However, the 
laboratory angular dtstributlan (Fig. 9) displays 
some small differences. The distribution be¬ 
tween 30° and 70° has a shape which Is roughly 
the same as that between 20° and 60° for the small 
viscosity case, with the exception that the posi¬ 
tion of the peaks are all shifted to a slightly 
larger angle. The mean energy and standard 
deviation for different angular ranges are given 
in Table 11(b). The forward peak comes from a 
relatively narrow spectrum of particles adilch 
peaks at 23 MeV with a width of about S MeV. 

In the angular range between 24° and 44°. the 
particles have kinetic energies between 25 and 50 
MeV, with the energy spectrum peaking at about 
31 MeV. The energy distribution for the angular 
range between 44° and 64° Is a broad spectrum 
extending from 30 MeV up to 100 MeV, peaking 
at about 55 MeV. There is also a small group 
of energetic particles of 90-100 MeV. This 
broad distribution is in contrast to the relatively 
narrower distrlbuticn for the small viscosity case 
for the angular range between 35° and 55°. 


C. Vbconly >nd emssy dqiendencr of angular 
dslrilmtiona 

In the detailed study of *Ne + '"’Au at 250 MeV 
per nucleon and ”“Pb + ““Pb at 100 MeV per nu¬ 
cleon. we have seen how the angular distributions 
of the reaction products can be sensitive to the 
presence of dissipation. To firmly establish 
this dependence as a feature of the hydrodynam- 
Ical description and also to study further the 
energy dependence of the angular dlstributlans, 
we extend our calculations also to other energies. 

Figures 10(a) and 10(b) show the angular dis¬ 
tributions tor the reaction ’°Ne 4 *'^Au at 100 MeV 


TABLE 11. Same as Table I but for the case of I’Ne 4- I'^Au at an energy of 100 MeV per 
nucleon. 


(a) (b) 

Ti= 0.75 MeV(fmV) 

17 = t-=■ lO"* MeV/(fmV) C = 18.76 MeV/(fm’c) 

« = lO'^ f/ftn* e X 0.014 c/fm* 


S.jt 

(deg) 

dN/da 

K 

(MoV) 

(MeV) 

dN/da 

E 

(MeV) 

<’s 

(MeV) 

0-20 

31.5 

23.7 

5.21 

66.29 

23.4 

4.67 

20-40 

9.81 

35.H 

5.66 

3.39 

35.4 

5.98 

40-60 


47.43 

8326 

13.7 

60.2 

L1.8 

60-80 

0 



0.90 

00.0 

10.2 

80-180 

0 



0 
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FIG. 8 . Time evolution of the density field for *"181 
+ “•» at 100 MeV per nucleoo with large vlficoalfy. 

per nucleon for small and large transport coeffi¬ 
cients, respectively. In the small viscosity case 
[Fig. 10(a)], there are forward peaks, and the 
distribution between -50° and -100° Is a^iroxl- 



FIG. 9. {^) Angular distribution In the center-of-mass 
system for ***Pb + **K> at 100 MeV per nucleon with 
large viscosity, (b) Angular distribution In the labora¬ 
tory system for ”*Pb + *"Pb at 100 MeV per nucleon 
with large vtacosity. 

mately symmetrical and peaks at about 73°. In 
the large viscosity case [Fig. 10(b)], apart from 
forward and backward peaks, there Is a broad 


TAB1.E m. Same as Table I but for the case of ’°Ne + **'au at an energy of 400 MeV per 
nucleon. 


(a) (b) 

i?“ 0.76 MeV(fm’c) 

T]" t»10-* MoV/(fm>c) 18.76 McV/(ta*c) 

K«10'*c/tai* K»0.014c/fm* 

5 Os ® Ok 


(d«g) 

dN/da 

(MeV) 

(MeV) 

dH/dtt 

(MeV) 

(MeV) 

0-20 

116.2 

1.17 

0.55 

210 

1.41 

0.082 

20-40 

0 



0.48 

6.31 

2.06 

40-60 

0 



0.519 

9.66 

3.00 

60-80 

0.561 

36.6 

7.47 

3.66 

48.5 

22.4 

80-100 

2.87 

32.6 

18.0 

1.21 

71.68 

26.6 

100-120 

1.66 

29.0 

13.4 

' 0.10 

46.2 

32.1 

120-140 

0.21 

3.96 

2.07 

0 



140-160 

0.28 

1.0 

0.6 

0 



160-180 

79.6 

1.83 

3.94 

4.88 

1.25 

0.086 
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FIG. 10. (a) Angular dlfltribution In the Inbomtory 
system for **No+ '’^Au at 100 MeV per nucloon with 
small viscosity, fti) AnRulnr distributiixi In the luboru- 
tory system for *®Ne+ ‘”Au at 100 MoV per nucleon with 
lartie viscosity. 


distribution extendini; from about 10° up to about 
75°, and this distribution is distinctly different 
from that In the nonvlscous case. 

Figures 11(a) and 11(b) show the laboratory 
angular distributions of “Ne + ''’Au at 400 MeV 
per nucleon for small and large viscosity, re¬ 
spectively. In both cases, apart from the for¬ 
ward and backward peaks, bicre Is a peak at 103° 
for the small viscosity case and at 73" for the 
large viscosity case. With respect to the angular 
distribution, the effect of the presence of viscos¬ 
ity Is to shift the side peak due to the backsplash 
of nuclear matter from 103° to 73°. The mean 
energy and standard deviation for different angu¬ 
lar ranges In the collision of “Ne + *”Au at 400 
MeV per nucleon is given in Table m. One finds 
that the forward and backward peaks consist 
of nucleons with small kinetic energies. For 
the side peak, the mean energy is about 33 
MeV and the standard deviation is 18 MeV for 
the small viscosity case. The mean energy 
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FIG. 11. (a) Angular distribution In the laboratory 
system for *®Ne+ **^Au at 400 MeV per nucloon with 
small viscosity, (b) Angular distribution in the labora¬ 
tory system for *’Ne+ ”'Au at 400 MeV per nucleon 
with large viscosity. 


increases to 49 MeV and the standard deviation 
to 22 MeV for the large viscosity case. We hope 
to compare our results with the relevant high- 
multiplicity data of Gutbrod el al,' which Is stlU 
being analyzed. Preliminary results'' indicate the 
presence of sidesplash which is a feature of the 
hydrodynamical result. 

Figures 12(a) and 12(b) are the angular dis¬ 
tributions of *’Pb + ’""Pb at 50 MeV per nucleon 
for the nonvlscous and viscous cases, respective¬ 
ly. Figures 13 and 14 are the angular distribu¬ 
tions for the same reactian, but at 250 MeV per 
nuclecn and Fig. 14, at 400 MeV per nucleon. 
There are some differences In the detailed shapes 
and heights at the peaks and small shifts in these 
distributions due to vlscoelty. The energy dis¬ 
tributions also show some differences for the 
two cases, and the presence of vUeoslty tends to 
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FIG. 12. (a) Angular distribution In the laboratory 
system for **•!%>+***Pb at so MeV per nucleon with 
small viscosity, (b) Angular distribution In the labor¬ 
atory system tor "*Pb at 80 MeV per nucleon 

with Urge viscosity. 
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FIG. 13. (a) AnguUr distribution In the laboratory 
system for ”*H>+*"Pb at 250 MeV per nucleon with 
small vlecoetly. (b) AnguUr dlstrOnittoo In the labora¬ 
tory system for **Pb + **Ib at 250 MeV per nucleon 
with Urge viscosity. 


broaden the spectra. From the comparison of 
these results, one observes that the angular and 
energy distributions of the reaction products are 
sensitive to the presence of viscosity. 

D. Comp wl on nlio 

Since the formation of compressed nuclear 
matter and its consequences are among the most 
important motivations for hledi-cnergy, heavy- 
ion physics, we shall study some of our results 
with these quesUens in mind. The main results 
of various calculations are compactly presented 
in Fig. IS. *1116 curves are the compressioo 
ratioa (maximum density/normal density) 
achieved in the “Ne -l- ’•’Au and ’“Pb •+ “•Pb re- 
aettons, plotted against bombarding energy. 

Each curve corresponds to one set of transport 
coefficients. It Is clear from the figures that 
the compression ratio Increases monotonically 
with increasing mergy. Also, It appears that a 


high compression ratio Is favored more by large 
projectile-target systems. 

The role played by the transport coefficient is 
rather significant. Large viscosity and thermal 
conductivity results In the generation of consid¬ 
erable thermal energy. Not only Is the density 
profile smoothed out by a large viscosity, but 
the maximum density reached Is also substan¬ 
tially reduced. 

E. Other featuiei 

Tbougb we are mainly concerned with high- 
energy reacUens In this paper, it Is noteworthy 
to remark that there are also many other special 
teaturpB of nuclear hydrodynamics which mani¬ 
fest themselves, particularly at lower energies.'* 
A notable example Is that for an expanding com¬ 
posite ayatem, there is a tendency in the density 
field to form dusters whm the cdlldlng energy 
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FIR. 14. (a) AnKular distribution In the laboratory 
syatom for ***14) i ^‘''Pb at 400 MeV pur uuclaon with 
small vlsrnstty. lb) Angular distribution In thu labora¬ 
tory system for ’"“I'b • ’“"Pb at 400 MeV |ier nucleon 
with large viscosity. 
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FIO. jr>. Compression ratio attained in the collision 
of ”No + ‘”Au and ***Pb+”*Pb, with and without vis¬ 
cosity, as a function of bombarding energy. 


is less than a certain limit. Above this energy, 
the nuclear matter Is so much compressed in 
the shock region that when it expands, it keeps on 
expanding without collapsing back Into clusters 
with normal nuclear matter density. This kind 
of behavior can be understood In terms of the 
shape of the equation of state £(h). For small 
deviatlans of the density from equilibrium value, 
£(n) is approximately a parabola. However, for 
large values of deviation. It is a high wall for 
large densities but an open and relatively flat 
region for low densities. A highly compressed 
nuclear matter, after relaxing to the equilibrium 
density and going to the low density region, will 
have too high a kinetic energy in the density 
degree of freedom to come to a turning point. 

Systematic studies of two-dimensional model 
collisions of columns of nuclear matter indicate 
that asymmetric collisions at an energy of £ » 60 
MeV per nucleon lead to a complete dissociation 
of the composite system, while collisions at 
£ ^ 40 MeV per nucleon lead to self-bound clus¬ 
ters. In the three-dimensional head-on colll- 
simts, a clustering in the direction of the colli¬ 
sion axis corresponds to a fissionlike behavior, 
while a clustering perpendicular to the collision 
axis corresponds to the formation of a ring of 
nuclear matter. In order to investigate this 
aspect, we perform calculations for ""Ne + ‘•’'Au 
at 50 MeV with zero impact parameter. Figure 
16 depicts the results for the small viscosity 
case. At about 70 fm/c, the composite system 
relaxes in response to tiie compression of nuclear 
matter. At 114.13 fm/c, we begin to see some 
clustering effect in the radial direction. At 
198.70 fm/c, tills eventually leads to the forma¬ 
tion of a vortex ring of nuclear matter, with den¬ 
sity of about 0.075 fm~’. ITie central cluster has 


E/A>50M(V b'Ofmtwnvncous) 
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FIQ. 16. lime evolution of the density field for 
’*Ne+‘*’Au at BO MeV per nucleon with small vtsoostty. 
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a normal denelty. At the end of the caleulatlao, 
this ring goes toward to the right, ^le the 
central clnater goes in the opposite directton. 

The calculattoQ is terminated here, since we do 
not know whether this canliguratlcm Is a stable 
one. Ncnajdal sausage-type instability Is a very 
important mode.** Future calculations for very 
small but noneero Impact parameters will help 
to determine more firmly ttie detailed dynamics 
beyond this stage. Hie same calculation but 
with large viscosity shows that at the comparable 
time scale, the "clustering effect" and the ring 
formatioo are much less pronounced. 

When we increase the energy of the projectile 
*°Ne to 100 MeV per nucleon, the density contour 
indicates that the density of the composite system 
keeps on decreasing after the shock region relaxes. 
There is no restriction of ttie nuclear matter 
density back to the equilibrium value, as was the 
case for the central cluster In the case of SO MeV 
per nucletm (Fig. 16). One Infers that 100 MeV 
per projectile nucleon la approximately the ener¬ 
gy above which a head-on coUislon of the projec¬ 
tile *°Ne with ‘*^Au will lead to a complete disso- 
clatian of the composite system. For the colli¬ 
sion of *“Pb on ""Pb, one finds that a head-on 
collision with an energy above SO MeV per nucle¬ 
on will lead to a complete dissoclatlcm of the 
composite system. 

F. Compartaon with other leiulta 

Despite the difference of the emphasis in the 
present studies and the previous hydrodynamlcal 
calculations''' which apply to the PIC method, it 
is still of Interest to compare the two types of 
results whenever possible. Figure 3 of Ref. 8 
presents the proton energy distributlan for the 
reation *°Ne -t-”*l} at 2S0 MeV per nucleon at 
zero Impact parameter and for the laboratory 
angles 30°, 60°, 90°, and 120°. This can be com¬ 
pared with our calculatlan of *°Ne + “''Au at the 
same bombarding energy and with small viscosity. 

The general features of the energy distributions 
at 60°, 90°, and 120°, predicted by the PIC meth¬ 
od and the FCT method, agree well. In order to 
make some more quantitative comparisons, we 
reconstruct the four points in die angular dls- 
tributloa for the PIC energy distributions by a 
summattcn over the energy, taking Into account 
that the proton spectrum Is only of the whole. 
We found that ttie two types of calculations using 
the PIC and FCT methods agree very well In the 
nonviscous case. 

VI. SUMMARY AND CONCLUSION 

Our systematic studies of "’Me “'Au and ""Pb 
-t- "”Pb at different energies have revealed several 


interesting features of die hydrodynamlcal de- 
sciipUan. The angular dlstributloaB of the reac¬ 
tion products have prominent structures. Apart 
from sharp peaks In die forward and backward 
dlrecttcns, there are distinct side peaks. The 
positions of the peak In this angular range tend 
to move toward larger angles with increasing 
bombarding energies. This is true in both the 
symmetric and asymmetric systems. The 
presence of dissipation also displays significant 
effects on the dynamics, in particular, on the 
maximum density In the intermediate steps d 
the reaction and also in the angular and energy 
distrlbutimi of the final reaction products. The 
viscosity dependence of the angular distribution 
is much more prominent in the asymmetric than 
the symmetric collisions. In the former case, 
the presence of viscosity can lead to a difference 
of as much as 10° to 20° in the positions of the 
angular peaks. The underlying energy distribu- 
tions also show differences for the viscous and 
nonvlscous cases. In general, they tend to be 
broadened by dlsslpatlca. Accordingly, future 
detailed comparisons with experimental distribu¬ 
tions will provide a useful means to obtain the 
transport coefficients. 

However, head-on collisions are rare events 
In heavy-ion reactions. In order to substantiate 
the present results, It is also necessary to ex¬ 
tend the calculations to collislonB with sniall, 
but nonzero impact parameters. Investigations 
of the three-dimensional calculattons for near¬ 
head-on collisions which exploit axial symmetry, 
are now in progress (nee Appendix) and the re¬ 
sults will be available in the near future. 

Even though head-on and near-head-on colli¬ 
sions are of special interest as a testing ground 
for nuclear hydrodynamics, these cases cannot 
be of much use if there were no way to select 
these events for scrutiny. Recently, a method 
for selecting these events was pressed” by one 
of us (C. Y. W.). This was based on the introduc¬ 
tion of the concept of centrality as a measure d 
the deviation of the reaction products from the 
azumlthal symmetry. It Is hoped that the method 
can be well develc^ied and sui^ement the usual 
selecUcn based on multiplicity, so that a direct 
confrontation cf the present results with experi¬ 
ments can be made to provide the critical test on 
the validity of the hydrodynamlcal description 
for heavy-ion collisions. 

Finally, it should be remarked that the studies 
reported here are done wifii a particular choice 
of ttie equattoa of state tor ttie nuclear field. 

It Is clear that to further our investlgatlan, other 
funcUonal forms can be attempted. It will be of 
great Interest to compare various theoretieal 
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predictions based on different forms of the equa¬ 
tion of state. Final confrontations with experi¬ 
mental results will provide a unique probe Into 
the details of this and also other properttes of 
nuclear matter. 
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APPENDIX. NUMERICAL METHODS OF NUCLEAR 

HYDRODYNAMICS 

The numerical algorithms to solve the hydro- 
dynamical equations (2.1)-(2.3), are based on the 
flux-corrected-transport (FCT) method and the 
time-step-aplltting (TSS) method of Boris and 
Book.'" 

These methods lead to a class of Eulerlan 
finite-difference schemes which are found to be 
numerically stable and accurate. The FCT 
algorithm solves a one-dlmenslonal generalized 
continuity equation (i.e., with source term) in 
the following manner. The propagation of a 
dynamical variable over a time step Is achieved 
in two stages. In the convection stage the dynam¬ 
ical variable Is followed bi time in a Lagranglan 
manner. The transient profile of the variable is 
then extrapolated back onto the original Eulerlan 
grid points In such a way that the conservation of 
total mass is enforced and the positivity of the 
mass density and energy density guaranteed. 

This, however, Introduces inherent errors due 
to diffusion. These are corrected In the anti¬ 
diffusion stage which leads to the final solution. 


The multidimensional problem is solved by 
means of the TSS method in the following way. 

Each time step is divided Into two halves. A 
dynamical variable la propagated (by an operator 
from the FCT algorithm) In one direction tiirough 
the first half step. The velocity along this direc¬ 
tion Is estimated. Then the variable is propagated 
through the entire time step using tills velocity and 
the initial values at the beginning of the time 
cycle. This procedure Is then repeated to the 
other directions. 

Various details of the Implementation of the 
FCT and TSS methods have been discussed pre¬ 
viously" and will not be repeated here. 

In computations which treat the three-dimen¬ 
sional geometry exactly, there are unavoidable 
problems of storage and speed. However, since 
we are mostly Interested in head-on and near- 
head-on collisions In nuclear hydrodynamics, 
such computational problems may be circum¬ 
vented. The results discussed here are obtained 
from a special 3D code which solves the problem 
as follows. In near-head-on collisions, the con¬ 
figuration of the density field Is approximately 
symmetric. Hence, at each time step, we search 
tor an approximate symmetry axis about which 
the density field Is then axially symmetrized. 

All the dynamical varlahles are solved on the 
reaction plane. In this way, the three-dimen¬ 
sional problem Is treated by a set of two-dimen¬ 
sional equations which include additional terms to 
take into account the other degree of freedom in 
an approximate way. In tiie limit of zero impact 
parameters, however, this method Is exact for 
both collisions of symmetric and asymmetric 
systems. 

As a consequence of these special ccmsldera- 
tlone, this 3D code achieves a speed comparable 
to a 20 code but requires no additional storage. 
For a typical configuration of 64x64 grid points, 
with a grid size of 0.6 to 1.2 fm and a time step 
interval of 0.6 to 1.5 fm/c, depending on the 
actual input, output, and other special Imple¬ 
mentations, this 3D code requires only 3 to 3.5 
epu second per time step on the 360/91 computer 
at Oak Ridge National laboratory. 

This can easily accommodate studies of heavy 
systems such as ”*Pb +*®*Pb. For low energies 
(E/A « 50 MeV), a typical reaction requires 400 
to 600 time steps. For energies over 100 MeV/ 
nucleon, however. It takes only about 100 to 200 
time steps. Hence, from a practical point of 
view, such hydrodynamical calculations are well 
within the realm of possibilities of present com¬ 
puting facilities. 
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I'otui fueion crou sections cr,- have been measured for ^°Ne in the energy range 24 <£,«.< 92 MeV 
using the AE -A' technique. The exatatiun function of er, shows only two structures at ^ 29 and 38 
MeV which seem uf different origin than those observed in the '*0 .f 'HD system. The saturation value of the 
measured fusion cross section agrees with that obtained for other systems with nucleons in the s-d shell. 


NITLEAH REACTIONS '’Cf”Ne. 24^E„.„.<42 MeV; measured fusion exclta- 

tlon function. 


I. INTRODUCTION 

The fusion cros.s section involving nuclei in the 
Ip shell or in the beginning of the srf shell has 
focused considerable attention in the last years. 

Of particular interest are the resonances observed 
in the excitation function of fusion between "a nu¬ 
clei” such as •’C + '^C'“C + ‘“0,= or ‘<'0+ ■'’O,'''' 
■whereas neighboring systems such as ‘“C + '“'N.'' 
'*C+ ‘"O,' “€+ 'T,' or heavier ones such as ‘"O 
+ "'"Mg (Ref. 7) or ''*0+ '"Ca (Ref. 8) show a 
smooth behavior with energy. These resonances 
have an almost regular spacing of 3 to 5 MeV in 
the center-of-mass system; they represent devia¬ 
tions of 10-20(1, from the average fusion cross sec¬ 
tion and appear most pronounced in the evaporation 
residues produced by the decay of high spin states 
in the compound nucleus^'' (i.e.. high partial waves 
in the entrance channel). 

These structures are explained as an entrance 
channel effect; they are produced by the surface 
transparent potentials which are required to des¬ 
cribe the entrance channel elastic scattering. 

This type of potential reflects the availability of 
only very few direct reaction channels for the in¬ 
coming grazing partial waves. 

In order to check further this interpretation we 
have performed a study of the fusion cross sec¬ 
tion Ojr for the system '*C+ forming the 

same compound nucleus ’’“S as in the '“0+ '"O re¬ 
action. The main aim was to search lor structure 
in the excitation function of fusion, and to study 
the influence of transparency of the "’C + '”Ne op¬ 
tical potential. 
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II. EXPERIMENTAL PROCEDURE AND RESULTS 

The measurements were carried out at the 
Brookhaven National Laboratory using the "C 
beam of the MP tandem accelerator. The ”0 
+ ™Ne fusion excitation function was measured 
in the energy range 40*5 69 MeV in steps 

of 1 MeV. The experimental arrangement is shown 
schematically In Fig. 1(a). Evaporation residues 
were detected using a A£-£ telescope,’ the A£ 
detector being an ionization chamber that was op¬ 
erated at pressures of 20 Torr with a gas mixture 
of 90i(, argon and 10% methane. The residual en¬ 
ergy was measured with a solid state surface bar¬ 
rier detector placed Inside the ionization cham¬ 
ber. The target consisted of a closed gas cell 
with a steady flow of natural Ne. The gas pres¬ 
sure was -5 Torr (corresponding to a density of 
6 lig-'em’). Ni foils of approximately 0.6 mg/cm* 
thickness were used as windows for the entrance 
and exit of the beam, and polypropylene foils of 
70-100 iig/cm’ thickness were used as windows 
on the side opening of the cell in the direction of 
detection of reaction products. With this gas cell 
we could measure as far forward as 5”. The bom¬ 
barding energy has to be corrected for the energy 
loss in the entrance Nl foil and in the path through 
the Ne gas from the Nl foil to the center of the 
target. The effective bombarding energy was de¬ 
termined from the energy loss in the Nl foil mea¬ 
sured at several energies and from tabulated 
electronic stopping powers'” of in '°Ne. This 
effective bombarding energy differed from the in¬ 
cident energy by 1.1 to 1.6 MeV in the energy 
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FIG. 1, (a) Schematic view of the experimental ar¬ 
rangement. All tUmenalona are In miUlmetera. <b) The 
dependence of the geometrical factor F on the anffle e of 
the telescope. The factor F Is the ratio of the solid- 
angle >< target length between the telescope and the mon¬ 
itor. 


range studied, with an uncertainty smaller than 
200 keV. 

The beam was collimated to a spot of 1 ram’ in 
the target with a divergence of -0.1°. With this 
tight collimation the position and direction of the 
beam on target were held constant. A monitor 
detector was placed at 13° with respect to the 
beam direction. Both the monitor and the tele¬ 
scope were collimated In order to limit the ef¬ 
fective target length of the gas cell. 

Figure 2 shows a contour plot of (F-AE) vs A£ taken 
atEm,= 58 MeVand 9,^= 10°. Some of the evapora¬ 
tion residues have kinetic energies close to or below 
the Bragg maximum and thus for these energies the 
different elements cannot be completely resolved 
with the a£-£ technique. However, the total yield 
of evaporation residues Is clearly and unambig¬ 
uously identified. All events with 2 > 8 (events en¬ 
closed by the solid line in Fig. 2) were considered 
as evaporation products and defined the fusion 
yield. Particles which were stopped in the A£ 
counter or whose energies fell below the energy 
threshold of the E counter were also recorded and 
are displayed in tbs lowest (E-Afi) channel In 
Fig. 2. These events were also considered evap¬ 
oration residues when located below the whole 
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FIG. 2. Contour plot of A£ vs (E-AE) for ‘*C+ "Ns at 
Em= 58 MeV and 9^^, = 10* (upper part). The events 
encircled by the solid line arc taken to be the evapora¬ 
tion residues. The bottom part presents a projected 
AE spectrum of the events encircled by the dashed line. 

It Illustrates that only a negligible part of the fbalon 
yield 1 b in the tall of the ”€ distribution. 

group of fusion yield; they represent 2-6% of the 
total fusion yield. From the projection of the 
spectrum on the AE axis (see Fig. 2) we estimate 
that less than 2% of the fusion yield is tailing into 
the *’C band and therefore outside the contour de¬ 
fining the fusion events Discrete transitions 
(which appear as sharp lines) mainly in the oxygen 
spectrum were attributed to direct processes and 
were not Included in the fusion yield. It should be 
noticed that at the lower energies the oxygen yield 
contributes a very small fraction to the total fusion 
yield. It increases with bombarding energy and 
amounts to nearly 10% at 68 MeV. This fraction 
is in good agreement with the results of statistical 
model calculations (see below). The statistical 
accuracy of the fusion yield was generally better 
than 3%. 

The fusion yield was normalised to the elastic 
scattering In the monitor. The geometrical factor 
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f (corresponding to the ratio of solld-angie x tar¬ 
get length between the telescope and the monitor) 
was determined from measurements of the elastic 
scattering of on xe at 40 Mev which follows 
the Rutherford law. The dependence of this quan¬ 
tity on the angle of the telescope Is shown In 
Fig. 1(b). It Is seen that at Urge angles /■' be¬ 
haves as l/aiaS, reflecting the expected change 
of the target length with scattering angle. At very 
forward angles the measured factor used to nor¬ 
malize the data deviates, as expected, from the 
l/sin0 curve. The absolute differential fusion 
cross section was obtained from the elastic scat¬ 
tering cross section of ‘*C on ”Ne that was mea¬ 
sured from 22 to 68 MeV in an independent mea¬ 
surement using the same geometry. As target, 
a continuous flow of premixed ’"Ne and Xe gases 
was used at a pressure of 3 Torr. In this energy 
range the elastic scattering of “C on Xe at 13'’ 
obeys the Rutherford law. The relative amount 
cd Xe and Ne In the mixture was determined as¬ 
suming that the elastic scattering follows 

the Rutherford formula in the energy range 22-26 
MeV. It was checked that this relative amount 
stayed constant by repeating several points during 
the measurements. The results of the elastic 
scattering excitation function are shown in Fig. 3. 

Complete angular distributions of the ftislon 
cross section consisting of 8-9 points in the ang¬ 
ular range 30° were measured every 

5 MeV. For the intermediate energies oniy three 
angles, *3°, were measured, 

since it is well known that the shape of the ang¬ 
ular distribution changes very little with incident 

m, , r I 1 ' ' ' , y| 


W* ' 



Oi . , 1 ! I ' ' 

^0 yi 40 W 60 TT 

FIG. 3. Excitation function for **C+ '“Ne clastic scat¬ 
tering measured at = 13*. The statistical errors are 
smaller than the size of the points. The dashed and 
dot-dashed lines arc optical model calculations using the 
parameters of Ref. 12 and Ref. 13. respectively. The 
solid line was obtained from a fit to the data. All optical 
potential parameters are Rated In Table I. 


energy. The angular distributions are shown In 
Fig. 4. The fusion cross section at a given energy 
was obtained by Integration of the angular distri¬ 
bution. The amount of cross section not measured 
(the forward angles 0-5° and the backward angles 
30°) was taken from statistical model calcu¬ 
lations. The two fractions are nearly independent 
of incident energy and amount to -10% (forward 
angles) and -2% (backward angles). At energies 
where only a few angles were measured, the 
fusion cross section was obtained assuming the 
same shape of the angular distribution as for the 
closest bombarding energy for which data over a 
complete angular range were measured. 

III. ANALYSIS AND DISCUSSION 

The measured elastic scattering excitation func¬ 
tion Is shown In Fig. 3 together with optical model 
calculations performed with the code l-'TOLEM/.” 



FIO. 4. Angular distributions of die ^e fusion 
cross sections at the indicated Incident energies. The 
Unee are statistical model calculations. 
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Calculations using previously reported optical po¬ 
tential parameters do not reproduce the measure¬ 
ments well. The dashed line in Fig. 3 was obtained 
with the parameters of Oeterfeld el ol.” and the 
dot-dashed line with the parameters of Vanden- 
bosch el <il.“ (see Table I). The solid line Is the 
result of a fit using the parameters listed in Table 
1. Equally good tits could also be obtained with 
somewhat different parameters. 

Angular distributions of the fusion cross section 
are shown in Fig. 4. They are forward peaked 
but with a considerably smaller falloff as compared 
to “O-f "O (Ref. 4) (the cross section falls approx¬ 
imately by a factor of 15 between 5-25° compared 
to a factor of 50 In the “0+ '*0 case) due to the 
smaller recoil momentum of the compound nucleus 
in the more asymmetric system '\)4***Ne. 

The angular distributions are well reproduced 
by statistical model calculations using the code 
JULIAN’* as shown in Fig. 4 by the solid lines. 

The code includes neutron, proton, and a particle 
evaporations,^ and y decay, and takes explicitly 
into account the angular momentum of the com¬ 
pound nucleus and of the emitted particles. The 
initial spin distribution of the compound nucleus 
was calculated as in Ref. 15. The transmission 
coefficients in the entrance channel was calcu¬ 
lated using the optical potential parameters ob¬ 
tained from the fitting of the elastic scattering 
excitation function shown In Fig. 3. Level densities 
were generated using the expression of Gilbert 
and Cameron.*' 

The total fusion excitation function is shown in 
Fig. 5 as a function of the center-of-mass energy. 
An error of 5% has been assigned to each exper¬ 
imental point. This represents an upper limit of 
the total uncertainty calculated from the different 
factors discussed above (statistical accuracy, nor¬ 
malization procedure, and missing cross sec¬ 
tion). It does not include the uncertainty in the 
determination of the elastic scattering cross 
section due to beam shifts which is probably the 
largest source of error In o,. The upper limit 
of this uncertainty Is estimated to be 10% from 
the maximum spread of experimental values of 
the same point measured in different runs. It is 
seen that o, has a quite smooth behavior with in- 
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FIG. 6. Total fusion cross section a> of "Ne as 
a function of the center-of-mass energy. 


cident energy. Broad humps are observed at only 
£c.ai. 29 and 38 MeV. This behavior is different 
from the "0+ "O system where regular structure 
with a significantly smaller spacing of 3—4 MeV 
is observed.*’ It should be pointed out that in 
'K + *’Ne even and odd partial waves contribute 
to the cross section resulting in more closely 
spaced shape resonances. Assuming similar 
widths lor the resonances than in the system '*0 
* "O and in the absence of a mechanism to enhance 
even or odd partial waves, the structure due to 
shape resonances should be strongly suppressed. 
Note, however, that contrary to the system stud¬ 
ied here, the system ’*C+ "O (Ref. 2) exhibits 
structures of similar spacing than observed for 
‘*0-f “O even though both odd and even partial 
waves participate in the reaction. 

FXirthermore, the damping of the resonances 
in the fusion of "C -f *’Ne la also consistent with 
the fact that the optical potentials (of Refs. 13-14, 
17, 18 and of this work) required to fit the elastic 
scattering data are less surface transparent than 
the optical potential of ‘*0+ "O.** All the optical 
potentials listed in Table I have a rather strong 
absorption in the region of the nuclear surface 
compared to the potential of Ref. 19 and result 
in completely structureless variation of the total 
reaction cross section with energy. The dlffer- 


TABLE 1. Optical model parameters for elastic scattering of + ”Ne. 


V 

(MeV) 

»«* 

(f^ 

•a 

(ftn) 

w 

<HeV) 

(fm) 

•l 

(fm) 

(Bef.) 

13.8 

1.37 

0.59 

7 

1.40 

0.68 

Thle work 

17 

IM 

0.49 

0.8 +0.2So.^ 

1J6 


12 

17 

1.36 

0.67 

0.98+ 0.54£cjb. 

1.36 

0.57 

13 
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ence In the optical potential of theae two syatema 
may be related'^ to the fact that in the '*0+ **0 
caae only very few direct reaction channela are 
able to carry away the high angular momentum 
brought in by the incoming grazing partial waves, 
whereas for the '*0 + ”Ne caae the Q valuea for 
direct reactions are moat favorable (particularly 
for inelaatic scattering) and therefore more chan¬ 
nels are available (see also Ret. 12). 

From the present data, one obtains the sa¬ 
turation value of the fusion cross section. It has 
been observed” that for systems involving '*C 
or '“O there is a strong difference [with the ex¬ 
ceptions of '*C+ ’’N (Ref. 21) and '"B+ ‘"O (Ref. 

22)J depending on whether both nuclei occupied 
only the Ip shell or whether one of the nuclei has 
nucleons in the x-d shell. In the former case the 
fusion cross section saturates near 950 mb while 
In the latter case it saturates between 1150 and 
1200 mb. In good agreement with these syste- 
matics, the maximum value of the fusion cross 
section observed in the present work is -1140 mb. 
Static deformation of nuclei such as ”Ne and ^'‘Mg 
plays an Important role in the fusion cross section 
at energies near or below the Coulomb barrier, 
where the barrier penetrability is sensitive to de¬ 
formation effects. However, it is not expected 
to affect the cross sections at high energies” 
where the fusion cross section reaches its maxi¬ 
mum. 

The fusion of ”0+ ’“Ne has also been measured 
by Menet et at -41.25 MeV. Their 
value of Ojr- 1270± ISO mb is in agreement with 


our result of 1125^60 mb at the same energy. 
The cross sections measured by Saint-Laurent 
ef of.” at several energies are also consistent 
with the results of the present work. 

IV. SUMMARY 

we have measured the fusion excitation function 
of '*C+ ”Ne in the energy range 24<£^_^<42 Mev 
using the OlE-E technique. The fusion cross sec¬ 
tion varies smoothly as a function of energy and 
shows only two broad structures at - 29 and 
38 MeV. There is no evidence for resonances 
similar to those observed In the '*0+ **0 and 
+systems. The saturation value of the fusion 
cross section is similar to that of neighboring 
systems involving nuclei in the sd shell. 
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The tmuiticni unplitude for qiietieleitir trantfer reactioot between heavy ioiu. given by diitofted-wave* 
theory, a evaluited in ctoeed form. By metni of luilable epproximetioni the tranifer putial-wtve unplltiide 
ii expreiied in temn of the elutic 5 matrix elementi in the initial and final channelt and of known 
funetKMit defined by the Coulomb radial integrali of the tranifer form factor. The partial-wave xummation 
11 performed by using the Poiiaon sum formula in conjunction with Fourier-Benel traniform techniques for 
evaluating integrals over localized functiofis in / space. The resulting expressions cover uniformly the whole 
sngulsr range including forward and backvrard directions The general structure of the excitation fiinctions 
at or and 18(7 is discusaerL including possible backward-angle enhancements of the tranifer cross lection. 

A crucial step in the derivation is the introduction of a mean elastic S-matrix, whose dependence on the 
initial and fmal angular momenta allows tbe display in detail of the magnetic quantum number and (J-value 
dependences of the smooth and nacillatory parts of the cross section. Applications and extenskau of the 
present formalism will be given in subsequent papers. 


NUCLEAR REACTIC^S Cloaod-form ,9-matrtx theory of heavy-ion transfer 
roactinns based on DWBA. Uniform approximation for transfer angular distri¬ 
butions, 0“ and 180'' excitation (unctions. Explicit form of magnetic quanbim 
number and Q-valus dependences. 


I. INTRODUCTION 

In this paper we give an analytic description 
of “quasi-elastic" (as distinct from “deeply-in¬ 
elastic") transfer reactions between heavy ions, 
based on distorted-waves theory. The purpose 
Is to display explicitly all significant features of 
the transition amplitude, including the finer de¬ 
tails of the dependence on magnetic quantum num¬ 
bers, I matching, Q values, etc. 

The earliest closed-form treatments of heavy- 
ion transfer reactions above the Coulomb bar¬ 
rier^’ assumed simple phenomenological forms 
of the partial-wave amplitude and were restricted 
to L "0 transfer. Though grossly oversimplified, 
these descriptions emphasized the predominantly 
diffractive nature of the transfer process and 
were the first to predict the existence of regular 
oscillations in the transfer cross section at small 
angles, even though the data known at the time 
showed smooth “bell-shaped” angular distribu¬ 
tions only. Also, the systematic variations of 
the main cross section characteristics with 
energy, charge, and mass numbers were at least 
qualitatively described. At first, however, the 
diffraction oscillations were not found at the pre¬ 
dicted energies, which was attributed^ to the ne¬ 
glect of recoil effects. Not before early in the 
present decade was the oscillatory structure of 
many transfer angular distributions firmly es¬ 
tablished by experiment. 

21 


Closed-form descriptions based on the dis¬ 
torted-wave Born appro-ximatlon were first de¬ 
veloped by Dax and his co-workers,"‘“ using for 
the mean elastic S matrix the parametric form 
of the strong absorption model.*’ This formula¬ 
tion was extended*’ by employing a more general 
technique fur the partial-wave summation. 

A different approach, with emphasis on the clas¬ 
sical-refractive rather than the quantal-diffrac- 
tive aspects of heavy-ion reactions, was followed 
in the early semiclassical theory.** This was 
later amended to account more appropriately for 
the effects of strong absorption by the use of com¬ 
plex trajectories and saddle-point methods.*’’** 
The most recent semiclassical treatment,** though 
similar in concept to that of Ref. 15, takes a sig¬ 
nificant step towards a closed-form representation 
by performing analytically the main partial-wave 
summation in the distorted-waves transition am¬ 
plitude. 

Much of the recent advance in a more detailed 
understanding of heavy-ion transfer reactions is 
due to the experimental and theoretical work of 
Kahana and bis co-workers.****** These authors 
have interpreted several significant features of 
the distorted-waves amplitude that were not ac¬ 
counted for in the earlier closed-form descrip¬ 
tions, by means of an extended version of the 
phenomenological transfer 5 matrb^ In which the 
localization with respect to the difference be- 
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twe«n the initial and final orbital angular mo¬ 
menta in incorporated explicitly. A clear and 
useful presentation of these developments is given 
in the review by Kahana and Baltz.*‘ 

Id the present paper we employ analytic tech¬ 
niques developed previously for elastic”'and 
inelastic*^ heavy-lcm scattering to evaluate the 


partial-wave representation of the transfer transi¬ 
tion amplitude. Particular attention is given to a 
more accurate treatment of the small- and large- 
angle regions, and to show how the specific pro¬ 
perties pointed out by Kahana et al. can be de¬ 
rived from the transfer S matrix of distorted - 
waves theory. 


n. SMALl^ANGLE REPRESENTATION 
A Angular diftribuHofl 


We assume that the reaction 


A, +B, A,+(fl, +c) , (2.1) 

in which a nucleon or cluster c is transferred between the (heavy) nuclei A, and can be described in 
distorted-wave Bom approximation (OWBA). In view of excellent accounts of basic distorted-waves 
theory”*” we may start directly from the partial-wave representation of the DWBA transfer amplitude. 
With all due reservations, especially for heavy iois, we adopt the no-recoil approximation for simplicity, 
leaving recoil corrections for consideration at a later stage. Then the differential cross section for an¬ 
gular momentum transfer L can be written 




-t.Uh.kf' 


I 


( 2 . 2 ) 


where Mo M/ are the reduced masses, and k,, kf are the relative wave numbers in the initial and final 
channels. Disregarding spin effects, we have lumped all spin and spectroscopic factors together in the 
constant A, Then the reduced transition amplitude for multipolarity (L^M) is given by 


3i,(e)= -AfMl/,0)(2/,-tl)>'»/?f^,,(*,,*,)exp{/[a,,(fe,)+o-„(*,)l}r, .„(fi, 0 ). 

'i't 


Here we have chosen a coordinate frame with 
z axis in the direction of k, and y axis in the di¬ 
rection of C, X E,. The radial integrals are de¬ 
fined as 

^ cr) 

;’(*,.»■), (2.4) 

where /}'•*' are the radial parts of the distorted- 
wave functions, and 

Ff 

is the transfer form factor, K={2^l f€K 
being the imaginary wave number associated with 
the binding energy < , of the transferred cluster 
in the final nucleus. The scale factor { arises 
from the no-recoll approximation and can vary 
between t and t“(B,/£,);[! +(c/m,)] de¬ 

pending on the range of the interaction** (where 
the symbols of the particles stand for their mas¬ 
ses), and o,(A) denote the Rutherford phase shifts. 

Our purpose is to evaluate the summations over 
the orbital angular momenta 1|,Z/ In explicit an¬ 
alytic form by utilising the characteristic sim- 


(2.3) 

plifying features of heavy-ion interactions above 
the Coulomb barrier. These are (i) large gra¬ 
zing angular momenta f,"", (ii) strong Coulomb 
Interaction indicated by high values of the Som- 
merfeld parameters n,, n^, and (ill) strong ab¬ 
sorption of low-f partial waves. 

Under these conditions we may replace the 
spherical harmonics in (2.3) by their asymptotic 
forms for large If. In this section we use the 
"small-angle asymptotics" 

K,,...(9.0)^^)‘'’(^‘\(X,8), (2.6) 

where which is valid for 0 « e-s.Tr- |A1| A/ 

and exact in the forward direction 9=0. For 
L«tf, If we may then also use the asymptotic 
form of the Clebsch-Gordan coefficients 

(Z,/.;-AfM|/,0>Bdi,(iv) (2.7) 

in terms of reduced rotation matrix elements, 
where 

K-l,-lf. ( 2 . 8 ) 

With the definitions 
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*rii=<'rfSr(i»W«(i»). (2-10) 

we replace the summation over In (2.3) by the 
Poisson series of integrals over with the result 


0LM (fi) 


= i; jf rfX,X^„(X,)exp{.[o<^'(X,)+o">(X,+ff)l}e'»-W,(V)- (Z-^) 


Now we take the crucial step by making a suit¬ 
able approximation for the functions 
First, we assume that the nuclear part of the 
distorting interaction In the initial and final chan¬ 
nels is contained in these functions through the 
complex nuclear phases only, so that we can write 

[s,/’(*,) ,(*,.*,) Is,‘"’(A,) !■'“. 

( 2 . 12 ) 


26</'(X)=8«'(X,)+Sy'(X,) 

=8"'(X+iff) + «;''(X-iii:) (2.17) 

and 

7 ,(^)- 7 (ir*). ir,= ( 2 . 18 ) 

Here the critical angular momentum of the mean 
reflection function is given by 


where S ,'*‘(A) is the nuclear part of the total elas¬ 
tic S matrix 

S,(*) =S,<''*(*r)e'“'-<‘' = f|,(X-)exp{i2[6,<''W +a,(*) I] 


= T|, (*)(■'*,<*'. (2.13) 


n, = Aln^^exp(^).exp(-^j]|, (2.19) 
where 


and 



(2.14) 


A=i(A,+A,), >C„=A,-A,, (2.20) 

and 4 is the geometrical mean of the f-window 
parameters of the initial- and final-channel S 
matrices, 


where k'f =tkf, are the transfer radial Integrals 
with Coulomb radial wave functions tl,(kr) only. 
Approximations similar to (2.12), which is known 
as the “Sopkovich prescription, are usually 
made in semiclassical approaches**’'' '''; the same 
device was used in our description of inelastic 
heavy-ion scattering"'* to approximate the Coulomb 
excitation part of the inelastic radial integrals. 

Second, we replace the square root of the pro¬ 
duct of the nuclear S matrices by an average 5 
matrix which may be regarded as the "geometrical 
mean” of S,',"’ and Sf/". Assuming that Si, ,(*, ,) 
may be interpolated by smooth functions S(X,_^) of 
the continuous variables X, y-/, /■*■ 2 , character¬ 
ized by critical angular momentum parameters 
A, f-ll"j+i and Z-window parameters f on which 
they depend through the combinations f =(X,_, 

-A, p/A, f, we show in Appendix A that 

^sr(^). (2.15) 


where 

.S/'( X) -- V " -i (A, + k,) 


A,+A,- 


( 2 . 21 ) 


It will be seen later on that the K and K„ depen¬ 
dences of the mean S matrix described by (2.18)- 
(2.20) determine the magnetic substate population, 
the I matching, and most of the Q-window effects 
in the transfer cross section. 

Third, although the Coulomb radial integrals 
(2.14) can be expressed in terms of generalized 
hypergeometric functions of two variables known 
as Appell functions,"'* for practical purposes we 
use an approximation obtained by replacing the 
Coulomb radial wave functions 5,(*r) by their 
WKB forms. Then we can write 

where the I^'J^are functions of the mean asymp¬ 
totic Rutherford deflection function a and of the 
adiabaticity parameter £, 

Of =(5„(X) = 2arctan(M/T), 5=n^-n, (2.23) 

where 

B-i(n, +np, 

• A**, ' 


with 


(2.16) 




(2.24) 

(2.25) 



21 


CLOSED-FORM DESCRIFTION OF HEAVY-ION TRANSFER... 


1873 


The main properties of the functions and some 
further approximationa are given in Appendix B. 

Now we can write our approximation for the 
functions as 

_I 


xexp[i 28 i'>(A^+i/f)], 

and the amplitude (2.11) becomes 


^iraf ? ‘f*tw», -SM 

X exp{f[26,( + 5/0 + 2»w»X,)} X^fl), 


(2.26) 


(2.27) 


where we have defined the mean total phase shift 
28,(X) ««;'>(X,) -KT ">( X,) +9 W(X,) +0 nx,) 

= 26/>( X, iff) + 2tr'"(X, + ^A) • (2.28) 

To evaluate the Integrals over Xy In (2.27), we 
first note that the nonosciUatory parts of the in¬ 
tegrands are localized in I space. This is because 
the reflection functicms % lor heavy Ions have a 
strong-absorption profile with very small values 
for low-1 partial waves, and because the functions 
/[‘Ji fall off exponentially at large 1 with a rate 
determined by the binding parameter k. Thus the 
“transfer partial-wave amplitude functions” 


I-- 

the binding parameter x/k and the mean elastic 
window parameter A, in other words, by the dif¬ 
ference between the range of the bound state 
wave function of the transferred cluster and the 
mean surface diffuseness a semiclassically as¬ 
sociated with A. 

From Appendix B it is seen that we can write 

= Hl’xCa, f )r->"''e-7V , (2.30) 

where /i'.r(o, i) is a slowly varying function of X, 
and where 

y=(p» + f'»)‘/V»l (2.31) 


Czr(A)=-fi*-'r(«.<)»I,(A). (2.29) 

whose general shape is sketched in Fig. 1, have 
maxima at X^^g. We note that, in contrast to 
the simple parametric forms assumed in Refs. 

1, 2, 18, and 20, the ftmctions c^x(x) derived 
from distorted-waves theory are essentially asym¬ 
metric about their maximum positions, the asym¬ 
metry being determined by the difference between 



FIG. 1. Typical shape of the transfer partial-wave 
amplitude function CggiX), defined by Eq. (2.29), as a 
function of the mean orbital angular momentum variable 
x(3|+X/)> L 2 (solid curve). The example 
shown pertains to the raaotlon *'Ca(“0, '’C)'*Ti at 
3 56 MeV. Also ihown are the hmcttmu itl/gla, () and 
hriX) of which eig(X) is the prodoot; /jfjlo.f) with 
(-■-2.79, Xa 1.172 and v-0.2667 (long-daahed curve), 
and i),(T) with A|a2e.O and A* 2 (short-daahed curve; 
note different aoale on right-hand aide). 


With 


P = -|n, *=i(ft( + ft,), 



(2.32) 


In terms of Xy, the maximum of cx(x)‘‘cg(Xy+iK) 
is at A, = Af=AJ - jK. Its value may be calculated 
approximately by determining the maximum of 

Tg(Xy) = Vg(X, + i/0e-''’^', (2.33) 

which yields 

Af=A,-iff+6r, Xt=A,-f6r, (2.34) 


where Ag is given by (2.19) and Oj. is obtained 
by solving the equation 


g( 6 r/A) 

i)( 6 r/A) 


= yA, 


(2.35) 


with the definitlcxtl>(p) = dq(p)/dp. As an ex¬ 
ample, for the convenient parametric form 
i 7 (p)' ( 1 + obtain 



(2.36) 


under the condition yA < 1. Notice that, quite 
generally, the shift A]- is Independent of A'. 

Now we write 

0 *Za(A) ”^Lg(Xy)Tg(Xy) 

=rt>g(a. «)e->''-'»9x(X, + iA)e-’'V, (2.37) 

and expand the phase fimctlonB in (2.27) linearly 
about A^'Aj, 
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a6,(A, + I/O-26,(AJ+i^f) + (V-ADe; 

= 26,(SJ) + (V-Af)0j, (2.38) 


where 

o.») 

are the critical angles associated with the char¬ 
acteristic angular momenta Aj^. Alter taking the 
slowly varying functions ;i.r(A/) from under the 
integrals at the points ^y=A[, we obtain from 
(2.27) 




fl 

\Binff) 


K 

X 53 expl/2j«7i(Aj-))l7'r»(iir + Sms), 
■ (2.40) 

where 

7'»j,(x)= f <iXXT,(».)c‘“'''^'‘J,(XO). (2.41) 

•^0 

These integrals are of the type of combined 
Fourier and Bessel transforms that have been 
evaluated in Appendix A of Ref. 28 with the re¬ 
sult 


Tr»(x) = iAf [n^ c» - e)[j^(\ln) - iv^. ,(Afe)| 

+ //'/’ tx * «)lJv(A In) + .(AJt))l), 


where ff/’lz) is the Fourier transform of Tf(A), 
«5r”(«)- / dXT,(\)e«^-''I>'. (2.43) 

With (2.33) we obtain 

H‘/’(a)= /* dXt),(X + iK)e-’'V<*-''*’* 

= e-7Ajy dI,jj,(x)e‘^-’'''<'’'>'‘ 

= t.-TxJ<,«Ar-Sj)U-xir> J dXtJ*(X)e‘'^-''*>‘’*‘»> 

= ,er'/v-yAre-i«r* ^<aU j-iy) . ) 

2 + iy * 

where 

F(Ax)=J (2.45) 

is the Fourier transform of the derivative of the 
mean refiectioa funcUon. 

Noting from (2.38) that 

26*(Af)_6^J»26*(A,), (2.46) 

and from (2.30) and (2.37) that 

fz,r(A;)c’’">c-''^A = f!f>r(0|.r, (2-47) 

where 

0j jr-2arctan(H/AJ); (2.48) 


(2.42) 


we can write the final result as 


•*’ R*X) (,0t/«(AJfi) - ,(Afe)| 

+.it^/'*’(—&)[i/j,(Afu) +iJi/t i(AfO)|}, 


(2.49) 


where 

53 exp(i2wir[A,-i(A'+l)]) 

F(^(0[ -7 2<«g ^ »'y^ g)) 
tig + Xmn + /r=F 0 ■ 

(2.50) 

Close to the forward direction we have approxi¬ 
mately 

l‘■Lu^n)^ 53 6i«A'■/‘«2,(dJ „ t)c’*y 

X',Ayx jf 

< A) (o),7j^(A J9), 

flaO (2.51) 

SO that the near-forward cross section behaves 
like 

lJi,(Aj(0J*‘r p''"', e= 0 . (2.52) 


B. Fonrard-ingle exdution function 

In the forward direction 6 = 0 only the M = 0 
Bubstate contributes, and we find 

(2.53) 

PioW- K u. £^ jr, t) 

KiKfK X 


xe7‘rt.‘*x<A*)jc«A)(o)^ 


with 


jt,</A>(o)c 53 exp{<2ms[A,-t(A'+l)j} 


^ F(A(e;+2mn-<y)) 
6l + 2mf +ly 


(2.54) 

To discuss the energy dependence we consider 
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L‘0 transfer only. Then the forward-angle cross 
sectloa becomes 

X (2.55) 

From the expression for given in Appendix B 
it is seen that lor Ag »n, 

In (<'«. 4)“ ®*pI“ ^ ^ arctani'/p)!®"’’''® 


^ I*'"'*’I’' 


A-=A+a 




where for simplicity we have assumed A, ° A/ = A. 


Since well above the Coulomb barrier Ag/A de¬ 
pends only weakly on energy, the main energy 
dependence is described by l3i4*^’(0)/*|*. 

Normally only the m = 0 term gives a sig^ficant 
contribution to the Poisson sum (2.54) so that 

^ - ^gf • (2.59) 

As a typical example, for the parametric form 
J)(M) = (l + e'*')'‘ wo have f''(r)=xz/8lnh(»r), so 
that 

K'‘'(0)/»i»= [ai^(,^e*7^]'it\sln(irAy))' ' 

(2.60) 

Since Ay" x(a/A)s const, the main energy depen¬ 
dence comes from A6g a n(A/Aj') and is thus 
chiefly determined by the energy variation of the 
Sommerfeld parameter n, a feature similar to 
what has been found for elastic and inelastic 
heavy-ion scattering.”'®'* In general, the struc¬ 
ture of Eqs. (2.53) and (2.54) shows that as long 
as only a single (m = 0) Poisson term, is signifi¬ 
cant, the forward-angie transfer excitation func¬ 
tion is smooth or at least not strongly oscilla¬ 
tory. 


ni. LARGE-ANCLE REPRESENTATION 
A Angidn dtitittnUon 

To evaluate the transfer amplitude for large angles 8 we use instead of (2.6) the large-angle asymptotic 
form of the spherical harmonics, 

V,,..*(6,0)S (-.)'/-'(^y''(^)‘'J.(v), (3.1) 

where 3 = r -fl, which is valid for 0 * 3 <v - |Afl and exact in the backward direction 3 = v. Then the 
Poisson representation becomes 

X / dl^A,Ai*(*,)e3q){ilp''>(A/)+o“UA,+K)J}e««**>*Vj,(A^a). (3.2) 

''0 

With the same atvroximatlons as in the previous secticxi we obtain 


His(9) »1‘'''(-)'' L5i«Arf';lx(9j.„ 4)ci*re<>‘*(Ax) 


^ (^)[«^if(Ajd) — ('^)L«^ir(Afd) +i*/i^+i(Ajs)l}, (3.3) 


3«.> w) «pi <8- * ».i«. -!«. «i) ■ 

For later use we note the relations, obtained by comparing (3.4) with (2.50), 

»-¥•*’ (t3) •= e “ ’<Ar- lAljcjja) _ 

Close to the backward directlmi we have approsimately 
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so that the near-backward cross section behaves 
like 

aZiCfl) ' -0)11’ 

0=1. (3.7) 

B Backwird-ansle encitaliun function 

In the backward direction 0 n again only the 
M - 0 substale contributes, and (3.6) reduces to 


K,KjK g 


Xj,‘^K±0) ^ exp{i(2wel)»[.v*-|(ff + l)lf 


X G[sj+ (2w + l)v+ fy? 8], 
(3.12) 


OU) = f dA0*(A)f'*■***•, 


and where we have assumed for simplicity that 
the deviation 7),(X) is centered at lv= A,. Then the 
condition for backward-angle enhancement is 


X lcV-*’(0). (3.8) 


lACi“>(0)| 


6i - V + fy 


1ac;“'(0)| I nA{ef- 111 -iy)) 


Comparison with (2.53) and using relation (3.5) 
shows that the relative magnitude of ^"8 

dt„(0) is determined by the ratio 
If, as is normally the case, the »i = 0 term domi¬ 
nates in the Poisson sum, this becomes 

|3C/''’(-7)| /(»;)%>' N''1Mi(9r Aire/y))| . 

I I Wi ;. nr • y'j I /•■(A(6; . ,») 

(3.9) 

For example, with ira/sinh(iii) we have for 

the i 0 backward-lo-forward cross section ratio 



(3.14) 

if the m -1 contributions to the Poisson sums in 
(3.12) and (3.4) are dominant Thus, except lor 
the effects of the transfer parameters y and 6,., 
the enhancement conditions are much the same as 
fur elastic and inelastic scattering described in 
Ref. 28. 

Interference between the m ■ -1 and m = 0 terms 
in (3.12) gives rise to oscillations in the backward- 
angle excitation function. Assuming L = 0 transfer 
for simplicity, we obtain 


11 I roth|ijA(0j , lyll ' 


This shows tliat the backward-angle transfer ex¬ 
citation function lias an addlliiinal energy depen¬ 
dence: The ratio (3.10) decreases rapidly with 
Increasing energy since A.. 


C InhintTitirnl rffrets 


In our discussion .so far we have assumed that 
the elastic 5 matrices in the initial and final 
channels have "normal strong-absorption profile,” 
In the terminology of Ref. 28. As described there 
for elastic and inelastic scattering, backward- 
angle enhancement can occur if i)t(A) contains 
rapidly varying deviations from the normal X pro¬ 
file. If we write 


)7x(^) 1')r(^). 


(3.11) 


then the transfer amplitude has an additional con¬ 
tribution ii(0) of a form similar to (3.3), but with 
the functions 3Ci^'*‘i±9) replaced by 


5„(ir)=5,!"’(ii) l-TT 


G(0„ -x + iy) 


which shows that, aside from more slowly varying 
modulations due to y and the dominant os¬ 
cillations are of period ^\i = ks in the case of 
elastic and inelastic scattering. [Odd-even stag¬ 
gering effects in ij(^) would cause an additional 
modulation of period 5A„ = 2; see Ref. 28.} 

IV. INTERMEDIATE ANGLES 
A. Angulir diitiibation 

In this section we consider the intermediate- 
angle region for which we may use the asymptotic 
expressions 

exp{±f(x-Av-iMi)]. (4.1) 

Then (2.49) becomes 
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(4.2) 

where 

^.£■41 


k,kfK 

Similarly, from (3.3) we obtain 


(4.3) 


+ (_)*'3Ci^^'(a)e-''‘*if-‘/» 


which iB the same as (4.2) by virtue of the rela¬ 
tione (3.5). Thus the expreBsionB (2.49) and (3.3) 
cover the full angular range, with the common 
simplified formula (4,2) for the Intermediate re¬ 
gion. 

Now It is convenient to change coordinate axes by 
transformation to a frame with the ^ axis In the 
direction of and the x axis in the direction 

of it,. This rotation is performed by 

= (-)* E «‘'' 4 w(i'r) 3 i,*.(») • ( 4 . 5 ) 

M’ 

Then the BummationB over M' and K can be carried 
out by using the eymmetry and orthogonality re¬ 
lations of the rotation matrices 

I (4-6) 

M- 

E - (-)'^ 6 v. jr. ( 4 . 7 ) 

The resulting amplitude can be written 

3i»(9) = ^l,(e) + (-)“fti,(e), L+Afeven (4.8) 

(on the understanding thatAf from now on refers 
to the normal of the scattering plane as quantiza¬ 
tion axis), where 

y „(9)HU!^"(e)c'«*«*-'‘/<w, (4.9) 


‘ A* ' ' 9,V2wvtfr^9 • 

(4.12) 


Thus the transfer cross section for multipolarity 
(L,M) can be written as 

Off) = »i5(e)U+|<Li«(9)|’ 

+ (-)*21m[fij,(6)e'»***]K (4.13) 

where 


IdS,(^»r)rA!;,[fr„(9;.^, 




sine ■ 


(4.14) 






(4.15) 

and 


A,4(A*+Aj) = ;a+MA), + a_„). (4.16) 

In (4.15) we have used 

2[64(A,)-«j,(Aj)]»(A„-Aj,)9, (4.17) 

where 

Equations (4.13)-(4.1S) show that the transfer 
angular distribution has a smooth (bell-shaped) 
part determined by 

g^(|jci*>(9)|».|jc;-'(9)|»), (4.18) 


and an oscillatory part described by the last term 
in the curly brackets. Under normal conditions 
only the m - 0 term In the Poisson sum (4.12) is 
significant, so that 




(4.19) 


and for intermediate angles |ik:;J'’( 9)| is much 
smaller than |3(^**(9)|. The maximum of the angu¬ 
lar distribution is at 9 = el^, where the value of the 
cross section is 


oi5(max)=i4 







with 


(4i8ln9)*^» 

yij.(ix.O) 

'(eE+I)*'’ (8ln9)‘''‘' ’ 

fl?, ^f-‘i|^(Aj^)‘"fS|^(9l.«„ f)e''re<»V.dA,if>, 

(4.11) 


(4.10) 


X [/!£!.(9£.a, 


(4.20) 


If for example F{z) = vz/8lnh(vz), we get 

IF(fAy)|» / vA Y 
y* "\Bln(»Ay); • 

With the same parametric form we have 


(4.21) 
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.TC^-’Ce) stnh[TA(fl^ - 9 + fy)] 

,ici*'(e)' sinh[iA(fl; + e + i»i 

„ p-4*J _ 


transfer partial-wave amplitudes (2,39). 

,«)- r,,(X)7i«4(a, {)*->•», 

(4.22) 


This shows that the oscillations In the transfer 
cross section are most pronounced at smaller 
angles and become strongly damped with increas¬ 
ing 8. It Is also seen that at a given angle the 
damping is controlled by the window parameter A. 
Thus if A is relatively small, as in the case of 
“surface transparency, ” the oscillations are en¬ 
hanced. This Is the effect first discovered by the 
Brookhaven group.” 

Since the radial Integrals for the asymptotic 
form of the transfer form factor (2.5) are real 
functions, we may write the cross section (4.13) 
more explicitly as 

<''t’l(e)--sa(fl){u[74,(fl)l’ 

^ (-)“2?t,(e)sin[2^e+ (A^ _ Aj,)8]}, 

(4.23) 


with 




w 


J/i 




(4.24) 


This shows that the diffraction oscillations have 
the angular period v/^, which is M dependent 
because of 


-•Aln(^[cosh(^).cosh(^)]), 


with the latter e.xpression for A, - A^. The Af de¬ 
pendence of the relative phase in (4.23) is given by 


wlilch describe the localization in X space. As 
we have remarked earlier, these functions are 
essentially asynunetric about their maxima at 
the falloff rate at large X values Is de¬ 
termined by r and thus by the binding parameter 
K, while the rate of decrease at low X values is 
determined by the absorption and measured by 
A->. 

The maximum of is given (approximately) 
by 


Ci,,(max)«< Ci,(X5)« tj,(A 5 )/i”r(^,*. 1) 


(4.28) 


Using expression (2.19) for A, yields 


c„(max) = 


>j( 

a 



expl 


|+exp| 

i-m 

r 




(4.29) 

where 






(4.30) 


with index t or / depending on whether K-K„ is 
positive or negative. 

It is Instructive to compare the x and K depen¬ 
dence of with the phenomenological ansatz 

used by Kahana et al.^ who assume the Gaussian 
form 


A in 


-Ain 


^ /ft 


1 

expl- 

It 

/ft 



expl- 


r / 

'M -ArM 


coshi 



1 

k 2a / 


i 

fM i A„\ 


coshj 




^ za )] 



*i(!M-K-„| - lAf+K„l). (4.26) 


where the second expression is obtained for r, 
•= r^» r and where 


This can modify the transfer analog of the Blair 
phase rule which would otherwise hold because of 
the factor (-)* in (4.23). 

B. Magnetic aibalaica and O-vihie dependence 

The dependence on the kinematic conditions of 
the transfer reaction can best be seen from the 


^ (f,*+2r*)‘''> • 


(4.32) 


Although In our Cj;f(X) the asymptotic dependence 
on X and K is exponential rather than Gaussian, 
there is a correspondence between the parameter 
g and ourg*w2/>', while the parameter r corres- 
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ponda to i/7/r for largo \ and to /Ta for small 
X, or rather to the harmonic mean i/7a/ 
(1+rA). 

Since the DWBA-based expression (4.27) has 
qualitatively similar features as the phenomen¬ 
ological form (4.31), we'have in the present treat¬ 
ment removed the shortcomings of our earlier 
transfer formalism'* which were ri^ly criticised 
in Refs. 20 and 21 for ignoring the significant 
K dependence of the partial-wave amplitude. The 
salient point where this is brought out here is 
the determination of the mean S matrix (2.16) by 
the method described in Appendix A. Most of the 
properties of transfer reactions discussed in Ref, 
21 by means of (4.31) are described by the present 
foimulatlcm. 

To display the M dependence of the transfer 
cross section (in the coordinate frame with quan¬ 
tisation axis perpendicular to the reaction plane), 
we consider the maximum value (4.20) written as 

(4.33) 

where 


2n*)r'£**,*fc,ic> 


IJ'’(«Ay)l» 

y’ 


The M- and Q-value dependence of the functions 
is described by the expressions given in Ap¬ 
pendix B. As discussed there, it is contained 
mainly in a factor exp(-6.j,*/2p€.j,), where 


<.,-[(AV«)*+1]‘'*. 


(4.35) 


However, the most significant factor in (4.33) is 


g-irA^_ g-irAg-ars.a 



Where Afa« -A|,“A, - A,, and g* is defined by 
(4.30) with index f or / depending on whether 
Af > Afj or A# <Af j. For A, > Ay the Af dependence 
has the simple form exp(-y |M -Afg| ), showing 
that the cross section is largest lor Af >M,. 

Finally we consider the Af dependence of the 
amplitude (4.24) of the diffraction oscillations, 
which can be written as 


X (4.37) 

Since A,^v ^Af + 8, « ^, and JTJ-XT*" A^ - A.^, 
and further 

- STa ■ ®(SS) - ©(A -a) ■= (A, - A.,)e ‘(X), 

(4.38) 

this becomes 



X e-"" , (4.39) 


where a^~ A.^ is given by (4.26). Aside from 
this difference, because of 6‘(K)< 0 the sign of the 
exponential depends on the relative magnitude of 
y and va|B'(X)| . An estimate of the latter quan¬ 
tity is given by the Rutherford value v(A/A)Bin9a 
which under strong-absorption conditions is small 
compared to y. Thus the amplitudes are largest 
for good I matching (small A,) in which case A^ 
-A.,, is nearly independent ot M, and the main 
M dependence of is given by the ratio of 
the functions Since from Appendix B we know 
that these are largest for -L and smallest 
lor Af > L , the amplitude is maximal for M > i,. 
Further the magnitude of tu_{e) decreases with 
increasing L , so that the strongest diffraction 
oscillations occur lor X, > 0 transfer and are weak¬ 
er for higher multipolarities. 


/i3l(<.s.O 


V. CONCLUSWN AND OUTLOOK 

The expressions derived in this paper give, 
in closed analytic form, a rather detailed des¬ 
cription of the significant wave-mechanical as¬ 
pects of heavy-ion transfer reactions as embodied 
implicitly In (first-order, no-recoil) DWBA cal¬ 
culations. By accounting for the important klne- 
matlcal and dynamical effects of magnetic sub- 
state, angular momentum matching, and ^-value 
dependences, a considerable improvement is 
achieved over earlier closed-form evaluations of 
the DWBA amplitude which glossed over many 
subtle features by taking too rough averages over 
initial and final state energies and angular mo¬ 
mentum projections. The main improving device 
is tbe introduction of the mean S matrix, which 
leads to an explicit representation of the partial- 
wave transfer amplitude that is more realistic 
than the' ad hoc forms assumed in phenomeno¬ 
logical treatments. 

Of course, the formalism presented so far still 
has many shortcomings because of the simplifying 
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aasumptlons made at the outset: ( 1 ) the no-recoil 
approaimatlon, (ii) omission of higher-order and 
multi-step processes, and ( 11 ) the neglect of spin 
and polarization effects. In subsequent work we 
endeavor to remove or Kmedy these limitations 
by suitable extensions of our method. One of 
several ways to account for recoil effects is a 
Taylor expansion of the final-channel distorted- 
wave functionwhich results in the no-recoll 
transfer amplitude being amended by a linear 
combination of amplitudes pertaining to different 
values of the transferred angular momentum 
and containing radial integrals with modified 
transfer form factors. The additional amplitudes 
can then be evaluated In closed form using simi¬ 
lar approximations as for the no-recoll term. 
Further, the contributions of higher-order pro¬ 
cesses, such as Inelastic scattering of the initial 
and final nuclei before and after the transfer takes 
place, can be taken into account by replacing the 
Initial and final S matrices with the modified ex¬ 
pressions derived recently^* from a coupled-chan¬ 
nels extension of the closed-formalism for elastic 
and Inelastic heavy-lon scattering. Earlier, Uda- 
gawa and Tamura^* gave a qualitative description 
by using a phenomenological form of the partial- 
wave transfer amplitude. Similar extensions are 
possible for multi-step, successive, or sequential 
transfers and will be treated in subsequent papers. 
Lastly, spin and polarization effects can be des¬ 
cribed by including spin-orbit Interaction in the 
initial and final S matrices and taking the spin 
dependence of the bound-state wave function into 
account. 


iIi(tr)-> 7 i(X)Bq(/i) characterized by the parameters 
A and A In the combination -A)/A, we re¬ 
quire 

£S‘''(X)=7),(X><“x<J>, (A.l) 

where X = ' 2 (X, + x^) and K=\,- X^. Here and in the 
following equations, a = b means "a is required to 
equal b. ” Then 


28,(M-6'‘’(X,)+6'^’(X,) 

= 6 '''(X + iA)+ 6 ''’(X-iA), (A.2) 

and our requirement for the reflection functions is 


= , (A.3) 


with Ajr and A determined as functions of 
A,,A^ such that (A3) is (^timally satisfied for 
ftmctions q(p.) of general "strong-absorption pro¬ 
file.” 

This is of course trivial in the sharp-cutoff 
limit where Q(^) is a unit step function; then 

A, = X+ 5 |A-A„| (sharp cutoff), (A.4) 

where j(A, +A,) and A|,=A, -A,. 

Fbr smooth profiles we first solve the problem 
by choosing a particular functional form of t)(p) 
for which (A3) can be satisfied exactly, and then 
use the result in the general case. If A,-A^> A, 
this can be done with Kauffmann’s function’’ 
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APPENDIX A; DETERMINATION OF MEAN 5 MATRIX 

Here we address the question of how to replace 
the product of square roots of the S matrices in 
the initial and final channels by a single mean 
S matrix. Assuming that S,(E)<°i)i(X)exp[t25,(X)J 
can be interpolated by a function of the continuous 
variable X - f 4 ^. with the reflection function 


;}(p)«exp(-e'“). 

(A.5) 

Then 





(A. 6 ) 

yields 


A, •= A+ A ln|cosh^^^ 2 ^^^ j • 

(A.7) 

For A, ^ A^ we obtain 




A. . 

= A )• 


(A. 8 ) 


which can no longer be satisfied exactly. How¬ 
ever, we can determine optlnoal values of Aj^ and 
A by the following requirements; First, (A 8 ) 
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should hold exactly at This yields 

A, . JT* A 1 ■ 

(A.9) 

Then we determine A such that in the case ot K 
matching, where (A8) becomes 

" “p[(s ^' 

(A.IO) 

it minimizes the difference between the exponen¬ 
tials, 


Aa 


2 a |A/ 
A,+ A/ 


{A.12) 


Clearly, for A^a Ay, (A.9) reduces to (A.7), and both 
expressions reduce to (A .4) in the sharp-cutoff 
limit. 



FIG. 2. Mean reflection (unction VkI^) of Fermi (unc¬ 
tion profile (solid curve), calculated from the Initial- 
channel reflection function t)<(^ with A, >30, A|^2 (long- 
dashed curve) and the final-channel reflection hmctlon 
ny(^) with Ay=32, Ay-3 (dot-dashed curve). %(3r) rep¬ 
resents the optimum symmetric approximation [Eq. 

(A:)>l to the asymmetric function [i),(V)Tiy()C)l‘/* (ahort- 
dashod curve), with parameters and A*2.4 cal¬ 

culated from Eqs. (A9) and (A12), respectively. 


An example of how relation (A.3) with (A.B) and 
(A.12) works for reflection functions of Fermi 
function profile (1-t c"“)"‘ is shown in Fig. 2. 


APPENDIX B, THE FUNCTIONS l},S(a£) 


The functions , (), defined in (2.22) as the WKB approximation to the Coulomb radial Integrals 
(2.14) (or the transfer form factor (2.S), have the integral representation 

<fic(-f*)A*j’[»p(l + < coshMi)Jp(l + c coshw)cos jt't sinhic+^a'-i-M 


arctan 


- l)'^*8inhw l\ 
f + coshu' 


JJ’ 


where 

< = (sinia)-‘ = [(A/«)>-i!]''», (B.2) 

and are defined in (2.23) and (2.32). An 

approximate expansion, with an accuracy of about 
10% for 11'I < 1.5, is given in Ref. 14 as 




(,L+m)l 


p-H/l 


, (X-m)Iml l2p(l + €)J" a; 


1/1 


(B.3) 


with 


a 


p€ + m 


< 

U€ ’ 


6-{'«-r4 + Af 



(B.4) 


For p(l-f c)> 1 and && 1, the sum in (B.3) may 
be approKlmated by the m• 0 term. 


(Bl) 


As discussed in Ref. 14, this expression shows 
the V value and M dependence of by the ex¬ 
ponential of h’/2p«. For a given angle a, the op¬ 
timum ^ value Is determined by the adiabaticlty 
parameters, giving maximum for b°0, or 

-:4r-+ i•-Af tani(x-a), (B.6) 

sinja 

and the steepness with which II)} decreases for 
increasing controlled by the binding 

parameter k through pc » Kn/k sin^a such that the 
falloff is taster for weakly than lor strongly 
bound particles. The same relation shows that 
(or positive Q values, ([^is largest for M=-L 
and smallest lor M*L, and that the difference 
is more pronounced at smaller than at larger 
angles a. 

For Xb 0, (B.l) can be evaluated exactly in 
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terms of a modified Hankel function of imaginary 
order,” 

fist®. ?) = exp^-^p+ ?arctan^^jK„(m'<) 




(B.7) 

where )>= (p’+ with the asymptotic form 


at (B.7) obtained for nyt ^ | {| ■ 

The main dependence of I'li on X is given by the 
^tor exp(-nr(), which becomes exp(-rX) for 
X»n. This enables us to define 

(B.8) 

where Il'Jla, () varies relatively slowly with X. 
Finally, using an amended notation, we note from 
(B.l) the symmetry relation 

4'-if(®.-«') • (B.O) 
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Tbc oicTiy dmity fonniUem of Bcueckner ii eaWnded to the compla domain with the uw of a complei 
two-body cfleetive inteiactioii, lo ai to aeoeiate aimultaneotaiy the rad and imajinary part of the ion-ion 
interactioa potentiaL A nnipte effective interactioa conaiitina of a dcnaity dependent delu function 
repttUon and a Oamiian attraction ii choaen for the real part of the complex effective interaction, wheieat 
the i m agi n i r y compoiieat ii derived by uiint the forward tcattering amplitnde ipproximation. In using this 
approximation, emphaaii has been given to me the complex tjvo-body matrix f, where the propagator has 
the nuclear many-body Hamiltonian rather than the free two-body matrix i. For the average nucleon- 
nudeon croaa xectiaa <cr>, required in coastructmg the complex effective interaction, a modified version of 
the relation anggested by Bohr and Mottebon it uaed which comparea quite well with that of Ckmental and 
Villi. The real part of the im-ion interaction potential calculated in this model has already been reported in 
an earlier work and the present work deab with the calculation of the imaginary part of the potential for 
five pairs of spherical nuclei. The region of the potential beyond the surface is parametrixed into a Woods- 
Saxon shape. The calculated imaginaty potential for the system ''’Ca-'‘0 is compared with the 
phenomenological one of Becebetti ti at. and the agreement between the two sets of potentials is found to 
be quite good in the regioa beyond the strong absorptioa radius. 

[ NUCLEAR REACTIONS Complex two-body effective Interaction, forward Beat-1 
tering amplitude approximation. Imaginary part of lon-lon Interaction potential. J 


I. INTRODUCTION 

In a previous -work* we had proposed a simple 
parametrization of the energy density functionals 
derived from a two-body effective interaction by 
expanding them in a Taylor series about the 
saturation density. It was pointed out there that 
such a parametrization of the density functionals 
allows one a simple analytic approximation of 
the energy density of a nucleus which has the ad¬ 
vantage of being computationally quite simple, 
similar to the energy density derived from 
Skyrme-type effective Interactions.*'’ The re¬ 
sulting simple energy density was used to calcu¬ 
late the real part of the iim-ion interaction po¬ 
tentials for several pairs of spherical nuclei in 
the framework of Brueckner’s* energy density 
formalism, and it was observed that the positions 
and heights of the calculated interaction barriers 
for all pairs of nuclei were in good agreement 
with those referred to in the literature. The aim 
of the present work is to extend the energy density 
formalism of Brueckner* to the complex domain 
with the use of a complex effective interaction, 
so as to simultaneously generate the real and 
imaginary part of the ion-ion interaction potential. 
The model, as will be shown In what follows, does 
not rely upon the microscopic structure of the 
level density, but derives its essentials from a 
somewhat macroscopic point of view, the primary 
ingrediente ■being the density distributions of the 
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interacting nuclei and an effective two-body Inter¬ 
action- 

The first applica^on of a complex two-body ef¬ 
fective interaction to calculate the real and imagi¬ 
nary part of the ion-ion interaction potential was 
carried out by Vary and Dover.’ A suitable com¬ 
plex effective interaction with an adjustable com¬ 
plex depth parameter to fit data accurately was 
folded in with the density distributions of the two 
colliding nuclei, and good fits were obtained for 
the “O + "Ni system. The saturatimi and anti- 
symmetrization effects which are ignored in such 
a double folding procedure are taken into account 
rather arbitrarily through the adjustable complex 
depth parameter in the effective Interaction. 
Another approach, similar to the present one but 
not direcUy based cm a complex effective inter¬ 
action was taken by Gupta and Kailas* who ex¬ 
tended the energy density formalism of Brueckner* 
to the complex domain. However, the authors in 
Ref. 6 have Identified the complex potential energy 
density with the complex nucleon-nucleus optical 
potential and have used the complex optical po¬ 
tential experienced by a nucleon in uniform nu¬ 
clear matter calculated by Jeukenne el at.’’ using 
tbe Reid soft core potential.* This choice of the 
potential energy density is not justified in the 
sense that the real part of the nucleon-nucleus 
i^cal potential Integrated over the density of 
tbe nucleus does not give the total nuclear poten¬ 
tial energy. Besides, the comidex nucleon-nu- 
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dear-matter optical potential needa correctiona 
(or the finite aize of the nucleus which may be 
quite significant lor nucleus-nucleus collisions. 
Love ei al." and Baltz el al^’‘ on the other hand 
have computed the imaginary part of the nucleus- 
nucleus interaction potential recently by con¬ 
sidering coupling to specific inelastic channels. 

As mentioned earlier, in the present work we 
have calculated the real and imaginary part of 
the ion-imi interaction potential in the framework 
of Brueckner’s energy density formalism using 
a complex two-body effective interaction. For the 
real part of the complex effective interaction, we 
have used a simple two-body effective interaction" 
consisting of a density dependent delta (unction 
repulsion and a single Gaussian attractimi. On 
the other hand the imaginary component of the 
complex effective interaction is derived by using 
the forward scattering amplitude approximation. 
Saloner el al.'^ have already used this approxima¬ 
tion in a detailed calculation of the imaginary part 
of the interaction potential for two colliding nuclei 
taking proper account of the l^uli principle. The 
validity of the approximation has been tested by 
the authors in Ref. 12 by solving the Brueckner- 
Goldstone equation in momentum space. Slnha" 
has also calculated the imaginary part of the ion- 
ion interaction potential by using the forward 
scattering amplitude approximation and folding 
in with the density distributions of the two col¬ 
liding nuclei. However, using the forward scat¬ 
tering amplitude approximatian, it has already 
been observed by Sinha and Duggan" that at least 
for incident nucleons it is more appropriate to 
use the complex two-body matrix Y. where the 
propagator has the nuclear many-body Hamil¬ 
tonian rather than the free two-body matrix /, 
where only the free two-body Hamiltonian is used 
in the Green function. It is worthwhile to mention 
here that in the calculation of the imaginary part 
of the ion-ion interaction pntenbals in Refs. 12 
and 13, the free two-body matrix t has been used 
rather than the matrix T. Recently, Schery 
et have also demonstrated the success of 
using the matrix f instead of the free two-body 
matrix t for the analysis of {p,n) cross sections. 
One of the motivations of the present work is 
therefore to use the matrix f instead of the free 
two-body matrix t in deriving tlie imaginary com¬ 
ponent of the complex two-body effective inter¬ 
action in the forward scattering amplitude approx¬ 
imation. The real part of the ion-ion interaction 
potential being already reported in our earlier 
paper,* in the present work we mainly concentrate 
on computing the imaginary potential. The region 
d the potential beyond the surface is parametrized 
by a Woods-Saxon shape and is also compared with 


the phenomenological potentials. 

In Sec. U we briefly consider the constmctlca 
of the complex effective interaction used In the 
present work. Section in deals with the calcula¬ 
tion of the ion-ion interaction potential in the en¬ 
ergy density formalism, and the results and dis¬ 
cussions are given in the last section. 

II. THE COMPLEX TWO-BODY EFFECTIVE INTERACTION 


It is well known that for a single nucleon of 
wave number k incident on a nucleus of density 
Pu the imaginary potential VF, in the forward 
scattering amplitude approocimatlon is given by 

where m is the nucleon mass and <o) is the aver¬ 
age total nucleon-nucleon cross section averaged 
over the relative momenta so as not to violate the 
Pauli exclusion principle. For an incident nucleus 
of density P„ the total imaginary potential can be 
approximated in the simplest way as 


IF= JWiP/fV, (2) 

where the integration is carried over the density 
distribution p, of the incident nucleus. 

The implication of replacing the free two-body 
matrix f by the matrix T in the forward scattering 
amplitude approximation is to replace p(o) in 
Eq. (1) by P,„ (a), where 


(3) 


and is the volume integral of (he real part of 
the two-body effective Interaction Ray and 
Coker" and also Sinha" have already shown how 
to extract a complex effective interaction V, such 
that its Fourier transform is given by 7‘(q’). When 
r IS not approximated by the free two-body ma¬ 
trix (, the derivation oi also follows naturally 
from the work of Kerman et al^‘ Vie follow the 
procedure of Refs. 16 and 17 so that (or a two- 
body effective interaction we can have the follow¬ 
ing ansatz for 

V, = {l*iy)V^r). (4) 

To determine y, we apply the optical theorem for 
the two-body scattering amplitude corres¬ 
ponding to T, and in the limit q—0 we have 

^=V,^f(0)], (5) 

and 

/.(M(0)1 = -^ /UF.)dV. (6) 
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From the ansatz in Kq. (4), we see that the inte¬ 
gral on the right hand side of Eq. (6) is 
Thus we get the following expression for y. 


<2L 

hn 


( 7 ) 


On the other hand for a free two-body matrix t, 
the imaginary component of the effective inter¬ 
action lylU in Eq. (4) reduces to -i(Hk/%m){a), 
and we get back the relations for and W in 
Eqs. (1) and (2) in the simplest approximation. 

Since in our present case we are concerned 
with the nucleus-nucleus collision, each nucleon 
is a constituent particle of either of the two nu¬ 
clei, and hence in the WKB approximation, the 
wave number h of a nucleon in Eq. (7) can be given 
by” 

Ir‘ = -^£ + £„-f/] (8) 


where £ and £,]■ are, respectively, the pure 
translational energy and the average internal 
kinetic energy of the nucleon, and V is the real 
part of the optical potential experienced by the 
nucleon. For the sake of simplicity we use a 
Fermi gas model to determine EfT so that 

i;„ = 3«»*,V(10m), 

where kf is the local Fermi momentum. The 
derivation of U in Eq. (8) and the computation of 
the average total nucleon-nucleon cross section 
will be considered in the next section. 

For the two-body effective interaction we 
have used a simple density dependent effective 
interaction ccxistructed by us in an earlier work.** 
The interaction has the form 


interaction C, V„ and p are determined by re¬ 
quiring that the interaction reproduces the correct 
binding energy per particle at the correct density 
of nuclear matter and the ground state energy of 
“O. It has already been shown in Ref. 11 that this 
effective interaction gives a satisfactory account 
of different properties of nuclear matter and ground 
state properties of three closed-shell nuclei *He, 
**0. and«ca. 

III. CALCULATION OF THE REAL AND DMAGINARY 

PART OF THE ION-ION INTERACTION POTENTIAL 


The nuclear part of the ion-ion interaction poten¬ 
tial as a function of the separation distance R be¬ 
tween the centers of the two colliding ions is given 
by 

V(R)+»WCfi) = / [N(P, t) - H (P., T J 

-£(P„TjJdV, (10) 

where /(£) and IF(it) are respectively the real 
and Imaginary part of the potential. Here H (p, r) 
is the complex energy density of the composite 
system, and RiPu and H (p„ are the same 
for the two separate nuclei, and p and r are the 
particle density and kinetic energy density, re¬ 
spectively. We use the complex two-body ef¬ 
fective interaction V, in Eq. (4) with y given by 
the relation in Eq. (7) to compute the complex 
energy density of a nuclear system. Using the 
prescription of Negele and Vautherin*’ for the 
expansion of the density matrix and the product 
of two densities in powers oi the relative coordi¬ 
nate and remembering that y is to be evaluated 
at the center of mass coordinate of the two in¬ 
teracting nucleims, we get the following expres¬ 
sion for the complex energy density: 


where kf is the Fermi momentum evaluated at 
the center of mass point H = (r^ + rJ/2, and P is 
the Majorana exchange operator. It should be 
noted that in the eiqiression for the complex ef¬ 
fective interaction V, in Eq. (4), y is to be evalu¬ 
ated at the center of mass coordinate R, whereas 
Krr is to be evaluated at the relative coordinate 
r = r,-rx. 7'he three parameters of the effective 


^T + (l + iy)[A(p)+B(p)T 

+P(p){vp)‘+ Q(p)v’pJ. (11) 

For the simple two-body effective interaction 
Ka in Eq. (9) it is possible to evaluate the density 
functionals A (p). B(p), P(p), and ©(p) analytical¬ 
ly.*'** The results are 




( 12 ) 

(13) 


(14) 
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and 


«(p )=- F - i^h(p 


(15) 


where k . In Refs. 11 and IS it is shown 
that an integration by parts of the V^p term in the 
energy density allows one to replace the term 
i>(p)(Wp)’ + Q(p)v'p byC(p)(vp)*, where 


C(p) = P(p) 


tiQ(P) 

dp 


(16) 


However, in the present work such a reduction 
will Involve the differentiation of yQ(p) with re¬ 
spect to p. Because of the complicated depen¬ 
dence of V on P through (o) and k, we refrain from 
doing this and use the energy density as given by 
Eq. (11). 

In our earlier work' we had shown how one can 
get simple analytic approximations for the density 
functionals by expanding them in a Taylor series 
about saturation density and retaining terms up to 
quadratic in density in these e^qiansions. The 
validity and advantage of using such parametrized 
versions ct the density functionals instead of the 
exact ones in calculating the lon-lon interacticm 
potential have been discussed In detail in Ref. 1. 
Since the density functionals A (p), B(p), and 
C(p) have already been parametrized in Ref. 1, 
we consider here the parametrization of P[p) and 
Q(p). For this purpose, we note that P(P) behaves 
as a constant as p — 0 whereas Q(p) behaves as P 
in the same limit. Thus we expand P(p) and 
Qlfi)/p in Taylor series about saturation density 
and retain terms up to quadratic in density. With 
this the density hmctionals P(p) and Q(ft) assume 
the form 


l'(P) = (/>o+P,P-»PaP*). 

(17) 

V(P) = (9o + ‘'/,P + 9aP')P, 

where the various expansion coefficients p, and 
are related to the values of the corresponding 
density functionals and their first and second de- 


TABLE I. Values of the eoofflelenta In the expansion 
of the energy density functionals. 


i 

Pi 

9i 


0 

27.87 

-53.85 


1 

-19.70 

65.88 


2 

17.72 

-70.32 



I- 

rivativeB at saturatioa density. The values of 
these coefficients are given in Table I. The exact 
density functionals P(ft) and Q{p) are also com¬ 
pared with their parametrized versions In Figs. 

1 and 2, respectively, where these functions are 
plotted against p. It is seen that the parametrized 
functions correctly reproduce the exact functions 
over a wide range of density except that in the 
region p- 0 there is a small discrepancy of the 
order of 1.5% for P{p). 

The real part of the optical potential U, ex¬ 
perienced by a nucleon in a nuclear medium and 
required in computing k in Eq. (B), can be ex¬ 
pressed'* in terms of the density functionals A (p), 
B(p), and C(p) as 

dp dP dp 

-2C{p)V’‘p^^BiP)E, (18) 

where £ is the energy of the nucleon, and in the 
field of the nuclear medium this will be modified 



fig. 1. Plot of exact (—) and parametrized (—) 
vereioo of Pip) as a Amotion of density p. 
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pie eapresslon lor <a> given by Bohr and Mottel- 
Bon,“ 

+ ] whenfc*<2fc,‘. 

r 7* *1 

<o) =aoU--gjjrj when A'>2/!p’. 


Here kf is the Fermi momentum, and k is the 
wave number of the nucleon defined earlier, in 
Ref. 21, Og is referred to as the free nucleon- 
nucleon cross section and is assumed to be in¬ 
dependent of energy. However, it is well known 
from experiments that Og is roughly inversely 
proportional to the energy. In view of this, we 
have here used the following relation for Og, 



( 21 ) 


FIG. 2. Plot of exact (—) and parametrized (—) 
version of Q(p) as a function of density p. 


as e- £ - (/. Thus from Eq. (18) we get the fol¬ 
lowing relation for V: 


f:=[l.|^H(p)]'‘[' 


<iA(p) . dB(p)_ dC{p) 


dp 


dp 


dp 


(VP)’ 


.2C(p)V’p+^S(p)£ 


]■ 


(19) 


Since in the present case each nucleon is a con¬ 
stituent particle of either of the two nuclei, there 
will be an additional contributlan to E from its 
internal motion” and E will be replaced by 
h+E„ in accordance with Eq. (8). 

In calculating the imaginary part of the ion-ion 
interaction potential according to Eq. (10), one 
has to compute the average nucleon-nucleon cross 
section <o) appearing in the expression for y, for 
the two separate ions as weU as for the com¬ 
posite system of both the ions. For the composite 
system the computation of (a) is very compli¬ 
cated” due to the complexity of the overlap of the 
phase spaces of the two colliding nuclei. Even 
for the case of a single nucleus, the expressian 
for (a), derived by elemental and inUi," involves 
a complicated integral which incorporates the 
role of the Pauli principle, and its use in calcu¬ 
lating the loo-ion imaginary potential IF as a 
function of the distance of separation R between 
the centers of the two nuclei according to Eq. (10) 
will make the numerical works Involved quite 
complicated. For this reason, in the present 
work we have used a modified version of the slm- 


where the constant factors A and B have been ob¬ 
tained by taking an average of the constants as- 
sexiated with proton-prot<m and neutron-proton 
total cross sections given in the work of Green¬ 
lees et al.” For the case of a single nucleus it 
was observed by us that (o) given by Eqs. (20) and 
(21) compares with that of elemental and Villi" 
quite well. In Fig. 3 this comparison is shown 
for "CJa lor three different energies E * 10, 20, 
and 40 MeV, where we have shown (a) as a func- 



FIG. 3. Average nucleon-nucleon croas section (tr) 
tor **08 at different center of mass energy S, - as a 
function of eeparatton distance r. The dotted lines oor- 
reapend to (e) obtained from Eqs. (20) ind (21), 
whereas the solid lines are obtained by using the re- 
lattoo glvcu Id Sef. 20. 





laes 


B. BEHERA, K. C. PANDA, AND R. K. SATPATHt 


Uoa ot tti« distance r ol the nuclera from the cen¬ 
ter d the nucleus. From Fig. 3 it is seen that 
there is a small discrepancy between the two sets 
of values for (a) at very low and high values of r, 
and this decreases as E increases. Since most 
of the contributions to W will come from the sur¬ 
face region of the nucleus, these discrepancies 
Will have a negligible effect on the calculated 
Imaginary part of the potential. 

The calculation of the potentials V and »' in Eq. 
(10) requires the knowledge ot the densibee P and 
r of the compoelte system and p, and t, (i = l, 2) 
of the two separate nuclei- For the sake of sim¬ 
plicity we use the sudden approximation in our 
calculation so Chat P = P, +Pj. In Ref. 1 we used 
the Thomas-Ferml approximation for the kinetic 
energy density. The advantage of this approxi¬ 
mation is that the evaluation of the potentials from 
Eq. (10) reduces simply to the knowledge of the 
densities of the separated nuclei. Moreover, 

Brink and Stancu’^'** have already shown that such 
a simple approach is capable ol including more 
than 7S% of the exchange effects due to antisym- 
metrizatlon for distances larger than the sum of 
the rms radii of the interacting nuclei. However, 
as pointed out by Brink and Stancu,”'’*'* the 
Thomas-Fermi approximatian is most accurate 
when the kinetic energy density r' is defined by 


T'=-(22) 

Since the kinetic energy density in Eq. (11) is 
defined as 


T- 2- , 

1 

(23) 

we used the relation 


T - T' + iV"p 

(24) 


and made a Thomas Fermi approximation for t' 
in Ref. 1. However, in the present work we have 
made use of the approximation of Kirzhnits.^’ This 
approximation consists of adding correction terms 
to the Thomas-Fermi approximation 

^ (Vp)VP - iV 'p . (25) 

The second term represents the Wcizsacker cor¬ 
rection.* This approximation for t' has been 
examined by Drink and Slancu'” and also by one 
of the present authors,and it has been shown 
that this gives a better descripUon of the real 
part of ion-ion interaction potential in the tail 
region then the simple Thomas-Fermi approxi¬ 
mation. 

It is to be noted that unlike the case of Ref. 1, 
in the present work there is a relative motion 
between the two ions and in principle, one should 


compute the densities and Unetle energy densi- 
Ues the two 8q;>arate nuclei and the composite 
system taking proper account of this relative mo- 
tion. However, a detailed account of this effect 
is very complicated,“ and in this work we refrain 
from doing this. Thus the energy density in Eq. 
( 11 ), which does not incorporate the effect of 
relative motion, is eiq>ected to be valid only for 
very low relative energies between the two nuclei. 

Using Eqs. (10) and (11), one can separate the 
real and imaginary parts of the total interaction 
potential as 

V(R) = f [Hs (P, r) - (p„ T^) - Il„ (p,. , 

(26) 

(27) 

where Hg and Hj are the real and imaginary parts 
of the complex energy density H(p, t) given in Eq. 
(11). Since in our earlier work^'* we have al¬ 
ready calculated the real potential V(R) for sev¬ 
eral pairs of spherical nuclei, in the present 
work we concentrate on calculating WfA) only. 

The evaluation of IF in Eq. (27) requires the com¬ 
putation of y for the composite system and also 
for the two separate nuclei. In principle, (o> and 
k appearing in y should be evaluated for the com¬ 
posite system by considering the overlap of the 
phase spaces of both the nuclei, and as stated 
earlier this is much too complicated.'" There¬ 
fore, for simplicity, we have used here, in the 
spirit of sudden approximation, the relation 
p = p, + Pj to evaluate <o) and k for the composite 
system. The density distributions of the dif¬ 
ferent nuclei used in this calculation have been 
taken from our earlier work.''" 

IV. RESULTS AND DISCUSSIONS 

Using the complex two-body effective Interaction 
constructed in Sec. II and the formalism of Sec. 

HI, we have calculated the imaginary part of the 
ion-ion interaction potential for five pairs of 
spherical nuclei listed in Table H. These poten- 


TABLETl. WoodB-Saxon parameters of the surface 
region of the Imagtnaiy part of the ion-ion interaction 
potential. 


Pairs 

IK 

(UeV) 

Ro 

(fm) 

«o 

(fm) 

Vigo)/mo) 


10.98 

6.25 

0.575 

2.16 

‘4o-"*Ca 

13.73 

7.30 

0.625 

2.18 

“0-"Ni 

13.80 

7.77B 

0.01 

2.22 

“Ca-*Ca 

16.83 

8.40 

0.64 

2.27 

"Ca-^Nl 

17.51 

8.8$ 

0.635 

2.26 
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tial Win) as a funcUon of the separatloa distance R 
between the two tons. 

tiais (lor =60 MeV) axe also shown in Fig. 4. 
All the potentlaia have a common shape with a 
repulsive core at short distances followed by an 
attractive part. The repulsive core oi these po¬ 
tentials is a consequence of the sudden approxi¬ 
mation which neglects any possible distortion of 
the single particle wave functions of the colliding 
nuclei. A comparison of the positions of the 
minima of these potentials with those for the real 
parts in Refs. 1 and 38 shows that they are shitted 
towards larger values of H. 

Following the procedure of Ref. 1, we have 
parametrized the region of the potentials beyond 
the surface by a Woods-Saxon shape. The values 
of the parameters fi,, and a„ are given in 
Table II which fit the calculated potentials very 
well beyond Jig. An example of this Woods-Saxon 
shape for the ^Ca-^O system is shown in Fig. 5. 
The parameter £„ is very well approximated by 
the formula 

Ro“ 1.23(A1^+AJ^’). 

However, we did not observe any such relation for 
W, and Soi although it was noted that they increase 
with the increase in the mass number of the in¬ 
teracting nuclei. A comparison of the values of 
these parameters with those for the real part of 
the interaction potential given in Ref. 28 [where 
the same iqiproKimation for t' in Eq. (25) has been 
used] shows that Vg/Wg is roughly equal to 4 for 
all the pairs of nuclei listed in Table H. In ad¬ 
dition, the half radius /Ig for the imaginary po¬ 
tential is found to be greater than that for the 
real part. However, the diffusivity a, for the 
imaginary part is smaller than that for the real 
part. These findings are in conformity with the 
observations of Becchettl «f of.’* in connection 
with the phenomenological ion-ion potentials. 



PIG. S. The calculated imaginary potential for the 
system *®Ca-'*0 frurve 1) along with Its Woods-Saxon 
form (curve 2) compared with the phenomenological 
potential (curve 3) of Rof. 29. 


We have also compared the calculated imaginary 
potential lor the pair ''°Ca-“0 (Ec.m *60 MeV) wilh 
the phenomenological one of Ref. 29 in Fig. 5. 

It is interesting to note that our potential agrees 
with that of Ref. 29 quite well in the region beyond 
the strong absorption radius (Rp= 8.9 fm). In 
view of the fact that for elastic scattering and one 
or two particle transfer reaction, the imaginary 
potential in the region of strong absorption radius 
is only important; this agreement of the calcu¬ 
lated potential with that of Ref. 29 is quite im¬ 
pressive. The ratio which is given 

in Table U is roughly 2.2 lor all pairs. This is in 
accordance with the result of Becchetti et al.” 
who give a value of 2.5 for this ratio in the region 
olRp. However, this observation contradicts the 
transition character of the ratio V(Rp)/H'(Rp) 
with projectile mass.’" 

To see how the calculated potential W depends 
on the relative center ol mass energy h'c.m., we 
calculated W(R) for the pair “‘O-^O at different 
values of E^ „ . It was observed that although the 
strength of H'(R) increases with energy, this 
change is very small. For example, at = 16 
and 80 MeV, the minimum values of H'(£) are 
respectively -8.24 and -8.58 MeV. This is due 
to the fact that the energy density used in our cal¬ 
culation does not incorporate the effects of rela¬ 
tive motion between the two nuclei. We propose 
to investigate this aspect in a future publication. 
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did«ud.«ve Bom .ppcodmadon, « 

luceeoftiny fitted oootininun H«tr. oheerved in , v«iety h«,^.i«, ,e«aio«. In makin. it feuible to 
cirty out the numerical calculatioiu tnvolvcd. we found the me of property puunetrued trtiuitioo 
amplitudm we* veiy powerfiil and ahnatt iadiapenaable. In the ptcaent aiticle, methoda uied for thii 
parametruation an eaptaiiied in detail. 


nuclear reactions Dtstorted-vave Born approxlinatloni exact-flnlte-raiaie* 
brm faotorat parametrlaatlon of overlap Integrala; recoil effecta; heavy.ion re- 
actlonet continuum spectra. 


1. INTRODUCTION 

The direct reaction (DR) theories have been used 
very succesaluUy and extensively in recent years, 
in order to analyse data of reactions leading to 
discrete nuclear states. More recently attempts 
have been made to extend these theories to analyze 
data of reactions leading to the continuum. This 
extension was first carried out successfully lor 
the analyses of Ught-lon Induced reactions,* and 
then later for heavy.ion Induced reactions. 

There are two sets of key quantities that are to be 
calculated in applying DR theory to continuum data, 
the DR cross sections and the spectroscopic densi¬ 
ties.* When Ught-lon Induced continuum reactions 
are studied, the DR cross sections can be evaluated 
In very much the same way as they are for discrete 
state transitions. To do the same lor heavy-lon 
Induced reactions Is, however, often too involved 
and practically Impossible. The Obvious reason 
lor tfalB Is that lor heavy-lon processes we have to 
use the exact-Unite-range distorted-wave Born 
appraximatlon (EFR-OWBA) and also have to con¬ 
sider a huge number of partial waves and trans¬ 
ferred angular momenta. 

Fortunately, however, tor heavy-lon reactions, 
the transltlott amplltiides, or equivalently the over¬ 
lap integrals of the DWBA theory, admit a very 
simple parametrizatlon,''^ even when an EFR ^i- 
proach is used. They are rather accurately ex¬ 
pressed In terms of a very simple analytic func¬ 
tion, which Involves only a lew parameters, as 
well as quantum numbers. One thus needs to per¬ 
form accurate evaluation of the overlap IntegrtUs 
only for selected sets of quantum numbers and en¬ 
ergies, and the results are used to fix the parame¬ 
ters In the assumed analytic function. Once this 
parametrizatlon Is done, the DR cross secUcm 
can be generated rather quickly. 

21 


The first successful application* of this parame¬ 
trizatlon technique was made to the analysis of the 
(*“Ne,*‘0) and (‘Hle,‘*C) reactions on an **A1 tar¬ 
get with £,J"Ne)= 120 MeV.* It was assumed 
that the (’®Ne,**0) reaction proceeded as a one- 
step transfer of an alpha particle, while the 
(*“Ne,**C) reaction was a successive transfer of 
two alpha particles. It was found that we were 
able to fit rather nicely, not only the spectral 
shapes, but also the relative magnitudes of the 
**0 and **0 cross sections. 

The same technique was then found’ to be ex¬ 
tremely powerful in explaining the spectrum and 
the polarization of *’B observed in the ’”Mo 
(**N,**B) ‘"Ru reaction.’ As explained in some 
detail In Ref. 3, we went one step further there 
In carrying out the calculations analytically. Thus 
after the overlap integrals were expressed analyti¬ 
cally, several geometrical factors involved in the 
transition amplitude were also expressed analyti¬ 
cally, by using their asymptotic forms. This 
made It possible to perform the summations over 
quantum numbers analytically also, bringing the 
transition amplitude Into a closed analytic form. 

We were then able to obtain a good pi^slcal insight 
Into what was taking place In the reaction, in par¬ 
ticular demonstrating very clearly the crucial 
role played by the so-called recoil effect. 

The work of Refs. 2 and 3 was further extended 
more recently to somewhat more complicated pro¬ 
cesses,*’’ again very successfully. We have thus 
been convinced that the method we have developed 
Indeed has a wide api^cability. In our previous 
publications,’*’ however, not much detail has been 
presented of how the parametrizatlon procedure 
was carried out. To discuss this useful approach 
in detail is the purpose of the present article. 

For Wb sake of clarity of presentation, we shall 
restrict ours^ves In the present paper, for the 
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most part, to the (“N, ”8) reaction ol Ref. 9, 
which was studied In Ref. 3. In Sec. Q, we first 
present the analytic form for the overli^> integrals, 
which is a product erf lour factors. We then ex¬ 
plain, step by step, how each of these factors 
emerged and how the parameters involved were 
fixed. Two of the four factors have Gaussian 
forms, representing the rather well known l- 
window effects. Another factor, called N^, had 
not been investigated in the past, however, and we 
found that Its behavior was fairly complicated. 

We thus take up this Af, factor anew in Sec. HI, 
and investigate the origin of its peculiar behavior. 
The answer we have found is that copies rather 
faithfully the behavior of the form factors. In 
other words, what we found is that, once the be¬ 
havior of the form factor is known, which is a 
comparatively easy thing to achieve, one can pre¬ 
dict the behavior of the factor. Since the fourth 
factor in the analytic expression of the overlap 
integral Is nothing but a phase factor coming from 
the two distorted waves Involved, we thus have a 
complete knowledge of what functional form should 
be adopted to parametrising the overlap integrals. 

A few final remarks will be presented In Sec. IV. 

II. PARAMETR12ATION OF THE DWBA OVERLAP 
INTEGRALS 

The DWBA overlap integrals which we are to 
evaluate may be written using the natation, e.g., 
of Ref, 12, as 

^ r,)x,,(r.)dr,dr,. 

( 1 ) 

Here Xi, ^nd X|, are the distorted waves in the in¬ 
cident and exit channels, respectively, while 
f}j{}^(r„r,l is the EFR form factor. 

The above overlap Integrals depend, among other 
things, on the orbital angular momenta and 
of the partial waves. They also depend on the 
channel energies £, and £„ but we are normally 
concerned with a fixed Incident energy £,, thus 
making (1) depend more directly on the reaction 
Q value, Q-h\~ K^. 

The overlap integrals further depend on /, and 
{„ the orbital angular momenta which, in the 
specific example of the ‘"Mo(**N,‘*B)*”Ru reac¬ 
tion, the center of mass of the two transferred 
protons has, respectively, in ‘“Ru and rela¬ 
tive to the cores ‘"Mo and ‘"B. It was shown In 
Ref. 3 that we can treat the above process by as¬ 
suming that the two protons are coupled to an In¬ 
ternal spin equal to zero, and that we can fix I, 




« 

= 2. As for Ij, let the spin of a final state of ‘"Ru 
be denoted by Ig. Since the Internal spin of the 
two protons vanishes, and the target ‘"Itfo has Ig 
=0, we have fi = /|. The transferred orbital an¬ 
gular momentum 1^ whi^ must satisfy the tri¬ 
angular condition then takes five values 

for fixed/,: 2 = {,±2, I,±l, and li. Among them, 

I — A 2 and I, are of normal parity since l + li + l, 
=even, while l = are of non-normal parity 
since l+I, + f,=odd. 

R is Important to remark here that the radial 
part of the wave function, describing the motion of 
the center of mass of transferred nucleons in the 
recipient nucleus, and consequently the form fac¬ 
tors, may in general depend on the reaction Q 
value, as well as on f,. Normally, however, we 
Ignore this Q dependence, and ctmstruct the above 
radial wave function once and for all correspond¬ 
ing to a Q value iqg>roprlate for the ground-state 
to ground-state transition. [See Ref. 1 for an ar¬ 
gument Justifying this treatment.] To remove this 
assumption of the Q Independence, however, does 
not make our procedure tremendously more com¬ 
plicated than it is with this assumption. U is true 
that we then have to reconstruct the form factor at 
each Q. However, as seen below, we actually con¬ 
struct the overlap Integral (1) for a very restricted 
number of Q values anyway, even when a Q-lnde- 
pendent form factor is used. 

We now claim that the above overlap Integral can 
be represented, to a good approximation, by an 
analytic function of the form 

iE.) = exp[-(f, - 

X exp[-(/,-fi'”)Vr/lexp(»e), (2a) 


with 

(2b) 

r,=;(T,+ (3,Q (i = 6ord), (2c) 

<1°* = 7) + (i = ft or d), (2d) 

6- 6,. + \ ^ (/, . (2e) 


The quantity 6, in (2e) is the real part of the phase 
shift of the elastic scattering in the incident chan¬ 
nel, and similarity 0,, is that for the exit channel. 

A feature to be noted in (2a) is that I is char¬ 
acterized by two I localizations. Introducing two 
windows In the I space. We refer to them as I, 
and If windows henceforth. The origin of these 
windows has been discussed In the literature; see 
e.g.. Ref. 7. In short, it is the peripheral nature 
of the direct reactions which enforces a good kine¬ 
matic matching, in order for the cross sectlaas 
to have significant values. The centers ij*” and 
the widfiis r, {i = b or d) of these windows general¬ 
ly depend on Q, and as seen in (2c) and (2d), we 


L ' VJl ■ 
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have assumed linear forms. The validity of this 
choice will eocm be demonstrated. 

The right-hand side of (2a) includes in it another 
real factor and we shall later discuss in detail 
its dependence on various angular momenta. The 
last factor of (2a) has a unit magnitude and is the 
only complex factor In (2a). The choice of fi as a 
gum of two phase shifts, as given in the first 
equality of (2e), Is very reasonable because of the 
following tacts. 

As seen in (1), the origin of the complex nature 
of / is the two distorted waves in the Integrand. 
Since the heavy ions are strongly absorptive, each 
distorted wave consists (in the peripheral region) 
predominantly of the outgoing wave, whose phase 
is given closely by the real part of the phase shift 
of the elastic scattering. The phase factors which 
the two distorted waves thus acquire are then 
maintained as they are, even alter the integration 
in (1) is carried out, making It imperative lor I 
to have the phase factor it is seen to have in (2a). 
That the phase 6 can be expanded linearly in 2,, 
introducing in the course of expansion the deflec¬ 
tion angle as seen by the second equality ol 
(2e), is rather well known,'' and we shall not dis¬ 
cuss this feature further here. 

Once the phase factor of (2a) has been under¬ 
stood In this way, we may concentrate our Interest 
and discussion on the magnitude ol /, l.e., on how 
the functional forms of the first three factors of 
(2a) were chosen and how the parameters Involved 
were fixed. This process of parametrlzatlon must 
of course be preceded by that of the EFR-DWBA 
evaluation of /, for a large but nevertheless li¬ 
mited number of sets of values of Q, I, and t. 
[in the example of the ('^N, ^B) reaction,’ this 
number was about 3000.] Somewhat crudely, it is 
proportional to the number of different I’a (for a 
fixed /,), l.e., to (2Z,±1). Therefore, It can be 
much smaller If, e.g,, (, = 0. Oice a sufficient 
number of the |/| values, which we shall hence¬ 
forth call “data,” are accumulated, their parame- 
trization proceeds as follows. 

The first step is to fit the magnitude of the data, 
i.e., |/|. as close as possible by a function of the 
form 

|l|=iV,exp[-(l,-C')»/r.*]. (3) 

Clearly this function has 2^ as its only independent 
variable. In tbls fitting procedure, the values of 
the parameters 2^'’*, r^, and 2^i are obtained as 
iunctlons of Q, as well as of the quantum numbers 
I 4 , fj, and 2. S was found, however, that, al¬ 
though 2^*” and did depend on Q, their depen¬ 
dence on It, li, and 2 was rather weak. We thus 
decided to ignore the latter dependence entirely. 

Id order to show the situation more exfdlcltly, 



FIG. 1. x^-nt determined values of 2*** and T,, 
based on (3). Clrclee represent as example the values 
caloulated for (2|,/)a(10,10) and (10,12) with 2^ 

■■ -4( -2) -12. To be precise, all circles should sppear 
on vertlcBl lines corresponding to appropriate d values, 
borlsontal tRsplscement being employed simply to avoid 
overlapping. As discussed In the text y’-fitting yields 
2**=60.2 + 0.46W and r, -43+0.2©. 

we plot In Fig. 1 the x*-fitted values of 2™’ and r„ 
calculated for four choices of the Q values. In 
this figure, these values of l',”’ and r, are repre¬ 
sented by open circles, each circle corresponding 
to a given set of If, 2„ and I. R is seen that these 
circles are nicely clustered together lor each ©, 
showing the fairly weak dependence on the three 
quantum numbers. 

Figure 1 further shows that the centers of the 
clusters of the circles lie very nicely on straight 
lines, Justifying the choice of the linear depen¬ 
dence of and r, on © in Eqs. (2c) and (2d). The 
straight lines drawn in Fig. 1 have coefficients 
**»• T», aud determined so that these lines 

represent best. In the sense of x', the centers of 
the clusters of the circles, as functions of Q. 

The second step the parametrisatlon begins 
by first'expressing the coelflcimit whose val¬ 
ues have been derived In the above first step of 
fitting, an 

^=A^,expt-(©-«o)W]. 


( 4 ) 
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The reader may wonder why a Gaussian function 
of Q, rather than of Ig, as was the case In (2a), is 
Introduced here. The reason Is that | cannot 
exceed a given value of I, making it impossible to 
obtain enough sampling of the S^ for a sufficiently 
wide range of the values of I,. With the form of 
(4), this difficulty can be avoided. 

By using (4), the values of and Vq can be 

fixed as functions of It, I,, and 1 . fi was first 
found that Qo in practice depended only on It, and 
that this dependence was linear: 

— ( 6 ) 

the coefficients g, being fixed again by a 

X* fit. R was further found that Tg could be taken 
simply as a ccmetant. Therefore, Eq, (4) can now 
be replaced by 

Af, = Afoexp[-(/,-/i»')*/r/l, (6) 

recovering the coveted Gaussian factor that depends 
on If Obviously the following relations hold, to 
express the parameters in (2) in terms of Tg, g^ 
and?,: 



O(MeV) 


FIG. 2. (a) x^-fit values of-ln(Af|l determined for 
(/l,l)“(10,8) and (10,10). and for • -4 and -6. 
Curves drawn are repreaented by -In (N]) >0.01 fj -9a)' 
*C with 9,” -13.6 and -15.9 (MeV) and C> 12.24 and 
12.04, respectively, for I, = -4 and -6: (b) If as 
fanctlon of Q|. Stral^t line represents x' fit as given 
by It '0.6679o + 4.67. 


/s“’=-(?./9.) + Q/9., r,= rg/q., 
<*<=ro/q,, ft=o, yt = -gjgx 


» 


( 7 ) 


In order to show how good thts parametrlzatlon 
really Is, we have plotted in Fig. 2(a) the values 
of Af, [actually of -ln(Afi)] obtained in the above 
first step of parametrlzatlon, for four chosen sets 
of It and values, and four different Q values. 
They are to be compared with the solid lines re¬ 
presenting the Afj values obtained from the use of 
Eq. (6), and the agreement is seen to be good. In 
Fig. 2(b), on the other hand, comparison Is made 
between the values of calculated t4. as a function 
of 9,, and the It expressed In terms of (5). They 
agree very nicely with one another, justifying the 
linear dependence chosen in (S). 

The second procedure for parametrlzatlon also 
yields the values of obtained as a function of 
«, h. h, and!, A nice feature found was that 
N„ was in practice Independent of Q, indicating 
that the Q dependence of |/|, l.e., the defiendence 
of |/| on the reaction dynamics, has been well 
incorjwrated Into the two Gaussian factors that 
were derived above. 

In order to illustrate the dependence of on the 
angular momentum quantum numbers, we show In 
Fig. 3(a) Its values plotted as functions of It, for 
all the possible five values of I (=fi -2 -fj 4- 2) and 
for two choices of f,, 2, = 6 and 10. 

A number of interesting features are seen in this 
figure. First of all, we observe that two curves 
with different li but the same A(=l -2,) behave 



FIG. 3. (a) InlMg)-4,4 SB determined by x'-fit. (b) 
1d(F) plotted as fUnotion of If In (a), a subtraotlon of 
4.4 has been made in order to bollttata the oonparlaon 
of the two sets of quantities. In (b), the values ofF as 
determined by fi) have not been altered. Ilia ourves 
ware drawn sinqdy as gnldss. 


-A-' 
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TABLE I. Paramatan that tppBtr In Eq. ( 8 ). 



*1 

■m 

K| xlO* 

XjXlO* 

X,X10* 

X| X 10* 

z 

-13.9 

-0J26 

4.09 

-OAO 

0.90 

-0.069 

1 

-14.6 

-ojeo 

-.0.26 

-0.38 

-1.26 

0.071 

0 

-14.7 

-0J25 

-1.60 

-1.00 

0.0 

0.0 

-1 

-14.3 

-OJ26 

-9.38 

-OJl 

-4.61 

0363 

-z 

-16.2 

-0.076 

-7J0 

0.40 

0.0 

0.0 


very slinllarly. The cuires with A=2 depend on 
1 / weakly but quadratlcaUy. Those with A=0 and 
-2 are approodmately linear in 1 |, the latter having 
a gradient steeper than the former. All these 
three curves with even A, i.e., those with normal 
parity, share a common feature In that they In¬ 
crease as |f, I Increases with <0. Compared 
with them, those with odd A(=±l) decrease with 
increasing II 4 I, the dependence being approxi¬ 
mately quadratic. 

Similar features were seen for other values of 
I, also, and combining these results, we found 
that the following expression gives a good descrip¬ 
tion of the angular momentum dependence of 

Ng= eiq)(x, + x,/i + (k, + + (*5 + VI • 

The parameters -x, are dependent on A. Their 
values are summarised In Table I. 

Equation ( 8 ) with the parameter values of Table 
1 was actually used in the calculation made in 
Ref. 3. As seen, the angular momentum depen¬ 
dence of is somewhat complicated. This has, 
however, to a large extent been brought about be¬ 
cause we have chosen as an example the reactlmi 
lor which 1 , = 2 , allowing A to take five 
different values. In the case, e.g., of an o-trans- 
fer reaction leading a 0 ' projectile to a 0 * ejectUe, 
wehavef( = 0. This then allows a single A (=0), 
mairing be given by ( 8 ) with a single set of 
- K, parameters. Then the factor AT, Is not much 
more complicated than are the other factors of 
(2a). In practice the use of ( 8 ) is not so tedious, 
however, even when several A’s are permissible. 

lU. ORKHN OF THE ANGULAR MOMENTUM 
DEPENDENCE OF N, 

The physical origin of the I window is well 
known,'' and thus the appearance of the two Caus- 
•-----I 

X 2 -m,)( 


Sian factors in (2a) was not unexpected. The rath¬ 
er complicated dependence of the factor N„ on an¬ 
gular momenta, as found towards the end of the last 
section, was on the other hand somewhat unex¬ 
pected. Unless the origin of this peculiar behavior 
of Afg is found, our task of fully understanding the 
behavior of the DWBA overlap Integrals remains 
Incomplete, and the significance of the parame- 
trlaatlon we have achieved might remain suspect. . 
We thus attempted to Dnd the jdiyslcal origin of 
Eq. ( 8 ), and It appears that we have succeeded. 
Because of this, we now feel that the choice of 
the functional form of ( 8 ) has a good physical jua- 
tiflcatloo, and a rather universal validity. 

The key step which helped to find the origin we 
sought for was to recognise a surprisingly close 
similarity between the behaviors of Af, and of the 
form factors. This can be seen, e.g,, by compar¬ 
ing the curves in Fig. 3(a) with those in Fig. 3(b), 
which represent peak values (in the peripheral 
region) of the form factors associated with various 
sets of three angular momenta. The choice of 
these sets was msde in the same way as in Fig. 
3(s), and the similarity of the corresponding 
curves in these two figures is evident. (To be 
more precise, the stated similarity gets somewhat 
poorer for large positive I/b. For practical pur¬ 
poses, however, this causes no serious problem, 
because as we emphasised, particularly In Ref. 3, 
ft Is the large negative l^'a that contribute domi¬ 
nantly to most continuum spectra.) 

Once the above similarity is found, it Is clear 
that the behavior of A/, is understood, if that of the 
form factor Is understood. In the rest of this 
sectloa, we shall thus concentrate on the latter. 

For this purpose, we find It very convenient to 
use the f<dlowlng expression for the EFR form 
factor, which was derived In our recent reformula¬ 
tion": 


-)''-[2/(i + 8.,,.)] / w,,(ri)w,,(r.)y,^,(e)y,,.^(«,) 




(9) 
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Here u-coslB), and the angles 8 , 8^, and 8 , are 
defined as e = r, Ar, and 9, -r, (i -1 and 2 ). 

See Ref. 10 for other notation. 

The use of the form (9), rather than that of 
Austern el not only helps to make the fol¬ 

lowing argument much more transparent, but also 
has been vital in making the calculations of Refs. 
2-5 possible. As emphasized in Ref. 10, the 
Austern form becomes very inconvenient to use if 
I exceeds a certain value which is rather small, 
say 5, because a very difficult problem of trunca¬ 
tion error emerges. With the form of (9), we do 
not encounter this numerical problem, and so 
this form Is in fact used In the step of evaluating 
the EFR-DWBA overlap integrals, from which our 
parametrizatlon procedure starts. Since we are 
concerned with transitions to the continuum, we 
encounter very large t values, which may easily 
go beyond 20 . 

Returning to the main subject of the present 
section, we first note that the Integrand of the 
Integral over 4 , appearing In (9), Is peaked very 
sharply in the extreme neighborhood of 11 = 1. In 
the present example of the (“N,‘’B) reaction, it 
is not difficult to show that the range of 4 over 
which the above integration must be carried out Is 
given by u - 0.9995 -1. The reason why such an 
extremely narrow range of integration is encount- 
tered is the same as is given for a similar Integral 
that appeared in the Austern form of the form fac¬ 
tor, explained in detail In Ref. 12. 
-1 


The fact that u remains very close to unity re¬ 
sults in another localization: that the integral in 
(9) can have significant values only when |m, | is 
very small, |m, | =0, and possibly =1. This is 
because f. is normally large, and thus 
O' I , if 4 » 1 . Thus the summation over 

m, is very limited. The summation over m, is also 
limited because | m, | s ^ s 2. Because of the 
second Clebsch-Gordan (CG) coefficient in (9), 
which requires that nix + m, = m,, allowed 

range of m, is also narrow. We may remark 
further that the factor l'i,a,(9x) in the Integrand in 
(9) also has a tendency to make the Integral smal¬ 
ler as \tnil gets larger. 

Having in mind the restriction of |m, | to 0 and I, 
we may now remark that the m, = 0 term in (9) 
gives the no-recoil part of the form factor, while 
that with m, = I contributes the recoil correction. 
Note that we mean by ‘recoil' rnily the so-called 
Ironsverxe part of recoil. The longitudinal recoil 
is included in both the |m ,|=0 and 1 terms. 

We shall now rewrite the expression of (9) 
somewhat, by taking particular advantage of the 
severely restricted sum over the magnetic quan¬ 
tum numbers. For simplicity, we shall hence¬ 
forth denote the integral factor in (9) simply by 

and then introduce further the ratios 
P„=i( 0 , 1 , -l)/i( 0 , 0 , 0 ), />. = t(l, 0 , -l)/i( 0 , 0 , 0 ), 

F, - id, - 1 , 0 )/i( 0 , 0 , 0 ), and P, = id, 1 , - 2 )/ 

1 (0, 0 , 0 ). It is then a straightforward matter to 
find that (9) can be replaced by 


V |(f,o/,nl/o)|(/,o/,o I/O) + 2 (/,i/, _ 1 |/o)p„| 
-2(/,l/,0|/l)[(/.0/x-li/-l)P,-(/, 


It is clear that the terms involving and P, 

factors are the recoil terms. We also remark 
here that the ratios Pg'P, are all positive. Keep 
in mind that they are the ratios of the integrals of 
( 9 ) taken at the values of and r, where the form 
factors take their maximum values. 

The expression of (10) can be brought further 
Into a much more transparent form. To do this, 
we first mention the approximate relations 

-{Jt/2l)(},0l,0\l0) (/. 4/, + /- even), 
ll -(/<,'/I’T’(/.Of,0|/ + 10) 

(/.+/, H -odd), ( 11 ) 

which are derived by using recursion relations be¬ 
tween CG coefficients. ” We may also note the 
relation 


1/,0|/ -l)P, + (f,l/x -2 1/ - 1)P,1}. (10) 


(/.0/,0|/0) -'(4e/ir)‘'VV‘[l + (i./2/)»li'.*'i.-' , 

( 12 ) 

which is obtained by using Stirling’s formula to 
evaluate the factorials in terms of which the 
parity-conserving CG coefficients are expressed. 

Using (11) and (12), and the explicit forms of the 
CG coefficients involving /,-2, we can now re¬ 
write ( 10 ) as 

r,) - U(4ir)’'V(2f + DlKde/v)!*'* 

xf(0,0,0)[l + (l,/2f)»lx4, (13a) 

where 

( (A=±2), 

Xxx- jHl-='M)*|{f’.*P,) (A=±l), (13b) 

(Hl-(f,//)P.l (A = 0). 
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This Is the final expression ot the form factor we 
wanted to derive. We shall now show that this ex¬ 
pression does ccmtaln In It every feature which 
the curves given In Fig. 3(b) reveal In themselves. 

For simplicity of presentation, let us denote by 
F{A) the five expresslmis on the right-hand side of 
(13). As we noted above, all the P’s are positive. 
We further note here that and P, are of 

tile same order of magnitude, being close but 
somewhat smaller than unity, while P, Is much 
smaller. From these properties of the P’s, one 
may easily deduce the following properties of the 
P(n). 

(i) At !< = 0, an Inequality P(2)> F(0) > F(-2) 
>F(1)>F(-1) should hold. (11) For all I 4 , an In¬ 
equality F(1)>F(-1) should hold, although the dif¬ 
ference between F(l) and F(-l) Is small (since P, 
^P,). (Ill) For aU 1^, F(l) and F(-l) should both 
depend on like [l - WjlY]. (Iv) For all I<, F(2) 
should depend on 1, as does [l + (2^/2)'], If (and In 
fact since) P, -iP, «0. (v) F(-2) and F(0) should 
decrease almost linearly, as increases, the 
former having a slope steeper than tliat In the lat¬ 
ter. [This Is seen from the last terms of F(-2) 
and F(0), and the fact that P, + |P, > P,.) (vl) The 
If dependence discussed in the last three of the 
above items should get weaker as li Is Increased. 
[This Is because If appears In (13) always In the 
form of If/I, and because 1 = 1 ,-+ A.] 

All the expectations enumerated In tlie above 
items (l)-(vl) are seen to be fulfilled by the curves 
given In Fig. 3(b), at least qualitatively, and In 
many cases even quantitatively, with possibly only 
one exception, namely that (ii) is violated slightly 
when If = 6 and If < 0. We may thus say tliat we 
now have a nearly perfect understanding of the be¬ 
havior of (the peak values of) the form factor. We 
may emphasize here that the complicated A depen¬ 
dence of F(A) Is almost entirely due to the recoil 
effect, and we have now succeeded in understanding 
very clearly this A dependence of the recoil ef¬ 
fect. 

In the item (vi) above, we referred very briefly 
to the 2, dependence of the form factor. There 
remains, however, one more very important If 
dependence to be pointed out and to be explained. 

R is that the overall magnitude of the form factor 
decreases as 2, is Increased, which can be seen 
by comparing the two sets of curves In Fig. 3b, 
one for If =6 and the other for 2i = 10. This 2, de¬ 
pendence of the form factor can be traced back to 
that of the factor f(0,0,0) in (13), and Is explained 
as follows. 

The factor i(0,0,0) is nothing but the integral in 
(9), when all the magnetic quantum numbers there 
are set equal to zero. Tlie factor F,^(m) in the 
Integrand has Its maximum value at p = 1, and de¬ 


creases very rapidly as p deviates from 1. Since 
eos9i=l, when m = 1, (see Ref. 10) the factor 
is also peaked at ii = l, and decreases 
as M Is decreased. When 2, Is small, however, 
F,ig(3,) remains essentially unchanged within the 
very narrow range of the p integral, which we 
discussed above. However, if if is large, the 
deviation of F,^,(0,) from its peak value becomes 
non-negligible, making the Integrand smaller than 
it Is otherwise. This Is the reason why 2(0,0,0) 
decreases as 2, Increases. In tills way the last 
remaining If dependence of the form factor Is 
understood. 

Since the behavior of the form factor has now 
been well understood, so is that of the factor N,. 
After all, the similarity of the behaviors of the 
form factor and of A2, are also easy to understand. 
As can be seen from (2a), is nothing but the 
magnitude of the overlap Integral itself, when the 
latter Is obtained under the restriction that both 
If and If have their respective window values, i.e., 
that the best conceivable kinematic matching Is 
established. The overlap Integrals that are 
selected under such severe restrictions will have 
to depend on nothing other than the peak values of 
the underlying form factors. 

IV. FINAL REMARKS 

We have shown that the EFR-DWBA overlap in¬ 
tegrals can be represented rather well by a fairly 
simple analytic function, vrith a few parameters in 
It, Once this panunetrlzatlon is carried out, the 
calculation of the DWBA cross section can be dme 
in a well known way; It Is the same irrespective 
of whether the overlap integrals are given in a 
parametrized form or not. This cross section, 
which we may simply denote as (Tq,, is a functlmi 
ot Q, Ib 1° order to use this Op, to 

obtain the continuum cross section it, it must 
further be combined with another function which 
we call*'’ the spectroscc^ic density and denote by 
p,. This function p, depends on Ib, as well as on 

tile excitation energy of the residual nucleus, 
which is given by £, = 9^ - 9, where 9,, Is the Q 
value corresponding to the ground-state-to-ground- 
state transition. More explicitly we may get 

<K9,e) = E| E <7D,(/a,9,l,ff)|p,(S„/a). (14) 

As Is Clear from (14), the explanation of how to 
use the direct reaction theory to fit the continuum 
cross sections remains incomplete, until the way 
to construct p, is explained. This has been done, 
however. In our previous publications, though It 
was somewhat cursory. We shall not repeat it 
here, but Intend to redlseuss it in a somewhat 
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more systematic way In a forthcoming paper/* in 
which the calculations made in Rets. 2-5 will be 
reviewed in detail. 

As we emphasized above, the behavior of the 
factor Mg was fairly complicated, largely because 
we chose, as an example, the case which has 1, 

= 2. In the very simple case with I, := 0, the peak 
values of the form factor are simply given by (13) 
retaining only the term with A=0, after replacing 
P, there by P,. Thus the reader will find it very 
easy to i^iply our method, if his interest is limited 
to the case with I, = 0. 

We finally want to remark that our discussions 
given In the present paper have been limited to the 
use of the one-step OWBA theory. We have seen 
in Refs. 2-5 that a variety of data could be ex¬ 
plained, even if this restriction was made. We 
also saw, however, in these same works, that 
(part of) the data indicated the necessity of con- 
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Biderlng higher-order contiibutioas as well. In 
Ref. 2, an example was given of how to use the 
parametrized form of the one-step DWBA overlap 
integrals. In order to obtain the amplitudes of the 
two-step processes. Although It was found* that 
this method worked rather well also. It was also 
clear that the calculations Involved were rather 
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step amplitudes In a much more direct way. An 
Investigation of such a possibility Is under way. 
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In this paper we present a Dirac equation optical 
model calculation of p-^He elastic scattering at 
788 MeV and a comparison with cross section mea¬ 
surements' taken at LAMPF. The cross section 
data are an essentially com|dete angular distribu¬ 
tion which shows the familiar forward angle dif¬ 
fraction pattern due to the direct amplitude and the 
back angle rise in cross section Identified with ex¬ 
change amplitadea. A remarkaUe feature of the 
data, not previously observed, is a diffractionlike 
structure at large angles that looks like a scaled 
and distorted mirror image of the forward angle 
diffraction pattern. We account for this structure 
In the cross section with a relativistic Majorana 
exchange potential that is analogous to the non- 
relativistic Majorana exchange potential used pre¬ 
viously in studies’* ’ of p-*Be elastic scattering at 
lower energies. We also find the analyzing power 
at large angles to be sensitive to the inclusion of 
the relativistic exchange potential. Diffraction 
structure at back angles is a natural consequence 
of a Majorana exchange potential under kinematic 
conditions which are fulfilled for p-‘He elastic 
scattering near 800 MeV. 

The Dirac equation optical model is described 
in Refs. 4 and S. Because the Dirac equation Is a 
relativistic equation, it is necessary to specify the 
Lorentz transformation character of the optical 
potential. This is a macroscopic aspect of models 
based on relativistic wave equations. Previously, 
we have considered a nucleon-nucleus optical po¬ 
tential which consists of two parts; one part, a 
potential U ,, transforms as a Lorentz scalar; the 
other, a potential U„ transforms as the timelike 
component of a Lorentz four-vector. This choice 
is based on elementary meson exchange consider¬ 
ations' which allow the four-vector part to be 
identified with the exchange of vector mesons and 
the scalar part to be identified with scalar me- 
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sons and scalar two pion exchange processes. 

The latter are often treated as a single scalar- 
isoscalar meson with a mass of about 550 MeV in . 
the one boson exchange model of the two-nucleon 
interaction. As specified in this way, the Dirac 
equation optical model shares common features 
with recent work on relativistic descriptions of 
nuclear matter’ and the ground state structure of 
finite nuclei.''* We have found that the model is 
in good correspondence with the real central and 
spin-orbit parts of the empirical nonrelativistlc 
critical model at low energies.' An extrsppolatlon 
to low energies of the mixture of U, and poten¬ 
tials determined from an analysis' of the />-'He 
elastic scattering cross section and analyzing pow¬ 
er data'" for energies above 500 MeV is in good 
agreement with Independent results.'’’'* The 
transition region from the vicinity of the pion pro¬ 
duction threshold to about 500 MeV, above which 
the absorption tends to stabilize, is particularly 
important for the development of the Dirac equa¬ 
tion optical model. The change in the real central 
part of the empirical optical potential from attrac¬ 
tion to repulsion in this energy range la dominated 
by a kinematic feature of the model that is due to 
the cancellation of U, (attraction) and (repul¬ 
sion) potentials expected from meson exchange 
consideration. The effect of this delicate kinematic 
balance on the radial shape of the real central part 
of the empirical potential in the transition region 
has been discussed recently by Jamlnon, Mahaux, 
and Rochas." 

The Dirac equation with a mixture of 0, and Ug 
potentials may be written 

{ ca • p+j8l mc^+U^ (r)] + [ U^ir) + (r))} tl)(r) 

(1) 

where £ Is the total energy of the proton in the 
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^ c jn. frame, Is the Coulomb potential, and m 

iM the proton mass. The determination of the po- 
' V tentlal mixtures for p-*He scattering from 560 to 
1730 MeV is described in Ref. 4. Here the mix¬ 
ture obtained from the BOO MeV data set is used 
to calculate the angular distribution of cross sec¬ 
tion, analyzing power, and spin-rotation function*’ 
at 78B MeV. Figure 1 shows a comparison of this 
calculated cross section (dashed curve) with the 
788 MeV LAMPF data. There is good agreement 
out to - J s 3.4 GeV’/c’ beyond which a back an^e 
diffractlonlike structure emerges and rises well 
above the calculated cross section. Figure 2 shows 
a more detailed comparison for the large angle 
region. In both Figs. 1 and 2 the solid curves are 
the result of including the exchange potential dis¬ 
cussed later, since the potential mixture was de¬ 
termined from data for GevVt ’, the agree¬ 

ment over the seven decade decrease in the mea¬ 


sured cross section Is strong evidence that the 
direct amplitude obtained from the model is real¬ 
istic and that the observed structure at back angles 
Is associated with exchange amplitudes. Note that 
the calculated direct cross section in the vicinity 
of the minimum near 4 GeVVr’ is an order of 


magnitude smaller than the measured cross sec¬ 
tion and that the analyzing power for the direct 
potential is also very small in this large angle 
region. While there have been no analyzing power 


measurements at 7B8 BteV, samerimaiegu 
TRIUMF for proton energies between 186 and 500 
MeV have revealed that the p-’He analysing power 
in the large antf e region Is ayatemaUcally large 
and negative. These results indicate that Inclusio; 
of spin dependent exchange amplitudes is import¬ 
ant for an understanding of back ang^e processes. 
The calculated values for the spin-rotation func¬ 
tion are also shown in Figs. 1 and 2. Measure¬ 
ment of this observable could provide additional 
constraints on the relativistic model. 

There are several methods of treating antlsym- 
metrlzation in descriptions of back angle ^-'‘He 
scattering at intermediate energies, hi the work 
of Gurvitz, Alexander, and Rinat” and Alexander 
and Landau'^ the exchange is included in the ele¬ 
mentary nucleon-nucleon amplitudes. An alterna¬ 
tive approach for ’He is the triton exchange model 
used by Lebnlak, Lefiniak, and Tekou.*’ The latter 
is more closely related to the resonating groiqi 
formulation’ developed for lower energies. As 
discussed in Ref. 2, a local spherically symmetric 
Majorana exchange potential is an approximate 
local equivalent of the nonlocal resonating group 
potential Identified with heavy-particle pickup 
processes. Such approximate local (-1)' type ex¬ 
change potentials have been used in Schrddinger 
equation optical model analyses*’’-of back angle 
scattering. 



FICi. 1, Cnlculatod MeV A-’He elastic scattering 
cross section, analyzing power (A), and spin-rotation 
function for the dlroet potential only {dashed curve) 
and the direct plus the exchange potential with X * 
-0.003 (Smooth curve) as described In the text. The 
crof<8 section data arc from Rof, 1 and tho analyzing 
power data ar«* from Ref. 10. 



FIG. 2. Same as Fig. 1 for the angular range from 
80 to 180 degrees. 



DIFFEACTION ETRUCTUEE in 

in exteiwion of th# Majorana wchange potential 
in the Dirac equatloo la atralght/orward. 
the rolaUvtetlc Majorana exchange opera¬ 
tor glveo 
Fg^'>A’ 

^ rpP ie the nonrelaUvlaUc parity operator, 

!l scalar and vector potentiala are modified by 
adding an exchange potential to the direct 
J^lal in each case. Thle reaulte In potentiala 
Jl; the radial Dirac equation ^teh have the lonn 

and 

i;,(r) = l/J(r) + t/;(r)(-l)'. (4) 

There is a basic dlUerence between the relativis¬ 
tic and nonrelattvlBtic treatments in that I de¬ 
pendence occurs in both the central and spln-orblt 
elective potentials obtained from a reduction of 
the Dirac equation to an equivalent SchrOdinger 
equation form.* Thus, the relativistic exchange 
potentials considered here can be expected to have 
an effect on the analyzing powers at large angles. 
This feature, due to the spin dependence implicit 
in the Dirac equation, is absent in nonrelatlvistic 
treatments that ignore spin dependent exchange 
effects. 

We have chosen to parametrize the exchange 
potentials for the Dirac equation in a manner an¬ 
alogous to the treatment of Ref. 2 for the Schrd- 
dinger equation. We take and f/f to be propor¬ 
tional, respectively, to the real parts of {/°and 
Uj*. This fixes the ratio l/J/l/f to be the same 
as the ratio of the real parts of the direct poten¬ 
tials. The exchange potentials are then given by 

f/o£ = ARe(£/f) (5) 

and 

f/,'»ARe(f/f), (6) 

where A, the only new parameter introduced In the 
model, is adjusted to give the magnitude of the 
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cross section in the back angle diffraction region. 

The solid curves la Figs. 1 and 2 are the results 
of a calculation with A = - 0,003. Although we have 
not attempted a detailed flf, it is apparent that 
inclusion of the exchange potentials in Ms way 
reproduces the general features of the back angle 
diffraction structure. The exchange potentials 
also have a significant effect on the analvilng 
power In live large an^e region. 'TYie an^'jTXrq, 
power exhibits a dUtraetton stmeXure oom.'^e- 
merkaTV to the cross section atA, in cor&.rasX to 
the snalvztng power trom the direct potential 
alone. Is large In magnitude. 

The model exchange potentials given by Eqs. 

(3) and (4) contain considerably more flexibUity 
than the constrained single parameter term given 
by Eqs. (5) and (6h Preliminary calculations with 
the more general form reveal that the cross sec¬ 
tion and analyzing power at large angles are sen¬ 
sitive to a number of variables including the radial 
shape of the exchange potentials, the ratio Rg, 
and the addition of absorption. We are investiga¬ 
ting these features and have begun a systematic 
analysis at other energies. 

In conclusion, the calculations given in this 
paper show that a relativistic Majorana exchange 
potential can give diffraction structure in the 
large angle cross section. This exchange poten¬ 
tial, which leads to a (-1)' dependence in the ef¬ 
fective spin-orbit potential, also produces sub¬ 
stantial changes in the calculated analyzing power 
at large angles. Finally, the calculations support 
the view that heavy-particle pickup processes are 
a relevant mechanism in the description of large 
angle cross sections and analyzing powers. 
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1. INTRODUCTION 

Plon elastlc-acatterlng data lor some light 
nuclei C‘tte, “C, and ‘*01 -were analyzed auccesa- 
lully^ naVng a ccnrarlanl scattering theory.* In 
these calculattans a complete integraticn over 
the Fermi motion of ttte target nucleons was 
carried out and the oil-shell ellects related to 
nuclear binding were treated carefully.* The 
first-order optical potential Is parameter-free 
and is believed to be quite accurate. Parame¬ 
ters of the second-order phenomenological poten¬ 
tial were determined by fitting the experimentally 
determined differential cross sections tor elastic 
scattering. In general, the parameters for “C 
and 'to varied smoothly with plcn energy and 
exhibited a marked resonance behavior.' 

In the present work we have tested the validity 
of the aforementioned parametrizatlan In the 
medium-mass region. In particolar, we have 
studied the Importance of the first- and second- 
order optical potentials lor plan scidterlng on 
*°Ca and '‘toa at all the ener^es for which experi¬ 
mental data are available. The systematlce of 
the variatlcn of the optical potential with plan 
energy and target mass are Investigated. With 
some exceptions, parameters for '*C and 'to 
were found to be similar in ttte earlier work.' 
Hence, exploring the possibility of a universal 
parametrizatlan of the optical potential was one 
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of the motivaUans of the present work, 

The problem of determining the neutron matter 
distribution in the calcium Isotopes has received 
eome attention. Information may be obtained 
from the conventional methods of a-nucleus* or 
proton-nucleus scattering.' Recently measure¬ 
ments of v-nucleus scattering cross seettons 
near the (3,3) resonance have been made to 
Btudy the neutron-matter radii in the calcium 
Isotopes.' Another aim of our work was to study 
the utility of plon-nucleus scattering for me de¬ 
termination of neutron-matter radii. We con¬ 
clude, however, that there does not seem to be 
mudi possibility of learning about the neutron- 
matter distribution from the studies reported 
here. 

We believe that our studies do provide signifi¬ 
cant Insight concerning the interaction of plons 
with nuclei. H particular, the plan-nucleus 
optical potential is found to exhibit some extreme¬ 
ly Interesting syetematlc features. We believe 
our analyels should stimulate further micro¬ 
scopic etudiee of pion-nucleus dynamics. 

li. STRUCTURE OF THE SECONDORDER POTENTIAL 

Pion-nucleus optical potential can be written 

as 

<P I Vp (e> + <P I F<''( W) IE) + <E' I F<*'(W) 11 >, 
where Vc f* fft* Coulomb potential and F*" and 
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K‘*> are the first- and secoRd-order optical po¬ 
tentials, respectively. The calculatlcn ot the 
lirat-onler potential has been extensively dis¬ 
cussed previously.' We note that we have used 
a (apberlcal) Uartree-Fock code to calculate the 
neutron and proton wave functions which are 
required in the calculation of the first-order po¬ 
tential. (The charge density constructed from 
biese wave funcUcns Is consistent with electron 
scattering data.) Experimental separaUon en¬ 
ergies are used for the least bound nucleons. 

In the absence of a microscopic calculation of 
the second-order potential we have Introduced 
a phenomenological model by writing*'' 

(k'IK"'(H*)| e>=fi‘A (A -1 )G(C - f') 

x[fi(H') + C(H0K • C'] . 

( 2 . 1 ) 



10 30 50 70 90 110 130 150 


®c.«. <d«s) 

FIG. 1. Differential cross sections for elastic 

scattering at 40 and SO MeV. The data are taken from 
Ref. 9. Dashed curve: first-order potential only; solid 
curve: first- and second-order potentials included. 


Here H is a Unematical factor defined as* 

( 2 . 2 ) 

Further, 

(2.3) 

and 

G(E-f') = (2»)>/exp(((£-E’).r]p»(?)d?. (2.4) 

Here Is the picn momentum in the u-nucleus 
center-of-mass frame and p(r) is the nuclear 
matter density. In Eq. (2.1), 3 and C are com¬ 
plex parameters to be determined at each energy 
by performing a x’ fit to die experimental differ¬ 
ential cross sections. The parameters B and C 
are determined in what may be termed an energy- 



^ <de«) 

FIG. 2. Differential cross seotlons for r*-*tca elastic 
scattering at 115.S MeV. The data are taken from Ref. 
8. Daahed and solid curvea have the aame meaning aa 
in Pig. 1. 
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FIG. 5. H.iiiM' an FIk. i wllh 7', IHI MeV. 


small compared to tlie Ituat^inary part of 
hence a graph of Im(fi) + lm(*„’C') would be very 
similar to that of Fig. 8. Except lor the lowest 
energies, Reil Is smaller tluui Refcg’C. The fit 
for n' scattering from '“Ca (Fig. 6) Is not very 
good and therefore we believe the numbers given 
In the last row of Table I are subject to modifi¬ 
cation. Since we only have data for *Va at a 
single energy (130 MeV) we have not been able 
to study the systematic behavior of the potential 
parameters for this nucleus. We believe that 
more data are required before we can fully under¬ 
stand the optical potential for such nuclei with 
N*Z. 

Some interesting trends emerge from Figs. 7 
and 8. First of all, all the curves show a marked 
resonance behavior, a feature probably related to 
the resonance in the true-plon-absorptian (TPA) 
process. [Landau and Thomas have used the 
knowledge of the cross sectlan for the reactlan 
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FiG. 8. illffercntia] cross sections for r*-*'Ca elssUc 
scattering nt 130 McV. The data are taken from Ref. B. 
Dashed and solid curves have the aame meaning as in 
Fig. 1. 

— pf>) to estimate the magnitude of the 
potential describing the TPA process.^ Other 
authors have performed microscopic calculation of 
of the absorption process.The descriptten of 
TPA Is also an essential aspect of Isobar-hole 
calculations'^ and gives rise to an Important 
contribution to the A Isobar self-energy.] In the 
absence of a fully microscopic calculation for 
finite nuclei, It Is not certain whether processes 
other than TPA which contribute to V<*> would 
also exhibit a resooancellke behavior. (See, 
however. Ref. 1 for a discussion of this point.) 
Again referring to Figs. 7 and 8 we see that the 
magnitudes of both Re(Jltg*C) and Im(ltg*C) gener¬ 
ally decrease with increasing nuclear mass. 
Exceptions to this trend, e.g., the curve for 
^Ca(v') which lies between the carves for 
“O(v') and ^C((*) In Fig. 8, may be thought of as 
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FIG. 7. Re(ilt|’C) aa a function of plon kinetic energy 
for varloua nuclei. Curves arc drawn only as a guide to 
the eye. A; “Cfr'l.V; “cfTT. X: 0: 

+ : *'Ca(»*). □; **Ca(,-). 

arising due to the “splitting" of a single "Ca 
curve into two curves, one corresponding to v* 
and the other to v* (see below). We note that 
the positions of the minima in Fig. 8 seem to be 
shifting toward lower energies as A increases. 
Similar behavior is observed In Fig. 7 also, 
where the point at which a curve crosses the 
axis seems to move to smaller energy as A in¬ 
creases. In Fig. 8 the curves for ‘'O(v') and 
“Ca(v') Ue below those for ‘^(»*) and *”Ca(»*), 
respectively. 

It is somewhat more Instructive to directly 
consider the potential V<'’ rather than the pa¬ 
rameters B and k^C. Therefore we proceed to 
discuss the matrix elements of the first- and 



TABLE L Pammeters of the second-order potential 
tor X* scattering on **Ca and *'Ca (In units of 10~* fm^. 



T, 

(MeV) 

RoB 

ImB 

Ro*i*C 


"Ca,** 

40 

0.837 

-0.2B4 

-0.457 

-0.503 

“Ca.T* 

50 

1.06 

-0.280 

-0.727 

-0.839 

“Ca,»* 

IIS.S 

0.571 

-0 

-1.19 

-6.74 

"Ca.r- 

116.5 

2.36 

-0.002 

-7.47 

-10.7 

"Ca.r* 

130 

0.766 

-0 

-0.149 

-10.7 

•ca, »■ 

130 

5.14 

-0.007 

-12.8 

-16.7 

"Ca,.' 

163.5 

-4.1fi 

-0.012 

11.7 

-U.7 

"Cn.T- 

163.5 

2.56 

-0 

2.16 

-22.9 

"Ca,i' 

241 

1.15 

-0.949 

U.7 

-0 

“Ca.T* 

241 

-1.88 

~0 

16.5 

-0 

"Ca, T* 

130 

0.242 

-0.530 

0.713 

-4.11 

«Ca.*- 

130 

0.559 

-0.001 

4.00 

-0.596 


second-order optical potentials. The real and 
Imaginary parts of the (on-shell) matrix ele¬ 
ments (ir| Vf’>|lt> and (Cj are shown tn 

Figs. 9-12 tor both and *®Ca. It is evident 
from these figures that both the real and imagin¬ 
ary parts of (ff| V**’ I Jt> and (C| V'*> | tt> vary 
smoothly with energy. This is remarkable since 
no such energy dependence was presumed before 
the x‘ analysis was made. The first-order po¬ 
tential is nearly the same for s* and s', the 
small differences arising from differences In the 
binding energies of the proton and neutron orbits. 
As might be expected, the matrix elements of 
are proportional to the mass number of the 
target. The value of |lm(ff| V‘'>| Jt> | has a maxi¬ 
mum at about 240 MeV and the width at half 
maximum (Fig. 10) is about 200 MeV for '°0 and 



are drawn only at a guide to the eye. 






(See Sec. IV.) The maximum a^qiears at 
240 MeV since the effect of Fermi motion of the 
target nucleons and binding effects cause the ii~S 
T matrix to be evaluated at energies which are 
significantly below the fixed-acatterer value. 

This aspect of our calculation of the first-order 
potential has been discussed previously.* 

Figures 11 and 12 exhibit the real and Imagin¬ 
ary parts of the matrix element (fj f). 

First we note that the maximum value of 
|lm(ir( F”’j£)| is at about 140-150 MeV for “o 
and ^°Ca (see Sec. IV). Most remarkable, how¬ 
ever, is the large violation of Isospin symmetry 
exhibited by the second-order potential. We see 
that the second-order potential is significantly 
more absorptive for r* mesons that for r' mesons. 
[Large differences are also to be noted for the 
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T„ (MeV) 

Fit!. 11. Same us Fig. 9 for lledlv'^’llc). 


real parts of V'’> for a* and a" mesons—see Fig. 

ll.J 

To some degree the difference in the values of 
V^'> for a' and a’ mesons provide some further 
support for the conjecture that V**’ mainly de¬ 
scribes the effects of the true plon absorption: 

We note that in the resonance region (he absorp¬ 
tion of a a' meson on a nucleon pair would pre¬ 
dominantly result in having two neutrons in the 
final state, while the absorption of a" mesems on 
a pair wijuld predominantly result in final-state 
proton pairs. (The conventional model for plon 
absorption on a nucleon pair, which involves a 
rescattering on one nucleon before absorption on 
the other, can be called upon to support the above 
observation.) It follows that a' absorption is en¬ 
hanced over a* absorption because of the Cou¬ 
lomb-barrier penetratlrai factors present in the 
wave functions of the final-state protons. These 
observations lead one to expect that the second- 
order potential will be more absorptive for a* 
mesons, as is indicated by our phenomenological 
analysis. These observations may have inter¬ 
esting implications for the branching ratios 
o(n‘,ppVa(n',pn), o[n~,n)i)/o(-e',np), and (7(a‘, Ap)/ 
a(a', nn) for plons absorbed in flight. Of course, 
the cixinectioa between the cross sections for 
particular final states in plan induced reactions 
and the details of the optical potential which de¬ 
scribes elastic scattering is not a simple matter 
in general. 

The study of differences in the angular dis¬ 
tributions of T* and v' scattering cross secUons 
has been suggested as a means to extract infor¬ 
mation about the neutron-matter radii ot the Ca 
isotopes. However, as can be seen from Figs. 
1-6, die second-order (p*-dependent) potential is 




SYSTKMATIC FKATVRES OF THE 

j important In tlie nsauuica region. Even at 
Jr MeV the first- and second-order cross sec- 

dons are not quite the same. Since at ploo mer¬ 
ries above about 300 MeV fte true plon abaorp- 
Hon contribution to V<*> Is expected to be much 
reduced, tt ueetui to have data to that 

roeTSs Wm. Kttoi^^ euei^toa, hcmevet, otoer 
processes ma? mahe apptecVtoto cmtrVbutlQna 
to v'^'. Mthls time, however, It does not ap¬ 
pear possible to extract useful inlormatlon con¬ 
cerning the neutron-matter distribution from the 
study of plon-nucleuB scattering. 

It Is possible to define several scattering 
amplitudes, some of which are related to mea¬ 
surements of the total cross section for plcm- 
nucleus scattering. The amplitude F„(e) Is that 
which results upon neglecting the Coulomb Inter¬ 
action <f'| Vg | f). We note, however, that the 


PION.NUCLEUS /ATEKacTION I9W 

strong interaction potential (CM v**»fiiAnr\ i i 
nmcantly different for “ i!'*' ’ ' 

recall that (v<>^ 

Oulerences for a* arid a* mesons; however, these 
<Utlerences are quite small.^ The amplitude f .(0) 

onlvAandTlg. 

\yi > + v'*»V The small dlilerence In FkIOI lor 
«* and It* mesons exhibited in Fig. 13(b) reflects 
the above-mentioned isospln violation in V»> 

(see Table n). 

The nuclear amplitude which Includes the 
effects of the Coulomb Interaction, 

+ (3.1) 

^**0 l-C 

is presented In Table n and in Fig. 13. Figure 
13(c) exhibits the amplitude /,(0) calculated with 
only while Fig. 13(d) exhibits the result of a 



FIG. 13. Real (x) and Imaglnaiy (•) parte of the nuclear forward scattering amplltudee for vs incident a ener¬ 
gy. (a), (e), and (e)t witii F"’; (b), (dj, and (f): with Deflnltlone of Fjf(0),/w(0), and/^iO) are given in tbe 

text. The corvee are drami only aa a guide to the eye. 
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TABLE II. Calculated forward nuclear aoatterlog amplitudes/r(0) and/^0) (a) without and 
(b) with the second-order r-nucleus potential. 



T, 

/j,(0) (fm) 

fm (fm) 


(MeV) 

(a) 

(b) 

(a) 

(b) 

*’Ca.»* 

40 

2.78 +<1.81 

1.60+ <2.74 

3.23+<0.776 

2.22 +<1.74 

"Ca.r*^ 

50 

4.14 +i3.38 

2.04+<4.27 

4.90+<1.98 

S.IS +<3.02 

*'Ca, w* 

115.6 

-0.174 +a 5 .o 

-2.64+ <11.7 

5.41 +<13.3 

2.19 +<11.4 

“Ca,»' 

115.5 

12.3 W9.33 

6.63+< 11.5 

7 . 97 + <14.3 

1.35 +<i3.e 

“Ca.** 

130 

-2.29 +<15.7 

-4.16+<12.1 

4.17+ <14.7 

1.22 +iT 2 .e 

"Ca,»' 

130 

12.2 + 1 II .4 

6.91 +<13.1 

6.67+<16.3 

0.629 + as.3 

“Ca.a* 

163.5 

-6.71 +<16.9 

-6.92+<13.3 

1.06+<16.9 

-0.278+<16.0 

"Ca,»- 

163.6 

11.0 +<15.3 

7.61+<16.5 

3.06+<19.4 

-0.337 + <17.6 

"Ca.i' 

241 

-13.6 +<13.0 

-14.3 +<12.4 

-5.47+<18.4 

-6.45 +<18.4 

*“Ca.«" 

241 

7.17 +<21.1 

6.06+ <21.7 

-4.26 +<21.8 

-6.40 +<21.6 

^'Ca. »* 

130 

-1.99 +IT7.1 

-3.23+<13.8 

5.09+<15.8 

2.83 +<13.6 

**Ca, »■ 

130 

13.7 +<14.2 

11.9 +<9.62 

6.34 + <19,6 

6.61 +<14.6 


calculation with 7<*> + 

It is useful to define an additional amplitude,*’ 
7,(0) E (2/ + 1 - 1). (3.2) 

Iff) 

The amplitudes of Rqs. (3.1) and (3.2) may be 
used to define total cross sections'* 

fi,„,=^lm(*(t)-0) (3.3) 

and 

0). (3.4) 

”o 

The relation of the cross sections defined in Eqs. 

(3.3) and (3.4) to experimental observations is 
discussed in Ref. 13. In this reference c,,, |Eq. 

(3.4) 1 is denoted as and c,„, {Eq. (3.3){ is called 


c^. In Table III we present values for [Eq. 

(3.4)], the elastic-scattering cross section o,, 
and the reaction cross section calculated with 
and without the second-order potential, These 
quantities are exhibited hi Fig. 14. In Fig. 14(a) 
(v) and Fig. 14(c) (ir‘) we show the results of our 
calculations of the various cross sections includ¬ 
ing only the effects of K'*>. Figures 14(b) (a*) 
and 14(d) (a') are the results of a calculation 
Including both K'‘> and K'’>. 

IV. SUMMARY OF SALIENT FEATURES 

We summarixe some of our observatlixiB at 
this point; 

(a) The first-order potential F" ’ varies smooth¬ 
ly with energy with a maximum value for the 
matrix element |lm(£| | at -240 MeV. 


'I'ABI.K III. Calculated ernaa aoctUns ta) without and (b) with the second-order a-nucleus 
potential u,i: olaHtlu scattering cross aectlon- (217 DluV'i-1|*, 

reaction cross soctinn - (a/*®) 5(21 * l)ll — (i)|)®J, 0|„i ; total cross section “<r,i +0, = (4»A) 

xlm/;,(e 0). 



'f. 

(MeV) 

i+rt (mb) 

<a) 

("lb) 

o,„, (mb) 

c,i (mb) 

(b) 

c. (mb) 

I'.oi (mb) 

*"Ca,ii + 

40 

115.7 

55.44 

171.1 

123.3 

260.6 

383.9 

<“Ca.r’ 

50 

266.1 

119.3 

385.4 

202.0 

384.9 

586.9 

«Ca.r' 

115.5 

803.5 

659.7 

1553 

526.1 

812.4 

1339 

«ra,r- 

115.5 

1028 

646.1 

1674 

659.6 

949.4 

1609 

‘"Ca, ti‘ 

130 

844.3 

750.2 

1594 

523.2 

835.3 

1369 


130 

1011 

760.3 

1761 

690.5 

966.5 

1657 

«Ca,;.' 

163.5 

705.2 

H67.3 

1572 

540.5 

852.3 

1393 

"Ca,.- 

163.5 

8S2.9 

906.9 

1800 

697.6 

B41.8 

1639 

“ca..* 

241 

.S48.4 

764.8 

1303 

588.1 

714.4 

1302 

“Ca, n" 

241 

707,5 

836.7 

1544 

742.2 

788.1 

1530 

*"Ca, r* 

130 

949.3 

755.7 

1705 

615.2 

852.0 

1467 

*'ca, «■ 

130 

1239 

902.2 

2141 

686.4 

894.1 

1580 
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FIO. 14. Calculated total croaa aectlon reaction croas aectlon (a,), and olaatlc croaa section vs plon 

energy, (a) **Ca(»*) with only! (b| **Ca(tr*) with v‘*’+F***: fc>**Ca(v*) with V*** only; (1) **Ca(»*) with V***. 
Curves are only drawn as a guide for the eye. 


This maximum Is at a greater energy than that 
which would be expected from the use of the fixed' 
scatterer approximaticn (FSA). The position <£ 
the maximum is determined In our calculation by 
nuclear binding and other off-shell effects” which 
are abseit in FSA calculaUtHis. 

(b) Inspection of Fig. 10 shows that the width 
at half maximum of |lm<E| V’<‘>|lc>| is approxi¬ 
mately 200 MeV for ‘*0 and “Ca. Again this Is 
larger than the width that would be expected in tiie 
FSA and reflects the effects of a proper treat¬ 
ment of Fermi motion of the target particles. 

We remark that extraction of the spreading width 
r‘ of the A via an isobar-doorway calculation” 
of pioo-nucleus scattering is made exceedingly 
difficult since simple kinematic conslderatlans 
in ttie calculatiao of the first-order potential 
already provide a significant apparent broadening 
of the (3,3) resonance.” 

(c) The parameters of the second-order poten¬ 
tial F'*> are determined phenomenologically and 
exhibit some notable features. The maximum of 
the value of | Im(£j /<*> | C) I appears at about 
140-160 MeV for ‘"O and “Ca (see Fig, 12). The 
value of the width at half maximum of this quan¬ 
tity la about 90 MeV. It is interesting to note that 
the croas sectlan for the reaction n + d—p+p 
has a maximum value at approximately 140 MeV. 
The coincidence In energy of the maxima of the 


v +d-‘p + p croBS section and the matrix element 
jlm(l[| V<’’|lc}| may provide some further support 
for the conjecture that V^> describes, in the main, 
the effects of true plon absorptian.'‘ 

(d) As may be seen from Fig. 12, the imaginary 
part of the second-order potential is significantly 
stronger for s' scattering than for s* scattering 
at the same energy. An explanatton for this be¬ 
havior has been given In Sec. III. This explana¬ 
tion is consistent with our interpretation the 
role of the second-order potential as describing 
the effects of true plcM absorption. 

V. CONCLUSIONS 

Our studies of plan scattering from ”C, ‘*0, 
and *’Ca have allowed us to discuss the system¬ 
atic features of the picn-nucleus optical potential. 
This potential is composed of first- and second- 
order potentials which have different geometries. 
They also differ markedly In their energy depen¬ 
dence, which is a further indlcaUcn that these 
potentials describe different physical processes. 
The analysis reported here should stimulate 
attempts to understand the second-order poten¬ 
tial from a more fundamental point of view. 
Further, the development of a simple phenome¬ 
nological form to represent the first-order po- 
tmtlal should be facilitated. (A simple repre- 
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■entatton of the entire optical potential would be 
useful for the rapid calculation of optical-model 
wave functions.) 

We believe our analysis indicates the great 
Importance of the proper treatment of off-shell 
effects and the effects of Fermi motion of the 
target nucleons. Before any Investigatlan of true 
plon absorption effects or coUlslon broadening is 
made, one finds a significant upward shift of the 
resonance position and a remarkable Increase in 


the apparent width of the resonance due to the 
aforementioned effects. 
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Seven) modeb for the iocluiive produclloa of protoni at bacitwud angki are reviewed. Fiooi the model 
amplitudei, predictioas for the lp,2p) differeotia) craaa lectioa in which one of the protons is emitted in the 
backward direction are calculated. It it found that the magnitudet and angle dependence of the predicted 
CTON aectlona vaiy aignificaiitly from one model to the next. 


lUCLEAR REACTIONS Inclusive production mechanisms at Intermediate oner- 
gles, effective momentum distributions, predlctioos for {p,2p) reaction. 


I. INTRODUCTION 

Since Frankel el al.' first measured the back¬ 
ward Inciusive differential cross section of pro¬ 
tons produced in proton.nucleus collisions at in¬ 
termediate energies, there have been several 
models''* put forward to explain the data. These 
models differ considerably in their microscopic 
detail, but they can each generally fit the data for 
emitted proton angles in the 160° to 180° range. 
While recent (.p,p') data at more forward angles 
has begun to place limits on the range of validity 
of some of the models, it does not appear likely 
that further (/>,/>') data will be able to distinguish 
between them. The purpose of this paper is to 
consider some reactions related to {p,p’), in 
particular the (p,2p) reaction, in an effort to find 
a means of testing these models. 

It will be useful to have some sort of categori¬ 
zation of the models for our purposes. The mod¬ 
els usually involve some sort of primary interac¬ 
tion, for example elastic scattering of the incident 
proton off a cluster of nucleons Inside the nucleus. 
Because the clusters or residual nuclei can carry 
excitation energy which may lead to their breakup, 
the few-body intermediate state very likely leads 
to a many-body final state. It is assumed in all 
of these models that the protons emitted in the 
de-excltatlon of the residual nucleus are of such 
low energy as not to contribute to the 100-400 
MeV protons observed by Frankel et al. Hence 
we will categorise the reactions by the number of 
particles or clusters there are in the intermediate 
state following the primary interaction. 

We see immediately that two-body intermediate 
states are unlikely to contribute significantly to 
the high energy backward events looked at by 
Frankel since the residual nucleus would have to 
be carrying off an enormous amount of excitation 
energy. We will therefore concentrate our atten¬ 
tion on three- and four-body Intermediate states. 
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By far the largest number of models fall into the 
three-body intermediate state catagory. One of 
the first models proposed in this group involves 
the incident proton elastically scattering in the 
forward direction off a target proton, putting the 
latter on the mass shell. It is this target proton 
which is observed in the backward direction. The 
residual nucleus is then simply a spectator. This 
model was used by Amado and Woloshyn' for des¬ 
cribing inclusive proton production at backward 
angles, and by Boal and Woloshyn' for describ¬ 
ing the inclusive production of alpha particles at 
backward angles,' We shall call this the direct 
knockout (DK) model. 

A simplification of this model was proposed by 
Frankel'; the quasi-two-body scaling hypothesis 
(QTBS). In this model, the phase space integral 
of the transition matrix element is set equal to 
a product of one function varying rapidly with and 
depending only on the minimum momentum of the 
recoiling nucleus, and a second function which 
varies slowly with the other kinematical variables. 
This approximation is not unreasonable for pp 
scattering and QTBS successfully describes the 
inclusive proton data. However, the approxima¬ 
tion fails for p-alpha scattering, and indeed QTBS 
has been shown to be inadequate as a description 
of the inclusive alpha data. Since QTBS by itself 
will not allow the prediction of less inclusive pro¬ 
cesses than (p,p'), it will not be considered fur¬ 
ther here. 

A model in some respects similar to the DK 
model is the multiparticle exchange (MPE) mod¬ 
el proposed by Weber and Miller.' Here, though, 
the observed proton is the spectator and the pri¬ 
mary Interaction is between the incident proton 
and the remaining A -1 nucleons of the target 
nucleus (of mass number A). The need for de¬ 
tailed knowledge of the />+ (A -1) coUlsion is 
avoided because of the inclusive nature of the 
ipip’) experiment. 
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The other three-body intermediate state model 
which we wish to discuss is the correlated cluster 
(CC) model of Fujita.’ In some sense the CC mod¬ 
el incorporates both the OK and MFE models in 
that the incident proton scatters off everything 
from a single protcm in the nucleus to an (A -1) 
nucleon cluster. However, the observed proton 
is now assumed to be the incident proton, scat¬ 
tered through a very large momentum transfer. 

Lastly, we take note of a lour-body Intermediate 
state model, the cluster recoil (CR) model pro¬ 
posed by Woloshyn.* As in the model, the 
primary interaction is pp scattering. However, 
whereas the residual nucleus carries off momen¬ 
tum k (where the target proton has momentum 
-k in the nucleus) in the DK model, in the CR 
model k is carried off by a “Jot" of n nucleons, 
the remaining A - 1 - n nucleons remaining rough¬ 
ly at rest in the lab. Although one has to model 
the relative probability of the nuclear proton with 
momentum -k recoiling against the n-nucleon jet 
with momentum k both as a function of k and n, 
the overall normalization is fixed by the (/>,/>') 
data. 

Wo have outlined above four models for the 
(/),/)') reaction (DK, MPE,CC,CR) which we feel 
are significantly different from one another that 
they should be able to be distinguished experimen¬ 
tally. There are other likely models of which we 
are aware, and doubtless others of which we are 
not aware, which we have excluded for brevity. 

In the following sections, the DK, MPE, and CC 
models will be reviewed in turn (concentrating 
most heavily on the Uf model) and their (.p,2p) 
predictions will be discussed. Unfortunately, the 
normalization conventions of the various authors 
are not uniform, nor, of course are their para- 
metrizations of the data which arc put into the 
models. The approach taken in this paper will be 
to use the same data parametrization (e.g. for pp 
scattering) in every model to facilitate compari¬ 
son, but to leave the normalization conventions 
intact as much as possible, for easier reference 
to the original works. 


n. DIRECT KNOCKOUT MODEL 

The kinematic labels attached to each partici¬ 
pant are shown in Fig. 1. The incident proton has 
an energy and momentum of and p, in the lab 
system, and leaves the reaction with Ef and />,. 

The struck nucleon has momentum -k before the 
collision, and energy and momentum £, and q 
after. We will use £, = ?* + (fe* +.1/,^’)*'* (where 
is the mass of the residual nucleus and S* 
its average excitation energy) to denote the energy 
of the residual nucleus, and e, to mean {k*M *)''*, 


SI 


REtnUAL 

NUCLEUS 



FORWARD PROTON 


(E«.T) 

FIG. 1. Eaergy-momontum labels for direct knockout 
model. 


where is the proton mass. 

Using the phase space normalization conventions 
of BJorken and Drell,* and using the closure ap- 
prooclmation to replace the sum over final nuclear 
states by a final state with an excitation energy 
?*, Amado and Woloshyn* write the {p,p') dif¬ 
ferential cross section for a target of A nucleons 
in the form 


d^a K* Q Cd'p. 

d^^E,"2^p, J 


K(fe)|r^|*+fi,(*)| 


x6(£,+A/^-E,-£,-E»), (1) 

where the probability of finding a proton with mo¬ 
mentum k ina. nucleus with Z protons, n^k), is 
normalized by 


2 



d'k _ 


(2) 


and similarly for the neutron momentum distribu¬ 
tion n„lk). The collision between the incident pro¬ 
ton and the off-mass-shell proton in the nucleus is 
assumed to be dominated by elastic scattering, 
the matrix element for which, T^, is normalized 
to 


lia M,’ 
dt " 16)ip,„* 


(3) 


where t is the square of the four-momentum trans¬ 
fer. No effort is made to include off-mass-shell 
effects. 

The parametrization for the pp scattering cross 
section chosen here is to assume that the integra¬ 
ted cross section is constant (as a function of 
energy) at 24 mb,and that da/dt has the form 


da 

dt' 


Ae*‘. 


(4) 


The parameter h has the rough energy dependmice 
over the range of interest, of 


6 = 14.39T,^-6.13 GeV*, 


(5) 


where is the lab kinetic energy of the incident 
proton In GeV. At the limits of ai^cabillty of 
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this formula, ft urns restricted to be greater than 
0.7GeV'*aiidle8Sthan7.0GeV-*. Knoirli«ftfora 
particular Ti^ the Integrated version of Eq. (4) can 
besolvedoTil. Todetermlnetbeapproprlateri,i,far 
the reaction, themomentaof/vandqwereusedtode- 
flne the Mandelstam variables, for which the corre¬ 
sponding lab energy was then calculated. 

The parametrlzatlon of |’ Is somewhat more 
cumbersome. Over the energy range of Interest, 

I’ at t<=0 (backward scattering) was ^roxl- 
mated by (In units of mb/GeV*) 


the predicted cross section, so the parametrlza¬ 
tlon chosen Is not terribly crucial to the results 
presented here. The last Ingredient required for 
the calculation is the form of the momentum dis¬ 
tribution. Theoretical understanding of the high 
momentum components of the momentum distri¬ 
bution is still far from complete, but some re¬ 
cent work by Zabolitzky and Ey,“ as well as most 
fits to data, point to an approximately exponen¬ 
tial shape In the 300-900 MeV/c range. Follow¬ 
ing Amado and Woloshyn, we try 


^-1.369 X 10*7,„+1.886 x Id*, 

(0.709 X 10*, T,^>0.7 GeV . (8) 

The parameter ft’ appearing in 

(7) 

ai4 


was fitted with (in GeV“) 

j^,^(-94.347,^+115.7, T,„<0.876 GeV 
(33.0, T,^>0.876 GeV. 

In general, it was found that scattering from neu¬ 
trons contributed no more than a few percent of 


where is treated as a parameter and C is de¬ 
termined by the normalization condition, Eq. (2). 
The same form is used for both protons and neu¬ 
trons. Hence, the model contains only one free 
parameter, kg. 

Shown in Figs. 2-4 are the predictions of this 
model with fto- 88 MeV for a variety of targets, 
the bondoarding energy being 800 MeV. In the 
original paper of Amado and Woloshyn,' ftp was 
fixed by an analysis of (e, e') data, and Eq. (1) 
was not evaluated exactly. Thus, the agreement 
was not as good as is shown in these figures. It 
is clear that the agreement is good for LI and Be, 



FIG. 2. Comparison of direct knockout model predic¬ 
tions with experiment for the reaction *lHp,p'VC at 
inoident proton energy of BOO MeV, and observed prot<m 
angle of 100* and 168*. Data from Ref. 2. 



FIG. 3. Comparison of direct knocfcont model predic- 
Uone with experiment for the reaction 'Be(p,p']iX at 
incident proton energy of 800 MeV and observed proton 
angle of 100* and 168*. Data from Ret. 2, 
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FIG. 4. Comparison of direct knockout model predic- 
ttons with experiment for the reaction '•‘Ta(p,p'tX at 
Incident proton cnerky of 800 MeV and observed proton 
angle of 100' and 1S8 . Data from Ruf. 2. 
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In this model, multiple scattering effects have 
been neglected, and It Is important to find out 
just how significant they are. A recent e^yeri- 
ment at TRIUMF'* tried to address this question 
by using *He as a target. While the data have not 
yet been finalized for publication, the preliminary 
results are in good agreement with the IXC pre¬ 
dictions. 

To test this model further, one would have to 
go to a less Inclusive process than (p,p'). Since 
the OK model assumes that the Incident proton is 
scattered forward without large momentum trans¬ 
fer, one can easily calculate the DK predictions 
for the (p, 2p) reaction. A conqiarison of light vs 
heavy target could then be used to investigate the 
importance of multiple scattering. 

The differential cross section for two proton 
coincidence reactions is given by 

dV 

/fn,dn,<f£, 

- AV _ •] 
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FIO 5. DK predictions for ^Be(pt2plX with 160” 
and SOO MaV Incident proton kinetic energy. 


( 10 ) 

where ff, refers to the angle between p, and fi, -1]. 
For this and other models, °Be has been chosen 
as the target nucleus. Shown in Fig. S is the OK 
prediction for the backward proton being observed 
at 100°. As expected, the peak in the distribution 
of the forward proton is near 0° (e,_ is the angle 
between p, and the beam axis, a positive 0/,,^ 
being on the opposite side of the beam from 0^. 
For 0,= OO°, shown in Fig. 6, the peak shifts out 
to about 15°. In both of these calculations, p, 
has been chosen to lie in the plane formed by p, 
and 1). The cross section decreases as moves 
out of the plane. The incident proton kinetic en¬ 
ergy in both these results is 800 MeV. 

111. MULTIPARTICLE EXCHANGE MODEL 

The particle labels used for this model will be 
the same as those used in the previous section. 

In order to be able to make the (p, 2p) predictions 
for this model, we will have to go beyond the mod¬ 
el of Weber and Miller* and actually construct 
a matrix element for the p-residual nucleus col¬ 
lision. Thus, the {p,2p) predictions generated 
here are going to have significantly more model 
dependence than that proposed by Wtber and Ifil- 
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FIG. 6. DK predlcUone for *Bel.p,2p)X with e,-90" 
and 800 MeV Incident proton kinetic energy. 
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lowing parametrlutlon is chosen, 

(I) ftff) Is simply set equal to 4 = 

DK model, a value of *, of 88 MeV adequatfly^' 
describes the large e, 

(II) The total p-R cross section Is assumed to 

have the same form as given in Weber and MlUer, 
i.e., ’ 


k 

■ 

)* 

m 

ti 


o=86(A-l)*'* mb, ( 12 ) 

Independent of energy in this region. 

(Ul) The differential cross section for p-R col¬ 
lisions is assumed to have the same t dependence 
as Eq. (4), and b is chosen by a rough fit to the 
slope parameters of elastic p-R scattering at in¬ 
termediate energy^* 


GeV'. 


(13) 


Lastly, with this normalization, the p-R differ¬ 
ential cross section is given by 


do_ IT^ I* 


(14) 


While this is admittedly not the best parametrlza- 
tion available, it will do for the purpose of this 
paper. 

The results for °Be(p,p')X at incident proton 
energy of 800 MeV are shown in Fig, 7. The con- 


ler. 

The normalization for the cross section chosen 
here will be that of Bjorken and Drell” for spin¬ 
less particles. This Is the same normalization 
taken in our previous work on (/>, a) reacticms. 
Denoting the p-residual nucleus matrix element 
by Tpg, the differential cross section lor inclusive 
proton production is given by 

rf’a C V ,, IV \ 

dfl,d£. " 

/l^ I 5, - E.) • 

( 11 ) 

The function F(q) is proportional to n(Jt) of the di¬ 
rect knockout model. The ccaistant C will be de¬ 
termined by fitting the inclusive date.’ Now if the 
kinematic Umits for the pf Integration were close 
to those of the free p-R reaction, then the Inte¬ 
gral would simply be proportional to the p-R cross 
section. That means that for fixed E, and |l| |, 
the Inclusive differential cross section should 
vary only slowly with 0^ Experiment shows a 
fairly rapid variation as one goes to forward val¬ 
ues of 0,, so the particular version of the HFE 
model u^er Investigation here Is probably limited 
to large 0^ To get an Idea of the effect of shifting 
the integration limits as a function of the fol¬ 



FlO. 7. Comparlaon of M PE model with experiment 
for the reaction *Be(p,p'JUir at Incident proton energy of 
800 MeV and obaerv^ proton angle of 100* and 1S8*, 
Data from Ref. 2. 
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Btant C Is fixed by the 158° data, and one can see 
that the cross section predicted for 100° is Indeed 
not too much different. 

The (p,2p) predictions are given by Eq. (11) 
with the |j^ I integration performed to take care 
of energy conservation. The results far a Be 
iiu'get arc shown in Figs. 8 and 9, In contrast to 
the DK model, the peak in the distributions of the 
MPE model docs not shift significantly with 6^. 


IV. CORRELATED CLUSTER MODEL 


The last model which we wish to treat in detail 
is the correlated cluster model of Fujita.' In this 
model, p/ is replaced by a cluster of N nucleons 
of energy The differential cross section then 
consists of A terms: 


d»cr 




‘*’(2f)’(8)r)-F 


F E ' 
x8(Ej + NyW,- 

Where (15) 

(16) 

A \ IV 

= < 18 ) 



FIG. 8. MPE pridlctiona fo,'*Be(/>,2p)X with 8,-160° 
and 800 MeV incident proton energy. 



FIG. 9. MPE predictions for 'Be(p,2plX with e, = 90' 
and 800 MeV incident proton energy. 


The reader is referred to the original paper of 
Fujita for a detailed discussion of the values of 
the parameters Involved. The values of these 
parameters which Fujita found to give an accept¬ 
able fit to the inclusive data were 


v = 32 500 MeV=, 

(19) 

F,/V=0.07, 

(20) 

?„~1. 

(21) 


The p-cluster cross section was replaced by the 
pp cross section by Fujita,” and the amplitude nor¬ 
malized as in Eq. (14), The same criteria for 
selecting the appropriate s and t and the same pp 
cross section parametrization as were used in 
the DK calculations are used in the results dis¬ 
cussed below. 

We are interested mainly in the A/= 1 term of 
Eq. (15), as the recoiling clusters in Fujita’s mod¬ 
el do not break up, by and large. Evaluation of 
Eq. (15) then shows that, depending on £,, scat¬ 
tering off a single nuclem contributes only -10'* 
to 10~” of the predicted inclusive cross section. 

It comes as no surprise then that when the |p^ | 
integratlcxi only is performed in Eq. (15) to give 
the (p,2p) prediction, the results are substantially 
lower than those found in the DK or MPE calcula¬ 
tions. The "Be (p, 2p)X cross sections lor one 
proton at 160° are shown in Fig. 10. 



II 


probing inclusive production MEGHANIS 


NS WITH THE.. 


1419 



FIG. 10. CC praHetloQg for 'Befp.I/iUr with «,= 160“ 
and 800 MeV incident proton cnerg]'. 


V. DISCUSSION 

In the above, we have calculated some (^,2^) 
prodictions for a variety of models. Each model 
has its own characteristic spectrum which should 
allow e}q>erlment to rule at least one of them out. 
For example, although the peak in the cross sec¬ 
tion for the DK and MPE models is grossly the 
same, the peak should shift as 9, is varied in the 
DK model, but remain roughly centered at the 
beam axis in the MPE model. The reason that 
the peak Is approximately stationary in the MPE 
model is that the amplitude assumed here for p-R 
scattering falls off very rapidly with momentum 
transfer of the incident proton to the residual 
nucleus. If the amplitude did not in fact fall as 
fast with momentum transfer as has been assumed 
here, then the forward protons would not be so 
sharply peaked, although the position of the peak 
would still change only slowly with In contrast¬ 
ing both of these models to the CC model, the pre¬ 
dicted cross section at the CC model is several 
orders of magnitude lower than the other two. 

It should be pointed out that the particular dif¬ 
ferential cross section used for comparison in 
these ealeulatlons, d’o/dO^n^E,, involves cmly 
those forward protons which result from three- 
body kinematics as in Fig. 1. Hence, Tf is 


uniquely determined by energy and momentum 
cMiservation at a given n,. Q,, T,, and and Is 
roughly These calculations then are 

restricted to those forward protons with T, greater 
than about i[T (. If the coincidence trigger were 
defined to be any forward proton at fixed 0^ in 
coinchlence with a high energy proton In the back¬ 
ward hemisphere at fixed 1), and £, (including the 
low energy protons resulting from evaporation of 
the residual nucleus) then the predicted angular 
distributions would look substantially different. 

This point Is particularly important lor any 
discussion of the CR model. Because the CR mod¬ 
el was not broken down into elementary ampli¬ 
tudes, it was not used in the above to predict the 
(p,2p) differential cross sections. However, as 
described in the Introduction, one can evaluate 
the contribution to the (p,p') predictions of the 
term in which the “jet” comprises all of the re¬ 
sidual nucleus. This would then give a rough mea. 
sure of the scale factor which could be applied to 
the DK model results to approximate what would 
be the CR results at the Tf corresponding to co¬ 
herent recoil of the residual nucleus. The n=.4 -1 
contribution to the ‘Be(.p,p')X cross section at 
incident proton energy of 800 MeV is shown in 
Fig. 11. As with the CC model, it is observed 



It 800 MeV. 
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that the predicted cross section should be much 
smaller than the E*K predictions. However, if 
one were to measure d'o/dQfdEfdSl^dE^ as a func¬ 
tion of E, at fixed Q,, and ff,, then rather 
than observing events at a narrow band of energies 
centered around Tt-T,-S* (the spreading caused 
by the S* distribution) as predicted by the DK 
model, the CR model would predict that the maxi¬ 
mum in the cross section would be shifted to lower 
Ef (corresponding to lighter recoiling jets), the 
numerical value of the shift depending on the de¬ 
tails of the excitation energy and momentum dis¬ 
tributions involved. 

In all of the above calculations, the average ex¬ 
citation energy of the residual nucleus has been 
set equal to zero. A more realistic calculation 
would have a nonzero value, but would introduce 
extra model dependence into the results, a situa¬ 
tion we have tried to avoid. Green and Kortel- 
lng,‘* using heavy fragment yields as constraints 
on an evaporation calculation, have estimated that 
at the beginning of the evjqmratlan cascade, the 
distribution of excitation energies has an average 
value in the 20-40 MeV range for an inc Ident pro¬ 
ton In the 200-500 MeV range. While this is not 
necessarily the same distribution that one would 
ejqiect here, it provides us with a rough value for 
S*. This would manifest itself in the DK model 
by a downward shift of an amount ?* in T, from 
the = 0 value of roughly Tj - T,. 

In performing these calculations, protons with 
energy 800 MeV and a ’Be target were chosen to 
illustrate the results. “Be was chosen as it is a 


readily available and easily mnnlJl■■lQ^«^^ target 
The proton energy was chosen to be 800 MeV 
because an energetic backward moving proton is 
required for a trigger. This should not Imply 
that the correlation measurement could be done 
only at this energy. The requirement that the 
backward moving proton be energetic was made 
so that one would be measuring (within the context 
of these models) the high momentum part of the 
single particle effective momentum distribution, 
where the distribution seems to be adequately 
described by an expcmentlal falloff. While there 
is no reason why the experiment could not be run 
at lower energy, certainly once the Incident pro¬ 
ton energy fell much below, say, 200 MeV, it is 
unlikely that the simple exponential would ade¬ 
quately describe the distribution in the momentum 
range required for the calculations and they would 
have to be done with a more appropriate distribu¬ 
tion. 
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Tbe comisteacy between the exchuife cunenU in the pioaic range and the Reid toR-core potential, which 
has an asymptotic behavior tike Von- is studied in the doubly radiative n-p capture process. The cross 
section is evaluated using the interaction Hamiltonian expressed by means of the nuclear current, that 
inchida the two-body terms deriving from one-pian exchange. The gauge invariance is preserved by the 
generalized contact term. This cross section is compared to that obtained with the Siegert form of the 
inteiactioo Hamiltonian. Tbe dHTerence be tw een the values of the cross section, which is of the order of 
24%, constitutes a quantitative estimate of the tack of consistency between pion exchange currenu and the 
nuclear potential considered. The use of purely phenomenological wave functions leads to a great 
diaagreemenL Finally, the existence of an exchange eflect of the order of 30% is pointed out in the process 
under examination, which occurs via the emission of two E1 photons. 

■NUCLEAR REACTIONS Muaon exchange currents, Reid soft-core potential andl 
L Stegert's theorem:'K(a,yy), thermal n, calculated o^. J 


1. INTRODUCTION 

The principal aim this work Is to give a quan¬ 
titative estimate ot the consistency between pion 
exchange currents (MEC) and M-fl potential, taking 
the process of the doubly radiative ti-p capture 
into consideration. To thla end we compare the 
value of the cross section obtained using the nu¬ 
clear current operator with that obtained using the 
charge density operator, which are connected 
through Siegert’s theorem.' This last value will 
be assumed as the “comparison one,” being model 
Independent, as it will be shown In the foUowlng. 

This reaction seems to be a convenient one be¬ 
cause the use of Siegert’s theorem is valid, being 
a low-energy process. At the same time, as It 
is a second order process, It involves off-sheU 
matrix elements and, thus, it allows us to Investi¬ 
gate the short range behavior of hlEC and If-N 
potential, MEC operators are of course consistent 
with the long range part of an M-M potential, as 
the Reid soft-core potential' (RSC), since its 
asymptotic part Is given by one-pion-exchange 
potential KoPX' Their lack of consistency at 
short range can be pointed out in the reaction 
chosen because tbe virtual Intermediate states 
have unlimited momenta. A similar investigation 
In single photon processes reRulres high mornen- 

21 


turn transfer, so that Slegert’s theorem is no 
longer applicable. 

The experimental and theoretical situation about 
the reaction n-t-d—d-t 2y is briefly aa foUowa. 

The most recent experimental result, which low¬ 
ers considerably the first one obtained by Dress 
el td .is that of Wiist et al. ,* and gives a value 
= (- 5,2 3:6.4) pb for photons in the energy range 
330-1B90 keV. Moreover, lowering the photon 
threshold to 233 keV, these authors find that the 
energy spectrum agrees with that expected lor an 
£1-£1 emission mode. In agreement with this 
result, Earle and McDonald* have obtained an up¬ 
per limit of 1.6 pb, for photons in the energy 
range 700-1520 keV. 

In tbe meantime tbe problem bas been studied 
in detail, from the theoretical point of view, in 
the framework of the usual electromagnetic inter¬ 
action theory, 1, e., without Adler’s* conjecture 
about tbe amount of the nonorthogonality between 
’$ bound and continuum wave functions. Greebuk- 
hln' demcostrated in 1071 that the electric dipole 
is the fundamental emission mode. Then the 
cross section for the £1-£1 mode has been cal¬ 
culated by several authors'*'' still more carefully 
up to the value (0.1176 k 0.0003) pb given by Blom- 
qvist and Erieson." 

Emission mechanisms difterent from the domi- 
1921 
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aant El-Bl, bare been also evaluated. Beroabeu 
and Tarnch’’ have studied the emission ot an Ml 
photon loUowed by a bremsstrahlung photon. The 
present authors*^ have calculated the influence <rf 
the exchange currents on the cross section for the 
Ml-Ml mode. Ali these processes give negiigible 
contributions to the dominant £1-£1 mode. 

It is well known that for low-energy transitions, 
like those which come into play in this process, 
the continuity equation for the current allows the 
Interaction Hamiltonian H, to be expressed in two 
equivalent forms: one the “current operator" Hj 
by means ol the current density, and the other, 
the "charge operator” /f,by means of the charge 
density. The mathematical formulatlmi of the 
equivalence between these two operators is Sie- 
gert’s theorem.* if, is commonly used to calcu¬ 
late low-energy £1 transition amplitudes, neglec¬ 
ting retardation effects, relativistic corrections, 
and two-body exchange contributions to the charge 
density. With these approximations the charge 
operator assumes the Slegert form (3). 

The results obtained with the two equivalent 
forma of ff/ should be identical in principle in the 
long wavelength approximation. It is clear that 
this occurs only as one uses wave functions which 
are eigenfunctions of the nuclear Hamiltonian H. 
Furthermore, H must have eigenvalues coincident 
with the experimental values of the energies to be 
utilized. In general these conditions are never 
satisfied because, commonly, use is made of nu¬ 
clear potentials, which only approximately give 
the experimental energies, and of wave functions 
which are an>roxlmatlons of the true eigenfunc¬ 
tions of H. 

A simplification occurs in the case of the nuclear 
two-body problem where the wave functions can be 
exactly calculated once the potential is given. 
Then, in order to have equivalence between the 
two approaches, It is necessary to use a nuclear 
current consistent with the potential, so that the 
continuity equation is satisfied. 

In the low-energy processes, like the one under 
examination, it is usually assumed that a nuclear 
potential with the correct behavior at large r is 
sufficient. This behavior is determined by the 
exchange of one pion and the correspcndiiig ex¬ 
change potential is Fopj. 

It has been demonstrated by several authors, see 
for example Thompson and Heller,” that, up to 
terms M^ in the nonrelativistic expansion in the 
Inverse of the nucleon mass, the continuity equa¬ 
tion is satisfied with Fq,,, if the exchange cur¬ 
rents, commonly labeled pion current and pair 
current,” are added to the one-body current, 
while the charge density keeps its one-body form. 
As regards the A„-i8obar excitation current. 


which has the same range aa the pionie currents, 
we remember that it is not connected to the nu¬ 
clear potential by the continuity equation, being 
divergenceless.” However, this current need not 
be considered in our ease because the correspond¬ 
ing £1 operator vanishes as h’ in the limit A—0. 

At this point the outline of potential and electro¬ 
magnetic operators appears consistent, but it is 
not so because any realistic potential must be 
modified from its correct OPE tall to reproduce 
the properties of the n-p system. In the RSC 
potential, as well as in many other potentials 
widely used in the literature, the part at inter¬ 
mediate and short range, which takes into account 
the exchange of mesons heavier than the pion, is 
determined in a phenomenological way. The cor¬ 
responding terms are missing in the expression 
of the exchange current commonly used in the low- 
energy processes. The problem of the consisten¬ 
cy between MEC and S-S potential, which is the 
object of our work, arises Just from the absence 
of these terms. 

A partial comparison between the results with 
ff, and Hj for the total cross section of this reac¬ 
tion has been made by Lee and Khanna,” ccm- 
sidering only the convective current and the S part 
of the deuteron state. 

A last consideration concerns the exchange ef¬ 
fect in this reaction which occurs essentially with 
a double £1 emission. At first sight it can appear 
surprising that such an effect exists because Sle- 
gert’s theorem, which allows us to replace the 
two body current density with the one-body charge 
density, is sometimes Interpreted as demonstrat¬ 
ing that there are no exchange effects in the low- 
energy £1 transitions. Formally, this interpreta¬ 
tion immediately breaks down because the charge 
density also acquires two-body contributions*' be¬ 
ginning with the second order terms in the non¬ 
relativistic expansion in 1/Af of the same OPE 
processes leading to the exchange currents. But 
Just because of their dependence on the nuclear 
mass, we can neglect these two-body terms”'” 
and assume the usual one-body form of the charge 
density. Nevertheless, the matrix elements of the 
Slegert operator include the effects of the total 
(impulse and exchange) current because the meson 
exchange between the nucleons determines not 
only the electromagnetic operators but also the 
nuclear Hamiltonian and, thus, the wave functions. 
Comparing the cross section obtained with ff, and 
with Hj, we shall be able to distinguish the con¬ 
tributions of the one-body transition operators 
from the two-body ones, it being understood that 
the Influence of mesmw on the wave functions 
makes a clear cUstlnction between tme-body and 
two-body effects ultimately impossible. 



CONSISTENCY BETWEEN PION 

FinaUji m T«caU that an amlogoua comparlacm 
has been made t)j Baaaaid at ol.*' lop the proeeas 
^ two photon absorption from the Is to the 3s state 
o( the atomic hydrogen. Their startliig point sms 
the problemjotjhe chotee of the electric dipole 
interaction E' r or X' p, which are related by a 
gauge transformation of the electromagnetic poten- 
tiais, In connection with the proper choice of the 
elgenstatee of the unperturbed Hamiltonian. 

These authors have shown that both forme of B, 
give the same transition amplitude for the con¬ 
sidered process, using the same unperturbed wave 
(unctions. Hence their numerical problem is 
equivalent to ours, with the double advantage that 
the electron curruit Is purely convective and the 
eigenstates of the unperturbed Hamiltonian are 
exactly known. In fact, the numerical results 
are the same, but the sum over the Intermediate 
states converges to the final result In a very dif¬ 
ferent way In the two cases. With the E * r opera¬ 
tor, an excellent approximation is obtained con¬ 
sidering Just a few intermediate states of the dis¬ 
crete spectrum, the continuum giving negligible 
effects. On the contrary, when p‘Z is ueed, the 
continuum states give more than half the total 
value. 

In Sec. Q we have calculated for the 

n-p capture Independently of the form of the Inter¬ 
action Hamiltonian. In Sec. m the calculation with 
/f. Is outlined and In Sec. IV, that with Hj Is more 
extensively reported. In Sec. V we have reported 
the numerical results obtained with and we have 
discussed them In comparison with that obtained 
wlthH,. In Sec. VI we have stated our conclu¬ 
sions. 

II. £1.£1 CROSS SECTION 

As Is well known the interaction Hamiltonian 
for the emiseion of a photon with momentum k, 
energy u, and polarization X, which is given in 
Coulomb gauge by 

where Is the polarlzatlmi vector andl(x) is 
the nuclear electromagnetic current density, gives 
rise to transition amplitudes for second order 
processes which are not gauge invariant. In or¬ 
der to preserve the gauge invariance, a gauge (or 
contact) term nmet be added to the dispersive part 
of the amplitude coming from B, In the eeeond 
order perturbation expansion. Thertfore, the 
amplitude for the transition from the Initial state 
If) to the final state \f) with emission of two pho¬ 
tons baa the form 


exchange currents and... 

(1 + P„) i/-!^tWl”)^”l"fgi)lfl + 

( 2 ) 

where the summation over n means sum over the 
discrete quantum numbers and integration over 
the continuouB ones of the intermediate state In); 

and E, are the energiea of the state |<> and |n>, 
respectively, and the operator Pu changes photon 
1 into ^uAon 3. Since we are considering the El- 
El transitions in thermal n-p capture, the ener¬ 
gies of the emitted photons are low (tui + cut = B, 
it we neglect nuclear recoU, where B is the deu- 
teron binding energy). Therefore, we can take 
the long wavelength limit of the theory. Whmi 
k —0 B, can be transformed by means of the con¬ 
tinuity equation so that the current density is re¬ 
placed by the charge density p(x). This is the 
content of Seigert’s theorem,' while the £1 inter¬ 
action Hamiltonian assumes the Siegert form 

(S) 

where H is (he nuclear Hamiltonian and O the nu¬ 
clear electrlc-dlpole momentum 

5- J d*xxp(x), (4) 

which, in the case of point nucleons of coordi¬ 
nate fj, become 

5 = (5) 

The current form of the El interaction Hamil¬ 
tonian in the limit k-^0 follows simply from (1) as 



where 1 is the Fourier transform of l(x) evaluated 
at k=0. As said in the Introduction, the aim of 
this work is to compare the numerical results 
obtained with these two equivalent forms of B,, 
when the nuclear potential contains Vopi as ex¬ 
change potential. Therefore, the nuclear current 
density in (6) must Include, besides the convec¬ 
tive current, the exchange current which is the 
sum of the two-body currents corresponding to the 
processes of plon excliange and pair excitation.'* 
In fact, the magnetizatian part of the one-body 
current, as well as the two-body current corre¬ 
sponding to the excitation of the Au resonance, 
goes to zero as it' in the limit it-'O. 

ExpUcltty we have for our two-body problem 


(7a) 
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+ ^2(/ir)r (2^)*'* (^0 0 0 j J' 

(7b) 

where L = lL + \, f is the relative coordinate, M 
and M are the nucleon and plon masses, f^n is 
the n-N coupling constant (/!«# 0.06), the tensors 
are defined by 

( 8 ) 

K'^’(f) being the spherical harmonics, i — r/r, 
and 

♦jW = e"*^l + ^+-^^. (9) 

As far as the gauge amplitude is concerned. Its 
complete expression generalized to the case In 
which the exchange currents are considered, and 
valid for any value of the photon momenta, has 
been obtained by FriarIn the £1-£1 long wave¬ 
length limit. It reduces to the form given by Sachs 
and Austern” 

A<f?( =<1^ • 3|, -Dl lo , (10) 

If the nuclear Hamiltonian contains Vopi as ex¬ 
change potential. 

Because the exchange current has a complicated 
dependence on nuclear variables, it Is convenient 
for the calculation of the cross section to express 
the transition amplitude by means of the El-El 
generalized polarizabilities^* </ defined by 

ui) 

where Is the rotation which makes the z axis 
coincident with the k, direction, and !>'*’(£,) is the 
corresponding rotation matrix. The advantage is 
that are the matrix elements of Irre¬ 

ducible tensors of rank^. Therefore we can use 
the standard procedure, based on the Wlgner- 
Gckart theorem, to factorize the dependence on 
geometrical factors while all the dependence on 
dynamics Is Included In the reduced matrix ele¬ 
ments. Then we can easily perform the sum and 
the average over the magnetic quantum numbers 
of the nuclear states, and the sum over the polari¬ 
zation of the photons, by means of the Clebsch- 
_I 


GarOui ser/es/or tbe niBtloi, uatrieea aad th. 

samruIeMfortbeRacBbcoBrneieats. IttoUma 

for the total cross secUon, the eqn-esslon 

l</IIPjlli>l‘, ( 12 ) 

where v Is the n-p relative velocity In the Initial 
state. 

Before concluding this general discussion which 
is Independent of the form chosen for Bi, we have 
to remeniber that In the thermal n-p capture the 
Initial state can be a spin singlet or triplet 1=0 
state, but only the triplet one can have £1-£1 
transitions to the final deuteron state. There¬ 
fore, following a standard notation tor the deuter¬ 
on wave function and denoting with z{r) the re¬ 
duced radial wave function cf the continuum 'Si 
state, the initial and final states are 

I f) = ““Ufii’lo, 

(13) 

!/)= ^ 

■•Oil r 

where r;, is the singlet Isosplnor and yls/ are the 
usual spin-angle functions. 

For the sake of clarity, we must divide our 
treatment into two parts corresponding to the 
Slegert and “current" form of the £1 operator, 
because several details of the calculation are dif¬ 
ferent In the two cases. We begin with tbe Sie- 
gert operator In order to obtain, shortly, in our 
formalism the results of Blomqvlst and Erlcson*^ 
and Lee and Khanna.** The numerical value of the 
cross section so obtained will be the comparison 
value in the next section where the cross section 
Is evaluated with the "current" operator. 

HI. SIEGERT OPERATOR 

When one works with the Slegert form offf„ 
the dispersive part of the transition amplitude 
can be transformed, as noted by several auth- 
orB,*'**'** in such a way that the gauge part Is 
exactly canceled. It follows that the total ampli¬ 
tude Is given by 

Af,, =-2ir(w,u),)‘'’ 

(14, 

• - S'! 

and tbe corresponding reduced polarizabilities by 


(IS) 


(/lhl> 


= (_)>-V^/2s(a„<u,)‘«2][l + (-)^B„lVJ-p * M 
■ (J, j; jJ 


1 i \ (/II'BhCsIBiiO 
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Here Jk, angular momen- 

of the Initial, final, and Intermediate eutee. 
Since for the two-body ayetem the 5 operator la 
a part the laospln factor, the relative coordinate, 
the possible Intermediate states are spin triplet 
I = l states. Assuming the effect ol the Interaction 
in these \*P,^> states to be negligible, their wave 
lunctlcms become 

(16) 

p being the n-p relative momentum. In this ap- 
pranimation the radial matrix elements in (15) are 
Independent of the angular momentum J,, so that 
the sum over J„ can be easily performed with the 
result 

</||pj|l> =Me*(w,a,,)‘«(l+P„) 

where S,,^ Is the Kronecker symbol. The func¬ 
tions/f|(e;), with I>=0,2, are defined by 


Erlcson” and liy I«e and Khanna,“ while is 
slightly different from the expression obtainable ® 
from formula (30) in Ret. 10. Because of the 
factor p =< 7 k lof* ip ^ ^^e value ef the total ’ 

cross section evaluated with the Siegert operator 
is determined by oJ„ and also by Its model inde¬ 
pendent expression (21). In fact, as shown In Refs. 

12 and 10, both the regularization of the wave 
functions at the origin and the n-p Interaction in 
the intermediate states give an effect of the order 
of one part in 10*. For all these reasons the 
cross section obtained with /I, can be considered 
the correct one. As for its numerical value, 
Blomqvlst and Ericson,*^ using the best values** 
for the low-energy n-p parameters entering in 
(21), obtain the very accurate value quoted In the 
Introduction. 

In the next section. In order to make the com¬ 
parison with the value of the cross section calcu¬ 
lated with Hj, we can assume 0^, = 0,118 Mb as 
that corresponding to H^. 

IV. -trURRENr'OPERATOR 


with 

/ dri^ji(pr)f[r). (10) 

From the expression (17) of the reduced matrix 
elements of Py„ it Is clear that the total cross 
section Is the Incoherent sum of o^ and o^ which 
correspond to the 1 = 0 and 1 = 2 parts of the deu- 
teron state. When we take the asymptotic form 
of the wave functions 


«o(r)=Ne'«, 

Mj(r) = Mp^i( or), (20) 

z{r) = 'fW{.r-a,), 

where a = /MB, N is the normalization constant, 
p the asymptotic D to S ratio In the deuteron wave 
function, and a, the triplet scattering length, we 
obtain 

S _ nOl on. o 3 1 3 1 1 


0^ = -^5i,[54+-^v-1281n2 

m j_ 75 1 1 

”7 aa,'^ 2 (aa,)*]’ 


_ e* S* /BY'* I 
~ » Ott [m) • 


reproducBB the result given by Blomqvlst and 


The partial cancellation between the disper¬ 
sive and the gauge part of the transition ampli¬ 
tude leading to (14) does not occur when the “cur¬ 
rent” form of tfj is used In (2). Therefore, also 
the generalized polarlzabUlUes are composed of 
two terms 

(24) 

The reduced matrix element of the first one, cor¬ 
responding to the dispersive amplitude, derives 
from (15) with the substitution 



and so we can avoid writing it explicitly. In order 
to have the generalized polarizabilities corres¬ 
ponding to the gauge amplitude (10) we must ex¬ 
press the polarization vectors of the photons by 
means of the rotation matrices and develop the 
double commutator, recalling the working bypotb- 
eslB that the nuclear potential contains Yon. 

Then with the standard recoupUng techniques, the 
terms can be rearranged in irreducible tensors, 
dividing the angular from the spin variables, witb 



-£ (2X)''’ (o 0 0 ) Ho • 


(26) 
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line Indicates the transitions due to and while a 
dashed line indicates those due to only. 

We have not reported the term relative to the 
Thompson amplitude, which derives from the 
kinetic energy (and corresponding to the gauge 
term A^/2m of the atomic Hamiltonian), because 
it vanishes owing to the orthogonality between the 
wave (unctions of the Initial and final states. 

With respect to the calculation with another 
complication arises concerning the dispersive 
part in the amplitude, in addition to the need to 
consider the gauge term separately. The summa¬ 
tion over the intermediate states extends to the 
channel besides the *Pj channels. In fact, 
the operator Slj’], included in the exchange cur¬ 


rent RJJoN'BtJutruuiacaiwitb A/MSAvmtbe 

iaimi *S, Btate to the '/J state, from which the s 
part d the deuteron can be reached through the 
same operator and the D part also through n^g, n<» 
and the gradient operator. 

In conclusion, the possible £1-£1 transitions 
we must take Into account in this case are report¬ 
ed in Fig, 1, where we have indicated with a dash¬ 
ed line the transitions due to J„ and with a full 
line those possible with both J„ and X* 

As far as the wave functions of the intermediate 
states are concerned, we remember that Lee and 
Khanna*" have evaluated the effect of the n-p inter¬ 
action in the states using only the convective 
part d the nuclear current. The enhancement of 
the cross section, which was unappreciable in the 
calculation with A,, becomes about 5%, which is 
a small effect even il not completely negligible. 
Because it seems reasonable to assume that the 
interaction effect maintains this order of magni¬ 
tude when the exchange current is added, we have 
considered noninteracting intermediate states 
only. With this hypothesis the reduced matrix 
elements of the nuclear current (or the possible 
transitions become 


\ 4^,1 1 1 / 

<dll j ll’F..) —+ 12(-K. I ^ I ]] Blip) - {-fnsn 

2 L 1 j 

1 2 1 ! «!,(/'>] }■ 

1 1 

<*^•2 B i ’Si> - . 

(rfin I’f-i)=■ 



(27a) 


(27b) 

(27c) 

(27d) 


The radial matrix element Bf{p) is defined as 

j drrj,(pr)pt(iir)f(r), (28) 

while Af'(p) Is given by 

A,'(/>)=•-/,'(/.)(29) 
With 

J,\p) - f «/;»»/ drrf,(/,r)<'-7(r), 

//(/>)= J <fr^>:;i(/»-)^^-/(r)^rf,(pr)J 

+ (3/, - 2)j,(pr).f(r)] , (30) 


I- 

where I, indicates the orbital angular momentum 
of the state whose radial wave function ie/(r). 

For the gauge term we obtain 

/ffS,) 

-8,,2-^^50+-^(111-2^)^ j, (31) 
with the definitions 


R, = j dru,lr)re‘"'x(r), 

S, = J drH,(r)Pt[tir)z(r), 


( 32 ) 



^ CON8I8TENCY BETWEEN riON 

Since the radial wave tunctUns of the laterme- 
duAe atatea have been coneldered spin Indepen¬ 
dent, all tl* dependence on the aagaUT momen- 
j^jn, j, iB cortJdned to the {i-j) and ^P-j) codll- 
cients. Then hy means ot their sum rules we can 
the summation over In the dispersive part 
oi the reduced generaUaed polarizabilities which 
transforms Into the sum of three terms relative 
to the vahiea cd i =0,1,2: 

(rfiipjo= 

x(0,.t[W«(wj) + 2W(a)i)l 
+ 9j,l[Wi(a)i) + /5'W(cdi)] 

+ 8jj[M,(u)i) + {l/-/?)W(e),)]}. (33) 

The quantity N(wi) corresponding to the Interme¬ 
diate states ’F) iB given by 

" “•‘iWl] 

(34) 

and the corresponding to the intermediate 

state , are expressible as, omitting the de¬ 
pendence from oil. 


exchange cgrrrnts /^nd. 


IVtT 

from ^rierence. unlike the Siegert cmera. 

^ becauee 

behavior o< the operator 1 .. lor r-O, the uee << 
the wave tuneUons in their aeymptatic lotm i..a. 
to divergent matrix elements. Therefore, we 
must consider wave functions with the correct 
behavior at the origin. With the aim of mavtng 
as many calculations as possible analytically, 
we Itave assumed the deuteron wave funetlons to 
have the form 


i(,(r)=w 5 I®i«‘*‘'i 

I 

«n(r) =Np , 

I 


(37) 


which Is the analytic form derived by Gourdln 
et al,** from the dispersive analysis of the n-p-d 
vertex In the nonrelaUvistlc limit. The coeffici¬ 
ents must satisfy the following sum rules; 

Eci=2I‘'i =E‘'<^i’=Eji-=0. (SB) 

I t ~ I Pi 

As for the continuum state we have taken the 
parametrlzation 

*(r)=(l+Sir,e-''’’)(4*)‘'’(r-o,) (39) 

with the condition 1 = 0. 


Afo^3f, + ^K,--^(G,+fff,+fK,), 
Afi=-v7y[Ko- jg-iPt + 2K,)j , (35) 

Af, = + ^, + f fCj 

+ 2 G,+i-ff,+ 1 f/fi)], 

by means of the functions 


F, (w) = 4v 

d 


G,(ui) = 4w j 


Wi(w) = 4» J 


K,(v) = 4tV J 



where the index 1 = 0,2 means transitions to the 
5, D part of the deuteron. From expressions (33) 
and (35) we can Immediately observe that these 
transiticoB contribute simultaneously to the dif¬ 
ferent j components of the generalised polaiisa- 
biUtles. Therefore the cross section has terms 


V. NUMERICAL RESULTS 

The ff-N potential considered in this work is the 
Reid soft-core potential.* Therefore, we have 
made a fit with the expression (37) to the deuteron 
wave function tabulated by the author, and with the 
form (39) to the scattering wave function obtained 
by numerical integration of the system of Schr)^ 
dinger equations for the 'S-'X> coupled channels at 
zero energy. We remember that the triplet scat¬ 
tering length given by the RSC potential is a, 

= 5.39 fm, the 17-state probability IsPo =B.47% 
and the asymptotic D- to S-wave ratio is p 
=0.026 223. In Tables 1 and n we report the value 


TABLE L ParameteTS of the flt bi expreeston (37) for 
the BSC deuteron wave fuaotlou. 


i 

Cl 

or, (fm"’) 

d, 

»i (fm*‘) 

1 

1.000 

0.2316 

1.000 

0.2316 

2 

1115.640 

4.8877 

-11 888.137 

3.2179 

3 

-101.330 

4.3700 

-399.674 

4.7240 

4 

-42.167 

4.1703 

-81.167 

1.4294 

5 

-0.360 

1.2344 

12 380.884 

3.4088 

6 

-B41.277 

4.6854 

82.495 

7.1600 

7 

-142.490 

6.8890 

-1 382.949 

4.2093 

8 

110.090 

6.9821 

1 078.538 

2.4697 
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TABLE n. Farametem of the fit la expreaalon (39) (or 
the RSC *5i acntterinfc atate. 


i 

Hi 

V, (fm-‘) 


1 

-3.388 

2.125 



2307.684 

8.7 S3 


3 

-2412.309 

R.A22 


4 

247.455 

11.050 


5 

-140.382 

11.720 



at the other parameters of our fit to the Reid set 
of wave functions. 

Because we are Interested in seeing how much 
the results change with phenomenological wave 
functions, we have aiso used the wave functions 
existing in the literature and parametrized with 
the form (37) and (3S). While the parametrizatlon 
(37) of Mii(r) as the sum of exponentials is nearly 
of general use and so would allow many different 
choices, that ot ut(r) drastically reduces their 
number. In fact, besides the various sets of 
parameters of Gourdln el al .among which we 
have chosen No, 1, that provide a good fit to the 
Garthenaus wave function, we have found only the 
fit of McGee” to the Hamada-Johnston wave func¬ 
tion, modified so that it vanishes at r - 0, rather 
than at the hard-core radius. Since we must 
change the asymptotic behavior of the McGee fit 
in order to have the correct deuteron binding en¬ 
ergy, we are really dealing with a phenomenologi¬ 
cal wave function m tills case too. Moreover, the 
’Si-contlnuum wave function, which we must add 
to complete the set, is partially arbitrary because 
the condition of orthogonality with the ’Sj-bound 
wave function is not sufficient to define it com¬ 
pletely. A satisfactory solution to this problem 
for the modified McGee wave function has been 


given by Lee and Khanna,” with the triplet scat¬ 
tering length fixed at the value a, = 5.41 fm, which 
is very close to the best experimental value.” We 
refer to their Table D for the values of the other 
parameters. From now on we will call this set 
of deuteron and 'Sj-continuum wave functloaa the 
"McGee set.” To complete the “Gourdln set” we 
have used in (3B) the set of parameters obtained 
by Durand,” which gives a z(r) orthogonal to the 
ut(r) ot Gourdln et al. with a, =5.406 fm. The 
phenomenological wave functions chosen have a 
soft-core behavior at the origin and predict deu¬ 
teron properties similar to those predicted by the 
Reid potential. In fact, the D-state probability 
corresponding to the Gourdln and McGee wave 
function is Pg - 6.5% and 7%, whereas the asymp¬ 
totic D- to S-wave ratio is p = 0.0265 and 0.0269, 
respectively. 

Our numerical results for the total cross sec¬ 
tion are reported in Table HI for these three sets 
of wave functions, considering both the ‘5 part 
of the deuteron state (normalized to 1 - Pg) and the 
complete’s + state. 

The values in the first colunon correspond to 
the contributions of the convective current alone, 
those in the other columns to the total (Impulse + 
exchange) current. Furthermore, in the second 
column only the transitions through the states 
are considered, while in the last one those through 
the ’Fj channel are also taken into account. In 
both cases we have Included the contribution of the 
generalized gauge term which vanishes when the 
exchange currents are not considered. Before 
making any comment on the results in Table III, 
we recall that a comparison between the total 
cross section calculated with the Slegert operator 
and the "current" operator has been made by 
Lee and Khanna,’" but neglecting the exchange 
currents and the deuteron D state. Their results 


TAflLE III. Tobil cross suction in n*-p reliction evaluiitod with the three sets ot 

wave functions (Gourdin, McGee, Hctd). Thu label % Indicates that only the S part of the 
itouteron wave function has twen con.sidored, and the label’s + ’d indicates that the D part la 
Incluticd. The values in the column homiud *P corresixind to translUons through the Intor- 
niodlatc channels ®Pn,i ,2 only, while those in llie column ^P + *F include the intermediate 
state too. 


Total cross sections In pb 

IX'utcrun Without exrhangc Wtth exchange currents 
Wave functions state currents 


Gourdin 9€'t 

% 

O.0H76 

0.26G 

0.339 



0.0878 

0.206 

0.273 

McOrCC HOl 

Is 

0.0902 

0.216 

0.269 


’s + “d 

0.0906 

0.153 

0.195 

HeUi Act 


0.0830 

0.155 

0.183 


’s+’d 

0.0831 

0,118 

0.146 
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are then eiiiiiTaleiit to oure In the tiret column 
and, more precisely, to that labeled *S for every 
set of wave functions. In the conunon case of the 
McGee set we reproduce their value. From the 
other values In the first column we can see that 
the cross section changes very little when the 
deuteron D state also la taken Into account, be¬ 
cause there Is not S-D interference whan only the 
impulse current Is considered and the correspond¬ 
ing contributions are in the same ratio 1/p’ as In 
the calculaticm with U^. 

Unlike the Slegert operator, the "current* op¬ 
erator produces a large model dependence of the 
cross sectloo. In Ref. 10 the considerable varia¬ 
tion between the value obtained with hard-core 
and soft-core wave functions was pointed out. Our 
results in the first column emphasize the model 
dependence of the cross section for different soft¬ 
core wave functions, and those In the other col¬ 
umns show that even more pronounced varlatlana 
arise when the exchange currents are included in 
the calculation. 

The second feature of the calculation with the 
Slegert operator we have to compare Is the depen¬ 
dence of the result on the short range behavior of 
the wave functions. We think that a meaningful 
evaluation of this effect on the cross section cal¬ 
culated with the "current" operator is not pos¬ 
sible. The reason is that any determination erf the 
asymptotic cross section is in this case highly 
questionable. In fact, with the choice of the ex¬ 
perimental values of the parameters the asyngt- 
totic cross section (0.21 pb) Is grossly overesti¬ 
mated If at the same time the gauge term Is ne¬ 
glected, as In Rel. 10. If, Instead, the spurious 
contribution of the gauge term Is considered, the 
asymptotic cross section drops to 0.05 Pb. Since 
on the other hand it Is also not sensible, In our 
opinion, to take a, = a*’ = 4.31 fm in order to pre¬ 
serve the orthogonality erf the wave functions, we 
must conclude that there Is not any acceptable way 
for calculating the asymptotic cross section. 
Furthermore, we want to point out that ail we have 
said regards the convective current, becauee the 
matrix elements of the exchange currents are 
divergent with the asymptotic wave functions. We 
think rather that the values <rf the cross section 
obtained with the Impulse current alone are Inter¬ 
esting because they allow us to maks an evaluation 
of the exchange effect in the process under exam¬ 
ination which occurs with a double £1 emission. 

In analogy with the interaction effect in the single 
photon n-p capture, which has been explained with 
the cootrOnitlons of the picnic exchange currents 
and the A,a-re 80 iuuiee excltatimi current,'*'” we 
call here exchange effect the percentage differ¬ 
ence between the total cross eectlmi and the con¬ 


tribution of the one-body current. Thie value fol¬ 
lows obviously from the difference between the 
cross section calculated with the Slegert operator 
and the convective current alone. Therefore, the 
exchange effect exists also in this Cl-£1 process 
and is about 30%, a value higher than the 10% of 
the single photon n-p capture, which occurs with 
an Ml emission. 

If we observe the values reported in the last 
two columns of Table III, we note that the effect 
produced by the inclusion of the pionlc exchange 
currents ie extremely model dependent. The 
percentage variations among the three cases con¬ 
sidered, which are less than 10% in the calcula¬ 
tion with the Impulse current, become 30% In the 
comparison between a (Reid) and o (McGee), 40% 
between <t (McGee) and o (Gourdin), and even 80% 
between a (Reid) and a (Gourdin). Evidently the 
short range behavior of the exchange operators 
produces considerable differences in the cross 
section, even If the soft-core wave functions used 
give very similar prc^rtles of the two-body sys¬ 
tem. 

Inside every set of wave functions we can observe 
the Importance of the 17 part of the deuteron. In 
fact, because of the negative interference between 
the transition amplitudes to the S and D part of 
the deuteron, the cross section drops, on the 
average, more than 20%. 

From the second column in Table m, which 
correspemds to transitions through the interme¬ 
diate channels 'P., we see that with the com- 
plete deuteron wave functirai the cross section be¬ 
comes 0.206 Mb with the Gourdin set, 0.153 Mb 
with the McGee set, and 0.118 Mb with the Reid 
set. That is, with the wave functions derived 
from the Reid soft-core potential, we obtain again 
the value of 0.118 Mb which is the model indepen¬ 
dent result of the calculation made with the Sie- 
gert operator. 

As we can see from the third column, the Inclu¬ 
sion of the intermediate state *Ft reduces the 
agreement between the values of the cross section 
calculated In the two different ways. In fact, 
oh.M changes from 0.118 to 0.146 Mb and propor¬ 
tionally the cross section Increases in the other 
two cases. 

These values are the final result ot our calcula¬ 
tions and we think thsy can allow us to reach a 
quantitative conclusion on the consistency between 
the nuclear potential and the plonic exchange cur¬ 
rents. In (act, the only effect we have neglected 
Is the Interaction In the Intermediate states 
that, as pointed out above, we can consider to be 
erf the order of a few percent. 

As regards the dependence of our results on the 
wave functions, we can obaerve that the value 
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moBt different from the comparison one Is that ot 
the Gourdln set, which has purely phenomenologi¬ 
cal wave (unctions, A closer value Is obtained 
with the McGee set where the *S scattering wave 
function la purely phenomenological, while the 
deuteron wave function corresponds to the Hama- 
da-Johnston potential. The best value corresponds 
to the Reid set, where the *5 scattering wave (unc- 
tlOD has also been calculated by integrating the 
system of Schrodinger equations for the Reid st^t- 
core potential. 

It seems reasonable to conclude that the agree¬ 
ment is increasingly better as the wave (unctions 
are less independent of the nuclear Hamiltonian 
and the current density operators. In fact, we 
have a complete equivalence between the calcula¬ 
tions made with the Slegert operator and those 
made with the two-body currents used, only If the 
exchange part of the N-N potential Is Vopi. On 
one hand this explains the better agreement ob¬ 
tained with the Reid set, on the other hand, it 
Justifies the residual difference which can be 
ascribed to the medium and short range part of the 
interaction, owing to the exchange of heavier 
mesons. This part is taken into account in a 
phenomenological way by the Reid potential, but 
it is not contained in the exchange currents con¬ 
sidered, which are those usually employed in low- 
energy processes. We must conclude that these 
short range effects are not negligible in the case 
under examination, because we must ascribe to 
them the residual difference of 20%. 

VI. CONCLUSIONS 

We have calculated the Kl-Ei cross section for 
the doubly radiative n-p capture reaction, using 
the current operator, and taking into account the 
meson exchange currents in the pionic range and 
the generalized contact term, so that the transi¬ 
tion amplitude is gauge invariant. 

The principal aim of this work Is to give a quan¬ 
titative estimate ot the consistency between ex¬ 
change currents in the pionic range and N-N poten¬ 
tial with the correct i^ops behavior at large dis¬ 
tances. To this end we compare the results ob¬ 
tained with Hj to that obtained with We have 
also briefly reported the calculation with //, in 
the framework o! our formalism to get a clear 
view at the principal differences between the two 
approaches. In the case of (/, the main feature 
is surely the model independence of the result 
oi, -0.118 Mb, which Is assumed to be the com¬ 
parison value lor that obtained with . 

In the calculation with the current operator, be¬ 
sides the wave functions deriving from the Reid 
soft-core potential, we have also used two essen- 


Ually phenomenological sets cf wave functions 
(Gourdln, McGee) In order to evaluate the Impor¬ 
tance of the fact that the wave functions are eigen¬ 
states ot the nuclear Hamiltonian. The total cross 
section has a value which is extremely dependent 
on the kind cf wave functions used. With the Reid 
set we obtain o^ =0.146 Mb which is a value near 
the comparison one. In the other two cases the 
total cross section comes out to be 0.273 Mb for 
the Gourdln set and 0.195 Mb for the McGee set. 

Of particular Interest is the fact that the pheno¬ 
menological wave functions, which predict deuter¬ 
on properties very similar to the Reid ones, give 
such a different value ot the cross section. This 
is due to the short range behavior of the exchange 
operators which gives importance to the differ¬ 
ences in the intermediate and short range at the 
wave functions. In the Reid set we have just 
eigenfunctions of the nuclear Hamiltonian, so that 
the residual difference between the cross sections 
calculated with and with ff, must be ascribed 
to the fact that the exchange current considered 
does not contain the heavier meson exchange con¬ 
tributions and thus corresponds only to the asymp¬ 
totic part of the Reid soft-core potential. In this 
potential Vqpi is In fact modified In a phenomeno¬ 
logical way at intermediate and short range to take 
Into account the meson exchange effect which dif¬ 
fers from the OPE effects. In conclusion, we have 
an estimate of 24% for the lack of consistency at 
short range between the R8C potential and the plon 
exchange currents. 

The use of the current operator places Impor¬ 
tance on the cmtributlons coming from the O part 
of the deuteron wave function and from the inter¬ 
mediate channel ’J’l, which is now open because 
of the tensorlal structure of the transition ex¬ 
change operator. Furthermore, it is interesting 
to note that the contributions of the exchange cur¬ 
rents are of the same order of magnitude as those 
cf the impulse current. Therefore, if we express 
the interaction Hamiltonian by means cf the cur¬ 
rent operators. It is Impossible to distinguish 
a dominant contribution to the total cross section, 
as a priori one could be tempted to do, limiting 
the calculation to the impulse current and to the 
S part of the deuteron wave function. 

Finally, comparing the value of the total cross 
section obtained with the Impulse current (ot, 

^ 0.083 Mb for the Reid set) to that obtained with 
the Slegert operator, we can estimate the overall 
effect of the exchange currents In the two-photons 
n-p capture, which occurs mainly via two £1 
transitions. This effect is about 30% and thus 
greater than the 10% effect In the single photon 
capture which occurs via an Ml transition. 
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The dilTcrential crou section and analyuns power for p-^He elastic scattering at 200, 350, and SOO MeV 
incident proton energy in the laboratory angle range from 4' to 168* are presented. Comparisons to 
theoretical calculations at 200 and 350 MeV have been made. 

^UCLEAR REACTIONS Proton-^He elastic scattering 200, 350, 500 MeV mea.^ 

L sored differential cross section and analyzing power, 4°s: S 168*. 


1. INTRODUCTION 

Proton-nucleus scattering at intermediate ener¬ 
gies has received considerable attention with the 
advent of accelerators capable of producing high- 
intensity, variable-energy polarized beams with 
good energy resolution. Extensive data for dif¬ 
ferential cross sections and analyzing powers have 
been obtained, which should provide a stimulus to 
the search for a successful microscopic descrip¬ 
tion of the processes Involved. 

The clastic scattering of protons from *He is an 
unusually good case to investigate thoroughly for 
several reasons: The initial and final states are 
well defined theoretically, the target nucleus has 
spin zero, minimizing the complications that arise 
in some spin-dependent calculations, and inelastic 
processes are easily distinguishable, which re¬ 
duces experimental demands on energy resolution. 

It has become apparent that analyzing power 
(polarization) angular distributions are very im¬ 
portant in the evaluation of the validity of theo¬ 
retical models. In the energy range of the present 
experiment, 200 to 500 MeV, the analyzing power 
exhibits a rich and variable structure. Although 
a proper description of the differential cross sec¬ 
tion has established the need for spin-dependent 
terms, far more stringent demands are established 
when analyzing power data are to be explained as 
well. 

The present experiment represents the last 
phase of a three-part study of />-'He elastic scat¬ 
tering at TRIUMF. The first part' examined 
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tlc(ff)/dSi and A,(e) in the small angle region 
(4“-16'’ in the laboratory). This measurement 
was made with a gas target which had a well-de¬ 
fined density and thickness. The cross section 
results of this first phase have been used as a 
normalization benchmark for the remaining two 
parts of the study. 

The second part of the investigation* involved 
measurement of do(6)/ilSl and Ay(ff) at backward 
angles (144°- 168° in the lalaoratory) for several 
Incident proton energies between 185 and 500 MeV, 
One of the goals of the experiment was a careful 
search for energy-dependent backward peaking of 
the differential cross section. The analyzing 
power measurements made at the same time were 
intended to aid in a more complete understanding 
of the reaction process. 

In the present experiment we have completed the 
cross section and analyzing power angular dis¬ 
tributions at 200, 350, and 500 MeV with measure¬ 
ments In the intermediate angle region. At these 
three energies, data sets spanning the laboratory 
angle range from 4° to 168° are now available. 

Section 11 of this report discusses the experi¬ 
ment while Sec. Ill describes the analysis pro¬ 
cedures. Results and discussion are presented 
in Sec. rv and conclusions are summarized in Sec. 
V. 

II. THE EXPERIMENT 

The experiment was performed using the externa 
4 B proton beam line at the TRIUMF cyclotron. 
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Most of the features of the apparatus have been geometry permitted. A left or right event was : 

described elsewhere^"* so that only aspects sped- ways defined by the side to which the proton waj 

flc to the present e^[>erlment will be discussed In scattered. In the angular range from 60° to 12t 

detail. events were detected on only one side of the be: 

The target-delector apparatus is represented In the coincidence mode, the proton was detec 

schematically in Figs. 1(a) and 1(b). Some Impor- in one of the back detector telescopes while the 

tant characteristics of the system are also sum- recoil *He was detected in the forward telescop 

marised In Table I. The liquid *He target^'* had a on the opposite side of the beam. A trigger 

thickness of 0.77 cm (97 mg/cm*) with a 5 cm* (Af,,* £g' A£g) was required to define an event, 

aperture. The target cell could be raised and The copper degrader thickness in the back tele- 

lowered remotely. This permitted the normal ^He scopes was varied depending on the energy of tt 

cell to be replaced In the beam by an empty target scattered protons so as to keep the proton ener( 
cell of equivalent thickness in order to correct tor at the entrance to the Nal detector in the range 

background coming from material around the liquid between 80 and 130 MeV. The coincidence mod 

^He. The target could also be rotated to ensure gave excellent discrimination in the selection of 

that none of the scattered particles would strike elastic events so that the data were essentially 

the side frames of the cell. The scattered par- free of any background, 

tides were detected in counter telescopes con- The singles mode was used when the recoil 

sisting of 12.5 cm* multiwire proportional cham- did not have sufficient energy to penetrate the 

hers (MWPC) with horizontal and vertical co- target and the material before the A£ detectors 

ordinates, plastic scintillation detectors, copper In this case the protons were detected in the fre 

energy degraders, and Nal(Tl) detectors. The telescopes, the trigger defining the event being 

telescopes were mounted on four independently (P • A£^< £^). Here an additional counter (P) w 

movable booms which could be remotely posi- placed about SO cm from the target and operatec 

tioned about the target center to an accuracy at coincidence with the other counters in the telescof 

0.1°. The efficiencies of the telescopes have been ]t served as an active collimator to eliminate 

carefully measured' so that proper corrections protons that did not scatter from the immediate 

for loeses due to nuclear interactions in the copper region of the liquid 'He target. Again copper de 

and Nal could be made. graders were used to limit the proton energy in 

Two modes of operation were employed; a the Nal detectors. Data collected in the singles 

singles mode shown in Fig. 1(a) when only the mode were composed of />-‘He elastic and inelac 

scattered proton could be detected, and a cotncl- scattering events, and background events from 

dence setup as shown in Fig. 1 (b) when the 'He target walls and thermal insulation, 

recoil could be detected in coincidence with the The calculated rms multiple scattering of the 

proton. Events with protons scattered to the left protons in Blngles mode was always tess than 

and to the right of the beam could be detected if the 0.3° and effects on the measured differential cre 

paths of the scattered particles were not obscured sections have been ignored. In the coincidence 
by the target frames. Both “left” and "right” mode, the distribution of recoil 'He particles w 

events were collected concurrently when the target observed with the FL and FR wire chambers; tt 


TABLE 1. Propertiea of the system. 



200 MeV 

tnddest oton energy 
350 MeV 

500 MeV 

Angular range covered 
(laboratory angle) 

Singles mode 

13--1D6* 



Colnoidence mode 

10S*-143« 

91*-143* 

61*-.U3* 

Horizontal angular acceptance 
Singles mode 

2.14° 

1.87* 

1.40* 

Colnddence mode 

3.48° 

3.99° 

2.33* 

Solid angle acceptance* 

Singles mode 

1.B& msr 

0.TS6 msr 

0.600 mar 

Coincidence mode 

3.27 msr 

4.9S mer 

1.816 mar 

p-p analyzing power used for 
beam polarization 

0.306 

0.43S 

0.501 


'Used In off-line analysis. 
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FIO. 1. (a) Setup for the olnKlo)) mode duta. The 
thin counters (P) served as active coUlmators to reduce 
the number of protons scattered In the entrance or exit 
of the scattering chamber from being detected, (b) A 
schematic drawing of the target-detector arrangement 
for the coincidence mtxic measurements. The protons 
were detected In the back telescopes and the *He recoils 
In the forward telescopes. The copper degraders were 
used to reduce Uic proton energies to 80-130 MeV at 
the entninco to the Nal detectors. 


cuts on the proton solid angle were chosen so that 
losses due to multiple scattering of the recoil 
particles were negligible. 

A polarized proton beam was used (or all mea¬ 
surements. The beam intensities ranged trom 0.2 
to 10 nA with typical polarizations between 65% 
and 75%. The polarization direction, which could 
be reversed at the Ion source, could also be set 
equal to zero to provide unpolarized beam for 
control purposes. The beam spot size on target 
was approximately 0.5 cm in diameter; its posi¬ 
tion was monitored regularly by observing the 
spot on a scintillator at the target station and by 
removable beam line wire scanners upstream and 
downstream of the target. The polarization of the 
beam was monitored continuously during data col¬ 
lection by a polarimeter’ upstream of the ^He 
target. The polarization was determined from the 
asymmetry in proton-proton scattermg from a 
thin, 5 mg/cm^ CHj target. The statistical un¬ 


certainty in the determination at the beam polar¬ 
ization (luring a given run was less than 1% Cor¬ 
rections due to contributions from the carbon in 
the target were made as discussed in Ref. 3. 

Data acquisition was accomplished via a CAMAC 
system Interfaced to a Honeywell 316 computer. 
Data were recorded event by event on magnetic 
tape with left and right events appropriately 
identified. The acquisition prt^ram also allowed 
a rudimentary analysis of the data to be made 
on-line so that their quality could be checked. 

Two independent beam flux monitors were used 
to provide an Independent determination of the 
absolute scale of the cross sections and to permit 
the correct combination of data collected with dif¬ 
ferent beam polarizations. These monitors were 
(1) the beam polarimeter, where the number of 
p-p elastic scattering events was monitored 
throughout each run, and (2) an Ionization chamber 
situated downstream of the helium target. Both 
the polarimeter target foil and the Ionization 
chamber had been previously calibrated at each 
energy by using a FUraday cup Installed in the 
beam line. Although these monitors were used 
only for relative normalizations, the values of the 
cross sections extracted by using them agreed 
with those of Ref. 1 to better than 10% In all cases. 
The final data presented here were normalized to 
the results of Ref. I in the regions of angle over¬ 
lap. 

III. ANALYSIS PROCEDURES 

Data collected in the two modes of operation 
were treated separately in the off-line analysis. 
Fbr the singles data, horizontal and vertical 
MWPC cuts were made to select only those events 
In the central region of the Nal detector where the 
deteectem efficiency was uniform (see Table i). A 
"worst case" spectrum at a proton energy of 
500 MeV is shown in Fig. 2(a). The spectrum 
after the background from the target walls has 
been subtracted Is also presented. The two arrows 
in the figure show the final cuts around the well- 
defined elastic scattering peak. In the cross sec¬ 
tion calculation, corrections were made (or 
events lost due to wire chamber inefficiencies 
(about 6%), for nuclear interactions of the protons 
while stopping in the total energy telescope,' and 
for the dead time the system. The interaction 
correction was dependent on the mean energy in¬ 
cident on the telescope and varied between 10%> 
and 70% depending on the beam energy and the 
angle setting. It should be pointed out that only 
the energy-dependent shape of the interaction cor¬ 
rection is a potential source of error since the 
absolute magnitude of the cross section is deter- 
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nG. 2. ( 1 ) A "worst case" spectrum In the Nal detector for slnKleB data In the intermediate angle region at SOO MeV. 
The upper curve la the target luU data before background subtraction. The lower curve is the net contribution from the 
helium alone. The arrows Indicate the outs defining the good events, (b) A typical spectrum showing the correlation 
between the proton energy and the ^He dB/dx for the coincidence data. The clean separation from say background events 
Is clear. The lines Indicate the cuts placed on die data. 


mined by normalising to the data ot Ref. 1 where 
no such correction Is needed. The shape ot the 
interaction correction Is very nearly linear over 
the relevant energies; uncertainties associated 
with a linear fit to the data are 1.5% of the correc¬ 
tion or leas. 

The dead time <A the system was dominated by 
the computer data acquisition and the on-line cal¬ 
culations. Dead-time corrections were calculated 
in two ways. The ratio of events detected In the 
electronics and the number actually accepted and 
written on magnetic tape was used In the final 
analysis. Artificial "events” created using a 
(Miser and light-emitting diodes on each of the 
detectors showed that the electronic dead times 
were totally negligible in the experiment. The 
size of the dead-time correction was dependent 
on the beam flux, with tinplcal values being about 
15%. la several cases, data were collected at a 
given angle and beam polarization orientation but 
with different beam flux In order to cbeck for 
possible systematic effects when dead-time cor¬ 
rections were large. Even in cases where the 
dead-time adjustment was larger than a factor of 
2 , exceUent agreement was obtained with crosa 
sections from data with more typical corrections. 

The compensation for the wire chamber effi¬ 
ciencies was determined by observing the eventn 
correapondlng to the elantic proton peak In the 


Nal spectra, and then finding the fraction of events 
that had any combination of multlide tracks or 
misses in the Individual coordinate planes used 
to define the trajectory of the particle. Since the 
areas cf the Nal detectors were smaller than 
those a the wire chambers, this provided a good 
estimate of inefficiencies in the region of interest. 
Losses were typically around 4% due to multiple 
tracks and around 2% for mlsaeB. 

In the coincidence mode, the correlation of the 
proton energy In the Nal detector with the energy 
deposited in the counter by the associated ^He 
recoil allowed the desired events to be identified 
unambiguously. An example is shown in Fig. 2(b). 
With the ackittion of tlme-o(-fIight cuts, all back¬ 
ground was eliminated from this type erf data. The 
wire chambers in the FL and FR telescopes were 
used only to verify that all the ^He recoils were 
well within the limits of the h.£ counter. Correc¬ 
tions for proton MWPC efficiencies, system dead 
time, and nuclear interactions in the counter tele- 
sci^pes were made in a manner similar to those foi 
the singles data. 

In coincidence or singles mode, when both left 
and right events were observed, the background- 
corrected differential cross sections were cal¬ 
culated independently for each side and On). 

The differential cross section for an unpolatised 
beam was then found by taking the simple average 
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a) 


similar values were available for polarization up 
(-1), polarization down (-), and for the unpolarlzed 
beam. The final result at a given angle was taken 
as the weighted average of the results for the dif¬ 
ferent beam polarizations. The individual statisti¬ 
cal errors were used as the weighting factors. 

The analyzing power was calculated from 


A,{e) = 




2 

(/»* + /■-) ’ 


( 2 ) 


where the superscripts denote the direction of the 
beam polarization. Any instrumental asymmetries 
cancel to first order using this eiqiresaion. 

When events were detected on only one side of 
the beam (left in this example), more care had to 
be taken in extracting the equivalent unpolarized 
cross sections. Writing the observed cross sec¬ 
tions with polarization up and down as 


and 


( 3 ) 


a I =0||(1 - P~A,), 


(4) 


one obtains for the unpolarlzed cross section 


+ 0 ; - (o2-oD^—y (5) 

Here P* and P'are the magnitudes of the incident 
beam polarization for spin up and spin down, and 
A, is the analyzing power of the target at the angle 
being considered. 

The analyzing power at the same angle is calcu¬ 
lated from the expression 


A,(0) 


o,(^* -t P-) 


which can also be written .as 


( 6 ) 


A,(e) = 


oI-oZ 

P VZ + P~ol ■ 


(7) 


Instrumental asymmetries cancel in this case only 
if they remain constant (or the spin up and spin 
down measurements. Particular care was taken 
to ensure that the beam position did not change. 


IV. RESULTS AND DISCUSSION 

The results of this experiment are presented in 
Table II and shown in Figs. 3 and 4. In addition, 
we have Included in the tabulation the data from 
Sletz et al.‘ averaged over the same angular ac¬ 
ceptance as the present experiment, and the data 
from McCamis et al.^ which were obtained under 
very similar conditions to those used here. Figure 
3 shows the complete angular distributions for 


/ia/di at all three energies. The data from the 
present experiment have been normalized to the 
results of Ref. 1 in the angular range near 13°-15°. 
The normalization uncertainty in the data of Stetz 
et al. was 5% and the combined additional statisti¬ 
cal uncertainty in the region of overlap of the two 
experiments is 2%. Almost the entire allowed 
range of four-momentum transfer -1 has been 
covered at each energy in the combined data from 
the three measurements. 

At 500 MeV the cross section has the expected 
behavior with a minimum at - f=;0.2B (GeV/c)^. 

A quantitative comparison can be made with the 
results of Klem et at 560 MeV, except In the 
region of the first minimum and secondary maxi¬ 
mum where strong energy dependence in the mag¬ 
nitude of the cross section is known to exist’ (see 
Fig. 5). The average difference between our re¬ 
sults at 500 MeV and the data of Klem Is 7,4%. 

For our data, the ratio of the magnitude of the 
differential cross section at the second maximum 
to that at the minimum is 1.26, which is consistent 
with the energy dependence obtained from other 
experiments.' There is a noticeable change in the 
slope of the cross section around - Irrt.O (GeV/c)^, 
the region where one expects to observe the onset 
of the triple scattering contribution in a simple 
Glauber model. 

The results at 350 MeV are in agreement with 
the previous data of Aslanides et al,* where there 
is overlap In the angular ranges (sec Fig. 5). In 
the overlap region the average difference between 
the data of the two experiments is 6 . 8 %, which is 
within the range of the estimated normalization 
uncertainties. There Is, as well, no syatemalic 
difference in the shape of the cross sections. The 
minimum seen at 500 MeV is replaced at 350 MeV 
by a "shouldei^ at -/ = 0.32 (GeV/cf and again a 
change in slope occurs at larger values of - 1, 
this time around - i = 1.2 (GeV/c)'. 

The 200 MeV data show a smooth decrease as a 
function of -f with a small shoulder near -1 = 0.45 
(Gev/c)* except at large values of - I where there 
18 an abrupt rise. The agreement with the un¬ 
published results of Gotow’’ is not as good as the 
comparisons at 350 and 500 MeV. 

The analyzing power results are Illustrated in 
Fig. 4. Once again, the angular distributions in¬ 
clude the data from Refs. 1 and 2. Their values 
have been adjusted slightly as indicated in Table 
n by using more recent values of the p-p analyzing 
powers.'*’The uncertainty In the normalization 
of the analyzing power at each energy is dominated 
by the uncertainty in the value of the p-p analyzing 
power used ( 1 . 0 - 1 .5%) and the systematic error 
introduced by the carbon background subtraction 
In the beam polarimeter (0.5%). Unlike data at 
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TABLE H. Protoii-%e elutlo •oattsiing oraaa Motions snd snslystnK power. 


iff , . , , io mb Cross sectios AnalyztBg 

-I (GoV*/c) dt (OeV«/<r> error (%) power Error 


T>>200 HeV 


4.T* 

87.6 

OMX 

063 

5.8 



0.3* 

84.7 

O.OOSO 

643 

3.1 



7.9* 

BS.O 

0.0079 

677 

2.6 



9.5* 

77.4 

0.011 

589 

2.3 



11 . 1 ‘ 

64.8 

0.016 

49S 

1.8 



12.8* 

52.8 

0.020 

405 

1.6 



13.0 

603 

0.021 

389 

0.8 

0.816 

0.018 

14,4* 

41.9 

0.026 

322 

1.6 



16.0 

39.2 

0.028 

302 

1.0 

0.699 

0.018 

17.0 

30.0 

0.036 

232 

0.9 

0.99.^ 

0.019 

19,0 

23.1 

0.046 

180 

0.9 

1.008 

0.021 

21.0 

17.2 

0.064 

135,2 

1.0 

1.003 

0,022 

23.0 

13.1 

0.066 

103,2 

1.0 

0.883 

0.021 

25.0 

0.73 

0.076 

77^ 

1.0 

0.752 

0.021 

27.0 

7.82 

0.068 

02,6 

1.1 

0,583 

0.019 

29,0 

6.23 

OJOl 

50.5 

1.1 

0.390 

0.019 

31.0 

4.81 

0.114 

39,4 

1.0 

0.208 

0.018 

33.0 

3.93 

0.128 

32.5 

1.1 

-0.013 

0.019 

36.0 

3.08 

0.143 

263 

1.1 

-0.184 

0.020 

37.0 

2.38 

ojsa 

20.1 

1.1 

-0.304 

0.021 

39.0 

1.83 

0.174 

IS .6 

1.1 

-0.455 

0.019 

41.0 

1.44 

0.191 

12.4 

l.i 

-0.697 

0.021 

43.0 

1.08 

0.207 

94S 

1.2 

-0.680 

0.022 

4S.0 

0.782 

0JS25 

6.95 

1.3 

-0.783 

0.024 

49.0 

0.442 

0.260 

4.04 

1.2 

-0.927 

0.027 

63.0 

0.249 

0J97 

245 

1.5 

-1.029 

0.035 

57,0 

0.166 

01534 

1.G2 

1.4 

-0.957 

0.030 

61.0 

0.102 

0J72 

1.02 

1.6 

-0.703 

0.040 

66,0 

0.0791 

0.410 

0.626 

2.5 

-0,320 

0.026 

73.0 

0.065 9 

0.486 

O.C28 

1.9 

-0,042 

0.019 

77,0 

0.047 3 

0.523 

0.563 

1.9 

0.026 

0.018 

80.0 

0.0431 

0.660 

0.519 

1.7 

0.076 

oilie 

85.0 

0.0348 

0.584 

0,440 

1.5 

0.118 

0.016 

90.0 

0.0267 

0.636 

0.356 

l.l 

0.095 

0.018 

95.0 

0.0196 

0.676 

0.276 

1.6 

-0.057 

0.014 

lOQ.O 

0.014 2 

0.714 

0.210 

1.6 

-0.104 

0.014 

lOS.O 

0.009 34 

0.760 

0.145 

1.6 

-0,204 

0.038 

116.0 

OilMOO 

0.813 

0.0683 

0.4 

-0.592 

0.012 

125.0 

0.002 04 

0.866 

0,0381 

0.8 

-0.897 

0,015 

135.0 

0.00168 

0.909 

0,0321 

3.0 

-0.632 

0.017 

140.0 

0.00162 

0.927 

0.0340 

O.D 

-0.479 

0.018 

144.0*’ 

0.001 66 

0.938 

0.035 8 

1.4 

-0.408 

0.017 

146.0 

0.00166 

0.943 

0.036 7 

0.9 

-0.358 

0.017 

152.0*’ 

0.06176 

0.961 

0.0396 

1.3 

-0.385 

0.014 

158.0^ 

0^10170 

0.973 

0.0392 

1.6 

-0.375 

0.020 

163.0^ 

0.00164 

0.981 

0.03S6 

1.6 

-0.369 

0.020 

168.0** 

0.00162 

0387 

0.0362 

1.7 

-0.305 

0.022 

r,- 350 MeV 







3.9* 


0.0036 



0.265 

0X27 

4.6* 

106 

0.0061 

669 

3.3 



6.6* 


03072 



0.439 

0.021 

6.3* 

122 

0.0093 

494 

2.2 



7.1* 


0.012 

' 


0.586 

0,014 

7,9* 

99.9 

0.016 

405 

1.5 



8.8* 


0.018 



0.649 

0.014 

9.6* 

B2B 

0.021 

337 

1.4 
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table n. (CmMiiKi i 


l,^(deg> 

tmb/sr) 

(GeVl/e) 

do mb 

It {OeV>/c) 

CroM Mcdon 
orror d) 

ABtlynlBg 

power 

Error 

360 M«V 







10.4 • 


0.02S 



0.712 

0.015 

11.1* 

68.0 

0.029 

280 

1.1 



12.0* 


03134 



0.746 

0.012 

12.8 ‘ 

54 B 

0il38 

224 

o.g 



13.7* 


0.044 



0.748 

0.011 

14.4* 

42.7 

0.048 

175.6 

0.9 



15.0 

39.2 

0.053 

161J 

0.8 

0.750 

0.014 

15.3* 


0.055 



0.717 

0.017 

19.0 

19.8 

0.083 

82.8 

1.0 

0.568 

0.016 

23.0 

8.64 

0.121 

36.6 

0.8 

0.303 

0.012 

27.0 

3.21 

0.164 

13.9 

0.9 

-0.082 

0.012 

31.0 

0.972 

0.213 

4.28 

1.0 

-0.501 

0.019 

33.0 

0.52G 

0.230 

2J5 

1.6 

-0.822 

0.026 

35.0 

0.300 

0.266 

1J6 

1.4 

-0363 

0.030 

37.0 

0.200 

0.295 

0.942 

1.7 

-0.614 

0.026 

39.0 

0.164 

0J24 

0.760 

1.8 

-0.227 

0.025 

41.0 

0.154 

0.354 

0.72D 

1.8 

0.161 

0.023 

46.0 

0.138 

0.433 

0.674 

1.5 

0.454 

0.022 

51.0 

0.0941 

0.516 

0.479 

1.6 

0.374 

0.025 

50.0 

0.0&3 4 

0.600 

0.284 

1.2 

0.196 

0.021 

01.0 

0.027 8 

0.686 

0.155 

1.0 

0.023 

0.013 

06.0 

0.013 0 

0.772 

0.0761 

2.3 

-0.211 

0.019 

71.0 

0.000 88 

0357 

0.042 3 

3.1 

-0.465 

0.028 

76.0 

0.003 79 

0.941 

0.0245 

3.4 

-0.671 

0.034 

81.0 

0.UU2 40 

1.02 

0.018 4 

4.8 

-0.802 

0.053 

86.0 

0.001 71 

1.10 

0.0123 

6.0 

-0.757 

0.006 

91.0 

0.001 21 

1.17 

0.009 26 

1.7 

-0.713 

0.015 

96.0 

9.88 * 10-* 

1.24 

0.007 95 

1.6 

-0.524 

0.012 

106.0 

8.44'10-* 

1.37 

0.00767 

1.7 

-0.139 

0.013 

110.0 

0.9(1 ' 10-* 

1.48 

0.000 91 

1.5 

0.035 

0.010 

120.0 

6.05 ' lO-* 

1.S7 

0.006 60 

3.0 

-0.085 

0.011 

KIO.O 

4,07 -.10-* 

1.64 

0.005 90 

1.2 

-0.349 

0.017 

u».o 

4.30 X VO-* 

1.G8 

0.00836 

1.5 

-0.552 

0.024 

l4r..«‘’ 

4.34 10-* 

1,70 

0.005 52 

2.4 

-0.095 

0.029 

152.0* 

3.91 A V0-* 

1.72 

0.00514 

2.5 

-0.744 

0.028 

157.0* 

3.5.S V 10-* 

1.74 

0.00482 

2.5 

-0,791 

0.028 

i«:i.(i* 

3.51 10-* 

1.7fi 

0.00483 

2.3 

-0,763 

0.030 

168.0* 

3.17 ■ 10-* 

1.77 

0.00442 

2.7 

-0.547 

0.032 

000 Mev 







3.9* 


0.0055 



0.283 

0.018 

4.7* 

203 

0.0078 

697 

2.4 



5.6* 


O.Oll 



0.386 

0.015 

6.3* 

213 

0.014 

506 

2.1 



7.2* 


0.018 



0.453 

0.013 

7.9* 

103 

0.022 

433 

1.4 



8.8* 


0.028 



0.530 

0.012 

9.5* 

130 

0.033 

348 

1.4 



1 0.4 * 


0.039 



0.643 

0.014 

11.1* 

93.7 

0.044 

251 

1.5 



12.0* 


0.051 



0.565 

0.013 

12.7* 

03.3 

0.058 

170.2 

1.2 



u.o 

Hl.O 

0.060 

164.2 

0.9 

0.508 

0.020 

13.6* 


0.066 



0.546 

0.013 

14.4* 

42.9 

0.074 

115.9 

1.1 



15.0 

38,1 

0.080 

103.2 

1.0 

0.607 

0.020 

15.2* 


0.082 



0.488 

0.017 

17.0 

21.7 

0.102 

59 a 

1.0 

0.403 

0.019 
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TABLE H. (Cimhmei.) 



^2- (mb/sr) 

~t (GeV*/c) 

da mb 
rff (OeViTcT 

Cross section 
error (%) 

AnaljslBg 

power 

Error 

;-.600 MeV 







19.0 

11,2 

0.127 

30.7 

0.0 

0.314 

O.OIS 

21.0 

5.62 

0.154 

1S.3 

0.9 

0.164 

0,015 

23,0 

2.40 

0.184 

6.72 

0.9 

-0.134 

0.016 

26.0 

0351 

0,216 

2.404 

1.4 

-0.452 

0.026 

27.0 

0.350 

0.249 

0.9BB 

1.6 

-0.613 

0.035 

29.0 

0.285 

0.285 

0.824 

1.2 

-0.076 

0.026 

31.0 

OJ30 

0.323 

0.963 

0.9 

0.397 

0.018 

33.0 

0.351 

0.362 

1.039 

1.0 

0.503 

0.017 

35.0 

0J41 

QA04 

1.023 

1.0 

0.488 

O.OIB 

37.0 

0.308 

0.446 

0.939 

0,9 

0.468 

0.018 

39.0 

0.258 

0.490 

0.792 

1.0 

0.374 

0.017 

41.0 

0.196 

0.535 

0.615 

1.0 

0,345 

0.018 

46.0 

0.0805 

0.653 

0.263 

1.1 

0.162 

0.019 

51.0 

0.026 0 

0.776 

0.088 9 

1.5 

-0.078 

0,026 

56.0 

0.007 37 

0.901 

0.0265 

2.2 

-0.166 

0.057 

61.0 

0.002 28 

1.03 

0.00862 

1.5 

0.037 

0.013 

66.0 

0.00141 

1.15 

D.006 63 

1.6 

0.408 

0,016 

71,0 

0.00111 

1.28 

0.004 67 

3.4 

0.484 

0.037 

76.0 

6.29 «10-* 

1.40 

0.00281 

3.7 

0.470 

D.040 

81.0 

3A6 X 10-* 

lJi2 

0.00182 

3.7 

0.318 

0.039 

86.0 

2.75 XIO-* 

1.63 

0.00138 

2.6 

-0.026 

0.026 

91.0 

2.44 X lO-* 

1.74 

0.00130 

2.9 

-0.326 

0.031 

06.0 

1.93 X 10-* 

1.84 

0.00109 

3.7 

-0.561 

0.042 

101.0 

1.97 X lO-i 

1.93 

0.00117 

3.6 

-0.670 

0.044 

106.0 

1.83 X10-* 

2.02 

0.00115 

3J 

-0.677 

0.047 

116.0 

1.49 X 10-* 

2.17 

0.00105 

4.7 

-0.495 

0.054 

L20.0 

1..70 X 10-* 

2.30 

0.00101 

3.1 

-0.144 

0.058 

136,0 

1.45 X 10-* 

2.40 

0.00123 

4.8 

-0.303 

0.052 

143.0 

1.53x10-* 

2.46 

0.00136 

4.0 

-0.482 

0,051 

145.0*' 

1.66 XIO-* 

2.47 

0.00150 

2.6 

-0.531 

0.024 

ISl.O** 

1.57 X 10-* 

2.51 

0.00147 

2.6 

-0.580 

0,030 

154.0*' 

1.48 X10-* 

2.53 

0.00140 

2.6 

-0.625 

0.D34 

160,0* 

1.46 X ifl-* 

2.56 

0.00142 

2,8 

-0.69S 

0.040 

165.0* 


2.67 



-0.578 

0.036 

168.0* 

1.17x10-* 

2.58 

0.00117 

3.3 

-0.482 

0.047 


“Data from Ref. 1 avereifod over the aame ugular acoeptanoe as this eaperlmont. 

‘Data from Ref. 2. For 200 MeV the analyzlog power of Bef. 2 has been adjusted by usIhr 0.305 as the p-p analyxlog 
power. 


energies below 100 MeV,'* a great deal ol struc¬ 
ture is i^iparent in the present data over the whoie 
angular range. A variation from +1.0 to - 1.0 in 
an angle change of only 30° is seen at 200 MeV. 

In fact our data at this energy yield extrema that 
are slightly larger in magnitude than 1.0 (although 
within errors), Indicating that the phase shift pre- 
lictions of the p-p analyzing power may be sligbt- 
y high. A second large negative excursion in the 
inalyzing power is also observed at - f > 0,85 
OV/c)* (see Table n). As the incident energy 
a increased above 300 MeV the extrema of the 
inalyzing powers are reduced but additional os¬ 


cillations in A, appear. 

The trend of smaller magnitudes in the oscilla¬ 
tions <rf A,(») which is seen as one proceeds from 
200 to 500 MeV in the present experiment is con¬ 
tinued at higher energies.' While one finds large 
positive and negative excursions in Uie analyzing 
power at 200 MeV, as the energy increases the 
minima fill in and the structure smooths out. 

This behavior is represented in Fig. 8 where the 
values of the analyzing power at the first maxl- 
SHim and the first minimum are plotted against 
incident proton energy. It is of interest to try to 
understand this behavior inasmuch as it may be a 
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t’lG. 3. The dlfferonlittl croSH socllon at 200, 350, 
and 500 MeV uh a function of the four-momnnhim trans¬ 
fer -1. 'Hie data from Refs. 1 and 2 are Included here. 
The normalization uncertainty is about .5% at all ener¬ 
gies. 


manifestation of the phase differences between the 
spin-dependent and the spin-independent ampli¬ 
tudes used in multiple scattering models. 

Figure 7 is a contour diagram of the analyzing 
power as a function of incident proton energy from 
130 to 1800 MeV. The vertical lines are located 
at the energies and angles where data exist. The 
contours are drawn in a manner which assumes a 
systematic behavior as the energy changes. The 
increase in stinicture in the analyzing power as 
the energy increases is once again illustrated 
here. An unusual structure in A,(d) can be ob¬ 
served at large angles between 200 and 500 MeV. 
One should note that in this energy and angle 
domain there is no backward peaking in the dif¬ 
ferential cross section,^ In contrast with the be¬ 
havior at both higher and tower energies. 


1.0 


I- oo 

p o 


200M*V*H«(p,p)*H* 


S 

< 


-0.6 h 




140 



^c-m. «*»»•) 

FIG. 4. The p-*lle analysing power as a function of 
e, „ St zoo, 350, and 500 MeV. Hie scale uncertainty 
is about 1-1..5% at all energies. 


V. CXiNCLUSIONS 

Generally, existing theoretical calculations 
have been of two types: Glauber multiple scat¬ 
tering theory predictions or optical potential 
model calculations (see Ref, 14 fur a summary). 
The Glauber model (and extensions thereto) Is 
reasonably successful in describing proton-nu¬ 
cleus scattering at small angles with some dif¬ 
ferences between experiment and theory appearing 
at large scattering angles and near diffraction 
minima. Optical model calculations baaed on the 
procedures of Kerman, McManus, and Thaler'^ 
have been limited by the Inexact knowledge of the 
nucleon-nucleon Interaction. Relativletlc treat¬ 


ments of the c^tlcal model potential based on the 
Dirac equation such as those of Arnold, Clark, 
and Mercer" have Investigated the possibility oi 
achieving a successful systematic description of 
the experimental data, including polarization re¬ 
sults, over a wide energy range. 

We have compared our results at 2(X) and 350 
MeV with two dlfierent calculations. At 200 MeV 
Alexander and Landau" have extended to proton 
scattering a microscopic, momentum space, op¬ 
tical potential theoiy which has been applied with 
some success to plan Interactlaas with light nu- 
clel.‘' Figure 8 illustrates their results along 
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-t (Q«V/c^ 

FFG. 5. Comparison of differential cross section 
results from the present experiment with those of Hcf. 

7 and Hof. 9 over regions of common -t. For clarity 
only some of the date points from Kefs. 7 and 8 are 
shown. 

with our experimental data. The agreement for 
the differential cross section at large angles is 
encouraging, although overall quantitative agree¬ 
ment is only fair. It is significant that the theory 
employed is derived from first principles and con¬ 
tains no free parameters. 



too 500 1000 


Tp IMlV) 

fig. s. The magnitude of the analyxing power at the 
first maximum and at the first minimum as a function 
of Incident proton energy. 


Dymarz and Malecki’’ have used an optical po¬ 
tential, derived from the Glauber model of multi¬ 
ple collisions, in a solution of the Schrodinger 
equation. The scattering profile function is cal¬ 
culated analytically hai'ing postulated a form for 
the single particle density and for a correlation 
function which serves to describe the nature of 
the interaction. A spherically symmetric poten¬ 
tial Is then evaluated from the profile function and 
is used in a numerical solution at the Schrodinger 
equation. Their method accounts lor center of 
mass and short-range correlations and Includes 
all terms in the Glauber series through the use 
of the effective potential they calculate. It is 
limited by present knowledge of the nuclcon- 
nucleon parameters and omits possible exchange 
effects between the projectile and the target which 
might be important at large angles for some en¬ 
ergies. A comparison of our data and the calcula¬ 
tion at 350 MeV is shown in Fig. 9. The solid 
curve is the result of their potential calculation 



ftem 

FIG. 8. The calculaticmB of Ref. 17 along with a aam- 
ple of the data of this experiment and that of (1) and (2). 
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-I (GeV/c)* 

FIG. 9. The calculatloiw of Ref. 19 along with a sam¬ 
ple of the (lata of this experiment and that of (1) and (2). 
The nucleon parameters of the calculation of Ref. 19 arc 
<r^^•23.0 mb, (7^„«32.0 mb, a,^ = -0.45, 

-a^- 1.5 (GcV)"*. 


using the parameters given in the figure caption. 
They refer to the dashed curve as the standard 
Glauber model, although the details of the ex¬ 
plicit nature id this calculation are not given. 

An examination of Fig. 7 reveals that measure¬ 
ments near 275 and 425 MeV could be useful in 
clearing up the energy-dependent behavior of the 
analyzing power. As well, larger angle measure¬ 
ments Id do/da and A,(S) at and above 600 MeV 
would be welcome additional information. 

Satisfactory tests of theoretical models of proton 
*He elastic scattering have been restricted by the 
limitations in available experimental data. The 
extensive measurements of da/dil and A,(0) pro¬ 
vided by this experiment as well as those of Stetz 
et al.‘ and McCamls el al.* in the energy range of 
200 to 500 MeV should aid In the resolution of this 
problem. 
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Extraction of the rrJVN form factor horn cbatgeA Jlioil jibotoprodlldifMI 


C. A. Dominguez* and Robert Beck Clark 
Department of Physics. Texas A&M Vni\)erslty CoHege Statkm, Texas 77843 
(Receivfld 3 December 1979) 

The irNN f{>rm fiKtor (f), at trnall values of the mofnentum transfer. 0<lt|:S0.3 (OcV/c)^, has 
been determined from an analysts of the esperimeatal data on yp—wir*H for incident photon energies in the 
range 3.4-18 OcV. A total of 104 unpolarized differential cross lectiooi and 22 asymmetries have been 
fitted with a Reggeized one-pion-exchange model. The best fits give for a roonopole vertex function a range 
A^ 1000 MeV and for a dual model type of form factor, an asymptotic rate parameter fi:s2.3-2.5. These 
results are consistent wnth those a recent snalysU of NN charge exchange scattering data at high energy 
and the same range of momentum transfers. The contribution of noa-one>pton exchanges Co the 
pboioprodiiction amplitudes has been found to be negligible and docs not affect the thus leading to an 
essentially model independent extraction of (O- The implications of these results for the comtructkm of 
nne<pi(m*cxchange potentials in nuclear physics is briefly discussed. 


- 

NUCLEAK REACTIONS) Plon photoproduetton on nucleoua at high energies; ex¬ 
traction of the tHN form factor at smalt momentum transfers; the one-pton- 
exchange potential. 


I INTROllUCriON 

The pionic form factor of the nucleon, i.e., the 
uNN three-point function is known to play an 
Important role in the NN interaction and consider¬ 
able effort has been devoted in the past to the 
study of Its analytic structure.* In fact, knowledge 
of the tins form factor is crucial for the construc¬ 
tion of NN potentials (or low and intermediate 
energy scattering, and calculations of NN phase 
shifts through the iteration of onc-pion exchange 
(OPB) are known to be sensitive to the range’ as 
well as to the off-shell structure of The 

three body force, some two to three body reac¬ 
tions such as NN — tiNN and OPE in nuclear physics 
are also examples of processes that depend strong¬ 
ly on the tiNN vertex function. On the other hand, 
the value of P,*, at zero momentum transfer is 
an important quantity related to the strength of 
chiral SU(2) x SU<2) symmetry breaking through 
the Goldberger-Trciman discrepancy.'' 

It has been customary to parametrize the uNN 
form factor by a monopole form'' involving a single 
free parameter A, i.e., 

f.xx(f) <1) 

However, exceiJt for its simplicity, there has been 
little basis for such a choice. A much more gen¬ 
eral and physically motivated form that was sug¬ 
gested some time ago is that based on the dual 
model for three-point fnncUons.*’’ In this frame¬ 
work the irNN [arm factor is 




r[i-o.(f)| 

r|d-a.(/)r 


( 2 ) 


where 

a.(l)=a'(/-ii,‘), (3) 

is the plon Rcgge trajectory with universal slope 
u' = hM/ *0.83 GeV"“ and d is a tree parameter 
that governs the asymptotic behavior of in 
the spaccllke region. Although as it stands Eq. 

(2) has poles on the real axis, it can be easily 
unitarizeiP without the undesirable implications 
that afflict the dual model for scattering ampli¬ 
tudes. Also, Eq. (2) can be generalized to de¬ 
scribe any hadronic vertex with one, two or three 
particles off the mass shell.’ 

Another parametrization of that has been 
popular in Regge fits to high energy reactions Is 
the exponential form factor." However, large 
angle scattering data seem to Indicate that form 
factors exhibit power rather than exponential as¬ 
ymptotic behavior in the momentum transfer, a 
feature predicted by the dual model’ and also by 
the constituent Interchange quark model (CIM)." 

In addition, an exponential form factor would 
imply exact 5 U( 2 )x SU<2) symmetry, and hence, 
the existence of zero mass pseudoscalar mesons 
(Goldstone bosons). 

In any case, once a model or a parametrization 
of is adopted, e.g., Eqs. (1) or (2), the prob¬ 
lem then becomes how to determine the range ol 
the form factor, be., A or fl, in the least model 
dependent fashion. One possibility, suggested by 
Chew"’ many years ago. Is to extract F.kkU) f*^"* 
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an analyals of NN acatterlng data at high energy 
and nmall valnea ot the momentnni transfer, the 
Idea being that in this kinematic region one ex¬ 
pects the OPE contribution to dominate. In this 
spirit, a fit to the average the differential 
cross sections tovjp — mt mAnp—pn atP,.^<<8 
GeV/c has been carried out by Bongardt, Pllkuhn, 
and Schlalle.^^ The reaction average is taken in 
order to eliminate p-A^ interference thus leaving 
basically two contributions, viz., the pion-Pomer- 
on cut and the OPE. If the form factor is param¬ 
etrized as in Eq. (1) the result of this analysis 
gives A~600 MeV. More recently, Cass and 
McKellar*’ have reanalyzed the SN charge ex¬ 
change data atP„(=8 and 23.5 GeVjc using the 
dual model form Eq. (2) and have found /3>e.S. If 
Eq. (2) is expanded in power series near 1-0 and 
approoiimated by a monopole form Eq. (1) this val¬ 
ue of fi Implies a range compatible with the pre¬ 
vious analysis. The problem is, however, that 
such a small value of A disagrees with results of 
dispersion theory calculations (A"! GeV) (Ref. 13) 
and such a large value of)) Is in contradiction with 
the asymptotic behavior of to be expected 
from the power counting rules of the CIM 0J“3).’ 
There Is also a contradiction with an analysis of 
NN plon production‘s although here the evidence 
is perhaps not as conclusive due to a higher degree 
of model dependence. 

It was pointed out recently" that the reason for 
this discrepancy is the Inadequate Regge behavior 
of the OPE contribution used In Refs. 11 and 12. 

In fact, when the plon pole is allowed to become a 
moving rather than a fixed pole at high energy ac¬ 
cording to the prescriptions of the orthodox Regge 
model, which is amply supported by experiment, 
then fits to NN charge exchange scattering data at 
8 , and 25 GeV/c give" A^QOO MeV or 
for Eqs. (1) and (2), respectively. It should 
be noted that if 2 Eq. (2) predicts that will 
have a faster asymptotic fall off than that given by 
the monopole form Eq. (1). For small values of 
the momentum transfer, however, Eq. (1) pro¬ 
vides an excellent approximation to Eq. (2) and, 
in fact, the fits mentioned above give basically 
the same X* for both models. 

Due to the key role played by the vNN vertex 
function in intermediate energy, as well as in nu¬ 
clear physics. It is essential to corroborate these 
results throu^ the study of additional reactions 
where the OPE contribution dominates and where 
the extraction ot Involves the minimum 
amount of model dependency. One such reaction, 
to which we address ourselves In this paper, is 
charged plon photoproduction, l.e., This 

process exhibits striking similarities with NN 
charge exchange since it la known‘**‘^ to be dom¬ 


inated at high energy and small momentum trans¬ 
fers by the plon pole and a slowly varying back¬ 
ground (e.g., v-Pomeron cut). At first sight, 
though, it seems that F^g„ would have to appear 
only cmce in the OPE amplitude for yp~i'n in con¬ 
trast with NN scattering where it contributes to 
both vertices in the crossed channeL However, 
since the exchanged pion is off the mass shell one 
would expect, a priori, some structure on both 
the yrir and mp vertices (see Fig. 1). In fact, it 
has been shown in Ref. 3 that in the framework 
of the dual model any three-point function 
F{P*,P*,P*) factorizes, i.e., 






(4) 


where s, la the spin of the particle with four mo¬ 
mentum P, and mass the li, are three free pa¬ 
rameters (one tor each distinct leg), andg^ is an 
overall normalization or coupling constant fixed 
at the fully on-shell point, i.e., 

^ = f(P,» = M,',P,» = M,%P,' = Af,*). (5) 

As a consequence of these considerations the form 
factor F„, (»’ = 0, q® = P,*, <) should be the same 
as the vNN form factor f) 

except for an overall normalization constant de¬ 
fined at the fully on-shell point (the electric charge 
for F^ and the strong coupling constant for F,,ry). 
This result then enhances the simlUrlties be- 



FKi. 1. The one-plan exchange (OPE) and klaematloa 
tor YP — v*ii. The bloba at each vertex Indicate the 
preaenoe of a form factor due to the off-ahell nature of 
the exchanged plan (aee text). 
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tween pion photoproduction and NN charge ex¬ 
change scattering. 

In addition, there are two other advantages for 
the yp-'i'n reacdcm when compared with MN. 

First, a very large number of differential cross 
section measurements for unpolarlzed photons 
over a wide range of energies and second, the 
availability of experimental data for the asymme¬ 
try found in yp - r*n with the Incident photons 
linearly polarized parallel and perpendicular to 
the plane of jN production. This second feature 
allows a separation of the natural and unnatural 
parity exchange contributions in the I channel'* 
and thus the isolation of the OPE. Furthermore, 

It Is known from this as well as from other reac¬ 
tions that asymmetry Information places stringent 
constraints on theoretical models, l.e., a model 
that gives a reasonable (It to unpolarlzed cross 
sections might fall completely to account for the 
polarization data. 

Another well known constraint in pion photopro¬ 
duction Is that imposed by gauge invariance which 
leads to constraint theorems in all channels having 
a Bom term.‘° An example of a model that satis¬ 
fies this constraint Is the so called electric Bom 
approximation which takes into account the f-chan- 
nel pion pole together with those contributions 
from the .v- and u-channel nucleon poles required 
for gauge invariance but without any form factor 
at the vertices.*’ Since our extraction of will 
be baaed on a fully Reggeized one-pion exchange 
with form factors, It will be important to verify 
that the constraints imposed by gauge invariance'* 
are still satisfied, it is easy to see that this will 
be the case due to (i) the factorization property 
of the dual model for three-point (unctions and (ii) 
the fact that once the overall coupling constant 
has been extracted from the form factor the re¬ 
mainder is normalized to one at the pole [see Eq. 
(4)|. Thus, the residues of the Dorn terms in the 
various channels are not affected by dressing the 
one particle exchanges and therefore the relations 
among these residues imposed by gauge invariance 
will not be modified. 

In Sec. II we define the heliclty amplitudes, cross 
sections, and asymmetry and, by means of the 
evasive constraint,'’ identify the amplitudes to 
which the OPE and the slowly varying background 
contribute. Since our purpose here is not to make 
a Regge (it to the data, per se, to add to a by now 
extensive list,” but rather to extract the uNN 
form factor we shall keep the pararaetrization of 
this background as simple as possible. In fact, we 
shall avoid any detailed dynamical model for the 
cut and simply assume a modified “poor man’s" 
absorption model'* where the background is pa¬ 
rametrized as an exponential. This has been a 


standard procedure in this type of analysis and 
will establish a one to one correspondence with 
the results already obtained from NN charge ex¬ 
change scattering. 

In Sec. ni we diecuss the resulte of simultaneous 
fits to the unpolarlzed differential cross sections 
and asymmetries at various photon energies in the 
range 3.4-18 GeV and momentum transfers 
O*; I / ( <0.3 (GeV/c)*. Our results give A = 

1003 ± 66 MeV (or a monopole form (actor Eq. (1), 
or 0=2.34^0.23 (or the dual model Eq. (2), with 
an Identical x* = 289 for a total of 126 data points. 
The sensitivity of the data to the presence of a 
tNN form factor has been established by attempt¬ 
ing fits with F,jr;r = 1 in Which case tbe best (it 
X* 1 b increased to x* = 411 (or the same number of 
data points. On the other hand, the presence of 
contributions other than the OPE and the pion cut 
has been studied by adding a Reggeized p-A, ex¬ 
change with electric and magnetic residue func¬ 
tions. The results of the search show that this 
extra contribution is negligible In the range of 
momentum transfers covered by the fit and does 
not affect the form factor or the x*i 1*6., 
A=1023±65 MeV and x* = 287. These results are 
compatible with those obtained from NN charge 
exchange scattering and provide an important In¬ 
dependent confirmation of theoretical expectations 
pointing to a range of the vNN vertex function of 
the order of 1000 MeV or an asymptotic rate pa¬ 
rameter 0^2-S. 

In the conclusion we discuss briefly the implica¬ 
tions of these results lor the Coldberger-Trelman 
discrepancy. 

II. KINEMATICS AND REGGEIZATION 

In the direct or s channel for yp - v'n there are 
(our Independent center of mass heliclty ampli¬ 
tudes*'g,(s,/)=grti-!>Ti’ where i = 1,2, 3,4 stands 
(or the photon, Initial nucleon, and final nucleon 
heliciUes 

= (-1, -i; i), (1, -i; -i), d. i; *). d, ~h i). 

respectively. In terms of these amplitudes the 
cross sections can be written as*' 

(s-Af*)»^ = ^(|^f,-^,|*+ |g,-g,|*), (6) 

for photons polarized parallel to the reaction 
plane, and 

for photons polarized perpendicular to the reac¬ 
tion plane. The unpolarlzed cross section is just 
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the average of the preceding two, Le., 

do 1 /do, doA 

3r'2\df *d^^ 


or in ite normal form, 

In Eqa. (6)-(8), s=.{Jt*p^'f le the square at the 
center of mass energy in the direct channel and 
t = ie the square of the momentum transfer. 

The asymmetry in pion photoproducUon with lin¬ 
early polarized photons is defined as 


do. do, 

r ±IJL 

da,' 
dt ^d< 


(9) 


The relation between the s-channel hellcity amp¬ 
litudes and the traditional Chew-Goldberger-Low- 
Nambu (CGUl) invariant amplitudes** Ffis, i) is 
given by 




(10) 

*'7T 


(U) 

V 


(12) 



(13) 


where i'«(s-M’)/2M ie the laboratory photon 
energy. Since the invariant amplitudes F^(s, 1) are 
free of kinematic singularities Eqs. (11) and (12) 
imply that g, and g, vanish identically at 1 - 0. 
Furthermore, from the "conspiracy relation”” 

[or pion photoproducUon, Le., 

^',(f = 0) = -|Lf^(, = 0) (14) 


ft follows that g, also vanishes at / 0. Therefore, 
the plon-Pomeron cut (or slowly varying back¬ 
ground), which clearly does not vanish at f = 0 
where It la responsible for all of the cross sec¬ 
tion, can contribute only to the ampUtude g^. On 
the other hand, F, and E, contain natural spin- 
parity exchange while P, and F, have unnatural 
spin-parity exchanges. Neglecting Aj exchange 
gives F^ = t> and therefore g, =g, so that finally one 
has 


?i(s, 0 f) - K* (s. <) - C,(f), 

(15) 

Xi(s,t)=gi{s, 

(16) 

g,(s, f) = -g,(s, 0 -g, (s, 1), 

(17) 


where C,(<) is the slowly varying background, g, 
the OPE, and g^ and the p-A, exchange ampli¬ 
tudes. The Reggelzed expression for the dressed 
OPE amplitude Is*' 


g,(s, t) = -eg,KK + expl-»»a,(l ))J 

’‘(t) (18) 

where s»(4»/l3T)*'*, g*,„„/4t= 14.28, ^(1) the 
pion flegge trajectory Eq. (3), Sg«l GeV* a scale 
(actor, and F,j,j,(f) the vNN form (actor which ap¬ 
pears squared according to the discussion in Sec. 

1. Similar expressions can be written (or h^is, t) 
suid g«(s, f) including electric and magnetic coup¬ 
lings although we would expect their contributions 
to be negligible at small f due to their nonleading 
behavior. In (act, the effect of the pole will be less 
Important and the A^N form factor will provide 
further damping. This expectation has been fully 
confirmed by the results of our fits to be dis¬ 
cussed in the next section. 

Parametrizing the background amplitude with an 
exponential form and using Eq. (18), the differen¬ 
tial cross sections for OPE plus pion cut become 


C, _M*)»^=^ [Ae*' + exp(-rta,(f)l} (0’F, 


•(f) 


(s_M*)*^.^i&p!i Ae*' * 
di 2 4v 


For A = 1 and h => 0 Eqs. (19) and (20) reduce to the 
"poor man’s” absoiptlon model of Ref. 16. The pa- 
ram strizatlon of the cutwas given no energy depend¬ 
ence beyond the overall factor of (s - M*) since the 
experimental cross sections in the forward direc¬ 
tion obey the l/s* scaling law. At <» 0 ttie unpo¬ 
larized differential cross section is 


(19) 

( 20 ) 

f— ---—- 

(s-M*)»^|^ =265A» ^bGeV*, (21) 

and' at the pion pole it becomes 

(m.* - f)*{s - j = 255(2 m,*) pb GeV*, (22) 
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Which, except for the presence Oi A in Eq. (21), 
are the same results one obtains from the electric 
Bom modeL Since this model is known to predict 
roughly the correct value of the forward cross 
section, we would expect A to be close to one. 

Away from t-0, however, the Reggeized and 
dressed OPE model with absorption that we are 
considering should provide an improved descrip¬ 
tion of the data. For values of f very near the 
forward direction, e.g., | f| <r 0.05 - 0.1 (GeV/r)®, 
the interplay between the cut and the plan pole 
will be responsible for the forward spike in do/dt 
and the rapid rise in the asymmetry with F,i,i, 
playing almost no role. At higher values of the 
momentum transfer, however, the data should 
be more sensitive to the range of the nNN form 
factor. 

In summary, there are three free parameters 
in this model, i.e.. A, A, and 0 (or A) and two 
Independent sets of experimental data, viz., the 
unpolarlzed differential cross sections and the 
asymmetry. As mentioned previously, though, 
the presence of other non-OPE terms in the amp¬ 
litudes, e.g., p-Af exchange, should also be tested 
in which case there will be two additional param¬ 
eters; these additions should increase in import¬ 
ance as the value of |/| increases. 

Ill FITS 

We have used all the available data®® above 
V = 3.4 GeV measured at SLAC, DESY, and Cam¬ 
bridge Electron Accelerator (CEA), I.e., unpolar¬ 
ized differential cross sections®'*'®® between v = 3.4 
and 18 GeV and asymmetries®"'in the range 
v = 3.4-16 GeV, Restricting ourselves to the in¬ 
terval 0 < I /1 * 0.3 (GeV/r)* we have used a total of 
126 data points of which 104 were differential cross 
sections and 22 were asymmetries. The results 
of the fits with the OPE model with abeor|>tlon are 
listed in Table L As expected, the addition of 
non-OPE contributions to the amplitudes, e.g., 
p-A, exchange, did not change the results; we 
found A X 1.104± 0.004, A= 1.29i:0.04 (GeV/c)-', and 
A = 1023±65 MeV with a li* = 287. In this case the 
strength of the p-Aj contribution at the highest 
energy and highest momentum transfer (where It 



FIG. 2. Unpolarlzed differential cross sections for 
various incident photon energies, e DESY, 3.4 GeV 
(Bef. 24); O SLAC, S GeV (Refs. 27 and 28); a DESY, 6 
GeV (Rets. 24-2S); A SLAC, 8 GeV (Refs. 27 and 28); 
n SLAC, 11 GeV (Refs. 27 and 28); m SLAC, 16 GeV (Refs. 
27-29); V SLAC, 18 GeV (Ref. 28). Only a part of the 
data ts shown. The solid curve represents the beat tit 
with t)ie Reggized OPE model with absorption and form 
factors (see Table I). 

Should be largest) was suppressed relative to OPE 
by roughly two orders of magnitude. 

The sensitivity of the parameters A, A, and p 
(or A) to the range ot momentum transfers cov¬ 
ered by the fits was analyzed by refitting the data 
in different Intervals, with the result that the val¬ 
ues listed In Table I (0< |f| <0.3 (GeV/c)*) gave 
essentially the lowest K®. For instance, for a 
range 0< | f | <0.2 (GeV/c)* we found A = 1.090 
±0.004, A=1.19±0.01 (GeV/c)*®, and A=x848±12 
MeV with a for 117 degrees of freedom, 

while for 0 < | /1 <0.45 (GeV/c)* we found A = 

1.109± 0.004, A=1.43±0.02 (GeV/c)-®, and 
A=1790±180 MeV with a X® = 449 for 139 degrees 
of freedom. 

Since the number of experimental differential 
cross sections is much larger than the number of 
asymmetries and most of the measurements of the 
latter have been done at vs3.4 and 16 GeV, we 
have also run fits to da/dt and Z at these two ener¬ 
gies and |f[ <0.3 (GeV/c)* in order to check the 
stability of the results. We found in this case that 
A= L118±0.009, A=.1.33±0.0e (GeV/c)"®, and 
As 1210 1 160 MeV with a X® = 131 for 45 degrees 


TABLE I. Parameter values from fits to pion photoproductlon differential cross ssotlona 
and aaymmetrlee. 126 data points-3 parametsrBsl23 degrees of freedom. 


Form factor 

X* 

A 

(MgV) 


A 

b 

l(GeV/c)-*] 

Monopole 

Dual model 

No form factor 

289 

289 

411 

1003^66 

m 

2.34±0.2S 

2 

1.103 ±0.004 

1.104 ±0.004 
1.10S± 0.005 

1.34 ±0.03 
1.36±0.03 
1.4S±0.08 
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FIQ. 3. Agymmetrlea at various Incident pboton ener¬ 
gies. eDESY, 3.4GeV(Ref8.30 aod31), nSLAC, 12GeV 
(Ref. 32); ■ SLAC, 16 GeV (Ref. 29). Only part of t)te 
d.ita Is shown. Solid curves represent the best fit with 
the Roggolzed OPE model with absorption and form fac¬ 
tors. Curve (a) Is for v>a.4 OeV and curve (b) Is (or 
a • 16 GeV showing the energy dependence of the Reggo- 
ized OPE. The dotted curve Is the best fit with no form 
factors (A^a> or 2) at a“3.4 GeV (see TaUe I). 


of freedom, 

Oir predictions from Table 1 are illustrated in 
Figs. 2 and 3 where only part of the data has been 
shown due to the high degree of overlap and clus¬ 
tering especially near the forward direction. The 
Reggeized OPE model has some energy dependence 
besides the overall (s -Af“) factor which is much 
more pronounced in £ as seen in Fig. 3; the dif- 
xential cross section curves for the different 
lergles cannot be resolved with the scales used 
1 Fig. 2. The impact of the vNN form factor is 
!St seen in the prediction for the asymmetry 
ith A=<» or 3 = 2 (dotted curve) at ('=3.4 GeV, 
though the value of x’ in this case speaks for 
self. 

In summary, our results point to a range of the 
W vertex function A«1000 MeV or 3a2.3-2.5 
> agreement with the recent fit to NN charge ex- 
lange scattering'* as well as with other more 
odel dependent extractions*’'* and theoretical 
tpectattons.’’'''" 


IV. CONCLUSIONS 

The BimilarlUes between NN charge exchange 
i:attering and plon photoproducUon provide us 
ith the opportunity of verifying the overall con- 
istency of the uNN form factor extraction. More- 
^er, the availability of two independent sets of 
xperimental data, Le., unpolariced cross sec- 
ons and asymmetries, places more constraints 
n the paramstrlzatioo of Oieyp — i'n reaction 
iving us a more stringent test On the other 
tnd, at small momentum tranefers the slowly 


varying background amplitude can be easily pa¬ 
rametrized and all other ncxi-OPE contiibutlone 
are expected to be negligible, making the deter¬ 
mination of eseentially model independent. 

Our results indicate a range of the vNN form 
factor Aw 1000 MeV for a monopole parametrlza- 
tlon Eq. (1), or an asymptotic rate parameter 
3w2.3-2.5 for the dual model, consistent with the 
results of a recent charge exchange analysis.'* 

Although the x* was identical for both models, it 
should be realized that they predict different as¬ 
ymptotic behaviors In the epacelike region; the 
monopole form behaves like f'‘ while the dual 
model behaves like I'** as The question 

then becomes which model should be trusted more 
In applicatlone where a knowledge of In a 
wider range of / is needed, e.g., in the iteration 
of OPE in the Blankenbecler-Sugar equation for 
NN scattering. We argue in favor of the dual 
model due to Its sound physical motivation based 
on the most successful features of the Regge and 
dual models, e.g., correct asymptotic power be¬ 
havior and mass spectra. It should also be added 
that when used to describe electromagnetic and 
weak vertices" this model is in excellent agree¬ 
ment with experimental data in a very wide range 
of momentum transfere, e.g., up to (w->30 
(GeV/c)* for the magnetic form factor of the nu¬ 
cleon. 

As a final point we wish to comment on the Imp¬ 
lications of our results for the Goldberger-Treiman 
discrepancy, l.e., 




Where and/, are the 3 decay and pion decay 
constants, respectively. This quantity is of great 
theoretical Interest since it is a direct measure 
of the strength of chiral SU(2)x su(2) symmetry 
breaking, l.e., the mechanism that explains the 
smallness of the pion mass on a hadronic scale.* 
The tNN form factor at zero momentum transfer 
is related to A, through* 

E,„,(/ = 0) = 1-A,. 

One of the arguments Invoked In the past In favor 
of a very short range vNN interaction was baaed 
precisely on this equation. In fact, the experi¬ 
mental value of A, used to be wig^ implying a 
range Aw400 MeV for a monopole form factor. 
However, the actual value of A, is far from set¬ 
tled and bae been gradually decreasing as new 
defermlnatioDB of g,„M and become available. 
Using the latest compilation of coupling constants’* 
one has at the present time: /, =03.24 ^0.00 MeV, 
Af,yj,*/4t = 14.28i0.18, andg,) = 1.200*0.012, giving 
lor A, 
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A, = 0.05+ 0.01, 

where the error should be handled with extreme 
care in view of the historic evolution of Using 
A *1000 MeV or fl»2.3-2.5 from Table I we find 
\ »0.02 in both cases. This result agrees with 
Independent estimates based on dispersion theory 
calculations of the matrix elements of the diver¬ 
gence of the axial-vector current In 0 decay’’ as 
well as with various other theoretical esti- 
mates.*''' ’* In order to obtain \ *0.05 we would 
need a range A=600 MeV or an asymptotic rate 


parameter p > 10, which are ruled out by the pre¬ 
sent analysis of pion photoproduction and by the 
A/Af charge exchange results.” Moreover, lf^=10 
then the nSN form factor would behave like f* as 
f —clearly an inconceivable situation. 
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la view of the fbndamenta] importance of radiative muon capture, particulaily in light nuclei, and of the 
aoanewhat oonfuaed theoretiGal dtuatioa, a new calculation of radiative muon capture on the proton and on 
'He haa been made. TMa calotlation is based oo the standard set of diagrams but, unlike previous 
calctilstiaas, has been perfonned without making nonrelativittic approximadoat. Results ate given for the 
rate and pbotoo s p ectr um for both 'H and ‘He. A detailol comparison of this calculation is made with the 
approach developed by Hwang and Primakoff' which is baaed on general constraints of conserved vector 
current, partially conserved axis! vector current, and gauge invariance and on a special linearity hypothesis 
to try to underitaod why the Harang-Piimalurfr results differ markedly from all previous reaulta. It it shown 
that this calculation, at wdl at other standard ones, satisfy the general constraintt of Hwang and Primakoff 
and that the diflietencet arise because of their linearity hypothesis and other approximations. These 
diffennecs are examined in detail, and it is shown that the numerically most important one arises because 
the linearity hypotheait hat been used in such a way that it leads to a Hwang-Ptimakofr amplitude which 
violates the Ixiw soft photon theorem. 

RADIOACTIVITY li'p-'VKY and p^He—t^Hy; relativistic calculallona of ratcl 
I and photon spectrum. I 


I, INTRODUCTION 

Radiative muon capture (RMC) has long been 
recognized as one of the fundamental weak Inter¬ 
action pracesses which U particularly sensitive 
tofff, the Induced pseudoscalar coupling of the 
weak hadronic current. Several experiments have 
been performed In nuclei,'** particularly *°Ca, but 
more recently In to measure the photon spec¬ 
trum and In some cases the photon asymmetry with 
the aim of extracting A number of theoretical 
calculations have also addressed the question of 
RMC In nuclei.However, In a nucleus there 
are a number of uncertainties which make Inter¬ 
pretation of the results In terms ol gr difficult*'*•'* 
These uncertainties arise In part because of the 
lack of knowledge of the nuclear structure or par¬ 
ticularly lack of knowledge of the excitation spec¬ 
trum cf the final nucleus, which usually forces 
use of the closure approxlmaUon. 

It is thus very important to look at the very 
light nuclei, e.g., the proton, deuteron, or 'He, 
where the nuclear physics is well understood and 
where the final state is clearly defined so that 
closure is not necessary. Such experiments are 
quite difficult because of the low rate for RMC 
in light nuclei relative to the decay rate, How- 
ver, higher muon fluxes avalldxle at the new 
leson taclllttes have made some such experiments 
sasible, and In particular an RMC experiment In 
He has been proposed at LAMPF.** 

Somewhat surprisingly the theoretical situation 
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for such very light nuclei is confused. Older cal¬ 
culations for the proton exist, e.g., that of Opat,'* 
and Beder** has calculated some specific correla¬ 
tions In both *H and ’He. More recently Hwang 
and Primakoff* (HP) have made a new calculation 
of BMC In 'H and ’He, later applied also to 
using an approach which starts with a very general 
amplitude constrained by the conserved vector 
current (CVC), partially conserved axial current 
(PCAC), and current conservation or gauge in¬ 
variance (GI) conditions plus a special "linearity 
hypothesis" rather than with a set of Feynman 
diagrams as used in essentially all other calcula¬ 
tions of RMC In both light and heavy nuclei. Their 
results differ dramatically from the older calcula- 
tlons***'’ lor ‘H and ’He and also from a new cal¬ 
culation* for ”C (see Table I), which Is somewhat 
surprising since the standard diagram approach 
seemingly also builds in currents satisfying CVC, 
PCAC, and Gl, and contains roughly the same 
physics as the calculations of HP. 

In view of the fundamental significance of these 
very simple reactions, and the implications they 
may have for understanding RMC in more comp¬ 
licated nuclear systems. It Is extremely Import¬ 
ant to understand the reasons for the quite differ¬ 
ent results in the two approaches. Such under¬ 
standing Is the first purpose of Uris paper. The 
second Is to provide some numerical results tor 
’H pnd ’He which may be useful In current’ or 
future experiments. 

To begin, the standard diagrammatic approach 
I9SI 
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TABLE L CoRiparison of tbe results of Uwsng and 
Prlmakoff with those of Opat (Ref. 14), Beder (Ref. 15), 
and Wullschicger and Scheok (Ref. 9). Listed are the 
RMC rates for capture from various spin states on the 
proton, the pbotaa spectrum dr/Jt for several values of 
A for RMC on ^He, and the ratio of total radiative to ord¬ 
inary rates for capture on leading to the ground state 
of **3. 



HP 

Others 

Ref. 

‘H: Singlet rate 

0.0180 

0.0050 

14 

Triplet rate 

0.0377 

0.0900 

14 

Statistical rate 

0.0328 

0.0687 

14 

’He: -^(70 MeV) 
ak 

2..53X10"’ 

4.58X10“” 

15 

-^(BO MeV) 
an 

1.46X10“” 

2.6.5X10“” 

15 

-^(90 MeV) 
ak 

6.10X10'* 

1.07X10“’ 

15 

^C: Relative rate 
(to ) 

2.08X10“* 

:i.09' )0“* 

!) 


Is reviewed and some details of our "standard" 
calculation (which differs from previous ones in 
that no nonrelativistic approximations are made) 
arc described. The HP approach is then discussed 
and the explicit ways in which the final amplitude 
differs from the standard result and the numerical 
significance of these differences shown. The next 
step Is to understand the origin of these differ¬ 
ences in terms of the approximations and assump¬ 
tions made by HP. Finally some numerical re¬ 
sults are given (or the proton and, after some 
discussion, for 'He. 

n. RtVfDV OF STANDARD AND HP APPROACHFS 

The “standard” theory of radiative muon capture 
(see, e.g., Ref. 5) begins with a particular set of 
Feynman diagrams or equivalently a relativistic 
Hamiltonian which reproduces these diagrams.^ 

A relativistic amplitude for RMC on the proton is 
constructed and an expansion of this amplitude 
In powers of 1/m leads to an effective nonrelattv- 
istlc Hamiltonian which can be evaluated between 
the appropriate nuclear states or two-component 
spinors In the case of the free protoa This ap¬ 
proach has been used for essentially all previous 
calculations of RMC except those of HP. 

Five diagrams (Fig. 1) are usually used. The 
leading ones are the usual external radiation dia¬ 
grams [Figs. 1(a), 1(b), 1(c)] In which the muon, 
proton, and neutron radiate. These are Just the 
diagrams which are necessary to obtain the l/k 
and k/i terms In an expansion of the radiative 
amplitude in powers of the photon momentum A 


and thus to satisfy the Low soft idioton theorem.” 
To these are added two additional diagrams. Fig¬ 
ure 1(d) corresponds to radiation from tbe internal 
plon In the diagram responsible (or g>. It is 
analogous to the type of contribution one would ob¬ 
tain by the minimal substitution p~^p-eA in the 
momentum dependence of gp. The final term. Fig. 
1(e), Is a gauge term obtained by letting p-^p-eA 
in the explicit momentum-dependent terms In the 
weak hadronic current Neglected are a number 
ol additional terms such as gauge terms coming 
from the structure of form factors other thang>, 
various structure terms, higher-order terms gen¬ 
erated by PCAC, etc. Some of these were con¬ 
sidered by Manacher and Wolfensteln” and by 
Adler and Dothan” and seem generally to be smalL 
From this set of diagrams one obtains a relativ¬ 
istic amplitude for RMC on a proton of the form 

Af„ = M, + Af, + M,, + Af, + A/,, (1) 

where”" 






Af. - ^ > 

'll 

r“(?)=^vT“ 



FIG. 1. Stondard diagrams contributiag to radiative 
muon capture on a proton. 
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gp^grki'). and 

where the weak and electromagnetic couplings 
Ge/iT have been extracted. In these expressions 
the {our>momenta satisfy ti*p=:n*v*k, c is the 
photon polarisation vector, Q,, k,, m^, andQ., k,, 
m, are, respectively, the initial and final nuclear 
charges, anomalous magnetic moments and mas¬ 
ses, and m is the nucleon mass. The second- 
class terms gg and gf will be neglected from now 
on. The momentum dependence cf gp(i^) will be 
taken aeg>(g*) =g,(m,* + m,’)/(m,’-( 7 ’) with 
g, - w, (t"p + w.te* /(m,* + «„ •) a 8.6 being the 

Goldberger-Trelman'^ value. Unless otherwise 
noted, = 1 . 0 , = gs-3.71, x^al.79, 

and k, = -1.91. 

Observe that there are two different momentum 
transfers In this expression: and 

q„*n-p + k. Figures 1(a) and 1(d) depend on < 7 ^, 
Figs. 1(b) and 1(c) depend on qg, and Fig. 1(e) 
contains both, bi the region of interest corres¬ 
ponding to large *, (/t*® whereas can 
approach Thus gp is evaluated nearly at the 

pion pole and hence Is enhanced for large k by 
almost a factor of four over gp. 

In the usual approach, used by essentially all 
authors except Beder,’* this amplitude is expanded 
in powers of p/m to obtain an effective Hamilton¬ 
ian. Matrix elements of this Hamiltonian are 
taken and squared and multiplied by phase space 
which has also often been taken In some nonrela- 
tivisUc approximation. The end result is a rate 
which is good through 0 (l/m) but which generally 
contains only part of the 0(l/tn*) terms. (Bee, 
lowever. Ref. 7.) 

Oir approach, which was used to generate all 
numerical results given below, differs somewhat 
n that no nonrelatlvietlc approKimations or expan- 
Jlons in powers of 1/m were made. Instead the 
implitude of Eq. ( 1 ) was evaluated numerically by 
lirect multiplication of the various factors, 
squared and summed on spins, and used in the 
ully relativistic formula for the rate 


r 


rad 


I*m. r*»»» 
2 ( 2 r)* Jg 


frdkdOgdn, 



( 2 ) 


»herev=f-?, (W,’-m,')/2H'o, = 

- (binding energy of muon), E, * H'oOa,, - fe)/ 

K n - led - v )1 and | | ‘ is the muon wave function 

iveraged over the initial nucleus and is taken for 
he proton as the point Coulomb result at r > 0. 

The is for the statistical spin mixture and 

>>uBt be replaced appropriately if singlet or trlp- 
et rates are desired. 

Since no nonrelatlvistic approximations have 


been made here, the numerical results wilt con¬ 
tain all orders in powers of 1 /m both in the phase 
space and matrix element and so may differ 
somewhat from previous calculations which have 
variously dropped terms of 0 (l/»i*), often terms 
of 0(p/m) and even sometimes other 0 (l/m) 
terms. In nuclei the size of these 0(l/m’) terms 
has been investigated recently,'' and it was found 
for *‘’Ca that all 0 (l/m*) terms together contrib¬ 
ute up to 20 % of the rate, though the most import¬ 
ant of these are obtained from the square of the 
usual 0(l/m) Hamiltonian. The 0(l/m) terms con¬ 
tribute 40-50%, depending on k. The velocity 
terms, which explicitly contain the momentum p 
and contribute in a nucleus as a result of the non¬ 
zero Fermi momentum of the initial proton, give 
roughly 10%. Thus there may be residual differ¬ 
ences between the present results for which all 
terms have been kept and those of others in which 
some of these terms have been dropped, it has 
been verified that the present calculations, using 
comparable form factors and for HP the changes 
discussed below, agree in the m — «o limit with re¬ 
sults of both Opat'* and of HP to a few percent. 

For finite mass these results agree with Opat*^ at 
the 10 % level, the difference being presumedly due 
to these additional relativistic corrections. Nu¬ 
merical work has also been checked against anal¬ 
ytic results In the w— “and in the 1 lim¬ 

its. 

This standard approach can be contrasted with 
that of Hwang and Primakolf,'* who attempt to go 
as far as possible in deriving the RMC amplitude 
using only very general properties such as CVC, 
PCAC, and GL Their approach thus may poten¬ 
tially provide a quite useful framework for looking 
at corrections not given by the usual perturbation 
theory diagrams. 

To begin, HP expand the hadronic part of the 
RMC amplitude in terms of the most general set 
of structures which can be formed from the avail¬ 
able vectors. Each structure is multiplied by a 
form factor which can be a function of the available 
invariants and couplings. The leptontc part Fig. 
1 (a) is evaluated as in the standard theory, using 
the usual definitions of the hadronic weak current 

Next the general conditions CVC, PCAC, and GI 
are Imposed on the full amplitude, thus generating 
a set of constraint equations among the general 
form factors and the weak form factors from the 
muon radiating diagram. Fig. 1(a). These con¬ 
straints are not sufficient to determine ail un- 
kne^ form factors, so it is necessary to make 
an additional “linearity hypothesis." This hypoth¬ 
esis requires that the form factors be linear in 
the various couplings, which is just a r^lection 
of the first order electromagnetic-first order 
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weak nature of the proceee, but more Importantly 
that each form factor have the specific form 


*•» «• p 


ThU form le motivated by the expreaelona ob¬ 
tained in perturbation theory from dlagrama 1 (b) 
and 1(c). It involves two crucial assumptions, 
namely that the only denominators allowed are 
those which would be obtained from neutron or 
proton propagators aa In Figs. 1(b) and 1(c) and 
that there la dependence on 4 ^' but not on 
Thus contributions such as Mg from the plon 
radiating diagram are ruled out by assumption, 
and /Ip either cannot appear or Is approximated by 
8f- 

Finally, it Is still necessary to assume that 
some of the form factors have their perturbation 
theory values os obtained from Figs. 1(b) and 1(c). 
Then with the linearity hypothesis and the con¬ 
straint equations derived from general principles 
it Is possible to solve for all of the unknown form 
factors and obtain an amplitude analogous to that 
of Eq. (1). This amplitude le then expanded in 
powers of 1/m and all 0 ( 1 ) terms, which all con¬ 
tain gp or gg, are kept but only those 0 (l/m) 
terms Involving or gp. Thus fewer terms are 
kept than In the usual nuclear calculations. This 
amplitude is then squared and the cross section 
obtained in the usual nonrelatlvlstlc manner. 


HI. COMPARI.SON OF STANDARD AND HP APPROACHES 

Having reviewed the two different approaches 
the next step is to examine the differences to try 
to understand the reason for the large difference 


» 


In numerical results. This comparison will be 
done In three stages, first by examining the ex¬ 
plicit differences, then looking at the numerical 
effect of each of these differences, and then un¬ 
derstanding the physics, Le., the aasumptlona 
and approximations which lead to these differ¬ 
ences. 

It is perfectly straightforward, though tedious 
since the metric and coupling constant definitions 
are differenL to compare directly the amplitude 
of HP, Eqs. (3)-(5), (26), and (S3) with the result 
of Eq. (1) above. The conclusion Is that to get the 
result of HP Eq. (1) must be modified In the follow¬ 
ing three ways: 

(1) Drop the contribution Mg correspcmdlng to 
the radiation from the Intermediate plon. 

(2) Neglect the difference between and qg In 
the form factors and evaluate all form factors at 
4 ^’ (actually at an average value of 4 ^*). Thus the 
difference between gji and g} and the enhancement 
due to 4 ^ Is neglected everywhere. 

(3) Change the sign of some of the gp terms ap¬ 
pearing in the hadronic amplitude, in particular 


i(n ~P +fe)° 
~ik-p 



-ikp 


In A/,, 


g!p{n-P*k'f gjin-p-kY" 


gp~-gp In Mg. 


The set of changes (1) and (2) together or the 
set (1), (2), and (3) both lead to an amplitude 
which Is gauge Invariant so that it makes sense to 
look at the numerical differences brought about by 
these changes. Such results for the proton ai« 
shown in Table U. Observe first that the approxl- 


TABL£ II. Effect of the differences (1), (2), and (3) between standard and HP theories, aa described In the text, on 
the singlet (r,), triplet (T,), statistical F,), and ortho piip molecular IrFi+TF,) rates for RMC on a proton. 

Case (a) la the standard result from Hqs. (1), (2) with gy 1, gg - —1.Z5, gj,~3.71, and gp=i.Ogg. Case (b) la (a) with 
the plon radiating diagram Fig. ](d) dropped and qg—qi corresponding to the modIfloatloiiB (1) and (2) of the text. Case 
( 0 ) Is the same as (b) but with the sign changes In certain gp terms corresponding to modifications (3) of die text snd 
thus has the same matrix element as H P. Case (d) is the same as (o) except that the alightly different form factors of 
HP have been used. Case (o) is the m—limit of (a) and thus oorreaponda to negleoting all 0(l/m) and higher terms ia 
the matrix element and phase spaoe. 


Radiative rate 


Case 

Singlet 

Triplet 

StatlsUoal 

Ortho piip 

(a) Standard theory—ualng Eqs. (1),(2) 

(b) As (a), but with changes (1) and (2), 

3.23 )<10'* 

9.98 xiO'* 

7.56X10"’ 

2.74X10"* 

i.e., no r radiation aadqg—qi, 

(c) Aa (b), but with change (3) In addition, 

1.80 xiO"’ 

9.69 xiO"* 

7.32X10"* 

2.66X10"’ 

l.e., aign change In aome gp terms 
(d) As (cl but using same ooupllnga and 

19.97 xio"’ 

5.36X10"’ 

4.62X10"’ 

2.84X10"* 

form laotora aa HP 
(e) Aa (s), bat with m—« everywhere 

19.22 xio"* 

5 . 14 x 10 "’ 

4.34X10"’ 

2.73X10"’ 

except In l^p(0)|' 

0.426 xiO"* 

5.18X10"’ 

3.90X10"’ 

1.83X10"’ 
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mationa (l)i-(2) do not change the atattetlcal or 
triplet rates very much, but do reduce the singlet 
rate by almost a (actor <A 2. Thus the pitm radiat¬ 
ing diagram seems to be relatively small and the 
enhancement coming from gp also is much less 
important than might be expected. This probably 
just reflects the (act that the muon radiating dia¬ 
gram dominates. When die change (3) is made, 
however, both the statistical and triplet rates are 
reduced by a factor of almost 2, and the singlet 
rate is Increased by more than an order of magni¬ 
tude. Clearly it is the change In sign of some d 
the Kr terms which has the most Important numer¬ 
ical effect. 

Shown also are the results obtained with the 
changes (1), (2), and (3) and In addition the form 
factors and couplings taken as nearly as possible 
to be the same as used by HP. The changes re¬ 
sulting from the slightly different choice of coup¬ 
lings are small. There still seem, however, to 
be some residual differences between these re¬ 
sults and those actually quoted by HP, particularly 
for the triplet rate. Our results for the triplet 
rate are, however. In agreement with those 
Opat^'* to within about lOI when evaluated at the 
appropriate values of the couplings. It may be that 
this residual difference with HP (and the nmaller 
difference with Opat) Is due to the higher-order 
relativistic corrections to both phase space and 
matrix element which are Included In our result 
Unfortunately as a result of the numerical evalua¬ 
tion of the amplitude used here It Is impoesible to 
sort out the contributions of each Individual power 
of m. The 0(1) terms can be extracted numerical¬ 
ly, however, by taking m— «> everywhere except 
In |$tt(0)|*. Such results are shown also In the 
table and agree In this limit with HP’s results as 
calculated from Eq. (46a). Clearly the 0(l/m) 
and higher contributions are Important, contribut¬ 
ing almost half of die triplet rate and nearly all of 
the singlet rate. One further estimate can be 
made, albeit for the nucleus *°Ca rather than lor a 
proton, by using the work of Ref. 7 where terms 
in the matrix element were separated Into various 
powers of m. Using a simple shell model-harmon- 
Ir oBcUlator wave function approach one can test 
the approximation of HP erf keeping only gr,g^t 
gr/m terms In the Hamiltonian. For *Ca 
this approximation misses 20-30% of the photon 
spectrum for larger k and even more for small 
ft. Thus It appears that these approximations may 
not be as good as was assumed, and it Is at least 
possible that these higher-order corrections could 
account for the residual differences mentioned 
above. 

Having seen that the differences between HP and 
the standard approach are numerically significant. 


it is important to understand the physics of the 
assumptions which lead to these differences so 
as to make some choice between the two ap¬ 
proaches. Several important observations can be 
made. 

(A) It Is straightforward to show that thf xtandurd 
theory of Bq. (1} satisfies ail of the general coit- 
straint equations arising from CVC, PCAC, and 
Gl which were derived in HP. This is perhaps 

not unexpected as both approaches begin with the 
same basic weak currents which satisfy CVC and 
PCAC. 

(B) Both approaches lead to amplitudea which 
are gauge Invariant Vence they differ by terms 
which are by ihemselves explicitly gauge invarimil. 
This Just reflects the nonuniqueness of amplitudes 
fixed by gauge Invariance; it is always possible to 
add pieces which are separately gauge invariant 

(C) Since the standard result satisfies the same 
general constraints as the HP result the differ¬ 
ences must be traceable to the extra linearity 
hypothesis used by HP. 

It is clear, and In fact already has been men¬ 
tioned, that the differences (1) and (2) are direct 
results of the linearity hypothesis since by as¬ 
sumption the form factors are functions of Qi* 
only and since the assumed form ot the form fact¬ 
ors does not admit a contribution from the plon 
radiating diagram which has a different denomin¬ 
ator than those assumed. 

The way In which difference (3), which is the 
numerically important one, arises from the lin¬ 
earity hypothesis Is somewhat more subtle. Ob¬ 
serve from Eqa (1) and (4) that the effect of the 
sign change In these gp terms is to add to the 
standard result a gauge-invariant piece which con¬ 
tains terms of the form k/k ■ p and k/k • n, i.e., 
terms which are of 0(A°) but which are not inde¬ 
pendent of k. Recall, however, the usual deriva¬ 
tion of the Low soft photon theorem'’'’"' which ap¬ 
plies to any radiative procees. There the ampli¬ 
tude Is first expanded In powers of k. All 0{l/k) 
terms must arise from the external radiation dia¬ 
grams, Figs. 1(a), 1(b), 1(c) in the present case, 
and all terms having k ■ p ot k ■ n In the denomin¬ 
ator must arise from die nucleon propagators 
appearing In these same external radiation dia¬ 
grams. Terms which are of 0(11'’) and independent 
ofk are then added to make the result gauge In¬ 
variant Thus In the context of the Low theorem 
the terms of the form k/k ■ P and k/k • n are 
uniquely determined by the perturbation theory 
diagrams Figs. 1(b), 1(c) and thus correspond to 
the 'standard result HP’s result contains differ¬ 
ent k/k . p and k/k • n terms and hence, even though 
it is a gauge Invariant expansion containing 0(1/A) 
and OCA") pieces, the 0(A°) terms and the result 
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violate the Low soft photon theorem.’* 

Again we can trace this difficulty to the linearity 
hypotheels. The form chosen le too general since 
it allows 1/it ■ p and l/h ■ n terms in all form fact* 
ors. The Low theorem, via the argument that 
such terms come only from external radiation 
diagrams, provides an additional constraint not 
used by HP which uniquely determines the A* co¬ 
efficients in the linearity hypothesis. Had this 
constraint been used, the standard result would 
have been obtained for theseg>Jt/it *p and gpk/k • n 
terms. 

Thus to summarize this section, the HP results 
differ from results of the standard approach not 
because of any different use of the constraints de¬ 
riving from the general principles of CVC, PCAC, 
and GI, but because of the specific assumptions 
m«le via the linearity hypothesis. In particular 
the plon radiating diagram and the dependence on 
are dropped by assumption, and the amplitude 
Is made gauge Invariant by adding terms which 
cause the result to violate the Low soft photon 
theorem. These differences are numerically sig¬ 
nificant for the rates, as was seen In Table IL 
They are important also for the photon spectrum, 
an example of which is given in Fig. 2. Since the 
Low theorem must be satisfied by any radiative 
process, and since the aspect being violated by the 
HP result essentially just expresses the require¬ 
ment that the amplitude be obtainable from some 



kliwtr) 

FIG. 2. Photon spectrum for rsdlsUve muon capture 
00 a proton In tho staodard theory of this calculation and 
from HP, Eq. (48c). 


set of neld-theory-Uke interactions. It would seen 
that the standard result.is the correct one and 
should be adopted. However, It should be relative, 
ly easy to Impose the required additional con¬ 
straint from the Low theorem on the HP form 
factors, and then the HP approach, since It Is 
quite general up to the point at which the linearity 
hypothesis is imposed, may be quite powerful 
and useful for including a variety of corrections oi 
improvements in the theory, such as contributions 
from additional diagrams, which do not arise in 
the standard approach. 

IV. RMCOV^He 

From an experimental point of view RMC in *He 
Is somewhat easier than on a proton since the rate 
is ~Z* and thus significantly higher. RMC In *He 
seems currently feasible and an experiment Is 
planned.** It is thus Important to have good theo¬ 
retical estimates of the spectrum. Except for the 
woifc of HP and some results for specific correla¬ 
tions and for the upper tip of the photon spectrum 
by Beder,** such calculations in *He seem not to 
have been made. 

However, if one uaes the elementary particle 
picture, following for example Kim and Prlma- 
koff,** then It is very easy to adapt this calculatloi 
for the proton to the *He-*H system, or for Uiat 
matter to any spin i-j transltltw. The rate is 
thus evaluated In the standard approach using the 
formula obtained from Eqs. (1), (2) with the re¬ 
placements m, - mass of *He, m,- mass of *H, 
Q,-2, Q,-l, andx,—8.368, x,-7.918. The 
weak couplings, as taken from Ref. 23, are gr~^ 
gy = -5.44, gji = 1.22, gp ^ IS.igji. Observe that 
gn, and hence gp, has the opposite sign for *He 
than for the proton. Note also that the nuclear 
mass has been retained In the denominator in the 
definitions of the anomalous moments, but the 
nucleon mass is used for gp. Finally, for *He 
averaging over the nuclear volume Introduces a 
factor so that” | </>, ]’-0.965| 0, |’. 

For a nucleus it may be necessary to Include 
form factors in the g^, gj^, andgp couplings as 
well as gp. This leads to a dilemma, however, 
since the two different momentum transfers In¬ 
volved will give different values of the form fact¬ 
ors, e.g., gr^t) and gpigp*), for the different 
diagrams and thus destroy gauge Invariance unlei 
some additional diagrams are added, analogous 
to Fig. 1(d), corresponding to radiation from the 
Internal exchanged particles which generate the 
phenomenological form factor. In practice, how¬ 
ever, such contributions are probably suppresse< 
by the propagators of the (presumedly heavy) ex¬ 
changed particles. Also the muon radiating dla- 
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FIO. 3. Photon spectrum for radiative muon captureon 
’He In the standard theory of this calculation and Irom 
HP, Eq. M9q). Beder'a result (perhaps with the wranK 
sign (or gp) Is also shown. Reversing the sign of gp 
would Increase bis result to be about 10% above the re¬ 
sult o( this calculation. 


gram dominates. Thus It is probably a reasonable 
approximation to simply evaluate ail form factors 
in the same way and take those values appropriate 
for the muon radiating diagram. Thus a simple 
linear Interpolation of the form factors of Kim 
and Primakaff*’ was used for;?^, and^i^^ and 
evaluated at as appropriate for the muon 
radiating diagram. This is essentially the pro¬ 
cedure of HP, except that they used an average 
value of Independent of k. 

Results for the photon spectrum as calculated 
in this model are shown in Fig. 3 as are the re¬ 


sults of HP and Beder.'‘ These spectra corres¬ 
pond to a total radiative rate of 0.676 sec'* for 
the standard calculation vs A =: 0.373 sec'’ from 
HP. Qualitatively the effects erf the three differ¬ 
ences In the amplitudes which arise from the lin¬ 
earity hypothesis ol HP are the same for ^He as 
for the proton, though for ’He sensitivity to the 
spin state is not as great The Important effect is 
again (3), the change in sign of some gp terras 
which cause the HP results to violate the Low 
theorem, which gives almost a factor of 2 reduction 
from the present results. 

As a numerical check our results using the coup¬ 
ling constants and form factors of HP and the 
changes (1), (2), and (3) were compared with 
those quoted in HP. Agreement is at the 10-1 S1> 
level, and hence if the hi^er-order terms are 
responsible for the differences in the proton trip¬ 
let rate then they seem not to be as large here. 
Comparison was also made with results of Beder 
In the appropriate limit with the result that the 
standard theory seems to be about 20% higher than 
Beder’s quoted results. U gp is given the wrong 
sign, however, as we have been Informed** may 
have been the rase in Ref. 15, agreement Is at the 
10 % level. 

Finally, perhaps the most useful result with re¬ 
gard to ’He is the larger rate, by a factor of 2, 
obtained In the standard theory, which may help 
make a difficult experiment somewhat easier. 
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used to include the smaU channels. Section m 
is devoted to the description of the vA'and VW in¬ 
teractions used as input. Our results are pre¬ 
sented and discussed in Sec. IV, and we conclude 
the pajjer in Sec. V. 


II PRACTICAL CAWULATION 
A Uasur e4|iiatM>ns 

We use the three-body equations described by 
Rinat and Thomas' which satisfy two and three- 
body unitarity and covariance. In operator form, 
the equations read, with the notation of Ref. 1: 


ri 

H ^ flm ' ^ntj^n^nm » 

a n 


( 1 ) 


where the of,;'land »,/h labels refer respectively 
to Nits') and n(NN) three-body channels. In our 
case, the «, /(labels do not contain the iV-P,, chan¬ 
nel. The driving terms ^ and the propagators R 
are defined in terms of the form factors of the 
separable interactions, and for the relative mo¬ 
menta of the interacting [lairs, we take the choice 
(a) of Ref. 4 corresponding to the exchanged par¬ 
ticle on its mass shell. 

The scattering amplitudes 2.\„ are obtained by 
solving the system of coupled one-dimensional in¬ 
tegral equations which result from angular momen¬ 
tum reduction of Eq. (1). The singularities of the 
kernel are treated by contour rotation and the sys¬ 
tem is solved by tlie Pad£ approximant technique. 
The coupling of ml channels with I, /' = /t 1 orbital 
angular momentum is included exactly. 

Compared with tlie RPK case, the FR calculation 
is much more time consuming because of the in¬ 
tricate coefficients which appear in the relative 
momenta |see Eqs. (2.20) and (2.21a) in Ref. 4|. 

In order to save computing time, wc have (i) re¬ 
duced the number of mesh points in the [0, + °c| 
domain, and (ii) treated perturbatively the small 
ir.V channels. 


b Nutnrricil mtejpatiun 

In order to preserve the numerical accuracy 
when energy goes up to 300 MeV, without increas¬ 
ing too much the number of mesh points, we split 
the {0, + «sj domain of integration for the integral 
equation into two intervals (0, it^J, + «>|. The 
energy-dependent parameter is chosen to be in 
tlie middle of the interval delimited by the pole of 
the propagator and the extreme position of the 
logarithmic singularity in the driving term. In 
each interval, we use Gaussian quadratures 
mapped onto [0,lfj| and (fr^,+ «>| with, respectively. 


Af, and Nt mesh points. Because of the structure 
of the kernel, the convergence in the [k^, + “/ do¬ 
main is faster than in the (0, k^] region, and we 
take usually iV, = Ar,/2. The two main advantages of 
the method are (i) the number of mesh points is 
large in the region around k^ where the kernel is 
rapidly varyioK, and (ii) we have observed that the 
convergence of the scattering amplitudes is mono- 
tonic when and AT, Increases. Therefore, the 
stability of the results can be obtained with a total 
number of mesh points appreciably lower than in 
the case where the Gaussian quadrature mapped 
directly onto jO, + °o] is used. We estimate the 
accuracy to be within 2% with N^ = 16 and N, - 8 at 
256 MeV, while 32 points are necessary if the in¬ 
terval is not split. 


C. Perturbelion scheme 

In order to treat the small vAf channels, we 
choose the first order Alt-Grassberger-Sandhas 
(AGS) approximation which was applied success¬ 
fully in the n-d elastic scattering problem some 
years ago.° In this method, the kernelig. split into 
a dominant part which is treated exactly and a 
weak part treated approximately. In Ref. 9, it is 
shown that the convergence condition for the AGS 
perturbation theory can be formulated ertirely in 
terms of the weak part of the kernel. From a 
practical point of view, the first order AGS ap¬ 
proximation is obtained when the weak part of the 
kernel is taken to be zero. 

In our case, the dominant part corresponds to 
the t-d and iV-A channels, and the weak part in¬ 
volves all the N-ltN) channels with the tN pair in 
the S or P states (except P^^) other than A. We 
therefore set equal to zero all the overlapping 
terms between these weak channels in the three- 
body kernel, i.e., we set = 0 for a and 0 not 
equal to d or A. So, a large amount of computiiig 
time (~ 30%) is saved compared with the exact 
calculation. 

Of course, the full advantage of this method can 
be exploited only in the case where the system of 
equations is solved by means of the Padd approx¬ 
imant technique. We give in Table I the compari¬ 
son between the exact and AGS results for two 
dominant scattering amplitudes T{,, calculated at 
142, 180, and 256 MeV with the .SF(6.7)-SP(S) in¬ 
teractions described hereafter in Sec. m. Clearly 
the AGS approximation is very good, the accuracy 
being of about 2%. 

A different approximation is used in Ref. 3 
where the small vN channels are introduced one 
at a time alter the dominant part has been solved 
exactly. The choice of this method is imposed by 
the fact that the system of equations is solved by 
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TABLE I> Comparlsao ot the first order AOS ap* 
proxmBtlon with the exact ealonUtlon (In brackets) for 
two dominant scattering amplitudes. The T are dl- 
menslanless. 


T, (MeV) 

TU 


142 

-12.976-<28.ia0 

-866.39-<1138.4 

(-12M9-<28.172) 

(-866.72-<1142.7) 

180 

6.661-m.m 

-276.39-<1421.0 

(5.830-168.733) 

(-268.42-<1420.4) 

2S6 

56.251-<62.286 

460.17-<669.80 

(66.245-<62.261) 

(460.53-<869.32) 


matrix inverBion, bo that the storage probleme are 
crucial. The accuracy was determined to be at 
the 5% level for the dominant scattering ampli¬ 
tudes. 

In what follows, all the calculations including 
the small wJf channels (SP scheme) are done with 
the AGS approximation. 

UI. TWO-BODY INTERACTIONS 

We describe in Oils section the relativistic rrJf 
and NN separable interactions used as input in 
our calculations. 

A. non-nuckan intenctions 

For the Sii, Sji, P„, P„, and P„ iJV channels, 
we use two sets of parametrlzatlons constructed 
by Rinat et al.’ (denoted hereafter H) and by 
Schwarz ef (denoted S). 

In the R case, the parameters are fitted in each 
channel to the experimental phase shifts taken 
from the recent analysis of Rowe et al.^^ which 
provides a smooth “best" fit to all modem nN 
phase shifts determined by various groups for en¬ 
ergies below 400 MeV. 

In the S case, the parameters are fitted to the 
“experimental” phase shifts and scattering lengths. 
These values are rather old and correspond to the 
data chosen by Thomas'* lor fitting the wJV inter¬ 


actions In the RPK calculatioas. We note that in 
the P„ channel, the position of the resonance is 
imposed as an additional constraint in the fitting 
procedure. 

The fits to the data are excelleid as one can see 
in Fig. 3 of Ref. 3, and in Figs. 1 and 2 and Tables 
I—in of Ref. 10. We have recalculated the phase 
shittB and the scattering lengths for each set. The 
results are quite similar, the most apparent ditfer- 
ences occurring in the Pj, channel. This is illus¬ 
trated in Table n where we give the scattering 
lengths for the two sets compared with the exper¬ 
imental values. 

B. Na d eoim u deon lemor forces 

The simplest %-^V, parametrizations are the 
relativistic generalizations of YamagucM-type in¬ 
teractions described in Ref. 3, with Pj, values 4 
and S.TI) (denoted hereafter YA and FO.T). The 
parameters are fitted to the *S, phase shift only, 
without any constraint on the low energy parame¬ 
ters a, (scattering length) and Q (quadrupole mo¬ 
ment), We have calculated these quantities, which 
are found to be far from the correct values. For 
y4 and F7 we get. respectively, o, = 5.63 and 
5.79 fm (accepted value 5.40 fm), and Q = 0.37 and 
0.40 fm* (accepted value 0,280 to 0.286 fm*). 

In order to improve the situation, we have con¬ 
structed three sets of rank-1 interactions (denoted 
¥L, S, and SF), using more elaborate form fac¬ 
tors, and introducing in the fitting procedure more 
and more constraints. 

For the Y L potenUals, we take the usual Ya¬ 
rn agucM form factors; 

.?t(R) = Ci/.V(p* + 0<'-"''>'*. (2) 

For the S and SF potentials we define the form 
factors as a ratio of polynomials: 

iri(/>) = Ci/>‘-(l+n/>yJ|(l + 0|,,/>’). (3) 

The parameters are adjusted to fit the following 


TABLE B. vN scattering lengths (In m for 3 waves) and scattering volumes (In m,'’ 
far P waves) for the Rinat (Ref. 4) and Schwan (Ref. 10) paiametrlzaUans. The “new" ex¬ 
perimental data are from Ref. 11, aiidthe"old”aregivenlDRefs. 9—11 of the Schwarz paper. 


Parametrlzatlons 


Scattering lengbi or volume 

Sj. Pi, P« 


Ji 

s 

0.172 

0.170 

-0.092 

-0.091 

-0.013 

-0.016 

-0.039 

-0b3S 

0.170 

0.211 

Exp. (old) 

0.174 

-0.092 

-0.016 

-0.037 

0.220 

Exp. (new) 

0.186 

±0.008 

-0.098 

±04)03 

-04)13 

±04)02 

-0.029 

±0.002 

0.20S 

±04)50 
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qtuntltles 

(i) For the YL potentials, we impose only the 
static parameters, namely the deuteron binding 
energy £0 = 2.2245 MeV, the triplet scattering 
length a, =5.40 fm, the quadrupole moment Q 
= 0.285 fm', the D-state probability P^, and the 
ratio of the D to .S' asymptotic deuteron wave func¬ 
tions rj - 0.026. 

(il) For the .S' parametrizations, the Is, phase 
shift up to 200 MeV is added to the foregtring con¬ 
straints. 

(iii) For the SF interactions, we Impose one 
more constraint, namely the monopole form factor 
of the deuteron FoW”) up to ly ~6 fm'*. We choose 
to fit the Reid soft-core (RSC) form factor which 
has a minimum at ^ - 4.5 fm~‘. 

In each set, two parametrizations are con¬ 
structed with =4 and 8.7%. The parameters for 
the .S and SF interactions are given in Table III. 

For the YL potentials, the values of (C^, C„ ft) 
are (124.707, 1.329; 220.795, 1.559) for YU, and 
(98.941, 1.261; 446.940, 1.970) for YU (the C are 
in fm"* and ti in fm'*). 

We show in Fig. 1 the \ phase shift for the var¬ 
ious interactions with - 6.7%, and in Table IV 
we give the monopole form factors compared with 
the Reid soft-core values. The phase shift for the 
SF interaction is not as good as for the S Interac¬ 
tion above 100 MeV, but the form factor is much 
better lor q >2 fm"‘. We think that the SF inter¬ 
actions are therefore more “realistic" In the sense 
that the fitting procedure to Fgiq) ensures the cor¬ 
rect behavior of the deuteron wave function. Let 
us point out that tlie .S>'6.7 potential is the relativ¬ 
istic equivalent to the Ploper rank-1 potential 
used in our RPK c.alculations.* 

IV. RESULTS AND DISCUSSIONS 

We have performed detailed calculations at 142, 
180, 230, and 256 MeV in order to investigate the 


'J'ABI/K III. ParsmcU'cs for the .S and S/*' tensor 
forces. The are In fm*- and the P are in fm*. 



S4 

56.7 

SF4 

SF 0.7 

fo 

76,832 

64.530 

66.508 

58.659 

yts 

-0.0404 

-0.0381 

-0.231 

-0.240 


0.227 

0.351 

0.121 

0.0494 

ftr 

0.252 

O.ISO 

0.118 

0.241 

Ct 

37.036 

31.362 

33.057 

27.562 

Tt 

1.299 

0.340 

0.81S 

0.688 


0.364 

0.0217 

0.216 

0.0268 

fin 

0.503 

0.428 

0.414 

0.580 

ft) 

0.468 

0.364 

0.301 

0.2S4 

ft< 

0.271 

0.0794 

0.424 

0.262 



FIG. 1. Theoretical *Si phase ahifta given by the Y 

(—■—), YL ( -), S fldentioal to YL), and SF (—i 

parametrizations for P^- 6.7%. The experimental data 
arc from Ref. 12. 

sensitivity of sd observables to the AW and vAf in¬ 
put. There are three subsections devoted, respec¬ 
tively, to the differential cross sections (A), the 
total cross sections (B), and the polarization pa¬ 
rameters (C). 

In what follows, each calculation is specified by 
two labels; The first one denotes the AW tensor 
force, and the second one refers to the vAf chan¬ 
nels which are retained (P,, or SP) and to the pa- 
ram etrization. 

A. OifTacntial croaa asetiona 
J. Efftct of tht tmtB nN pmUd vmra 

The SP scheme consists In introducing with the 
AGS perturbation method the small vN channels 
fti> -^131 hnd P^ in addition to -^8 stated 

TABLE IV. Monopole charge form factor of the 
deuteron Fg(g) for the new tensor forces SF, S, and 
YL with Pg > 6.7%, compered with die Reid soft-core 
values. 


* (fm'*) 

RSC 

SF 

S 

YL 

0.2 

0.975 

0.975 

0.975 

0.975 

1 

O.BIG 

0.614 

0.618 

0.623 

2 

0.257 

0.254 

0.269 

0.883 

3 

0.0876 

0d)877 

0.112 

0.129 

4 

O.OISI 

0.0190 

0.0453 

04)614 

5 

-0.0120 

-OJttOO 

0B17T 

04)306 

6 

-0.0188 

-0.0127 

04)064 

04)153 



tl 


RELATIVISTIC DESCRIPTION OF wd ELASTIC SCATTERING... 


1963 


in the Introduction, we omit completely the Pu 
cbunnel. The reason is that the lormaUsm we use 
here does not Include the effect of pion absorption, 
so that the nucleon pole port which is the domi¬ 
nant part cannot be introduced. On the other hand, 
the Pu phRU shift is very small up to ISO MeV, 
and it seems reasonable to neglect its background 
contribution. The latter assumption was checked 
at 142 and 250 MeV. Using a separable paramet- 
rieation adjusted only to the P,, phase shift, the 
id observables calculated in the SP scheme with 
and without the nonpole P,, contribution were found 
to be almost identical. 

We compare in Fig. 2 the dilferential cross 
sections calculated at 142, 180, 230, and 256 MeV 
In the SP and P„ schemes, with the SP6.7 tensor 
force and the S parametrlsatlons of the iN chan¬ 
nels. The forward part of Oa/dQ Is lowered by 
the SP scheme at energies below the resonance, 
and is enhanced above the resonance, while the 
backward part Is systematically lowered. The 
effect is very small at 180 MeV which is close 
to the resonance. At all energies the SP scheme 
improves significantly the agreement with experi¬ 
mental data‘’~“ throughout the angular range, ex¬ 
cept at forward angles for T, = 230 MeV. Never¬ 
theless, the sltoation at 230 and 256 MeV is not 
satisfactory, especially for > 80°, where the 
broad minimum observed in the experiments is 
not reproduced by the theory, which remains too 
liigh. However, we do not understand the dis¬ 
crepancy at forward angles with the experiment 
of Cole ei al}^ at 230 MeV, since our theory de¬ 
scribes correctly, in this angular range, the “old” 
data at 142, ISO, and 256 MeV as well as the pre¬ 
liminary data of Gabathuler et al.' for T, = 140 to 
300 MeV. We can thus consider the possibility of 
an incorrect normalization. In fact, if we enhance 
Cole’s results by a factor of 1.4, the theory be¬ 
comes quite good. On the other hand, the recent 
experiments of Ref. 5 seem to Indicate that the 
minimum at 256 MeV is not so deep, but the the¬ 
ory still remains higher than experiment. 

Let us briefly compare these results with the 
RPK calculations using the Pleper tensor force 
at 142 and 180 MeV [see Figs. 3(b) and 4(b) of 
Ref. 1]. The FR and RPK differential cross sec¬ 
tions look quite similar, demonstrating that reia- 
tivistlc effects are moderate at these energies. 

We also note that the interference effects from 
the small iN channels are smaller in the FR the¬ 
ory than in RPK. 

2. SaaitMty to the iS ^ am eirl ii i lem 

We compare in Table V the values (tf th/dO ob¬ 
tained in the SP scheme with the S and R para- 



FIG. 2. id elastic differential cross section at T, 

-142 (Ref. 13), 180 (Ref. 14), 230 (Ref. 15), aixl 266 
(Ref. 16) MeV calculated with the 3F 6.7 tensor force 

and the 5 jtarametrlzatlons of the iN channels.- 

only Pfi, — Pjj I small iN waves, except P„. 

metrlzations of the wN channels and the SP6.7 ten¬ 
sor force, at TV ° 180 and 256 MeV. The R values 
are slightly higher than the S results throughout 
the angular range. However, the maximum varia¬ 
tion does not exceed 13% at backward angles, re¬ 
flecting that the two sets are nearly equivalent as 
shown in Sec. in A. 

3. StmUifUy to the NN tauarfont 

Now, the calculations are done in the SP scheme 
with the S parametrizatlons of the xN channels. 
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TABLE V. Sendttlvlty of the dlffereotlel CToaa 
socUon to the tN pa rametiizations. The munbera In 
each case are the values of dc/dQ la mb/ar, at 
-0*, 90*, and Ifh)*. 


r,(MeV) 

s 

R 


53.6 

53.9 

180 

0.74 

0.77 


0.73 

0.77 


41.9 

44.7 

250 

0.15 

0.17 


0.16 

o.ia 


First, we consider the influence of D-state prob¬ 
ability. In order to study a i;enuine effect of Pj,, 
we use our parametrizations which, in a given set 
{YL, .S', or SF), differ only by their values as 
explained in Sec. IIIB. The differential cross sec¬ 
tions calculated at 180 and 256 MeV with the SFi 
and S'F6.7 interactions are given in Table VI. 

When P^ goes from 4 to 6.1%, the forward part of 
da/dil decreases by about 3%, and the backward 
part increases by 4% at 180 MeV and by 14% at 
256 MeV. Similar conclusions hold with the 54 
and .S6.7 interactions, and also with the YL4 and 
l'£,6.7 potentials. These results show that the 
overall effect of Pg la rather small, while the 
large variation at backward angles found in Ref. 4 
is nut a genuine effect, but is due to the fact that 
the Yi and >'6.7 interactions give different values 
for the low energy parameters as mentioned in 
Sec. ni B. 

Next, we investigate the sensitivity to the de¬ 
scription of the deuteron wave function for a fixed 
Pj, value. We use the YL, S, and SF interactions 
with Pg = 6.7%. The variation of do/tlU at forward 
angles is very small (~2%), but the backward part 
exhibits large variations (up to 25%). For exam¬ 
ple, the values of (180'? at 180 MeV are 

0.97, 0.86, and 0.73 mb/sr for the ¥ L, S, and SF 
tensor forces, respectively. Similar effects are 
observed at the otiicr energies. If we remember 

TABLE VI. Sensitivity uf the dUTerontlal croBB sec¬ 
tion h) the D-ataUi prububillty. The numbers are 
ordered as In Table V. 


r,(MeV) SF4 SFe.l 


ril.9 53.60 

180 0.78 0.74 

0.70 0.73 

43.3 41.9 

356 0.16 0.16 

0.14 0.16 


how we have constructed the YL, S, and SF inter¬ 
actions In Sec. in B, we see that the agreement of 
theory with experimental data at backward angles 
becomes better as we improve the description of 
the ’S|-'f>i channel, namely with regard to the deu¬ 
teron wave function. These considerations Justify 
the systematic use throughout this paper of the SF 
interaettons, even 11 they fail to reproduce the 
minimum for 7, » 230 and 256 MeV. 

B. Elaatic, naction, and total crow KCtiom 

We have calculated the elastic (a.,), reaction 
(o-g), and total (ar=Ot\ cross sections In the 
energy range 70 to 320 MeV with the SF6.1-SP(S) 
interactions. In Fig. 3 we show our results and 
we compare the total cross section with the recent 
experimental data of Pedronl et al." The agree¬ 
ment Is fairly good, especially in the resonance 
region 140 MeV< 7„ <260 MeV where the theoreti¬ 
cal curve goes through eiqierlment. Outside this 
domain, the theoretical values are lower than ex¬ 
perimental data, and the deviation increases when 
energy decreases from T„ = 120 MeV or increases 
from 7, =280 MeV. 

Compared with the RPK results (Fig. 5 or Ref. 
1), the FR values of o^ are better in a wider en¬ 
ergy range. We also note a very good agreement 
with the calculations of Rinat et at,* without ab¬ 
sorption. Our values for Of 'with the SF6.1-SP(S) 
interactions at 142, 180, and 256 MeV are re¬ 
spectively 174, 230, and 135 mb, while the values 
of Rinat for = 6.'7% are 176, 239, and 146 mb. 

In fact, we have observed that the total crose sec¬ 
tion is rather insensitive to the two-body Input. 



FIG. 3. Qastio (—• —), reaction (-), and total 

(-) cross sections calculstad with the SF 8.7-SP(S) 

Interactions. The experiments! results are from Pe- 
drool stol. (Ref. 17). 
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RELATIVISTIC DESCRIPTION 

C. Pobiiatioii pwunetMi 

The vector polarization and the tensor po¬ 
larizations t^, and t„lor v+d~v + 1 elastic 
scattering are easily calculated from the scatter¬ 
ing amplitudes. The qualitative effects noted in 
the RFK approach are also observed in the FR 
calculations, only the numbers change more or 
less. We limit thus the present discussion to the 
most important aspects. 

The complete change in structure of 11^ due to 
the inclusion of the small nN partial waves in 
addition to P„ is observed at all energies. The 
FR curves look similar to the RPK curves shown 
in Fig. 6 of Ref. 1. The vector polarizations cal¬ 
culated in the SP scheme have a pronounced max¬ 
imum which has the following characteristics: 

(i) the position is nearly independent of energy 
and of the two-body input and corresponds to 
= 80° and (ii) the magnitude la practically in¬ 
dependent of the nN and NS input, but varies with 
energy; namely, it is maximum around T,= 180 
MeV. For example, the values of (SO*^ ob¬ 
tained with the SF6.7-SP(;S) interactions at 142, 

180, 230, and 2S6 MeV are respectively 0.43, 

0.45, 0.40, and 0.36. 

in contrast with the tensor polarizations are 
only slightly affected when we include the small 
trS channels (the difference between the SP and P„ 
results is less than 5%) or when we change the irN 
parametrizatlons from S to R ( the effect is "2%). 

Of course, the most important variations in the 
tensor polarizations are due to the NS tensor 
force. We discuss only the quantity I,, which pre¬ 
sents an immediate interest. The angular distri¬ 
butions of 1,0 have the same aspect as in the RPK 
theory (see Fig. 7 of Ref. 1), and the values of 
(jo (180°) calculated with the SF6.7-SP(S) interac¬ 
tions at 142, 180, 230, and 256 MeV are respec- 
Uvely-0.74, -1.08, -1.26, and-1.27. The po¬ 
larization I,o(180°) behaves as follows, (i) It de¬ 
creases with increasing D-state probability; we 
give in Table vn the values obtained with the SP^ 
and 5F6.7 tensor forces at 142, 180, and 256 
MeV. (ii) It depends on the description of the deu- 
teron wave function; for Instance, the results at 
7*,= 180 MeV corresponding to the SF, S, and ¥L 
interactions with the same Pg value (6,7%) are 


table vn. Sensitivity of (180*) to the B-state 
profaebillty. 


r, (MeV) 

SF4 

W6.7 

143 

-0.63 

-0.74 

180 

-0.92 

-1.08 

266 

-1.17 

-1.27 


OF wd ELASTIC SCATTERING... 

respectively -1.08, -0.96, and -0.60. These 
variations are therefore of the same order as the 
variations coming from different values. Re¬ 
cently, (ISC') was observed for the first time 
at T,*140 MeV by Holt et al,,' the value being 
-0.24^:0.15. Hie theoretical values obtained with 
the most elaborate tensor forces, namely the SF 
interactions, stlU remain far from this result 
since we find -0.74 for Pg = 6.7% and -0.61 for 
i°„=4%. 

V. CONCLUDING REMARKS 

We have presented an extensive analysis of nd 
elastic scattering observables in the resonance 
region within a fully relativistic three-body theory. 
The small nN channels have been included to an 
excellent degree of accuracy through the AGS 
perturbation method, and the numerical integra¬ 
tion has been refined in order to save computing 
time without losing accuracy. Since the theory we 
used did not Include the effects of plon absorption, 
the Pj, rtN channel was completely omitted. 

The great sensitivity of nd observables (namely 
the differential cross section and the polariza¬ 
tion at large angles) to the details ol the two-body 
input that was demonstrated in previous RPK cal¬ 
culations' is still observed in the FR approach. 

The agreement between the theoretical and ex¬ 
perimental differential cross sections is signifi¬ 
cantly improved when the small nR channels are 
included and when a tensor force giving a realistic 
deuteron wave function is used. 

Let us note here that the differences between the 
present calculations and those of Rinat et al.‘ 
without absorption, are moderate. Seeing that 
the two sets ol nN Interactions used in each cal¬ 
culation are nearly equivalent, it is clear that the 
differences must be attributed to the tensor 
forces. Figure 6 of Ref. 3 gives a spectacular 
illustration of the model dependence of da/dQ at 
backward angles relative to the deuteron wave 
function. The variations corresponding to differ¬ 
ent tensor forces are found to be as important as 
the variations due to the inclusion of absorption 
effects. Our main effort in the present work was 
to produce pure three-body calculations based on 
a tensor force having the maximum degree of 
quality. So, we have now a sound reference for 
further theoretical investigations. We think that 
the SF parametrizatlons that we have constructed 
represent a real improvement compared with the 
tensor forces used up to now. Of course, they 
.have some defects deriving from their structure: 
The SF interactions are of rank 1, and therefore 
the *5, phase shift remains positive and the *D^ 
phase shift has the wrong sign. These difficulties 
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should be removed by considering rank 2 parame- 
trizattons. However, from our eqierience in the 
RFK approach with the Pleper rank-1 and raok-2 
interactions (they have the same deuteron wave 
lunctlon but differ by their phase shifts, and 
they give nearly the same ad observables), we 
think that this step is not essential. 

Nbne of our calculations do reproduce the mini¬ 
mum in the differential cross sections which is 
observed in the experiments at 230 and 256 MeV, 
and it seems now clear that the two-body input is 
not responsible for this discrepancy. Besides the 
apparent need to reconfirm the experimental data, 
we have now to consider lurther theoretical inves¬ 
tigations. At first, we must include the effects of 
disorption. Detailed calculations have been re¬ 
cently performed in this direction by Rinat et al* 
within a field-theoretical formulation including 
genuine pion absorption and p-meson exchange. 

The effects of absorption Induce significant changes 
in the large angle differential cross section, but 
they do not produce the deep minimum at 256 
MeV. On the other hand, absorption has a tre¬ 
mendous Influence on all polarization parameters; 
for example, 1,^ (ISO*) becomes small positive at 
142 MeV. An independent calculation of vd elastic 
scattering including x absorption is now in prog¬ 


ress in our group, based on the approach to the 
theory of coiqpled iNN~NN systems recently de¬ 
veloped by Avlshal and Mizutani.** Also the ef¬ 
fects of inelasticity In the vAT partial waves may 
be important^' (mainly in the channel) in ac¬ 
counting (or the minimum In the cross section at 
256 MeV. Another direction concerns the inclusion 
ot dlbaryon resonances, but here the situation is 
not clear. For some pec^le,*" the resonant am¬ 
plitude (the ’P', NN for Instance) must be added to 
the td elastic scattering amplitude, while for 
others** the vtfN system Itself Is resonant and the 
inclusion of the NN (*P,) and tN (P,j and P„) 
leads to a resonant *P, wave. 

Finally, we think that the new experimental data 
which ought to appear in the near future will be 
decisive for further theoretical work. 
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CroM MCtum* for muodnintegration mctioni at r, — 60 MeV oo eight nuclei from '’C to 

’’"n have been meaiund by activaiian lechniqura. The cioa aecrione, hlce thoae for comparable electron 
reae ti o n e, increaee with target mala number. An additional meaaurement anth 30-MeV p* on ”C tbowa a 
poaitive energy dependence. The ofaaervation that tor heavy nuclei impliea the 

prcwnce of Coukanb dtatonkai of the muon trgiectoriei. Caknilationi employing the virtual photon method 
in the plane-wave Bom approximation, together with reported photonuclear croea lectionx, give good 
agreement with the '%(p,p‘ii)"C reiulti, but not with thoae for higher-Z nuclei. 


NUCLEAR REACTIOMS Muon acatterlng, 60-MeV (p*,M*'xN) crosB aec- 
tlonn in ‘*C, "Nl, **00, ‘"Yb, **’Aa, *“TI,- 30-MeV p»on “C; 60-MoV 

fi~ on * *C, ”Cu, ‘*’Au, and ’®T1. AcUvatloo method, natural targets, en- 
liobed ^**11. Comparison with plane-wave Bom approximation (PWBA) vir- 
, tual photon calculations. 


I. INTRODUCTION 

One of the well known, but leas commonly em¬ 
ployed, modes ol nuclear excitation and reaction is 
the direct Interaction of the electromagnetic field 
of a fast electron with nuclear charges and cur¬ 
rents leading to electrodisintegration (for a re¬ 
view see Ret. 1). Typically, electrons of a few 
tens of MeV kinetic energy are directed at thln- 
(oil targets and measurements are made of the 
nuclear particles emitted or of the radioactive 
heavy products, care being taken to correct the 
observations lor contributions from photonuclear 
reactions caused by bremsstrahlung generated In 
the target. 

Theoretical treatments of electrodisintegration 
are usually carried out In terms of production of 
virtual photons (from the passing electron), which 
then interact with the nucleus by way ol the photo¬ 
nuclear process,’’^ The electrodlslntegratlon 
cross section Is calculated by folding the calcula¬ 
ted virtual photon spectrum with the photonuclear 
excitation function: 

v.(£.) = f’ E (1) 

where A Is the label E ot M for electric or magne¬ 
tic transitions, L la the multipole order, and ar,(u;) 
is the photonuclear cross section as a function of 
photon energy <n. £« Is the incident electron kine¬ 
tic energy and Af^(£«,u) is the virtual photon 
power spectrum. Many of the cross sectloiis 
9 r(u) have been determined experimentally using 
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monoenergetic photons. The virtual photon spec¬ 
trum Is usually derived for lower-Z target nuclei 
using Bom approximation calculations which as¬ 
sume a point nucleus and plane waves (PW) for 
the incoming and outgoing electrons', with higher-Z 
nuclei a distorted-wave (DW) treatment Is re¬ 
quired In order to account for the effects of nu¬ 
clear size and ol the differences In e* and e' tra¬ 
jectories and therefore In the differences in the 
corresponding virtual photon spectra (Coulomb 
distortion). Plane-wave expressions lor 
have been derived for £1, Ml, and £2 transitions 
by This ft al^ More recently Cutler^ and Onley 
and co-workers^'' have developed distorted-wave 
Born approximation (DWBA) equations and computer 
codes lor the electron virtual photon spectra. These 
FW and DW calculations and their possible adap¬ 
tation for muons will be discussed later. 

From a nuclear standpoint, the muon may be 
regarded as a heavy electron with Af„/Af,s207. 

No differences, apart from mass effects, have 
been found between electron-proton and muon-pro- 
ton elastic scattering,' and the form factor for 
muon-nucleus scattering is thus considered to be 
identical to that for electron-nucleus scattering. 
There have been extensive experimental and theo¬ 
retical investigations of high-energy ( 2 GeV) muon 
scattering, but these studies have been concerned 
primarily with the penetration of cosmic rays 
through matter"'"; to our knowledge no one has 
yet reported either measured or calculated cross 
sections for the formation of nucleon-out products 
'below 100 MeV. 
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The primary Incentive for this surrey stialy was 
to provide “muodisintegratlon” data to test the 
validity of the virtual photon concept for these 
relatively alow moving leptons. This problem 
is complex, because the velocity of a 60-MeV 
muon Is the same as that of a 0J!9-MeV electron 
while its de Broglie wavelength is about the radius 
of a heavy nucleus, and therefore its trajectory Is 
sensitive to the nuclear charge distribution. Fur¬ 
ther incentive for this work was provided by the 
desire to establish a systematics for the muodis¬ 
integratlon process spanning most of the nuclldlc 
chart and to compare the results with those of 
similar electrodlslntcgratlon experiments, parti¬ 
cularly the work of Kuhl and Kneisal,“ who mea¬ 
sured (e,e'n) cross sections between 26 and 31 
MeV for several targets also studied here. 

In this work we have measured muodlalntegra- 
tlon cross sections for 60-MeV muons on a selec¬ 
tion of targets between 2=^6 and 81 using activa¬ 
tion methods. A '^C target was Irradiated also 
with 30-MeV p* for comparison. We compare 
our results with some simple plane-wave Bom 
approximation (PWBA) calculations assuming only 
electric dipole transitions. These calculations 
show good agreement with our experimental results 
for '^C, but as would be expected, the PW treat¬ 
ment is Inadequate for hlgher-2' targets. 

U. EXPERIMENTAL 

The muon exposures were performed at the 
stopped muon channel of the Clinton P. Anderson 
hoB Alamos Meson Physics Facility (LAMPF). 

The beam channel magnets were generally tuned 
to deliver 133-MeV/c (62-MeV) muons, plus or 
minus, from backward decay of the Initial piun 
beam; the momentum bite Ap/p averaged about 
5%. Measurements have shown that these muon 
beams at 133 MeV/c (the maximum momentum 
available in the downstream part of the channel) 
contain »10 n/sec, at normal operation, with an 
average energy about 1 MeV, <1% electrons of the 
same charge sign, and no detectable pions (0.1%) 
or other charged particles." The targets were 
placed at the rather diffuse focus of the beam, 
where the horizontal and vertical dimensions of 
the beam spot were 12 and 4 cm full width at half 
maximum (FWHM), respectively. Muon beam pro¬ 
file and intensity were measured with a coincident 
pair of miniature plastic scintillators which were 
mounted on a remotely controlled assembly ar¬ 
ranged to scan In the horizontal and vertical di¬ 
rections normal to the beam. At normal opera¬ 
tion {1,-0A mA, duty factor = 7%) the average p* 
flux through the targets at 133 MeV/c was 1.5 
>< lO’ sec'*, derived from a very high Instantaneous 


rate of 3.7X10* coincidences per sec In the minia¬ 
ture scintillators; the p' flux was about 5-fold 
lower. The targets, consisting of either 5-cm 
square natural metal foils (Tl, Nl, Co, Yb, and 
Au), 5-cm dUks of Pilot B plastic scintillator'* 
(composition CHj i), or S-cm disks of powdered, 
62.4% enriched **^ljOj, were0.6to2gem"*thick 
and were Irradiated lor periods of time ranging 
from a few minutes to 16 hours depending on the 
balf-Uves of the products to be counted. 

Following the Irradiations the targets were re¬ 
moved to a low background environment and 
counted with detector systems appropriate for the 
product(s) being studied. For most of the tar¬ 
gets Nal(Tl) and Ge(Li) y-ray systems were used; 
in the "C(p,p'i<)''C measurements a seU- 
colacldence system, which has been described pre¬ 
viously,'* was employed. Decays of the products 
were followed over several half-Uves and a re¬ 
gression was performed to determine the activity 
level at the end of irradiation; cross sections 
were determined from these values. By this 
technique all of the radionuclides expected from 
the reactions could be studied except '**Au from 
'*’Au(p,p'2n), where the combination of long half- 
Ufe and weak, low energy y rays precluded its de¬ 
tection. 

A potential source of error in measurements of 
this kind is the contribution of bremsstrahlung and 
secondary-particle reactions to the yields of the 
muodisintegratlon products of Interest. We as¬ 
sessed the bremsstrahlung effect by comparing 
product yields as a function of target thickness for 
three of the reactions: '*C(p'',p*«)''C, 
'’Cu(p‘,p’»)'*Cu, and '"Au(p*,p'«)'**Au. The re¬ 
sulting corrections ranged from zero for '*C to 
(20±5)%for '”Au. 

Possible contrlbuUons from fast neutrons com¬ 
ing down the channel, scattering from the muon 
beam stop, and surviving the shielding around var¬ 
ious accelerator-associated sources were also 
evaluated. Conventional targets were placed be¬ 
low the primary targets but out of the main muon 
beam, and after exposure were measured like the 
primary targets. The fast neutron contribution 
was found to be <5%. 

in. RESULTS AND DISCUSSION 

The cross sections determined for the reactions 
studied in this work are given in Table 1. The 
quoted errors (2a) are primarily systematic In 
nature for most reactions, being dominated by the 
uncertainty In the determination of the muon flux, 
which U viewed as being ,il2%. Statistical errors 
are significant mainly for the multtnucleon-out 
cross sections. 
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TABLE I. HoodlBiiitegimtkiii (it.it'xlf) cross sectloiis at 60 MeV. 




Cross sectlan (pU 

Target 

Product (kV out) 

Measured* Calculated'’ 


M* rescttons 


»C 

“C(») 

21^3 

20= 

”C(30 MeV) 

“C(s) 

13±4 

13' 

4«ti 

"Tl(a) 

200 4 60 


“Tl 

"So(F) 

70120 


"in 

"N1(s) 

1084 28 

181 

'•m 

"co(P) 

405 4 65 

418' 

”Cu 

®Cu<s) 

267*40 

41»' 

“Cu 

"Cu(2b) 

13 ±10 

45f 

*'«Yb 

”*Tm(p) 

20±8 


‘•'Au 

**‘Au(b) 

1930 ±400 

33009 

‘"Au 

‘•'Au(3s) 

no ± 25 

649 

mIti 

**’ti(*) 

2140 ±380 


»3ti 

••*T1(2») 

409*80 


“*T1 

”*TI(3s) 

90± 16 


Msn 

‘••t1(4s) 

34 ±13 


p* reeoUons 

“C 

‘'C(ii) 

20±3 

20' 

“Cu 

"Cu(*) 

305*60 

419' 

"’Au 

‘•‘Au(s) 

2300 * 450 

33009 

M»ri 

™2t1(s) 

3010 ±650 


”*T1 

“'T1(2*) 

5B0±96 


“'Tl 

“•t1(3s) 

203*34 


avpi 

'••t1(4«) 

12S±27 



*AU experimental uncertainties shown are 2a. 

^ An uncertainty of la estimated tar the calculated cross aecttons on the basis of our 
ability to read published graphical displays of the appropriate phutonuclear cross secUons. 
The Idanka are given where photonuclear cross secUona are not available In the literature. 
‘ Photanentron cross secUons token from Ref. 24. 

^ Pbotoneutron cross sections taken from Ref. 19. 

* Pbotoproton cross sections taken from Ref. 21. 

^ Photonsutron cross sections taken from Ref. 2B. 

9 Photoneutron cross sections taken from Ref. 23. 


The calculated cross sections listed In Tables 
and n have been derived by folding previously 
eported photonuclear cross sections with £1 vlr- 
ual photon spectra using a simple PWBA treat- 
nent of the scattered leptons that will be dis¬ 


cussed in the following section. 

The targets used In this study were chosen to 
provide for the establishment of general syste- 
matics for the (p.p'xM) reaction and possibly to 
test the validity of the virtual photon concept for 


TABLE n. A comparlaon of muon and electron cross sections (pb) st 30 and 60 HeV. 


Lepton projectile and energy (MeV)' 


Reaction'’ 

p’fSO)' 

p*(60)' 

P'{60)' 

a*(30)'’ 

•'(30)’' 

s'(30)' 


13*4 

(13) 

21*3 

(20) 

20±4 

(20) 

12.5 

(12) 

12.5 

(12) 

11.9*0.2 

(12) 

•*Cu(M'>i)**Cn 


267 ±40 
(419) 

305±60 

(419) 

280 

(309) 

320 

(309) 



* Calculated cross sections are listed in parentheses under the measured cross aecttons. 
'’Here 1 denotes lepton. 

* Cross sections determined In this work. 

^ Cross seottons Interpolated from the data of Ref. 12. 

* Cross seotion reported In Rtf. 26. 
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theae relatively slow muons (S = 0,7), whose kine¬ 
tic energy Is approximately half the rest-mass 
energy. For the light target ’’C, the primary in¬ 
terest lies In the comparison of (p,p'n) cross sec¬ 
tions with similar (e,e'n) data, and also with PWBA 
calculations, which are expected to be moat satis¬ 
factory fur light nuclei. In the intermediate mass 
region it is possible to compare cross sections 
for proton-out and neutron-out reactions. Fin¬ 
ally, muodislntegration of heavy nuclei Is expected 
to exhibit Coulomb distortion and thus the results 
of PW calculations should diverge considerably 
from the measured cross sections. In this mass 
region more rigorous DW calculations are re¬ 
quired, and their current status will be discussed 
in Sec. UIO. 

A. x/V| sydenulki 

The general picture presented by the data indi¬ 
cates a trend toward Increasing cross sections 
with Increasing target mass, and in the case of 
‘^C, with increasing muon kinetic energy. Such a 
trend with mass number is reasonable to the ex¬ 
tent that Fq. (1) Is valid because photonuclear 
cross sections increase with A. The increase in 
the cross section with increase in 

muon kinetic energy irom 30 to 60 MeV is at¬ 
tributed to the increase in the fraction of the vir¬ 
tual photon spectrum lying above the neutron 
separation energy. Figure 1 shows the virtual 
photon power spectra calculated with the PW ap¬ 
proximation (nr .^O- and 60-MeV electrons and 


Here, is the number of virtual pho¬ 

tons of energy w resulting from a lepton of initial 
energy hg. The lepton rest mass ni is 0,511 and 
105.66 MeV for electrons and muons, respectively. 
Also, £) -j- f.'p - HI and £j = £, - u). It Is Important 
to note that the distributions plotted in Fig. i re¬ 
present power spectra rather than photon inten¬ 
sity spectra. 

By folding Uie virtual photon power spectra In 
Fig. 1 with published photonuclear cross sections, 
according to £q. 11), one obtains the calculated 
muodislntegration cross sections listed in Tables 
1 and n. The overall agreement between the ex¬ 
perimental results and the ealculatlona suggeste 
that the PW approach Is a reasonable starting 
point fur modeling the muodlsintegnUion process. 



FIO. 1, Virtual photon power speotra for 30- and 60- 
MeV electrons nod muooa, calculated In B1 PWBA with 

Eq. (2). 


muons, using the analytical expression of Wolynec 
c/ a/.'* lor electric dipole transitions: 


( 2 ) 

I- 

B. 

The most Important feature of the '*C(p,p'it)'‘C 
measurement Is the apparent absence of Coulomb 
distortion at a stattstlcally meaningful level; the 
and (|i',p'n) cross sections at 60 MeV 
are ai^roixlmalely equal within a^;>erimental erro 
A comparison with the {e%e'n) and (e*,e'n) studiei 
ol l&ihl and Kneisal,'* given in Table D reveals 
that here too no Coulonib distortion is seen. In 
fact, tbe overall correspondence between (e,e'n) 
and (m.p'x) cross seetlonB suggests that, lor tbe 
lightest nuclei, the mechanisms of the electrodla 
lntegratl<m and muodislategration reactlomi are 
esesntUlly Identleal. Thle eltaatloa does not 
clearly hold for heavier nuclei, as will be seen 
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later. 

The fact that PW calculatlona appear to be ade¬ 
quate to deacrlbe both (e,e'n) and reac- 

ttons In "c 1 b not surprising In view of the es¬ 
tablished, strong Z dependence of the difference 
in virtual photon qtectra calculated with PW and 
DW approaches. Nascimento el al." obtained an 
analytical, semlemplrlcal expression for the dif¬ 
ferences between PW and OW treat¬ 

ments of electron vU-tual photon spectra. In par¬ 
ticular they give the formulas 

= u)[l.28X 10-* ejqKl J45Z* - 0.052£,) 

KlS: + + »!,)], (3) 

= -3 X 10"‘ oxp(0.675^'- 0.06135u) 

(4) 

where the energies are given in MeV, and T(E^,Z) 
is a function which modifies the r* virtual photon 
spectra near the end point. The use of these 
formulas reveals that, for both positive and nega¬ 
tive electrons, the difference between PW and DW 
calculations Is nowhere greater than about 1% for 
nuclei as light as ‘^C. Although no formulationB 
similar to Eqs. (3) and (4) exist for muons, it is 
probable that the Coulomb distortion effect is also 
Z dependent. 

C. Muon leactiona in mediunMnui nucM 

The targets Tl and N1 are of special interest 
due to the detectability of both neutron-out and 
proton-out products using activation techniques. 

In the case of Tl one can observe the neutron-out 
product from ‘*T1 and the proton-out product from 
^'Ti in a single Irradiation of natural titanium; 

‘‘^Ni offers a special case where both the n-out 
and p-out products from the same nucleus can be 
compared from a single Irradiation of normal 
nickel. Although no p-out species are detectable 
irum the copper target, the 2n-out product Is 
measurable, leading to Information on the high- 
energy region of the virtual photon spectrum. 

The “Nt(p,M'ii) and (p,/i'p) reactions are partl- 
ularly rewarding to study due to the existence of 
oth photoneutron and photoproton data. The re- 
ults given in Table I indicate that with 60-MeV 
the proton-out reaction is considerably more 
robable than the neutron-out reaction, In agree- 
nent with the photonuclear studlee of Min and 
Vhite" and Fultz et af.," both of which report 
inomalously low photoneutron cross sections. 

The latter give a photoneutron cross section Inte- 
;ral of 286-MeV mb over the photon energy range 
)~33.S MeV, compared to the photoproton Inte¬ 
gral of 7S8-MeV mb over a similar energy range 
■sported by Wolynec et of.** The results of Fultz 


et at. were used In the calculation of the (u.u'n) 
cross sections in Table I, while those of lahkanov 
et were used for calculating the cross 

section. We note that the cross sections reported 
by Fultz et at. were obtained by neutron counting 
and thus contain some (fipn) contribution, which 
may be responsible lor some of the excess cal¬ 
culated cross section. 

A plausible explanation for the anomalously low 
(p,p’n) cross section may be found In the work 
of Ishkanov et who surest that the low 
photoneutron cross section Is due to Isospin split¬ 
ting (7> and 7() of the giant dipole resonance (CDR) 
and to the relatively strong population by £1 tran¬ 
sitions of the 7> component of the GDR in ‘'Nl. 
(Here r>= 7'o +1 and 7'< = T^, where Tq is the iso- 
spln of the nuclear ground stated The 7> compon¬ 
ent In “N1 deexcltes mainly by proton emission, 
while the 7', component deexcltes about equally by 
emission of protons and of neutrons. FalUeros 
el al.^‘ give a ratio for dipole excitation ol the two 
resonance components as 7'y7<-0.82 for “Nl; 
this relatively large ratio, combined with the pre¬ 
ferred deexcltatlon modes for the two components, 
suggests that proton emission following transitions 
to the GDR should dominate neutron emission by 
a factor of greater than 2, in qualitative agreement 
with the present results. 

The first possible Indications of the inadequacy 
of the PW treatment of virtual photon spectra be¬ 
gin to appear in this mass region. For *’Cu the 
ratio o./e, of (p'.p'n) to cross sections 

is 1.20 ±0.12(1(7). As the FW treatment gives 
(T./a.= 1, it appears that even for this relatively 
light nucleus a more rigorous DW calculation is 
required. This has been shown by Kuhl and 
Knelssl’’ also to be the case for the corresponding 
electrodisintegration reactions. Their data are 
compared with our muon results In Table Q. 

D. Muon leactiom in heavy imclei 

The '”Au and enriched ^"Tl targets are parti¬ 
cularly useful for determining the magnitude of 
Coulomb distortion of the muons trajectories. As 
In the case of electrodisintegration. Coulomb dis¬ 
tortion is Indicated by o./(7, > 1. For 60-MeV 
muons on ’'’’Tl, we observe (7^0, = 1.4±0J for 
both the one- and two-neutron-out products. For 
the three- and four-neutron-out products which 
require increasingly higher-energy virtual pho¬ 
tons, this ratio Is 2.3 and 3.7, respectively. 

Another Indication ol the Coulomb distortion ef¬ 
fect, that Is, ol the relatively deeper penetration of 
the nucleus by u' compared to p*. Is the ratio ol 
Ss-out to n-out cross sections for each charge 
sign. To make this comparison, Rj,a)Jo^ is de¬ 
fined as the ratio ol the cross sections lor 
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and as U>® corres¬ 

ponding ratio of M* cross sections. Both ratios 
are flux independent since Oj, and a, are obtained 
from the same irradiation. For R./R, 

=>=1.61 ±0.08 and for '"Au, «.//?.= 1.63 ±0.13. 

Experimental electrodlsintegration cross sec¬ 
tions for '*'Au are not available tor comparison, 
but it is of interest to consider calculated cross 
sections derived from Eqs. (3) and (4) and the ex¬ 
perimental (> ,») cross sections of Veyssiere 
et al.^^ For 30-MeV electrons the results arc 
(Ke'iO) =3120 fib and a(r*,c*»i) = 2165 Mb, from 
which it may be seen that, for electrons. Coulomb 
distortion is very significant. 

Unfortunately, neither the rigorous DW calcula¬ 
tions performed lor electrodlsintegration by Onley 
and co-workers, * nor the DW corrections to PW 
calculations embodied In Eqs. (3) and (4), have 
been duplicated for muodlsintegratlon. The cal¬ 
culations for muons are complicated by the finite 
size effect; at 7"^ = 60 MeV, the de Broglie wave¬ 
length of the muon is about equal to the nuclear 
radius at A ^300. 

The proton- (or other charged particle-) out 
channels should not be important at high Z; we 
see in Table I that e['^*Yb{M,M'p)'^’Tm| is about 
1 % of the (tt,ti'xn) cross sections. 

Finally, we note the observation of the *“’T1 (m', 
H'xn) reaction tor x-5 at (7'„ = 60 MeV), based on 
the detection of a weak r ray corresponding to the 
decay of '*'Tl. The energy required to remove 
5 neutrons in this case is 35.1 MeV. While the 
counting statistics were Inadequate for determina¬ 
tion of a meaningful cross section, this observa¬ 


tion may be a startiiig point for future experiments 
aimed at the study of the shapes of virtual photon 
spectra at energies near the end point for muons 
in this energy range. 

IV. CONCLUSIONS 

The present study represents the first systema¬ 
tic cross section measurements of the muodislnte- 
gratlon reaction (m,m'xA/) below 100 MeV, The 
virtual photon method using simple PW calcula¬ 
tions is a reasonable starting point, especially 
for low-Z targets, for modeling the muodislntegra- 
tion process. However, the results clearly indi¬ 
cate that a more rigorous DW calculation Is re¬ 
quired for the evaluation of the Coulomb distortion 
effects which appear in muon reactions with me¬ 
dium- and heavy-mass nuclei. The DW modeling 
problem is complicated by the need to consider 
nuclear size, in contrast to the electrodislntegra- 
tion DW calculation. A theoretical treatment of 
this problem might be rewarding In terms of a 
better understanding of these nuclear size and 
charge distribution effects. 
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■ NUCI.KAR REACTIONS Kalloa of it (x. *NI when final x and/or N observed; **C, 
’’AI. ^“Pli at T, 180. 190, 2.SS MeV. Differences from radiochemical experl- 

ments- 


I. INTRODUCTION 


The quasielastic scattering of pions by nucleons 
bound m nuclei is interesting for several reasons. 
It offers a way to study the xA amplitude in the 
nuclear medium,' complements (e,e‘t>) and {p,2f>) 
studies of single particle energies, and provides 
a potential probe of the nuclear surface. With the 
pion intensities now available at the meson fac¬ 
tories, it is feasible to do (x.xA) coincidence ex¬ 
periments, and the first such experiments have 
recently been completed.*'' Here we will show 
that simple models of quasielastic scattering are 
in qualitative agreement with observations when 
the kinematics is appropriate. 

In (x,xA) experiments x'/x" ratios should be 
predictable if the scattering is indeed quasielastic, 
i.e., almost the same as tree vN scattering. In 
the impulse approximation (lA), these ratios are 
trivially related to the free nS cross section 
ratios. Hadiochemistry neutron removal ratios,’ 
however, differ substantially from the lA pre¬ 
dictions. This can be explained with a simple, 
semiclassicat model" which modifies the x"/x' 
total knockout cro.ss section from the lA value of 
3 at the (3,3) resonance. If p is the probability 
the outgoing nucleon undergoes charge exchange 
on leaving the nucleus, then" 


(7(x~,x» 9-a/^ 

" a(x*.it'M + x°/))''3+6f ■ 


( 1 ) 


This formula and its generalization to energies away 
from the (3,3) resonance have been quite success¬ 
ful In explaining thedeparture of R„ from the lA for 
all light nuclei studied*’with 1 ^ unreasonable 
values of the charge exchange probability 20%). 


Subsequently, this model, developed originally 
tor radiochemical measurements which detect the 
presence of the residual nucleus, was extended 
to apply to counter experiments which detect the 
outgoing nucleon* or, in coincidence, both the 
pion and nucleon.'* In this latter case, let P, 
be the probability that a neutron struck by a v* 
will emerge as a proton, and let^^ be the prob¬ 
ability a struck proton will emerge as a proton. 
Because the incoming and outgoing fluxes are at¬ 
tenuated by quasielastic scattering, !• 

Then, for example, the proton knockout ratio ap¬ 
propriate for a coincidence experiment is 

2 , 

* ( t ( x ', x 7 >) Z(i,-iNrP. ’ ' 

where r is the ratio of the n'p to v'p free cross 
sections. For anAfwif nucleus, P^ = P. = P, V, 

= If, near the resonance, r=9, then Eq. 

(2) would reduce in this case to 

9*x 9-8F 

x^P/il , 

where the last approximate equality would hold 
only if V* I -P. We give that lorm of the equation 
only to show the connection with Eq. (1). The de¬ 
nominators differ because the xM charge exchange 
process does not contribute when an outgoing 
charged pion is detected. 

To calculate the P’s and Q ’s in our semiclassica 
model, we assume that particles travel In etraighl 
line paths except at the point where the vN col¬ 
lision occurs. The assumption of incoherence the 
leads to simple differential equatims for the par- 
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tide fluxes. Their solution gives the P ’s snd Q ’s 
as definite Integrals over the nuclear volume. De¬ 
tails are given In Refs. 4, 9, and 10. This pro¬ 
cedure is a semlclsssical (and far simpler) rep¬ 
resentation of the distortion of the scattering 
waves that would be calculated in a distorted-wave 
impulse approcimatlon (DWIA) approach—such 
as that outlined in Ref. 1— modified to Include an 
isospln-dependent nucleon optical potential to ac¬ 
count for the nuclem charge exchange. 

Naive application of Eq. (2) to the recent coin¬ 
cidence data is dangerous, however, and that Is 
the main thrust of this paper. There are a num¬ 
ber of points of difference, not well recognized, 
between coincidence and radiochemistry experi¬ 
ments. We discuss these in Sec. II. With these 
differences in mind, we then go on to discuss each 
of the three new experiments*'* in some detail in 
Sec. rn. A short summary concludes the paper. 

n. DIFFERENCES BETWEEN COINCIDENCE AND 
RADIOCHEMICAL EXPERIMENTS 

If we wish to apply Eq. (1) to the new experi¬ 
ments, we must take note of four simple but es¬ 
sential points which have been somewhat over¬ 
looked; 

1. Kinematic limitations. If the struck nucleon 
does not recoil with an energy considerably larger 
than the minimum removal energy, multiple-step 
processes will swamp quasielastic scattering. 

(The NN cross section is large at very low ener¬ 
gies.) Also, the Fermi motion of the struck nu¬ 
cleons will always smear the energies of the 
emerging particles. Hence the detectors must be 
able to (Riserve particles with energies above and 
below the nominal quasielastic values. 

2. Angular dependence of r. Unlike radlochem- 
istry experiments, counter experiments observe 
outgoing pions and nucleons emerging at specific 
angles. Thus one should use differential cross 
section ratios for r. Despite the dominance of the 
(3,3) phase shift in the total cross sections over 

a large energy range. Interference with other 
partial waves makes r(0,) strongly dependent on 
the scattering angle. In Fig. 1 we have plotted 
H6,) for a number of incident pion energies, us¬ 
ing a convenient energy-dependent representa¬ 
tion of the sK experimental data.*' There are big 
deviations from the naive ratio r ° 9 even at en- 
, crgies quite near the (3,3) resonance. Clearly 
(3,3) dominance is a good approximation for the 
total cross section ratio for a wide range of en¬ 
ergies, but a bad approximation for the differen¬ 
tial cross section ratio at ail energies. 

3 . Energy dependence. Since the nucleon charge 
exchange cross sectlcm varies rapidly with 
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fig. 1. The ratio of r'p and v *p dlHerential croaa 
sections as a function of the center of masa scattering 
anide. The laboratory energy bi MeV Is given next to 
each curve. The corresponding total cross section ra- 
tloB obange gradually from 8.8 at 130 MeV to 7.8 at 290 
MeV. 

energy, so does P. For small values of 
x-p/q^{ZfA)a^^„pd 

=<0,(Z/.4)r/*-V- (4) 

Here d is the mean distance traveled by the nu¬ 
cleon in the nucleus, p is the average nuclear 
density normalized to / pdr^A, and d„e7.06 
X 10* mb X (MeV)*'* is a parameter representing 
the somewhat poorly determined Pauli exclusion 
principle Inhibition on the charge exchange pro¬ 
cess. Its value was determined by fitting (within 
a restricted range) the ratio A, in the radlo- 
chemiatry experiment* at 180 MeV. The energy 
dependence of x (or P) is crucial in understanding 
the energy variation of A, in that and other ex¬ 
periments.*'* For a coincidence experiment, 
which has the advantage of a better determination 
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of the nucleon energy T„, it is also important 
to take this energy dependence of x into account 
when comparing predictions with experiments. 

4. Absorption effects. As noted above, quasi- 
elastic scattering reduces the fluxes. Nucleon 
"absorption" has a particularly large effect on 
the magnitude of R, and on its A dependence. If 
the nucleon absorption cross section is 
large, /I is essentially independent of A, while 
Z/A decreases with A; hence, by Eq. (4), P also 
decreases with A. On the other hand, if 
» 0, d scales with A'^’, and P increases with A. 

There are some ambiguities regarding this last 
point which deserve further comment. It is not 
obvious, fur instance, what to use for since 

small angle scattering is inhibited by the Pauli 
principle, and targe angle np scattering is already 
counted as charge exchange. In coincidence ex¬ 
periments. absorption refers to scatterings which 
deflect the outgoing particles from the detectors, 
i.e., which appreciably increase the angular 
spread of the outgoing flux over that due to Fermi 
motion. We elected to write as the Integral 
of the Pauli corrected np cross section from a 
minimum angle ir - 8, to u, and took over from the 
radiochemistry experiments the fitted value of 
(One could argue for a smaller value.) This 
gave us a value of 8„ at each nucleon energy 
We then Integrated the average of the pp and np 
cross sections from to ir - to obtain 
We found a nearly constant 0 ^.^, = 35 mb for 
between 60 and 90 MeV. the energy range of 
interest. 

In a radiochemistry experiment, on the other 
hand, nucleon absorption corresponds to NN scat¬ 
terings which eject an additional nucleon. The 
energy of an outgoing nucleon Is estimated'’ to 
average about T,, 3, but it varies over a large 
range. The slow nucleons, for which the nucleon 
charge exchange process is very large, have little 
or no phase space for ejection of a second nuc¬ 
leon. Thus is probably significantly less in 
a radiochemistry experiment as compared with a 
coincidence experiment, in Ref. 6 we made the 
convenient, albeit arbitrary, assumption that 

As indicated in the previous paragraph, 
such a choice would be inappropriate for a co¬ 
incidence experiment. 

To conclude these remarks, we note that a 
DWIA description of the (n .irN) process using an 
isospin dependent optical potential would account 
for nucleon "absorption” in a self-consistent way. 
However, we now believe that a Lane-type poten¬ 
tial (having a term f, • T), such as was used by 
Hewson," would probably not be sufficient, since 
nosisobaric analog charge exchange transitions 
appear to be very important.” 


111. DISCUSSION OF THREE RECENT COINCIDENCE 
EXPERIMENTS 

A. IR^fir'.ryiltBwltbciMiayiciohition 

The Vlrglnia-SIN experiment* used 180 MeV 
X' and X* incident on a '*C target. Plons at 100° 
and 110° were detected in coincidence with protons 
at 30°. The proton spectrum was centered near 
80 MeV, the free proton value of 76 MeV less the 
16 MeV proton removal energy. Thus the kine¬ 
matic requirements (point 1 of Sec. II) are satis¬ 
fied. Using all events, these authors obtained 
R^(exp)’> 5.27*0.45. (We have taken a weighted 
average of the data at the two angles.) They note 
this is less than the lA value obtained from the 
free np total cross sections, R^(IA)<r>‘9, but 
more than the 2.7 they anticipated from Eq. (3), 
using r°9 and a value of x appropriate to the '*C 
radiochemistry results.” 

However, from Fig. 1, for pions which scatter 
through 100° or 110° in the lab (115° or 125° in the 
vN c.m. frame), r is 11 at ISO MeV (point 2). 
Furthermore, the spectrum shows that the av¬ 
erage total energy of the final vN system is less 
than that of the incoming pion by abcxit 35 MeV, 
suggesting the need to extrapolate the xjv cross 
sections off-shell. Since the final pion and nucleon 
energies are measured, it is reasonable to eval¬ 
uate the cross sections using the “final energy 
prescription”, i.e., at 180-35° 145 MeV; then 

14. Also, as mentioned above, in a radlochem- 
istry experiment T,/3, or 60 MeV in the 

present case. This is somewhat less than the 
76 MeV peak quasielastic energy (point 3). Scaling 
the radiochemistry result according to Eq. (4) 
gives somewhat larger predictions, R^°3.6 
(r=9) orK,»4.2 (r= 14). 

To study the effects of absorption (point 4), we 
must go beyond scaling arguments and calculate 
P and id- We did this in our semiclassical model 
using the code QUASEX written by Varghese.” 

With r= 14 and 35 mb, we obtained R^(calc) 

= 6.0, in good agreement with Rjtexp). 

Ellis el al. also reported separate values ofR, 
lor those events leaving the residual nucleus In 
relatively low states of excitation (<10 MeV) or in 
higher energy states: 

/fi;(exp)= 14.0*2.6, R"(exp)= 2.80*0.35 . 

The first of these numbers is surprisingly large. 
However, proton energies in the Rj; data average 
about IS MeV higher than in Rf , and energies in 
Rf average 15 MeV lower. With nucleon energies 
of 76* 15 MeV, we find using ()UASEX, 

Rj(calc) = 7.1, R‘((calc)=4.8. 

Our result tor R^ Is reasonable, but Rjj; is still 
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too small* Note that even a small value of P can 
greatly reduce the ratio A, from r* 14, since the 
product rP occurs in the denominator of Eq. (2). 

B. (**,«» on "Al in ooinddonoe with nuctaar y nyi 

The Utsdi-Flortda-LASL experiment^ involved 
190 MeV n* incident on ”A1, and detected plone 
or protons at 35° in coincidence with a gamma 
ray. Free kinematics yields a proton energy at 
this angle of 74 MeV, very close to that in Ellis 
et al.* The observed proton spectrum is centered 
slightly above this energy, the part below 40 MeV 
being cut off. Thus the kinematic conditions for 
quasielastic scattering are moderately well satis¬ 
fied when the proton is detected. For a proton 
in coincidence with the "MgCl— 0) gamma ray, 
il,(exp)« 5.0* 1.0. Using r> 11 and 35 mb, 

we obtained withQUASEXA^xS.S, which agrees 
very well. 

When a pion is detected at 35°, free kinematics 
implies a nucleon recoil energy of only IS Mev, 
not much more than the binding energy. Hence 
the assumption of quasielastic scattering is likely 
to fall (point 1). Here coincidence with **Mg(I-> 0) 
gamma rays give8Af(exp)>0.93*0.14, which 
would require in Eq. (1) that P/(i « 1, a rather 
extreme value. By contrast, the »■/»* neutron 
removal ratio obtained with coincidence with 
’‘A1(II- 0) gamma rays is A,(exp)w 3.23* 0.82, 
which would require a quite different p/(i , if the 
quasielastic scattering assumption and Eq. (2) 
were valid. 

Further internal evidence exists for the non¬ 
quasielastic nature of the r-coincidence data. The 
ratio of the laboratory frame free e'p cross sec¬ 
tion for a scattered at 35° to that tor a proton 
recoiling at 35° (the x* going off at 95°) Is 3.5. 

In coincidence with the ”Mg(I-> 0) gammas, the 
ratio of the 35° v* and p cross sections is 0.38 
± 0.04, an order of magnitude smaller. To make 
another comparison, let a,(v*) be the cross sec¬ 
tion for proton removal when a x° is detected, etc. 
From the “Mg and "A1 data, a,(x*)/o;fr‘)»5.1 
*0.7, which is comparable to the spectroscopic 
factor ratio**; however, o,(»')/<r,(x*)« 18.3*4.7. 

In the Impulse approximation, neglecting Coulomb 
effects, both ratios are the same. 

Clearly the Impulse approximation and quaai- 
elastic scattering are not relevant when plons 
are detected at such forward angles. Similar 
conclusions have been reached concerning small 
angle (»*,»*) data.*'* 

C. 77AI(«*4r^)2r ud above the icwnsnce 

The Oregon State-Oregon-LASL-Horida-Texas 
experiment* had 255 MeV v° and r' incident on 


“A1 and “'Pb targets. In their paper, they also 
report a preliminary *H^ result from another col¬ 
laboration. For protons at 55° in coincidence with 
pions at 50°, they give 

A,(C)-7.B±1.0, /e^(Al)-6.9±0.7), 

fl^(Pb)»4.6±0.5 . 

Similar results were obtained with 64° and 
9,-37° for A1 and Pb. 

Using QUASEX, they were able to reproduce the 
measured values if they assumed and 

an outgoing proton momentum of 650 MeV/c 
(204 MeV). However, if one uses the quasifree 
proton energies (50 MeV at 9^- 55°, 28 MeV at 
64°), the calculated ratios are much too low, since 
hence P/n Increase by large factors. 
Furthermore, with reasonable values of 
the A dependence reverses, with A, smallest for 
carbon. Thus, with r-9 (seen from Fig. 1 to cor¬ 
respond to this klnematical situation) and with 
35 mb we obtained for protons at 55°, 

A,(0 = 4.2, fl,(Al)«4.2, A»(Pb)=4.5. 

One possible explanation for this disagreement 
between the calculations and the data is provided 
by the published spectra lor Al. They start at 
SO Mev and have tails extending beyond 125 MeV. 
Allowing lor the 8 Mev binding energies, the 
quaslelastic peaks should appear at about 42 and 
20 MeV, both below the experimental cutoff. On 
the other hand, the fastest protons detected can 
be produced in quaslelastic collisions only if the 
struck proton has a momentum greater than the 
Fermi momentum. Thus most of the quaslelastic 
events are not observed, while some events far 
from the quaslelastic peak are. Perhaps we should 
not be too surprised at the Inapplicability (rf tbe 
quaslelastic picture for this choice of kinematics 
and geometry. 

IV. CONCLUSION 

To summarize, we see that the energy depen¬ 
dence of the nucleon charge exchange cross sec¬ 
tion, the angular dependence of the Impulse ap¬ 
proximation ratio, and the absorption of nucleons 
due to quaslelastic processes are all significant 
in predicting {n,vN) ratios. Using plausible but 
uncertain estimates of various parameters, we 
can account lor most of the data involving nu¬ 
cleons with enough energy for quaslelastic scat¬ 
tering to apply. An exception is of Ref. 2. 

As in the data of Ref. 4, this ratio Involves pro¬ 
tons with energies extending well above the nom¬ 
inal quaslelastic value. Even with this taken into 
account, however, the ratio preducted by Eq. (1) 
is Bidistantlally smaller than observed. A large 
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correction to the free vN amplitude may well be 
required to achieve agreement with the experi¬ 
mental data, but based on the work of Ref. 1, a 
large otf-shell correction la not expected. 

The general features of quasielastic (x.irAf) 
scattering appear to be understood, but the four 
points discussed here can only be sorted out by 
experiments with good energy resolution covering 
more angles and Incident energies. It is also 
desirable now to carry out quantum mechanical 


calculations using OWBA codes which include pn 
charge exchange potentials. 
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We prapoee ■ lei of veriaUei to be lued in piece of the cuetomeiy eneiiics and anfla in the enilyiu of 
qiiaai-firee ecatterint data. In ternu of tbeae vaiiablee one can teduce the iiiual fivefold differential craaa 
aeetian to a threefold differential including the effects of experimental acceptance without resortini to 
Monte Carlo tccfaniquei. In this form the dependence of the data on nuclear and tivo-particle variaUet is 
clearly separated. Fuially, two tiiiiple tests of the impulse approximation, the Trciman-Yan( test and the 
Chew-Low extrapolation, can be applied directly to the data in particularly simple form. 


[NUCLEAR REACTIONS Impulse approximation, relattvlaUc analysis. I 


I. INTRODUCTION 


Quasl-lree scattering data are usually presented 
in terms of the fivefold differential 


d^o 

dfi^OjdT • 


( 1 . 1 ) 


and n, refer to the laboratory solid angles of 
the two detected particles, and T is the kinetic 
energy of one of them. Since it is usually out of 
the question to populate a five dimensional space 
with meaningful data, some reduction in dimen¬ 
sionality must be carried out. This is done, in 
effect, by comparing the data with the results of 
the Impulse approximation* in the form 


d^c 

dO^a^dT 




( 1 . 2 ) 


where S is a kinematic (actor, (da/dOV' is the 
differential cross section (or the free scattering 
of particles 0 and 1, and GjS) is a function of the 
nuclear recoil momentum Q containing all the 
specifically nuclear details. This reduces the 
problem of analyzing a fivefold distribution to that 
of analyzing the function G of at most three inde¬ 
pendent parameters. 

Common as this procedure is, it suffers from 
two serious Inconveniences: (a) The significance 
of the data does not become apparent until after a 
detailed theoretical calculaticw has been done; (b) 
since the relation8h4> between Q and the labora¬ 
tory variables is quite complicated, it is difficult 
to Interpret the behavior of the cross section in 
terms of specific physical processes. 

Some experimenters have tried to circumvent 
these difficulties by presenting their cross sec¬ 
tions in terms of Q and 0g.’ When this is done, 
however, a new difficulty arises; the limitations 
in momentum and solid angle acceptance of the 
experimental apparatus impose complicated boun¬ 


daries in the new variable space. (One can get a 
feeling for the complexity of this problem by 
looking at Fig. 5 in Ref. 2.) The dimensionality 
of the cross section can only be reduced with the 
help of a detailed acceptance calculation. These 
calculations, in addition to being difficult to 
chedc, introduce an element of uncertainty into 
the interpretation of the data. Any acceptance 
calculation must make some assumptions about the 
variation of the cross section as a function of 
those variables that are being integrated away. 
Usually it is assumed that the cross section is 
independent of some pair of azimuthal angles de¬ 
fined in the laboratory system. The physical con¬ 
tent of this assumption (in terms of the basic re¬ 
action mechanisms) and its range of validity, how¬ 
ever, are far from clear. 

In Sec. n we point out an alternate procedure, 
which avoids most of these difficulties. Rather 
than analyzing the data using the directly measured 
variables, we recommend using a set of derived 
variables in terms of which the impulse ai^roxi- 
mation takes a particularly simple form. We 
then turn to the general subject of calculating ex¬ 
perimental acceptance, and in Sec. V we show a 
way in which the acceptance of most quasl-free 
scattering ejqierlments can be written in closed 
form based on the behavior of the cross section in 
the impulse approximatioo. Finally, in Sec. VI 
we formulate in terms of the proposed set of vari¬ 
ables two well known tests of the impulse an>raxi- 
mation, the Chew-Low extrapolatimi scheme and 
the Trieman-Yang test for single-particle ex¬ 
change. 


II. THE IMPULSE APPROXIMATION 

Consider a reaction in which a particle of mass 
Mo scatters from a nucleus of mass Mg knocking 
out a particle of mass m, and leaving behind a 
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nucleus In a discrete state of massAf. We repre¬ 
sent this with the four-momenta 

/>o+^ = 9 + <7o-*-?i . (2.1) 

where and e/g are the momenta of the projectile 
before and after scattering respectively, P and Q 
are the initial and final nuclear momenta, and ij, 
is the momentum of the particle that is scattered 
from the nucleus. (See Fig. 1 for a summary of 
the notation used.) Where no confusion can occur 
we will use these symbols to refer to the particles 
themselves as well as their four-momenta. 

In the impulse approximation the reaction (2.1) 
is presumed to proceed by means of the exchange 
of a single intermediate particle with momentum 
/>, = P - Q = i 7 „ + (jf, - /)„ as shown In Fig. 2. One can 
readily write the amplitude for this process using 
Feynman’s rules. If the intermediate particle 
spin is zero, the amplitude corresponding to the 
graph of Fig. 1 can be written 

HI i (2.2) 

where ^k(P,Q,Pi) is the vertex function for the 
reaction P-Q + pi with particles P and <J on their 
respective mass shells, and ^|f.pg,p^,t}g,(|^) is the 
vertex function for the reaction “■ 9 o+<fi 
which po, q„, and < 7 , have their physical masses. 

The function T^(P,i^,p,) can depend on at most 
one Lorentz scalar invariant (in addition to the 
physical masses), which we will call 1 : 

(2.3) 



FIG. 2. Feynman diagram for quasl-tree scattering in 
the Impulse approximation. 


tlon, however, usually involves another assump¬ 
tion in addition to those Implicit in Fig. 2, that Is, 
that the two.partlcle scattering amplitude can be 
evaluated with all four legs on their mass shells. 
This means that r^(f>o>^i>9o>9]) taken as 

a function of only two independent variables, s and 
u. We may summarize this by writing 






( 2 . 6 ) 


The "four-tailed” function r,(/in,p,,< 7 g,(j,) is in 
general a function of three scalar invariants: I, 
the invariant mass squared of particle />,, and 
two other variables, which we define as 

•v - (P+/>„-9 )'''(170 + 71 )“ . (2.4) 

the total energy squared, and 

«=(/>n-7o)“. (2.5) 


and 

Af/s,B)^r^p,,p„,flro>7i)> (2.7) 

with the understanding that whenever p,’ appears 
in Eq. (2.7) it is replaced with nij’ to obtain Af ^ 
Equation (2.2) then becomes 

( 2 . 8 ) 


the momentum tran.sfor. The impulse appruxima- 




<s>- 








FitMl Stotf 

FIG. 1. The notation used in the text. 


Equation (2.8) illustrates the simplifying fea. 
hires of the Impulse approximation. First, the 
amplitude depends on only three independent kine¬ 
matic variables rather than the five required to 
completely specify the final state; and second, 
the amplitude factors into a part corresponding to 
two-particle elastic scattering (which can be 
treated phenomentdogieally) and a term containing 
the nuclear part of the interaction alone. Fur¬ 
thermore, this unknown nuclear amplitude, Mj,, 
is a function of only one variable. If Af^ Is re¬ 
garded as a known function calculated,- say, from 
experimental phase shifts, then at least to the 
extent that the inqpulse approocimatlan Is valid. 
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all quasl-lree data (or a given set (A nuclear states 
should be reducible to a universal curve In one 
parameter, the invariant mass of the exchanged 
particle. Unfortunately, the usual practice of pre¬ 
senting data in terms of the laboratory energies 
and angles deeply obscures this underlying sim¬ 
plicity. The reasons for this will emerge pre¬ 
sently. The remedy, of course, is to present data 
in terms of I, u, and s. The choice of the re¬ 
maining two "superfluous” variables, however, is 
not obvious. It is tied up with the problem of cal¬ 
culating the acceptance of the experimental ap¬ 
paratus, to which we turn in Sec. in. 

If the exchanged particle has nonzero spin, 
Eqs. (2.2) and (2.6) through (2.8) must be modified. 
The two amplitudes and M , become sums over 

form factors (which depend only on /, u, and s) 
multiplied by spin and direction-dependent terms. 
Equation (2.8) must be modified to include a sum¬ 
mation over the polarization of the exchanged par¬ 
ticle. It is well known, however, that if the ex¬ 
changed particle has spin j and the target nucleus 
is unpolarized, the combined effect of these sums 
is to produce a cross section that factors into 
nuclear and two-body terms as if the fundamental 
amplitude were of the form (2.8).‘ Since this is 
by far the most important case and since we are 
concerned here with the kinematics of quasi-free 
scattering rather than its detailed dynamics, we 
will not display the spin structure of these am¬ 
plitudes. This has been done for arbitrary spin 
by several authors.’’'* We will only mention in 
passing where the complications of higher spin 
affect our analysis. 

Finally we should point out that the impulse 
approximation in the form (2.8) is not strictly 
valid if there are multiple scattering or distortion 
effects. Equation (2.8) is still a useful starting 
point for discussing the analysis of quasi-free 
scattering data, however, for several reasons: 

(a) If the impulse !q>praxlmatlon is to be meaning¬ 
ful, the distortions must represent corrections 
that are in some sense "small.’’ It is then still 
potentially useful to present data in a way that 
makes the "zeroth-order” symmetries of the in¬ 
teraction apparent, (b) It is frequently interesting 
to know the way and the extent to which the im¬ 
pulse ^>proximatlon is violated. The largest ef¬ 
fect is usually a constant renormalization of the 
cross section, which will have no effect on the 
analysis presented here; but there are other, 
more subtle effects that tqipear as deviations from 
the functional form predicted by (2.8). The mech¬ 
anisms responsible for these deviations can often 
be Inferred from the variables in which they ap¬ 
pear. Some examples are given in subsequent 
sections. 


HI. ON CALCULATING THE ACCEFTANCE OF 
EXPERIMENTAL APPARATUS 

It is frequently the case in studying multiparticle 
reactions that some set of kinematic variables 
are required to completely specify a reaction, 
while the physical Interest centers about some 
subset of them. For example, in the simplest 
case of unpolarlzed elastic scattering, two vari¬ 
ables are required to specify the final state kine¬ 
matics. These are usually chosen as the center 
of mass scattering angle and the azimuthal orien¬ 
tation of the scattering plane about the beam axis. 
The scattering angle is an "interesting" variable 
in the sense that the object of an elastic scatter¬ 
ing experiment is to measure the cross section as 
a fitnctioTi of dc.*.- The azimuthal angle ip is "su¬ 
perfluous” since the cross section is eiqiected cm 
fundamental grcmnds to be axially uniform. We 
will say that a variable is interesting in this spec¬ 
ial sense if the object of the analysis is to extract 
some information from the behavior of the cross 
section as a function of this variable. Otherwise 
we will say that it is superfluous. In more com¬ 
plicated cases the decision to regard a variable as 
interesting or superfluous is often a subjective 
decision based cm the purpose of the experiment, 
the level of sophistication of the theory, and the 
completeness of the data. Nevertheless, it is a 
decision that is always made, either explicitly or 
implicitly, when presenting data in terms of fewer 
variables than are required to completely specify 
the final state. 

In the case of elastic scattering the superfluous 
variable enters into the cross section in a trivial 
way; and the experimenter usually tabulates his 
data as do/dQ in spite of the fact that the cross 
section does not depend on cfi. In other words, the 
cross section is kept in its original (twofold) di¬ 
mensionality, and the distinction between interest¬ 
ing and superfluous variables is only implicit. In 
more complicated cases, however, a variable may 
be superfluous and still affect the magnitude of the 
cross section or the acceptance of the experimen¬ 
tal apparatus or both. For practical reasons one 
usually Integrates the data over the siqierfluous 
variables and conqiares it with theoretical cross 
sections that have been similarly reduced in di¬ 
mensionality. This is clearly the case in quasi- 
free scattering, but we will discuss the problem 
in more generality first and later specialize it to 
reactions of the form (2.1). 

Imt us say that of r independent kinematic vari¬ 
ables in a given experiment Zi- • 'r,, are interest¬ 
ing in the sense defined above and Vi* • *y,, are 
superfluous. We wish to compare the data with a 
reduced theoretical cross section 
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rf"‘n<th) r _ d' nith) 

dx,-’-dx,, ‘ 




(3.1) 


formed by integrating the superfluous variables 
over the region R, the total phase space available 
to them. In reducing the measured cross section, 
however, two new problems arise. First, we are 
not able to evaluate the integral in (3.1) over the 
entire region R, but only over some smaller re¬ 
gion, say £, limited by acceptance of the appara¬ 
tus and the cuts placed on the data; and second, 
even within £ the probability of detecting an event 
with a given set of r’s and v’s may be leas than 
unity. In other words, when the experimenter 
bins his data in the n, interesting variables he is 
in effect evaluating the integral 


<f"‘(T(ex) r rf"oe(r,y) 

• ■ ‘dx,^ " Jgi ,, rfr, • • •d-t„dv, • • -rfy,, 


(3.2) 


where d'n is the “real" cross section, /f"'o(ex) is 
the uncorrected observed cross section in n, vari¬ 
ables, and «(r,y) is the efficiency lor detecting 
a particle with the set of variables (x,v). The 
experimenter confronts the theory either by fold¬ 
ing the experimental acceptance and efficiency in¬ 
to the theoretical expression for the cross section 
or by correcting his data. In the first case he 
calculates the modified theoretical cross section 
given by 


d"‘q<mud) r iffKthltlc, v) 

dx, — rrx,dy,---dv,.. 


dv,'"dv,.^. 


(3.3) 


In the second rase he corrects his data by multi¬ 
plying it by a weighting factor «'(x) where 


f _i 

J dx,--- 


dMth) 


«i(x)= 


dr,...rfr i/v,...i/.v. 


-dv,---dv„. 


rf-ofthl 


/ rfVj-•. •-rfy, 


•e(r.v)rfv, 

(3.4) 


In either case it is necessary to evaluate a diffi¬ 
cult integral over E. This is the integral that is 
evaluated, in effect, in an efficiency calculation. 
Usually it must be evaluated with Monte Carlo 
technioucs. 

In this light it is evident why Eq. (1.1) represents 
an awkward choice of variables. Apart from one 
azimuthal angle there are no superfluous vari¬ 
ables, or to put it more accurately, the interest¬ 
ing and superfluous variables are mixed ao that an 
explicit separation as In Eqs. (3.1) to (3.4) is not 


possible. The origin of this difficulty and Its so¬ 
lution are discussed In Sec. IV. 


IV. CALCULATINC THE CROSS SECTION 


In order to disentangle the Interesting and su¬ 
perfluous variables we must re-evaluate the cross 
section for quasl-free scattering in a different 
coordinate system from the laboratory frame used 
in Eq. (1.1). In terms ot the momenta illustrated 
in Fig. 1 the Invariant differential cross section 
has the form 




(2x)*SIAll’ <fQ d4, dqi 
(2<Uo)(iu),) 2£,5 2£o 2£. 


xe(Q+qo+4)-P-5D) 


X 6(£q+£q+£|-. . (4,1) 

The u>'s denote the total energies of the particles 
In the initial state and the B’b represent the total 
energies of the respective particles in the final 
state. The incident flux factor (f for (4.1) in a 
general frame is 


T . (4.2) 

Let us count the variables that enter Into a de¬ 
scription of the reaction. The three final state 
vector momenta are specified by nine coordinates, 
but the momentum conserving 6 function reduces 
this number to six. In most experiments the en¬ 
ergies £g and E^ are measured so that the total 
recoil energy £q and hence the invariant mass of 
the recoil nucleus can be calculated. One is 
usually interested in reactions leading to a defi¬ 
nite nuclear state so that the data, which nor¬ 
mally cover a wide continuum in M, are selected 
to correspond to some definite mass. For this 
"cut" data the energy conserving i function in 
(4.1) reduces the number of independent vari¬ 
ables to five. 

In order to preserve the simplicity inherent in 
the impulse approximation we begin by evaluating 
(4.1) in the center of mass system of the po+p, 
reactlcn, that is, in a system where 

R'^P-Q+Po (4.3) 

lies along the time axis. (See Fig. 3.) The phase 
space element becomes 




dQ d% dq, 

2£o 2£o 2£, 




(4.4) 


The last three factors constitute ordinary two-body 
phase space with total four-momentum A. As Is 
well known 




(4.5) 
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FIG. 3. Quaal-tree aoatterlnf In flie oentar of mass 
system. 


where <f *p, is the two-body phase space element 
and Ip is the azimuthal coordinate of the scatter¬ 
ing plane, u is the invariant momentum transfer 
squared from (2.5), |^| is the absolute magnitude 
of the center of mass three-momentum given by 

[^[a- ts-(»io4-»ii)^][s-(mo-m,)*] j 


return to this problem in Sec. V. 

The remaining factor in (4.4), dQ/2Eg, is sepa¬ 
rately liOrentz invariant, and it is more convenient 
to evaluate it in the laboratory. We first intro¬ 
duce the polar coordinate system 


dQ 

ZEg 


ZBg 


d{coBeg)dip , 


(4.8) 


where 8 g is the polar, and (p the azimuthal angle. 
Normally one would choose the incident beam di¬ 
rection as the polar axis; however, the Lorentz 
transformation between the laboratory and center 
of mass frames is usually not parallel to the 
beam, so that 4> would transform in a complicated 
way. It turns out to be more convenient to take 
the direction of S as the polar axis as shown in 
Fig. 4. Then (f> retains the same value in both 
systems. Furthermore, in the center of mass 
system 

P = -Af„y3 (4.9) 


and .v Is the total center of mass energy squared 
from (2.4). 

The Lorentz transformation from the laboratory 
to this center of mass frame is defined by the 
relative velocity of the two systems 


3 = 




(4.7) 


the primes on this and subsequent eiq>re8sions in¬ 
dicate that the variables are taken in the laboratory 
system. It is evident that 3 is not in general par¬ 
allel to the beam axis, and, furthermore, its 
magnitude and direction depend on the final state 
momenta. This is the source of the kinematic 
conqilexity of quasi-free scattering. Each event 
defines its own c.m. system; or to put it another 
way, changing any one laboratory variable (with 
the exception of one allover azimuthal angle) 
changes all of the center of mass momenta shown 
m Fig. 3. This difficulty can be partly circum¬ 
vented by using the Lorentz Invariant variables u 
and s to describe the two-body scattering. The 
superfluous variables still present a problem, 
however. For example, the azimuthal variable 
in Eq, (4.S) is usually defined as a rotation of the 
scattering plane about an axis taken along the di¬ 
rection of the incident particles In the c.m. frame. 
The Lorentz transformation to the laboratory, 
however, rotates this axis, so the azimuthal dis¬ 
tribution of events in the laboratory will differ 
from that in the center of msiSB frame in a com¬ 
plicated way dq>endlng on 5. It will be argued 
later on that the distribution of events in the c.m. 
system should be axially uniform In most cases of 
interest, so this complexity only affects the cal- 
culatlcn of the experimental acceptance. We will 


[as usual, y=(l - 8°)''^*], so that 6 represents the 
azimuthal orientation of the scattering event 
around an axis parallel to the momentum of the 
incident target nucleus. Since quasi-tree scatter¬ 
ing experiments are invariably done mi unpolarized 
nuclear targets, there Is no preferred direction 
around this axis, and the distribution of events 
must be axially uniform. 

The remaining variables in Eq. (4.8) are more 
conveniently expressed in terms of two Lorentz 
scalars, s and f, defined previously. Then 


dQ 

2 Eg 


2Eg 


9(Q, COSSg) 

9(5^ 


dsdtd<P > 


(4.10) 


Z 



FIO. 4. The deflnMcn of 0 in terms laboratary oo- 
ordinales. 
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where the Jacobian 


Q* B{Q, cosflo) _ 1 

iEg B(s,t) " 8M„l5i+?;i 


(4.11) 


muat be eeparately Lorentz invariant (since it 
connects two Lorentz invariant volume elements). 
It has a particularly simple form when expressed 
in terms of the laboratory momenta, but can be 
written as a function of scalar invariants using 
Eqs. (AI) and (A2) from the Appendix. Finally 
combining (4.4), (4.5), (4.10), and (4.11) yields 


, dtdsdudiidil) 

'' 64.M„/ri5ii4j+4’i • 

The flux factor appearing in (4.2) is 


(4.12) 


JL- 1 

' Alo I 
in the lab. Hence, 


64 |Af*(/)Af»(.s.«)l ]vJ7TqTvri?^Ti5j^ ‘ 

(4.13) 


The amplitude M, represents the scattering event 
/>„+/), terms ol two Invariants, s the 

total energy and u the momentum transfer squared. 
In the spirit of the impulse approximation we re¬ 
place this with the elastic scattering amplitude for 
a physical particle with mass and momentum 
P-Q. With (he same normalization used in (4.1), 

^ (/>o/’i - 'I.yTi) = |Af p(s, a) I''* . (4.14) 

With this substitution (4.13) becomes 


dV- 


16xAf 




dfiisdn/IM^'. 


(4.15) 


In deriving (4.15) we have implicitly assumed that 
the exchanged particle was spinless; however, 
as was stated In connection with Eq. (2.8), the re¬ 
sult is still valid for spin j if the target nucleus 
is unpolarized. In this case {do/duY’’ is the cross 
section for the scattering of the mcident beam 
particle from a free, unpotarized nucleon target 
evaluated at those values of a and .s given by Eqs. 
(2.4) and (2.5). 

Equation (4.15) is the point of departure for 
subsequent analysis. The variables in the differ¬ 
ential fall into three categories: /, which controls 
the specifically nuclear part of the interaction; a 
and .V, which determine the elastic scattering cross 
sectioD; and ^ and which will be integrated out 
reducing (4.15) to a threefold differential. The ki¬ 
nematic factor can be expressed entirely in terms 


of the "interesting” variables (see Aniendix) and 
is Independent ot d> end The fact that the cross 
section in Eq. (4.15) is Independent of f is due to 
our assumption that the nuclear target is unpolar¬ 
ized. The fact that it is independent of is a con¬ 
sequence of the impulse approadmation. This is 
just a restatement of the familiar Trleman-Yang 
criterion for one particle exchange, which is dis¬ 
cussed further in Sec. VI. But there are several 
ways In which Eq. (4.15) can fail to represent the 
actual cross section, and these failures can in. 
duce ^ dependence which potentially carries infor- 
matlon about the reaction mechanism. 

The first of these interesting failures can come 
about if the exchanged particle Is a nuclear 
cluster with spin ja-1. In this case the interfer¬ 
ence among the various terms in the sum over the 
polariaation of the exchanged particle prevents the 
factorization of the two-particle cross section as 
in (4.15). The way in which ip then enters into the 
expression for the cross section depends on the 
spin of the incident particle and the orbital state 
of the target cluster. A catalog of possibilities 
has been worked out by Shapiro et al.,‘ but so far 
these effects have not been investigated eiqieri- 
mentally. 

The second interesting failure comes about when 
the simple impulse approximation shown in Fig. 2 
is violated. This, of course, is always the case 
when rescattering effects are present. However, 
it is well known that when these effects are treated 
in the usual distorted wave a^iraximation the net 
result is only to modify the allover normalization 
and the effective momentum distribution of the 
target nucleon or nuclear cluster in the nucleus. 

In our terminology Eq. (4.15) is still valid If the 
nuclear amplitude At„ is regarded as a function of 
n and .s as well as t. If spin-dependent distortions 
are included, on the other hand, this simple re¬ 
sult cannot be proved, Eq. (4.15) is no longer 
valid, and the cross section becomes dependent 
on Ip. These spin-orbit distortions are usually 
neglected but have been analyzed recently by 
Jackson.* It is not currently known whether or 
not they are important. 

For the usual coplanar, quasl-free scattering 
experiment these considerations are probably 
irrelevant. As will be shown later, the coplanar 
geometry tends to suitress any ip dependence In¬ 
herent In the cross section. This Is another way 
of stating the commonplace that Trleman-Yang 
tests must be done with noncoplanar apparatus. 

In Sec. V we will study the acceptance integrals 
for quasi-free experiments assuming (4.15) Is 
valid. The results should be true for any geo¬ 
metry subject to the two exc^ions noted above, 
and should be accurate for coplanar geometry 
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regardlAM of whether the cross section is strictly 
^ independent. 


V. CALCULATING THE ACCEPTANCE 


If it were not for the limited acceptance of ex¬ 
perimental apparatus we could simply eliminate 
if, and ifi in Eq. (4.15) by integrating them over 
2ir rad. However, to compare theory with real 
data we must integrate <f> and ^ over the limits 
imposed by the I^ 9 aratu 8 (with t, u, and s held 
constant) as shown in Eqs. (3.3) and (3.4). Fur¬ 
thermore, Eq. (4.15) is only valid in the center of 
mass system (since d’p, was evaluated in this 
system and 0 is not Invariant), and even the sim¬ 
plest limits in the laboratory become very com¬ 
plicated when transformed into the center of mass. 
For this reason we evaluate the acceptance inte¬ 
grals in the laboratory system (where the limits 
are trivial) in terms of the measured azimuthal 
angles, 0o and The acceptance, e{t,u,s), is 
defined as follows: 


f didudsd<i)dip 

c{/,K,s)= — 


/ 


d'a 
dtdKdsd<l)dip 


dtpdtf) 


(5.1) 


In most experiments the detection efficiency e is 
a slowly varying function of energy, in other words 
not a function of the azimuthal variables. Factor¬ 
ing it out of the integral and using Eq. (4.15) for 
the cross section yields 

e(f,«, .s) = (2 v)^e (f,», s) d W/ - 

(5.2) 


The subscript £ on the integral represents the 
limits on and imposed by the apparatus. In 
general E will depend on the scattering angles and 
energies of particles q, and g, and thus on the 
variables t, u, and s. 

The way in which Eq. (5.2) is used to analyze 
data depends on whether the acceptance is used 


to modify the theoretical cross sectlmi as in Eq. 

(3.3) or to weight the data as in Eq. (3.4). In 
either case the data are binned in the variables 
I, u, and s. In the first case the uncorrected 
theoretical cross section <f *cr(th)/didu<f.<; is multi¬ 
plied by e and compared with the data. In the 
second procedure the experimental cross sections 
are nniltlpUed by the weighting factor e'‘ and 
compared with the unmodified theoretical cross 
section. 

In order to calculate the Jacobian in Eq. (5.2) 
it is necessary to ejqjress ifi and <ti as explicit 
functlmis of if>i and tpj. The function for fi can be 
found as follows: Take any vector perpendicular 
to the P - ^ - p, scattering plane. (Because of mo¬ 
mentum conservation these three vectors are co- 
planar in any coordinate system.) From Eq. (4.9) 
such a vector will also be perpendicular to /3, the 
polar axis about which tp is defined. It will also 
be invariant under the Lorentz transformation 
defined by For example, if we take the normal 
vector to be $ X p, then 

§xP = .Moypxp„=Aloy^xJSi. (5.3) 


We now define ^ to be the angle between this nor¬ 
mal vector and some reference direction in the 
laboratory (e.g., the vertical direction). Using 
the coordinate system pictured in Fig. 4 we have 


tanip- 


(gxgn') 

(Sxfe) 


& 

9 


lqo'l8ln9o8inif>o+ l^'lsingi'sln^i' . , 

l^lsing'cosdi^-f 15,'I Bins'cos*,' ' 


The angle 0 can be taken as the azimuthal orien¬ 
tation of the P - Q - p, plane with respect to the 
p,—plane as measured around an axis de¬ 
fined by Po (see Fig. 3.), l.e.. 


coe^= 


gpXP gpX^ 

ifcxPl lfcx5„l ■ 


(5.5) 


Using (4.7) P, and ^ can be rewritten in terms 
of the two measured laboratory momenta 4) and 
A long calculation yields 


cos^ 


For a perfectly eoplanar event ^ is either 0° or 
160° depmuling on whether 0 points to the right or 
the left of the beam axis. The function junqis dls- 
contlnuously between these two values when x ^ 
= 0. Figure 5 shows the behavior of ^ for sym¬ 
metric btd slightly ncncoplanar events. The scat- 


(5.8) 

I-- 

terlng angles, 9,' and 9/, are presumed to be held 
constant while £^ and are varied along the en¬ 
ergy sharing locus. The angle ^ varies smoothly 
between Hie two limits passing through 90° when 
Ei= In an asymmetric configuration this cross¬ 
over point is shifted so that It occurs where 


P£y0 _ [K X (£.7),'- E^i')+ uSii X _ 
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yiG. 5. l^lcnl babavlor of as a fdnctlan of energy 
diarlng for a symmetric, coplanar experiment with a fi¬ 
nite coplanarlty acoopLance. Tg and Tj' are the kinetic 
energies of the two detected partldes. 

|3o'|8infl^-i5,'|Binh,'. 

Equations (5.4) and (5.6) could now be diffe¬ 
rentiated to evaluate the Jacobian in (5.2). For¬ 
tunately it is not necessary to do this explicitly. 

It is easy to show that and </>,' only enter into 
Eq. (5.6) jn the combination (iig- so that 
1^ = (f'(<J>o- <l’i) 8^11*,;= -8J'/s<h[. By differen¬ 
tiating (5.5) we find f s<f>/srfi,'= 1 so 

8(i>, _ _S£_ 

8(</'o»di,') 8 dig 

The experimental acceptance is then given by the 
integral 

f (5.7) 

■'s *'^0 

where the limits of integration are imposed either 
by the azimuthal acceptance of the particle detec¬ 
tion devices or by cuts which are later made on the 
data. Suppose, for example, that the detector for 
particle 1 is centered at d>/^0 and the detector for 
particle 0 is centered at ifio'^ v. If the smaller of 
the two detectors, say detector 1, subtends a 


range of angles \4‘l\< &-4‘! and limits are placed 
on the data's copla^ity 

V- &d>' (^0 - x+ I 

the Integral In Eq. (5.7) can be evaluated exactly 
yielding 

e*(5.8) 

The quantity in square bradeets can be thought of 
as the vertical distance between the solid and dotted 
curves in Fig. 5. The acceptance evidently pinches 
out to zero when the kinetic energy of either parti¬ 
cle goes to zero, and U rapidly passes through its 
maximum at the symmetry point. In some cases 
one may wish not to cut on coplanarity but rather 
to Include all events accepted by the detectore. 

The limits of Integration then are 

ki’k <^<(> 1 '> 

The integral can no longer be evaluated exactly, 
but since particle detectors usually subtend a 
small fraction of the total solid angle, Eq. (5.7) 
can be approximated eaally; 

(5.9) 

This Simpson’s rule Integration is adequate except 
near the symmetry point where the acceptance goes 
through its maximum. There one must resort to 
numerical integration. 

Equations (5.7) to (5.9) together with the ex¬ 
pression (5.6) for 1 ) in terms of laboratory vari¬ 
ables give the integral required to reduce the 
cross section, Eq. (4.15), to a threefold differen¬ 
tial. A small technical difficulty arises, however, 
due to the fact that Eq. (5.6) is written In terms of 
laboratory variables, whereas the data are binned 
in (, u, and s. If e Is used to weight the data on an 
event-by-event basis, then the apprcqprlate labora¬ 
tory energies and angles will be available to cal¬ 
culate ii from Eq. (5.6). If the data are weighted 
bin by bln or If the procedure Implied by Eq. 

(3.3) is used to correct the theoretical cross sec¬ 
tion, then Eg, El, 9^, and 61 must be calculated 
from t, u, and 5 using the formulas In the Appen¬ 
dix. This Is easy enough, but It is possible to 
choose the t, v, « bins Inappropriately large so 
that e varies widely over the bln width. This is 
particularly a problem near the symmetry point 
where <1 and thus e are changing rapidly. It should 
be pointed out, IncidentstUy, that this pathology is 
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not unique to our formallam; It is only obscured 
in the customary way of doing the calculations. 

Finally it should be noted that there Is a slight 
approaimatloa Inherent in our procedure for cal¬ 
culating e. This comes about as follows; Eq. 

(5.1) Implies that t, s, and u are held constant 
while Integrating over the azimuthal angles. In 
fact, there is a weak azimuthal dependence in s, 
since in the laboratory 

s=wio’+m -t- 2 - 24 ; • 

and contains a term proportional to 
cos(d>o-d>iO' Thus to keep f, s, and h constant 
over the range of integration in d), and d),, the 
other laboratory variables appearing in (S.6) must 
vary slightly, whereas (5.8) and (5.9) assume that 
they are constant. This effect has been investi¬ 
gated numerically for various experimental config¬ 
urations and appears to be negligible. 

VL TESTS OF THE IMPULSE AFPRQXIMATIDN 

Any scheme for reducing the dimensionality of 
experimental data must make assumptions regard¬ 
ing the behavior of the cross section as a function 
of those variables that are Integrated away. The 
approach advocated here is clearly predicated on 
single-particle exchange. In this section we 
briefly describe two tests, which are well known 
in other contexts, for checking this assumption. 

The tests can be applied more or less directly to 
the data if they are tabulated in terms of the vari¬ 
ables we are recommending. 

The key simplifying feature of the impulse ap¬ 
proximation is that the two vertices are indepen¬ 
dent of each other except inasmuch as they both 
depend on the momentum and spin of the ex¬ 
changed particle. For example, if the exchanged 
particle is spinless and the beam unpolarlzed, the 
cross section must be independent of the variable 
<f'. (The center of mass coordinate system used 
here differs from the usual “anti-lab” system by 
a Lorentz boost along the direction of the polar 
axis of which, of course, leaves ^ invariant.) 
This was first proposed by Trleman and Yang* as 
a test of one-pion exchange, and has been general¬ 
ized for arbitrary spin by Shapiro et al.’ 

Such tests are customarily made with arrays of 
noncoplanar detectors. However, as can be seen 
from Eq. (5.6) and Fig. 5, even the normal copla- 
oar geometry takes in the complete range of ^ 
from 0 to 2x. This is because the vector S, de¬ 
pending on the momentum sharing of the two de¬ 
tected particles, can point either to the right or 
left of the beam and (for events that are not per¬ 
fectly ccgilanar) can point above or below the scat¬ 
tering plane as weU. Thus the vector ^ x s ro¬ 


tates through 180'’ (again assuming a slightly non- 
copianar event) as t/gSinff^ becomes much greater 
or less than q,’slnS,'. Tliis makes it possible to do 
a limited Trieman-Yang test even with a coplanar 
experiment. This, in fact, is the idea behind the 
suggestion of Jacob, Maris, Schneider, and Teo- 
doro' that asymmetries in energy sharing spectra 
Bhcmid appear in reactions of the type (p,2p) with 
polarized incident protons. They arise because 
distortions, i.e., departures from pure single- 
partlcle exchange, have the effect of polarizing 
the target nucleon. This in turn produces an or¬ 
dinary cos’;!i dependence in the center of mass 
cross section for the scattering of the two pro¬ 
tons; and it is this dependence that appears as 
un energy asymmetry in the laboratory variables. 

Without polarized beam, however, the coplanar 
experiment is of very limited usefulness in doing 
Trieman-Yang tests. The reason is that for this 
geometry ip passes through 60' near the point on the 
energy sharing locus where the nuclear recoil mo¬ 
mentum, the target nucleon, and the Incident beam 
kre colllnear. In this limit the ip dependence must 
vanish regardless of the reaction mechanism, so 
one does not expect to observe a violation of the 
Trieman-Yang criterion in a coplanar experiment 
except possibly at the two points ip = 0‘' and 180 . 

There is another useful test of the Impulse ap¬ 
proximation that depends on the fact that only a 
eingle particle is exchanged. This is the so-called 
Chew-Low extrapolation scheme.' Applied to 
quasi-free scattering experiments it can be formu¬ 
lated as follows; Since the uj^r and lower ver¬ 
tices in Fig. 2 are connected by a single particle 
of mass m,, the scattering amplitude and hence 
the function Af,/f) in Eq. (2.6) must have a pole at 
a v^lue of t equal to m,'. This value is not phy¬ 
sically accessible, nor does the pole represent 
the total t dependence of Af, but for values of f - m,“ 
clone to the minimum, one may reasonably expect 
the cross section to be dominated by this term. 

To exhibit this it is customary’ to factor out the 
pole leaving a "coiqiling constant" or vertex func¬ 
tion which varies more slowly with /. In our for¬ 
malism 
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slope T passing through y ^ 0 at / =m‘. The con¬ 
stant r can be related to the effective cluster num¬ 
ber In the usual formalism. Deviations from the 
straight line behavior of the t- Y plot or variations 
in the slope of the straight line with changes in u 
or .V indicate a breakdown of the single-particle 
exchange approximation. 

VII. CONCLUSION 

We have proposed a set of variables to be used in 
place of the customary energies and angles in the 
analysis of quasi-elastic scattering data. Three 
o( these variables are familiar Lorents scalars 
frequently used in the analysis of high energy scat¬ 
tering experiments. The other two variables are 
azimuthal angles defined in the center of mass 
system of the two detected outgoing particles. In 
terms of these variables one can reduce the usual 
fivefold differential cross section to a threefold 
differential, including the effects of experimental 
acceptance, without resorting to Monte Carlo 
techniques. Moreover, in this form the dependence 
of the data on nuclear and two-particle variables 
is clearly separated. Finally, two simple tests of 
the impulse approximation, the Trieman-Yang test 
and the Chew-U)w extrapolation, can be applied 
directly to the data in particularly simple form. 

APPENDIX 

If is a simple matter to calculate the invariants 
/, u, and .y, given the momenta in a specific co¬ 
ordinate system. Occasionally, however, one 
needs to reverse this procedure, c.g. to evaluate 
the kinematic factors in (4.15) or to correct a the¬ 
oretical cross section for experimental acceptance. 


The following sequence of equations is sufficient 
to reconstruct all the c.m. and lab momenta given 
and the three scalar Invariants. As in the 
text, all unprimed momenta and energies refer to 
the c.m. system, primed variables to the lab. 


Define then 





(Al) 

14)'+3 



(A2) 

1^1’ = 



(A3) 

IS-I* - 

1* l2 _ [s-{mg + i/r)*][s. 

■ (mp 

-VT)*] 

IPol “ 

iPil 4g 


> 




(A4) 

l5ol*= 


-(mp 

-«,)*] 

iQil 45 


> 




(AS) 

II 

-/ + mo* 


(AO) 

£o'- 



(A7) 

COSflg. 

.’ 


(A8) 


where 0^,^. 1 b the c.m. angle between pg and 4)- 
With this information and ifi and ip one can reccsi- 
strucl the c.m. momenta 4> B^d q,. The final step 
is to transform these momenta to the laboratory 
system. This requires one additional parameter, 
the angle between 0 and jSp, which can be calcu¬ 
lated from 

(A9) 
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latter will also overestimate pion productioa in the high energy tail compared to an energy and momentum 
conierving phase apace calculation. 
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I. INTRODUCTION 

In the simplest version of the fireball model, 
the overlapping parts of the target and the projec¬ 
tile fuse together; the ordered Idnetlc energy of 
the collision is then dumped as random thermal 
energy; the energy is so high that all the nucleons 
are liberated.’ Pions are also produced.* It is 
possible to include the production of composites.*'* 

One is tempted to assume that the emission of 
protons from such a fireball will be uncorrelated, 
that is, in the fireball frame the probability of 
having simultaneously a proton of momentum p, 
and another of momentum Jib a function 
independent of the angle between them. Recent 
experiments by Nagamiya el al?''' show that this 
is not so. We will describe the results of these 
experiments later. The fact that preferential 
emission was seen in the Berkeley experiment 
was advanced as a signature of the inadequacies 
of the thermal type models. 

In this paper we calculate two proton correla¬ 
tions in the fireball model. We find that the lack 
of correlation is dictated not so much by the basic 
assumptiem cf the thermal models as by the use of 
the grand canncmlcal ensemble. It the number of 
the participating nucleons is small, then it is 
better to do a phase-space calculation, i.e., the 
microcanonical ensemble. Exact Imposition of 
energy and momentum conservation then leads to 
a correlation like the one seen in the experiments. 

As a by-product, we also do a model calculation 
for the inclusive qiectnim of pions in the micro- 
canonical ensemble. The reason for this exercise 
is the following. For C on C or Ne on NaF at 
800 MeV/lV in the lab the pion inclusive spectrum 
has been measured for pions with kinetic energ;y 
up to 500 MeV. Calculations using fireball type 
pictures usually overestimate*'* pion spectrum. 
Again the use of the grand canonical ensemble 
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needs to be looked at here since the number of 
pions is small, and in any event one is looking at 
the high energy tail of the spectrum where energy 
and momentum conservation may play a significant 
role. For pions, the calculations dme here are 
undoubtedly simplistic. We have left out effects 
known to be important. To do a realistic computa¬ 
tion for a pion inclusive spectrum using phase- 
space calculation would be prohibitively lengthy. 

But the model calculation done here suggests that 
at least a significant part of the overestimation of 
the pion spectrum obtained in previous calculations 
may have its origin in the use of the grand cancmi- 
cal ensemble and not so much in the basic assump¬ 
tion of the fireball model. 

n. THE FIREBALL MODEL AND PHASE-SPACE 
CALCULATIONS 

At each impact parameter the overlapping parts 
of the projectile and the target fuse together and 
all the available energy is converted into random 
motion. Such a conversion can happen if the fire¬ 
ball loses the memory of how it was formed. In 
any event, if the number of open channels is very 
large then Just the sheer number of these channels 
may play a more important role than the individual 
s-matrix elements leading to each of these chan¬ 
nels, at least for inclusive reactions. 

We Sms consider at each impact parameter only 
the following information: a given relativistic en¬ 
ergy £ni> R given baryon number B, a given charge 
Q, a given volume V, and a net momentum P which 
is aero in the c.m. of the fireball. H there are 
many particles then instead of a fixed energy £ 
we can Introduce a fixed temperature (whose value 
correqioods to the correct average energy). We 
can also use the concept of chemical potentials to 
obtain the average number of particles. This is 
the grand canonical ensemble. 
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We will, howsTor, deal wlOi caflee where the 
number of particles is not large. We then use the 
mlcrocanonicai ensemble. To fix our ideas, let 
us consider a model in which only micleons (of 


mass m) and pions (of mass m^) are considered. 
The probability of having », protons, ng neutrons, 
n, positive pions, negative plans, and n, neutral 
pions is given by 






( 1 ) 


Here 

N i=n,+ n„ 

Ar,= »!3+n4+»s, 

N=N,+Nt. 

E=F.m -N,nir’ -Sjn,r*. 

The partitions . ■ must obey the law at baryou and charge conservation 

Si + Wj -w<=Q, 

ni + n,=F. 

Equation (1) is a ncmrelallvistic approximation. We will be concerned with equal ion collision with lab 
inergy 800 MeV/v which corresponds to 182 MeV per nucleon in the c.m. Thus for micleons, the noorela- 
tivistic approximation is reasonable. It is less reliable for pions. The integral of Eq. (1) can be evaluated 
formally. The relativistic generalization of Eq. (1) for an arbitrary number of particles can not be eval* 
uated in a closed form. 

For a given impact parameter the Inclusive spectrum of say, negative pions at p in the rest frame cf the 
fireball, is given by 








(2) 


Equations (1) and (2) are straightforward applications of the mlcrocanonicai ensemble. The integrals 
appearing in this section are evaluated in the Appendix, n is obvious that an equation similar to Eq. (2) 
can be written down for the proton Inclusive spectrum. 

ni, TWO PROTON CORRELATiONS 

Let us consider the following two proton correlations in the rest frame of the fireball. Let the fireball 
lave protons, neutrons (n,+r;,=n), and nonrelativlsUc energy E. Consider a Gedankenexperlment in 
vhich a proton in the x direction with a fixed momentum li, Is measured in coincidence with another proton 
n the opposite direction (180" direction) but having any magnitude pj. Let the number of counts betff 
i^onsider also a second configuration in wblcb the first counter still measures protons in fixed momentum 
), in the X direction but the second counter is in the y direction (90°). Let the number of counts be W,. We 
leflne the ratio of these two numbers as the correlation 

C-=A’(t80°)Ar(90°). 

't is given by the ratio of two numbers each of which is given by 

«,(«,- €i)6(iS,+R+ D Pi)pt*di>t n (l*p, 

jv=_i_ Sa £2 u £—j_(M_t_u_. 

\ !■! / ViMl / 1*1 


(3) 
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for the first eonflgaratloii, is in the 180° di> 
recttoo; for the second It is in the 90° direction. 

Actual axpeiiments are dlffereiR from the above 
case. Experiments are done in the lab frame and 
the fireball is moving in the lab frame; for light 
ion collisions a two fireball descrlptim is more 
pertinent. An important fact is that each Impact 
parameter defines fireballs with given n and the 
impact parameters ought to be summed over be¬ 
fore talcing the ratio. Nonetheless, it is instruc¬ 
tive to study the simple case first as it can be 
readily generalized to handle more complicated 
cases. 

For m> 3, the integral in the numerator of Eq. 

(3) reduces to (see Appendix) 


(n-2)»"IX3(n-3)/2) 




where 



The limits <bi and {I, are set by the condition 
tfaatE>0. For a given E, Pi, and p, the correla¬ 
tion decreases as n Increases. For large n we 
will simply set the grand canonical ensemble re¬ 
sult. 

For n = 3, the Integral of the numerator in Bq. 
(3) is given by 



where p, is a positive value of Pi that satisfies 


f-^E 




In Eq. (3) we will not be concerned withe=2. We 
consider equal light ion collisions. For n = 2, the 
most probable constituents of the fireball will be 
one proton and one neutron, thus precluding the 
possibility of two proton correlations. For tt 
even, we will take np^n/Z, and for odd n there is 
equal probability cf having (n - l)/2 protons or 
'.n + l)/2 protons. 

As mentioned earlier, the actual N(180°)/Ar(90°) 
>8 found after summing over impact parameters: 


^■ N(180°) SN.(6,180'>Aft 
’nWT i:N„(6,90°)hA6 • 


(4) 


The subscript n in Eq. (4) refers to the number of 
iicleons in the fireball for a given Impact paramo¬ 
ur 6. For any b, the ratio180°)/A5,(6, 90°) 

8 an increasing function of Px, yet because of tbe 



FIG. 1. Two proton correlations in the flrdiall b-tme 
when the fireball has 3 nucleons (Al), has 12 nucleons 
(A3) and a rd probability of having 3 nucleone and |rd 
probability of having 12 nucleons (A2) [see Eqs. (5), (6), 
and (7)1. The average kinetic energy per nucleon in the 
flrdsall frame is 182 MeV. To the right of the line Pi, 
Np (90*) is zero; to the right of the line Pj, (90*) is 
zero. 


summation involved [Eq. (4)] the quantity C can 
have local maxima. We illustrate this in a sim¬ 
ple case; in Fig. 1 we show a plot of 

A,=N,(180°)/A(,(90°), (5) 

A,=Nu(180°)/n„(90°), (6) 


and a plot of 




iM.(180°)-iiM,.(180°) 
i(V,(90V|jv“(§0“) • 


(7) 


The kinetic energy per nucleon is taken to be 182 
MeV in the fireball. The quantity ^,(90°) goes to 
zero atpi=716 MeV/c, whereas e,( 180°) goes to 
zero atpi=827 MeV/c. In between these two lim¬ 
its one gets a peak whose magnitude is related to 
the relative weighting of Sp and (v„ but whose posi¬ 
tion is only energy dependent. 

Two proton correlations have been measured*'* 
for the reaction '*C on '*C. Tbe incident energy 
was B(X) MeV/N. The proton spectrometer was 
set at e = 40° to the beam; tbe spectrometer mea¬ 
sures protons with a given momentum pj. The 
counter telescope, in coincidence with the spectro¬ 
meter, was also set at p = 40° but once in plane 
with tbe proton spectrometer and the beam at 4> 

= 180° and then out of plane (<p=90°). Proton energy 
is not measured in the telescope. The experimen¬ 
tal results*'* for the correlation as a function of 
p, are shown in Fig. 2. A broad peak is seen 
around 1000 MeV/c. It is usually referred to as 
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KIO. 2. The eorrclatlon curve as a fttnctloa of the 
meuured proton momentum tn the spectrometer. The 
broken curve is through data points; the maximum has 
a value 1.7. The theoretical curve A la obtained when 
only the contribution of correlated events (both the pro¬ 
tons must come from the same fireball) Is considered. 
Curve C is the full calculation and also contains the 
events when the two protons come from two different 
fireballs. The calculated maximum has a value 1.5. 

a ctuasielastic peak as kinematically its position 
roughly corresponds to elastic scattering of one 
proton In the projectile off another proton in the 
target. 

We now use the fireball model to calculate the 
correlation. We recall that Qie proton inclusive 
spectrum showed that for such light ion collisions, 
a two fireball description is more valid than the 
one fireball model. The transparency factor for 
the two fireball model can be calculated from ex¬ 
perimental data />-/> collisions or />-nucleus 
collisions." The relevant details of the two fire¬ 
ball calculation are given in the table.'" The trans¬ 
formation from the lab frame to the fireball frame 
was done relutivistically, but, as before, the 
(diase-space calculation in each fireball was done 
nonrelattvistically. Since the average nucleon 
kinetic energy in each fireball is about 150 MeV 


the approximation is reasonable. For Ibis calcula¬ 
tion we neglect pion produetian; the average num¬ 
ber of plons wO.25 and moet of them come from 
central collislmis where the number of nucleons 
is of the order 10; thus our calculated correlation 
curve would change very little. We also use clean 
cut; if for an impact parameter the volume cut 
out for one of the fireballs is F and the nucleon 
density in each nucleon density In each nucleus is 
p, then the quantity pV le usually a noninteger. 

To be able to do a phase-space calculation we re¬ 
place this noninteger by its nearest Integer. 

There is an approximation Involved here; even 
for a clean cut, the number of nucleons swept out 
is not unique; there will be fluctuations In this 
number due to quantum mechanics but It is diffi¬ 
cult to calculate this distribution precisely." In 
the following section where we compare results 
with the grand canonical ensemble, of course, the 
same approximation will be made for the average 
number of nucleons in the grand canonical ensem¬ 
ble. We also take the density for each nucleus to 
be constant throughout Its volume. 

The results of the calculation are shown In Fig. 

2 . If both the protons originate from the same 
fireball we get correlation, m fact, if these were 
the only events the theory would predict too much 
correlation. But one proton may come from one 
fireball and the second one from the other fireball. 
Such events are uncorrelated. When the contribu¬ 
tions due to each of the processes are included the 
gross features of the experimental curve are re¬ 
produced. 

These calculations lend further support to the 
two fireball model for C on C. The fall erff to¬ 
wards the value unity for correlation, seen experi- 


TAIll.E I. Ri'li’vant (Iptalls of the two flrebsU model for **C on ”C at 800 MoV/hf In the 
Inb (Kef. n). The velocity of one fireball in the c.m.. the nuntber of nucleons In It (rounded 
to the nearest integer number), and the kinetic energy per particle in the fireball frame are 
given for eseh impact parameter. The same numbers apply to the other fireball except for 
the* velocity which Is opposite. In the lab the velocity of the c. m. la 0.548 c. 


Imp&ot paruEtK’ter 
(fm) 

Numbers of oucleoos 

In each fireball 

Velocity of the 
flrebsU In the 
c.m. In units of c 

Kinetic energy 
in MeV per nuclei 
tn the firebsU 

0.1H3 

12 

0.178 

ise 

0.B49 

11 

0.178 

156 

0.81G 

10 

0.178 

166 

1.282 

9 

0.180 

156 

1.648 

8 

0.183 

165 

2.01& 

7 

0.187 

155 

2.381 

6 

0.192 

154 

2.747 

S 

0.198 

152 

3.114 

4 

0.205 

ISl 

3.480 

3 

0.214 

148 

3.846 

2 

0.226 

145 
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Spactromatar angra 

FIG. 3. Correlation as a function of the spectro¬ 
meter setting with the counter telescope fixed at S- 40*. 

mentally, voald not emerge in a one fireball cal¬ 
culation. This Is because in the one fireball mod¬ 
el all coincidence events are correlated, l.e., they 
come from the same flreball. In the two fireball 
model, for large />j in the spectrometer, the phase 
space for nncorrelated events is much larger than 
the phase apace for correlated events. Hence the 
value at C falls towards unity. 

A different version of this correlation experi¬ 
ment has also been reported.^ Suppose the qiectro- 
meter of the previous ejqperiment is used Just like 
a telescope, l.e., is triggered by a proton of any 
momentum. We still take the ratio of the counts 
at 0 = 180° and 41 = 90° but repeat this for various 
values of the spectrometer setting, still keep¬ 
ing g lor the counter telescope at 40°. In the ex¬ 
periment one sees a maximum at the setting 
-40°. The two fireball calculations lor this experi¬ 
ment are shown in Fig. 3. We also get a maximum 
as a function of e,, but it is shifted to higher value, 
about 80°. 

The reason for this shift is difficult to unravel 
bit in our calculations the phase space is maxi¬ 
mum in the region ot Pi between 500 MeV/c and 
1000 MeV/c (Fig. 2), and the fact that we do not 
fit the data very well in this region for the first 
iperiment is likely to have a large effect in the 
icond calculation. 

IV. PION INCLUSIVE SPECTRUM 

We now return to the plon spectrum calculation 
' Refs. 8 and 9. Although the calculation was 
lly relstlvlstie and included the production and 
may of A’s, the fit with experiment was less 
>an ideal. The major dilficulty was that the theo- 
itical calculation overestimated pica production, 
is discrepancy increasing with increasing plon 
We want to find out if a slgnUicant part 



FIG. 4. Model calculation for pioo and proton spectra 
(A,B) at 90* In the cjn. using the mlcrocanontcal en¬ 
semble (phase space) and the grand canonical easemMe 
The exam|de above is tor l^C on at 800 MeVAf 
In the lab. Note that at the high energy tall, the grand 
canonical ensemble constdersbly overeetlmstes the plon 
spectrum over the more exact phase space calculation. 


of the discrepancy arises solely from the use of 
the grand canonical ensemble. 

We can use the two fireball model and the forma¬ 
lism of Sec. n to calculate the pion inclusive spec¬ 
trum. As mentioned before, a relativistic caicula- 
tim is desirable here. But probably more impor¬ 
tant is the inclusion of A's since past eiqieriences 
have shown that the slope of the pion spectrum 
changes significantly when A’s are included. In 
principle, we can Include A’s in the formulation 
of Sec. Q; in practice, it is prohibitively loi^. 

Thus the motivation of the calculation presented 
in this section is solely to estimate the error in¬ 
volved In the use of the grand canonical ensemble. 
Of course, when making the comparison we must 
also use a nonrelativlstic grand canonical ensem¬ 
ble in which A’e are not included. 

The comparison is presented in Fig. 4. We find 
tbst the use of the mlcrocanonical ensemble does 
Indeed significantly reduce the pion inclusive spec¬ 
trum in the high energy tall. By comparison, the 
use of the mlcrocanonical ensemble changes the 
proton inclusive qtectrum very little. It is thus 
possible that if a complete phase-space calcula- 
'Uon could be done in the fireball model, better 
agreement with the experimental picm spectra 
could be obtained without destroying the good fit 
to the proton ^tectrum. 
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vahiee, we note that tte matrix “a” has two efgen> 
vectoTB of the form 


In the inteeral [Eq, (1)] 




whereNj-t-Ni^N, perform the integration over the 
yVjtli nucleon to give 

r Si-I • Sj . . , /f.l , ^ a*t 

Here a^^ is a real symmetric matrix of dlmenslmi 
N -1 whose matrix elements are 

a, I=2, i'= nucleon 

= 1+-^. i'Pion 

m, 

i*}- 

Defining it=w/m,, the structure of the matrix is 
as shown. 


with eigenvalues given by 

(Ni+W.+a)±rew.+N'.+a)'-4ty,a+V.)V^ 


In addition there arev, -2 eigenvectors with 
eigenvalue 1 andNj -1 eigenvectors with eigen¬ 
value a. The structures of these eigenvectors 
are, re^ctively, 


1 1+rt 1 

1 1 1+0 


Going to a diagonal basis, the integral (A2) be¬ 
comes 

The integral (A4) is the surface of a hypersphere 
in 3(>r- 1) dimensions which la done in many text¬ 
books." To find n, x„ the product of the eigen- 


Flnally then 

and the iidegral (Al) gives 

(Hx,)*'* r{3{N- iVi)® 

Equatioas (A6) and (AT) bcdd also wbsn.N,a 
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For plan Incbulvo qwctrom [Eq. (2)] we need to evaluate 



(A8) 


Perlormlng the integration over thenuclecm one obtains 




=/. 


Here the matrix "a” has the same structure as 
before. The integral (A9) is very similar (A2) 
«ith£ replaced hy E =E~ {p*/im)(l+a) and the 
^diticmal term (1/mBy substituting 
(A 8 ) reduces to 

-T|a„Tj-^ ^ n • (AlO) 

(A9) is now of the form (A2), although we still 
have to evaluate (o"'),,. 


.0,^, -^5. E P,] jfi d^P ,. (A9) 

I-- 

=(6,e,-t-fc.e.|a''|6,e.-K6.e.> 

=^’e,V’+fi.V.^.-'. (All) 

Here e^,e., are the special eigenvectors of Eq. 

(AS) and A, are the coefficients which satisfy 

ft.+fc.' 1 , 

6 , 6 ,+ 6 - 6 .= 1 . 
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New York, 1969), p. 260; C. Klttel, Elementary Sta¬ 
tistical Physics (Wiley, Now York, 1958), p. 37. 
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The local field correction to the tr-nucleu5 optical potential n calculated taking recoil into aoconoL The 
correction arises from the triple scattering matru element <0;li|T,Gr,OT,P;i('>, where r, are srN 
amplitudes. The recml energy of nucleon I affects the pioo Green’s function C and the intermediate 
scattering amplitude r,. The recoit of nucleon 2 affects only f] and has not been included to save 
compuutional time. Effects of antisymmetry of the two nucleont, spin flip, and charge exchange have been 
included, hut not those of pair correlation and Pauh blacking. Inclusion of recoil is found to teduct the 
local field correction by a factor of 7 from the result of fixed icattercr calculations. Nevertheieaa, the local 
field cnrrccttnn remains uzable. In the ^-'*0 case it represents a correction 2/i at large as the first order 
optical potential near the vN resonant energy. Nucleon 1 typically recoils through ~ 1 fm while in terms of 
the intcmucleon separatum r,,, the effect is very long ranged. Thus the P-wave nature of the riV interaction 
which enhances the reflection of the pion from nucleon 2 back to nucleon I is the main reason why the 
local field correction is so important in ir-nudeus scattering. The imaginary part of the local field correction 
part Ilf the optical potential is analysed and its reactive content is shown to arise from two competing 
mechanisms. The first, and dominant, mechanism is a reduction of the single nucleon knockout contribution 
that IS overestimated in the first order optical potential while the second mechanism is the two-nucleon 
knockout. The analysis suggests very slow convergence of multiple scattering expansions near the ir\ 
resimaiicc energy. 

fNllCLKAIi REACTIONS Pion optical potential, local field correctlonB, reactdvel 

L content of optical potential. J 


I. INTROUUtTION 

Nuclear pion scattering has the unique feature 
that the mean separation of nucleons, d~2 fm, Is 
comparable to the resonant irN scattering radius; 
r, s (o/2ir)‘ -1.8 fm. The scattering radius Is 
defined so that a black disk of radius r, produces 
the same total cross section as is observed in the 
li f*’ scattering state at resonance. The 
scattering radius is quite distinct from, and much 
larger than, the InteracUon range r,,,~0.3 fm, 
within which the iriV interactlcm is large. The con¬ 
sequence of a large scattering radius Is that pion 
waves reaching a nucleon Inside a nucleus are 
strongly modified by the presence of other nucle¬ 
ons. The rescattered pion wave a distance d 
from a nucleon Is aigiroximately (f/iOcosSc'**, 
where / is the P-wave scattering amplitude, 0 
is the polar angle measured from the beam direc¬ 
tion, and k is the plan’s wave number. Because 
//if =< i r,/d has magnitude comparable to unity at 
resonance, rescattered waves are as Important 
as Incident waves reaching a nucleon. 

A substantial part of this multiple scattering 
effect is summed Into the first order optical 
potential because the small angle (8-0) pion mul¬ 
tiple scattering tends to leave the nucleus in its 
ground state between scatterings. However, there 
is a correspondingly large amplitude for plan re- 
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flections (8-If). The reflectlanB Involve large 
momentum transfer and they preferentially popu¬ 
late excited nuclear states between scatterings. 
Thus, the effects of reflections come In as higher 
order terms of the standard optical potential ex¬ 
pansions.* WlBi few exceptions, analyses of v- 
nucleus scattering have been performed by omit¬ 
ting the higher order terms on grounds that they 
are thought to be small.’ Generally calculations 
are based on a vN off-shell amplitude that is only 
kinematically modified in the nuclear medium. 

By way of contrast, Isobar hole theories of 
pion-nucleuB scattering’ describe the same physics 
in a fashion that emphasizes the local field cor¬ 
rections to the vN scattering in ttie (3,3) Isobar 
state. The pion scattering is viewed as a sequence 
of A-hole states with pion propagation between 
the annihilation of one A-h state and creation of 
the next. Often rather substantial local potentials 
are used to represent the effect of the nuclear 
field on the isobar self-energy and these effective 
interactions modify both the mass and width of the 
isobar in the nuclear medium. 

The effects of the nuclear medium on the vM 
interaction are organized into higher order terms 
in the multiple scattering optical potential, terms 
which have been called local field correction by 
Foldy and Waleeka.* The simplest multiple scat¬ 
tering model in which the local field correction 
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has been studied ccnslsts of plan waves scattering 
from fixed, nonoverlapping potentials. Even 
thoucdi R local potential model Is not adequate to 
describe plan scattering, the results of Agassi 
and Gal' are Instructive by way of showing how a 
projectile’s Interaction with any one nucleon can 
be strongly modified by the presence of others 
nearby. In this simple model, the local field 
corrections arise from multiple reflections of the 
incident plon from the neighboring nucleons, a 
feature which Is relevant to plan-nucleus scatter¬ 
ing due to the large back-scattering nN amplitude. 

In more recent fixed scatterer estimates for 
nuclear matter,' very large effects due to the 
local field correction have been found based on 
the Goldstone diagrams of Fig. 1. The Import¬ 
ance of these diagrams is that they are the first 
terms In the multiple scattering series which 
have the reflection property, and thus the local 
field correction Is small or large depending on 
their contribution to the optical potential. In the 
triple scattering process of Fig. 1, the plon wave 
scattering from nucleon 1 is modified by an Inter¬ 
mediate scattering from nucleon 2. At resonance, 
this local field correction, calculated in fixed 
scatterer approximation, Is about three times as 
large as the "leading" tp term of the optical po¬ 
tential, Indicating a severe divergence of the 
multiple scattering description. It has been 
argued’’’ that self-consistent treatments of the 



FIG. 1. Golcfartone dUgroms for local fleld oorrectlcn 
due to triple scattering process. The contribution of 
the dlreot diagram (top) Is divided Into direct and sptn- 
fllp parts as dlscnaaed In the text. The ocntrlfautlao of 
the exchange diagram (bottom) Is not divided. Heavy 
lines represe n t die Isobar saultatlcn. 


multiple scattering process, which approocimately 
sum many-body effects, ultimately regulate the 
local field correctian to ~|/p. However, dils 
argument relies on a fixed scatterer analysis for 
Infinite nuclear matter and It Is recognized’ that 
effects neglected In such analyses may regulate, 
or quench, the local field correction. Three-body 
analyses of n-d Bcatterlng* have shown that the 
fixed scatterer approximatlan overestimates the 
local Held correction. In nuclei, however, the 
local field correction Is long ranged**' because 
the plon propagates at positive energy from one 
nucleon to another. The effect is thus propor¬ 
tional to A(A-lKl/r*>, i.e., tothe number of 
pairs of nuclecms and the mean value of r**. 
Clearly the deuteron case Is not a decisive test 
of the local field effect since (l/r*) is not much 
dlllerent than ior nuclei but the number ol pairs 
Is small. Because neither fixed scatterer nor 
three-body analyses have settled this issue, a 
detailed calculation of the diagrams in Fig. 1 Is 
presented in this paper. 

Because the plon twice scatters from nucleon 1 
In Fig. 1, an Internal loop exists throu^ which 
large momentum flow is supported by the P-wave 
coupling of the plon to nucleons. The associated 
recoil energy of nucleon 1 is neglected In fixed 
scatterer analyses, and we shall show In this 
paper that omission of recoil causes serious over¬ 
estimates of the leading local field correction. 
Nevertheless, the Inclusion of recoil is not suffi¬ 
cient to quench the local field effect in nuclei such 
as ‘* 0 , although it does suggest a more conver¬ 
gent multiple scattering analysis. 

The strategy ol this paper is to separate the 
local field correction from true plan absorption 
effects, which we do not consider here. This Is 
done by excising the nucleon-pole part of tile xN 
Interaction with nucleon 2 in Fig. 1, thereby 
omitting the Intermediate state where the plon is 
absent and two nucleons are excited. The analy¬ 
sis Is described in detail In Sec. n and numerical 
results for the local field correction with and 
without recoil are presented in Sec. III. Section 
m also examines the reactive content of the local 
field correction to explicitly display the origin of 
the large effects. Concluslcms are presented In 
Sec.IV. 

n. RESCATTERING WITH RECOIL 

The Goldstone diagrams of Fig. 1 can be evalu¬ 
ated using the rules for a plon propagator in 
a nucleus.” One may also derive the same re- 
• sult using the triple scattering term of Watson’s 
multijde scattering expansion 

f «*> = ACA - 1XO; kXI Tfirfi 10; J, \> • • •, (la) 
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where k and k' are the initial and final plon mo- 
mmta and A(= J, 2,3) the pion isospln. The ket 
|0;f, A> is the product of a plon plane wave state 
and the target-nucleus ground state. The plon- 
nucleon scattering operator t and the plon propa- 
gator O will bu described later. 

It should be noted that fis not the matrix 
element of a part of the Klein-Gordon optical 
potential. In fact, /'"'does not even have the 
appropriate dimension. The discussions of 
Ref. 11 show that the contribution to the Klein- 
Gordon optical potential i.s given by 

- A(A - 1 V2a),, 

x<0;ft', A ( j0; (c, A) /2u),. (lb) 

Equation (1) is a generalization of the usual 
Watson potential theory in that the plon propagator 
6 ' and the rr\ amplitudes have appropriate rela- 
___I 


« 

tiflstic properties. The full rednctlan of the rel¬ 
ativistic amplitude to the form (1) is omitted as 
only minimal changes from the usual Watson 
multiple scattering theory arise. The scattering 
matrices r, are t matrices for plon scattering 
from nucleon i, wherein the energy variable is 
ui-iHr, Hf being the Hamiltoaian of the target 
nucleus and lu the plan’s asymptotic energy, in 
this work, we approximate Hf by a emstant aver¬ 
age binding energy {Hf =“ ~B) In which case the r, 
are simply related to the vAT f matrix at a shifted 
energy, u-B. 

The nuclear wave function is assumed to 
be a determinant of single particle wave functions 
0 ., and thus (1) reduces to standard two-nucleon 
forms which we expand as follows: 

T'»>=--ri»+r4V-ra, (2) 

where direct plus spin flip and exchange terms 
are defined via 


T’u' -I r^V - A| T,GTj6-T,|dil,(l)0..(2);C,A) v^, (3) 

lA 41* 


In each of these expressions, the xN scattering matrices t, and t, are fully off energy shell. The xN 
matrix, Tj, is evaluated at the shifted plon energy <j-S. Expressed as a single nucleon operator, It has 
the form 


<q'f ai'tT,(r,;«)|q,ar)- 


4'' Z 


vjil') tijq) 

/^ 2 (i;, 


( 5 ) 


In order to separate the local field correcticMi from true plon absorption effects, the off-shell amplitude t, 
is written in a form which omits the nucleon pole term, as follows: 


tq'. a'\ «> - -4vZ 


>’(«/') ijq) 
'/2w^ V2u), 


( 6 ) 


r 


The energy dependence of the off-shell ampU- while those for Isospins / = | and | are 

tude is expressed as a dispersion Integral, with- . , 

outcrossing, as follows: Ai(p, a)- 5 T,t„ , (9a) 





which is Just the right-hand cut term of the Chew- 
Low form for the vN amplitude. The relationship 
of the energy variable w' with the Initial plan 
energy, u>, is discussed later. In these expres¬ 
sions, both the Isospin (f) and spin (</} indices are 
understood to be summed over i aixl | values and 
the projection operators for spins J = i and I are 

ilj(q'f5) = q''q + ln-q'>‘q=o-q'?'q, (8a) 

ns(q'.q)-2 q''q-iO‘q'xq, (8b) 


A,0, a) = 5;i„-iT,r,. (9b) 

Here 8,q' denote the final state isospin and mo¬ 
mentum while a,q are similar labels of the initial 
state quantities. The xN energy dependent am¬ 
plitudes, A^, 9 /(<i>), are related to the phase shifts 
as follows: 


( 10 ) 

The phase shift values used in the present calcu¬ 
lations are based on Salomon’s parametrtaatton” 
up to 280 MeV plon kinetic energy. For the cal- 
cuUtten of the right-hand cut amplitude, Au,„(ui) 



21 


1999 


LOCAL FIELD COREECTIONS IN r-NUCLEU8 SCATTERING 


based on Kq. (7), we employ In addlUcn the CERM 
theoretical piiRM aUtte” to extend the IntegrattoD 
to 4 GeV vS center-of-masB total energy. The 
form factor v(4) is apeeUied later In Eq. (2S). 

The remaining ingredients of the triple scatter¬ 
ing amplitude are the v-nucleue intermediate state 
Green’s functlcns, G = (E - w, - + lij)’*, where 

£-<,)- £o ts the total energy cf the external pion 
plus nuclear ground state. The first scattering 
of Fig. 1 excites the nucleon from an occupied 
(hole) state, to an unoccupied (particle) state 
which is approoimated as a plane wave state of 
momentum p. The energy of this one partlcle-ane 
hole state is aigiroocimately represented as £„ 4 E 
+1^/{2M), where M is the nucleon mass, and -B 
is the average hole state energy. Thus, the 
Green’s function for momentum q of the pion takes 
the form G = [fc)-(j,-p’/(2M)-B]"*. A similar 
Green’s function ai^es to the plan Une of mo¬ 
mentum q' in Fig. 1. The recoil effect in the 
plan Green’s functions forces the propa gation 
energy to -p’/(2M) -E negative for pa ^2Mto. 

This causes two natural cutcdfs lor high momen¬ 
tum values which are not present in fixed scatter- 
er analyses. 

The off-shell xtN amplitude, t„ may be viewed 
as an isobar-hole state with a continuous mass 
spectrum Af 4 a » M 4 m,. The energy denomina¬ 
tor internal to this amplitude is thus (to-t^/IM 
-ZB-Z+ in), whereP*/(2M) is the recoil energy 
of nucleon 1 and 2E represents the energy shift 




due to the two-hole states in the nucleus. The 
effect of the nucleon recoil energy is to cause a 
downward shift of the energy at which the off-shell 
zN amplitude is evaluated via Eq. (7). Because 
the tN amplitude, r,, is resonant with a width of 
r~ 100 MeV, the recoil effect Is to force t, away 
fr om re sonance except in a momentum range Ap 
-V4Mr~2 lm"‘. In the'fixed Bcatterer analysis, 
the recoil energy Is omitted permitting the am¬ 
plitude to remain large tor an Infinite range of 
momentum values. 

In this analysis, the Isobar recoil is neglected 
in order to keep the number of Integratians 
manageable. The nucleon recoil affects both the 
pion propagators and the amplitude r„ while A- 
recoll affects only r,. Thus, it appears that the 
nucleon recoil provides the bulk of the recoil 
effect and omission of A recoil is a reasonable 
approximation, particularly considering the 
enormous amount of computaUcnal time required 
to take account of it. However, we recognize 
the possibility that isobar recoil could alter 
our results to some extent. If a nonzero momen¬ 
tum, say, were assigned to the isobar, then 
there would be an extra recoil energy, -p'*/2M^, 
in the energy denominator. Note that the effect 
would be a further downward shift of the energy 
at which r, is evaluated. The effect is qualita¬ 
tively the same as that due to the nucleon recoil 
and in the same dlrectlan. When expressions (5) 
and (6) are substituted Into (3), we find 


q')A,^(A,p)e''5’-‘-’>'n 


+ iri 


* -f^/2Af)n„(q’,q)A„(U, a)c‘ 


_ i^{q)v{k) _ 

IS,- to-B -t^/TM 4 iij 




( 11 ) 


The nucleon recoil effect resides in the energy shifts and the p integration. In the Af -> «> (fixed 

scatterer) limit, the p Integratloo can be carried out to yield (2v)*8 "‘(rj - rf), which expresses the static 
nucleon propagation. In the recoil case, both p and recj - r( vector variables must be integrated. For a 
spin and isospln saturated nucleus, the following slmpUficatlcn holds [see Eq. (54)]: 

-4» J3(0»'(2)j X*./,..r(“’)ni/(5'.5)A„(^. o)j0,,(2)^=-4wh'‘'(io)4ft,(r„ r,)6.,q'' q. (12) 

The sums over single particle states have been expressed in term of nuclear density matrices, Pg(r, r') 
normaUsed according to 

f dVPo(?,?) = 16 , 

the mass number for **0. The Isospln sums simplify due to 


(13) 
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Ajyj(X, a)Ayj»(Qr i X) — 6|(^i«Af^(X, X), 


(14) 


When the reraalning spin and isospin sums are carried out, the result simplifies as follows: 

X4p„(r., fi)4Po(r„ rj)l3 „(oj - B)K ^.(k', k, r, u>) - 5„(w k, r,»)], (15a) 

where 

rsr,-?,, r’ 2 r,'-rj, - f^/lM, (15b) 


K.(i'.i:,r,r.a.) = ^/g^;g^ 


w + irj 



(15c) 


k, q q) -- k' • q’q' • qq • it. 

Ngr(k', k, q', q) -- q' ■ f(k’ • qq' • it - q' ■ qk' • k), 

3p(a)) - i(-4ff)*{l*„(u.) + 2A„(u)P + 2lfe„(a)) + 2fc„(u,)P}, 
Sar(<'') - 3(-4sP{lX„(ii)) - /ii,(w)P -t 2lft„(a)) - ;i„(u>)P}. 


(15d) 

(15e) 

<16a) 

(lab) 


The term Op is due to scatterings without spin-flip and it produces the direct contribution, in (15). 
The term 3gp is due to double spin-flip scatterings and it produces the spin-flip contribution, T^}>, in (15). 
In both (16a) and (16b), the posslbUlty of charge exchange in the first and the last scatterings is included. 
Thus, when we define a pion propagation function by 




2u:, w,- K' + <T| 


(17) 


it is possible to reduce the kernel K to the sum of the following direct and spin-flip terms; 

Ko(k’,k, f', T,w) -- iii'- VV(i(r; H')l' |k • V'V'G’(r';«')], (18) 

KsfiH', it, r, (C)(k • VVC(r, «■)! • (k' • V'V'0{r', w)J - it' • kViV^Ctr; w)v; v;G(*"; «>). (19) 


Note that our form factor i>(q) does not absorb the (2(d,)'*^’ factor and thus a hard form factor u(4) lu used 
in this paper, but there is no disagreement with “soft” form factors which do absorb the (2u),)’‘^‘ into 
tiq). Further defining three plon propagatitm functions as follows; 


(;o(»-;u')-’V^V,(r;n'), (20) 

t;,(r; If)® ir''{il/tlry;{r; w), (21) 

a.^(r\ Ii’)a0’„(r; w) - 30',(r;«’), (22) 

the direct and spin-flip kernels can rewritten as 

A'p(k',k, f', r, h ) -- it - k'tJ,(r)G’,(r') + k'- f'k • f'G',(r)Gj(r') 

f it- fit' ■ ^'jfi-lOitr') + it' ■ rit ■ f'r • r'G,(r)G,(r'), (23) 


Kgr(k', it, r', r, jc)- k • k'0',(>')0',(r') + it'■ r'it • f'C,(r)G,(r') + it • fk'■ fG,(r)G,(r') 

+ it • r'? ■ f'it'. fO',(r)G,(»-')-k •k’l3G,(r)G,(r') + G,(r)Gj(r') 

+ G,(rX;,(r') + G,(r)G,(r')]. (24) 

Here the parametric dependence of G, and G, on the recoil energy via ii> = u~p^/2M -B is Implicit. 

In order to permit some analytical reduction of the propagation functions, it is convenient to express 
the vN form factor in a monopole form 

o(q)--(l + hVo’)/(l+4*/“’). (2f 
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where A U the on-ehell momentum. The cutotf pammeter a Is equal to 940 MeV/c In this work,*^ how¬ 
ever, the sensltlTlty of our results to other values of a is tested (see Fig. 7). 

Now employing the identity 


_1_ Hm) ^ 1 r* dyw 1 

2{i>,{u! - w, + iq) “ le* - m,* - q* + iq v y* + ic* y’ + m* + 9 * ’ 

we find the plan propagatian functlan can be reduced to a quadrature of an analytic function as follows: 


(26) 


G(r; w) = e{w)g ^ jf dy 1 (y* + m*^>*]. 


where 


g{r\ Q) = f 


d‘q (a>+A*)* 

(2v)>e*-^ + <i,(a* + <7*)> 


takes the analytic form 




(o*4A»)»e~«'" (o*+fe*)* / c*"'- 

8ira(Q’ + o’)~4ff(9*Ta*?\ r 



(27) 


(28a) 

(28b) 


in similar fashion, the propagatian functions Gg, Gj, and G, are also expressed in the form of Eq. (27) 
through use of Eqs. (20)-(22), The explicit forms used In the calculations of this paper involve Eq. (27) 
with 




a(a* + A»)»e;‘^ 

Me* + a*i 


[l-2/(o,r)] + 


(a*+<r»)‘ 

4v(e*+a'i* 


e*e*‘*'4aV*'’ 

r 


(29) 


and 


^i(»':e)= 


a(a» 4 fy e'«' (a* + A*)* 

” 8v(e* 4 a’) ar 4*(e^ 4 a*)* P 


-J- 


(30) 


We note in passing that the numerical evaluation (27) requires some care near y values satisfying 
i(y* 4 m,')‘^'~ia; however, straightforward analysis shows that the propagatian functions gg(r;e) and 
Q) ere not singular as 9 " fa or as r — 0. 

The next steps In the reduction of (15) to a tractable calculation consist of Introducing new variables 
rs Tj - r,; ?'■?(- rj and carrying out the r, integration using a harmonic oscillator shell model density 
for To this end we define 


D(r, ?') = j d’r.e* 


(31) 


and consider the shell model density matrix 

Po(ri. + 2r, -rj/h'iexpl-Alr,’ 4 r;*)/6*]. (32) 

with 1.7B6 Im. When the momentum transfer, k-k', of the plon is neglected, the following expression 
emerges: 

A-yTO 

r')=^Tijiexpt- Ur • 4 r'*)/6* 41 r • r '/h’l 


..(r. . (r4?-)*ir. 3(r4r'y» .2r.?'1.27 5 (r4r')* 3?.?') 

t “8?~JL‘- 8 J-^T-8~P“ j- 


(33) 


Further specializing the analysis to the k = k' (zero-momentum transfer) limit, it is observed that the 
catterlng matrix element becomes a scalar function of a single vector, k. The result is invariant with__^ 
'espect to rotations of k and we use this fact to slmplUy the expression by averaging over directions of k. 
'he results are expressed as follows: 


ri*> = **ffn((n -fl)(2»*)'* jf "d^»p*|^-4ir«'*>(o) - 2B ■ 

dV'jo(ps)£»(r,r')^jo(fcs)8„(r, ?';/)) 4^*^gp,ff,r';p)^, (34) 
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TS‘r‘ - B)(2jr*)‘’jT- 28 

where 

Sn,.(r, r'-p) --- ^G'„(>)C„(r')+ |Gj(r)G,(r')P,<coBfi), (36) 

{;i.,(r. ?':/>)■ - 4(2>"' - r'=’)G,(r)G,(r')- 4(2r'=' - r»)6\(r)C;,(>") 

•( -^rr'coB«|4G,(r)c;,(r')+ 4G,(r)(;,(r) + 3G,(r)t;,(r')] 

- cob’(;|> ='(;,(»-)(; 5 (» ') + r'’G,(r)G,(»")+ + r'*)Gj(»')Gj(r')) + 4 cos’err'G,(r)(;,(r'), (37) 




(38) 


Ssj(r, ?';/>)-- -G„(t )Gj(i")lr* cob's + 4(2»"*- r’')--j>^'coS»] 

-G 5 (r)G'„(»-')|y'’coa'y + •j(2*'’ - r'®)- •fn^'ccae], 


(39) 


and 


costf r-r', (40) 

The p dcpendenco ot the plon propa(;atian (unctlona, G,, is Implicit. The Qnal forms (34) and (35) in¬ 
volve four integrations wliich are performed numerically, namely, p, r, r', and cosS integratianB. 

The exchange contribution is given by Eq. (11) with particle labels 1, 2 Interchanged in the final (or 
initial] state. However, this interchange gives rise to a more complicated sptn-tsospin sum, e.g., (14) 
no longer apfilio.s in a direct fashion. Consider the spin-isospln sums of Eq. (11) with final state particles 
exchangi'd in the following condensed notation; 


SI ■ J^l"4ff)'/p j d) 23 ^*2/-a/" 

“'u.ci ' If'.r- j~./» I / 





(41) 


r 


The juojedors and A^,. depend on spin and 
isospln operators of nuclerm t. In the notation of 
(11). Thus they have been commuted witli the 
projectors and Xjf projectors that depend on 
nucleon 2 o|,K*ralors. The slate |e). in') ropre- 
senl spin iso.spln nucleon slates that are summed 
for a closed shell nucleus. Thus, (41) involves 
a trace over nucleon spins and Isosplns and 
cannot depend on the external plon Isospin projec¬ 
tion, A, II we average over tlie possible A values, 
the .spin-ios.spin tiums arc rendered to the form 

r -; rr v(^,/i'<v(o.A)v((i.o), (42) 

where 

(til'.i!) -4^23 (43) 

r,j- 

and (J is a similar form Involvlug the amplitudes 
fi in place of h. The projection property of A, 
namely 


23 o)^ 6, j.A2,(A, a), (44) 

B 

can be used to evaluate the sums in (42) provided 


we first use the crossing matrix ^ to rear¬ 

range the order of indices as follows: 

V(A,(i)—■—4ff 53 ^x/',31’^v' 23^/* r*^/' 

r, V n ' 

-0, 

--H,A.((i,A)-(-H,A,((i,A), 

(45a) 

where 


-- ■ q' + Bj'J'ia • ic' x q' 

(45b) 

and 


«r ’ = - ■|»(-An + 4*2, - 2fc., + 8/i„), 

(45c 

4»( + 4A„ + - ih„), 

(45d 

«j*' = - 4»(2*„ + + 4*„ + 2kJ , 

(4Si 

H‘-' = -|»(2A„ + fc„-2*.,-*„). 

(4f 
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Results similar to (4S) hold for the Q as well. 

In this fashion, we obtain from Eqs. (42), (44), 
and (45). 

r= fi ), (46) 

a 

where and H, are defined as in (4Sb) in terms 
of the pion-nucleon amplitudes with pole 
terms excised. Tlie remaining trace in (46) is 
over the spin and it yields 

r=4 [5.(01, />)k' • q'q' • qq • k 

+ 9,(«,/iXf'*q'q'*lt9’+ic'' qq ■ £«'*) 

+ 5,(ui, p)k' ■ k(q' ■ q)*], (47a) 

where 

____I 


- - iH'C'HpHp , (47b) 

0,(o>,/>) = H,‘*'tf/•'»'■> + , (47c) 

5,(o>,;>) . (47d) 

In EqB.(47), the amplitudes Hp are evaluated via 
(45) In terms of Aj,_,,(o) -B). The amplitudes 
up are evaluated in a similar fashion in terms 
^/,a/(o>-2B-p'/2Af), i.e., at the recoil shifted 
energy. 

The remainder of the analysis proceeds in a 
straightforward fashlcm, rather similar to the 
analysis leading up to (34). For brevity, we 
omit the details and present the results in the 
following form In the k' =k limit; 


^**4= *r*(2ii*)‘‘/ dpp*f <Pr f d‘r%U>s)Dtj(T, r')ji|s,(o), />)[;o(*s)SB„(r, r'; p) +^*^SB,(r, p)j 

+ 5,(o),/>)[io(*s)8so(?. r’;/>)+'^*^9sj(r, f';p)j 

+ »,(w,P)[3^(*s)9|,o(?, ?':/>)] j. («) 

where 

s=|r-r'|, 

and 


l^Ex(r, r') = f rf’r,18Po(r' + r„ r,)p„(r + r„ r,). (49) 

Employing the shell model density matrix of (32), we find 
?’) =^|^exp|- 4(r’ + r'>)/6* + ^r- r'/6'] 

X{[1 + is’/ft’ - t(»'’ + r'*)/6*]* - Tt(r>- r’ffb* + ^- 4(r’ + r'*)/6' + 4.sV6“}. (50) 


Equations (34), (35), and (48) have been numer¬ 
ically evaluated. As the calculation is nontrivial, 
two entirely independent computer codes were 
written, each employing different integration 
variables and numerical methods. The codes 
were checked against each other and thus a high 
degree d confldence in placed on the resulting 
numerical evaluations. 

m. RESULTS AND DISCUSSION 

The slse of the leading order local field correc- 
Ucns, 

t/<*> = T<»> = Tg» + rfii-rg'" (61) 


r--- 

can be discussed best in relation to the first 
order potential. 

If"' = ( 2 a>i)‘'*^ 0 : k', X I T. |o; k, ( 2 u,)‘" • • ■. 

(52) 

We do this by comparing the k = k' (diagonal) 
matrix elemei^ If"' and If"’. For v - ‘*0 scat¬ 
tering the k = k' element of the first order optical 
potential is 

lf"' = 16*i*[-4vh'*’(w-B)]”>, (63) 

where 
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t2A„(u>) + 4A„(u)]--'. (54) 

The three parameters of the calculations are the 
binding shift D-21 MeV, the vN form factor 
cutoff a ^ 940 MeV/c of Eq. (25) and the oscil¬ 
lator parameter b- 1.786 fm of Eqs. (33) and (50). 

Figure 2 shours the real and Imaginary parts of 
C/ot and as functions of the kinetic energy of 
the plon In the laboratory frame. Below 100 MeV, 
the local field correction embodied by Cf'” is 
seen to be a modest correcticin to the first order 
optical potential. However, In the range 120 to 
240 MeV, the local field correction can be nearly 
as big as Both the real and imaginary parte 

ol the optical potential are affected. 

The local field correction U'’> is composed of 
direct, spin-slip, and exchange contributions as 
shown in Fig. 3. A notable coincidence Is the 
near cancellation of spin-flip and exchange con¬ 
tributions. Thus the total is nearly equal 
to Just the direct contribution of Eq. (34) as 
is seen by comparing the solid and dashed lines 
of Fig. 3. 

An objective of this work was to test the validity 
of fixed scatterer estimates of the local field 
correction. In the fixed scatterer case, the nu¬ 
cleon mass Af — ■*>, causing the nucleon recoil 
energy/^/(2M) — 0. In this event, the local field 
correction can be much more simply evaluated 
since the p Integration produces S*’*(ri - f,'), l.e., 
the recoil distance is zero. For example, the 
direct contribution from Eq. (34) produces 


Aui*:, 




FIG. 2. Real and imaginary parts of the tlrat order 
o^cOl potential, , and of the locsl field correotlaa, 
both evsluated all~l', for *-**0 soatteiing. 




FIG. 3. Ccntrlbutfons to foo real and Imaginary parts 

of the local Held correction itae to dlreot (-), 

spin-flip and erohange terms for 

a-"o scattering. The aoUd Une shows the total which 
Is approximately equal to Just the dlreci contribution. 


=‘’Vu. - B)[-4 »B(*'(u. - 2B)] 

^ t*i3)8i>o^**i3» ^lai (55) 

The function 8®, of (34) vanishes when r=r' and 
thus does not contribute. Because of rotational 
invariance, a ooe-dimenslonBl r,, integration 
suffices to evaluate (his expression as oj;q;>osed 
to the four-dlmenslonal one needed when recoil 
is included. In the fixed scatterer calculation, 
the resonant amplitude A’*' Is unaffected by 
recoil energy and the plon Green’s functions be¬ 
come free of recoil energy shifts. 

The ratio R defined by 

R s (56) 

is the complex ratio ai local field correction to 
first order optical potential. The magnitude of 
the ratio with recoil effects included and for the 
fixed scatterer approximation (FSA) (55) are 
compared in Fig. 4. The inclusion of recoil 
typically reduces the local field correction by a 
factor 6 to 7. Nevertheless, the peak value |A| 
=0.66 at ISO MeV shows that the local Held cor¬ 
rection remains sizeable compared to the first 
order optical potential. Because the resonant 
energy dependence of (/(‘> Is divided ont In the 
ratio A, Fig. 4 clearly ehows the additional ener¬ 
gy dependence due to tiie leading local field cor¬ 
rection. Local field eBeets are most pronouncec 
near the iN resonance energy and the fixed ecat- 
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Pkw Entrgy T,^ (MeV) 


fig. 4. Mai^ltudo of the ratloR toI/^‘^ for 

T-*'0 scattertng. Solid line ahowe the rocoS caloiila- 
tldi and dashed line shows the fixed scattorer oaloula- 
tlm. 




terer limit is not a resonable approximation to 
them. 

Figure 5 shows the ratio A tm a function of 

where Af is a Farlable nucleon mass and 
.\I„ is the physical nucleon mass. Results are 
shown for the local field correction with variable 
mass M at 150 MeV plan energy. There are two 
points to be noted. First, the ratio A drops rapid¬ 
ly in size as one moves away from the static 
limit, i.e., as MJU increases from zero. 

Second, the real and imaginary parts of A change 
differently as M^/M goes from zero to unity, 
which corresponds to the physical case. 

Figure 6 compares the fixed scatterer and re¬ 
coil calculatlans as functions of the typical inter- 
nucleon separatians. 



FIG. 5. Real and Imaginary parts of ratio A are plot¬ 
ted versos inverse reooU mass, Mtor 150 MeV v-fo 
■eattertng. (fig is the physical nudlaon mass.) Fixed 
sesttercr results (Mj/M^O) are approached very slowly 
SB the mass ATtncreasea. 


FIG. S. Contrlbuttons to the local field correction, 

, from different intenuoleon separattons for 160 
MeV x-tto scattering. Solid line shows the recoil re¬ 
sults and dashed line show one-fifth of the fixed acat- 
terer results. 





which give rise to the local field correctlan. The 
integrand of the tntegratlcm for Cf*’’, other in¬ 
tegrations having been done, is plotted versus r„ 
and It is immediately clear that the local field 
correction is a very Icxig range effect. Most ol 
the local field correction arises from nucleons 1 
to 3 fm away from tiie subject nucleon, with non- 
negUglble contributicDS arising from nucleons 
up to 5 fm away (i.e., on the other side of the 
nucleus). The failure of the fixed scatterer ap¬ 
proximation, which is shown at one-fifth actual 
magnitude is Fig. 6, Is most pronounced for small 
intemucleon separationB (sl.S fm). The recoil 
effects tend to Increase the range of the local 
field correction. 

A simple Interpretation of the long range of the 
local field correction is made In terms ot the 
resonant scattering amplitude mentioned in the 
Introduction. Plon scattered waves originating 
at nucleon 1 can freely propagate a substantial 
distance to a second nucleon, backscatter, and 
return to scatter once again from nucleon 1 with 
probability amplitude ot order unity. Thus, the 
interaction of Qie plan with any nucleon ia influ¬ 
enced by essoitlally all the other nucleons In Hie 
nucleus near the vN resonance energy. 

It U also apparent that higher order effects will 
modify the local field correcUan. In a aelf-con- 
slstmit treatment, the plan would not freely 
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profMigRte large distances without experiencing 
scattering and absorption through its Interactlan 
wltti the surrounding nucleons.* Our results 
motivate a self-consistent desciipticn at the 
plon-nucleus scattering, however, that is 
besrond the scope of the present paper. 

Because the local field correctiaa la long range, 
there is not a great sensitivity to short range 
correlations or to nN form factor cutoffs. The 
dependence of the ratio R on the vN form factor 
parameter a of Eq. (25) is shown In Fig. 7, At 
150 MeV plan energy, the ratio R reduces from 
0.62 to 0.5 when the tN cutoff is reduced from 
940 MeV/c to 600 MeV/c. Because of the com¬ 
plex interplay of direct, spin-flip, and exchange 
contributions, we find that further reduction of a 
has little effect on ttie local field eorrectloa. 

The relative insensitivity to the nN form factor 
deserves some explanation. If one approximates 
the pion propagation functions by neglecting die 
tensor coupling [dropping C,(r) terms in Eqs. (36) 
and (37), for example], then the local field cor¬ 
rection Is found to be much shorter ranged and 
more sensitive to iN form factor cutoff. The 
long range of the actual effect Is in the tensor 
coupling term,*’ which accounts for four-fifths of 
the local field correction. Thus, we find that an 
angular average over plan directions, such as is 
customarily used In derivations of the Lorente- 
Lorenz correction, fails In the local field correc¬ 
tion since It omits the tensor coupling. 

Figure 8 shows the dependence of the local field 
correction on the recoil momentum variable, p, 
which is the momentum of the plane wave excited 
states. The integrand of the p integration for ISO 
MeV plan energy is plotted versus momentum p 
including direct, sptn-fUp, and exchange contri¬ 
butions and with all other integrations carried 



a (MaV/c) 

FIG, 7, Dependence of tiio ratio R on the rN oS-ahell 
Corm factor parameter (see Eq. (ZS)) tor ISO HeV v-^'o 
sostterlng. 



FIG. 8. Dependence of the local Bald oorreotlon on 
the nucleon reooB momentum p for ISO MeV v-“o 
scattering. 

out. Owing to recoil effects, the contributions 
typically arise from excited nuclecn states of mo¬ 
mentum 0.5 to 3 fm*‘. We have tested die sensi¬ 
tivity at the calculation to Pauli exclusion of nu¬ 
cleon momenta in the range 0 to 1.4 fm*' by ex¬ 
cluding that range of p integration. As Fig. 8 
suggests. It is found that die Imaginary part of 
increases in magnitude vdiUe the real part of 
U<*> decreases In magnitude. At 150 MeV plan 
laboratory energy, the absolute magnitude of the 
ratio R does not change much due to PauU 
blodclng. 

Figure 9 shows that the excited nucleon typically 
recoils a distance 0.5 to 1 Im as exposed to the 
zero recoil distance of the fixed scatterer approxi- 
maUon. Thus, It la seen that the local field cor¬ 
rection mainly arises from backward angle scat¬ 
terings in the intermediate nucleon Interaction 
and the usual interpretation in terma of multiple 
reflections Is verified. 

Because the local field corrections substan¬ 
tially change die Imaginary part of the optical 



FIG. B. Oependanoe of dw local field oorreotten on d 
nnoleon reooa dlstanoe, ~^tl> fbr 150 MeV r-^*0 
soattertag. 
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potential. It la Important to Identify the physical 
proceasea which are reapcnalble. The reaetlTe 
content of die optical potential la ccnaldered alcng 
the lines d the work of Tandy, Redlsh, and 
BoUh.” The dlscontiniilty operator 

dHu)»U(.(o + k)~U(u~k) (57) 

is useful In this regard since 

11m = 2i lmU{w) . (58) 

c »0 

Multiple scattering expansions generally InTolve 
operator strings (d die form 

r=ABABA • • •, (59) 

where AaA((>i +le) and B»B{ii) + ie) depend on die 
energy variable w and e is an infinitesimal imag¬ 
inary part. The discontinuity at such operator 
strings Is given by die following theorem: 

Ar = (AA)a4BA-”+A*(AB)ABA--- 

+ A*B*(AA)BA--‘+A*B*A*(AB)A**' 

+ A*B*A*B*(AA) (60) 

where A* •A(ijii-if) aad B*=:B(w-U). A deduc¬ 
tive proof can readily be constructed. The dis¬ 
continuity operator A obeys a chain rule with the 
exception that It conjugates the complex energy 
variable of all operators to its left. 

The Imaginary part of the triple scattering 
optical potential or of the T matrix T<” of 
Eq. (1), arises from five separate dlscondnuides 
as follows; 

AtfO>= <0; E, \ I [ATjGt.Gt, + rfAGTjGT, 

+ t,*G*At,Gt, + TfG*T/AGT, 

+ t,*G»t/G»At,]|0;C,X). (61) 

Figure 10 indicates the five cuts corresponding to 
this equation. The notation tJ designates 
T,(b) - 11 )), which differs from the Hermltiaa con¬ 
jugate of rj(c>i+ iq) due to the spin and isospln 
projections at Eqs. (S) and (6). When die spin 
and isospln sums are evaluated as in Sec. n, the 
various contributions to the discontinuity, AC/*’’, 
can be shown to involve Hermitlan forms, how¬ 
ever, those details are omitted. For the present, 
we note that the dilrd term of Eq. (61) represents 
the cut corresponding to a nucleon, a A and two 
hole states in die residual nucleus in the Inter¬ 
mediate state. Because the A mass Is greater 
than + this discontinuity corresponds to 
production of wNN intermediate states and must 
contribute a negative Imaginary part to the iqitlcal 
potential. Note that omission of the pole term 
from r. In this work means that the true pion 
absorption cut corresponding to NN Intermediate 





(o) (b) 

FIQ.'IO. Absorptive outs of the local Held correettoD 
(a) and the first order optical potential (b). The imag¬ 
inary part of arises from plane wave impidse ap¬ 
proximation of the qnaaUree knockout process (v.vAf). 
The lour wN cuts of the local field oorrecUen serve to 
modify the abaorpden of the first order optloal potential 
by indusion of initial and eo«l state diatortlons to the 
quasifiree knockout. 


states is not present. A complete analysis, of 
course, must include the true abaorpUen; how¬ 
ever, the present focus Is on the local field effect 
which we logically consider as a separate issue. 

The remaining four cuts of Fig. 10 and Eq. (61) 
correspond to intermediate vN states. These 
cuts are correcUons to the absorptive cut cf the 
first order (q;itical potential,*' 

lf'»>=A<0;*,\|AT,|0;*,X>, 

Which also corresponds to vN intermediate states 
as indicated in Fig. 10. However, the nucleon 
knockout to tN intermediate states is overesti¬ 
mated in the first order optical potential because 
its discontinuity corresponds to plane wave knock¬ 
out. The corrections to this discontinuity present 
in A[/<*> are distortion effects of the medium on 
the outgoing plon which generally cause a reduc¬ 
tion of the tS reaction cross section. For this 
reason, the eN distortion cuts of G**' tend to be 
emissive in that they act to reduce to absorption 
present in G<‘*. The imaginary part of can 
Oius be either positive or negative depending on 
the predominance of the vN or vfiN cuts. 

Figure 11 shows a comparison of the various 
contributions to the Imaginary part of the optical 
potential as functions of the piem energy. The 
Imaginary part of is seen to consist of a 
large emissive part due to vN cuts and an absorp¬ 
tive part due to the vNN cut. The figure reem- 
phasixes the slow convergence of the multiple 
scattering expansion of the optical potential in the 
vicinity of the vN resonance energy. It should be 
noted, however, that Pauli exclusion effects that 
are not Included here will reduce the absorptive 
parte significantly. 
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Pton Cntfgy (M*VJ 

FIG. 11. Imsgln«ry P«rt Of first ordar opttc«l poten¬ 
tial (-) la compared to the Imagbiary part of 

the local fldd correction Imff^’' (-). The tNN 

cut contribution to Iml/^^' (—— —1 la purdy abaorp- 
tlvo, but la conterbalanced by the sum of the four tN 
cut contributions (-). which tend to bo emissive. 


IV CONCLUSIONS 

The leading order local field corrections in 
pion-nucleus scattering are quite large near 
the vH resonant energy. The conventional multi¬ 
ple scattering theories thus converge, at best, 
quite slowly. The previous work on the local 
field corrections employing the fixed scatterer 
approximation seriously overestimates the effect; 
however, the present analysis including recoil 
effects basically points to the same conclusion. 
The plon-nucleus interaction Involves very hlg^ 
order multiple scattering processes which may be 
better organized into the theory If one Insists on 
a self-consistent optical potential theory In which 
the pion propagation between scatterings Is mod¬ 
ified by the effects of the medium. Inclusion of 
the pion absorption mechanism Is not likely to 
alter this conclusion. 

Recent papers by Oset and Weise'" considered 
several higher order corrections to the optical 
potential in an Isobar-hole model. The isobar 
self-energy In the nucleus was shown to be aub- 
stantially altered by the isobar-nucleus Hartree 
potential, by Pauli blocking effects, and by pion 
absorptiot and reflection contributions. Cf these 
effects, the pion reflection contribution to the 
isobar self-energy is the agent for the local field 
correction considered In this paper. Many dif¬ 
ferences in the ai^roaches deter any simple 
numerical comparison of our results for the 
local field correction with the Isobar self-energy 
results of Ref. 18. However, several remarks 
are In order. An Important coaclUBlon of Ref. 18 
was Rtat partial canceUatlcn between various 
corrections takes place In the calculation cA total 


cross seettons for o-nucleus scattering. Further¬ 
more, the results show that all of the above-men¬ 
tioned medium correctianB are large and they 
must be Incorporated In an equal footiiig. Our 
results for the local field correction also argue 
strongly tar its Inclusion Into microscopic the¬ 
ories of X-nucleus scattering. 

We further emphasize that the local field effect 
should be Incorporated In all orders and In a self- 
consistent manner. Incorporation in all orders 
requires that all internal pion propagators contain 
the pion optical potential. Self-consistency re¬ 
quires that the v-nucleon I matrix, so modified, 
be able to reproduce the pion optical potential In 
the relevant energy range. This conclusion is 
based on the very large, and onx>8ite in sign, 
contributions to the Imaginary part of the local- 
field correction discussed In relation to Figure 
11. The quaslfree reactive content of the optical 
potential is incorrect if the intermediate state 
pions are not distorted by the optical potential. 

Because the plon-nucleus elastic scattering is 
nearly black-disk scattering near the vN reso¬ 
nance energy, the Inclusion of local field correc- 
tlmis is not expected to Induce dramatic changes 
in forward angle elastic scattering predictions. 
Back angle scattering Is expected to be sensitive 
to the local field correction. However, the chief 
importance of the local field corrections may lie 
In their implications for distorted wave calcula¬ 
tions for reactions. Local field corrections tend 
to Increase the nuclear transparency. The anom¬ 
aly In predictions of single pion, charge-exchange 
cross sections’’ when standard optical potentials 
are used In DWTA calculations may be an experi¬ 
mental Indication ot increased transparency of 
the nucleus to pions. A seemd pion application 
which may be sensitive to knowledge of the local 
field correction Is the extraction of matter radii 
from pion-nucleus elastic scattering. Although 
the data very precisely determine a strong absorp¬ 
tion radius for "the optfcal potential,” It Is a dif¬ 
ficult problem to relate this information to matter 
radii using a microscopic theory ot plan multiple 
scattering. Local field correctionB are expected 
to further complicate such attempts. 

As noted previously, the predominance of the 
first order optical potential ImpUes that the plon- 
nucleus reaction cross section Is strongly 
dominated by quaslfree knockout <A nucleons which 
is a single nucleon process. The presence of 
large local field corrections suggests Increased 
Importance of multlnucleon processee. As shown 
by Morris et there are data which suiqwrt 
this view. The ratio of nucleon knockout by x* 
and V* beams, when the nucleus Is left In a defi¬ 
nite final etate, la found to differ signlllcantly 
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from precUctlan baaed on qnaalfree scattering. 

A principal conclusion of this work is that plon 
multiple scattering requires a self-consistent 
treatment of the pion self-energy in the nucleus. 
It is reasonable to expect that local field correc¬ 
tion will be reduced by the self-consistency as 
has already been shown in the fixed scatterer 
case by Johnson and Bethe.'' 
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1. INTROODf'nON 

Deuteront, have since long been used as probes 
to extract the information on the two-body pro¬ 
cesses which are not directly accessible to ex¬ 
perimentation. An example is the process yd 
- o'/}/> which has been extensively studied to de¬ 
rive the information about y«- rt~p. Obviously, the 
proton in the deutcron, except for sharing its Fer¬ 
mi momentum with the neutron, plays here only 
the role of a spectator; The incident photon knocks 
on the neutron producing a r" and a proton. The 
two well-known methods used to analyze such a 
process are (i) the si>ectator model and (ii) the 
impulse approximation using closure property.* 

The baste idea in both these approaches is to ex¬ 
press the cross section for the two-body subpro¬ 
cess in terms of the experimentally measured 
cross sections. Identifying the two-body amplitude 
thus deduced as that for the free two-body pro¬ 
cess, in fact, amounts to ignoring the off-shell 
effects. Indeed, in recent studies* there have been 
attempts to determine experimentally the klne- 
matlcal region where the errors due to off-shell 
effects could be minimized. 

We have, in the present work, analyzed within 
the framework of the impulse approximation the 
process yd- n'pp at photon Incident energies from 
210 to 700 MeV by taking the two-body amplitude 
Vn -* >'/> from the dispersion theoretic result of 
Chew et al.^ (henceforth referred to as CGLN). 
Recently, Blomqvist and LAget* studied this pro- 
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cess using a model where the pion photoproduction 
on a nucleon Is described by the Born terms and 
the s-channel (3,3) resonance. The basic differ¬ 
ence between this rather simplified model and the 
CGLN approach lies in the fact that the pion nu¬ 
cleon continuum in the latter has been truncated 
by the s-channel (3,3) resonance and nucleon pole 
terms. From the point of view of confronting 
these models with experimental results, we find 
that both of these reproduce the data reasonably 
well (within about 10%). In a recent series of pa¬ 
pers,' Laget and Bosted have studied the effect of 
various rescatterlng terms in yd-^v'pp employing 
the above model for y» - v~p and investigated, 
within the framework of spectator model, the kine- 
matical regions where such terms could be signi¬ 
ficant. The main thrust there has been to check 
the validity of the spectator model. 

Here we are interested in checking the sensitiv¬ 
ity of the results over the details of the various 
ingredients used and the approximations incurred. 

It would thus be interesting to study the effect of 
the details of deuteron wave functions used which 
could be significant especially if its large momen¬ 
tum components are Involved. In addition, in the 
Impulse approKimatlon or more generally in an 
eikonal approach one generally employs an on- 
shell two-body amplitude whose kinematics are es¬ 
sentially determined by those of the main process. 
Now so long as the incident momentum at the im¬ 
pinging particle is sufficiently high compared to 
the Fermi momentum carried by the constituents 
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of the target nueleiu, nch an approadmatloo la 
^Qown to be reaaonably good for small momen¬ 
tum tranelere. 

The present study has been devoted primarily to 
unfolding the effect d such approximations, i.e., 
to critically investigate (i) the effect of the details 
of the deuteron wave functions used and (11) the ef¬ 
fect at Inserting the amplitude in different 

reference frames. The latter provides us, in a 
natural fashion, with a handle to make an estimate 
of the off-shell effects Incurred in the two-body 
process. 

in Sec. 11, we outline the etepe neceasary to 
write the differential cross section for the break¬ 
up process leading to three particles, incorp¬ 
orating spin, Isospin, and the effect of the identity 
of the two particles. The full CGLN amplitudes for 
yN~ nN are recorded in the Appendix. As for the 

and p-wave phase shifts lor the amplitudes we 
adopt the parametrisatton obtained by Donnachle 
and Shaw.* In Sec. Ill, we present the results and 
discuss the vsirioua features comparing them with 
the experimental data. 


U. FORMAUSM 

We start with the standard expreeelon' for the 
cross section of a breakup process leading to 
three free particles, I.e., 

-(if |<iqfA|r|k>*^(*a(ir'.k) 

x8(£'-.£). (2.1) 

In the overall c.m. system, where 


K'»^ + k^+^»0; k 


.Lzh. 


K.k%^f,-0; (2-2) 

and k,(Bkj) is the c.m. momentum of the incident 
particle, the above expression is simplified to 



ir-JiTn 




EIQ. 1. The Feynman diagram for the process 
evalnated in die impulse approxlmatinn. 


-S,- £■, «,) |<f, k, I r |f,> I*, (2.5, 

where By is the energy (rf the incident particle 
(photon) and of the target (deuteron), Us 
mass, and Us binding energy. The integration 
vectors i^,fare, respectively, the momentum of 
the outgoing pion and the relative momentum of 
the other two nucleons. The matrix element cor¬ 
responding to the process (see Fig. 1) is written 
explicitly as 

(£,k,|7'|k,>= J dp*/p + *k,)(-.p-k,;i,|T,,| 
-P-k,;k,><f.^5+ik,), (2.4) 


where 0^ is the deuteron wave function, the T ma¬ 
trix in the integral is now an off-shell two particle 
amplitude, and ty Is the final state representing 
the plane wave plus the final state scattering of the 
two final particles, i.e.. 


♦/" 8(p+ik,-k) + 


(p+ik,)»-*»-ie 


(2.5) 


Now, using only the plane wave part, thereby neg¬ 
lecting, for the present, the final state scatter¬ 
ing effect* in (2.5), Eq. (2.4) is simplified to 


<£, k, Ir |f,>- T^q, *.*)0,(+ S + i 5), (2.6) 

where is the momentum transferred be¬ 

tween the initial photon and the final pion in the 
overall c.m. system. The on-shell yN-^tS T ma¬ 
trix is related to the differential cross section by 
the relation 


do 

da 




(2.T) 


while the more familiar expression is 


do t;, I, 


( 2 . 8 ) 


In (2.7) and (2.8) By, E'„, E' are the total ener¬ 
gies of the photon, incident nucleon, final nucleon, 
and the pion, and A', k\ are the momenta of the pi¬ 
on and the photon-all in yH c.m. system. A com¬ 
parison of (2.7) and (2.8) establishes the relation 


/•j^;;^^(E'yE',,E',.E',Y'*T. ( 2 .#) 

At this stage It Is perhaps worthwhile to clarify 
the way and the extent to which we shall be ex¬ 
ploring, in the following, tbe posslbUily of simu¬ 
lating the off-shell effects by Inserting yN— iN 
amplitude in different reference frames. As is 
evident, the yN-* vN T matrix defined through 
(2.7) is essentially on shell, being a function of 
the variables g". A', and A^ in tbe yN c.m. sys- 
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tern. On BubBtttutlng It In the ezpreealon (2.3) for 
0 , we find that it essentially gets decoupled, 
in the spirit of the impulse apprcKimation, from 
the phase-space Integration variable k, especially 
in regard to the plon energy 
On the other hand, the T matrix in (2.6) involving 
the variables q‘, k,, and A, defined in the y-d c.m. 
system becomes off-the-energy-shell as it is in¬ 
tegrated, on inserting it in (2.3), over the final 
plon momentum A, for a given incident photon en¬ 
ergy. Thus, e.g., for the photon laboratory en¬ 
ergy 210 MeV while the pion momentum A' la fixed 
at 120 MeV/c, the corresponding mom entum A, in 
the yd c.m. system varies from zero to 133 MeV/ 
c. Similarly, lor photon laboratory energy 300 
MeV, the plon momentum A' is 182 Me\/c where¬ 
as A, varies from 0 to 22S MeV/c. 

The expression (2.6) for the T matrix is now 
generalized so as to incorporate the spin, isospin 
structure of the yN-vN amplitude and to include 
the effect of identity of the two outgoing nucleons. 
We designate the charge state of the emitted pion 
by the index 0 0, -) ao that 



(2.10) 

where 


«r’*i(''»T,+T,T,)=6„, 


fl«'‘»i(TDT,-T,T,)- itTe-Tj] , 

(2.11) 

where f'*’,in (2.10) are the components 


of the photopion production amplitude as originally 
given by CCLN' in the static model. The spin 
structure of these /’s can be given as 

( 2 . 12 ) 

Thus for the process 
yd~ Vfip 

using the complete antisymmetric wave function 
of the final protons in the combined spin, Isospin, 
and momentum space, the corresponding matrix 
element (2.6) is 

C’t,('x„*‘*’+ I r,,|’x.‘T„*,). (2.13) 

Here ’Xi(^t,) Is the spin (isospin) triplet and ‘Xo 
(^Tg) is the spin (isospin) singlet wave function of 
the two nucleons, and 

<!•*•*- L6(p+ik^-k)ifi(p+ik,+ h)l (2.14) 

are the symmetric (+) and antisymmetric (-) plane 
wave states of the final protons. The isospin part 
of the T matrix in (2.13) can be easily worked out 
with the help of (2.10) and (2.11) and the final ex¬ 
pression, after using (2.9), reduces to 

<\(‘x,*‘'’+’x,*‘*’) I T,^ . 

(2.18) 


where 

<‘Xc|f5-{C*'”-fi*'') IW-)+?>«(+)J’Xi). (2.16) 

+ f5-(C'"’-C*'*)| l<(>j(-)-g>4(+)]’Xi), (2.17) 

where 

»»/-)■ iPiC-k+iq). »>/+)“ «’j(f+i3) 

are the deutercm wave functions, wherein the mo¬ 
menta the protons are interchanged. These 
functions may still Involve the spin operators par. 
ticularly if the d-state componeitt of the deuteron 
is to be Included. which refer to the spin 

triplet-singlet and triplet-triplet transitions are 
now the generalized expressions replacing ( 2 . 6 ). 

The square of the matrix element (2.15) after 
summing over the final and averaging over the 
initial spin states is what actually appears in 
(2.3) to be computed for the differential cross sec¬ 
tion. 

UI. RESULTS AND DISCUSSION 

As remarked earlier, this work has two main 
objectives In view; (a) To study the effect of dif¬ 
ferent frames of reference on the differential and 
total cross section of the produced pions and (b) 
to investigate the effect of the details of the deu. 
teron wave functions used. As for the former 
there is, in principle, hardly any choice on the 
reference frames to be used provided one aban¬ 
dons the impulse approximation and knows the 
off-shell two-body amplitude (yfV-viV) unambigu¬ 
ously. It Is this lack of knowledge which has been 
exploited to see bow far one can simulate such ef¬ 
fects by Introducing different frames. Secondly, 
in the high energy eikonal approximation* one gen¬ 
erally uses lor the two-body amplitude the same 
kinematic variables which are determined in the 
overall c.m. system, implying that in this aqiprox- 
ImatioD the two-body subprocess is essentially on 
shell. Thus, it would be interesting to check the 
validity of such assumptions through the variants 
of different reference frames. 

The three different frames studied here are the 
following. 

(i) yS-yd frame in which the kinematics of the 
process yd—nflN is expressed in the yd c.m. sys¬ 
tem while the yJV- tN is described in the yN c.m. 
system. Thus, e.g., momentum transfer squared 
9 '* in the yN c.m. system is related to the corre¬ 
sponding quantity 9 * in yd system by 

9"-(k.'-k,r 

. 9 *+ 

q'- it,' - 5- £,+i l(£,' - £,')• - (£, - £,)*J 

+ il(V-V*)-(*r‘-V*)]. 
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and 

V*-, 

(11) r-d frame, where all the kinematic factors 
jlnehidiag those appearing In (2.7)J, as well as 
the amplitude, are described In the yd 

c.m. system. Thus, e.g., ft,'-*,, ft,'-*,. Asa 
result phase shifts in the process now become 
eq>llcitly a function of ft,—the integration variable 
in (2.3). In other words, the off-shell effect of the 
rAT- vAl amplitude is being Introduced by assuming 
it to be the function of ft,, In addition to Its on- 
shell variables q*, ft„ etc. 

(ill) Mixed frame, here the kinematics of the vN- 
yd frame are retained except that q'‘il 

- q * S,. The choice of this frame Is Intermediate 
of the two referred to above and is made with a 
view to see how sensitive the results are in keep¬ 
ing a distinction b^ween the two. 

For the deuteron wave function, we used the 
standard Yamaguchi form'° 

Vjp) * Ng(p'ip^* a*)"*. 

This rather simple form was generalized some¬ 
time ago'^ to incorporate the tensor force and 
hard core*’ effects. Thus, following closely Ref. 

11 , 

iVig(p)-Ar,|^c(p)+^s(p)r(p)j -Njd.p), 
where the tensor operator 

Stp)« 3(Oi • pXa,' P)-^i‘ 5, 

and the various vertex functions are 

Here and iV, (which, In fact, are not indepen¬ 
dent) are the normalization constants as defined 
in Ref. 11 and the various parameters are given 
In Table L This mathematically simple repre¬ 
sentation was found to be quite realistic as it not 
only explains the triplet n~p scattering data and 
the static properties of the deuteron, but also re- 


TABLE I. Values of Ibe parameters used Id Yamaguchi 
deuteron ware flinctlon. (C. T. and S stand for central, 
tensor, and hard core terms, respectively.) 


Wtve Auction 

6,/a 

61/0 

r/a n 

/ 

A/a' 

C 

6.266 

... 

. 

... 

33.43 

C+T 

5,8 

... 

fl.771 ■•* 

1.784 

20.18 

C4-H 

7.8 

10.7 

• • • 3.76 

... 

78.6 

C + H + T 

7.6 

10.6 

6.6 6.47 

0.7318 

61.5 


produces exceedingly well the fit of the deuteron 
electromagnetic form factors obtained irom e-d 
scattering data over a wide range of momentum 
transfers (viz., from q*o 0 to ‘>25 fm'*).“ How¬ 
ever, It should be pointed out that what appears 
In the present analysis Is directly the wave limc- 
tion and not these form factors (which reproduce 
an overall Integrated effect of the wave function). 
Thus It Is essentially the details of the deuteron 
vertex function (L.e., the momentum dependent 
shape factor) which Is being subject to scmtlny In 
this investigation, especially for internal deuteron 
momenta lying between 70 and 200 MeV/c. 

We studied the elf eel of pure s state (symbolical¬ 
ly represented as C in the figures), s state + hard 
core (C+H), s state + tensor force (C+ 77, and 
s state 4- hard core + tensor force (C4- T-i-ftO on 
the differential cross section for the plon produc¬ 
tion. 

We in addition, also employed a Gaussian wave 
function of the form 

exp(-3p*), 

where the value of P Is found in the literature to 
vary from |3» 26 (GeV/c)'* obtained*’ matching 
the behavior the deuteron’s electromagnetic 
form factor, to R»67 (GoV/c)‘* required** to re¬ 
produce the deuteron mean radius ~2.3 F. We, 
however, tried a set of four different values, vis. 

)5-25(GeV/c)'’, 3 =37 (GeV/e)-*, 

6-50(GeV/c)-*, 6 = 67 (GeV/c)r* 

to study their effect on the cross section and found 
that 6 = 67 (GeV/c)"’ gives results in reasonably 
good agreement wUh experiment (henceforth, we 
shall therefore be referring to this particular val¬ 
ue only). 

We present the results lor the differential and 
total cross section for yd-v*pp In the energy 
range £ 1 ,^= 200 to 700 MeV and In the entire an¬ 
gular range of the produced plmL In Fig. 2 we 
depict the behavior of (do/dn),^,,go versus £,^ 
employing different forms of the deuteron wave 
funetton. In view of the fact that the averaged mo- 
mentuna transfer in this process is typically of 
the order of 200 MeV/c one should expect that 
large momentum components oi deuteron wave 
function contribute significantly. On the contrary, 
we find that the effect oi including hard core and 
tensor terms givss only a marginal improvement 
{up to ~5%) In the results compared to the s-state 
part This Is, In fiiet, true not only at 90°, 
but at all the other anglee also. The main reason 
for this Is the restricted region for phase-space 
integration. In the energy region we are consider- 
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FIG. 2. Plot of dlfferoitlal croaa section at 
*90* vorflus uatng various deuteroa wave ftmcUona 
Including central (C), hard core (f/), and tensor force 
CT) terms. Exporimental points In this and subsequent 
figures are taken from Rof, 1. 


ing, the part of the wave Amctlon corregpoodi^ 
to its interml momenta lying between 70 to 3oo 
Mev/c Is found to play a rather significant roie 
From a comparative study of the behavior of 
Yemagucbl end Gaussian deuteron wave fujictionj 
it becomes deer tbet while Initlalty, l.e., tgf 
ternal momente Irom 70 to 90 MeV/c the Yema. 
guchi form is eligbtly higher, at about 90 MeV/c 
it crosses the Gaussian wave function and then 
starts failing faster so that for higher internal 
momenta, via,, from 100 to 210 MeV/r the Gaus¬ 
sian wave function is distinctly higher despite the 
fact that It has poor asymptotic momentum depen. 
dence. This explains why a rather simplified form 
(with one parameter only) of the deuteron wave 
function gives better results compared to various 
Yamaguchi forms especially at higher energies, 
while at energies near 210 MeV, the Yamaguchi 
form Is somewhat better. This can be seen from 
Fig. 3 where we plot the total croes section versus 
£i^ using Gaussian (bold line) as well as Yama¬ 
guchi wave functions (thin line). This point is 
further substantiated from a study of the differen¬ 
tial cross section in Figs. 4 and 5 where the Yama¬ 
guchi wave function is found slightly better in the 
near forward direction (which again correspond to 
low internal momenta), while at large angles and 



FIG. 3. riot of toal cross soction versus for (1) 
Gaussian save function (bold-face line) In yN-yd frame, 
(il) Yamaguchi wave (UnoUon (C+T *B) In yN-yd frame 
(thin line), In mixed frame (dashed line), and In yd 
frame (dot-dashed line). 



FIG. 4. Plot of differoitlBl cross-seotlcn versus 
at various Incident enarglea, oompsring the Yamaguohl 
wave function (C*T+H) (thick line) and Gaussian wave 
function (dashed line). 
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at higher energies the Gaussian wave function 
gives better agreement with experimental re* 
suits. 

As regards the rapid variation, Including a min¬ 
imum around £,^<><300 MeV shown in the calcula¬ 
tions in Fig. 2, we find it becomes too complex to 
analyse this structure, especially in view of the 
two-dimensional phase-space integration. Even 
so, we tried to "read" the two variable Integrand 
in order to arrive at some definite conclusion. 

We observe that in this kinematical region there 
is a close competition between the magnitudes of 
the components of yN-vS amplitude and of those 
corresponding to the respective coefficients con¬ 
tributed by the wave function and the phase-space 
parts. It thus appears that this structure is rather 
"accidental"—more of a kinematical nature than 
having any dynamical content. 

To Investi^te the effect of different frames of 
reference we plot in Fig. 6 the differential cross 
section at three typical energies, via., 230, 330, 
and 460 MeV, while in Fig. 3 is shown the total 
cross section in the three different frames. We 
first compare the mixed frame with the yN-ytf 
frame and find that in the forward direction the 
difference is quite appreciable especially at higher 
energies, whereas at large angles 
difference is quite small. In the total cross sec- 



FIC. 6. Plot of differentlBl cross secthm versus S,,g, 
at various incident energies Sbowing the atfeot of dif- 
fereut refereooo frames: (t) yW-yd frame (thick line), 
(If) mixed frame (daahad line), and (lU) yd frame 
(dot-dashed line). 


tlon the mixed frame gives results in slightly 
better agreement in the intermediate energy re¬ 
gion (270-500 MeV) whereas, on either side, the 
yN-yd frame is in closer agreement. The overall 
difference remains below 10%. It may be recalled 
that these two frames differ mdy In their kine¬ 
matic variables g* etc., used in the two-body sub¬ 
system. This difference thus brings out clearly 
and in quantitative terms the sensitivity of the re- 
suits on the two reference frames used. 

Comparing the y~d reference frame with yN-yd 
frame, we note the two essential points of differ¬ 
ence; (1) the kinematical factor and (il) the yN 
— vN amplitude. In the y-d frame both the factors 
ai^jear within the phase-space Integral while for 
yN-yd they are replaced by their appropriate val¬ 
ues in that frame. As for the kinematical factors, 
we have studied their effect by keeping these with¬ 
in and outside the Integral and found the difference 
to be almost negUglUe (^2%). Thus the main dif¬ 
ference arises due to the effect ol the yN-'iN am¬ 
plitude. Since this amplitude has a sharp reso¬ 
nance structure, its effect is rather complicated 
to annlyae. Qualitatively, however, one can see 
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the effect in the following way. Symbolically, the 
amplitude in the y-d frame which can be written 
as 



X (deuteron wave function) x 
Is replaced in the yS-yd frame by 

/ ““ (phase space) 

*'o 

X (deuteron wave function), 

where is the maximum value of the plon mo¬ 
mentum in the yd c.m. system. Now since this 
value happens to be somewhat higher than K', for 
photon laboratory energies less than the reso¬ 
nance energy, the contribution in the yS-yd frame 
is higher than the corresponding value in the y-d 
frame. For incident energies higher than the res¬ 
onance, the amplitude in the -^N-yd frame contri¬ 
butes less than in the y-d frame. For higher en¬ 
ergies, the integration range being so large, the 
overall effect depends on the detailed behavior of 
the other functions involved and is thus too com¬ 
plex to analyze in this manner. 

To compare the results with experiment, it 
may be in order to recall that the present calcu¬ 
lations Involve no free parameter. Assuming the 
impulse approximation to be valid in the energy 
region considered here, it is thus possible to 
bring about the limitations of the ingredients used. 
For Instance, from Fig. 3 it is clear that a rea¬ 
sonably good agreement of the total cross section 
at energies below and above resonance indicates 
that the CGLN model for input process is fairly 
realistic. However, just at resonance energy it 
predicts the value of the total cross section about 
25^, less, which may possibly be due to inadequate 
vN input near resonance. This difference 
could not be Improved even with a Gaussian deu¬ 


teron wave function which has done a surprisingly 
good Job, especially at higher energies, com¬ 
pared to the Yamaguchl wave function. Including 
tensor force and hard core. 

The study of inserting the yN-'tN amplitude in 
different reference frames vis a vis experimental 
results reveals that for 01^°“ 90°, ther^-ltf frame 
is in better agreement at almost all energies. At 
large angles and at medium energies (say, up to 
400 MeV) y-d reference frame predicts results 
closer to experiment. It is probably in this klne- 
matlcal region where the valldify of an on-sheU 
amplitude breaks down and the off-shell effects 
show up Blgnlflcantly. In other words the assump. 
tlon underlying impulse approximation, viz., fac¬ 
torization of the two-body amplitude from the 
phase space including the deuteron wave function 
may no longer be true. However, the yN-yd 
frame produces results for the differential cross 
section at 00° (Fig. 2) in surprisingly good 
agreement with experiment 

In conclusion we have here made an attempt to 
analyze critically the various assumptions in¬ 
volved In the Impulse approximation while study¬ 
ing yd—v'pft at Incident photon energies starting 
from 210 to about 700 MeV in the entire angular 
range of the pion produced. The study depicts a 
sensitive role of the component of deuteron wave 
function with internal momenta lying between 70 
and 210 MeV/r, while the effect of including ten¬ 
sor force and soft core (repulsive) terms gives 
only a marginal improvement in the results. This 
analysis also brings out the kinematical region 
where off-energy-shell effects in the yn~t~p am¬ 
plitude cotild be significant in describing the pro¬ 
cess yd—n'pp. Another kinematical region, viz., 
)u8t above threshold for photopton production 
where the final state effect of the interaction of 
the two outgoing nucleons could be significant has 
not been dealt with here and would be a subject 
for future communication. 


APPENDIX 

For the sake of completeness, we write down the amplitudes o'** and £**’ defined in Eq. (2.12)*; 
(e//4)r)(k,-k, x ?)(\/i‘°*’+ i sinfl^^Fj , 
o'-’. (.•//4ff)(k,-k, X 2)(X/,‘-' _ ije«5S8ln8„F,), 

S'*'- (e//4ir)|-c (i(6. - a,)F,+ i(k,- k,)[X*'*8ln6„(F. -1F^,)]}+ fk,(k,-«) 

X 1X1,'* - 1 8ln6„(F,e i F,)] + ik,(£,- i)^ j, 
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(^)(~* (l +l)/m) *f ie“MaUi8„(if^- r■^<)] l-nliiCg, ‘ 0 

{(1+ w/m)[(ik, - *,)>+1] "^5^4)’ 

ff-- * (g ){2 ^ 2 ) ^ * 0 ^]. 


In these egressions eV4v3i~, /VOaO.OS, ^^>1.78, #.“-101. 
where W Is the total center of mass energy. The form factors F,, 


F.-l 


.(ui^ln^£y 

» V 2o 1 + w / 


^”0f*-jen)(/’/4ir)'‘/4»i, and <*)« tF-w, 
F,, and F^ are given by 


where v Is the velocity of the produced pion (in units of c). 

The spln-isospln amplitudes ft***’, h'"*’, and are related to the p-wave shifts 6,j through the 
followli« relations: 

*•’*>» i(ftu+2A„+2*,,+4*„), 

where 


For the isosinglet and isotriplet s.wave phase shifts and fi, and the various p-wave phase shifts 6„ we 
have taken the Donnachie and Shaw parametrization,' viz., 

ff,cot8, - 5.848 + 5.482K,' - 3.830K/ + 1.004K,‘ - 0.1076X,' + 0.003 977/C,”, 

/C,COt6,» -11.364 + 3.697/f,* -0.8014/C,* + 0.077aK,® -0.002 85K,*, 

/f/cotOj,- -34.48 -71.89/C,*+ 36.70/C,* - 9.623X,*+ 0.968K,‘- 0.0330K,”, 

/r,*cot6„. -26.30+ 8.479/f,*-15.35/f,*+ 3.834/C,»-0.3560/C,’ + 0.0115hf,‘“, 

X,* cot6„- 4.6512 - 0.6207X,* - 0.1473X,* - 0.0829X,*, 
up to 250 MeV laboratory energy, and 

K* cot6„- 4.6512 - 1.236X,*+ 0.713X,* - 0.495X,*+ 0.0788X,‘ - 0.0048X,” 
beyond 250 MeV laboratory energy. 


‘P. Bats «/ ol., Nuol. Fhys. 1S8 aB73). EcHler 
references are given therein. 

’P. E. Argw St al., Noel. Pfays. A ^ 373 (1B78). 

*0. r. Chew St al., Phys. Bev. 106, 1346 (1967). See 
also K. NlsUllma, FuniamtaUt ParHclas (Benjamin, 
New York, 1866), p. 184. 

*1. BlomqvUt and J. U. Laget, Nnol. HiyB, A8B0. 406 


(1977). 
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and J. M. Laget (O), t6M. A296. 413 (1978). 

'a. Donoadile and G. Shaw, Ann, Fhys. (N.Y.) 37 , 333 
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*llio flaal otet* sOaot of tbs arattartnc ot Che two out- 
golng nuoleone le known to be elfnlflcant Juet neejr the 
fbrwbald (see, e«., j. v. Noble, Phye. Lett. 87B, 39 
The work tn this dlrecUon Is In proffress snd 
wOI be reported elsewhere. 

B. J. Clautor, Lfcturts in Theoretical Physics, edited 
by W. E. Brtttlo snd L. G. nutihem (bitersclenoe. Now 
^ York, 1955), Vbl. 1, p. 316. 

*y. Ysmsgucht, Phys. Rev. 96, 1625 tt954); 96, 1636 
(U64). ~ — 

“h. Mehrotrs end K. SengupU, Phys. Rev. D 1, 3459 
tt970). 


‘^Strtotly spesUnf this Is cnljr s repulsive oore to so. 
oomit for the observed ohsnge In the sign of triplet 
phsse shifts aroimd 249 XsV. 

Verde, Helv. Phys. Acts, ^ 339 (1949), 

|V. V. Anlsovloh at al., Phye. Lett. «B. 224 a972). 
‘Note the rapid varlatloBs giving rise to a ulnlmian' 
around 9,* “TO" eqpeoUUy In curve 0 (solid line) In 
Figs. 6 and 6. Presumably this efleot also has ttie 
same Unematloal origin as was attrlbated to ttw 
structure appearing In Fig. 2 (see the dlaousslon on 
P. 20U). 
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Time dhtributione of fngniente from delayed fiiaion after muon capture have been measured for muonic 

”’Np, ”*Pu. and ^’Pu. Comparisoa of these data with previously measured lifetimes usint muon 
decay electrani, neutrans, and y lays emitted after muon capture indicates that the observed systematic 
disarepaiicies are due to atomic muon capture by fission frafments after prompt fission induced by radiation¬ 
less muonic transitions. The deduced capture rates are compared with theoretical models, and very good 
agreement is found with a giant-resoiiance excitation model. 


RADIOACTIVITY Muonic atoms ’“u. “*U, ”’Np, ”*Pu. and “*Pu. Measured 
fission fragment time dtatrlbutlona, deduced total muon-captuie rates and ieo- 
topto effect, present data compared to lifetimes based on all other decay channels, 


I. INTRODUCTION 

The Interaction of negative muona with actinide 
nuclei has been studied by numeroua experi- 
ment 8 ‘"“ In recent years. These heavy muonic 
atoms are of particular Interest because theories 
on muon-capture rates, which have been amilled 
BuccesafUUy for lighter nuclei, can be tested more 
stringently with very neutron-rich, heavy nueleL 

Eaperlmente designed to determine the capture 
rate usually measure the time difference between 
the arrival of a muon in the target and the appear¬ 
ance of any reaction product associated with the 
capture of the muon by the nucleus. Since muon 
capture excites a heavy nucleus on the average to 
approximately 15 MeV, various reaction products 
including neutrons, fission fragments, and y rays 
can be Observed. In addition. It Is possible to in¬ 
fer the muon-capture rate from the time distribu¬ 
tion Of electrons emitted in the leptonic decay of 
muons In the Is state of a muonic atom. It was 
generally assumed that all these methods yield 
the same lifetimes for a particular muonic atom, 
but it soon became obvious that lifetimes measured 
by detecting fission fragments emitted after muon 
capture were consistently slightly shorter than 
lifetimes determined with any other method. Had- 
ermann” pointed out the likely cause of this dis¬ 
crepancy; It Is well known that “prompt fission” 
may occur during the atomic cascade of a muon 
to its ground state due to a radiationless transfer 
of the muonic transition energy to the nucleus. In 
the course of such a prompt fission process, the 
muon may become bound in an atomic orbital of 
one of the fission fragments and may later be cap- . 
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hired by the fragment or undergo leptonic decay. 

In a singles experiment as described above, elec¬ 
trons, neutrons, and y rays resulting from muon¬ 
ic fission fragments cannot be distinguished from 
those stemming from muon ct^pture by the actinide 
nuclei. Hence, the time distributions of electrons, 
neutrons, and 7 rays consist of a superposition of 
two exponential components. The characteristic 
lifetimes are 70-80 nsec for muonic actinides and 
about 130 n 8 ec^^“ for heavy muonic fission frag- > 
ments. The capture of muons by the light fission 
fragment does occur only with low probability.*■*’“ 
However, the statistics of most experiments is not 
sufficient to allow a distinction of the various com¬ 
ponents of the measured time distributions such 
that least-square fits assuming a simple exponen¬ 
tial decay law for these distributions will yield 
lifetimes that are too long. 

In contrast, because muon capture by a fission 
fragment cannot induce fission of this fragment, 
time distributions of delayed fission fragments 
produced by muon capture are not disturbed by 
prompt fission events. There are, however, two 
secondary effects that lead to insignificant con¬ 
tamination of these time distributions; The radia¬ 
tionless atomic transition of a muon can cause the 
emission of one neutron from the target nucleus 
before subsequent fission of the daughter nucleus 
occurs alter muon capture. This process has a 
probability similar to prompt fission, but since 
the lifetime difference between two neighboring 
isotopes is only about 1.5 nsec for actinide nuclei 
(as estimated from a study” of **'“U and ”*>”’Pu), 
the effect of this admixture on the lifetimes de¬ 
duced is more than one order of magnitude smaller 
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than the effect of prompt fiaalon on measurementa 
of electrona, neutrona, and y raya deacrlbed a- 
bove, and ia well within the atatiatical uncertain¬ 
ties of all experimenta performed so far. The 
aecond mechanism that may affect the time dla- 
tribution of fission fragments is the possible ex¬ 
citation of shape-isomeric nuclear states durtng 
the muonic cascade, as suggested by Bloom.** A 
quantitative discussion'* shows, however, that the 
influence of this effect on the measured lifetime is 
very small. 

Muon capture by fission fragments as proposed 
by Hadermann** and delayed fission after prompt 
neutron emission, however, have been observed 
directly in colncidenee experiments, where the 
emission of fission fragments in coincidence with 
decay electrons'* and neutrons" was measured. 

In addition, a measurement" with very good sta¬ 
tistics confirmed the presence of a long-lifetime 
component in the singles time spectrum of neu¬ 
trons emitted from muonic ”*Pu. Therefore, it 
is concluded that measurements employing the 
experimentally rather unambiguous fission tech¬ 
nique are required to provide meaningful data on 
muon-capture rates for actinides that can be com¬ 
pared to theoretical models of muon capture. Co- 
incidence experiments would be even better, but 
their statUtlcal accuracy is Inherently lower than 
that of singles measurements. Since the effects 
of prompt neutron emission and isomeric-state 
excitation on fission time distributions are negli¬ 
gible, the present study of singles fission mea¬ 
surements was initiated with the aim of obtaining 
data of high statistical accuracy. 

II IJtPiiRIMI-NTAL PROCEUURt 

The experiments were performed using the 
stopped-muon channel of the Los Alamos Meson 
Physics Facility (LAMPF). Muons from the chan¬ 
nel passed through a three-element plastic scin¬ 
tillator telescope and were stopped in a fission 
chamber containing nine T1 foils, on which the 
actinide targets (”’•”"0, '’’Np, and ”*'***Pu) were 
deposited as O.S mg/cm* thick oxide layers. Since 
inspection of previous experiments*'** indicated 
that systematical errors are frequently more im¬ 
portant than statistical ones, care was taken to 
minimize the former by measuring three isotopes 
simultaneously. As shown in Fig. 1, three foils 
carrying one particular Isotope formed an ioniza¬ 
tion chamber, and three such chambers constituted 
the whole fission chamber. All timing signals 
were processed In the same tlme-to-pulse-helght 
converter and the same analog-to-digltal convert¬ 
er (ADC), using routing signals to distinguish the 
ionization chamber that had fired. Time callbra- 



SIDE-VIEW 

FIG. 1. anhematlo drawing of the fission Ionization 
chamber. The Insert shows the arrangement of the tar¬ 
get foils used to avoid crosa talk between different sets 
of foils: The foil on the left la part of the adjacent elec¬ 
trically decoupled chamber which uses the aame gas 
volume 

tions were performed frequently with several in¬ 
dependent methods. In addition, only two Isotopes 
were replaced at a time, so that the third Isotope 
remaining In the chamber served as an additional 



FIG. 2. The experimental flsslon-Irsgment time dla- 
trlbution for muonic **'Pu. The peak In the region near 
f-0 oorresponda to prompt fistion events caused by 
radlatlooleas muonic transitions. The horizontal dashed 
line represents a fit to the background to negative and 
large positive times. The curve drawn through the data 
points represents the sum of the expoaenttal and the 
background dlstiibutioDa. 
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cross check for the consistency of the results for 
different runs. A typical time spectrum is shown 
In Fig. 2. The data were analysed with a least- 
squares code and a fitting fiinction representing 
an eitponential distribution on a constant back¬ 
ground. A trial fit assuming two exponentials 
failed to find a second lifetime component In the 
spectra, as was to be expected. 


ni. EXPERIMEMTAL RESULTS AND DISCUSSION 


The experimental results are compiled In Table 
I along with all previously published data on mu¬ 
onic actinide lifetimes r,. The indices e, n, r, 
and f refer to electron-, neutron-, y-ray-, and 
fission fragment measurements, respectively. 

The weighted averages f±a have been calcula- 
ted*'' by weighting the data r, according to the 
published error r, ± o, using the following equa¬ 
tions: 


= Tiir.M 


ft) 


O 


A 




( 2 ) 



(3) 


(4) 


Equation (2) for the error of the weighted mean 
can yield uiq>hyBlcal values for very small sam¬ 
ples. Therefore, was introduced which sets a 
lower limit for a based on the published errors. 
Inspection of Table I shows that for all isotopes 
the averaged lifetime f, is shorter than either r„ 
f„ or f,. 

Although there is no question about the occur¬ 
rence of muon capture by fission fragments, it has 
not been shown that this mechanism is the only one 
responsible for the differences between measured 
lifetimes. A systematical study of all muonic ac¬ 
tinides may be helpful to shed light on this ques¬ 
tion, since a monotonic Increase of the (positive) 
difference r, - is expected with increasing prob¬ 
ability for prompt fission, if muon capture by fis¬ 
sion fragments were the dominant contribution to 
these differences. It is possible to define a char¬ 
acteristic parameter allowing a systematic classi¬ 
fication of muonic actinides. Such a suitable para¬ 
meter is represented by the product of the proba- 


TABLE I. Experimental lifetimes In nsec of muonic nctinldes deduced from measurements 
of decay electrons (t,), neutrons <t,), capture y rays (t^), and fission fragments (r^). As dis¬ 
cussed In the text, the eleotron. neutron, and y-ray lifetime measurements yield values sys¬ 
tematically too high, because these three measurements are sensitive to contributions from 
muon capture by fission fragments after prompt fission. Hie lifetimes ry deduced from a de¬ 
tection of delayed fission fragments, however, are not affected by this effect. The weighted 
average of the fission lifetimes Is therefore believed to represent the best values for the 
true muonic actinide lifetimes. 


Isotope 




’■y 

V 



80.4i^2.0‘ 




74,2 ± 5.6‘ 


“*Th 

79.2 i 2.0* 

78.8A1.4 

80.1 ±0.6" 


87.0± 4.0‘ 
77.31 0.3" 

77.4^0.6 






61.7 ± 3.8* 

61.7 ±3.8 

»“u 

7S ±4* 




66.3 ± 2.8* 


75.4 i. 1.9^ 

76.9±1.7 

76.0*0.7" 


66.5 ± 4.2* 

75.6 ± 2.3* 
72.9 ± 0.9* 

72.6 ±1.5 




88 14' 



7S.6±1.5’ 

74.1 ± 2.8* 


“n; 

81.6±2.0* 
73.5 ±2.0’ 

78.7 ±3.6 

78.3 ±1.0" 

79.1 ±0.5” 

75.6± 2.9’ 
76.0 ± 1.0* 
77.1 ± 0.2" 

77.2 ±0.2 





79.0±0.6 

77.9t 0.6* 


‘"Np 



73.6 ±1.4" 


72 ± 2* 

71.3 ± 0.9* 

71.410.8 

“•Pu 

77.6 ±2.o’ 




74 ±14' 


73.4 ±2.8* 

76.1 1.9 

74.6 ±0.5" 


70 * 3* 

70.1 ± 0.7* 

70.110.7 


N«Pu 



81.1 ±0.7" 


79 ± 5* 

75.4 ± 0.9* 

75.5±0.9 


Present study. 





vm 


W. W. WILCKE *t «/. 


21 


bUlty of a radiationless muonic transition and the 
fiasUity of the target nucleus. As has been shown 
by Zaretski and Novikov” the ratio of radiation¬ 
less to radiative transition probabilities is given 
approximately by 


where a = e‘/Kc is the fine-structure constant. The 
probability of fission after a raditUionlcBB transi¬ 
tion depends In a complicated way on the detailed 
shape of the double-humped fission barrier, which 
is augmented in the presence of the muon. It is 
assumed, however, that the general trend of the 


flssllity be still given by the liquid-drop expres¬ 
sion for the fissillty” Combining X with 

Eq. (5), one obtains a suitable scale for 


discussing the lifetimes: 



P 

FIG. 3 Tlie upper part shows tlio difference of 

the llfhtimos mc.aeured by dotocting iieutrone and fission 
fragments, respectively, after muon capture, plotted 
versus the product /> of liquid-drop flssllity and prob- 
abtllly for radiationless transitions. Large vatuea of 
this quantity, which Is an approximate measure for the 
prompt fission probability, are correlated with large 
lifetime differences. The lower part shows the lifetime 
difference t,- i, between results of experiments detect¬ 
ing electrons and neutrons, respectively. Since t, is 
more sensitive to contributions from muonic fission 
fragments than r,,, this dllforenoe Is also weakly cor- 
rclnted with/). 


r„ az* 

^“*r„+r, "50,i3AU+a»)• (6) 

In the ui^r part of Fig. 3 the dlUBreiice r, - f o{ 
lifetimes is plotted versus p. Except for the 
difference t, - fy is seen to increase with increas¬ 
ing values of p as ettodcted, if muon capture by 
fission fragments were the dominant cause of the 
lifetime differences. It is known,* however, that 
the prompt fission probability of muonic ***Pu is 
very large, even larger than that for ”Pu. 

Hence, the high value of t, - f, for ““Pu is under¬ 
standable, but the result for “Th Is puzzling, it 
Is known" that ***rh has a very low probabUlty 
(5 X lO"*) for prompt fission, which Is consistent 
with its low p value. Therefore, muon capture 
after prompt fission cannot explain the large dif¬ 
ference of the lifetimes. It should be pointed nut, 
however, that the weighted average of f, for *“Th 
is dominated by one measurement." More data 
are needed to firmly establish the abnormal be¬ 
havior for “*Th shown in Fig. 3(a). 

As has been discussed in the introduction, both 
electron and neutron measurements are influenced 
by the occurrence of prompt fission, whence the 
difference of lifetimes f, - r, should be small. 

This difference may be nonzero, however, since 
the two methods are of different sensitivity to the 
admixture of events resulting from muon capture 
by a fission fragment: The multiplicity M, of neu¬ 
trons emitted after muon capture in a ^-stable nu¬ 
cleus of mass A is approximately given** by 

= (7) 

In addition, the muon-capture rate decreases ra¬ 
pidly with decreasing atomic mass, whereas the 
muon decay rate remains essentially constant. 

Thus the ratio of electron-to-neutron multiplicity 
is about twice as high for heavy muonic fission 
fragments as compared to muonic actinides. 
Therefore, the difference t, - r, should increase 
slightly with p, consistent with experimental re¬ 
sults shown in the lower part ot Fig. 3. With the 
possible exception of ***711, the systematic com¬ 
parison of the data Indicates that muon capture 
by fission fragments is the dominant contribution 
to the differences in lifetime. Therefore, rep¬ 
resents the best approximation to the true lifetime 
of a muonic actinide. 

The experimental results may be compared to 
existing theories for muon-capture rates X that 
are related to the measured lifetimes ff by 

^=X">+llXo. (8) 

Here X, is the free-muon decay rate, and R (■^.85) 
accounts for the reduction of the decay rata due to 
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„ ^ of atomic Mwliiig.’ Tw) theoretical ap- 
hwe been appUed to the study of muon- 
rZa in «« actinide region. The weU- 
^^^Goolard-Prlmakoff fonnallem“ hae been 
useful In predicting moon-capture rates 
a wide range" of Isotopes and prwldes a 
^^-torm equation fOr the total muon-capture 

rale 


jQP 


x[l-0.03^ 
-3.24(- 


+0.25 


i4-22 


f A-Z 

2A 


2Z 

\A-2Z \ 

iZA 


0 ] 


( 9 ) 


The notation la that of Bef. 11. A comparison of 
the Goulard-Prlmakoff predictions to the experi¬ 
mentally observed capture rates is given in Table 
U. The predicted rates are systematically small¬ 
er than the measured ones. The Goulaid-Prlma- 
koff capture rates are proportional to the value of 
Z , *, which has to be calculated Independently, 
but a comparison of several isotopes of the same 
clement, which nearly eliminates the dependence 
on Z Indicates that this theory consistently 
overrates the aeneltlvlty of the capture rate to the 
neutron excess. In the alternate model" of Kox- 
fowskl and Zgllnekl the capture mechanism pro¬ 
ceeds solely vU the excitation of giant-resonance 
States. The transition amplitude Af, Is given by 
the overlap Integral of Pustovalov’s muon wave 
ftinctlon* and the neutrino wave function within the 
nuclear volume with an ieovector transition opera¬ 
tor and nuclear wave functions taken from the hy- 
drodynamical model.* Multipolarities L from 
monopole to octupole are taken Into account, and 
the total muon-capture rate A** Is the sum of the 
rates for each multipolarity: 

in 


TABLE n. Goxnpartsoa of experlEneDtaUy determiMd 
moon-capture ratee with the predlotloaa of the Gott- 

Urd-Prlmakoff i and Kozyow^t-Zglihskt thoo- 

riea. Units are 10^ sec“'. 

Isotope 

1"' 

KOf 


“»Th 

125 11 

110 

124 


158 .*6 

131 


tWU 

134il 

m 

134 

««U 

125 >1 

IDB 

122 

••'Np 

137 ±1 

123 

138 

»“Pu 

13812 

129 

139 

*«Pu 

12912 

116 

128 


This model hae been applied* to the nuclei under 
Investigation (Table n), and the agreement be¬ 
tween theory and experiment Is excellent. It has 
been shown" that lor light nuclei (e.g. “O) the gi¬ 
ant resonances are very effective doorway states 
tor muon capture. In heavy nuclei, however, nu¬ 
merous noncollective states at 15—20 MeV excita¬ 
tion energy are expected to exist, which also ful¬ 
fill ths spin and Isospln selection rules of the op¬ 
erators describing muon capture. Therefore, It 
is rather surprising that a model which incorpor¬ 
ates only gtent-resonance states describes the 
capture rates so well. It appears Important to 
check other consequences of the proposed capture 
mechanisms by experiment. Messurements of the 
neutron multiplicity and energy spectra after muon 
capture In actinides currently under way will yield 
Information on the excitation energy spectrum and 
can be compared to this model. 
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The tout Cnter-Krooig tramition pnitMbillty fjj for the Lj-Z.) tnmitian end the L, end L, lubehell i-niy 
fluoneceoce yield! ai] and Mj wen meieimd utilizing feuived L-K x-ray coincidence technique* for Z 64 
and 67 with radraactive MMTCe* of 4.66 yr '”Eu and 10.4 h "’Er, nafwctively. Improved accuracy in the 
tciulla ii adiieved by advance! in the experimental method. The vahiea of /jj are 0.130±0.012 and 
0.113±0.01l at Z as 64 and 67, reapectively, and of <*] and are 0.16S±0.022 and 0.161^0.019 at 
Z 64, and 0.186^0.023 and 0.1800.020 at Z »= 67, re^cctively. The quoted uncenainties are twice the 
average deviation froni the mean of 12 valura of fj, and two value* each of at] and aij, and ariie 
predominantly from ayatematic erroiv 


iRADIOACTIVtTY ‘“Eu; '*’Er; moanured U}, Uj, /:] tn Z.;, j subshells; XX 
L coin; Ge(HP)-Sia,l> detectors. 
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L INTRODUCTION 

This Investigation of the Lj,] aubshell x-ray 
fluorescence yields and Coster- Kronig total tran¬ 
sition probability at Z=64 and 87 was carried out 
to provide a teat of theory and Improved values for 
experimental applications. Recently, some new 
relativistic calculations of radiationless transition 
rates to L-subahell vacancy states have been per¬ 
formed* (or selected elements with Z-70 to 96. 

In this region, these calculated relativistic L- 
subshell widths agree with experimental values 
better than previous noorelativistic calculations.*'* 
Relativistic calculations for lower-Z elements, 
however, are not yet available, but they are of 
interest in the light of the new experimental re¬ 
sults reported here and our current effort to ex¬ 
tend the measurements to z = 54. 

Accurate experimental values of X-subshell 
fluorescence and Coster- Kronig yields also are 
important in many practical applications, ranging 
from elemental analysis by x-ray emission tech¬ 
niques to basic studies of nuclear and atomic pro¬ 
cesses leading to emission of x rays and Auger 
electrons, such as electron capture, internal 
conversion, and ionization cross section measure¬ 
ments. 

Previous measurements of the total Lj - X| 
Coster-Kronig transition probability /,, at Z=65 
(Ref. 5) and (Refs. 6 and 7) resulted in higher 
values than those found in the present work, where¬ 
as the discrepancies between previous and present 
values of the Z.'SubeheU x-ray fluorescence yields 
luj and bi| are small. The present work is based 
on significant Improvements In the experimental 
technique and In data evaluation. These advances 
include (1) an Improved electronics system and the 


use of much faster coincidence timing (made pos¬ 
sible by using a three-parameter multichannel 
XX‘ t coincidence configuration); (2) much better 
resolution and spectral quality of the AT x rays 
through the use of a new, state-of-the-art ion- 
implanted Ge(HP) detector; (3) colltmation to 
drastically reduce Compton backscatterlng from 
one detector to the other In the 180" coincidence 
geometry used; and (4) application of a new meth¬ 
od’ for the direct experimental determination of 
the absolute correction for tailing of Kor, events 
into the Koj x-ray peak. 

II. BASIS OF THE EXPERIMENTAL METHOD 

The basic physical relationships among the L 
subshells involved in the determination of U], <U|, 
and /i, can be found In the 1972 review by 
Bambynek et al.* but the working equationa con¬ 
taining the detailed experimental corrections are 
not included. They appear in various forms scat¬ 
tered throughout the literature with occasional un¬ 
fortunate errors. For this reason, we consolidate 
and present here in a standardized form all of the 
necessary working experimental equations for the 
determination of u„ and Where applicable, 
the notation follows that of Rao et of.*’ 

The present experiment measures the quantities 
W]> /ja> snd v,, the latter representing the total 
number of L-shell x rays (from all shells and not 
]uBt from the radiative filling of an Lj-subshell 
vacancy) that result per primary vacancy in the 
ti Bubshell.^*’ Measurement of /», and Wj 
proceeds directly from the relationships 


Cj, tZoT) 


( 1 ) 
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from which the value of U) is obtained through the 
relationship 


" 1 - 


(4) 


In Eqs. (l)-(4), q,,. , is the total number of t 
x-nr counts gated byKojX rays (after correction 
for continuum, nuclear cascading if present, 
chance coincidences, and Cor L x-ray coincidences 
arising from Kay tailing events falling within the 
Koi gate (!2). Coincidence gates 6'1 through C5 
and Oi(/fj) are shown in Fig. 1. is the intensity 
(counts) of Ka, singUs events falling within the en¬ 
ergy region defined by G2 (corrected tor back¬ 
ground and singles Kay tall events). (Note that 
Itmy intensities of Kay and Afoj 

singles events falltng vrlthln the energy region of 
the singles spectrum defined by G1 and G2, re¬ 
spectively, Fig. 1, and are sot coincidence inten¬ 
sities.) is the overall I x-ray detection efficien¬ 
cy averaged over the L x-ray energy region of in¬ 
terest and incorporates geometry and air-window 
attenuation, etc,, andf, is the coincidence effi¬ 
ciency determined experimentally. 
represents the total number of L x- ray coincidence 
counts gated by Ka^ x rays (corrected for back¬ 
ground, nuclear cascading if present, chance co¬ 
incidences, and for Koy coincidence tail events in 
gate 6’2). The quantity anises from £f-X 

shell transitions, where X represents the 
higher shells, which give rise to the L, +ioi,i 
+ components of the L x-ray spectrum at 
Z -64 and 67, The factor C(,„ , is the number of 
coincident Koy x-ray counts in the Kay gate 6T, 
corrected lor background. (The use of parentheses 
is to indicate a coincidence intensity, to distin¬ 
guish the sin/fies intensity 1,,^ in the spectrum 
defined by gate Gl.) 

The factor (8) is the total number of 

L x-ray counts, gated by Koy x rays arising from 
L^-X transitions and corrected for background, 
nuclear cascading if present, chance coincidences, 
and for the directional correlation* in the 180° 
coincidence geometry used. C,j , is the number 
of coincident Kotj counts in gate Gl, corrected for 
background and for the number of coincident Kot 
tall events falling in gate C2. t-'j. , (S) is the 

total number of L x-ray counts gatM by Kay x 
rays, corrected for background, nuclear cas¬ 
cading if present, chance events, and directional 
correlation.* 

The correction for nuclear cascading and chance 




FIG, L (a) A X rays from 4.68-y ***Eu In oolnoldeoce 
with L X rays, (b) ST x rays from 10.4-h ‘“Er in coin¬ 
cidence with L X raye. The coincidence gates Gl, G2, 
G3, Gi, CS, and GCKfi), Indioatedby the shaded areas, 
are set to the prooeaa of data analysla, since the ttrse- 
paramoter XX -t aystom atores all coincidences event 
by event on magnetic tape. 

coincidences follows the method developed by 
McCileorge ef of." and Is based on the fact that 
detection ol K0x rays Indicates K-shell vacancies 
which have been shifted to shells higher than the 
L shell, the only sources of L x rays in coinci¬ 
dence with a Kfi x-ray gate then being nuclear cas¬ 
cading If present and chance events. Unfortunate¬ 
ly, in Ref. 11 an error In the equations led to an 
erroneous rssult for fj, at Z = 66, although the 
principle of the method was correct. The L x-ray 
coincidence spectra corrected jiroperly tor nu¬ 
clear cascading and chance events are the dU- 
lerencss 
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and 

Ci,o»~ > 

where C'lwu "« t**® ««»■ i X-ray Co¬ 

incidence spectra, corrected for background, 
gated by Kai and /Co, gates Gl and G2, respective¬ 
ly, and If,., and ^r., are the respective 
siiigtes Intensities, corrected for background, in 
pies G(/CJ, Gl, and G2, respectively, as shown 
n Fig. 1. The ratios and ere 

lormailration factors needed to correct for the 
.ifference in the emission probabilities of /Co, and 
‘(0 and of Ko, and Kfi x rays. These ratios are 
ietermined In the experiment and agree well with 
he theoretical values of 8 coIleld.“ 

As indicated above, It Is necessary to determine 
imi correct for the number of Ko, tall events 
ailing In the Ko, peak gate G2 In coincidence with 
the L x-ray spectrum. In all previous work re¬ 
ported in the literature, this correction has been 
made by normalizing a singles v-ray line shape to 
the h'a, peak and then subtracting its tall from the 
Kot peak. In the lower regions of Z where the 
Ka, and Ko, X rays exhibit appreciable overlap 
due to inadequate resolution, this procedure has 
been shown by us to overcorrect for the tailing,‘ 
because the tail from a singles peak is somewhat 
higher than that from a coincidence peak. 

The working equation for determining the num¬ 
ber of Ka, tall events in the Ko, gate in colnci- 
deoce with L x rays, as applied In the present 
determination, Is given by 


'Lw,( 2)J Ltv, + Ar,(2)J' 


(5) 


where N,, iV,, Nj, and Nf are the total num¬ 
bers of Ka,, . 2 , events in gates Gl, C2, G3, G4, 
and G5 shown in Fig. 1, respectively, and set In 
accordance with the exact procedure developed In 
Ref. 8 . The quantity Ni(2) is the net number of 
coincident Ko, events, after correction for Ka, 
tailing, in gate C2, which is the one set at the 
Ko, peak; l.e., ^ 1 ,( 2 ) = ^,-Afj(l), where ^,( 1 ) is 
the number of coincident Ka, tail events falling In 
the Ka, coincidence gate G2 and is the sum of the 
second, third, and fourth terms in Eq. (5). 

Having thus determined the net number of pure 
tia, coincident events in the Ka, gate G2, At,(2), 
the coincident L x-ray spectrum is then corrected 
for the presence of L, +Z,o,,,-fZ. 3 ,,,j x-ray com¬ 
ponents arising from coincidences with Ko, tall 
events In the Ko, gate. The remaining L, +Z.a,,j 
X rays then must arise from L, subshell 
vacancies produced only from Coster-Kronig 


transitions shifting L, and L, vacancies Into the 
L, subshell. These remaining L, +ia,,, 4 ^^,,,5 
X rays are the difference 




^antUles that Involve the L,-K transition must 
also be corrected for directional correlation ef- 
fecte, whereas the L^-K transition is isotropic. ’ 
For oar 180° coincidence geometry, the corrected 
value of the number of J. x-ray counts, gated by 
Ko, X rays, arising from Lj-X transitions is 




T14X„/o) - 


( 6 ) 


where the experimental value uncor¬ 

rected lor directional correlation. is the 
average directional coefficient,* the numerical 
value of which Is given theoretically by Scofield,** 
and /a Is the finite solid angle* given by 


/Q=jC08B.,(14COSe,), 


(7) 


where 8 „ is the half angle subtended by the detec¬ 
tor. 

The final correction to be made arises from the 
unresolved Lj( x ray, which falls in the io x-ray 
peak, for which the method of McGeorge el al,^* 
is applied. On the assumption that the detection 
efficiencies the correct value otf^ may 

be calculated from the formula 



(ta/Jij f’ 


( 8 ) 


where /{, is the uncorrected value, (Lij/L,) is the 
intensity ratio of the Lrj component to all x rays 
emitted in transitions to the L, subshell, {La/L^ 
is the Intensity ratio of the La component to all 
x-rays emitted in trahsitions to the Z, subshell, 
and h is the fraction of Li) x rays included in the 
La x-ray peak. The value of k depends on the 
detector resolution, the energy separation between 
the Lit and the La x-ray peaks (Increasing wilh Z), 
and the method used to evaluate the La x-ray In¬ 
tensity. For Z* 70, with modern Si(LU L x-ray 
detectors, the value kmi. The theoretical values 
of Scofield** are used for the ratios {Lif/Li) and 
{La/Lf) and are in good agreement with experi¬ 
ment. 

Two additional very small corrections to be 
considered are ( 1 ) subtraction of the continuum 
under the peaks and (2) subtraction of LO and Ly 
tail events from the La x-ray peak. (In the pres¬ 
ent work these corrections are negligible, e.g., 

«0.4% and «0.1%, respectively, for both 
nucUdee.) 
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III. liX»;RIMI‘:NTAL 

The radioactive sources used were carrier-free 
4.68 y **‘Eu and high specific activity 10.4 h **‘Er. 
The latter was prepared by irradiating 2 mg of 
67% enriched "^Er 203 for 4 h at 10'* ii/cm*sec in 
the Georgia Tech Research Reactor. The ir¬ 
radiated sample was then dissolved in 1 ml of hot 
3Af HNO], and S to 10 pi aliquots were drop 
evaporated onto 0.25 mm thick Mylar discs, which 
were then lightly sealed with Krylon spray. The 
radioactive side was positioned to (ace the L x-ray 
detector in order to minimize attentuatlon of L 
X rays. While counting the '*‘Eu source, a 100 
mg/cm* plastic absorber was placed between the 
source and the K x-ray detector to remove most 
ot the beta particles, to reduce the ^ continuum. 
This was unnecessary for "*Er, which decays 
purely by electron capture to the ground state of 
"*Ho. 

The electronic block diagram is shown in Fig. 2. 
The dashed portion is used to acquire simultaneous 
singles spectra for measurements of <jij and bi), 
and the solid lines in the diagram represent the 
three-parameter coincidence experiment for de¬ 
termination /if The logic gate width typically 
is 2 psec, and the system resolving time is 50 to 
70 nsec (full width at half amplitude). The multi¬ 
parameter analyzer is a computer-based Nuclear 
Data ND-4420 system that requires all input 
signals to arrive within an interval of 2 psec in 
order to be stored as coincidences, which is done 
event by event on magnetic tape. By using an 



FIG. 2. The electronic block diagram (or the three- 
parameter XX‘t coincidence ayetem. The heavy lines 
Indicate the iwth of the digital signals, the medium lines 
represent analog signals, and the fine lines carry the 
logic lailsos. The dashed portion is used to acquire 
simultaneous singles spectra for measurement of U] 
and (cj. The parameters of the system are described 
in the text. 


JOC' t three-parameter arrangement, a broad TAG 
spectrum of approximately 500 nsec can be ac¬ 
quired, and then a narrow, prompt portion of the 
TAC spectrum can be selected in the data analysis 
The ratio of the counts in the narrow, prompt TAC 
gate to those in the broad TAC spectrum is used tr 
determine the coincidence efficiency, which Is 
typically in the range of 60 to 65 % for the narrow 
TAC gate, assuming the coincidence ^flclency 
to be unity for the broad TAC spectrum. 

A very narrow TAC window (50-70 nsec FWHA), 
was used, in spite of the fact that this produced a 
coincidence efficiency of only 60 to 65 %. This 
sacrifice of some coincidence efficiency was made 
in order to achieve a significant reduction in 
tailing in the K and L x-ray spectra, where rejec¬ 
tion of Blow pulses is achieved by using the very 
narrow TAC window.* 

The K x-ray detector is a ruggedlzed ion-lm- 
planted planar ORTEC Ge(HP} (which exhibits 
a resolution under the coincidence conditions de¬ 
scribed above of 340 eV FWHM at 46 keV and a 
peak/tall ratio ot 70:1) and the L x-ray detector 
is a planar Kevex Si(Li) (coincidence resolution 
of 240-eV FWHM at 5.9 keV), using a 1.5-psec 
amplifier time constant (or each detector. Both 
detectors are fitted with 5-ml (0.125-mm) Be 
windows and were used in 180° coincidence geom¬ 
etry. In the eiqperlmental setup, coUlmation was 
employed to reduce drastically the Compton back- 
scattering, This especially benefitted the L x-ray 
spectrum, almost completely removing the 
Compton continuum. The graded collimator con¬ 
sisted of l.B-mm Pb, 0.6-mm Cd, 0.9-mm Cu, 
and 1-mm Al, placed back to back on each side of 
the radioactive source. The center hole was ap¬ 
proximately 5.5 mm in diameter. An example of 
the K spectrum is shown In Fig. 1 and the L spec¬ 
tra in Figs. 3 and 4. 

In order to determine u, ^hd (u„ it is necessary 
to establish the detection efficiency of the L x-ray 
detector. This was done by using calibration 
standards of *'Co, from the Laboratolre de 
M^trologle des Rayonnements lonlsants, Gif-sur- 
Yvette, France, and **Mn from the Physikalisch- 
Technlsche Bundesanstalt, Braunschweig, West 
Germany. Campbell ef al.“ have demonstrated 
that the use of drop-evaporated radioactive source 
as standards, calibrated as y-ray standards, can 
result in the determination of efficiency points in 
the 5- to 40-keV region that may be as much as 
3 to 16 % too low, owing to self-absorption and 
the use of X/y ray Intensity ratios, the self-ab¬ 
sorption being negligible for the much higher en¬ 
ergy y ray (or which the calibration was done. 
Another major source of error in the efficiency 
calibration is the presence of small variations in 
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FIG. 3. (a) The L x-ray epectrum gaXed by Ka^ % rays at from decay of 4.68-y "*Eu. (b) Similar L x-riy^ 
apectrum, but i;ated by Ka^ x ri^a. 


source position, not only in distance from the 
detector, but also in lateral deviation from the 
axial center.*' A 5% variation in a 2-cm source- 
to-detector distance for a 20-mm diameter x 3-mm 
thick detector can cause a shift in the efficiency by 


as much as 8%." It is due to possible systematic 
errors of this magnitude that inherent errors of 
up to 11% in the efficiency calibration of the L 
x-ray detector may be present, and it is this un¬ 
certainty that is the major contribution to the un- 


TABLE I. Correctlaiu applied to the AT x-ray gates and the gated L x-ray spectra. * 


Component 

G1 

(%) 

G2 

(%) 

‘“Eu 

i-UTo,) 

(%) 

i-UTBl) 

(%) 

G1 

(%) 

G2 

(%) 

««Er 

i-ur.,) 

ft) 

(%) 

Contlnmun 

0.3 

0.4 



«0.1 

0.18 



Chance ooinoldeiices and 









nuclear oaacadee 



17.9 

13.6 



0.5 

0.4 

Tailing at Ka^ events Into 









the Ifa, gate 


5.0 




3.8 



Olreotioiial oorrelatfams 



2.5 




, 2.5 


R + (I"®*! 









ocuata in gate G2 oaused by 









AToi, tall events 




23.0 




21.7 

Talliig at Lp ■i-Ly events into 









the La peak 



<1.0 

2.0 



*0 

aiO 

Peroeedage of net true 









coincidence events 

99.7 

94.6 

»78,6 

61J 

1^99.9 

96.0 

97.0 

77.7 


*G1 is the Jfa, gate and G2 la the ffa, gate; Lora,) aud are the total L x-ray spectra produced by gates Cl and 

G2, respectively. 
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ISO 300 250 300 350 

CHANNEL NUMBER CHANNEL NUMBER 


FIG. 4. (a) The L x-ray spectruui gated by iToi) x-rays at Z-ffI from decay of 10.4-h ***Kr. t>) Similar L x-ray 
spectrum, but gated by KO] x rays. 


certainty limits placed on the determination of uij F: and Uj. Each run required approximately one 

and ( 1 ), in the present work. Since the detection week of counting time In order to reduce the sta- 

efflciencles are not involved in the determination tistical errors in counting to less than 1% in the 

of / 2 J, these systematic errors are absent in the coincidence gates and coincidence spectra, 

measurement of /j,. 

The coincidence experiment to determine/jj RKSULTS AND ANALYSIS OF ERRORS 

was repeated for each nuclide four times, the The data were evaluated according to the pro¬ 
last two of which included the measurements of cedure given In Sec. D and the various contrlbu- 


TABLE Q. quantities used to evaluate >< 2 , /„, and uj. 


quantity * 

Z>S4 

Value 

% error 

Value 

% error 


78 000 

0.4% 

54850 

0A% 

fx<>2 

8.91x10' 

0.1% 

5.05 xlfli 

0.1% 

ft 

7.62x10-® 

11% 

8.75 X10-* 

11% 

»c 

0.627C 

0.15% 

0.6059 

0.15% 


9037 

Z.5% 

3 475 

2.7% 


104150 

0.3% 

42 350 

0.6% 


78 860 

1.0% 

39990 

1.0% 

Coraj' 

71 770 

Z.4% 

27925 

2.6% 


122 000 

1.0% 

86 510 

1.1% 

f-Xa, 

1.62 X 10* 

0.08% 

9.06 XICT 

0.1% 


*See Eqs. U)—(3) In the text. These values represent results and error limits from a typi¬ 
cal run on each nuclide. 
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tiocis to the coincidence gatee and coincidence L 
x-ray spectra are listed in Table I in the order in 
which the corrections are applied. The quantities 
needed for determining Kj, and ci>| from E^s. 

1, 2, and 3 are listed in Table n, with numerical 
results and percent errors for a typical run for 
each nuclide. Details of the error evaluations are 
given below. 

in order to establish the independence of the 
values determined for i',, /),, and Wj with respect 
to the location of the K x-ray gates G1 and C2, in 
each run G1 and G2 were analyzed tor positions 
immediately below, at, and above the peak cen¬ 
troids. The resulting values exhibited a random 
distribution about the mean, thus assuring the 
validity of the tailing correction for Xo) events in 
gate C2. However, tailing in the coincident L 
x-ray spectra was at a minimum when gates G1 
and G2 were chosen at the centroids of the X 
x-ray peaks. The percent errors listed in Table 
Q Irom a typical run on each miclvde are purely 
statutlcal, except for £i,, and 

which are dominated by the presence of systematic 
uncertainty. 

From the four runs, a total of 12 values of /j, 
was obtained, and their mean value Is listed in 
Table m with an uncertainty of twice the average 
deviation from the mean, arising primarily from 
systematic error. All previous determinations of 
Z,, contained estimated systematic errors that are 
two to three times larger than those in the present 
work. The uncertainty limits on wj and Wj values 
are completely dominated by the systematic error 
arising in the L x-ray detection efficiency (see 
Table H). 

Previous measurements^' of the Z.-8ub8hell 
fluorescence yields, Uj and u)], are In approxi¬ 
mate agreement with the present results within 
the error limits. However, the previous values'*' 
of /]] lie significantly above the present ones and 
are outside e:q>erimental error limits. High values 
can result from the following experimental diffi¬ 
culties'*'; lack of sufficient energy resolution in 
the K and L x-ray detectors required to reduce 
the tailing correction to a minimum, use of a 
singles y-ray line shape to estimate the tailing of 
Xflr, events in the Kax peak, apparent lack of cor¬ 
rection for L$ tailing Into the La peak, lack ol 
sufficiently narrow prompt time gating in the two- 
parameter coincidence technique used,'*' and lack 

coUlmatlon to reduce the Compton continuum 
from backscattered events. 
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TABLE m. Final values of V], /g, u, and u), from the 

preselE work. 


Quantity 

F»64 

Z-67 

>'x 

0.184 1 0.022 

0.204 10.023 

/» 

0.130 10.012 

OaiSt 0.011 


0.161 ±0.019 

0.180 10.020 

u, 

0 jeS ± 0.022 

0J86± 0.023 


V. DISCUSSION 

The nonrelativistlc theoretical calculation of 
McGuire' at Z=S7 predicts u, = 0.203, oi, = 0.201, 
and/u=0.138, all of which He considerably above 
the present experimental values. Chen and Crase- 
mann' predict from a nonrelativistic independent- 
particle model values at Z = 67 of lej = 0.190 and 
/j)= 0.147. Although the predicted value of fat 2 
agrees well with the present experiment, the 
value of fxx is much too large, as has been fout^ 
by T^ix and Flnk^' in a systematic comparison of 
theory and experiment for /j, vs Z. The 1971 non¬ 
relativistic calculations of Chen, Crasemann, and 
Kostroun' also predict values which exceed 
the trend of experimental results, although the 
theoretical predictions of wi and ct>, agree with 
the present results. 

The 1979 relativistic calculations of Chen el of.,* 
do not extend below Z- 70. However, a linear 
extrapolation to g=64 indicates good agreement 
with the present eiqierimental values ol (■>{. Ex¬ 
trapolation to Z^ 70 lor fxx is not feasible, but it 
would appear to result in values much larger than 
the present experimental ones. We are extending 
the present measurement technique to g=54 and 
to Z -82 to provide a more general critical test 
of theory. 

The origin ol the rather serious disagreement 
between theory and experiment for can no longer 
be ascribed to error in the e]q>erlmentB, nor can 
it arise from the small admixture of double vacan¬ 
cies from K-LL and K-LM Auger transitions, since 
this effect has been shown at Z=49," 73,and 82 
(Ref. 22) to be less than about 10% on L-fluores- 
cence yields and is probably altogether negligible 
for/,,. 
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The hilf-Ufc of ’*'Pu wm determined by etudyini the iofrowth of ’^'Am by a epectrometiy. A ayntbetic 
mixture wat prepend by mixhit diflhrant iiotapei of phitcoium lo w to obtain a ’"Fu/('"Pu + a 
activity ratio of neaiiy 0.1 and an incrcaae in the a activily latio due to the ingrowth of ”'Am of about 0.1 
after a period of 30 daya. TUa waa done to get a deaitad change pcnodkally in the a activity ratio and to 
menaure thii change with high pnciaion and acturecy. The initia] valuta of ”*Pu/”'Pu and ’'*T>u/’*'Pu atoin 
catioa in the mixture were obtained by meat apectrometry. The ingrowth of ”'Aoi wu meaiured periodically 
by tr a pee tr ooietry on e i e ctr odepoaited aouroei uaing a aUkon autlacc barrier detector. From the 80 a 
apectrometric mnaanrementa carried out on five electradepaeited aouroea over a period of 4S7 daya, a value 
of 14.42^0.09 yr in obtained tor the haiflife of ^'Pu uaiag a value of 432.6 yr for the half-life of ’''Am. 
The uncertainty quoted on the value it a oombioatioa of one ataadard deviation on the average value and 
the error evaluated from the eatimate on variooe error oompooents. The half-life obtained in ihia work it in 
good agreement with the prehmifiary reaultt reported recently by CBNM (Ocd). NBS (Waahington), and 
AERE (Harwdl) uaing different methoda. 

fcADfOACTIvmf **‘Pu half-life; meaeured: “Am Ingronlh by or apectrometryJ 

L ”*Pu/“Pu and •*'Pu/’‘*Pu atom ration by masa apeotrometry. J 


I, INTRODUCTKW 

The work presented here waa motivated by a 
large discrepancy’ between the various published 
values of ’*’Pu hall-life. The haU-lUe of “’Pu in 
the studies reported earlier has been determined 
fflalnly by the two methods: (i) by observing the 
decay of "'“Pu relative to other Isotopes of plu¬ 
tonium using a mass spectrometer and (li) by 
measuring the ingrowth of ’'“Am by o or y counting. 
The first method, though absolute, has led to 
half-life values ranging from 14.8 yr to 15.1 yr*'* 
while the measurements reported by the ""Am 
ingrowth method have yielded a haU-IUe value 
of about 14.0±0.2 yr'*" based on the half-life of 
"'Am as 432.6 yr. There were two other measure¬ 
ments reported by the reactivity method*" and by 
calorimetry” which led to the half-life values as 
14.83±0.27 yr and 14.355± 0.007 yr respectively. 

In view of the great Importance of the half-life of 
"‘Pu in nuclear technology, it waa considered 
worthwhile to utilize the expertise developed in 
the fields of a spectrometry and mass spectrome¬ 
try for determining the half-life of "‘*Pu. 

In the mass spectrometric method, there is a 
problem of measuring accurately the small change 
(about 1% In 3 months) in the atom ratio of ’"Pu 
relative to other isotopes of plutonium unless the 
measurements are carried out under strictly con¬ 
trolled conditions. Further, most of the measure¬ 
ments reported have involved the measurement of 
tsotoplc ratios much different from unity. These 
may be responsible for a large variation in the 
half-life values reported by studying the change 


in the isotopic ratios mass spectrometrlcally. 

This is evident from the half-life of *'*Pu reported 
by Zeigler and Ferris* in which six different lab¬ 
oratories from the USA participated in a sample 
exchange program and the half-life values calcu¬ 
lated from the data reported by these laboratories 
varied from 14.50 yr to 15,06 yr. 

The a or r counting methods used earlier for 
determining the ingrowth of ""Am require a 
knowledge of the efficiency of the detector which 
should be known accurately over the period of ex¬ 
periment. Further, the measurements have not 
been performed on replicate samples to observe 
the ingrowth of ’*’Am periodically to confirm the 
reproducibility of the experimental data. 

With a view to eliminating the need for the ef¬ 
ficiency of the detector, the ingrowth of ’'"Am in 
the present work was determ med by a spectro¬ 
metry relative to the a activity due to ”"Pu +"'“Pu 
which remained practically constant during the 
course of investigations. Further, the measure¬ 
ments were carried out periodically over a period 
of 1.25 yr on 5 clectrodeposited sources prepared 
from a synthetic mixture of plutonium isotopes. 
The synthetic mixture was prepared so as to have 
*’*Pu/(""Pu+*'“Pu) a activity ratio nearly 0.1 and 
an increase in the or activity ratio due to the In¬ 
growth of ”‘Am by about 0.1 h.e., 100% change 
in the a activity ratio) after a period of 30 days. 
This was done with the objective of obtaining the 
desired change periodically in the a activity ratio 
and measure this change with high precision and 
accuracy. The initial n activity ratio was kept as 
0.1 and the measurements were performed up to 
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TABLE I. Isotopic oompoaitlon of the pynthoUc mlx- 
tnre of plutonium used for the determination of the half- 
life of “‘Pu. 

Maas number Atom percent 


238 0.0250210.000 26* 

238 48.057 7 ±0.057 

240 8.368 7 * 0.017 

241 40.020 3 *0.024 

242 2.5283 * 0.025 


’Dotermlnod hy o apectrometry. 


Where Af(’^*Pu)o denotes the number of atoms of 
”'Pu at zero tune. Substituting the value of 
/f(*«‘Am), from Eq. (2) in Eq. (1) wo get 



(3) 

where 


X(’“Am) 


^ ’a“‘x(’"Pu) +A“'‘X(“‘Pu) ’ 

(4) 

^ 1 - X(’“Am)A(’“Pu) * 

(5) 


an activity ratio of about 2 so that the tail contri¬ 
bution due to energy degradation from the high 
energy ““*Pu+**’Am peak (5.50 MeV) to the low 
energy ""pu+'^Pu peak (5.17 MeV) was smalt and 
could be accounted fur accurately. 


II. PRlNf lPLl OF fHE METHOD 


The method involved the measurement of (”"Pu 
f“*'Am)/(”'‘Pu ■* **’Pu) nr activity ratio periodically 
by a spectrometry. U Ji„ denotes the increase in 
the i> activity ratio due to the ingrowth of **'Am 
after a time /, then 


» A('^‘Am), 

■ A(“'>Pu), ^^(""Pu), 

_ N(^^'Am)|X(^*'Am) _ 

■Nt'"*^u)7x("’Pu) * ^('"Pu), X(“«'Pu) • ' ' 

whereA’.s denote the a activities, A’s stand for the 
number of atoms, a's are the decay constants, the 
symbols in the parentheses denote the isotope, 
and the subscripts to the parentliescs denote the 
ingrowth period for ’'“Am. 

The number of atoni.s of ’*'Ani formed from the 
decay of ■''“Pu after a time I is given by 


Yl'“Aiii) __ — __ 

•M Alll), 1 _^.o.a„,)7a(»'Pu) 




Here A”” and A*’* denote the initial values of 
°’*Pu/**‘Pu and ’"Pu/’*‘Pu atom ratios in the 
synthetic mixture [as f is very small compared to 
the half-lives of *“Pu and ‘"Pu; therefore ^(“"Pu), 
=JV{“*Pu)o and Af(**Pu),=V(’"Pu)jl. Thus, knowing 
the values of X, K, A„, t and the haU-llfe of 
the half-life of **‘Pu can be calculated using Eq. 
(3). It may be mentioned that an approximate 
value of X(**'Pu) suffices for calculating Y from 
Eq. (5). 

As is seen from Eq. (3), the accuracy in the 
measurement of half-life by the method re¬ 
ported here depends on three factors: (a) change 
in the a activity ratio, (b) the atom ratios A"''* and 
A“'*, and (c) the half-life values of '”Pu, *"Pu, 
and **‘Am. In the present work, as will be seen 
later, the atom ratios and the change in the a 
activity ratios were measured with high precision 
and accuracy. Further, the half-life values of 
the reference isotopes “’“Pu, “'“’Pu, and ’“Am are 
now known accurately. 

ni. EXPERIMENTAL 

A. Prcpanliofl and purification of lynthctic mixture 

A synthetic mixture of plutonium isotopes was 
prepared by using ’“Pu (enriched) and ”"Pu con¬ 
taining small amounts of other isotopes. En¬ 
riched ’“Pu used in this work was obtained from 
Oak Ridge National Laboratory, USA in 1969. 



TAIII.F II. niustratioD of tall correetton factor due to energy degradattou. 

Sample 

CountH in -“Pu or 
region {A) 

Counts in ^**Pu+ **Pu 
region (ii) 

Tall correction factor 
A/B 

’”Pu-l 

112 508 

882 

127.56 

’’•Pu-II 

100 935 

781 

127.60 


133 007 

1012 

131.43 

’*'Am-II 

131826 

1207 

108.30 



Average = 

123.87*4.97* 


‘Standanl error of the mean calculated as a/irtT, adiere ** -1) wlth»«4. 
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TABLE m. niQStraUoii of a eaergjr pulse height sselysis. 


Disk Number 

1 

2 

3 

4 

5 

Total counts in (“•pu+ ““Am) 
region 

303 555 

249777 

396137 

915465 

257136 

Total counts la (**Pu+ “•Pu) 
region 

202 121 

164 916 

283 669 

607 940 

170 651 

Tall oorcectlon* 

-2448 

-2015 

-3195 

-7384 

-2074 

Net counts In (•’•PU+ •‘“Pu) 
region 

199672 

162 901 

260 674 

600 556 

168477 

(aipu+-2«pi)" 

1.520 27 

1.533 30 

1.51966 

1.52436 

1.626 24 

Average •1.524 77^0^1024'’ 


* Based on the tall correction factor given In Table n. 

•’Standard error of Ihe mean calculated as «//», where s* =2/*-,(*i -*)’/(«-1) with* =5. 


Precalculated and known aliquots from the solu¬ 
tions of *”Pu and ’*‘Pu were mixed to obtain 
*“Pu/(*”Pu+**’Pu) a activity ratio nearly 0.1 and 
an increase of about 0.1 in the a activity ratio 
after a period of 30 days due to the ingrowth of 
‘•‘Am. The chemical exchange between the plu¬ 
tonium Isotopes was ensured by using freshly 
prepared solutions of ferrous ammonium sulphate 
and sodium nitrite as the reductant and oxidant, 
respectively. The plutonium solution was evapora¬ 
ted to near dryness, treated with concentrated 
HNO, twice to break the polymer, if any, and was 
finally taken in 7 Af HNO,. It was subjected to a 
redox cycle once more and purified from ‘•‘Am by 
using a double stage anion exchange procedure. 


ITie plutonium solution in 7 M HNO, was loaded 
onto the jacketed column containing Dowex 1x8 
resin (200-400 mesh) and operating the column 
at 60°C. Americium was washed down with 3 M 
HNO, and plutonium was eluted with 0.35 M HNO,. 
The purified plutonium solution (referred to as 
synthetic mixture) was transferred to a clean and 
dry volumetric flask using 1 M HNO,. The radio¬ 
chemical purity of the synthetic mixture was 
checked by a spectrometry and y spectrometry. 

It was found to be free from “’Am (by checking 
for the 60 keV peak on an intrinsic germanium 
detector) and only three a energy peaks corres¬ 
ponding to “‘Pu + “*Pu (4.90 MeV), ‘“Pu+’^Pu 
(5.17 MeV) and ”‘Pu (5.50 MeV) were observed. 



FIG. 1. The alpha partloU wiergy speotrum of SU-Ml-tn Fu aaople ^ xero time). 
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FIG. 2, The alpha particle energy spectrum of SM-241'III Pu sample (after 457 days). 


B. Man .ipwlrumelry 

The Iflotopic composition of the synthetic mix¬ 
ture was determined by using a Varian MAT CH-5 
mass spectrometer with a thermionic source. 

The instrument has a resolution of 425 (at lOTi 
valley definition) measured at around mass 238 
and an abundance sensitivity greater than 10'. 
Rhenium ribbons (0.04 x0.7x8 mm) were used as 
the sample and ionization filaments In the double 
filament assembly. The ionizing filament was 


heated to a current of about 6 A and the sample 
filament to a current of about 2 A. Mass spectrum 
was obtained by scanning the magnetic field and 
the output was fed to a strip chart recorder as 
well as to a TDC-312 computer coupled to the 
mass spectrometer. 

The mass discrimination factor was calibrated 
by analyzing the isotopic standards of uranium 
and plutonium obtained from National Bureau of 
Standards. It was found to be 0.0036 per mass 
unit and used in the present work. 


TABLE rv. Summary of "’Pu half-life measurements. 


CuudUdk 

No. 

Growth period 
(days) 

(2Mpu+ "’Am)/(“*Pu+ '“Pu) 
a activity ratio 

Half^lfe of 
idpu (yr)' 

1 

Taken as zero time 

0.086 12 ±0.00016 


2 

15.0 

0.14115^0.000 32 

14.433 


30.0 

0.196 00*0.000 43 

14.430 

A 

58.0 

0.298 24*0.000 06 

14.436 

fi 

90.0 

0.414 99*0.000 45 

14.416 

0 

117.0 

0.513 29±0.000 49 

14.403 

7 

156.0 

0.66364 ±0.000 71 

14.407 

H 

193.0 

0.786 30 ±0.000 68 

14.389 

9 

218.0 

0.876 34*0.000 75 

14.437 

10 

253.0 

0.998 55±0.00ie 

14.406 

11 

278.0 

1.08773±0.0012 

14.444 

12 

315.0 

1.216 96*0.0011 

14.445 

13 

350.0 

1.340 10 ±0.0019 

14.425 

LI 

371.0 

1.4131B±0.0013 

14.467 


401.0 

1.524 77±0.0024 

14.376 

10 

457.0 

1.720 3B±0.0012 

14.353 


Mean« 

14.42 ±0.03'’ 



' Half-lives of ^"Pu, '"Pu, and "'Am used are 24110 yr, 6553 yr, and 432.6 yr, respec- 
Uvely, Ref. 14 (1978). 

'’Standard deviation a computed from a* “D wltha - W. 
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The synthetic mixture was analyzed lor *”Pu/ 

*>pu and “"Pu/“‘Pu atom ratios within 24 h Irom 
he time of purification. Three filament loadings 
vere carried out. Five runs, each consisting of 
I0--12 scans, were taken during each mass spec- 
rometric determination. Table I presents the 
lata on the isotopic composition of the synthetic 
tiixture. 

C. Alpha ipectrometry 

Sources for a spectrometry were prepared from 
he synthetic mixture by electrodeposition in 
iqueous HNO, medium about 2). Platinum 
lisks were used as the cathode and a platinum 
itirrer as the anode. A current density of about 
.00 mA/cm* and a voltage of 8-10 V was used. 

'he electrodeposition was continued for about an 
our. A few drops of dilute ammonia solution were 
dded to the solution in the electrodeposition cell 
efure stopping the electrodeposition. The electro- 
eposited source was washed with water, acetone, 
ried under an infrared lamp and ignited. Five 
ources were prepared from the synthetic mix- 
ure. Duplicate sources were also prepared from 
"Am solution and from ’”Pu solution on platinum 
lanchets. 

A SO mm‘ silicon surface barrier detector 
luunted m a vacuum chamber (pressure <10~‘ 

3rr) and coupled to a 4 K analyzer (TN-1700) was 
sed for recording the a spectra. The system has 
resolution of 20 keV full width at half maximum 
FWHM) at 5.50 MeV. The initial activity on each 
uurce was about 2x10' dpm so as to eliminate the 
istortion and plleup effects. The source to detec- 
or geometry was such that about 3% of the it 
lartlcles emitted (in 4a) by the source entered 
he detector. The sources were counted for a time 
ung enough to accumulate more than 10' counts 
mder each of the two peaks at 5.50 MeV and 5.17 
(lev. 

The a spectra from the five sources prepared 
roni the synthetic mixture were recorded period- 
rally for studying the ingrowth of '"Am over a 
leriod of about 1.25 yr. Alpha spectra were also 


TABLE V. Constants used In the calculsUon of the 
“Pu half-life. 


One year 

_ 

366.24 d 


HaU-llfe of '“Pu 

= 

87.741 

0.09 yr* 

Half-Ufe of *"Pu 

B 

24116 1 30 yr* 

Half-life of '"Pu 

= 

6 653 1 

8yr» 

Half-life of '"Am 

m 

432.6 1 

0.6 yr* 

Half-Ufe of'"Pu 


14.6 1 

0.5 yr *’ 


‘Reference 14 (1978). 
° Reference 1 (1974). 


recorded from '"Pu and “‘Am sources each time 
under the identical conditions. All the sources 
were kept in a perspex planchet box and handled 
with extreme care. The (’’•Pu+“’Am)/(““Pu 
-f'^Pu) a activity ratios were computed by taking 
the equal number of channels for j»Pu-f'"Pu and 
“•Po+“‘Am peaks. The tall correction due to 
energy degradation from the high energy '**Pu 
+**‘Am peak (5.50 MeV) to the low energy '“Pu 
-f'opu peak (5.17 MeV) was applied based on the 
contribution calculated from a spectra recorded 
on '"Pu and “’Am sources. The tall contribution 
varied from about 0.1% of the a activity ratio at 
the beginning of the experiment to about 1% at the 
end of the experiment. An illustration of the tail 
correction factor due to energy degradation and 
the results of a energy pulse height analysis are 
given in Tables n and m, respectively. Figures 
1 and 2 show the typical n spectra recorded from 
one of the sources at zero time and after the 
growth period of 457 days, respectively. 

Our experience** in the field of a spectrometry 
shows that the accuracy in computing the a activ¬ 
ity ratio from an it spectrum on weightless elec- 
trodeposlted source is mainly dependent upon the 
ratio of counts in the high energy peak to those 
in the low energy peak and as this ratio increases, 
the tail contribution also goes on increasing. It 
was therefore considered essential to maintain the 
initial ”'Pu/(*’*Pu+“”Pu) rt activity ratio in the 
synthetic mixture at nearly 0.1 and carry out the 
measurements up to (“''Pu-i-“'Am)/(*”Pu-t““Pu) 
a activity ratio nearly 2 so that the change in the 
a activity ratio due to the ingrowth of “'Am could 
be obtained with high precision and accuracy 
while still keeping the tail contribution low. In 
order to determine the precision and accuracy 
achievable in the measurement of a activity ratios, 
synthetic mixtures having a wide range of "'Pu,/ 
(”»pu + “®Pu) a activity ratios were prepared from 
solutions of "'Pu and ’*Pu Isotopes. It was found" 
that following the conditions described above, 
an accuracy of 0.5% or better can be achieved while 
the precision is 1 : 0 . 2 %. 

IV. RESULTS AND DISCUSSION 

Table IV summarizes the results on the a ac¬ 
tivity ratios obtained after different growth periods 
and the half-life values calculated from the data. 

It is worth notbig that the half-life values of “‘Pu 
obtained by the a spectrometric method after 
different growth periods (15 days to 457 days) 
are in good agreement with each other, which en¬ 
hances the confidence in the a spectrometric mea¬ 
surements. The growth interval was obtained by 
taking the midtime of the pulse height analysis. 
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The values of various constants used In the calcula¬ 
tion of **‘Pu half-life are given in Table V. A 
small correction was applied to the initial **'Pu/ 

(^**pu +a«ipu) g activity ratio to account for the 
decay of ”'Pu during the period allowed for the 
growth of The correction varied from 

0.05% after 15 days to about 1% after 457 days. 

As an example, the half-life of '*'Pu is calculated 
using the a spectrometric data obtained after a 
growth period of 401 days. 

-1 

0.693 145/432.6 
^‘1.22582(0.693 145/24 110)+0.209 11(0.603145/6553) 

*27.933 58 , 

1 

‘ 1 - (0.893 145/432.6)(14.5/0.693 145) 

*1.03468, 

1 .439 39 * 27.933 58 X1 .03468 le .« « i.om m _ g-o.»n i«/r,„ xi. omm] 
= 28.902 32lc‘“-”‘^ 

T,„ = 14.375 yr. 


From Table IV, 

«,«1.524 77 - 0.08612 «-»«*“»•>» •= 1.439 39, 
where 

f ■ 1.006 56 yr. 

From Table I, 

= 1.22582,A“'‘=0.209 11, 


TABLE VI. Estimatos of errors (lo). 




Approximate 

Error 

Remarks 

S.No. 

Quantity 

value 

Ctt 


1 

«a 

0.1 to 1.6 

0.50 

Evaluated by experiments 





conducted on synthetic 
mixtures 

«i 


A(«‘Ain) 

• A(«»Pu) + «“'>• A(*"Pu) 



(a) 

K*/‘ 

1.22582 

O.IO 

Evaluated experimentally 

(b) 

rfl/1 

0.20911 

0.20 

-do- 

(0 

Af'”Pu) 

0.693145 

24110 

0.12 

Ref. 14 

(<I) 

A(=»Pu) 

0.693145 

8553 *■ 

0.12 

-do- 

(e) 

A(-''*Am) 

0.693145 1 

432.6 y- 

0.14 

-do- 


A 

27.93S 

0.19 

Computed by error 





propagation In Eq. (4) 



y } 





A?^ 





Af"Pu) 



(a) 

A(***Am) 

0.693145 t 

432.6 y- 

0.14 

Ref. 14 

(b) 

A(=«Pu) 

0.693145 , 

14.5 

3.44 

Ref. 1 


y 

1.034 68 

0.12 

Computed by error 





propagation in Eq. (6) 

4 

Growth 

ISdto 

0.10 

Evaluated 


period/ 

457 d 


experimentally 


Comblnod error 


0.66% 

Computed b7 error 
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TABLE VU. Compaiiaoii of varloas **‘Pn half-life valuee. 


S.No. 

Anthora 

Year 

Metixxl 

Half-life value 
<yr) 

1 

Seaborg *t at. 

(Ref. 10) 

1949 


10 

2 

Thompson at el. 

(Ref. 20) 

1950 

Ingrowth of ^Am 

15.37* 

3 

Mackenale at el. 

(Ref. 6) 

1953 

Ingrowth of ^Am by or 
comtlDg 

14.12 ±0.2* 

4 

Rose at el. 

(Ref. 7) 

1956 

Ingroadh of '^'Am by y 
counting 

13.87 ±0.28* 

6 

Brown al at. 

(Ref. 6) 

1960 

Ingrowth of “Am by a 
cou&tiag 

14.12 ±0.24* 

6 

Smith 
(Ref. 9) 

1961 

of/p Branching ratio 

13.3 ±0.3 

7 

French at at. 

(Ret. 2) 

1966 

Change tn isotopic ratios 
by mass spoctrometry 

13.59 ±0.46 

8 

Nlsle and Stepan 
(Ref. 10) 

1970 

change in reactivity 

14.63 ±0.27 

9 

Shields 
(Rof. 3) 

1970 

Change In Isotopic ratios 
by mass apectromotry 

14.6 ±0.4 

10 

Whitehead at el. 

(Ref. 21) 

1972 

Ingrowth of “Am 

14.96 ±0.15* 

11 

Zelglor and Ferris 
(Ref. 4) 

19T3 

Change In isotopic ratios 
by mass spectrometry 
(mean of 6 laboratories) 

14.89 ±0.11 

12 

Strohm and Jordan 
(Ref. 11) 

1974 

Calorimetric determinat¬ 
ion of power decay 

14.355± 0.007 

13 

Wllklna 
(Ref. 5) 

1974 

Change in isotopic ratios 
by mass spectrometry 

15.02 ±0.10 

14 

Whlt^efld 
(Hef. 15) 

1077 

Ingrowth of “Am 

14.56 ±0.10 

15 

Crouch 
(Ref. 16) 

1078 

Change In Isotopic ratios 
by mass spectrometry on 
different sampleB 

14.24 to 14.53 

16 

Gamer 
(Hef. 17) 

1978 

Change in Isotopic 
ratSoB by nraaa spect¬ 
rometry on different 
sam;de8 

14.38 ±0.07 

17 

Vaalnbroukx 
(Ref. 18) 

1978 

a) Change In Isotopic 

ratios by maaa 
spectrometry 

b) Ingrowth of “Am 

tjy o Bird y counting 

14.30 ±0.14 

14.60 ±0.10 

18 

Present work 

1979 

Ingrowth of “Am by 
a spectrometry 

14.42 ±0.08^ 


‘Half-Ufe of reoalcnUtod uaiiigTj/t for432.6 yr. Ret. 14 (1978). 
‘’ComUiiation of be one standard deviation <» the average value In Table IV and the eatt- 
mated error glvm In Table VI. 
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The half-life of ***Pu obtained in the present 
work is 14.42*0.09 yr. The uncertainty given 
here is a combination of one standard deviation on 
the average value given in Table IV and the com¬ 
bined error evaluated from various error compo¬ 
nents listed in Table VI. 

The various published values for the half-life of 
«*Pu are given in Table VH. The half-life of ***Pu 
has been recalculated for various measurements 
reported earlier by ’"'Am ingrowth method using 
the recommended'" half-life value (432.6 yr) of 


”‘Am. The errors reported are as those given 
in the original papers. As is seen from data in 
Table VH, the half-life of ”*Pu obtained in this 
work by an independent method is in good agree¬ 
ment with the measurements reported recently'^-n 
by other methods during the course of these inves 
tigations. 

The authors are thankful to Dr. M. V. Ramaniah 
Director, Radiological Group for his keen interest 
in this work. 
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Decay ichemet, baud on Y-fiy and ff-ny (pectroecopy. art propoud for 93-imn ’"Ra and 122-wc 
’’“Ac. Of 48 obaervcd y tranahiom foUowing decay of ’“Ra, 39 are accommodated among 19 levcU m 
”“Ac. For decay of the ’*’Ac, 13S y trancitiooi were oburved and 98 an accounted for among 4b levela (22 
known ptevknialy) in ”°Th. TRe groond atate of i?Acu, it aaaigned / ' » A ' = 1 *. A number of le«la are 
diaciiaaed in terma of Nilaaon orbital aaaignmenta. Qp.=0.71 MeV for ’’“Ra and Qp- 2.70 MeV for ”°Ac. 


[ RADIOACTIVITY “*Ra, "“Ac from "'Th(H. 2 pa)’*“lt*-““Ac; radlochemlatry, 
Ge(Ll) and plaatic detectora. Meaaured Ti/j. A,, If, deduced /f, logft, 
decay achemea, J, r, Nilaaon aaelgnmenta. 


I. INTRODUCTION 

As part ol a program to investigate the level 
structure of selected neutron-rich heavy nuclei, 
we recently aturhed the radioactive decay of both 
’"Ra and its ““Ac decay prorhict.* The ’“Ra was 
produced by the “®Th(», 2pn) reaction at the Brook- 
haven Medium Energy Intense Neutron facility, 
MEIN.“ After thorough chemical separations 
(some of which involved continuous “milking” of 
the Ac from its Ra parent) y-ray spectra were ob¬ 
tained with Ge(Li) detectors. The half-Ufe of “*Ra 
was determined to be 9312 min, and that of ’“Ac, 
122± 3 sec. From a preliminary analysis of the 
data, energies and relative intensities were listed' 
for 35 y rays from “*Ra decay and 93 y rays from 
-’“Ac decay. Source strength was insufficient for 
y-y coincidence studies but some measurements 
were made with plastic scintillators of 0-ray spec¬ 
tra in coincidence with selected y rays detected in 
Gc(U) crystals. From these data It was estimated 
that $g- is -0.80 MeV for ’“Ra and 2.70 MeV for 
’“Ac. No decay schemes, based on the prelimi¬ 
nary analysis, were proposed. 

In the present paper, decay schemes for both 
’■"Ra and “*Ac are presented; they were derived 
from a more complete analysis of the original 
data. 

II. RESULTS 

By a process ol continuous chemical separation 
of m-sec ““Ac from its 93-min ’“Ra parent It 
was possible to obtain a y-ray spectrum ol each 
nuclide separately. Typical spectra are shown in 
the earlier publication.' The newly evaluated y-ray 
energies and relative Intensities (with their as¬ 
sociated errors) are given here In Tables I and II. 
I’ossible effects of coincidence summing were 
taken Into account when evaluating the Intensities 
and their uncertalntieB. In general, each datum is 

21 


an average value derived from several runs. 

About 40% more y rays are tabulated here than in 
the first paper; nearly all of the energies and In¬ 
tensities given before are in reasonable agree¬ 
ment with the newly evaluated results. Some of the 
weakest y-ray peaks were observed only in the 
mixed ““Ra-Ac sources which were more intense 
than the separated “*Ra and ““Ac sources. 

Some of the excited levels In ““Th had pre¬ 
viously been established’ from studies of the elec¬ 
tron capture decay*-' of 17.4-d ““'Ta, of the Cou- 


TABLE t. Gamma-ray onergles (keV) and rataUve in¬ 
tensities from decay of ““Ha, compared to 100 for the 
4S4.B-keV y ray of the daughter ““Ac. 


Sr 

‘r 

Sr 

fr 

49.2 1.0.1 

2.610..5 

251.5 t 0.1 

9.910.5 

63.0^0.1 

40 12 

256.710.2 

1.6 t 0.4 

72.D iO.l 

113 tB 

259.9 1 0.2 

3.410.5 

92.11:0.1 

21 15 

274.61 0.2 

1.0 1 0.3 

101.0 i 0.1 

16 13 

286.210.1 

18,2 1 0.7 

110.7 ± 0.1 

3.1 10,3 

288.2 i0.2 

1.010.3 

117.8 1 0.3“ 

<0.3 

292.8 1 0.1 

43 1 0.6 

125.3 10.3* 

<0J 

296.110.2 

1310.2 

132.7 t 0 J 

<0.3 

297.610.2* 

0.510.2 

134.3 10.1 

4.5 10.5 

316.4 1 0.1 

1310.2 

138.7 i 0.2 * 

0 . 610.2 

363.9 1 0.3* 

0 , 610.2 

141.4 1 0.2 

0.7 ±0.2 

375A10.2 

03 1 0.1 

147.9 tO.l 

5.6 10.3 

412310.1* 

03 10.2 

151.B t 0.1 

2.0 t 0.2 

437.71 0.3 

0.310.1 

177.5 t 0.3 

0.6 10.2 

440.0 1 0.3 

03 10.1 

184.1 t 0.1 

11.610.3 

446.910.1 

15.0 10.5 

189.210.1 

16.710.5 

457.9 1 0.1 

18.510.6 

192.B t 0.1 

1.4 ± 0.3 

469.710.1 

29.311.0 

197.1 * 0.2 

1.3 10.2 

473.5 1 0.3* 

<03 

198.2 1 0.1 

3.4 ±0.4 

478.7 lO.l 

243 11.9 

202.8 ± 0.1 

30,8 11.0 

48431 0.2 

1.910.4 

211.8 t 0.1 

11.3 10.3 

490.5 lO.l 

43103 

236.3 1 0.3 * 

<0.3 

509.410.2 

6.510.6 

247.4 i 0.3* 

<0.3 

536.9 1 0.2 

1310.2 


*Kot plflic«d ia l6v«l Bche&ie. 
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TABLE n. GvorntLi-ray energies (keV) and relative 
Intensities from decay of ®*Ac. 


Br 

’r 


Ir 

S3.2 i: 0.1 

2.4 * 0.6 

1198.9*0.2 

13*0.4 

120.8 t 0.1 

4.0 *0.4 

1212.0*0.2* 

13 *0.4 

383.9 0.3 

0.5 ±0.2 

1226.7*0.1 

11.7*0.6 

3B8.3 J:0.1 

U *0.1 

1243.9 ±0.1 

42.7 *1.0 

397.7 ± 0.1 

5.0 tO.5 

12523*0.3 

03 *0.2 

423.2 ±0.1 

1.1 *0.2 

1267.1*0.2 

5.0 *0.5 

443.9 ^0.1 

2.2 *0.4 

1268.2 * 0.3* 

23*0.5 

448.9 lO.l 

1.6 ±0.3 

1302.0*0.1 

6.6 ±0.3 

464.9 i 0.1 

100 

1306J±0.4* 

1.4 *0.4 

503.5 t^O.2 

2.1 *0.4 

1311.5 *0.2 

13*0.4 

508.2 t 0.1 

02.8 * 2.0 

1322 Jl *0.1 

8.6 *0.5 

518.5*0.1 

5.1 iO.S 

1347.7 *0.1 

19.1*0.5 

671.1 t 0.2 

IJ *0.3 

1376.4 *0.1 

143 *0.5 

581.7*0.1 

6,5 1: 0.5 

1394.5 * 0.2 

2.0 *0.6 

600.7*0.2* 

1.0 *0.3 

1401.0 *0.1 

4.0 *0.4 

624.4 * 0.1 

1.8 ±0.2 

1432.4 * 0.1 

2.4 *0.2 

628.8 * 0.1 

2.9 ± 0.3 

1455.6*0.2 

13*0.5 

635.6*0.3* 

1.0 *0.4 

1524.6 ±0J* 

1.0 *0.4 

671.4 *0.2* 

2.2 < 0.4 

1536.0 * 0J 

03*0.3 

677.6 A 0.1 

2.2 f 0.2 

1573.6 *0J 

2,3 ±0.2 

728.0 *0.1 

5.7 *0.6 

1585.4 *0.2 

2.1 *0.2 

735.1 * 0.2 

1.2 *0.3 

1597.2*0.2* 

1.6 *0.3 

750.7 tOJ 

IJi *0.3 

1625.1 tOJ 

1.4 *0.3 

772.6 *0.1 

2.9 ±0.5 

10;i61i *0.2 

1.9 *0.4 

781.6 *0.1 

4.6 *0.5 

1642.5 * 0.2 

1.1 *0.2 

789.0 *0.1 

6.5 t 0.3 

1675.4 *0.3 

1.0 ±0.2 

798.0 * 0.1* 

1.4 *0.2 

1691.7*0.1 

73*0.4 

816.7 *0.1* 

3.9 *0.2 

1695.7 *0.1 

2,9 ±0.3 

839.9 feO.l 

2.2 * 0.2 

1717.5 *0.1 

7.8 *0.4 

867.1 *0.3 

5.7 i 0.3 

1721.9 *0.1 

8.0 *0.4 

878.0 *0,2 

1.0 *0.1 

1728.0 *1.0* 

<0.3 

892.7 *0.1 

8.4 ± 0.4 

1732.0 *1.0* 

<03 

898.5 *0.1 

3.1 *0.3 

1767.5 * 0.1 

10.6*0.3 

913.7 *0.2 

1.2 * 0.3 

1770.6 *1.0 

1.2 *0.3 

918.6 *0.1 

3.5 t 0.3 

1776.3 * 0.1 

13.6 *0.5 

939.2 * 0.2* 

1.0 t 0.4 

1787 a *0.6* 

0.3 ±0.1 

946J *0.2* 

1.0 lO.4 

1789.4 *0.5 

03*0.1 

962.0 * 0.1 

10.1 ±0.3 

1797.2 * 0.3 

1.0 ±0,2 

956.5 *0.1 

SJ * 0.3 

1800.4 * 0.3* 

03 *0.2 

969.1 *0.2 

2J ± 0,2 

1805.0 * 0.5 

0.6 *0.2 

963.0 * 0.2* 

1J * 0.5 

1810.7*0.1 

2.1 *0.2 

968.0 

IJ *0.5 

1817.7*0.3* 

0.7 *0.2 

973.6 *0.2* 

1.4 *0.5 

1839.6*0.2 

1.1 *0.2 

977.6 * 0.2 

0.7 t 0.3 

1853.8 * 0.6* 

0.6 *0.2 

682.0 * 0.5* 

<0.3 

1869.0* 0.3* 

2.0 *0.3 

987.0 *0.6* 

<0.3 

1896.7 ± 0,1 

6.4 *0.3 

991.2 i 0.1 

1.2 *0.3 

1902.7 *0.1 

94 *0.3 

969.1 *0.1 

2.7 A 0.5 

191301*0.1 

63*0.3 

1009.7 * 0.1 

3.0 tO.3 

1920J*0.1 

5.2 * 0.2 

1026.3 *0.1 

2.0 i 0.2 

1949.8 A 0.1 

163 *0.3 

1043.2 * 0.3 

1.0 i 0.3 

1956.9 A 0.1 

5.3 *0.3 

1045.3 *0.3* 

0.6 *0.3 

1966.7 ±0,3 

1.0*03 

1053.1 * 0.2 

13 *0.4 

1971.3*0.5 

0.5 *0.2 

1065.5 * 0.3* 

0.6 ±0.2 

1973.5 *0.5 

0.5 *0.2 

1068.7 1: 0.3 

0.8 ± 0.3 

2000.9 ± 0.1 

43*0.4 

1093.8 * 0.4* 

1.8 *0.5 

2010.1 * 0.2 

0.9 *0.2 

1106.2 *0.3* 

0.7 * 0.2 

2024.6 * 0.3 

0.6 *0.2 

1147.9* 0.1 

4.8 *0.3 

2069.5* 0.2 

3.6 *0.3 

1187.5*0.3 

1J*0.3 

2084.9 * 0.2* 

34 *03 


TABLE n. {Contimitd,) 


By 

ly 

By 

~ 1,^ 

20983 * 0.1 

6.4 * 0.3 

2263 . 0 * 13 * 

o . 2 ± o.r 

21223*04 

74 * 0.3 

2277.0 * 03 * 

0.6 t 0.2 

21603 * 13 * 

03 * 0.1 

22823*03 

13 * 0.1 

2162.0 *13 

0.4 * 0.1 

2298.6 * 03 

0.7 10.1 

2187.7 * 03 • 

03 * 0.2 

2314 . 0*13 

03 t 0.1 

2203 . 0 * 03 * 

0.6 * 0.2 

23303 * 03 * 

0.7 * 0.1 

22293 * 03 

14 * 0.2 

23663 * 03 * 

03 * 0.1 

2233.0 * 0 . 5 * 

0.6 * 0.2 

2517.0 * 1 . 0 * 

0.1 t 0.1 

2245 . 4 * 1.0 

03 * 0.2 




*Not placed In level scheme. 


lomb excitation'' of “”Th, of the ”*Th(^, f) reac¬ 
tion,*•“ and of the ’”rh(d, d') reaction.''’ About 32 
of the ’’°Ac y rays matched energy differences of 
21 known levels in ‘^h, and thus a framework 
was provided for addition of new levels. By 
means of energy sums and differences, and by 
taking intensity balances into account, 24 new lev¬ 
els are proposed for ‘^h (Fig. 1). About 73% of 
the y transitions (98 of 135), which account for 
nearly all the y-ray intensity, are placed in this 
level scheme. All y-ray IntensiUeB are shown 
relative to 100 for the 454.9-keV y ray. When 
calculating the balance of intensitieB of the 8- and 
y-ray transitionB, It was Important to take into 
account internal conversion only for three strongly 
converted transitions’; 53.2 keV (2^ — 0''; £2; 
a„,„ = 233), 120.8 keV (4*-2*; £2; = 5.04), 

and 624.4 keV (0',2'-0*,2'^; £0 + £2+.Wl; 

= 5.1). Since there was no direct measurement 
cf the intensity to the 0' ground state, this 
was estimated by comparison with the ^ intensity 
to the 2'' level at 53.2 keV according to the Alaga 
rules for p transitions.'' The p-ray branchings 
to the ground state (0.42± 0.17) and to the 53.2-keV 
level (0.21 ± 0.08) are approximate, mainly because 
of the relatively low accuracy of the 53.2-ke'V y- 
ray intensity measurement and the somewhat un¬ 
certain accuracy of the Alaga rule. The sum of 
p branching to all other levels is thus about 37%. 
However, these uncertalnttes can affect the log/f 
values by only ± 0.2 unit. Qg- = 2700± 100 keV was 
determined from the p-y coincidence measure¬ 
ments' which showed that p rays of £„„,<• 1400 ke'V 
were colnddenit with 1243.9-ke'V y rays that are 
emitted from the 1297.1-keV level. 

A level scheme for ”°Ac is proposed in Fig. 2; 
in thls case there were no previously determined 
levels In the literature. Thus, the suggested 
scheme was deduced mainly from y-ray energy 
loops and y-transition intensity balances.'* Some 
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V 

infonnstlon on tbe extent cS Internal conversion 
obtained Iran meutirements a< the Kg and 
A, X'ray Irtenaltles associated with decay ol the 
93 .Diln ”°Ra. These showed that about 250 K shell 
vacancies were formed in “"Ac, relative to 100 
units for the 454.9-keV y ray. Table m shows the 
number of K shell vacancies Ig expected from in¬ 
dividual transitions for £1 and Ml multipolarity 
assignments. The correspondinK total conversion 
coefncients*’ and total transition intensities are 
also listed. Underlined numbers show the selec¬ 
ted multipolarities; the sum of these values 


(236) is consistent with the observed value (250). 
The suggested decay scheme (Fig. 2), which is 
discussed in more detail below, contains 18 ex¬ 
cited levels, accounts for nearly all of the r-ray 
intensity, and accommodates 39 of the 48 observed 
y rays. When calculating the jS-ray branches, ac¬ 
count was taken of the Ra-Ac genetic relationship; 
the intensity of 0 decay to the ground state and to 
the 9-keV level (0.44± 0,30) is of low accuracy be¬ 
cause of the uncertainties mentioned above. The 
value of Qg- s 710 keV was derived from the mea¬ 
surements which showed that 500-keV p rays were 



FIG. I. (a) Decay of and proposed level scheme of (continued In tt))]. Intensities of y rays are relative to 
100 (or the 4S4.9-keV transition, fg to the ground state and to the 53.Z-keV level are (12 i. 17 )% and (21 * 8)%, respec¬ 
tively. The highly converted 63S-keV SO transition to the ground state (Ref. 3) Is not shown because It was not observed 
In the Y-rsy spectra* If It were Included, then /g to the 63S-keV level would be 1.1% Onstead of 0.5%) and the corre¬ 
sponding logft would be 7.4 dnstead of 7 . 7 ). Sup^rtlng evidence for levels shown to de-exclte by only a single y ray 
comes mainly from observations msde in the (d,d') reaction study (Ref. 10). 4>) Ijevel scheme of ’*'Th continued from 
(a). Sbme levela are repeated. 
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coincident with 202.8-keV y rays that are aseumed 
to decay from a level at 211.8 keV. The earlier 
estimate* of (;in-«800 keV was based on a prelim¬ 
inary decay scheme. 

III. DISCUSSION 

The ground state spin of the parent nucleuB 
’£ACju can be deduced from the following obser¬ 
vations; (1) There is strong ^ray branching to 
the well known* 508.2-keV octupole vibrational 
level with IC and f = 1". This limits the as- 
signmeirt to l=K- 1, for otherwise the 0 transition 
would be /f-forbidden. (2) A /3 transition is ob¬ 
served (log/f = 7.5) to populate the y-vibrational 
state at 781.4 keV with IC =2'; therefore K=0 is 
excluded. (3) There are also some allowed ^-ray 
transitions with small log/I (=5.5) to high-lying 
r = 2* levels. This further restricts the possible 
spins of the **"Ac ground state, and thus 1 = K‘X. 
Assignment of positive parity follows from con¬ 
sideration of possible Nilsson orbitals which are 
discussed below. 

One of the interesting features of the decay 
scheme (Fig. 1) is the existence of several /i tran¬ 
sitions to high-lying levels with log/'/ ’■ 5.7. These 
low values of log// indicate allowed unhindered /< 


transitions which are possible in strongly deformed 
nuclei if the changes in Nilsson quantum numbers 
for the /3-decaying nucleon, from initial to final 
states, are AAr>0, Aji,<* 0, AA = 0, and 40=1. In¬ 
spection of the relevant parts of the Nilsson dia¬ 
grams for Z B 90 and Nb 140 shows that this condi¬ 
tion is satisfied only for the transition |*[633J„ 

—f-* [833 ^ Thus we deduce that the ground state 
of the odd-odd nucleus ’SACm contains a {'*[633] 
neutron and that these high-lying two quasi-par¬ 
ticle states of contain a f * [633] proton. It 

should be noted that a {'*[633], configuration has 
also been assigned** to the ground states of *^Th 
and *”U, both of which also contain 141 neutrons. 
Because the y transitions from most of these two 
quasi-particle states to the lowest levels /’ =0* 
and =2* in '^h have comparable intensity, they 
should have similar multipolarity (£1, .ifl, or £2). 
Thus r for these states is 2'*, 1'*, or 1~. In 
'‘£Ac, 4 j, for the odd proton should be | or in 
order to be compatible with £=/=! and §'*[633] 
for the odd neutron. Inspection of the Nilsson 
diagram for protons in the region 7 = 90 excluded 
the Sl,=j- possibility and showed two possible con¬ 
figurations for = |. One is s'* [651]^ and the 
other is |'[532^. Only the first satisfies the con- 
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FIG. 2. Decay of “'Ra and proposed level scheme of ’’"Ac. Intensities of y rsys are relative to J00 for the 4&4.9-keV 
y ray from *’*Ac decay. The combined If to the 0.0- and 9.0-keV levels la (44 e 30)%. 


dition that the two-proton states of ’"Th have /* 

*2*, 1*, or 1*. Thus these states have the con¬ 
figuration r[65H,, F16331, with r = AT =2’, and 
the ground state of ’£Aci„ has the configuration 
rieSlj,, F|633),withr=K’=l\ 

Direct d decay to the ground state =0* and to 
the first rotational state /* =2* of ’*Th involves 
the transformation F[333|,—F[651]^ and is al¬ 
lowed by spin-parity selection rules, but retarded 
by the Nilsson selecticm rules because An, = 2 and 
AA <=Z. Usually for such /3 transitions log/f > 6,0, 
and this agrees with the observed values of 6.5 and 
6.7, respecttvely [Fig. 1(b)]. 

We now consider the fi transitions to the coUec- 
bre states of the octupole vibrational state 
at 508.2 keV (ff* =0“, /* = 1') and the y-vibratlonal 
stateat 781.4keV(A^ = 2*,r = 2^). The relatively 
intense ^ray branch, 8,9%, is to the K* = 0", /* = 1" 
octupole state. To understand why this first for¬ 
bidden transition (1'^ — 1') is so strong and has a 
log/f as small as 6.6, it is necessary to consider 
the microscopic structure of the K* °0~ level. The . 
wave function of a vibrational state can be con¬ 
sidered as a superposition of the wave functions 


of many strongly correlated particle-hole (p-h) 
configurations; 

Unless they are retarded, only /3 transitions to the 
major components of such an expansion have the 
smallest values of log// for their class (allowed, 
first forbidden, etc.). The noajor component cor¬ 
responds to a (p-h) configuration in the Nilsson 
orbitals closest to the Fermi level F: piF + 1), 
h(F - 1). In ’5SThi,o the /f = O' neutron configura¬ 
tion |*f6S3|,^ is the closest to the Fermi 

surface. Therefore, it is expected to the be major 
(p-h) configuration in the =0' octqyole vibra¬ 
tional state. Semimicroscopic calculations^’ 
showed that its weight is ~54%, whereas other pos¬ 
sible configurations have weight ^5%. Thus in the 
fi decay to the 1~ octupole level the major contri¬ 
bution comes from the transition F[6S1]^, F[633], 
-|-[752l,^, i*[633],,. Since An=l,ye8, AN=1, 

An, -0, and AA -1, the transition is first forbid¬ 
den, unhindered. According to systematics the 
observed logft » 6.6 is typical for such /3 transi¬ 
tions. 
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TABLE m. Total tranattioii tntenaltlaa (1^,) In '**Ao, ftillowliig^ decay of calonlated 
from I, (Table I) and the tfaaoretloal total oonTerslcm ooeffiolante (Otata) ^ ^ ft*** ^ mul- 
tipolaritiaa. Correapoiidlng X-riwU ooneersbm from each traaaltion la slven as /f. Tbe 
units are relative to 100 for die 4E4.9-keV y ray. Underlined numbers show the multipolari¬ 
ties selected for the decay aoheme (Pig. 2). 


Level Bf 

(keV) 

OtMS 

£1 Ml 

£1 

•• 

jm 

J 

£1 

jr 

m 

72.0 

63.0 

0J94 

13.97 

55.7 

698 




72.0 

0.276 

9A7 

144 

1183 



iOlJ) 

92.1 

oH? 

4.63 

"Hj 

118 




101.0 

0.112 

3.55 

17.9 

73 



151.5 

151.5 

0.181 

6.53 

3£ 

12.7 

0.3 

83 

198.2 

189.2 

0.106 

2M 

ISA 

66 

1.4 

39 


198.2 

0.095 

2.58 

3A 

12.3 

03 

7.0 

211A 

110.7 

0.388 

13.53 

4.2 

42.0 

0.9 

33 


202.8 

0.090 

2.42 

33 A 

105 

23 

58 


211.8 

0.081 

2.15 

12A 

35.4 

03 

19 

264.7 

192.6 

0.102 

2B0 

1.51 

6J 

0.1 

3.1 


266.7 

0,062 

1.28 

1.65 

33 

0.1 

1.7 

285.2 

184.1 

0.113 

3.18 

12.7 

483 

1.0 

29 


285.2 

0.041 

0.94 

18.9 

35.4 

0.6 

13.3 

m.9 

141.4 

0.214 

6.73 

OA 

5.2 

0.1 

3.8 


292.9 

0.038 

0.87 

4.2 

8.0 

0.1 

2.8 

346.1 

134.3 

0.242 

7.79 

6.7 

39.7 

0.9 

26 


147.9 

0.192 

5.92 

6.6 

38.7 

03 

26 

375.7 

177.5 

0.124 

3.53 

0.66 

2.69 

0.1 

1.7 


274.6 

0.045 

1.05 

1.04 

2.03 

<0.1 

0.9 


376.8 

0.022 

0.44 

0A3 

0.42 


0.1 

395.3 

49.2 

0.76 

28.7 

4.6 

77 




197.1 

0.096 

2.62 

1.42 

4.7 

0.1 

2.7 

457.9 

259.9 

0.051 

1.22 

3.5 

7.6 

0.1 

3.6 


448.9 

0.015 

0.27 

16 A 

19.0 

0.2 

33 


457.9 

0.015 

0.26 

18.7 

23.2 

0.2 

3.7 

478.7 

132.7 

0.260 

8.61 

<0.4 

<3 

<0.1 

<1.9 


469.7 

0.014 

0.24 

29.6 

363 

03 

5,6 


478.7 

0.013 

0.23 

24.4 

29.7 

03 

4.4 

536.8 

251.5 

0.054 

1.34 

10.4 

23.1 

0.4 

12.4 


536.9 

0.011 

0.17 

1A3 

1.42 

<0.1 

0.2 

.581 

286.2 

0.039 

0.91 

1A4 

1.89 

<0.1 

0.7 


296.1 

0.038 

0.85 

1.23 

232 

<0.1 

0.7 


316.4 

0,032 

0.71 

1.04 

1.70 

<0.1 

0.5 


509.4 

0.012 

OJO 

6.6 

73 

<0.1 

1.0 

591.5 

440.0 

0.016 

0.29 

OJO 

0.39 

<0.1 

0.1 


490.5 

0.013 

0.22 

4A 

5.2 

<0.1 

0.8 

635 

437.7 

0.016 

0,29 

OAO 

0.39 

<0.1 

0.1 


484.2 

0.013 

0.22 

1A4 

2.31 

<0.1 

0.3 


The 781.4-keV state of ’£Th,„ (ff* =y’ = 2^) has 
two major (p-h) components: (1) 

1^31 corresponding to p(F + 1), h(F + 3) and (2) 
i ' In, > i [*3* ]>, corresponding to pCF), h{F + 3), 
The p decay from [651 [,, §* 1633], of “SjAc, 4 i to 
(1) is strongly hindered by Nilsson selection rules 
because An, = 2; the p decay to (2) involves a two- 
particle transition and therefore it is forbidden. 
Thus we can expect that the p transition to the y- 
vibrational state of ’’‘Th would be allowed but 
stronlgy retarded by Nilsson selection rules; this 
corresponds to the observed low p branching of 


0.8% and the log/( of 7.5. Similar reasons are 
responsible for weak population of If =2* y-vlbra- 
Uonal levels in tbe p decay of other 7* >= 1*' heavy 
odd-odd nuclei.**’*'' 

Although the p transition |* [633],— |*'[65l]^ from 
the O'* ground state of ‘SRai^ to the 1'* ground 
state of *SACi 4 i (Fig. 2) is expected to be allowed, 
it should be somewhat retard^ by the Mlsson 
selection rules (since As, > 2 and AA > 2). All of 
the p transitions to ‘*°Ac levels above 400 keV 
have low values of log/f (~5.3). Therefore these 
transltionB are allowed unhindered with An> 1, 
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^3 An, ° aA >0, and C of thoae levels must be 1^. 
From Inspection of the relevant Nilsson diagrams 
it follows that the most probable p transition is 

and therefore these higher lying 
levels in ^’’Ac include a large admixture of the two 


particle conOguration P[B33]^, |''[633J^ 
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Stnnniaii expansion method for bound state problems 

A. DeloA* and J. Law 

Dtpanmm q/' nj/sia. Univtnity of Outiph, Gutiph, Ontario SIG 2WI, Canada 
(Received 9 July 1979) 

A novel precision method is developed to solve a tiro-body bound state problem where the interactioa 
may be an arbitrary relativistic, complex, nonlocal operator and, in particular, may contain abo the 
Coulomb potential. The method is based on the expansion of the Oreen’s function (free or Coulomb 
modified) in terms of a discrete set of Coulomb Sturm fbnetiont which have equally simple forms in x or p 
space representation. The method should be particularly useful for hadronic atom problems. Other 
applications are also suggested. 


[NUCLEAR STRUCTURE Sturmlan expansion, bound states,] 


I. INTRODUCTION 

The purpose of this paper is to present an ex¬ 
tremely versatile method for solving a bound state 
problem. The method Is applicable vrhether the 
Interaction considered Is local or nonlocal, real 
or complex (non-Hermltlan), with or without the 
addition of the Coulomb Interaction, It works 
equally well In coordinate or momentum space. 

The motivation for this Investigation originates 
from the hadronic atom problem, where besides 
the dominant Coulomb potential, one has to cope 
with the strong hadron-nucleus interaction, the 
latter being usually a rather complicated nonlocal 
and non-Hcrmltian operator. In order to extract 
the information about the hadron-nucleus interac¬ 
tion, one has to solve the relevant bound state 
problem. However, since the purely Coulomb 
levels are shifted by a very small amount (typical¬ 
ly, the observable strong interaction effects are 
of order KT’-IO'* of the Coulomb energy), precise 
numerical techniques are required.^ One possible 
method^ involves solving the associated scattering 
problem to find the pole of the scattering matrix 
(T matrix). Since the level energies are usually 
not larger than several hundred keV, the continua¬ 
tion of the scattering matrix below threshold can 
lie carried through easily using the effective range 
expansion. This procedure loads to a simple 
linear relation tietween the level shift and the 
hadron-nucleus Coulomb corrected scattering 
length, so that it is sufficient to evaluate the lat¬ 
ter to obtain the level shift. Indeed, for a local 
potential this method has proved to be very effec¬ 
tive because a single numerical Integration of the 
differential equation gives the level shift. On the 
other hand, when the potential is nonlocal, the 
evaluation of the Coulomb corrected scattering 
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length is not much simpler than solving the bound 
state problem directly, besides which, for prob¬ 
lems where the binding energy Is large, the effec¬ 
tive range expansion becomes Insufficient, and a 
knowledge of the full K matrix Is needed to locate 
the position of the pole of the T matrix. Thus, It 
appears that In the case of nonlocal potentials It 
might be simpler to solve the bound state problem 
directly. Nonlocal potentials are most convenient¬ 
ly treated In momentum space, where the problem 
reduces to solving an Integral equation, rather 
than an integro-dlfferential equation In configura¬ 
tion space. The Coulomb potential Vg, however, 
leads to difficulties In momentum space, because 
the appropriate partial wave projection of 
(k'l proportional to a Legendre function 

of the second kind + k'')/2kk'\ and this func¬ 
tion has a logarithmic singularity for k = k'. Al¬ 
though the existence of an exact solution of the Cou¬ 
lomb hound state problem In momentum space in¬ 
dicates that this difficulty cannot be very serious, 
it has only recently been shown that the singularitv 
can indeed be removed by applying a suitable sub¬ 
traction technique, alter which the numerical solu 
Uon of the Integral equation becomes possible, as 
has been sliown explicitly by Kwem and Tabakin. ’ 
Undoubtedly, the elegant subtraction technique’ 
solves the problem completely, but the knowledge 
of the exact analytic solution of the Coulomb prob¬ 
lem Is of no help In simplifying the calculatioae. 

On the other hand, it is not easy to exploit the 
knowledge of the exact Coulomb solution. One 
possibility is to solve the wave equation numerical 
ly In the reglim where the short range strong in¬ 
teraction potential Is present together with the 
Coulomb potential (modlQed by any charge dis¬ 
tribution) and match the solution to the polntllke 
Coulomb solutions outside the range of the strong 
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force to oMaln the lerel Bblfta/ A eecond pos- 
gibUlty IB to make a eyetematic expansion in Coa- 
lomb wBve functions with the inherent ditfieulty of 
including the continnum functions. Finally, a third 
possibility is to use the Coulomb Green’s function 
to eliminate the Coulomb potential completely leav¬ 
ing only the strong interaction potential to be dealt 
urith expUeitly. Although the Coulomb Green’s 
function is well known* with exact representations 
In both coordinate and momentum space, their 
rather complicated natures have discouraged most 
people from using them in bound state problems. 

A form of the Coulomb Green’s function which la 
particularly useful for practical applications Is an 
expansian in Coulomb Sturm functions.' The lat¬ 
ter form a complete discrete set, have very sim¬ 
ple forms in both coordinate and momentum rep¬ 
resentations, and are known analytically for all 
partial waves. With this set of functions, both 
the Coulomb and free Green’s function are given 
as separable expansions with coefficients which 
are simple algebraic functions of energy.' 

In this paper, we make use of these properties 
of the Green’s function to solve for the bound 
states when a strong Interaction potential is pres¬ 
ent. Since the Coulomb potential is eliminated, 
we do not have to worry about Its singular behavior 
on-shell. Further, the purely Coulomb bound 
states appear as poles of the Green’s function, n 
is also noted that calculations may be performed 
in either coordinate or momentum space, the 
choice being dictated by convenience. Although 
the method to be presented has been originally 
designed for a study of hadronic atoms. It may 
profitably be applied to any other boimd state 
problem. In particular. It may be useful for 
studying relativistic wave equations (e.g., Bethe- 
Salpeter equation) where one encounters highly 
ncmlocal operators, heavy-ion, or cluster interac- 
Uons where the Pauli principle Introduces nonlo- 
cality, atom-atom Interactlms, etc. 

Our presentation Is as follows. In Sec. n, we 
give a brief review of the properties of the Sturm 
functions (or Sturmians) together with a compila- 
' tioi of useful formulas for use In practical calcu- 
; iatlons. Section HI contains the derivation of the 
equation for calculation of bound state energies 
when Sturmians are used, and numerical exam¬ 
ples are given in Sec. IV, to illustrate the effec¬ 
tiveness of the method. 

n. STURMIANS 

Sturmians or Sturm functions are eigenfunctions 
of the kernel of the Llppmann-Schwlnger (LS) 
equation. They haive been well known to mathe- 
■ matlcians for a long time, but the first study of 


Sturmians within the context of the IS equation 
seems to have been made by Meeta,* who showed 
that they form a complete blorthonormal system 
in the complex energy plane cut along the positive 
real axis. Denoting the energy, the free Hamil¬ 
tonian, and the interaction potential by E, and 

V respectively, the Sturmians 4',(£') are solutions 
of the eigenvalue problem 

K(E)*,(B)=x(E)*,(E}, (1) 

where 


A(£) = Co(£)VF(£-ffo)'*V 

is the kernel of the LS equation and %lE) Is the 
appropriate energy dependent eigenvalue. If V is 
chosen to be a local, central potential, the eigen¬ 
values %(E) and eigenfunctions can be determined 
by solving the differential equation 




lQ + 1) , 2nV(r)1 


,(p,r) = 0. 


where/) = (-2ui5)*'* and *,(£) = [s„(p, r)/rlK,^ 
(6, <t>), u being the reduced mass and hereafter 
S=c=l. The radial functions .v,,(/>,r) vanish at 
r — 0 and r — * according to the superimposed 
boundary conditions 


s«i(/>*»■)■*»■'** (’•'0). 

Re(/>)>t>. 


It should be emphasized that the functions 
general not eigenfunctions of a 
pl^sical system even though they are obtained by 
solving Eq. (2), which is closely related to the 
SchrSdinger equation, form a complete set without 
a continuum, regardless of the nature of the po¬ 
tential K(r) as long as fC(E) Is a completely con¬ 
tinuous operator. The main dlflerence between 
(2) and the Schrbdlnger equation is that £ is kept 
constant, and in order to solve the eigenvalue 
problem, %(jE) is varied instead. The latter may 
be looked upon as a coupling constant, or a scaling 
factor which has to be adjusted to bring states of 
higher number of nodes down In order to keep £ 
constant. Thus if V Is an attractive potential, by 
increasing the depth of V [by adjusting iigCE)], we 
make the bound state level sink deeper, but In 
order to maintain a constant total energy £, the 
kinetic energy must also increase causing the func¬ 
tions s,,(p, r) to show more and more nodes. 

Because the Sturmians form a discrete set, they 
are particularly useful as a basis for various ex¬ 
pansions. Rotenberg^'* who applied Sturmians in 
a calculation of positron-hydrogen atom scatter¬ 
ing, seems to be the first to stress their Impor¬ 
tance in this context. More extensive applicatioas 
of Sturmians, however, began with the work of 
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Weinberg* In wMob be suggeste expanelcm of tbe 
t matrix in terms of these fiinetians and since 
then, the expansion in Sturmlans has often been 
referred to In many papers as the “Weinberg ex¬ 
pansion.” These expansions have been particular¬ 
ly useful in various three-body calculations,^* but 
we are not aware of any attempt to use them for 
solving a two-body bound state problem. 

Once the solutions to (2) are known, the Stur¬ 
mlans in momentum space ^,,(/>,b) are obtained 
by taking a Fourier transform of s,,(/i,r), 

(*• / 2 m (/),*)= f s^,(p,r)j,(kr)rdr. 

(3) 

Tbe appropriate normalization conditions are 

■‘>^(P,y)lv„'‘(E)F(r)\s,.,(p,r)dr= -0^ (4) 

•'o 

(2/ff )f 'b„{p,k)(.f^/2n+p*/2ny^'t>^,(p,kWdk 

= a*-. (5) 

and the completeness relationships take the form 
S «„(/>. r,)h,'‘(fi')l'(r,)].-!,,(/>, r,)= -a(r, -r,), (6) 

n 

n 

= (ir/2V)«(*j-b,). (7) 

The free Green’s function (7„(/;) expansion in 
Sturmlans may be readily derived from (7). Writ¬ 
ing in momentum space 


( 11 ) 

Where i,(*) and b,(x) are spherical Bessel functions 
of the second and third kind, respectively, a ig 
also a simple matter to obtain the Green’s func- 
tloD G(£) which Incorporates the interaction V, 
defined as 

G{E)=[E-H^~VTK (12) 

Now the operator C(£) may be related to the ker- 
kel KiE) by 

l-/f(£)=l-(£-tf„)-‘F=Go(F)[G(E)l-‘ (13) 

so that 

G(£)=[l-iC(£)r*Gn(F). (14) 

Since the Sturmlans are eigenfunefions of K(E), 
using (10) and (11), we can immediately write the 
corresponding expansions for tbe partial wave 
Green’s function: 

G*'>(£;hi,h,) 

= -(2/v)X2H-’l..C£)r 

n 

X [*i’/2p +/>*/2Ml-‘*„(/,,/(rj) 
x[V/2u+/>>/2ur‘*„(/.,*,), (15) 

G‘'’(£;r,,r,)=-J^[l-T„(£.’)rV‘ 


(k, it;„(£) |k,> - V *,(*,)(;” ’(A;*„t.j)y ,.(*,), 

iai 

( 8 ) 

where 

(:y'{K-,kt,ki)-- -Mh, -iTj )*.■’(*,V2 m +p^/2py\ 

(9) 

a comparison of (9) and (7) gives 

G„'"(£;fr„i:,)-- -(2/v)5^(h,»/2M +p*/2,iy^ 

n 

xJ.„(/),h,)(*.*/2M+))*/2M)-* 

x'f>,i(/>,*i). (10) 


>‘'%i(/>.r,)r,-*s„(/>,r,). (le) 

For completeness, we give also the spherical 
Bessel function expansion in Sturmlans: 

rj,(kr)= *,,(/>, r)*,,(/»,!>). 

n 

Although any potential may be taken for V(r), 
practicality dictates the choice of V{r) to be the 
Coulombic potential 

Vc{r) = Za/r, (17) 

where o is the fine structure constant with the 
convention that Z <0 correspond to an attractive 
potential. In this case the eigenvalues are 

77„(£)=-(MZo/fip), »i=l,2,3,... (18) 

and the Sturmlans take tbe well known form 
s.. iP.r) = JV,,e-*'(2pr)''‘Li;! Jf.(?pr), 


Transforming (10) to coordinate space yields 


(19) 



J 1 

L*(x) IB tbB Laguerre polynomial and the 
cooBtaid IB 

N,* = (n/i^)r(n-I)lrO»+ 1 + 1)1-*. (20) 

The corresponding momentom representations at 
Sturmlans are in terms ol Gegenbauer polynomials 
Ci:|.v(*). ▼!*. 

fc)=- 0 / prot+1))*'* ru +1) 

x*y **'»(**+/.*r‘-‘ci:i.i 

X ([*’-/»’]/[**+/>*!)• (21) 

In actual calculations of hadronic atoms level 
shifts and widths, one has to include relativistic 
effects by solving the Klein-Gordon I'ather than the 
SchrOdiager equation, namely 

[v* + (£-K,f _/!*]♦=(22 ) 

To adapt our scheme presented above to account 
for relatlvlBtlc effects, It is sufficient to replace 
; by x = [(l+ 1 / 2 )F-i, p by the total en¬ 
ergy J?=(m* and b by i/=a-/+\. Equa¬ 
tions (18)-(21) will then go over Into Sturmlans 
for the Kleln-Gordon equation. Equation (22) is 
not the only relativistic equation that has been 
considered as a generalisation of the SchrOdlnger 
equation (e.g. the strong potential V may also be 
regarded as a Lorentz scalar, whence it should be 
added to the mass u). Usually, higher order 
terms such as 2V£.V and V* may be present and 
can easily be allowed lor. The above method may 
similarly be modified to accommodate the Dirac 
equation. 

111. BOUND STATE PROBLEM 

As stated at the end of the preceding section, 
relativistic effects can be trivially Incorporated, 
so in this section, for clarity of presentation, we 
will solve the bound state problem M a sum ol Cou¬ 
lomb Vg and strong Interaction potential V Inserted 
in the SchrSdinger equation. Using the Coulomb 
Green's function C,(E)= {E -Hg - Vj,)"*, the Schr 6 - 
dinger equation to be solved can be written an 

|♦(E)> = G,tE)V•|♦(E)>. (23) 

The only assumption we need to make about V Is 
that GjiE)V Is a completely continuous operator. 
Expanding C,(E) In a complete set of Sturmlans 
{I ^> » I ntm)}, we have 

G,(E)=-;f [i-T.(E)rifl>oi. 

where are given by (18). hisertliig 

(24) In &3), and multiplying (23) by (a| V, we ob¬ 
tain 
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^\U-T),(E))B^ + (a|v(s)U 8 lvl'*>=o. (25) 

K the coefficients < pj V j ♦) m ( 25 ) not to vanish 
Identically, we have to set equal to lero the deter¬ 
minant 

det IIll -i 7 ,(E)l 6 „ + < a) V1 II = 0 . (26) 

Equation (26) can be readily solved by standard 
methods and the roots are the desired energy 
eigenvalues. S should be emphasized that the ma¬ 
trix elements (or | V10) are also functions of E and 
therefore Eq. (26) is not a secular equafion. 
Clearly, the above scheme stlU remains valid if 
the Couloinb potential vanishes. In which case 
—0. On the other band, if we set V=0, Eq. 

(26) yields an infinite set of conditions v,{E)= 1 
for n = 1 , 2 , ... which, using (18), leads to a not 
unfamiliar energy level sequence, 

-a(Za)*/(2B*). 

Strictly speaking, Eq. (26) Is an Infinite dimension 
determinant which in practical appUcations has to 
be truncated. The rate of convergence of the 
method depends of course on the nature ol V and 
the required precision ol the eigenvalue E. Fur¬ 
thermore, the derivation of (26) Is independent of 
representation, therefore the matrix element 
(a IV 18 ) may be evaluated in either coordinate or 
momentum space, whicliever is more convenient. 
Since the Sturmlans (19) and (20) have simple 
analytic form, the evaluation of (a | V 18 ) is usually 
straightforward. 

IV. EXAMPLES 

We shall demonstrate the effectlTeneBS ol the 
scheme developed In the previous section with 
three examples. For Uie first one, we consider 
solving the SchrBdinger equation with a Hulth6n 
potential, given by 

F(r)=-(s/2(«i*)(p-"*-l)-‘. (27) 

where .v is a dimensionless strength parameter 
and a is the potential range. For this case, we 
switch off the Coulomb potential, so that 7 ;„ 0 in 
(28). The energy levels for /=0 states in the po¬ 
tential (27) are 

E, =-(s-ii*)^/(8|iaV), b=1,2,... (28) 

and have been used to test the accuracy of the 
computations. In Table 1, we present the results 
of our computations for the Is level using a com¬ 
plex strength parameter s= (1.6,0.15), and a 
range a=0.5 fm, and have truncated the deter¬ 
minant (26) at different ranks N= 5,10,.... We 
observe that the rate of convergence is quite rapid. 
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table I. Solution for the 1» level tor HuUhfa’a po- 

teiAlnl. We take a complex Btrength parameter »«(1.5, 

0.15) and a range parameter o“0.5 fm. Hie exact ener¬ 
gy In units of (Spa^)"* from Eq. (28) Is (-0.2275, -0.16). 


Rank N 

(Spo’E) 

5 

(-0.209808, -0.164793) 

10 

(-0.227506, -0.160 394) 

15 

(-0.227506, -0.150 004) 

20 

(-0.227 500, -0.150 000) 


and the converged result Is stable against adding 
more terms In the expansion. 

As a second example, we considered a case 
where Is nonzero and V Is a realistic phenom¬ 
enological kaon-nucleus potential of the form'* 

2pF(>-)=-54x4(1 + m,/m,)p(r), (29) 

where m are kaon and nucleon masses, A Is 
the mass number, p(r) Is the nuclear density 
(taken to be of Fermi shape), and 5 Is a complex 
strength parameter of dimension of length. The 
Kleln-Gordon equation (22) may be solved directly 
as well as using our expansion method. In Table 
n we compare the calculated complex energy 
shifts for the 2p level of and the 3d level of 
•S with the results obtained by other authors. In 
these calculations, we wanted to reproduce six 
significant digits In the total energy, and In order 
to attain such precision, the determinant (26) has 
to be truncated at (V not less than about 60, In 
practical applications, the accuracy Is determined 
essentially by the experimental error which is not 
less than 10'^ . Thus if one wants to make the the¬ 
oretical calculations to be accurate within 5'J[, It 
Is sufficient to take the rank A) to be about 50. In 
the case of the results shown In Table n, final 
convergence appears at rank 120, after a few 
strongly damped oscillations. 

As a final example, we consider the case of 
Coulomb plus a nonlocal separable potential of 
rank one. For this case. It should be noted that 
using the direct momentum space method,’ one has 
still to solve an integral equation because the Cou¬ 
lomb potential is not separable. In contrast, the 


Sturmlan expanslao method preeerves all the stm- 
pllfying features of a separable potential. The 
Hal wave Integral equation to be staved is 


|♦,)-Gi(£)F,|♦,>, (30, 

where 

V, = -{\,/2ii)\v}(v\ (31) 

is the separable potential with strength parameter 
X, and form factor v. Multlpliring (3) by <t>| and 
simplifying gives 

l=-(X,/2pKi'|Gi(£r)|p). (32) 

Expanding G'JtJS) In Sturmians, we obtain an alge¬ 
braic equation which determines the binding ener¬ 
gy 

l=U,/2ix)2^[l-T|„(£)l-*r„'(E), (33) 

n 

where 

r„(£) = (»>liil>= r ».(r)s„(r)rdr. (34) 

•^0 

For 2 = 0 and a Yamaguchl form factor’* 

„(r)=(2x*)*/*exp(-/3r)/r, (35) 


where 3 Is the range parameter, (34) gives 

r,„(£)= (2(i//>)‘'*(2iip)(^ +/>)•’* (36) 

and (33) reduces to 

+/>)■• 

with 5 — (6 -pf/iP +pf. When the Coulomb poten¬ 
tial vanishes, the expression in the parenthesis 
{ } reduces to unity and we recover the well known 
formula lor a bound state In a Yamaguchl poten¬ 
tial. The expression In parenthesis thus con¬ 
stitutes the modification due to the Coulomb po¬ 
tential. Writing %o{B) as 

-{aZiJi/p)/n 5 -Tj/n (38) 

the sum In (37) can be recast Into the form 


TABLE II. Comparison of various methods tor calculating the level shifts of '’C(2p) and 
koonic atoms. The parameters for the potential (29) are from Koch-Stemheim (Ref. 
11). Our values correspond to rank 60. UnttaarekeV. 



‘*C(2p) 

”3(3rf) 


(*.r) 

(t,r) 

Koch-Rternhelm, Ref. 11 

(-0.832, 1.571) 

(-0.516 , 2.346) 

Kwon-Tabakin, Ref. 3 

(-0.620, 1.551) 

(-0.503 , 2.317) 

This work 

(-b.637, 1.679) 

(-0.609, 2.354) 
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TABliS tn. aotntlan for Is level for Yamaeachl poten- 
m plus Coulomb. We take a oomplex etrergth s- X»*/ 
;>n:(l.4»4,0.181), a range parameter 3.14 tm-^, and 
jn attracttve Coulomb potential Z» -10. Tbe oonverged 
iiergy in unite of -0.8 niZaf la (0.674618,0.027672). 


Rank N 

Energy 

5 

(0.693480,0.024331) 

15 

(0.676606.0.027443) 

26 

(0.674661,0.027 641) 

35 

(0.674 539,0.027667) 

46 

(0.674 522,0.027671) 


(i-?)r'2^»»(«+’?)'‘r 

= (l + T))-‘+X) ^I(«+T|)■‘(« + l+^^‘^* 
= (1+ij)-*,Fi(1,t,,2+t,,5), (39) 


hypergeometrtc luncUon, so 
that Eq, (37) reduces to 

V‘=»*3'‘(0+)>)-’(1+ti)-» 

X,Fi(l,,,,2 + r,,U. (40) 

The above equation has also been derived by other 
methods.” To Qnd the actual bound states, Eq. 
(40) has to be solved numerically. Q the separa¬ 
ble potential (31) has more than one term, say is 
of rank M, then the resulting equation for the 
bound state has, as In the Coulomb-free case, a 
form of a rank M determinant equated to zero, A 
numerical example for the Coulomb plus a rank 
one separable potential with complex strength Is 
shown In Table m. 
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Allenutive ways to the usual diagonalization proceduraa to lolve tlie adf-cooiiatent nuclear Hiitree-Fock 
pniWcm are discussed. It is shown that they are much Outer than the conventk»aI approach and 
tompuiationsHy much simpler. It it thown how they can be ftirther improved. Finally all tbeec new 
methods are unified within the fratneworii of a direct minimizatian of the total eneigy in the lubepace of 
Slater determinants. Results are given for medium-light deformed nuclei. 


[NUCLEAR STRUCTURE Alternative Hartree-Fock aolutlona.J 


1. INTROBUCnON 

Certainly the Hartree-Fock (HF) approximation 
represents a starting point for any microscopic at¬ 
tempt to describe nuclear structure. In addition, 
with the Introduction of schematic density-depen¬ 
dent interactions, this approach has recently 
shown its validity in reproducing static ground 
state properties of a wide range of nuclei.' Con¬ 
strained HF calculations, coupled to an evaluation 
of the collective mass parameter in an adiabatic 
time evolution, seem to give very promising re¬ 
sults in describing large amplitude oscillations far 
away from the stability region (fission modes, 
yrast states, and so on).' Therefore it seems 
worthwhile to Improve the numerical methods for 
solving the HF problem in order to obtain faster 
convergence and more reliable solutions, particu¬ 
larly for the case of heavy deformed nuclei. 

The usual approach is based on a linearization of 
the HF equation which leads to a self-consistent 
dtagonalization of the HF Hamiltonian 

/i,(p) = T+Trl?p I i TrTrp^p, (1.1) 

dp 

where T is the kinetic energy f is the antisym¬ 
metrized interaction, and p is the one-body density 
matrix of the nuclear system. The third term has 
to be included when one uses density-dependent 
forces. 

The dtagonalization method is actually a quite 
lengthy procedure for heavy elements where huge 
matrices arc involved. On the other hand this ap¬ 
proach in based on a particular linearization of a 
problem which is highly nonlinear, especially for 
density-dependent interactions. This means that a 
different linearization can lead to much faster con¬ 
vergence. Finally, the reduction of the problem to 

31 


the solution of a Schrodinger equation raises some 
mathematical uncertainties in constrained cases 
because of the unboundedneas which occurs for 
certain values of the Lagrange multipliers in the 
Hamiltonian.’'* 

Recently two methods have been proposed to 
overcome such difficulties which make no use of 
diagonalization procedures. One, the "direct dens¬ 
ity” approach, is based on a minimization of the 
total energy through a steepest descent procedure 
In the space of one-body density matrices.* The 
other, the "imaginary time" approach, is based on 
a transformation of single particle wave functions 
which resembles a time evolution with imaginary 
time and which ensures a decreasing total energy 
towards the minimum value.’ 

In this paper we show that the two approaches 
are closely related in a general framework of a 
direct minimization problem for the total energy 
functional with different linearization options which 
lead to different convergence rates, also connected 
to the density dependence of the used schematic In¬ 
teraction. We shall focus our attention on the HF 
problem, but the extension of these methods and 
of our conclusions to constrained cases and to the 
Hartree-Fock-Bogoliubov problem is straightfor¬ 
ward.’ 

II. DIRECT ENERGY MINIMIZATION METHOD 

Here we briefly discuss the method, and demon¬ 
strate the possibility of Including higher order 
terms in the variation of the energy functional with 
respect to the density matrix. The problem is to 
minimize the total energy In the HF approximation 

£(p)=Trrp + i TrTrpFp (2.1) 

in the space of the one-body density matrices with 
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p’-'P- 

p»*p, ( 2 . 2 ) 

Trp’A. 

This means that 11 'we start with a deoalty matrix 
which satlslles the HT conditions (Eqa. (2,2)1 
jBd It we operate with a unitary translormatlon 

p^e'^Po*’* . (2.3) 

our problem reduces to a search tor an Hermtttan 
operator x which secures a maximum energy de¬ 
crease at each step. 

We can Introduce an expansion for the energy 
variation 

r((a^■■■ 

in a matrix apace with scalar product 

= (2.5) 

Because of the very general result 

where hf{p) Is the HF Hamiltonian, Eq. (2.4) may 
be rewritten as 

A£;»Tr|*,(p)^--^‘AP 

aTrfr,ir(p)Ap+. (2.7) 


fie remark that no further terms are needed for 
inearly density-dependent forces (e.g., of Skyrme 
ype). In any case, we have a definite way to con¬ 
sider higher order terms. 

Assuming the trial density matrix p^ Is not far 
way from the solution, we can approximate 

«P~<[XfPol • 

He finally get 

A£=-/Tr[*^,ft,]x 
ind the choice* 

X=fX[»^,A,]. (2.10) 

vith A real positive, ensures a maximum energy 
lecrease of the truncated energy at each step. The 
%suU Is actually related to the approximation 
equation (2.8). In Uils respect the choice of the x 
iarameters requires some attention. In order to 


( 2 . 8 ) 

(2.9) 
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12.8), where we negUct hl^r order 
X operator, we must keep **'* 

Ilx,l«l, n = 0 ,l. 

In our metric this means 


HUin.pJII ’ (-Trlh'^,p,l»)‘'> ’ 

which Implies a large range of acceptable values 
If we start with a density matrix corresponding to 
a good trial mean field. Actually we have no prob¬ 
lems in nuclear theory where spherical potentials, 
with standard choices of depth and radius, give the 
bulk of the self-consistent field. In any case, from 
the Inequality equation (2.11) it seems to be safe to 
choose small values of x. A good prescription is 
to take the smallest real positive solution of the 
nonlinear equation 

8£ [ p(x)] ^2 J2J 

oX 


Expanding p(x) to the second order in x we get a 
definite expression for the best value of X (see Ap¬ 
pendix A) 



(2.13) 



FIO. 1. Total energy Sower curves) and charge quad- 
mpole moment Sipper curves) of *'Ar as a function of 
Iteration number. HF lines are (Attained with the usual 
procedure, DD lines refer to the method described la 
the text with the approximation equatlan (2.14). 
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where D, « P» ‘I*® density matrix at 

the nth iteration. The approach has been proven 
successful for a quite wide choice of the starting 
density p^. 

In Fig. 1 we show results of this method com* 
pared to the usual HF diagonallzation procedure 
for the energy and quadrupole moment of the 
ground state of ’*Ar. In effecting the comparison, 
we have used the simple DD approximation 

h^{p)='hf{p) , (2.14) 

i.e., we have neglected higher order terms in the 
energy variation (“direct density" method of Ref. 

4). The interaction used is of Skyrme II type. The 
starting density matrix is computed from a 
spherical Woods-Saxon potential with radius H 
= 1.35 A*''’ fm, diffuseness a =0.6 fm, and depth V 
= -70 MeV.^'’ The DD method seems to be slow¬ 
er than standard HF, but this is not a serious dif¬ 
ficulty because it is computationally much faster. 

The introduction of second and third order 
terms, with a Skyrme force, significantly im¬ 
proves the convergence rate. This can be seen in 
Figs. 2, 3, and 4 for the “Ne and “Mg cases 
(DDH curves), where a suitable extrapolation has 
been used to compute the shift (see Appendix B) 

(2.15) 

All the results have been obtained with a deformed 
harmonic oscillator basis,' but of course the meth¬ 
od is not dependent on the choice of the represent¬ 
ation. 

In contrast to the HF case, both the binding ener¬ 
gy and the charge quadrupole moment converge at 
about the same Iteration in the DDH method. In 
terms of computation time the DD and DDH meth- 

; ■ ■ ■ u 

; , .t'li. ,r ' 

u". .,1 ' • " nu j.,4 F 



KIO. 2, Total energy (lower curves) and charge quad, 
rupole moment (uppt'r curves) of ’"Ne as a function of 
iteration number. The DDH lines correapond to the In¬ 
clusion of higher order terms. 
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Fin. .2. Totsl energy of “Mg ss a function of Iteration 
number with also the results obtained with higher order 
terms (DDH line). 

ods are very similar (the former being fractionally 
faster) because of the two Intermediate estimates 
of the density being required in the DDH case. 
However, the DDH method is much more stable 
since an almost simultaneous convergence of the 
binding energy and the nuclear shape is obtained. 
Moreover, the DDH method is about a factor 4 
faster than the usual HF. 

At the end of this section we would like to make 
two more points which are important in order to 
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FIG. 4. The same as Fig. 2 for the charge quadrupole 
moment. 
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0 ake connection with the Imaginary time method 
described In the next paragraph. First of all, let 
js consider the changes of the single particle wave 
lunctlons during the iteration procedure. If we In¬ 
troduce at each step the eigenstates of the one-body 
density matrix 

P.=^ ( 2 - 18 ) 

eith the same unitary transformation as discussed 
jreviously, we can construct the eigenstates of the 
l)st density matrix 

|«J-‘>>=exp(.-x‘">)|(H">> 

= exp{-AlAa.P.]}IO- (2-17) 

Moreover, while we do not keep track of the 
;ingle particle energies, which have no direct 
ihysical meaning, we can easily compute the vari- 
(tion of the total energy at each Iteration 

£»mE=-XTr( 0 ,Di), (2.18) 

vlth £), defined in Eq. (2.13). 

HI. IMAGINARY TIME APPROACH 

This method has been originally Introduced as a 
lyproduct of time-dependent-Hartree-Fock 
TOHF) calculations and it is actually based on an 
‘evolution” method similar to that used to describe 
1 real time-evolving system.’ 

Inthe ‘‘true”TDHF we have aunltary transforma- 
lon acting on single particle wave functions 

I <>}■>), (3.1) 

vith 

f; = exp^-f-|^A<'”‘''»j, (3.2) 

vhere is an effective Hamiltonian chosen to 

conserve exactly the total energy in a real evolu- 
lon (Appendix B of Ref. 5). 

Introducing imaginary time intervals 

(3.3) 

md a suitable orthonormalization of the single 
■article wave functions after every "time" step, 
ve get a fast convergence to the static solution, 
■rovided we make a “small” choice of the magnl- 
ude of Af, actually chosen on empirical grounds, 
'his can be clearly seen from the total energy va- 
’latlon shown inEqs. (3.6)-(3.8). 

From a first order expansion of the U operator 
ve can get a precise idea of the connection with the 
irevlously described "direct energy minimization 
nethod.” 

At the first order we act on the single particle 
'sve function with an operator which has the form 


[ 1 - with p a real positive param¬ 

eter. If we add the orthonormalization procedure, 
we finish with the transformation,' valid for small 
values of p only, 

+ (3-<) 

that in the density matrix formalism becomes 

= [ 1 - p(l - p.)ft'"**/'' ] I . (3.5) 

On the other hand, the variation of the total energy 
at each iteration step is given by' 

I .A 

£<•♦»_£<■* = V (( 

j 

I (/.}■')) 

«-2pTr(A>l‘)-E0, (3.6) 

with 

A-p,A'"‘*^"(l-p.>. (3.7) 

The result is a nonpositive definite variation which 
goes to zero at convergence, where 

A'O and hence [*"”'^’, 0 ,] =0. (3.8) 

IV, CONNECTION BETWEEN THE TWO APPROACHES 

It is easy to show that we obtain very similar re¬ 
sults, in fact identical in form, within the direct 
energy minimization (DEM) framework. Indeed 
Bie first order expansion of the unitary transform¬ 
ation equation (2.17) gives 

(#;»*>“ ri-A(i-p.)A«]k;>. (4.1) 


For the total energy variation we get from Eq. 
(2.18), using the cyclic property of the trace and 
the idempotency p,' =p„, 


£«i_£» = ^ = _2xTr(B7?M*.0, 

(4.2) 

where 


B ~ “ P„) f 

(4.3) 

so that at convergence 


f*-r(p.).P,] =8- 

(4.4) 


If we compare Eqs. (4.1), (4.2), and (4.4) with the 
relatione (3.5), (3.6), and (3.8) we see a striking 
similarity between the two approaches. The sim¬ 
ilarity can be strengthened by demonstrating the 
equivalence of the Hamiltonians and h^, as 

we now show for the case with the simplified dens¬ 
ity-dependent two-body interaction,' 

«k- 46 (r,-r,)+-^p(^^) 6 (ri-r,), (4.5) 

with which imaginary time calculations have been 
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extensively done. 

Now the Hartree-Fock Hamiltonian becomes 

+ (4-«) 

where p, is the local density at the nth iteration. 

In Ref. 5 it is shown that in this case the op¬ 

erator to be used in the imaginary time-step form¬ 
alism is given by 

(p.,.-p.)’. (4.7) 


We can compare now with the operator used 
in the DEM method 




d hi;‘ 


(4.8) 

Because the HF Hamiltonian now is a function of 
the local density only, and introducing 


need the construction of the whole density matrix. 

We would like to close this section with a remark 
related to the empirical observation* of obtaining 
a faster convergence using an average HF Hamil¬ 
tonian 

*AV=i(fcy"+»)-’**’) (4.12) 

In the conventional HF method, with density Inde¬ 
pendent interactions. In this case, which corres¬ 
ponds to f, =0, the operator Iim Is Just the average 
Eq. (4.12), as can be clearly seen from Eq. (4.9). 
This means that one Is actually solving the equa¬ 
tion 

f*rfr(p).p] “0, 

which, from the previous analysis, corresponds to 
a minimization of the total energy with a better 
linearization procedure. 

V. CONCLUSION 


Ap=p„i -p,, 
we get 

= i(«4)+l<sP,Kp.*i-P,) 

= i(h^'>+Ar")--^(p..,-p,)* 

= . (4.9) 

The two Hamiltonians arc exactly the same, order 
by order, in the density shift Ap. Indeed we can 
easily show that the term -ff /,(p„, - p,)’ in 
comes from third order contributions in Ap to the 
total energy variation.* Actually if we expand 

P,.i’'-P.'' ' Ap(p„,* ♦P,P„i +P,’) 

-P," +Ap[3p,p„, + (p,„-p,)*| 

"P.’ ♦^Sp.P.^iAp + iAp)* (4.10) 

and if we neglect (Ap)’ terms in the variation £"‘ ‘ 
- E", we get again a relation |Rq. (3.2)] with a 

^ ((Jf„ + i/,p,)(p„.-p.). (4.11) 

i.e., with a second order h,n only. 

In conclusion we can say that there is a perfect 
equivalence between the two methods in the limit 
of small values of X. However, we remark that in 
the DEM approach we are not bound to choose very 
small values of this parameter, the only condition 
being Eq. (2.11), which can allow a wide range of 
choices. Moreover, we get a definite prescription 
for finding the best parameter X at each iteration 
step [ see Eq. (2.12)]. All that, as expected from 
general grounds, can improve the velocity of con¬ 
vergence. However, we must remark that there is 
a "numerical'’ price to pay; at each iteration we 


In this paper we showed that the "direct density” 
(DD or DDH) and the imaginary time approaches to 
solve static HF problems can be seen as two sides 
of a general method based on a direct minimization 
of the total energy in the space of the one-body 
density matrices. 

Many advantages can follow from this connection 
and in general from the development of nondiagon¬ 
alizing procedures to solve HF-type problems; 

(1) We have now available methods which are 
much faster than the conventional HF procedures. 
In addition, for axially symmetric nuclei, charge 
quadrupole moments and binding energies are 
found to converge simultaneously at about the same 
Iteration. 

(ii) We have a definite way to generalize the ap¬ 
proach to any density-dependent nuclear Interac¬ 
tion. 

(iii) We can get a precise prescription on the 
choice of the length of the "time step" following 
Eq. (2.12). 

(Iv) We can easily extend the method to the 
Hartree-Fock-Bogoliubov problem, which can be 
seen as a minimum problem for the energy func¬ 
tional in a generalized density matrix space.* 

(v) In this framework of a general minimum 
problem we can make use of several mathematical 
tools to study constrained situations (shape, angu¬ 
lar momentum, and so on). 
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AFPENDIXA: SEARCH FOR THE BERT X 

With our choice of the x operator [Eq. (2.10)] the 
\-dependence of the density matrix is given by 

X* 

with 

Neglecting third order terms, the variation with 
respect to X is 

Ap = AX = - (0„ p,] AX + X{ n„ ( p, 11 AX . 

Our nonlinear equation (2.12) becomes 


which can be shown to be positive in the region of 
validity of the whole method. 

We can easily consider higher order terms in 
Eq. (Al). In this way we get higher order equations 
in X. The prescription is to choose the smallest 
real positive solution. Condition equation (A2) en¬ 
sures the existence of a solution of this kind. 


APPENDIX B: EXTRAPOLATION OF THE DENSITY 
MATRDt 

Since htir is dependent on Ap 'p,„, - p, we must 
evaluate the (n-f l)-th density matrix through some 
extrapolation procedure. We can follow several 
ways to do it (Lagrangian, exponential, and also 
linear), always obtaining convergence rates faster 
than HF. 

We get the best results, reported as DDH curves 
in Figs. 2, 3, and 4 using a more involved predic¬ 
tor-corrector method. Ap is estimated Introducing 
successively higher order terms during each iter¬ 
ation as follows; 


|f=Trl.lS 


AX 


■V TrA<;»{- [ D„ pj f Xf U, f D„ pjl} = 0, 
with solution 


x(i«) s 
^ Oft 


Tr(i).») 




(A2) 


P. - P.) - pfA ■’ P.) + 5 /»;(P,)( PlVi - P.) 

- pVm - P.) + 5 '•/( Pii’i - Pi) 

+ i)»;(p,)(PiVj-P,)-Pi.i- 

Thus we make two intermediate guesses p|^°', and 
PiVi density matrix before obtaining its 

best evaluation p„, . 
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Mass parameters in the adiabatic timeHi^ndent Hartree-Fock approximation. 
I. Theoreticai aspects; the case of a singie collectire variable 
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Diuimn de Physupu TTUorifuc Iiulltui de Phjaigiu Suctialrt, 91406 Onay-Cedex, France 
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A Klf-coiisiiteni method for evaluation of man parameters is presented in the framework of the adiabatic 
limit of the time-dependent Hartree-Fock approsimation, reduced to a single collective variable. The 
corresponding collective path is anumed to be given either by solving a constrained Hartree-Fock problem 
with a given time-even constraining operator Q. or by scaling a sutic Hartree-Fock equilibrium solution. In 
the former case, once the path is given, a method for solving the equation of motkm (of the Hamilton type) 

IS provided, which reduces to a double-constrained Hartree-Fock problem ivith tbe time-even constraint Q 
and with a time-odd constraining operator P. In the case of the scaling path, an analytical solution of the 
Hamilton equation is discussed and the adudietk mass for the partkuUr case of an isoscalar quadrupole 
Qk mode is given. The operator P, which is uniquely determined from the knowledge of 0, has the 
physical meaning of a momentum operator: it satisfies, together with Q, a weak quantal conjugation 
relation. Finally, tbe connection between the two paths is discussed in terms of generalized random-phase 
approximation sum rules. 


NUCLEAR STRUCTURE Evaluation of mass parameters within time-dependent 
Hartree-Fock approxlmsdlon In adiabatic limit for single collective variable mo¬ 
tion. Discussion and comparison of constrained Hartree-Fock and scaling paths. 
Expression hs a doubly constrained Hartree-Fock problem with momentum oper¬ 
ator uniquely defined from coordinate operator. Connection with sum rule and 
Inglls cranking approaches. 


I. INTRODUCTION 

During the last few years, significant progress 
has been made in the theoreticai description of col¬ 
lective phenomena in nuclei. Most of the work in 
this direction had the same purpose: to find a co¬ 
herent microscopic foundation for the Copenhagen 
phenomenological collective model,' and at the 
same time to get free of several tew restrictive 
hypotheses underlying the existing microscopic 
theories [random phase approximation (RPA), 
cranking model,.. .|. Reaching this goal would 
also considerably increase the predictive character 
of the collective model by allowing one to calculate, 
from the nucleon-nucleon Interaction, the values 
of Its adjustable parameters. The Inglls cranking 
model'' was a first attempt in this respect; how¬ 
ever, it suffers from a lack of self-consistency. 
Thouless and Valatln’ gave a self-consistent ver¬ 
sion of the cranking formula in the particular case 
of a slowly rotating nucleus. For a long time, one 
has had at one’s disposal another microscopic for¬ 
malism, the RPA; this ^proxlmation can be very 
efficient for the description of several collective 
properties (especially of giant resonances), but it 
Is clearly not adequate tor large amplitude mo¬ 
tions, such as fusion, fission, and other nonhar¬ 
monic nuclear phenomena such as those encoun¬ 
tered, for instance, In soft nuclei. 

21 


The time-dependent Hartree-Fock approximation, 
with the additional hypothesis of small collective 
velocities (compared to some characteristic slnglv- 
partlcle velocities), has been the foundation of re¬ 
cent theoretical formulation. The main Interest 
of the adiabatic approximation, besides Its physi¬ 
cal content, is to allow a connection with the phe¬ 
nomenological collective model. The VUlars ap¬ 
proach* deals with a single collective variable; tbe 
collective path Is formally defined by an Iterative 
procedure, with some “ reasonable " guess for the 
starting point. Baranger and V&n6ronl* have ob¬ 
tained two sets of coupled equations of motion 
which, in the adiabatic limit, are equivalent to the 
time-dependent Hartree-Fock (TDHF) equation. As 
shown in Ref. 6, these equations are equivalent to 
Hamilton-Uke equations derived from a variation¬ 
al principle similar to a classical least action 
condition. The solution of these equations would 
In principle provide both the mass parameters and 
the collective paths for the collective degrees of 
freedom. It Is clear, however, that the practical 
implementation of this problem would require a 
considerable amount of numerical effort. 

To bypass some of these difficulties, me may 
decide In a first step to make an ansatz for the col¬ 
lective trajectories. It then becomes possible to 
solve the first set of Hamilton equations of moUoo 
providing the mass parameters. This Is the ap- 
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proach adopted in the present paper, the formal 
frameworic being the ad i abatic time-dependent 
Hartree-Fock (ATDHF) formalism as presented 
in Refs. S and 6, reduced to a single collective 
variable. This approach lies between the exact 
ATDHF solution and phenomenological calculations 
such as those using Nilsson single-particle wave 
functions to compute Inertial parameters bjr the 
IngUs cranking formula. In other words, we shall 
compute In a consistent way the Inertial parame¬ 
ters. We shall not study the dynamical validity of 
the path, which will be chosen a priori. We 
shall, however, conqiare the properties of two dif¬ 
ferent choices for this path. Moreover, we shall 
present a method for the computation of the masses 
which we believe to be particularly convenient and 
accurate. 

All the matter Is presented at a very general 
level. In an accompanying paper’ (hereafter re¬ 
ferred as n), we specialise to the isoscalar 
quadrupole mode, and give results obtained lor 
large and small amplitude motions for the corre¬ 
sponding mass parameters, calculated with several 
Skyrme interacttcms. We would like to emfdiasize 
that the present work has been carried out entirely 
in the line of Refs. 5 and 6, and that the quotations 
of other work which wUl be found here constitutes 
a step towards a better understanding of the con¬ 
nections between different formulations of collec¬ 
tive theories*'*■“’ and towards their unification. 

n. THE ADIABATIC TlME-DEPENDENI HARTREE-FOCK 
APPROXIMATION 

In the Independent particle approximation, one 
describes the physical system only In terms of 
its one-body r^uced density operator p. For a 
pure A-body state, the operator p writes 

P=il<><l|, (2.1) 

iml 

where {|f>; f=l,...,A} is an orthonormal set of 
single-particle (SP) states. The projector charac¬ 
ter of p, 

P* = P, (2.2) 

clearly follows from Eq. (2,1). In other words, 
the corresponding wave function 1r \8 a. Slater de¬ 
terminant built with the A single-particle states 

l>>. 

Given a Hamiltonian H composed of a kinetic 
energy operator T and a two-body interaction V,“ 
the dynamical evolution of p Is governed. In terms 
of IF(p), the so-called Hartree-Fock Hamiltonian 
(which Is the one-body reduction of H with respect 
to «) 

W(p)=r + Tr,F(l,2)p(2), (2.3) 


by the TDHF equation”: 

l»P=[W(p),p], (2,4) 

which is the one-body reduction of the LiouvlUe- 
Von Neumann equation. 

The total TDHF energy, easily shown to be a 
constant of the motion, is given by 

<♦(H|♦> = ^:[pl=T^(rp)-^iTrT^p^^p. (2.5) 

The notation of Eqs. (2.3) and (2.5) Is standard 
(see, e.g.. Ref. 5). 

The TDHF equation (2.4) can be derived in var¬ 
ious ways, and, in particular, from the statlon- 
arlty principle: 

= ( 2 . 6 ) 

where ♦ and restricted to be Slater determin¬ 
ants, should be varied Independently, with fixed 
end p<dnts for 4’. 

The adiabaticity assumptions. To give a simple 
formulation of the ATDHF formalism, Baranger 
and V6nbr(ml have Introduced the following decom- 
positioo of the density operator p: 

p=e‘»p^-“. (2.7) 

The justification for such a decomposition Is given 
by the following theorem, studied In Ref. 5, and 
further investigated in Refs. 13-15. 

Decomposition theorem.^’ Given a Hermitian 
projection operator p and its time-reversal con¬ 
jugate pr, 

(i) There exists a projection operator p^ and an 
operator x, both Hermitian and time-even: 

Po=Po=(Po)r = Po’. (2.8) 

X=x’=Xt (2.9) 

such os Eq. (2.7) is fulfilled, provided p and pf 
do not have any common eigenvector corresponding 
to different eigenvalues of p and p,. 

(11) In addition to the requirements (2.8) and 
(2.9), the supplementary conditions 

PbX + XPo=X, (2.10) 



where X| Is any eigenvalue of x, ensure the unique¬ 
ness of the decomposition (2.7). 

One can easily show that there cannot exist any 
decomposition (2.7) satlsfjring (2.8) and (2.9) for 
the cme-body reduced density operator of an odd 
system of fermions; consequently, the ATDHF for¬ 
malism as presented in Refs. 5 and 6 is restricted 
to even-even nuclei. When dealing with a sp 
density operator built from states |f) [see Eq. 
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(2.1)] which are eigenstates of the spin projec¬ 
tion s,, the (sufficient) condition for the exis¬ 
tence of the decomposition to be satisfied by p 
and Its time-reversed pj- requires the same num¬ 
ber of spin-up and spin-down occupied states 
{11); 1 = 1,...,^}.**’” This sufficient condition 
formulated in the decomposition theorem will be 
satisfied in all physical situations considered in 
this work (see also n); this allows us to make use 
of the decomposition (2.7) without any further ]us- 
UHcatlon. 

Following Baranger and V^£ronl, we call ‘na¬ 
tural’ the particular decomposition unequivocally 
defined by Eqs. (2.7), (2.8), (2.9), and by the ad¬ 
ditional condlUons (2.10) and (2.11). Notice that 
the condition (2.10) can be written equivalently 
(see Appendix A) as 

PoXPo=<JoX<'o = 0. (2-12) 

where a^-1 -p^. Defining the hole (or particle) 
states as eigenvectors of (or a„) associated with 
the eigenvalue 1, It appears from Eq. (2.12) that 
the operator x of the ‘natural* decomposition has 
only particle-hole and hole-particle matrix ele¬ 
ments. 

In the summary of the ATDHF formalism which 
follows we will make use of the natural decomposi¬ 
tion of p. The apparent lack of generality due to 
this peculiar choice of the decomposition (2.7) will 
be discussed below. 

The hypothesis of slow motion Is Introduced by the 
assumption that \ and Its time derivative x are 
small. Leaving for a moment the physical con¬ 
tent of such condlUons, we expand the exponenUal 
operators In Eq. (2.7) and truncate the resulting 
expression of p at second order In x: 


p(t) - Pv^t) p,(/) + p,{l), 

(2.13) 

1 

Pr-'lXyPjy 

(2.14) 

Pa — -“4[ XttXiPoll* 

(2.15) 


It Is worth recalling here that the zero-order 
term p^ depends on time, and may deviate con¬ 
siderably from a static Hartree-Fock solution, 
allowing thus the descrlpUon of large amplitude 
motions, bi this respect, the ATDHF expansion 
(2.13) differs basically from the one usually made 
In the derivation of RFA equations around the 
static Hartree-Fock (HF) equilibrium (see, e.g.. 
Ref. 18). 

Classical Hamiltonian fortnulation 

By Inserting the expansion (2.13) into the ex¬ 
pression (2.S) for the TDHF energy, Baranger 
and V8n£ronl have obtalnsd a division of the adia¬ 


batic energy into a potential and a kinetic part. 
The correaptKKllng Lagrange equatloos have then 
been shown to be equivalent to the equations ob¬ 
tained directly by Inserting the expansion (2,13) 
Into the ttme-even and time-odd parts of the TDHF 
equation (2.4). Adopting the alternative point of 
view of a Hamiltonian formulation. Brink, Glan- 
nonl, and V6n6ronl* have directly Introduced the 
expanslcm (2.13) into the variational principle (2.6) 
source of the TDHF equatiem. As a result, they 
have found 

8/‘*{Tr(*xPb)-£.[Po,x]}df = 0, (2.16) 

■^'1 

where £,[pt,i x]> i^ch Is a functional of p^ and x, 
is the total energy of the system in the adiabatic 
approximation, l.e., is obtained by replacing p in 
(2.5) by its adiabatic expansion (2.13). This al¬ 
lows us to write the adiabatic energy E, as 

£, = £„ + £,, (2.17) 

where the term £, is quadraUc in x, and where the 
zero-order part £„ Is the energy for the time-de¬ 
pendent determinant associated with the density 
operator p^: 

£o=(‘Colffko> = E[Po]. (2.18) 

The Integrand In Eq. (2.16) has therefore the same 
structure as the Lagranglan of a classical system, 
with a kinetic energy quadraUc In the momenta 
and a coordinate-dependent metric tensor: 

• ).< 

(2.19) 

In this analogy, the matrix elements of Pb and Hx 
In a Ume-Independent basis play respectively the 
roles of the coordinate and their conjugate momen¬ 
ta. As Is well known, the condition of statlonarity 
for the classical action £,idt with respect to 
Independent variations of the p’s and q’s leads to 
Hamilton’s equations. ” Therefore, Hamllton- 
llke equations should emerge from the statlonarity 
equation (2.16) if the coordinates and the conjugate 
momenta are taken as Independent variables. The 
situation Is, however, complicated by the existence 
of two constraints to be taken into account during 
the variation. The first is the holonomlc con¬ 
straint expressing the projector character of p^. 
The second is the algebraic relation (2.12) between 
coordinates and momenta. A complete discussion 
of these constraints would exceed the scope of this 
paper, and can be found In Ref. 20. S should be 
noted, however, that these constraints can be sat¬ 
isfied Implicitly, l.e., without the introduction of 
Lagrange multipliers. The two sets of Hamilton 
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(joatlona read 

i»<roPoPo=<^ott’’^?.Pil + [**'i>Pol}Poi (a.20a) 

*1»0XPb=» X + <X- W'.}/»0. 

(2.20b) 

rhere W„ and are the three first terms 
)f the expanslm of the Hartree-Fock Hamlltonlaa 
In powers of x: 

»',= r+Trfft, (2.21) 

Its diagonal part is defined In Eq. (2.30)], 
»'.=TrVp., (2,22) 

tF,= Tr7p,. (2,23) 

Jotice“ that Wg and VF„ Uke pg and p,, are tlme- 
!ven, whereas like pj. Is time-odd. 

One sees that the two Hamilton equations (2.20a) 
ind ^.20b) have only particle-hole matrix ele- 
nents. This reduction of the number of dynamical 
equations results from the constraint pJ^Pb* The 
advantage of the choice of the natural decomposl- 
ioD Is now understandable, since its operator Xi 
'hose matrix elements are the momenta, contains 
he right number of degrees of freedom. 

One can also write the first Hamilton equation as 

i»A,= [ ft.B'o A, + (TgWgag, ft] + [W,. ft], (2.24) 

equation (2.24) [or (2.20a)], which provides a 
inear relation between the velocities and the mo- 
nenta similar to the corresponding classical equa- 
ioi. 


The energy functional £[p,] in (2.28) and (2.29) is 
given by Eq. (2.5); the single-particle states, 
labeled by p,p' (particle) and h, h' (hole), are de¬ 
fined as the common eigenvectors ot p, and of the 
diagonal part of Wg (see below the dlscussim of 
higlis cranking); 

«'? = Ao»'oA, + <»o»'o<^o. (2.30) 

and the single-particle energies e,, e, are the eigen¬ 
values ot Wg. One can notice that the submatrices 
A and B have the same formal definition as In the 
RPA theory, but they are represented In a tlme- 
dependent particle-hole basis defined by pg instead 
of the static equilibrium operator p,,. Moreover, 
one shouldnot confuse the matrix 3R'', which Is Her- 
mltian, with the matrix giving the RPA eigensolu- 
tions [see Eq. (6.3)]. 

For the purpose of the present piqier we need not 
discuss In great details the second Hamiltonian 
equation (2.20b), although Its role Is crucial since, 
when solved together with the first Hamilton equa¬ 
tion, It determines the collective path po(f)> R 
allows also to give a different formulation of the 
second adiabatlcity condition (kj: small). Indeed, 
Eq. (2.20b) shows that if the motion If adiabatic, 
the commutator [H'o.Pol (or equivalently the anti- 
diagonal part of tFs! see Appendix A) should be 
small, at least of first order In x< This condition 
means that at ali times the system is in a ‘quasi- 
static” equilibrium since the static Hartree-Fock 
equation 

[»'.t.A.l = 0 (2.31) 


9i~ > 


(2.2S) 


:an be rewritten In form 


Bp 

&* 


=aR 


(2.26) 


;here ^ and x stand for vectors whose components 
re the particle-hole matrix elements of ft and x 
n the time-dependent basis defined by the elgen- 
ectors of ft. The Inertia matrix is defined by 

■A[ft] -fl[ftP'' 


311= 


(2.27) 


dth 


Ma,] ^*[ftl 




ygLAl 


(2.29) 


.where there is no possible coofuslao between the 
froeecker and functional derivative symbols). 


Is nearly satisfied. The meaning of the assump¬ 
tions on X and x can now be formulated as follows: 
Since x is the ‘conjugate momentum” of the ‘co¬ 
ordinate” ft, the first hypothesis (smallness of x) 
egresses simply a condition of small velocities; 
the second assumption (smallness of If i) prevents 
the system from getting large accelerations, and 
therefore preserves the slow character of the mo¬ 
tion along the whole path. 

At this point one should distinguish between two 
limiting cases according to whether [IF,, ft] is of 
first or eecond order in x> The first case corre¬ 
sponds to the RPA, l.e., to the small amplitude 
limit. The second corresponds to the large ampli¬ 
tude limit. Let us note in this respect that, as in 
Ref. 5, we use the term adiabatlcity in a some¬ 
what misleading way since with our definition (x 
and Hie small) It encompasses these two limiting 
cases, whereas traditlonaliy” it is only attached 
to the second situation. 

By use of the first Hamilton equation, it can be 
shown that the collective kinetic energy, which is 
the quadratic part in x of £([ft,x], can be ex¬ 
pressed as 
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X= Tr( xpo) = 



(2.32) 


It Is useful to give another expression for X, in 
terms of the conjugate momentum x. B; expanding 
at order two the average value of the full Hamil¬ 
tonian //; 

(2.33) 

one gets 

£'.fft„xl = £[pol + J<'^o|[x,[#,X]]|0o). (2.34) 
and Eq. (2.17) leads to 

£.[pb,xl = l(^)o|[x,[".xlll<(>o>=JC. (2.35) 


This is formally a constrained Hartree-Fock equa¬ 
tion for the external field F = />, p]. 

Inserting the expansion (2.13) into Eq. (2.39), 
one gets for the time-odd part of the adlatuitic li¬ 
mit of (2.39) 

<»[[Ao,P»],P<,] = [B'„P.l + tM'i,Po]. (2.40) 

The left-hand side and the last right-hand side 
terms in Eq. (2.40) have clearly vanishing diagonal 
(particle-particle and hole-hole) matrix elements. 
The diagonal part of the secmid term Is [lF^,p,], 
which, due to the smallness of [lPa,Pb], is at least 
of second order in x (see Appendix A). Neglecting 
this term In the first order equation (2.40) leads to 

«'»[[;)o.Pbl,Pbl = [»'f,Pi] + [«'i.ft.!. (2.41) 


As for the potential energy 

V = i'.[po.xl-X , (2.36) 

which is only a function of the coordinate pg, it is 
simply 

U=£[A)I. (2.37) 

In the preceding, wc have thus put the total ener¬ 
gy in a classical Hamiltonian form: 

JCrrX+U, (2.38) 

which will allow us to make the connection between 
this TDHF approach and the ISohr collective Hamil¬ 
tonian approach. ‘ 

As already mentioned, the variational approach 
to ATDHF formalism presented here has been ob¬ 
tained in the case where the natural decomposition 
of p into pg and x is chosen. For the more general 
case of any other choice for the decomposition 
(2.7), Hamiltonlike equations can stlli be derived, 
but with some more difficulties’'’; all the equations 
(2.17) to (2.20a) and (2.21) to (2.38) remain valid. 
The only equation affected by a different choice of 
Po and X Is the second Hamilton equation (2.20b). 
Since this equation is supposed to define the adia¬ 
batic path, it may be argued that the natural choice 
lor X brings some arbitrariness into the whole 
approach, [indeed, it is well known in some par¬ 
ticular cases' that p may be decomposed as in 
Eqs. (2.7), (2.8), and (2.9) without fulfillment of 
Eq. (2.10)]. In this respect, it is worth recalling 
the Important result of Ref. 5; In the adiabatic 
limit, all decompositions fulfilling Eq. (2.7) with 
Po and X Hermltian and time-even are dynamically 
equivalent. 

“Conslrained forms” for the TDHF and first 
ATDHF equations. As an Immediate consequence 
of the projector character of p [see Aiipendlx A, 

Eq. (A18)|, one can write” the TDHF equation 
(2.4) as 

[H'-i»[p,pl,pl = 0. (2.39) 


Eq. (2.41) Is nothing but the first Hamilton equa¬ 
tion (2.24) in which the operator ^ has been writ¬ 
ten under its double commutator form. 

This equation can also be viewed as the time-odd 
part” of the following constrained Hartree-Fock 
(CHF) equation: 

[iVj+tF,-l*[pg,Pg],Pg+Pll=0, (2.42) 

In Eq. (2.42), the term which generates the time- 
odd part Pi of the density is the time-odd external 
field: 

-F„=-ifilPo.Po]. (2.43) 

Therefore, the operator Fg has the physical con¬ 
tent of a “momentum” operator, times a velocity. 
Let us consider its mean value in the time-depen¬ 
dent state: 

(F„> = TrF„p. (2.44) 

By noticing that the only part of p contributing to 
the trace is time-odd (due to the property of the 
product of two Hermltian operators having opposite- 
parities under time reversal to have a vanishing 
trace), one obtains 

(Fg> = TrFg p, = » Tr[ p„, pg][ X, pgl. (2.45) 

A straightforward handling of Eq. (2.45) leads to 

(Fg>-»TrxPb = 2*, (2.46) 

which further supports the interpretation of Fg as 
the product of a momentum by a velocity. 

The Interest of the “constrained form” (2.42) of 
the first Hamilton equation and the reason for in¬ 
troducing the operator Fg will appear in the next 
two sections. 

The Inglis cranking. To close this section, we 
make some comments about the cranking model 
and its relation with the ATDHF approxi m at i on. 
The ihglis cranking approach’ may be defined as a 
non-self-consistent solution of Eq. (2.24). More 
precisely, one ne^ects the effect of the time-odd 
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geU-consistent field on the time-odd density 
The corresponding approximate equation of motion 
reads 

iHpo=l'^o.Pi], ( 3 .«) 

-whose inversion provides pi In terms of p,. 

The IngUs formula can be deduced from (2.47) 
once a proper choice of the slnt^e-particle basis 
is made. A reasonable choice would consist in 
common eigenvectors of p, and of an ‘energy oper¬ 
ator* commuting with pg, as in the static Hartree- 
Fock case. SUch an operator cannot be exactly the 
Hartree-Fock field Wg constructed from pg, which 
in general does not commute with pg. However, 
the adlabaticity condition requires that [fFg, pg] 
should be small compared to some characteristic 
single-particle excitation energy; therefore, the 
eigenvectors of the diagonal part tFg of pg [see Eq. 
(2.30)] are ‘nearly* eigenvectors of Wg. Since the 
operator clearly commutes with pg, we can 
define the single-particle basis {|/i), |p)i] by 

Pi,I*>=|a>. «'?|A> = «,|A), (2.48) 

Po|/>>'0, lF*|p> = eJp>. (2.49) 

Taking the matrix elements of Eq. (2.47) leads to 
<«<A|p„|/>> = (e,-«gKfc|p.|t>>, (2.50) 

which gives. In terms of X [see Eq. (2.14)], 


is, as It should be, quadratic in g. Equation (3.2) 
tells us that p defined as 

p==ATrx^=^ = 2^ (3.3) 

Sg Sg dg 

Is the conjugate momentum of the coordinate g. 
This has also been checked directly In Ref. 6 by 
varying the adiabatic action. Since they are clas¬ 
sical canonical variables, p and g satisfy the P(ds- 


son bracket relations: 

{9.P}=1, (3.4) 

? = {7,3<^, (3.5) 

P = {p,JC}. (3.6) 

From Eq. (3.3) [or Eq. (3.2)], one defines an 
adiabatic mass 31 ( 7 ) by 

Al(7)=t = ?^:=Tr , (3.7) 

g r gig 

which Is of course independent of 1 ). 

Let us now consider the time-odd Herraitian 
operator: 

which is Just [see Eq. (2.43)] 

P = F^g. (3.9) 


The kinetic energy, given by Eq. (2.32), can then 
be written as 

, (2.52) 

which is the cranking formula. 

DI. REDUCTION OF THE NUMBER OF DYNAMICAL 
VARIABLES 

From now on, we will restrict the number of 
dynamical variables by assuming that the operator 
Po depends cm time only throu^ a few number of 
dynanoical variables g^. This implies in particular 
that 

For the sake of simplicity, we will consider the 
case of a single variable g. The generalixatlon to 
several variables Is straightforward. 

From Eqs. (2.20a) and (2.22) one sees that p, 

(or equivalently x) Is linear in g, and therefore 
the kinetic energy x [see Eqs. (2.32)], such that 

X=igTr(»x^), (3.2) 


From Eq. (2.46) and the definition (3.3) otp, we 
deduce that the expectation value of the operator P 
In the time-dependent state 4’ is the conjugate mo¬ 
mentum p olg: 

(/>>=.|(F„> = ^=p. (3.10) 

K happens frequently that the coordinate g is 
chosen to be the expectation value of some time- 
even observable Q: 

g^(Q) = TrpQ=‘Trp,Q. (3.11) 

(The last equality has been obtained by using tlme- 
reversal properttes of the operators under the 
trace, and by neglecting terms of second order in 
X.) Whereas we have Just seen that the expectation 
values of P and Q are classical conjugate vari¬ 
ables, It can be proved that P and Q, as quantal 
variables, are canonically conjugate in a weak 
sense precised below. To show this, we compute 
the mean value of their commutator: 

(♦|[Q,P]|*) = Trp[Q,F]. (3.12) 

Using again well known properties of the trace and 
neglecting second order terms in x, we get 

Trp[Q,P] “Trpg[<?,P]=TrQ[P,pg]. (3.13) 

Alter inserting the definition (3.8) of P and the ex- 
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Dresslon (A18) of Appendix A tranq>osed to TtpJZq, 
Eq. (3,13) leads to 

Trp{Q, I = TrQ ^ ^ TrQp, =^ , 

(3.14) 

which provides the canonical relation 

<*![<?,Pll*)-**. (3.15) 

Ol course, such a relation is valid for any time- 
even Hermltian operator Q; therefore, It does not 
provide any criterion for the choice of a *good” 
collective path. This Is not surprising, since it is 
valid whether the second Hamilton equation (2.20b) 
is satisfied or niA. Nevertheless, once a choice 
for Q has been made, the weak conjugation relation 
(3.15) does support the definition (3. 8) for P. 

Some authors (see, e.g., Hcfs. 4 and 10) 
define the conjugate momentum A* of Q as; 

p*(q)-ih{,n/?q)*(q). (3.16) 

Such a P is clearly not equal to the operator P 
considered in the present work, which has only 
particle-hole matrix elements in the sp basis of 
pj [see Appendix A, Eq. (AIB)], whereas P can 
have nonvanishing diagonal matrix elements. In¬ 
deed, one can easily see that 

P\h)-.o,P\l,)^aJ‘\h)iP\h), (3.17) 

Po/’l/») - pj' \p')*P\p). (3.18) 

However, if one con.slders the time-dependent 
state (|^') -<’** I </>„)) built from the natural decom- 
posltlon^'* one can show thal these two operators 
have the same expectation value: 

{P) (3.19) 

bet us finally comment about the evolution with 
time of < P) and As fur the expectation value 

of any one-body operator G (having no explicit de¬ 
pendence on time), their TDHF equations of motion 
are of the general form 

(3.20) 

The latter is easily demonstrated as follows: 

Since 

|-((;^-Tr^. , (3.21) 

one gets from the TDHF equation of motion (2.4) 

|■((:;)^~i{(;[H'(p),pl}, ( 3 . 22 ) 

where H'(p) is the one-body reduction with respect 

to p of the one-body plus two-body operator H, 
From the general property of one-body reductions 


0(p) of many-body operators e,** 

<*|[0,c:c.]|*> =-<m|[0(p),p]|s) (3.23) 

(where p is the density matrix defining the indepen¬ 
dent particle state 14'), and Cl are creation opera¬ 
tors on the single-particle states |i)), one gets 
readily Eq. (3,20). Using Eqs. (3.5) and (3.6), 
together with Eq. (3.20) applied to C = Q and C = P 
leads to 


{9.3C}=(*|jJ-[Q,Hl|*>, 

(3.24) 


(3.25) 


The approximation consisting In reducing the 
number of dynamical variables, together with the 
preceding ones (existence of a mean field, adiabat- 
Iclty of the motion), are the basis for the unified 
model description of low energy nuclear excita¬ 
tions. ‘ However, a further approximation Is gen¬ 
erally associated to this ^jproach. One decides 
a priori, l.e., without solving the equations of mo¬ 
tion, what the dynamical variables should be. In 
other words, one chooses a special family Potf)- 
Possible choices for such families will be dis¬ 
cussed In Secs. IV and V. 

In this case, one has only to solve the first Ha¬ 
milton equation, providing the pass parameter 
■'f(<7) 

+ (3.26) 

It Is worth noticing that this equation Is not capable 
of determining the diagonal part of x in terms of 
r^Po/^l- In other words, the mass parameter M{q) 
does not depend on the diagonal part (AiXAi 
of X. This can also be seen directly on the expres¬ 
sion (3.7) of Mip). Since the operator SPo/dq has 
only particle-hole matrix elements, the particle- 
particle and hole-hole parts ol x do not contribute 
to the trace. 

Let us finally deduce, from the IngUs formula 

(2.52) for the kinetic energy, the usual cranking 

formulae for the mass parameter Af(q). The first 
one Is obtained by replacing ^ by 4 In Eq. 

(2.52) : 


M(q)-2»r»S 

».» 

(3.27) 

1 (* 13/39 IP) I* 

(3.28) 


By use of 


O/39)[«'f,ft,] = 0. 

(3.29) 


one can also express the mass parameter as 
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O.S0) 

vhlch is aa altematlTe form lor the cranldiig for¬ 
mula* 

IV. CONSTRAINED HARTREE-FDCK PATHS 

As a possible prescription, the trajectory 
Is assumed to be given by the solution ol a CHF 
equation 

fl<«Jff-AQ|.j)o> = 0, (4.1) 

where 4>o la a Slater determinant minimizing the 
total energy of the system under the action of the 
time-even external field (-\Q). In terms of the 
density operator Eq. (4.1) can be written 
equivalently as 

Po(?)l = 0. (4.2) 

The operator is the Hartree-Fock Hamiltonian 
built from the density matrix p^, and the collective 
coordinate q is the expectation value of the con¬ 
straining operator 

q = («> = TrA,<?. (4.3) 

The equatloas of motlaa form, as noticed before, 
a linear homogeneous system [see the matrix 
formulation (2.26) of the first ATDHF equation 
(2.20a)], and could be solved by a matrix inver¬ 
sion. For technical reasons, we prefer to proceed 
in a rather different way, l.e., take advantage of 
the “constrained form* (2.42) of the first Hamil¬ 


ton equation: 

A, + P.!=0, (4.4) 

with P defined by 

As a consequence of Eq. (4.2), the operators W, 
and \Q have identical particle-hole (and hole- 
partlcle) matrix elements; 

<'o**'aA. = «'oW)Ai. (^-6) 

PoW'o®» = Po(aQ)Uo- 


Denoting by ^ the antidlagonal (off-diagonal) part 
of Q, 

ve deduce from (4.6) and (4.7) the following ex¬ 
pression of Wg: 

Wg"(=Wg-H'*)=Wg-AQ^. (4,8) 

Inserted into (4.4), Eq. (4.6) leads to 

[W',+ IF,-X9-‘-qP, p„+pJ-0, (4.9) 
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which is the doubly constrained Hartree-Fock 
equation: 

(4.10) 

The determinant if built from the occupied states 
of the density operator p=:pg-)- p, is not time- 
reversal invariant, due to the presence in the ex¬ 
ternal field of the time-odd part (-qP). In the 
limiting case of small velocities q, the time-odd 
part p, of p is, as it should be [see Eq. (3.26)], 
proportional to q [linear response in Eq. (4.10)]. 
Since the adiabatic mass parameter Miq) has no 
dependence on q, its knowledge require only the 
computation of p,/q, or equivalently of x/q, as 
seen in Eq. (3.7). The determination of p,/q as 
given by Eq. (3.26) can thus be performed by solv¬ 
ing Eq. (4.10) with an arbitrary value of q, small 
enough to fulfill the linear response condition. 

Equatlim (4.10) is composed, of course, of two 
distinct equations. The time-odd part 

is the equation which are actually want to solve. 

The time-even part is 

[H'o-A9^,Pol + [H'i-7^,P>] = 0, (4.12) 

and is therefore automatically satisfied up to first 
order in the doubly constrained Hartree-Fock pro¬ 
cess. This equation does not coincide exactly with 
Eq, (4.2), and it induces thus a slight change In 
the path pjiq). However, by choosing a sufficiently 
small q value, the second term of Eq. (4.12) re¬ 
sponsible for this modification of the path is negli¬ 
gible. A quantitative discussion concerning the 
range of the choice of q in numerical aptdlcatlons 
will be given in II. 

We have already noticed that the smallness of q 
is a necessary condition to ensure a linear re¬ 
sponse, Since this implies also the smallness of 
p„ it is related to the first adiabaticlty condition 
(smallness of x). On the other hand, the second 
adlabatlcity assumption (Rx small) constrains the 
Lagrange multiplier A to be small; indeed, the 
smallness of Rx corresponds to the smallness of 
the commutator [Wg.pg], as mentioned In Sec. H. 
Using the definition (4.2) of the path pa 

[^Or Po]~ a[ 0, Pol I 

one sees how the smallness of A is imposed by the 
second adiabaticlty assumption. Thus in our doable 
CHF approach for which the external field Is 
(-AO'* -qP), both A and q should be small. These 
condiUmis are connected to the adiabaticlty as- 
’ sumptions, but they clearly do not imply any 
small amplitude hypothesis. A simple example of 
cases where X Is small but where a large am]dl- 
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tude motion occurs is given by nuclei having a 
soft behavior with respect to deformations. Their 
potential energy curve Is very flat In a large re¬ 
gion around the HF minimum, corresponding to a 
small value of the slope \{q) (see, e.g.. Fig. 7 of 
□). The authors of Ref. 26 Identify the limiting 
case A 0 with small amplitude motion, which Is 
In contradiction with the previous statement; It la 
likely that they have In mind a definition of small 
vibrations different from the usual RPA hypo¬ 
thesis (llp-p„ll'f 1). 

The method of computation of mass parameters 
described in the present section has been first 
proposed in Ref. 22, where the first numerical 
applications were also presented. Up to now. It 
has been applied to the calculation of mass parame¬ 
ters for quadrupole vibrations’’'” and for heavy 
Ion collisions.’’' 

To conclude this presentation of the CHF path, 
we will discuss briefly the connection of the pre¬ 
ceding with different approaches of the same prob¬ 
lem. 

(i) The Inglls cranking formula Is obtained, as 
seen In Sec. II, by neglecting H', In the flrst 
ATDHF equation of motion. Starting from a solu¬ 
tion p^ of the time-even CHF problem, one gets 
simply the Inglls cranking value of p, from the sol¬ 
ution (po + p,)' of the first iteration of the CHF 
equation (4.10) (i.e., the solution of the Schrddlnger 
equation for the one-body Hamiltonian IV, 

-if). The Inglls adiabatic mans Is thus obtained 
very easily as a byproduct of the full solution of 
the ATDHF problem. 

(11) In the particular case of rotational collective 
motion (rotations of the nucleus as a whole), 
Thouless and Valatln’ have already shown that the 
solution of the TDHF equation could be cast into 
the form of a CHF problem, with the time-odd 
constraining field (-tun - J) (u being the angular 
velocity, f^the unit vector defining the rotation 
axis, and J the angular momentum operator). This 
result can be easily deduced from our more gen¬ 
eral formalism, since in this case the family 
p„(tf) (where D is the collective coordinate specify¬ 
ing the angular position) is simply given by 

p„(fJ) -exp(-t’0M •J/fl)f\,exp{iffn -5/8), (4.13) 

where p,, correspond to a static HF solution. 

From the definition (4. 5) of P, one gets readily 

f'r-(n •J)'* . (4.14) 

Our time-odd constraining field P Is therefore the 
antidlagonal part of the Thouless-Valatln’s time- 
odd field; however, it is easily seen that the mo¬ 
ments of Inertia obtained by these two methods are 
equal. Indeed, one could add to the “momentum 
operator* P In the time-odd equation (4.11) any 


particle-particle plus hole-hole part P" without 
any change In the result, since any diagonal opera¬ 
tor commutes with p^. Thus the value of p, would 
not be affected by such a change of P. Moreover, 
the mean value of P'=P + P“ would remain un¬ 
changed, since 

(P’)=iliTrf>P' = iK Trpi(F + />") 

= i»Trpif>=<P>. (4.15) 

In the above equalities, we have used the property 
Trp,j''’ = 0, which comes from the antidlagonal 
character of p, (see Appendix A). Of course, a 
similar result is available for uniform translation¬ 
al motion, and one gets for the mass parameter 
the nucleus mass, as in the Thouless-Valatin 
method. 

(ill) The present approach bears some similari¬ 
ties with a formalism presented by Villars in Ref. 

8. In this paper, the author considers also a doub¬ 
ly constrained Hartree-Fock equation of the type 
of our Eq. (4.10), where the operators P and Q 
satisfy the canonical relation (3.15). However, 
once the choice of Q Is made, we do have a pre¬ 
scription to determine P, while in Ref. 8 an am¬ 
biguity In the choice of P is explicitly acknow¬ 
ledged. This ambiguity stems from the fact that 
P is only subject to the weak canonical relation 
(3.15). It may be noted that In our case It Is the 
adiabatic approximation (via the first Hamiltonian 
equation) which leads to the unequivocal determin¬ 
ation of P. 

Rowe and Bassermann’ have also proposed a 
double CHF approach to nuclear dynamics, giving 
explicit expressions for the P and Q operators in 
terms of a set of local normal coordinates and mo¬ 
menta. Such a general formalism does not assume 
any adlabaticlty. 

In fact, these approaches,’’’ and several other 
attempts’’*”’” to derive the collective path (prob¬ 
lem which we do not touch in the present contribu¬ 
tion) do correspond In practice to a tremendous 
numerical effort which, to the best of our know¬ 
ledge, has not yet been mastered in nontrivial 
cases. 

V. SCAUNCPATH 

The choice of a dynamical path defined by a scal¬ 
ing of equilibrium wave functions has been recently I 
considered by several authors either In the frame¬ 
work of the ATDHF formalism”’” or within a 
slightly different context. Our aim here Is to 
study Is some detail the scaling hypothesis as a 
possible prescription for the ATDHF path 

The scaling approximation consists In construct¬ 
ing from a static equilibrium HF solution defined 
by its density matrix py, a family of density opera- 
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tors Ai(^) 

p,(0) = e>'*p,^e-‘»f, (6.1) 

where S is a local time-odd Hermitian spin-inde- 
peodent one-body operator whose f representation 
is such that 

v/(f), 2 ieAr) =2V0(f)• v/tf) +/(?)?*e(?). 

(5.2) 

Id Eqs. (S. 1) and (5.2), S is a small number (com¬ 
pared to one) and 0 (r) is a given real function of 
the space coordinate chosen to reproduce the stu¬ 
died collective motion. One may consider, for in¬ 
stance, 

ff-r' (isoscalar monopole vibrations), (5.3) 

~x* -y* (Isoscalar quadrupole vibrations), 

(6.4) 

l)-n - r (translations defined by the unit vecor n). 

(5.6) 

The well known example of translations, studied 
extensively in Ref. 5, suggests to try as a solution 
of the first ATOHF equation (2.24) for the most 
general mode. 

X=-(m/l[mf). (5.6) 

In fact, it is shown in Appendix B that the opera¬ 
tors pg and X defined in Eqs. (5.1) and (5. 6 ) do sat¬ 
isfy Eq. (2.24) provided the two-body Interaction 
V is gauge invariant with respect to 0(r): 

[V,0(?)] = O. (5.7) 

This gauge invariance property is trivially ful- 
niled for velocity-Independent interactions. For 
velocity-d^endent forces of the Skyrme type, it 
can be shown (see Appendix A of n) that the gauge 
invariance is ensured, even for the spin-orbit part, 
but onZy for isos color modes . 

From now on we will restrict ourselves to iso¬ 
scalar modes and assume the gauge invariance 
property. In this case, we may write a continuity 
equation 

ft(?)+(»/»«)V-r(?) = 0, (5.8) 

where the current vector j is given by 

r(f)= A.(f)^x(r). (5.9) 

In order to get it, one can, for instance, repre¬ 
sent the Hrst Hamilton equation (2.24) in configur¬ 
ation space and take its limit when ?'->?.** Con¬ 
sider now the classical adiabatic kinetic energy 

*=*»TrxA,. (5.10) 

Using the continuity equation, we get for X 


THE ADIABATIC... . I. ... 


X=-^ J x(T)v-]{r)d*r 

(5.11) 

= £ / A.(?HVy(r)PdV, 

(5.12) 

alter integration by parts. From the definition 
(5.6) lor X one obtains finally 


(5.13) 

where the scaling mass parameter is given 

by 

= m y"pi,(r)[ve(f)fdV, 

(5.14) 

To illustrate the preceding we will now concen¬ 
trate on a specific isoscalar collective mode, 
namely the quadrupole motion. In this case since 

(ve)* = 4(x* + ,v’ + 4e *), 

(6.15) 

one gets for the mass parameter 


Af«-(l3) = 4»n(2<y»>+ <(?„», 

(5.16) 

where r' and are the operators: 


r*X* + y* + e ’ , 

(5.17) 

«io= 2 **-x*-y*. 

(5.16) 

Since we would like to compare the scaling path 
with the CHF one, we must choose the same col¬ 
lective variable 9 = (in the two cases. For 
this purpose we expand each orbital i)i°(^pr,.v,z) of 
Po around the corresponding orbital df* of to 

first order in 0 , which leads to 

^»(d;x,.v,z) »(l + f0e)^*Cv,y,z). 

(5.19) 

For e(r) given by Eq. (5.4), 


v*e(f)=o. 

(5.20) 


and thus one gets from Eq. (5.19) 

= i(?*jr(l -23),.v(l 

(5.21) 

B is clear from the preceedlng that the iterator 
liS acts as a scaling operator only for small values 
of 0, that is, for small amplitude motions. The 
quadriqyole moment 9 O) of r,.v,r) can be 
easily expressed as 

+ 3(Y_ - 2g^ (>*V-*•?.»), (5.22) 

where q., and Ar„* are the expectation values of 
Q„ and r* for the equilibrium state p,,, a being 
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the number of particles. Similarly, one gets for 
the radius r(fi) the expression 

<r*> = /lr*W) -2Ar.,*) 

3^j _ J3)< • (5.23) 

Therefore, the mass is given by 

Af ^) = 4 w [- Y - (9.. - 2^r..*) 

- 23 )* 


= mil-20)^, (5.25) 

dp 

which for small values of 0 leads to 

dq/d0-=‘M^i0)/m. (5.26) 

Now the mass M^iq) can be deduced from the 
mass Mgf.i0) as 

M^iq) = St^i0)i^)\ (5.27) 

that Is, In the small ^ limit, 

' 4(2rr*)" {<?,„)) • 


One may note Incidentally that the operator P 
defined in Eq. (3.8) writes 

We have heurlstlcally used the result obtained 
for translations to find a solution to the first 
ATDHF equation in the most general scaling case. 
However, the latter is significantly different from 
the translational case. Indeed, the second ATDHF 
equation is exactly fulfilled for uniform transla¬ 
tional motion as a consequence of the Galilean In¬ 
variance. ° Such a fulfillment Is not achieved 
a priori for an arbitrary scaling transformation. 

The operator x considered In this section Is not 
the natural one since it has obviously nonvanlshlng 
p-p and h-h matrix elements. (In this respect It 
has been shown that the natural x cannot be local.**) 
We recall that the expressions (2.20a) for the first 
Hamilton equation and (3.7) for the mass parame¬ 
ter are valid for any (natural or non-natural) de¬ 
composition (2.7). Therefore, it was legitimate 
to calculate the scaling mass parameter from a 
local X solution of Eq. (3.20a). Whereas the p-h 
representation is most convenient to derive 
the general AIDHF formalism, the "i representa¬ 
tion Is undoubtedly more appropriate when x Is 
local. In this case, most of the mechanical prop¬ 


erties will pertain more to classical fluid dynamics 
than to point particle Hamlltooian mechanics. 

We have presented the cases of scaling variables 
and of CHF variables In separate sections. It 
should be noticed, however, that the scaling path 
for a multipole operator Q can also be given by a 
CHF equation**; 

6(H-\[tf,[ff,Q]']' = 0. (5.30) 

In Eq. (5.30), the prime Indicates one-body re¬ 
ductions of operators. According to the prescrip, 
tlon given In Sec. IV, the definition of the collec¬ 
tive coordinate q corresponding to the path pro¬ 
vided by (5.30) would be 

? = ([«,[«,©]']'), (6.31) 

which Is proportional to the variable 0 considered 
in the present sectlm (see, e.g.. Ref. 33). The 
definition (5.30) for the collective path has of 
course a purely formal interest, since mass and 
stiffness parameters can be numerically calculated 
In a much simpler way. 

VI. SUM RULES 

During the last few years, the language of sum 
rules has been extensively used (see, e.g.. Ref. 

31) for the description of collective states. In 
this section, we briefly recall some results which 
can be of some help to better understand our study, 
and discuss the physical content of the two kinds of 
paths presented before. 

The energy-weighted moments of any one-body 
operator Q are defined by 

l<»l<?|0)|’(«,-e„)*. (6.1) 

where k Is integer, and n (or 0) labels excited (or 
ground) states. 

These moments are often evaluated within the 
RPA approximation for the excitation energies 
(e, - Cp) and for the transition matrix elements 
<n|Q|0) defined as 

<n|Q|0>= + 

where the Q^^'b are the particle-hole matrix ele¬ 
ments of Q In the static Hartree-Fock basis, and 
the vectors ^ and 1^ [whose components are 
(A,),t and (^.,J satisfy the RPA eigenvalue equa¬ 
tion 


- e 

A B 


= {£,-«o) 


-B* -A* 





In Eq. (6.3), A and B are the standard RPA ma¬ 
trices defined by (2.28) and (2.29) in the static 
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jjartTM-fodi baslB. 

Whan the Hartree-Fock eolutloii Is a true local 
ninimam of the total energy, the stability RPA 
condition*' ensures that the excltaUon energies 
(c, -€g) are reel; this leads to poelUve moments 
w,.** 

By straightforward use of Sobwara Inequality, 
one can deduce various Inequalities for the mo¬ 
ments,*®'” In particular, 


(5.6) of X Into Eq. (2.36) for the kinetic energy. 
This leads to 

K= <>o I [e, [If, ell 10,). (6.8) 

As Is well known, the expectation value of the dou¬ 
ble commutator [6,[H, e|] in the static Hartree- 
Fock state 4>.t related to the first RPA moment, 
provided e Is a one-body operator: 




(6.4) m»(e)=i(*..|[e,[ff,e]](0..>. (6.9) 


* mo 


(6.S) 


where the energies are deflned by 



( 6 . 6 ) 


Moments evaluated according to RPA prescrip¬ 
tions can be expressed, at least for odd k. In the 
following form**: 




to 

anel 

■ £ ■ 

-B‘ -A* 


-£* 

L J 




(6.7) 


where the components of the vector £ are the 
particle-hole matrix elements of the operator Q 
in the static Hartree-Fock basis. Formula (6.7) 
holds for positive or negative n. 

If one does no longer consider a static Hartree- 
Fock solution but Instead some point of an 
‘adiabatic path” pgC?), one can still define ‘gen¬ 
eralised local RPA moments” by Eq. (6.7). But 
now, while the matrices A and B keep the same 
formal expressions (2.28) and (2.29) as previous¬ 
ly, they are expressed In the ATDHF particle-hole 
basis composed of commcm eigenvectors of p, and 
(IFg)" [as In Eq. (2.27)]. Since these generalized 
matrices A and B are not related to the static HF 
equilibrium, they do not a priori satisfy the sta¬ 
bility condition. Therefore, the poslUveness of 
m, and the Inequalities (6.4) and (6.5) are no 
longer guaranteed in this case. However, sum 
rules can still be obtained by standard procedures; 
in particular, the adiabatic mass parameters 
Mcnritl) and 3#^(?) calculated respectively for a 
‘constrained Hartree-Fock* coordinate and for a 
scaling coordinate can be expressed In terms of 
generalized moments along the whole path q(<). In 
both cases, the adiabatic mass Is the nuclear po- 
iarlsablUty with respect to the momentum opera¬ 
tor P generating the motion [M = 2m.,(P)]. Let us 
now express M In terms of generalized moments 
of the operator Q defining the path. 

(a) Scaling path. To get a sum rule for the scal¬ 
ing mass parameter, we Introduce the expression 


This linear energy-weighted sum rule studied by 
Thooless” has been recently extended to density- 
dependent Interacticns. *^ Similarly, it can be 
shown that the generalized first moment satisfies 
the relation 

m,(fi, $)=u (PoO) I [e, [B, e]] I (6.10) 

along the whole path PgO). For multipole modes, 
e is the corresponding multipole operator Q [see 
Eqs. (5.3), (5.4), and (5.5)], and the scaling mass 
parameter writes 

JW«:(8) = 2(j)*m,W,3), 

or, in terms of the coordinate q = <.Q), 

^ > 1 * 1 

To evaluate the excitation energy m the small 
amplitude limit, one needs the stiffness parameter 
at the static Hartree-Fock equilibrium pomt 7 ,,: 



From the expansion of the potential energy 

e[Pi,l = (-Oo I ff ko> = ( ■»., I Km > (6.14) 

to leading order In 0 , one gets 

^^ = (K..Ke,l«,0]3kM) 


( 6 . 11 ) 

( 6 . 12 ) 


= 2mi(e)=2m,(9). (6.15) 


The demonstration of the last equality In Eq. ( 6 . IS) 
can be found In Ref. 30. This leads for the stiff¬ 
ness parameter to the value 




m,(Q) 
Im.Yd?)]* > 


(6.16) 


and for the ATDHF excitation energy corresponding 
to a scaling path In the small amplitude limit: 



The latter expresstoo for the excitation energy has 
already been considered by several authors, hi 
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Ref. 30, It is used as a preaciiptlon for an estlma- 
tian of the isoscalar resonance energy, the opera¬ 
tor Q being the corresponding mulUpole operator. 
As mentioned In these references, the evaluation 
of through formula (6.17) Involves only a static 

Hartree-Fock calculatlm at the equilibrium point. 
The authors of Ref. 33 get the same expression of 
the excitation energy by a method offering some 
similarity with the ATDHF approach. They also 
use a scaling hypothesis for the wave function, 
and they construct a collective Hamiltonian In the 
small amplitude limit of TDHF approximation. 

(b) Constrained Hartree-Fock path. The mass 
parameter obtained by solving the first ATDHF 
equation for a path Pa(q) solution of Eq. (4.2) can 
also be expressed In terms of the previously de¬ 
fined generalized moments as’‘‘*° 


^csr(?)~ i** 


m-3(Q,<r ) 
[»«.i(0,q)T ■ 


(6.18) 


Although It would be meaningless to make the 
small amplitude approximation If the ATDHF mo- 
tl(m Is found to be anharmonlc, let us give the ex¬ 
pression of the excitation energy in this very re¬ 
strictive hypothesis. As is well known, the stiff¬ 
ness of the deformation energy curve at the static 
HF minimum is related to the polarizability sum 
rule: 



Therefore, tn the small amplitude limit, the exci¬ 
tation energy writes 


^CHT- * 



( 6 . 20 ) 


It should be emphasized that the latter expression 
for the excitation energy Is given only for Indica¬ 
tion, and does not represent, in general, the true 
ATDHF result for a constrained path. Indeed, it 
can happen that such a path corresponds to a large 
amplitude motion, as illustrated in Q. In this 
case, the calculation of the ATDHF excitation en¬ 
ergy would require a quantization of the collective 
Hamiltonian: 

which may be very different from an harmonic 
oscillator Hamiltonian. 

The expressions (6.12) and (6.18) of 
AfcHrW) already allow us to draw some conclu¬ 
sions. Let us consider for the discussion the ex¬ 


ample of isoscalar qoadrupole modes, and make 
for the operator Q the choice Q= Qgg. As a first 
Important remark, we note that the presence of 
negative moments In the CHF path gives more 
weight to low energy particle-hole exdtatlains, 
whereas the linear sum rule of Eq. (6.12) for 
Afac(q)fAvors X-Nu excitations. As a consequence, 
we expect significant differences between the two 
paths for non-spin-saturated nuclei. 

To develop the preceding comment, let us re¬ 
strict the comparison to the static Hartree-Fock 
equilibrium point, where the two mass parameters 
can be expressed in terms of the usual RFA mo¬ 
ments 




( 6 . 22 ) 


By use of Eqs. (6.4), (6.6), and (6.22), one gets 
the following property for the ratio of the two 
mass parameters: 


-ijL. ^ 


1 . 


(6.23) 


Moreover, cxie knows that the inequalities (6.4) 
are reduced to equalities only in the case where 
the whole strength of the excitation operator Q is 
concentrated In one collective state. Equation 
(6.23) thus means that the two paths considered 
here lead to the same mass parameter at the 
equilibrium Hartree-Fock point if and only if the 
RPA sum rules are exhausted by a single excited 
state; otheiTvlse, the CHF mass is always greater 
than the scaling mass. 

The fact that the CHF path takes into account 
low energy excitations, whereas the scaling path 
Is completely dominated by the giant resonance, 
is confirmed by the values £.,(CHF) and £, (scal¬ 
ing) of the excitation energies in the small ampli¬ 
tude limit. 

All the preceding arguments will be illustrated 
and supported In n, but henceforth it Is possible 
to conclude that these two paths are adapted to 
different physical situations. The scaling path, 
as is well known, is cmivenlent for the description 
of giant resonances, whereas the CHF path with the 
constraint (- XQ„) seems appropriate to the study of 
low lying collective states. The discussion of the 
matter presented here will be completed by the 
calculations reported In n to which we reserve 
general conclusions. 
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APPENDIX A: PARTICLE-HOLE ALGEBRA 

In this Appendix, we derive some useful proper¬ 
ties resulting from the idempotency of p, (or of the 


'I'DHF density operator p): 

Po’=ft.. CAl) 

We introduce the projector o„ = 1 - p^ orthogonal 

to Ai 

OoPo=Oi (A2) 

and recall that the hole and particle states are 
defined, with respect to Pa, as 

Po|/i)=|*> (thus Oo|*> = 0), (A3) 

Pol/)> = 0 (thus Oo|p>= )p)). (A4) 

Let us decompose any one-body operator R as 
A = (Po + Oo)^( Po + 7„) (A5) 

or 

R^R* + R‘’, (A6) 

with 

^ = ‘'oAPo + . (A7) 

R'’ = PoRPo + cT(,RCTo. (A8) 


It is clear from (A3) and (A4) that the operator 
R* is antidiagonal In the particle-hole basis (it 
has vanishing p-p and h-h matrix elements), 
whereas the operator R" is diagonal (It has vanish¬ 
ing p-h and h-p matrix elements). 

Many operators Involved in the present work are 
antidiagonal. Let us consider, for instance, an 
operator R such that 

p^ + Rpa = R. (A9) 

Writing (A9) as 

Pifii Po + + (A) + ‘'o)*A> = (fti + ’’oW Pa + 

(AID) 

leads immediately to 

ft>^Pto = ffo^o=0. (All) 

which means that 


(A12) 

As examples of operators satisfying (AB), we know 
(i) the natural x [see Eq. (2.10)], which therefore 
fulflUs Eq. (2.12), and 
(il) any first derivative of the density pg. For 
Instance, 

^Pb=^(Po’) = Po|^+f^Po. (A13) 

Consequently, the operator p^ has only p-h and 
h-p matrix elements 

Po='’oAiPo+PoA>Oof (A14) 

and the same property holds for Spa/Sq. 

Let us consider the commutator of any operator 
R with Pa 

lR,Pa]^[R‘' + R*,Pa\=[lt*,Pa\, (A15) 

since the diagonal operator commutes with p,. 
Making (A15) explicit leads to 

[R, A)l=[R*.Pol = [PbRf'o + "oRPb.Pol 

= <’o^Po-Pi)R'’o. (A16) 

From (A16), we see that the commutator of any 
operator with pg has only p-h and h-p matrix ele¬ 
ments. This is the case for p, = f[x>Pol» 

= i*i[Po>Pol» P=^Fg/q. and [Wo, Pol. Notice also 
[see Eq. (A15)] that the antidiagonal part of R is 
the caily one contributing to the commutator. We 
have used this property for the operator x> which 
enters into the first Hamilton equation (2.24) 
only through p,; therefore, this equation gives 
access only to the antidiagonal part X* of x. As 
another consequence of Eq. (A15), the second 
adlabatlcity hypothesis (small acceleration) can be 
formulated equivalently by the smallness of [Wg,p^] 
or by the smallness of W,. 

In the same way followed to obtain Eq. (A16), 
we get 

[[R^, Pol,Pol” [^oRPo ■" PqR^oi Pol 

-OgRpg+ PgROg, (AIT) 

that is, 

[[fi^,Pol,Pol=R'‘. (A18) 

This latter property has been used for the anti- 
dlagonal operators p and pg to derive the ‘con¬ 
strained forms’ of the TDHF and first ATDRF 
equations. 

We finally remark that the product of a diagonal 
operator with a diagcmal one is antidiagonal, 

( PbRPo + <JoR''o)( PoSUq + Of^Pg) = PgRSOg + OgRSpg , 

(A19) 

and therefore has a vanishing trace 
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Tr«®S* = 0. tA20) 

la particular, this applies to the product of Pi with 
a diagonal operator [see Eq. (4.15)], and also 
for the product of x with p^, 

TrXA, = Tr)f*/%, 

Since ^ - (Po)'*- Therefore, the only part of x con¬ 
tributing to the collective kinetic energy is its an¬ 
tidiagonal part. 


APPENDIX B: THE HRST HAMILTON EQUATION 
FOR THE SCALING PATH 

Here we show explicitly that the operators 


Pb(P) = c'"p..c-“* 

(5.1) 

and 


X- -(m/A)|3fl(r) 

(5.6) 

satisfy the first Hamilton equation 


»Po+i[H'?,P,I + i[M'„p„] = 0, 

(Bl) 

provided the gauge invariance 


[V,e( r)l-. 0 

(B2) 


is fullfilled. 

The operators (I and 0 are defined In Sec. V, and 
V is the two-body interaction. 

First, we will use Eq. (B2) to find a new expres¬ 
sion lor iP,. To explicit the gauge invariance, we 
expand the two-body force as a sum of tensor pro¬ 


ducts 

V'(I,2)=E t'J(l)«iFi(2) (B3) 

I 

and define 

x(l)-X«l, (B4) 

X(2)-1®X. (B5) 

Equation (B2) can also be written as 

[V(l,2), x(l) + x(2)|-0, (B6) 

which leads to 

ElVj,xi»Vl4 5ZFl®lFi,xl-0. {B7) 

< 1 


By right-multiplying this equation by l»Po. one 
gets 

E[Vl,x)«V'<ft+E (B8) 

I I 

We now consider the definition of IF, (Ref. 41) 

W'.-iTr,F(l,2)[x(2),p„(2)], (B9) 


B'i = <Tr,Ev}®Fj[x.Pb], (BIO) 

by Inserting the deflnltioo (B5) of x(3) and the ex¬ 
pansion (B3) of Vtl,2). By use of the cyclic prop¬ 
erty of the trace, this equation writes 

IF, = lTr.Lvl®[F‘,x]A,. (Bll) 

i 

From Eq. (B8), we get 

IF,=-fTr,5Z[Fj,x]®V‘po (B12) 

I 

= -tTr,[Ev'i®V'iA>.X®l], (B13) 

which gives 

IF,= _fllF„_r,Xl. (B14) 

Using the definition (5.6) of x, we easily obtain 

[T,x] = f»^B. (B15) 

Equations (B14) and (B15) lead finally to 

-lIF, = [x,lF.l + f*8e. (B16) 

This equation will be used to transform the par¬ 
ticle-hole matrix elements of Eq. (Bl): 

= «'oX»'fpo-Oo»'?XPo + »t'o’’'iPo (BIT) 

= <toX’Ffft,-a„IF®xPo 

-<'oIx,«'* + <]p,-<*3(7„ep„ (B18) 

= -FoXW'Jpo + % Kx Po - . (B19) 


Since the operator Wg (or equivalently the com¬ 
mutator [Wg, fx,]) Is at least of first order in x, wr 
obtain, by keeping only terms of first order in 
Eq. (B19), 

<to{«[W'„'’,p,] + f[H'i,p„]|po=: (B20) 

Now since 

(B21) 

[which is a trivial consequence of Eq. (5.1)], all 
the particle-hole matrix elements of Eq. (Bl) 
vanish, at least as far as we neglect second order 
terms in x. Since all terms of this equation have 
trivially vanishing particle-particle and bole-hole 
matrix elements, the fulfilling of the first Hamil¬ 
ton equation by p^ and x given by Eqs. (5.1) and 
(5.6) is established. 


which leads to 
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Trrt®S* = 0, CA20) 

In particular, this applies to the product of pj with 
diagonal operator P" [see Eq. (4.15)1, sloo 
tor the product of x with p^, 

TrxPo = Tr)f*A,, 

since Pt-iho)*- Therefore, theonlypartof xcon. 
trlbuting to the collective kinetic energy is its an¬ 
tidiagonal part. 

APPENDIX B THE FIRST HAMILTON EQUATION 
FOR THE SCALING PATH 


Here we show explicitly that the operators 


p„(/i) = r‘''p.,p-‘” 

(5.1) 

and 


X - -(ni/A)4e( r) 

(5.6) 

satisfy the first Hamilton equation 


*P<.+ /[M'o.Pil + '[l''..Pol-0, 

(Bl) 

provided the gauge invariance 


[V',e( r)ho 

(B2) 

■s fullfllled. 

The operators 6 and ti arc defined In Sec. V, and 
V is the two-body Interaction. 

First, we will use Eq. (B2) to And a new expres¬ 
sion for IV,. To explicit the gauge invariance, we 
expand the two-body force as a sum of tensor pro¬ 
ducts 

V(l,2)- L I'UDSV'JIZ) 

1 

(B3) 

and define 


x(l) - X«l, 

(B4) 

x(2)--l«x. 

(B5) 

Equation (B2) can also be written as 


[F(l,2). x(l) + x(2)| --0. 

(B6) 

which leads to 


4 4 

0. (B7) 

By right-multiplying this equation by 1 ®Pa> one 
jets 

Eli'‘„xi®»'U + E i'l®[rj,x 

4 4 

!po-0. (B8) 

We now consider the definition of 

(Ref. 41) 

W',^iTr,F(l,2)[x(2),p„(2)l, 

(B9) 


which leads to 
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«'i = <TP,L’"}®’'i[x,Pb], (BIO) 

i 

by Inserting the deflnlllaa (B5) of x(2) and the ex¬ 
pansion (B3) of Vtl,2). By use of the cyclic prop¬ 
erty of the trace, this equation writes 

IFi = fTr,Ev^l®[V‘,x]ft,. (BID 

i 

From Eq. (B8), we get 

B'i=-fTr,E[»"l,xl®VX (B12) 

I 

= -iTr,[E»'l®l'lpo.X®l], (B13) 

which gives 

(F,= -i(H'o-T,xl. (814) 

Using the definition (5.6) of x, we easily obtain 
lT,x] = illhB. (B15) 

Equations (B14) and (B15) lead finally to 

-f»'i = [x,»'o] + ‘«&e. (B16) 

This equation will be used to transform the par¬ 
ticle-hole matrix elements of Eq, (Bl): 

= <>'oX»'?«,-Po<XPo + «»o«'iP„ (B17) 

= (7oXW'fpB-c'o»'o'’xPB 

-oJiX,K + W^]p„~iH0oJp^ (B18) 

= -Oo + Po ’»'Jx Pb - • (B19) 


Since the curator W* (or equivalently the com¬ 
mutator [lF„pg|) Is at least of first order in x, we 
obtain, by keeping only terms of first order in 
Eq. (B19), 

<T„{«-l«'o®,P.] + i[W'i,Po])P<.- -iH^oSPo. (B20) 

Now since 

('o(»Po)Po-«»4PoePo. (B21) 

[which Is a trivial consequence of Eq. (5.1)], all 
the particle-hole matrix elements of Eq. (Bl) 
vanish, at least as far as we neglect second order 
terms in x. Since all terms of this equation have 
trivially vanishing particle-particle and hole-hole 
matrix elements, the fulfilling of the first Hamil¬ 
ton equation by pb and x given by Eqs. (5.1) and 
(5.6) Is established. 
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The fomulum preecnted in the preceding paper ie need to compute lelfconiiiteal adiabatic maae 
parameien for the noicalar quadrupole modee. Skyrme-Uke effective forces have been used. A detailed 
study of the practical methods of calculation is msde. A special attention is devoted to the problem of 
numerical accuracy. Results are presented for both scaling and constrained Hartree-Fock paths. A 
comparative discussion of the tarn corresponding sets of results is made. The method used to calculate self- 
consistent mass parameters for the constrained Hartree-Fock path provides, as a byproduct, the non-self- 
consisient cranking mats. This method (for self-consistent as well as cranking masses) is free of continuum 
problems inherent to the applicstion of the usual cranking formula. The effect of seff-consistency is 
estensively studied by use of a large set of Skyrme-like forces. 


NUCLEAR STRUCTURE ‘*C. “O. “Ca, “Ca, “Nl, “Zr, “•ce, *“Pb; maas 
parametura for laoncalor quadrupole coRectlvc motion calculated within time- 
dopundent Hartree-Fock approximation In adiabatic limit. Skyrme-like forces 
used. Numerical accuracy discussed. Self-consistent results for both scaling 
and constrained Hartree-Fock paths discussed. Validity of Inglls cranking 
masses assessed. Influence of forces studfed. 


I. INTRODUCTION 

In an accompanying paper,* hereafter referred 
to as I, a theoretical study of the adiabatic time- 
dependent Hartree-Fock (ATDHF) approximation 
was presented, where attention was focused on 
the particular case of a collective path paramet¬ 
rized by a single collective variable. The ATDHF 
formalism allows then the calculation of the cor¬ 
responding mass parameter through the solution 
of the first set of Hamiltun-llke equations of 
motion. 

Two choices for the parametrlzatlon of the 
path were discussed In detail. In the first choice, 
the trajectory Is given by the solution of a con¬ 
strained Hartree-Fock (CHF) problem, l.e.. Is 
fixed by the guess of a constraining operator. 

In the second choice, the path is obtained by scal¬ 
ing a static Hartree-Fock wave function. In this 
second case, the computation of the mass is 
straightforward. In the former rase we have 
shown that the Inversion of the first set of Hamil¬ 
ton equations providing the mass parameter can 
be advantageously replaced by the solution of a 
double CHF problem. 

The content ot paper I was rather general. No 
particular form was assumed for the effective 
nucleon-nucleon interactiun and, except (or the 
Illustration of some specific points, no explicit 
mentlmi was made of particular excitation modes. 
In the present paper, we apply the formalism of I 
to the study of Isoscalar quadrupole Wu vibrations. 
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As effective Interactions, we shall use Skyrme 
forces, which have been quite successful for the 
description of many static nuclear prc^rtles.’'* 

In Sec. Q we summarize the method of the cal- 
culaUon, .and give some of the necessary formu¬ 
las for the case where Skyrme forces are used 
and some symmetries assumed for the ATDHF 
solutions. Section in Is devoted to the discus¬ 
sion of several numerical problems, including 
the convergence of the mass parameters with 
respect to the size of the truncated basis on whlcl 
we expand the CHF orbitals. The results of our 
calculations are presented, and their physical 
significance discussed in Sec. TV. 

II. CALCULATION OF QUADRUPOLE ADIABATIC 
MASSES WITH SKYRME-UKE FORCES 

A. Onrral uulUiie of the ralctilariom 

For the two choices of the path we have con¬ 
sidered, we present the practical method ot cal¬ 
culation ol the mass parameter. 

The quadrupole scaling path. In this case, we 
perform a static Hartree-Fock (HF) calculation, 
providing an equilibrium one-body reduced den¬ 
sity operator p,,. The corresponding radius and 
quadrupole moment are called r„ and 4,,. If the 
effective Interactton Is gauge invariant with re¬ 
spect to the laoscalar excitation operator (we 
will see In Sec. IIB that It is so for the Skyrme 
forces In use in this work), the scaling mass 
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parameter is giTen as a function of the quadni- 
pole moment q=(Qt^ by 

+ 4^ > ( 2 - 1 ) 

where r is deduced from q Oirough the following 
equations up to first order in the scaling param¬ 
eter p: 

■*■3(1 _ (2.2) 

9=-^i^^(9..-2Ar.,«) 

+ 3(1-22^ + 9 . 1 )- (2-3) 

The CHF path with the external field Q„. The 
calculatlans are performed in two steps. We first 
get the adiabatic path Pg(q) from a CHF calcula¬ 
tion for the tlme-eren constraining field (-XQ^) 

[M'o-^e«.Po] = 0. (2.4) 

where is the Hartree-Fock Hamiltonian buUt 
from Pg. The path Pg(q) is parametrized by the 
variable q = TrQ^a corresponding to the l.agrange 
multiplier X. 

When this Is achieved, one can compute numeri¬ 
cally the matrix Spg/Sq, and therefore calculate 
the "momentum" operator P generating the dy¬ 


namics [see in I Eq. (4.S) and the related dlseus- 
slon). This time-odd operator enters in the 
double CHF equation, equivalent to the first 
ATDHF equation [see Eq. (2.24) of I]: 

[Wg + Wj-X^-qP,p„ + pJ = 0, (2.6) 

where ^ is the antidlaganal part of <}„ [^ 
=Po®io(l “Po)+ -Po)9»oPo]i “d where the veloc¬ 
ity parameter q must be chosen small enough to 
ensure the linear response. 

This CHF equation Is solved iteratively by tak¬ 
ing as a first guess for the solution the time-even 
density Pg obtained by solving Eq. (2.4) with the 
same value of the Lagrange multiplier X. At the 
first iteration, we get a time-odd density Pj‘ 
which is the non-seU-consistent response cd the 
system to the time-odd perturbating field l-qP); 
this pj* is therefore calculated in the Inglis crank¬ 
ing approodmation. 

Once Pi is determined, the mass parameter is 
given by 

M(q) = Tr(PPi)/q, (2.6) 

This formula is of course valid for a self-consis¬ 
tent as well as for a non-self consistent (Inglis 
cranking) operator p,. 

B. The effecrive forcn 

As for phenomenological eHecUve forces we use 
Skyrme-llke forces which, in the r representatloc, 
write 


r,) = <g(l + *g(P,)a(r)+ i<i(l + Xi<l',){P'='fl(r)+ 0(r)P’} 

+1,(1 + x,(P,)P’. fi(f)P + iw^- [P'x 6(r)P} + il,(l + xjJ>,){p(R)}“6(r) (2.7) 

with 

?=?!-?,, 

R = (r* + r;)/2, 

P = (V, - V,)/2i (P' being the complex conjugate of P acting on Its left-hand side) 

o — o, + a, (o, being a Pauli spin matrix acting in the i subspace) 

'J>. = (l+o,.o,)/2. 

Notice that, due to the presence in F„(r,, r,) of a(r, - r,), there is no need to Introduce other exchange 
operators than (P,. 

These forces depend on 10 parameters. Most of the time we consider in this work forces such that x, 
-X, = 0 and x, = or = 1. For this class of forces an extensive study of the parameter adjustment has been 
done in Ref. 5. It has been found that imposing only a good reproduction of nuclear matter (or equivalently 
■naglc nuclei) saturation properties is not sufficient for a complete determination of the parameter set. 

The remaining freedom is associated with the well known foct that nuclear matter saturation can be ob¬ 
tained either by a velocity-dependent interacUon, or by a density-dependent interaction, or by a mixture 
of these two types of forces. One may thus characterize saturating Skyrme forces by their effective mass 
in nuclear matter, l.e., by dielr velocity dependence. By adjusting the parameters to static properties 
of nonmaglc nuclei, one obtains a small range of acceptable values for m*. The Sm force, for which m* 
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^76 (In units of the nucleonic mass m), gives a particularly good lit to a large number of Kqjeriment*] 

tbe expectation value of the Hamiltonian 


data. 

For a Slater determinant 




( 2 . 8 ) 


Where T is the kinetic energy operator and K„., the Coulomb Interacttoo, can be written as tbe Integral of 
a Hamiltonian density s'** oi 


= /.TC(r)dV. 

The HamllUmlan density SC Is defined by^ * 

^^ - (x„ + + (?•)•) 

+ i'i((l + ^*i)lpr -7’ + 4(V p)*] - (x, + i)^ Ip't* -(}•)• + 4(9p*)’] 

+ ix,[p- f- ((./^,))* + ^((v.p,))*i_ T*-((j;,))* + ^((v,pj))*]^ 

-? - :}-(Vp)*] + (x, + ^) - (7*)’ - i(Vp')’J 


+ T- ((j„„)y> -i((v„p,))=‘]4 ^^Ip*- T*-((,!•,))•- i((v^p;))»)^ 

+ A' ^p*((i + ix,)p" - ; 2 i(x,+ 4)(p*yi+ix,p'- 

- • vp+;^(J-. V)J+V xp.; + ;^(V X?.. /.> J. (210 


r 


The six density functions’ appearing in Eq. (2.10) 
are defined in terms of the one-body density 
matrix p, 

p(r,c7; r'.o')- J^<f'y(r',<T')<(.(r,o). (2.11) 

I 

(where the ^i/s are occupied orbitals) by 

P(r) - J^p(f,o; r,ci), 

« 

P(r)- 5^p(f,o;r, nr')\o'|o|<r>, 

s.o' 

’■(?)- ^V-V'p(r.o", r'.ir)!-.,-, 

« 

^'P(f.e; r',c')|p.iM7'|o|o’>, 

h ~ ^ F'.c') I;.?. 

*fn,.(r)' lp(r,o;r',o') 

..r' 

>^ip'|a„|a), ( 2 . 12 ) 

where the indices p, label the spherical compo¬ 
nents of the vectors p, V and a. The Hamiltonian 
density (2.10) Involves two tensorlal products, 


Ki' 

=(,f'”')'-(./''r+(j‘*’)’ (2.13) 

and 

((^„P.))'-((V®p|'"r-(lV59 ?)<■>)» 

+ ((V»p1'’‘)» 

= 5(V.p)'+J(Vxp)» 

i(|V®p](*'P, (2.14) 

where J'*' and |v®o]P' are the irreducible com¬ 
ponents of rank t of the tensors J and V®^. In 
Eq. (2.10) the vector component J"* of J has been 
noted J [it is i/vT times the spin-density J of Eq. 
(11) in Ref. 2]. To be consistent with the phe¬ 
nomenological determination of the force param¬ 
eters made In Ref. 5 we shall neglect in K (r) the 
contribution of the tensors of rank 1 and 2 to 

The superscript q In Eq. (2.10) Indlcatei 
the charge state (which cannot be confused with 
the collective variable q); the total (neutron + pro 
ton) densities (2.12) are therefore given by 

P(f) = 52'^(^ (2.15 
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gnd by olmllAr formulas. Finally, the Coulomb 
energy density is written in terms of die proton 
density as 



where the last term is a local approximation, due 
to Gombis,”’ of the Coulomb exchange contiibu- 
tion. 

In relation with the discussion made in I about 
the scaling path, we notice that the central and 
the spin-orbit parts of the Skyrme force are in¬ 
variant for Isoscalar gauge transformations (see 
Appendix A). This holds in particular for the de¬ 
scription of isoscalar quadrupole modes with 
Skyrme forces presented in Sec. IV. 

C. Synunetfia 

Let us associate to a particular collective mode, 
an operator Q which possesses some symmetries. 
It Is reasonable to assume that the ATOHF solu¬ 
tion shares the same symmetries. Because the 
numerical calculations at Sec. IV correspond to the 
isoscalar operator Q sc we shall now assume 
that p has the following symmetries: 

(I) the axial symmetries 

«;{0) = e‘*'», (2.17) 

for both spin and space variables, 

(II) the parity symmetry P„, 

(ill) the reflection symmetry 

= (2.18) 

with respect to the 1-3 coordinate plane. 

Notice that if one defines the operators U^ and 
I/, as in Eq. (2.18), the symmetries (i) and (11) 
Imply the symmetry under C/,. Since 

(2.19) 

the symmetries (1), (11), and (ill) imply the sym¬ 
metry under (/,. It one assumes that the sym¬ 
metries (1) and (11) are satisfied and that p is time 
even (e.g., pg in our case), one can show (see 
Appendix B) that p commutes also then with (/,, 
and therefore with If,. 


Let us now investigate the implicaticns at the 
symmetries (1), (U), and (Ui) on the two step de¬ 
termination of pg and Pg + p,. We first prove that 
the equations 

[V./i;] = [F,Ej] = [V,Pg] = 0 (2.20) 

and 

= = ( 2 . 21 ) 

imply the existence of a solution of the ATDHF equa¬ 
tions such that 

k.«J] = [Po.«.') = [Po.i’o] = 0 (2.22) 

and 

[p.. /I*,] = [p., «J) = [p„ Pol = 0. (2.23) 

Indeed, Eq. (2.22) follows from the symmetry 
assumptions and from the well known theorem 
on ccmslstent symmetries (see, e.g.. Ref. 11) 
applied to the Hamiltonian H ~ XQgg. FurHier- 
more, from the definition of the operator P [see 
Eq. (4.5) of I], we have 

lP,R;] = [P,/iJ] = [P,Pg] = 0. (2.24) 

This is because P, being an algebraic function of 
Pg and 3Pg/dq, has the same symmetries (2.22). 

If we now apply the theorem on consistent sym¬ 
metries to the Hamiltonian H - - qP we ob¬ 

tain 

[p,fl?] = [p,R*] = [p,Pg] = 0 (2.25) 

and then Eq. (2.23). 

The symmetry properties of p greatly simplify 
the numerical calculations. Indeed, it can be 
shown (see Appendix C) that Eqs. (2.22) and (2.23) 
imply 

p=r=jm=j, = 0, (2.26) 

where jf is the 8 component of the current j in 
cylindrical coordinates. The vanishing of 
combined with the dropping of J'JJ and sup¬ 
presses any contribution of {{J„)Y to 3C. 

As a consequence of Eq. (2.26), the Introduction 
of a time-odd constraint P requires only two new 
density functions j, and j, to those needed in the 
“ordinary" static CHF calculations of the type 
discussed in Refs. 3 and 4. This illustrates the 
considerable simplification brought in by the 
symmetry requirements. 


D. The Hertiee^'ocfc tUmUtonbn 

The doubly constrained HF equations are obtained by the minimisation of die quantity 

P = /3C(?)dV-X(«i,>- q<P)-J^e,f |()>,(r)|*dV (2.27) 

vlth respect to the variations of the occupied brfaitals Hie expression (2.27) contains the total energy 
defined by Eq. (2.10), the energies corresponding to the external fields and P, and constraining terms 
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enaurlng the norm conaervatlon of each occupied orbital. Conelderlng only the CHF solutians i«lth the 
eymmetrles which have just been discuased, one obtains’ the following equation for an orbital ip^ at charge 

r- 


[-^•2^^^+l/’(r)-fW'(r)-(Vx5) + WJ(r)-e,]i^/f )+f U«‘(r, fO«/r')dV = 0. 

In Eq. (2.28), the effective mass m*(r) Is given by 
2 ^^ £++ 4Ar,)+Ml ^ 
the central field U'(r) is 

y*(r) = /„1(1 + ^x„)p~{xa + ^)p*|+ 4|3(1 + 4*,)/,- (1 + 4*5 )/,JV’p 

+ -rl^f 2 + + (i + *j)<jl^V + il(l + + (1 + tXjI/iIt 

- tI(t+ '■,)/. - (^+ ;«,)/, It* + -^ 1,{(1 + 4.x,)(2 + oi)(p)-' - (x, + ^)|o(p)‘'‘(p*)* + 2(p)‘p*l} 

^ v J*)4 8, ,„,^^c’j/-jS^dV-2[|p*(?)]"’|, 


(2.28) 


(2.29) 


(2.30) 


the sptn-orblt field l^(r) is 


W*(r)- |»c„(5p+Vp*), 

(2.31) 

the time-odd Held W7(r) Is 


W*(r)-.-^lT*(r)-v+v.f«(r)| 

(2.32) 


with 

I*(r) -i((,(n ft.)+ /,(! +4.A,)|7(r) 

^ »,)!?(?). (2.33) 

and the external (non local) field (/„,(r, r') is 

l/**‘(f, ?') - - (r| XQ*„ + fiPjrO . (2.34) 

To solve the set of coupled equations (2.28), we 
expand each orbital p/ on a truncated set of eigen¬ 
functions of the axially symmetric harmonic os¬ 
cillator. We shall discuss In Sec. Ill the numeri¬ 
cal problems related to this tnmeation. Notice 
that these basis states fulfill the symmetry re¬ 
quirements of Sec. nC. The expansion of the f<,'s 
converts the solution of Eqs. (2.28) Into the dlag- 
onallzation of a Hermitlan complex matrix which 
Is performed by the usual Jacobi method.To 
construct the Hamiltcmlan matrix, we perform a 
num^lcal integration for the kinetic energy, f/* 
and W*, following the methods of Ref. 3. These 
methods have been extended to include the time- 
odd Held W* (see Appendix D). For the contribu¬ 
tion of the external field I/**', due to its nonlocal- 
Ity, we have computed its matrix elements in the 
harmonic oscillator basis. This Is easy for F 
since we know how to express p„ and 'ipj'iq on 
this basis. For <^, we need to compute the 
matrix elements of In the expansion basis 


I- 

which Is readily performed according to the 
methods developed in Ref. 13. 

Notice that even though the HF states belonging 
to a subspace fl' ((2 being the third component of 
the total angular momentum and v the parity) are 
not complex conjugates of the states belonging to 
the subspace -R', their respective contributions 
to the different density functions are equal. Thii 
is due to the imposed symmetries, as shown in 
Appendix B, and leads to an important slmpliflct 
tlon. In the computation of the various terms of 
Eq. (2.28). It may be also worth recalling that 
the formalism has been developed in I for two- 
body density-independent forces; introducing the 
most general two body density-dependent or thr< 
body forces would result in a more involved ex¬ 
pression for the operator W,. However, the 
density-dependent part of the Skyrme interactloi 
contributes only to W„ once the symmetries whl' 
we have imposed are properly taken into accoun 
For this reason, the expression (2.22) of paper 
for W, remains correct for Skyrme-like forces. 

III. SOME COMMENTS ON NUMERICAL PROBLEMS 

For both choices at the adiabatic path, one ha 
first to solve a static HF equation (with, or wit 
out a time-even constraint), m the case of the 
CHF collective trajectory, one must solve a 
second CHF equation, with a double (ttme-evec 
plus time-odd) constraint. This is done, as 
already Indicated In Sec. HD, by expanding the 
CHF orbitals on a truncated basis of axially 
symmetrical harmonic oscillator states. We 
would like to discuss the numerical checks whl 
have been performed to test the stability of ooi 
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results wltb respect to the choice of the truncated 
basis. 

For “ordlnar;'’ (ttme-even) H7 calculations of 
equilibrium states, such a study consists mostly 
In making sure that the HF energy, the rms and 
the first multipole moments are reasonably well 
converged. For spherical nuclei, die ‘^xact” 
calculatlan (in the coordinate space) allows us to 
know the degree of accuracy obtained for a given 
basis size, and to choose accordingly the number 
of oscillator sheila. Let us notice that for spher¬ 
ical nuclei the scaling mass completely 

determined by the values of r,t [see Eqs. (2.1) to 
(2.3)], can be obtained from the exact ? code for 
spherical nuclei, and Is therefore given with an 
excellent accuracy. In CRF calculations of de- 
lormatian energy curves, the physical energies to 
be considered are relative energies. The conver¬ 
gence therefore Is ensured whenever Increasing 
the basis size results roughly In a shift of the 
deformation energy curve as a whole. This Is 
Illustrated by Fig. 1 which shows for the 
nucleus a reasonable convergence with nine oscil¬ 
lator shells, the truncation error for the equilibrium 
energy being only 300 keV. 

All the previous check do not ensure the conver¬ 
gence of the operator Sp^Sq entering the time- 
odd ccnstraining operator P. In this respect we 
have caretuUy studied the influence of the choice 
of the basis on the resulting mass parameters. 

The variation of the ‘‘C mass parameter at q = 0 



FIG. 1. Deformation energy curves of “c calculated 
arldi sm for 7 and 9 oscillator shell basle. The ‘^exact” 
result with an' F-apace code) for the apherlcol 

ounfiguraticn is represoited by a dot. It la to be noted 
that Id thla flgnre, aa in foe following, M denotes foe 
tnaximum total number of quanta In foe harmonio oa- 
oiUator basla. 


10.5 


10 . 

FIG. 2. Mass parameters of ‘‘c at apherical equillb- 
rium, aa fonotlons of Af. The dots repreeent eelf-ocn- 
eistent masnee SfQfp, and foe open clrclea oorreapond 
to cranking maaeee ^ic»- 

with respect to the basis size is shown on Fig. 2. 
One sees that between 9 and 11 harmonic oscilla¬ 
tor shells, both the self-consistent Mg,g, and the 
Inglis cranking M,ck mass parameters do not 
change more than by 1%. This study has been 
carried out with the same oscillator length for 
all basis sizes. Let us now Investigate the com¬ 
bined effects on Mcar oscillator parameter 
muf the basis size. As is well known,* the optimal 
basis parameters (l.e., those minimizing the po¬ 
tential energy £[p„)), may significantly change 
with the basis size. That is why on Figs. 3-5 
we have plotted over a wide range of oscillator 
lengths the ‘*0, and ‘*N1 mass parameters 

obtained at q —0 for basis Including 5, 7, 9, and 
11 oscillator shells. It has been found, for 9 or 
11 oscillator shells, that the mass parameters 
are almost constant in a rather large Interval 
of oscillator lengths around the optimal values. 
Moreover, the results obtained with 7, 9, or 11 
oscillator shells are found to be very close, as 
already seen In the case of “C presented on Fig. 2. 

One could think that all of this lengthy numerical 
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FIG. 4. Same aa Fig. 3, for^'Ca. 


analysis could have been avoided by directly solv¬ 
ing the double CHF equation In configuration 
space, as was done In Ref. 14. It must be re¬ 
marked, however, that, in the present state of 
the art, such a solution In f apace has only been 
achieved for a simplified Skyrme-like force with¬ 
out spin-orbit and without velocity-dependent 
parts. The first simplification prohibits a de¬ 
tailed description of dynamical properties for 
spln-unsaturated nuclei as and ‘*N1. The 
second restriction has the Important consequence 
that the ATDHF mass reduces in this case to the 
Inglls cranking mass. Indeed, as shown by Ekis. 
(2.32) and (2.33), the time-odd HF potential IF, 
arises for the Skyrme force only from Its veloc¬ 
ity-dependent part. 

Let us now discuss the numerical evaluation of 
the operator for a given basis size. It has 

been computed from three CHF calculations of p„ 
corresponding to the values q„ - dq, q„, q„ + dq' 
of the collective variable. For this purpose we 
have used a standard 3-points Lagrange formula; 


;io'm 

; If'n -1 j 




'*Ni 


III 


1 

i 




b(fm') 

FIG. &. Same as Fig. 3, for '*N1. 


i£al 


dq{dq-*-dq') 




+ 


+ 


dqdq' 


(3.1) 


In order to get reliable estimates for dp^/dq 
one must choose the magnitude of the differences 
dq, dq’ In the collective variable not too small to 
yield significant numerical differences and not too 
large to guarantee the validity of the local quad¬ 
ratic behavior. The reliability of our choice for 
dq, dq' has been check by computaUons where 
these differences have been multiplied by 2 and i. 
In all cases the adiabatic mass parameters were 
found equal iq> to Insignificant numerical differ¬ 
ences. 

The value of the collective velocity q should 
not be chosen too large (large enough though to 
secure numerical reliability) In order to ensure 
the linear response character of the solutlcn. 

In Fig. 6 we have shown some quadrupole mass 
parameters as functlcns of the ratio of the adia¬ 
batic collective kinetic energy X [Eq. (2.32) of l] 
to the absolute value £ of the ATDHF energy [Eq. 
(2.38) of Ij. One sees that the linear response Is 
obtained for a Urge range of collective velocities 
q. In this figure, the arrows correspond to a 
crude estimate of the maximum collective veloci¬ 
ties obtained in the nuclear ground state due to 
the quadrupole zero point motion. It is seen that 
for such maximum collective velocities, the linear 
response approximation Is roughly valid. 

It can also be noted that the smallness of q Is 



FIG. 6. Variatkai of the adiabatic maaa SfQff of 
and of **0 with the obllective velocity q. The lower 
(igmr) curve of‘*C oorrespooda to A“‘^’»-0.66 (0) 
tm' whereas for “O die oalodlatlan has been perform¬ 
ed at v •0. The oboloe of the abaolssa (oocreapondfaig 
In fact to a linear plot in f) la dlsouaaed h tha text to¬ 
gether with the meaning of the arrows. 
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TABU I. ParuDctara of the am* and SVH forces. Bor both Interactloiis, ^ = 1 aoda-1. 



*1 

CUeVbii*) 

<1 . 
(MeVfm*) 

*1 

(MeV hn') 

4 

(MaVhn*) 

*e 

*1 

*i 

n't 

(MoVfm‘) 

sm* 

-1121 

400 

-533.33 

14000 

0.432 25 

0.35 

-0.9875 

120 

svn 

-1096A 

246.2 

-148 

17 626 

0.62 

0 

0 

112 


necessary tor anotiier reason; solving the doable 
CHF problem does perturb the path given in Eq. 

(2.4) by terms of second order in g. This comes 
from the effect of p, in the time-even part of Eq. 

(2.5) (see the discussion in Sec. IV of I). In the 
'"Ca nucleus and for Il4=0.1 MeVfm’ for Instance, 
this modification of the path leads to relative 
variations of ATDHF energies, radii, and quad- 
rupole momenta smaller than 10*^, 10**, and 10**, 
respectively, over a vide range of deformations. 

The preceding discussion leads to the conclu¬ 
sion that our method is capable of yielding mass 
parameters with a very good accuracy. This is 
not surprising, since we calculate a nuclear 
polarUablUty (linear response to the external 
field P) by solving a Schrddlnger equation (mly 
for occupied states. Computing mass param¬ 
eters by perturbation techniques would require a 
description of unbound states, which are poorly 
represented in the oscillator basis.'’ 

IV. results 

In this section we present numerical results for 
the Isoscalar axial quadrupole mode. Various 
effecttve forces have been used: (i) the Sn*, Sm, 
SIV, and SV forces proposed in Ref. 6, (li) a 
force called SVn, linearly extrapolated from the 
preceding to give a nuclear effective mass m* 
equal to the nucleonic mass m, (ill) a force called 
sm* with the same m*/m ratio as Sm but where 
spin-stability prqpertleB have been slightly mod¬ 
ified to Improve some spectroscopic properties 
of the interaction," and (illl) the two forces SCO 
[with tile exponent a of Eq. (2.7) equal to either 
or to 1] proposed in Ref. 17. The parameters of 
all these forces can be found in Refs. 5 and 17, 
except for those of SUl* and SVn which are given 
in Table I. 

Deformation energy curves obtained by CHF 
calculatlona in the vldnlty of the spherical ccn- 
figuratloa are displayed on Fig. 7. The Sm force 
has been used for “C, '’O, '“Ca, and ’^1, and the 
SIV force also for “C and ''O. In the "Ni case wo 
have repeated the calculation with Sm* but the 
resulting energy curve cannot be distinguished 
Irom the sm curve. To facilitate the compari- 
■on of curves corresponding to different nucleonic 


numbers A, we have plotted in abscissa through¬ 
out this paper, a “reduced" quadrupole moment 
flA"*^’ in order to remove the trivial A depend¬ 
ence. In our HF (l.e., without pairing correla¬ 
tions) calculations, the range of deformation has 
been extended as far as the occurence ol single- 
particle level crossings has permitted. 

Figure 7 shows that "Ca is much stiffer against 
quadrupole deformation than '’O and "Nl, whereas 
the "C nucleus appears to be very soft. Indeed, 
the distortion needed to gain 1 MeV is four times 
larger in "C than in ’’Ca. Notice the existence 
of a sjdierlcal equilibrium configuration for "C 
with sm, while a very shallow valley centered 
around a negative g value is obtained with SIV, 
Therefore, by mere inspection of the static 
deformation energy curve one would infer a 
strong dependence of the "C ground state intrin¬ 
sic deformation on the effective force. We will 



FIG. 7 . Defonnatiao energy onrvea of "c, "o, "Oa, 
and "ni. SIV reaolta are represwtted by d as hed Unas, 
and sm reaulta by solid lines. The sm and sm* ftnraea 
lead, for '*N1, to tiie same curve. 
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FlC. 8. Bohr and Mottelsoo standard deformation 
parameters of ‘’c, calculated from Stn results for the 
CHF path. 

see below that the (usually neglected) considera¬ 
tion of the associated adiabatic mass parameter 
can lead to a different conclusion. 

It is interesting to analyze, in the case, the 
adiabatic path obtained from the solution of the 
CHF Eq. (2.4) with as constraining operator, 
in terms of quadrupole and hexadecapole surface 
distortions. For this purpose we have deduced 
the Bohr-Mottelson standard deformation param¬ 
eters 0 , and 04 from (he calculated expectation 
values of the operators and This has been 
done by assimilating the nuclear density with a 



FIG. 9. Adlabstic mass parameters of’*C, as (unc¬ 
tions of die ooIIeutlTe variable. la obtained from 

the CHF path with the oonetralnt Mg^. la obtained 
from the scaling path (scaling with of • HF 
solution). 



- 02 -01 0 0.1 02 


FIQ. 10. Same as Fig. 9, for ‘*0. 

sharply cut liquid-drop density. The result pre 
sented In Fig. 8 shows that for small quadrupoh 
distortions (| 0 ,| « 0 . 2 ) the adiabatic path is well 
described in terms of Q„ surface deformation 
while this seems“ not to be the case for larger 
10,1 values. 

On Figs. 9-12 we show, for “C, "Ca, ai 
**N 1 , the varlaticn, with respect to the deforma 
tion, of the adiabatic mass (or the CHF and sea 
ing paths. For the latter we have limited (see 
the discussion of Sec. V in I) the range of qA"*'' 
to the interval (- 0 . 2 , 0 . 2 ) corresponding to a ms 
mum variation of the scaling parameter 0 of al' 
As expected from Eq. (2.1), the scaling mass 
parameters for all nuclei are smooth functions 
of q. 

The mass parameters for CHF paths behave 
quite differently, their q variation has not the 
same features for spin-saturated nuclei (“O, 
“Ca) as for spln-unsaturated nuclei (**C, '•NI). 
For “O and ^’Ca, the HF masses are roughly 
constant with the deformation whereas for ‘’C 
and ‘*Ni they chsmge dramatically. Such a well 
marked structure is a clear-cut signature of an 
harmonic motion. Of particular significance Is 
the bump in the mass of ‘HT already reported in 
an earlier publication.Recently, a very slml 
lar sltuatian** has been encountered in the calm 
lation of the quadrupole Inglis cranking mass 
associated with two colliding “C nuclei; a shar 
peak has been found for a separation distance 



FIG. 11. Same as Fig. 9, for **Ca. 
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smaller than the barrier radius, to our case the 
behavior of the masa parameter can easily be 
explained. We first mention that In this case the 
IngUs cranking and self-conaletent masses closely 
follow each other with an almost constant discrep¬ 
ancy of “1—2% with the SO force, and of -3-4% 
with Hie SIV force. This allows us to restrict the 
discussion to the Inglls cranking mass: 

= (4.1) 

The main eontrlbutlan to Eq. (4.1) comes from 
the particle-hole ezcltatian between the two Q’ 
states stemming from the Ip*^* and Ip^'* 
spherical subshells as seen on Fig. 13. The 
minimum value of the corresponding particle- 
hole energy occurs roughly at the same defor¬ 
mation as the bump in Moreover, the 

quantity l/cg^’ niu^ly behaves, as a function of q, 
like which Implies that the matrix element 



PIG. 13. SIntfe-paitlaleHF levels of **Caroand Os 
Fermi snrboe as Amotions of the ooUectlve vsrialile. 


In the numerator of Eq. (4.1) does not depend 
strongly on q. 

The spIn-orblt splitting of the p shell results In 
an exchange (on the oblate deformation side of 
Pig. 13) of tte two “asymptotic” [llO] and [101] 
Nilsson states, which Is responsible, as 

we have seen, for the structure the mass 
parameter. This kind of effect can thus be ex¬ 
pected for all closed sub-shell nuclei which are 
not spin saturated. This Is Indeed the case for 
’*Ni as seen on Fig. 12 where a similar structure 
as In takes shape. Unfortunately, due to the 
presence of level crossings. It has been Impossi¬ 
ble in this case to span the same range of defor¬ 
mation. 

When requantizing the collective Hamiltonian 
with some quantization prescription one would 
therefore expect a concentration of the collective 
wave function around the deformation where the 
mass exhibits a maximum. This generates in the 
’’C ground state an oblate deformation of purely 
dynamical origin. For '*C and “Nl, the Bohr 
Hamiltonian Is far from an harmonic oscillator 
one, which invalidates any small amplitude aj^rox- 
imation. 

As seen from Figs. 9 and 10, the mass param¬ 
eters calculated for and ‘*0 with sm and SIV, 
respectively, are very close. In particular the, 
same ground-state deformation td Is found 
for both forces. In ”N1, Sm and Sm* yield also 
adiabatic masses In very good agreement (one 
expects, however, more Important differences 
for isovector modes). 

On Table n we present the quadnipole nuiss 
parameters calculated*” at q = 0 with Sm for boHi 
scaling and CHF paths. To facilitate the com¬ 
parison between different nuclei we have multiplied 
the mass parameters by A*^. As expected, the 
“reduced” scaling masses are found almost con¬ 
stant with A. Indeed, since they correspond to an 
irrotational flow motion, their variation with A 
must go as A~*^’. In contrast, the “reduced” CHF 
masses display a significant A dependence. For 
magic light (I.e., spin-saturated) nuclei they are 
equal to (or slightly larger than) the correspond¬ 
ing scaling values; for nonmagic nuclei they are 
much larger. This is easily understood In terms 
of random phase approximation (RPA) sum rules 
(see Sec. VI of I). For nuclei with static equlUb- 
rium at q = 0, we know for the scaling mass 
Af„(i 7 » 0 ) that 

whereas for the CHF mass 


A<cbf(?-0)- 2 [m.7(OP ■ 


(4.3) 
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tabu; n. Mus paruneter* of various Buolsi at spherical equlUbrtimi, In reduced units 
for the CHF and scaling paths, calculated with sm. 

"C “O “Ca “Ca “Ni "zr “*00 “•pb 

>!»''» 0.66 0.13 OJS 0.60 0.7Z OJZ 0a7 0J6 

(fm-*) 

(7*0) 0.13 0.13 0^4 0.14 OJ# 0^4 

m 

(fm-*) 


As mentioned in I these masses satisfy 

Wear = H.4) 

which is verified in our calculaUons (see Table n). 
Moreover, the large discrepancies between Mchf 
and Af,j., when they occur, are clearly related to 
a distiibutlan of the quadrupole strength between 
“O-ftai" and “2-lh)" particle-hole excitatiana. 

This is obviously the case (or open-shell nuclei. 
For heavy magic nuclei, the spln-orblt coupling, 
as Is well known. Introduces In the hole states. 
Intruder orbitals from the next shell (which gives 
rise to low-lying states In the RPA spectrum). On 
the contrary, the two masses are roughly equal 
tor light magic nuclei, where O-Au excitatlans 
are forbidden by the Pauli principle. 
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FlCi. 14. Mass parameters of ^Fb and *'o (at spheri¬ 
cal equilibrium) as fnnotiens of die Interactions ohar- 
acterixed by their effeottve mass. The dots rspreaent 
sdf-ccnsiatoit masses Mq,; , ^ die open circles cor¬ 
respond to cranking masses 


Restricting ourselves from now on to the CHF 
path, we shall compare the exact adiabatic mass 
Afcar llh non-self-consistent (IngUs cranking) 
approKlmattoo Af j^a- In Isct, it Is mainly for this 
purpose that various Skyrme forces all yielding 
the same saturation properties but having differ¬ 
ent effective masses m* have been used. By in¬ 
spection of Eq. (2.29) defining m* and Eqs. (2.32) 
and (2.33) defining H\(r), one sees that for Iso- 
scalar modes (assuming moreover that p*=p/2 
and f' = f/2) the time-odd self-consistent field 
lP,(r) is proportlanBl to (m/m* - 1). One expects 
therefore the difference AM 

^Af =MgBa-M ich (4.5) 

to be a monotonous (unction of (m/m* -1). This 
Is Illustrated In Fig. 14. AM decreases with 
m*/m for *"0 and “"Pb; raie notices also that AM 
= 0 for SVn, for which m* = m. As seen on Fig. 
15 for AM/M^ca Is also an increasing func¬ 
tion of (m/m* - 1) and varies between 0 and 50% 
for all considered Skyrme forces. Since the e(- 



FIG. 16. Relative discrepancy between self-oonststent 
(Mow) aed oranidng (Mica) !»■■■ parameters, as ftno- 
tioo of the tnteraottons (charaoterlaad by the f mottoa 
(aa/m* -1) of Ihelr eSeotlve mass m*], t>r “o at 
spberioal equiltbrtam. 


* “ V. 




MASS PARAMETEBS IV THE ADIABATIC... . II. ... 


3087 


31 


TABLE m. Ralatlva dlsoreiiaiioy betmco seU-oonatotaiR iMcaw^ "xi orukinK Wga) 
pTMMters far y«rtoq« motol it ■pharicml equlUbrtum, wttfa «HT,_ 


“c 

“o 

“Ca 

•k;a 

“ni 

**Zr 

“•ce 

“•Pb 

AM/Mbb (4-0) 1 

(%> 

11 

8 

7 

13 

11 

10 

16 


fectlve mass in nuclear matter la expected'-** to 
be of the order ct (0.6 - 0.8)m, one la led to 
Bsaeaa a validity of -15-30% to the maaa param¬ 
eters calculated with the Inglla cranking formula 
(at least for the Isoscalar quadrupole mode). 

This Is iUnstrated by Table m where AM/ilf,(,it 
is given for various nuclei calculated (at 4 = 0) 
with sm. 

For **0, we have calculated itfcar xnd Af,Qa 
with the two forces SCO of Ref. 17, corresponding 
to different powers of p (a = 1 and 4) to the den¬ 
sity-dependent force, both having the same effect- 
Uve mass m'/m =0.64, Results displayed in 
Table IV show that AAf/Af,ca ta the same for the 
two forces. Moreover, these interactions lead, 
for to the same value as the other Skyrme 

forces (see Fig. 14); also, the result for Miat 
would take place in Fig. 14, on the straight line 
Joining the points. These results and the result 
in **N1 with sm* show that the value of m* is 
the relevant parameter to characterize the degree 
of validity of the Inglls cranking formula, {indeed, 
in this respect, the dependence of the path Pg and 
of the currents f* [see Eqs. (2.32) and (2.33)] on 
the choice of ttie Interaction does not seem to 
play any role.} 

It has been found In extensive calculatlans (with 
sm and srv lor “C, **0, and "Ca) that AM Is 
roughly constant with q. This seems to indicate 
that, at least for the Isoscalar quadrupole mode, 
the effect of self-consistency Is merely to shift 
upwards the curve 

We come now to an interesting feature which 
can be observed for on Fig. 14 and which is 
the quasiconstancy of Mg^riq^O) with respect to 


TABLE IV. SeU-ooDSistent iMmw) and cruddng 
^ics) mass parameters of **0 at spherical equilibrium, 
calculated with the SQO foroas (oharacterlaed by the ex- 


ponent a of p in the densUy-dependeiit term). 


“_(ftn^) (ta^) 

t liM 1.28 21% 

I 1.01 1.22 21 % . 



m*. In contrast to the strong variation of 
Indeed, why Mjq, is an increasing funcUon M m* 
is easy to explain, since to increase m* amounts 
to contract the single-partiele spectrum, and 
hence to decrease the energy denominators in Eq. 
(4.1). The explanatlcn td the quasiconstancy of 
Mcar(4=0) Is somewhat more subtle, Take the 
magic **0 nucleus; In this case the quadrupole 
strength is concentrated in the narrow giant reso¬ 
nance and the sum rule inequalities [Eq. (6.4)] of I 
become 



On the other band, it is known** that for Skyrme 
forces 


*«,(Q„) <*(»!•)■*, (4.7) 

and also that m,(Qgo) is almost constant with m* 
(which comes from the force parameter adjust¬ 
ment to a correct saturation density). Therefore, 
Eq. (4.6) leads to 

m^(9„) = («!*)», 

which shows, according to Eq. (4.3), the Inde¬ 
pendence of on m*. 

This argument, which was developed for ‘*0, can¬ 
not be applied to where the quadrupole strength 

is more fragmented and Indeed a slight but signi¬ 
ficant dependence of M(,Br found In this 

case (see Fig. 14). 


V. CONCLUSION 

In Die present works (papers I and n), we have 
carried out a theoretical study of the ATDHF 
formalism vdien it Is restricted to a single collec¬ 
tive trajectory, assumed to be known, together 
with a practical application to a specified collec¬ 
tive motion, the quadrupole mode. 

Two possible choices for the adiabatic paths 
have been considered. For the standard scaling 
path, we have found an analytical solution of the 
first set of Hamilton equations, whldi directly 
provides the mass parameter. To be able to 
compare the scaling mass with the CHF one, we 
have chosen the same collective variable in the 
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two cases, which restricts the scaling transfor- 
matico to small amplitude moticos. In the CHF 
path case, we have developed a method to calcu¬ 
late the mass parameter, which reduces to a 
doubly constrained HF problem. This method 
avoids difficulties In dealing explicitly with the 
continuum part of the HF spectrum (as encoun¬ 
tered in perturbaticn series), since it la equiva¬ 
lent to the solution of the SchrSdlnger equation 
(or bound states. As shown by our numerical 
aiqillcatlons, the resulting values of the mass 
parameters are quite reliable, even If the solu- 
tian Is performed in a truncated harmmlc oscil¬ 
lator basis. 

This doubly constrained HF form of the first 
ATDHF equation Is reminiscent of the starting 
points of other approaches to collective motimi. 

In some of these, one chooses a time-even con¬ 
straining operator Q defining the path (as we do), 
but there is no unique prescription to define the 
time-odd constraint P generating the dynamics. 
Inourcase, thcoperator /' la unequivocally defined 
(except (or Irrelevant diagonal matrix elements) 
by the first Hamilton equation of motitm. For 
any kind of path, the “coordinate” Q and the “mo¬ 
mentum" P satlafy weak quantal canonical rela¬ 
tions and their expectation values with respect to 
the time-dependent wave function are classically 
conjugate. 

Numerical calculatlcns of mass parameters have 
been performed for the two paths, with as 
scaling or constraining operator. Several Inter¬ 
actions of the Skyrme type have been used. We 
have In particular focused our attention on four 
points: (1) distinction between small and large 
amplitude motions, (11) comparison of the two 
choices of the path, (ill) for the CHF path, com¬ 
parison between the ATOHF and the Inglis crank¬ 
ing masses, and (Iv) influence on the results of 
the choice of the Interaction (among a family of 
saturating Skyrme forces). 

As is well known, tlie scaling path leads to the 
irrotatlonal hydrodynamlcal value for the mass 
parameter. In reduced units (AfA*^^), this mass 
at equilibrium has almost the same value for all 
spherical nuclei (indeed, it is proportional to 
the Inverse square of the nucleus radius). The 
scaling path is appropriate for die description of 
giant resonances, since It provides the excita¬ 
tion energy £, = (m,/m,)'^', which Is almost In¬ 
sensitive to the low-lying part of the spectrum. 

On the contrary, the CHF path does contain In¬ 
formation on the shell structure: this Is illustrated 
by the value Jh’»«..j/(m.,)® of the Inertial param¬ 
eter, which is dominated by the low energy states. 
Consequently, the CHF path, with Q„ as the con¬ 
straint, Is more appropriate to describe low en¬ 


ergy collective excitatfcns. For doubly closed 
shell nuclei it happens, however, that this path 
is capable of describing the giant resonance. In 
this case, which is a case of RPA harmonic 
vibrations, the CHF mass parameter Is roughly 
constant with respect to the deformatian, and 
very close to the scaling mass. 

For non-spln-saturated nuclei (see the results 
for ‘^C and “Ni), the CHF mass parameter ex¬ 
hibits a strong structure with respect to the de¬ 
formation. This is Incompatible with a small 
amplitude motian, and is a signature of the occur¬ 
rence of anharmcnic effects. 

A systematic study of the results at the equi¬ 
librium spherical state shows that the ATDHF 
mass parameter is nearly independent of the 
choice of the Skyrme interaction. For light doubly 
closed shell nuclei, this quaslconsistancy can be 
proved analytically in terms ol sum rules. On 
the contrary, the cranking mass is very sentitlve 
to the interaction, and this sensitivity aj^ars 
therefore to be a spurious effect due to the lack of 
self-consistency. In this respect, all the tests 
carried out with a large variety of Skyrme-llke 
forces lead to the conclusion that the relevant 
parameter is the effective mass m* in nuclear 
matter. For “reasonable” values of m* (as In 
Sin), the self-consistent and cranking inertial 
parameter differ by 15-30%. 

However, one should not extrapolate these re¬ 
sults to other kinds of collective excitations, and. 
In particular, to rotational spectra. Relaxing 
some symmetries would give rise to new terms b 
tlie time-odd field leading possibly to a quite 
different value of the ratio (Mchv ~'^icr)/^icb- 
Moreover, It would remain to Investi^te the 
effects of the other parametrlzaUons of die effec¬ 
tive Interactions. 

In the present work we have Ignored the ques¬ 
tion of determining microscopically the adiabatic 
path. To solve this problem one would encounter 
as in “exact” TDHF calculations, the difficulty ol 
finding (or even averaging over) Initial conditlcnE 
Some attempts to determine the collective paths 
have been proposed.”"” But In practice, they 
Involve a considerable amount of difficulties. In 
our opinion it is not clear that such approaches 
are more valuable than extracting the path from 
TDHF solutions In the adiabatic limit.” It shoal 
also be stressed that, up to now, the numerical 
appUcaticns of all these methods are restricted 
to effective forces which are not as elaborate as 
those used in this paper. (In particular, the Inc. 
Sion of the spin-orbit force is needed to descrlb 
low energy collective motion). 

The method presented here and Illustrated by 
lot of numerical calculatlcns Is both practicable 
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and mieroscoplcaUy well founded. In many re¬ 
spects however (the choice of the path, the ab¬ 
sence of pairing correlatloos, the single collec¬ 
tive variable reducUon, etc.) there Is room for 
further Improvements. 

ACKNOWLEDGMENTS 

This work would not have been completed with¬ 
out constant and fruitful Interaction with 
M. Vhnferonl. We would like to express our 
gratitude to him and to D. Vautherin, for stimu¬ 
lating discussions and a critical reading of the 
manuscript. For the question of symmetries we 
have benefltted from the help of D. Vautherin 
and from a constructive criticism of J. Oobaczew- 
skl and A. Soblczewskl. We are Indebted to 
X. Campl and H. Flocard for valuable discus- 
sims. We thank also D. Vautherin and F. Moreau 
for their contribution to die first stage of the 
numerical calculations. Finally, the Bureau de 
Calcul (IPN, Orsay) is gratefully acknowledged 
for extended computing facilities. This work has 
been performed at the Division de Plwslque 
Thdorique (Institut de Physique Nucldalre), which 
IB Laboratoire assoc id au C. N. R. S. 

APPENDIX A: GAUGE INVARIANCE OF THE SKYRMC 
FORCE WITH RESPECT TO ISOSCALAR SPIN- 
INDEPENDENT OPERATORS 

(1) Definition. Given any wave function | 

and a Hermitian operator Q defining a new wave 
function I 0) by 

|0)=««’|0„>, (Al) 

the Interaction V Is said to be gauge Invariant 
with respect to Q If 

<<^ 0 ! V| 0„> = <0| V| 0) =.(0„| c-'OVc'®! 0„>. (A2) 
A sufficient condition for that is 

[V,e] = 0, (A3) 

as can be readily seen by expanding the exponen¬ 
tials. It may be noted that If {0^), V, and Q are 
all time-even objects, die less restrictive condi¬ 
tion” 

l«.l«,V]] = 0 (A4) 

is sufficient, the expectatirai value of time-odd 
operators vanishing for time-even states. 

(2) The Central Skyrme force. Lot us restrict 
ourselves for the moment to the central part of the 
two-body Skyrme force. If the epln-lndependent 
■Orator Q commutes wltii the spatial part cd the 
central force, the whole central force Is obviously 
gauge invariant (Including the exchange terms). 
That la why we can limit ourselves to the gauge 
tuvariance property cf the spatial part of the 


central force, the following proof being partially 
borrowed from Refs. 21 and 28. 

The velocity-independent part 

Vo(?i. ?.) = [c +fJ/(^^)]8(r, - r,) 

(AS) 

of the Skyrme force fulfills obviously the condi¬ 
tion (A3). We are then left with two interaction 
terms 

if 

(AS) 

and 



(A7) 

with the notation 




PG = P.-Py. 

(A8) 

Pi- i^i- 



The definitions (A6) and (A7) of the velocity-de¬ 
pendent parts of the Skyrme force differ from 
Eq. (2.7) by the replacement of P' by P, which is 
Irrelevant for our purpose here [the same remark 
holds for Eq. (A17) below]. 

From now on we will restrict ourselves to a 
one-dlmenslonal problem since V, and V, involve 
only scalar products. It is easily seen ttot 

(A9) 

where O'"’ Is the nth derivative of S. Moreover, 
upon defining 

A A 

fcT fell 

one gets readily 

[<i-„6J-'] = 0. (All) 

It Is now possible to prove that If V, commutes 
with Q, V, does It also, since 

= 2lP,fi,jP,„g^]. (A12) 

To demonstrate that V, commutes witii Q, one 
first notes, using Eqs. (A9) and (All), that 

9»] (A13) 

Now since 
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! Y9i‘> lf<=* 

-“</!*> U; = fe (A14) 

0 otherwise, 

one gets 

• >* 

Partially resumnilng the (j, k) and (A, j) contrlbu- 
tions, one sees that [^,,9] vanishes since 
— —Pit and = 9}‘’8rt- As seen In Eq. (AlO), 

we have considered an isoscalar operator Q. An 
isovector operator Q would have been defined as 

(A16) 

with, e.g., (,= 1 for protons, <,*--1 for neutrons, 
and the previous proof could ha ve been repeated up 
to Eq. (A15), the cancellation of the (j,k) and (k,j) 
contrlbutlona occuring only for ft=fi- As a result, 
the velocity-dependent Skyrme force la generally 
not gauge invariant with respect to isovector op¬ 
erators Q, as already noted In Refs. 7, 21, and 29. 

(3) The spin orbit force.. Let tis consider the 
Interaction 

(A17) 

Using Eq. (A9), the r component of P|j><8(yP(y 
writes 

(P,yXfi,yPg)'=--y(P:yn(;-PJ,5i;). (A18) 

where P'j Is the * component of P^ and fl/J' the 
first partial derivative of 6,^ with respect to y. 
From Eqs. (A14) and (A18) one gets 

gUPo’‘8uPu)'.7.l 

---4/1“ +a-<,;>■). (A19) 

/» 

where qif Is the first partial derivative of q, with 
respect to z. Collecting the contributions from 
the pairs (k,;) and 0. k) leads to the vanishing of 
the commutator (A19). A similar demonstration 
tor the V and z components would achieve the 
proof of the gauge invariance of with respect 
to Isoscalar operators Q. 

(4) The Coulomb force. Since the Coulomb 
force Is velocity independent. It is gauge Invar¬ 
iant with respect to isoscalar operators. It is 
trivial to show that this Is also true for Isovector 
curators. 


APPENDIX B: WAVE FUNCTIONS AND MPOSEO 
SYMMETRIES 

Consider a one-body reduced density matrix p 
commuting with J, and Pg, and define occupied 
states of p which are eigenstates of and P„ with 
eigenvalues (I and v. Their wave function In 
cylindrical coordinates can be written as 

q){T,5) = a)e****| -> 

+ (f.*(r,*)e‘*''| + ), (Bl) 

where 

A‘ = n±i, (B2) 

and where the kets |±) are the eigenstates of s,. 

Let us define for each q), a state ^ — [/^q) which 
Is another occupied state of P with the wave 
function® 

5>(r,o)= (#)‘(r, + > 

-<l,-(r,rV-<*‘*|->. (B3) 

It is an eigenstate of J, and Pg with eigenvalues 
-0 and ®. 

Let us Introduce also the state q> deduced from 
q> by time-reversal con}ugation C: 

;p(r,o)--(<>-(»-,e)V‘*''|-) 

+ 0-(r,r)*e-'*’«) + ). (B4) 

Time-even densities. If In addition to the J, 
and Pg symmetries we assume that p is even 
under time reversal, there exists a represent- 
tion which is such that the functions 0* and <p' 
are real and therefore 

(B5) 

Hence, since p commutes with C it commutes also 
with U,. 

Consequence of the I/, symmetry on density 
functions. It is easy to check that the wave func¬ 
tions q> and tp and defined in Eqs. (Bl) and (B3) 
give the same contribution to the s£in-8calar 
density funcUons p, t, j„ and V. J. 

APPENDIX C: THE SYMMETRIES OF THE SOLUTIONS 

INDUCE THE VANISHING OF SOME DENSHTES 

First we show that the spin- vector density 
matrix p vanishes when the symmetries (1), (11), 
and (iil)^delined in Sec. n C are assumed. Any 
vector V will be represented by Its cylindrical 
coordinates F, (k = r, 8, <) defined from the Car¬ 
tesian representation F„ F„ F, by 
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Kr= 

V, = \H-V,e-‘>+V.e**), (Cl) 

where 

V. = V,*IV,. (C2) 

Let us denote by p<'> the density matrix 

p"' = y,P. (C3) 

From the symmetry properties 

l?.l/,] = 0, (C4) 

and therefore 

Pi'’ = P». * = r,fl,e. (C5) 

To prove the vanishing of p we will show by ex¬ 
plicit action of a suitably chosen (/, transforma¬ 
tion that 

P»'‘ = -P». k = r,6,i. (C6) 


r component. Let us consider the action of U, 
an p, 

p;*'(x,x') = ^<r, 2 ,9, cr| U;pV,\r',z', 9',o') 

x(<J'|o,|o). (C7) 

where 

t;, = P„e‘">io, 
and 

x(x') stands for r, z, 9(r', z', 9'). 

The operator transforms (r, *, 9) into 

(r, -z, 9). Since the density matrix Is Invariant 
under this transformation, its radial part Is even 
with respect to z and therefore 

p,'’'(x, X')- ^<x,o|o,po, |x',o')4r'|o,|<T). 


(C8) 

Defining 

|^>=o,|o> (C9) 

ind similarly 

|5'> = o,|o'> (CIO) 

leads to 

pj’'(x,x')= ^ (x,d|p|x',5'>([r'|ojO/r,|o). 

(Cll) 

Since 

0/T/T,._o,, 


one easily gets 

p,‘*’(x,x')- -p,(x, X') . (C13) 

9 component. A similar proof for p, gives 

P^>{S, X') = -p^x, X') . (C14) 

z component. In this case we consider the 
action of (/, on p,. The operator P„e*"i trans¬ 
forms (r, z, 9) Into (r, z,-9). Due to the axial 
symmetry the radial part of p, does not depend 
on 9 and therefore 

p”’(x, X ') = ^(x, o I 0,P0j I X' , o') (o’ I o, 10> . 

(CIS) 

From 

0 , 0 . 0 , = -o,, (C16) 

one gets readily 

Pi’'(x,x') = -p,(x,x'). (C17) 

Extension to other density functions. The pre¬ 
ceding arguments can easily be extended to 
demonstrate the vanishing of the kinetic energy 
spin-vector density 7, the scalar part of the 
tensor, and the component of the current vec¬ 
tor f. 

APPENDIX D: THE MATRIX ELEMENTS OF W. IN THE 
HARMONIC OSCILLATOR BASIS 

(1) Notation. A normalized basis vector is 
defined by two oscillator constants c. and c, and 
by a set of 4 quantum numbers n„ n„ A, S, 
eigenvalues of the numbers of quanta in the z 
direction and in the xOv plane, the z component 
of the orbital and spin angular momenta (divided 
by A), respectively. One generally Introduces 

« = !(«.-1A|) (Dl) 

and defines the current basis vector by a > {n,, n, 
A, L). In cylindrical coordinates (r, 9, z) the 
corresponding normalized spatial wave function 
can be expressed as the product of three wave 
functions; 

9’,,,,i|r) = '(',V)l>,,(r)(/’A(e). (D2) 

The radial wave function (for A > 0) writes 

♦,* = N*c./2T)*'»e-'>'>L*(T)), (D3) 

with 



and 


(C12) 


i) = Ci*r 


(D6) 
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I.*(x) being the usual Laguerre polynomial.” ITie 
longitudinal wave function writes 

(DC) 

where 

{v/T2"««,!)•''* (D7) 

and 

t=c^, (D8) 

being the u.sual Hermiie polynomial.” 

The angular wave function writes 



To deal with first derivatives oi the ^'s we intro¬ 
duce as in Ref. 3 new polynomials H, and T* 

..... t " 


defined by 

= . (DIO) 

V . (Dll) 

Using standard relations for H and L polynomials 
leads to 

= (D12) 

r» = 2(«+l)L*,(7)) 

-(2n +A + 2 -t))L^(j)). (D13) 


J 


(2) Current. The k component of the current vector j can be written in terms of the basis wave func¬ 
tions i/)„ and as 

^ (D14) 

Using the Hermlticlty of p and the reality of = A„. due to the axial symmetry and the 

spin scalar character of p) one gets 


l^r) - ^ In>(P.«-)l^*'P.(r)v’J-(r) - (p.(r)V,<p*,(r)|. (D15) 

aa* 

From the definition relations (DIO) and (Dll) one obtains 

l,(f.<l) - ^//e«^-"’£ilm(p„.)M,Af,.NXre^A.t|‘*”''X/f)«,i(«|£,^^)i-,*'(hl-t.^i|)E^tT))l} (D16) 

and 

IM.V) ‘’4^^<''''-”l;ilm(p„.)Af,M,wVXre*^.y*L„MTl)L^.(t7)lff„.(t)H.^.(^)-«..(t:)ff;..(n)}. (DIT) 


(3) The matrix elements. From the preceding expressions for ;J and H (Xie gets, according to Eq. 
(2.33), the components II and IJ of the fields T*(^. Now, Integrating by parts the second term of 


,o ; IV, I o') -- ^ ,a |T* • V + V -1*1 o ') , 
the matrix element to be computed becomes 

IIV, I o •’ 2 ^ f Iv'iinnr) - I Vy.*(r) • f'(r)y>..(r)jd V, 


(D18) 


(D19) 


that Is, with our notation, 
sa|U’,|o ) - 


X [e,H„{t)HAtVM. C)v""‘[C!!{v)Ll^{v) - E*(jj)L^'(q)] 

+ c^;(q)f.,A'(q)/.(iI, t:)\H,(t)RAt) - 3.(t)H,r(t)l} • 


(D20) 
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Pion-nnclem optical potential including the nuclear Hamiltonian 

Humberto Garcilazo* 

Exuela Superior de Fiaea y Uatemiticax Imtitute Mtlecnlco NadouaL kUxko 14 D. F., Mixteo 
(Received 6 November 1979) 

We UK the fact that the maM of the pion is much nnaller than the ma« of the nucleon to derive an 
caprrMiop for the flrvt-order pion<uucieu> optical potential that inclndci the efilect of the nuclear 
Hamiltonian through a ahigle-porticle model. We apply thii potentiaJ to calculate the total and reaction 
cioK aectionf of '^C and the charge-exchange cron aection to the iiobaric analog state in "C for energies 
between 0 and 300 MeV, obtaining qualitative agreement with experiment. 

TnUCLEAK HEACnONS '’C(V.x»). '>C(»*.x*). E = 0-300 MeV; calculated! 

1. “leitEi. ttnae^^- J 


Recently, Tandy, Redish, and BollO* have pro¬ 
posed a three-body model (or the first-order op¬ 
tical potential of Kerman, McManus, and Thaler,’ 
which in the case of pion-nucleus scattering takes 
the form 

A 

<k'mw.(E)|K) - T. <k'<(.„|P‘i,(K)|k<(.,;) , 

A , 

( 1 ) 

Where A is the number of nucleons, <t>o is the 
ground-state wave function of the nucleus, and the 
t^rator /’!),(£) is the pion-nucleon amplitude 
in the nuclear medium, which obeys the integral 
equation 






£-r, -//# + it 


. ( 2 ) 


where j, is the potential between the pion and 
nucleon >, T, is the kinetic energy operator of 
the pion, imd H/, is the nuclear Hamiltonian. The 
simplest approximation to £q. (2), which is known 
as the closure approximation,’ consists in re¬ 
placing the nuclear Hamiltonian //„ by a constant 
effective excitation E, which is usually taken to 
be aero, so that the operator V'i], becomes the 
free pion-nucleon T matrix. Tandy, Redlsh, and 
BoU6’ have proposed a systematic way to im¬ 
prove the description of Eq. (2) by taking (or the 
nuclear Hamiltonian //« the single-particle Hamil¬ 
tonian + 1^/}’, where 7^#’ is the kinetic 

energy operator of nucleon and V^’ is the po¬ 
tential of that nucleon in the nuclear well. This 


corresponds to the first term of an expansion in 
which the residual Interaction appears only in 
second- and higher-order terms.* If we use the 
eigenstates of ffg to evaluate Eqs. (1) and (2), the 
when we introduce a complete set of these states 
In the propagator, the part of the wave functions 
describing all nucleons other than t collapses 
with the corresponding one in ip„ so that is 
left only with the part describing nucleon f, and 
the nuclear Hamiltonian can effectively be 
taken to be Hf, = T*,}' + so that if we now drop 
the index i, Eq. (2) can be written in the form 


f *v(E) -Vj,/i + Vf/f 




E-T,-Tk-Vk +it 
_ 1 


TtV r»- 


(3) 


if we now reexpress the kinetic energy operators 
in terms of relative and center of mass varia¬ 
bles, we can write 

7’w + r, + V, + V„ = T"‘+T‘-“--hV, + V„ 

(4) 

where we have made the approximation that the 
single-nucleon potential Vj, is a function of the 
pion-nucleon center of mass coordinate; that is, 
if we call M the mass of the pion and M the mass 
of the nucleon, then 
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B'-"--+ 8lnce-^«l. 

(5) 

Substituting Eq. (4) into Eq. (3), we get the ap¬ 
proximate expression 

+ V^K. ( 8 ) 

where H^k is tt>o Hamiltonian of the relative mo¬ 
tion of the pion-nucleon system which depends 
on the relative variables, and is the Hamil¬ 
tonian of the nucleon which depends here on the 
pion-nucleon center of mass variables. 

The free pion-nucleon amplitude tij, differs 
from the amplitude 1 by not containing the nu¬ 
clear Hamiltonian, so that it is given in the 
language of Eq. (6) as 

= (7) 

Using Eq. (6),_we can write the matrix elements 
of the operator t that are needed in Eq. (1), as 

(i'0oir,*(£)iWo>=<£'<'olv^.»lk'^'o> 

X—_i—— 

E-Ea -£, + «'« 

, (8) 

vdiere Xa are relative pion-nucleon wave hmctions 
of energy eigenvalue E^ and <p^ are single-nucleon 
wave AincUons of energy eigenvalue E„ con¬ 
sidered here as functions of the pion-nucleon cen¬ 
ter of mass variable. Similarly, the free pion- 
nucleon T matrix given by Eq. (7) can be written 

flia 

<?'I<,x(£)I9>=<9'1v.,15> 

X<x.lv.xl5>. (9) 

where Q is the relative momentum of the pion- 
nucleon system which is given in terms of the pion 
and nucleon momenta k and p as 

5 = ( 10 ) 


Using the separation into relative and center 
of mass components for the intermediate wave 
bmctions that enter in Eq. (8), we can write the 
term that altars there, 

(yo 4 >.lv,,lk 0 o>“ f <®<Xa 4 >»|V'.»l^>(pl<> 0 > 

= /<$(Xa|V,,l3>{'#>,lk+p><p|'#'o> 
“■<X«|V,*|k>A.(k), (11) 

where we have used Eq. (10), and we are defining 
A,(k)« y<$(<)',|k + p><p|<<>„> 

= /<fp'A.*(k + p)«o(P)- (12) 

If we substitute Eq. (11) into Eq. (8), then using 
Eqs. (9) and (10) to recognize the free pion- 
nucleon T matrix, and the fact that the tunctiaas 
<t>, form a complete set, we get the expression 

<k'<f>oir.„(£)lk.)>„>= E <k'lf ,x(£-£.)lk>A.*(k')A,(k), 

(13) 

vdiich together with Eqs. (1) and (12), is our re¬ 
sult for the pion-nucleus optical potential including 
the effect of the nuclear Hamiltonian. Equations 
(13) and (13) provide a simple way to construct 
the matrix elements of the operator in terms 
of the free pion-nucleon T matrix t,^ and the 
single-nucleon wave functions <l>,. Elation (13) 
represents also the solutiim to the problem of the 
first-order i^cal potential as formulated by 
Tandy, Redish, and Boll6, where me has to 
solve the three-body problem defined by the pirn, 
the nuclem, and the residual nucleus, assuming 
that there is no interactim between the pion and 
the residual nucleus. If we call the mass of 
the residual nucleus, then in the limit Af^, x>Af 
Eq. (13) is the solution of that simple three- 
body problem. 

As we will show below, Eq. (13) reduces to the 
standard expression of the optical potential based 
in the closure approod matim if we necdect the 
single-nuclem energies £, in the argument of 
ttKt since using the fact that the single-nucleon 
wave functions form a complete set, 


-1 

<k'0„|r.,(£)lk<l),> ~(k'ltws(e)l^> E A.*(k')A,(k) 

n 

=<k'|f,,(fi)|k>^ f <$'dp( 0 ot 5 '><k'+P'l^»><^»|i+ 5 )<pl^»o> 

■<k'If ,,,(£:) lk> f <$'<$<(>S(p')«fit'+p'-k- 5 )<l'o(p) 
-<k'll„(E)|k> /dfs‘'*-‘'’-*| 0 o(f)l*. 


( 14 ) 
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Which is recognized as the standard expression 
of the first-order optical potential.'** 

As an example, we applied our eiqiressions (1), 
(12), and (13) to calculate the total and reaction 
cross sections of ''C up to 300 MeV. We can also 
apply our Eq. (13) to calculate the charge ex¬ 
change reaction to the isobaric analog state 
“C(»'', jr®)“N, since in this process the wave func¬ 
tion of the valence nucleon is the same in the 
Initial and final state except that its isospin pro¬ 
jection has been flipped from to so that 
using the distorted wave impulse approximation, 
we can write 


T““(A)= / «fk'<*x‘^'*(k'XWoU.”(£)lk</>„>x'**(k), 


(15) 

where is the elementary pi on-nucleon charge 
exchange amplitude in the nuclear medium, 4‘a 
is the wave function of the valence nuclemi, and 
x'*’ and x*'* are the incoming and outgoing dis¬ 
torted pion waves. 

In order to construct the optical potential given 
by Eqs. (1), (12), and (13), we need to know the 
free pion-nucleon T matrix t„i„ and the complete 
set of single-nucleon wave functions <p„. We used 
for the free pion-nucleon T matrix the separable 
form with s and /» waves, 

<k'|f,*(£)|k>= t6„(£:) + 6i(A')S'-kl 


X 


a’ + A* ’ 


( 16 ) 


where kg is the un-shell momentum correspond¬ 
ing to the energy K, and the parameters b,{E) 
are given in terms of phase shifts.'* We used the 
analytic parametrizabon of the phase shifts given 
in Ref. 8. 

We constructed the single-nucleon 'wave func¬ 
tions <l>, using a square well potential of radius 
R-2.9 fm and depth Vu=48 MeV, which has only 
two bound states, one for i = 0 with energy -32.21 
MeV and one for 1=1 with energy -16.57 MeV, 
so that they correspond approximately to the ex¬ 
perimental single-particle energies of carbon.’ 
The continuum wave functions can be expressed 
analytically in terms of spherical Bessel and 
Neumann functions.'" We tested our integration 
routines by checking that using these wave func¬ 
tions in Eq. (13), together with a pion-nucleon T 
matrix that is independent of energy, gives in¬ 
deed the closure result (14). 

In order to calculate our results, we solved 
the Lippmann-Schwinger equation in momentum 
space* with the optical potential given by Bqs. (1), 
(12), and (13). We assumed that the ground-state 


wave function of '*C coosists of four particles 
in the s shell and eighth particles in the P shell, 
and evaluated the expression (13) separately for 
each shell, defining the energy parameter £ in 
Eq. (13), as the external kinetic energy of the 
pion minus the binding energy of the nucleon. Fi 
the contribution of the bound states in Eq. (13), 
we included all possible transitions without re¬ 
gard of the Pauli principle in the case of closed 
shells. For the '*C nucleus, we used the same 
well as for '*C, with the wave functian of the 
valence neutron being given as a p-wave bound 
state wave function. 

We show our results in Fig. 1, where we also 
show for comparison the results of the closure 
approximation potential (14) for three dilferent 
values of the off-shell parameter a in the pion- 
nucleon amplitude (16). We see that the predic¬ 
tions of the two models in the case of the total 
and reaction cross sections are not very differe 
from each other or from the data, nor do they 



FIG. 1. Total Ipigi) and reactioo cross sectic 
for '*C, and single charge exchange cross secti 
to the isobaric analog state of for incident pion kt 
netio energies from 0 to 300 MeV. The solid curves 
the results of the potential containing the miclear Hai 
tonian (13), and the dashed curves are the results of 
closure approximation potential (14). The experlmen 
points are from Sets. 11 and 12. 
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depend very straogljr on which off-ahell extenaicm 
of the pioo-nucleon amplitude is used. The situa¬ 
tion, however, is completely different lor the 
charge exchange reaction, where first of all the 
results of die two models are very different bodi 
in shape and magnitude, and for the potential 
which includes the nuclear Hamiltonian very de¬ 
pendent on the value of a. In the case of the 
charge exchange reaction we observe the well- 
known result’’''”'^* that is practically impossible 
to fit the data with a model based in the closure 
approximation, while by including the nuclear 
Hamiltonian a great improvement is noticed. We 
see that we can eiqilaln the data reasonably well 
up to T, 170 MeV, with a value of a of 300 
MeV/c, which is in striking agreement with the 
value of this parameter obtained by Goplen, Gibbs, 


and Lomon" in their analysis of the n* +d—p+p 
reaction. We interpret the disagreement at high 
energies as giving the range of validity of the 
theory, since relativistic eflects will produce 
large corrections to the approximate result (13); 
we can see this roughly by replacing the mass of 
the plon by its relativistic energy w* + 
and noticing that while at low energies the con¬ 
dition (5) p/M f «1 is satisfied, for a 300 MeV 
plon u)/M =« 1, so that the approxlmatton is very 
bad, and in this case Eq. (3) must be treated 
exactly as a relativistic three-body problem. 

This work was supported by Comlslon de Opera- 
cion y Pomento de AcUvidades Acad^micas del 
I.P.N. and by a computer grant from Centro 
Naclonal de C^culo. 
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Glauber theory and N-N inelasticity 

William A. Friedman 

Pkflics De/kirtmeai, Vniutmiy oJ H'twniuin. Stadium. Waamsim 53706 
Alvin M. Saperstein 

Physics Department. Wayne State Uniuemty. Deirvit. Michigan 48202 
(Received 19 October 1979) 

A shortcoming of siandard Olauber theory which become* important in considering nuckon-nucleiu 
reaction cross sections above the inelastic nucleon-nucleon threahold is disctisacd. 

^llCLEAlt REACTIONS Inelaatlc nucleon-micleus cross seottons; multiply 
L Bcatterln*! theory; Glauber theory. J 


We wish to potnt out an interesting shortcoming 
of .Standard Glauber theory with respect to the 
question of unitarlty. We shall show how this de¬ 
ficiency may be physically understood and what 
remedy is necessary to remove it. 

fn any fixed scattering formulation one develops 
an operator . , r^) which is used to find 


scattering amplitudes by 

. t .''a) 

X . .r^) !!'/''(■ (I) 

I 


In the standard Glauber formulation' of scattering 
of a nucleon from a nucleu.s 

/■(q.f,.r^) 

"2'c I’ - -i'(b-S;)||. (2) 

where i, is that component of the coordinate vec¬ 
tor fj for particle j which is In the plane perpen¬ 
dicular to the beam direction (c axis), and where 
1 (b). the profile function, is given by 

rib)- 2 -},^, / Af^'Vyylq), ( 3 ) 

wUh/^;,(q) the nucleon-nucleon elastic scattering 
amplitude. If one makes the simplifying assump¬ 
tion that the ground state of the target is 
= Sj) with (^|’ = p(r)/A, then the elastic 

scattering amplitude becomes 


>‘oo(R) 

(4) 

Further assuming that F Is much more rapidly 
varying than p(r ,b) one obtains 

(5) 

witli 

■/■(b) = y drp(b,c) and J"d‘sr(B)~j^/„^(0). 
Finally for large A. Eq. (5) leads to 

-exp[-7’(b)-^/;,^(0^| . 

( 6 ) 

Using the optical theorem we obtain the following 
total cross section, from2>'|„(q«0); 

o,= ne2-exp|^-r(5)^/^,(0)j| (7) 

and the integrated elastic cross section 

a.,./<i&*|l-exp[-?^T(b)/,;,(0^|\ (8) 

We now define the micleon-nucleus reaction cross 
section a, as the difference Oj, - a,,, so that 
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(9) 

where ajf', the NN croee section, enters through 
the use of the nucleon-nucleon optical theorem. 

The expressions above are well known and an¬ 
alogous to the standard partial-wave expressions 
where we associate b with (I-f i)/h and 
^-r(>)(lr/tt)/«s( 0 ) 

Let us now calculate the reaction cross section 

.. 

-mm <iV|((io(fi.r^)|V(5,s,,... 

With the simplified assumed above, 

o^-y d*6|l-2j Rer(S- 8 )^dV 

+ J |r(b-8)|*^dv]'‘ 

-yd*61 [i -y r(b-s)^’dv] 1“ , (12) 



by summing the Glauber inelastic amplitudes' de¬ 
rived from Eqs. (1) and (2): 

■ / - lJ^oo<9) I’) ■ (10) 

With closure and Eq. (1) o^ becomes 

J* 

8a)|*. (11) 

I---- 

with 

2 Rey r(s)d*K3oJ!* 
and 

y |r(s)|*d*s«o**. 

We obtain, following the steps leading to Eq. (5), 

(13) 


For large A we find 

of- y "’■<*>). (14) 

When the reaction cross section in Eq. 

(14) becomes identical with o,. derived from the 
optical theorem. When the NN inelastic reaction 
cross section o^** (of*-o|Jf') Is nonzero, how¬ 
ever, 

crj-y<f6(e-'f*»'''>-e-of''r<»>), (15) 

and there is a difference between the optical and 
the summed reaction cross sections, Ao,, 

A(7,-y,f6(l-e-<'u''-'"), (16) 

which is significant for nucleon energies near 
1 GeV where uf*** Jo{*. 

The difference in reaction cross sections has a 
simple physical origin. The inelastic amplitudes 
obtained from the Glauber operators cannot 
describe transitions to states In which new par- 
tictes are produced or Isobars excited. The re¬ 
action cross section obtained by summing the 


Glauber amplitudes is thus short by this amount. 

The deficiency obviously vanishes below the in¬ 
elastic NN threshold as we have seen. We can re¬ 
cast Acr, in a form which explicitly shows that the 
differences arise from inelastic NN effects. For 
this purpose we decompose the reaction cross 
section into contributions from terms in which 
m = 1,2,3,etc. of the original target nucleons are 
excited from their ground state configurations. It 
is not necessary that the particles be knocked 
out but only that their final orbits differ from their 
initial ones. 

The sum on m from 1 to A represents the re¬ 
action cross section while m • 0 represents the 
elastic cross section. Dropping the 1/A' term 
in Eq. (13) we can write 



The expression in Eq. (17) has a simple intuitive 
Interpretation. If we associate o',"n&l/A, and 
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af'‘T{b)/A with the probability for an elastic NN 
or a total NN collision, then gives the prob¬ 
ability that tn particles have been involved in 
elastic coilislons while A-m have been involved 
in no collisions at all. Since the Glauber operator 
N can only describe elastic N-N collisions this 
result is all that of can provide. One would ex¬ 
pect that for physical processes some of the col¬ 
lisions will be inelastic in the sense of particle 
production. These interactions contribute to the 
ftill reaction cross section o,,The expression 
for Ao, can be decomposed into contributions 
from reactions in which ni nucleons are involved: 
Ao,»Z/i.i Then one obtains 

(18) 

This difference represents a process in which, 
of the ni particles colliding, v inelastically col¬ 
lide, where v ranges from 1 to nr, the remaining 
ni~v collisions are elastic. 

Clearly if one wishes to Include all types of re- 


actlwis for situations In which <rf^> 0 one should 
go beytnd the Glauber model and replace In 
Eki. (17) by of'* to obtain 

This sums to the optical result, Eq. (9), and In¬ 
cludes all NN processes that can occur between 
the projectile and target. This substitution has 
frequently been made In papers, l.e., Hufner el 
al.* without specific discussion. We wish to em¬ 
phasize that a sum of purely Glauber amplitudes 
provides o® , and that 

( 20 ) 

so that at 1 GeV of^ „ will in fact give a very small 
part of the full reaction cross section. 

We wish to express our appreciation to the or¬ 
ganizers of the 1979 University of Washington 
Theoretical Topical Conference on Nucleus-Nu¬ 
cleus Interactions where much of this work was 
done. This work was supported in part by funds 
from the National Science Foundation. 
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New iaotope end evidence for nn ieomeric state ’’’Rn'" 
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(Received 28 December 1979) 

The nuclide '”Rn hu been produced in the “*Tm(“CI,5») ‘”Rn rcection. The recoiling '”Rn nuclei were 
•epanled from the bewn it zero degree! by i recoil-sepwitor irrangemcnl utilizing electric ind magnetic 
fleld!, and detected by their alpha decay lignaturea in a surface-barrier detector. Two alpha lines were 
found with energiei 6.990±0.0IS MeV and 7.060±O.OIS McV. Alpha decay of the known daughter ’’’Po 
was also observed. 

feADIOACTIVITY ”^n and '•*Rn"j measured excitation hincUons ‘••Tm(’*Cl,5ii)] 

I ‘*^n and E„’b, 


The three-stage Tandem Accelerator at Brook- 
haven National Laboratory provides ions 

with energies up to about 200 MeV, suitable for 
studies of fusion reactions producing heavy ele¬ 
ments as evaporation residues. Elements of the 
energy-mass spectrograph designed by the M.l.T. 
heavy-ion group to study these reactions are used 
in this work for the single purpose of separating 
the reccdling evaporation residues from the beam 
at zero degree.^'’ The present apparatus pro¬ 
duces neither mass nor velocity dispersion of 
any significance at the point of collection of the 
recoils. 

Figure 1 shows a diagram of the equipment. 

The velocity selector described in Ref. 2 has 
been modified to provide better rejection of beam 
particles. A 20-cm long section has been cut 
from the electrostatic deflector plates and mounted 
separately closer to the target. The evaporation 
residues are deflected upwards by, typically, 

7 deg, while the beam in this experiment is de¬ 
flected by less than 1.5 deg. A region of mag¬ 
netic fields bends the trajectories of the evapora¬ 
tion residues back to the horizontal before they 
enter the velocity selector proper (Wien filter). 

The beam is collected in a Faraday cup as shown 
in Fig. 1. A pair of magnetic quadrupoles close 
to the target produces an image of the target spot 
roughly in the middle of the velocity selector and 
another quadrupole pair rel mages this on the de¬ 
tector. 

The detector is a A£-£ telescope consisting of 
a gas, proportlcmal A£ counter followed by a 
450 mm* surface barrier £ detector. Evaporation 
residues in this experiment have energies of) 
typically, 30 MeV. They pass through the gas 
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counter and embed themselves in the surface 
barrier detector. If they decay by alpha emission 
the decay is observed with 100% efficiency al- 
tliough some alpha’s emitted in the backward di¬ 
rection escape through the surface of the detector 
and therefore do not give rise to full energy 
peaks. Typically, 4^ of the alpha’s fall into 
this category. Since only the events in the full- 
energy peaks could be identified, the efficiency 
of the detector was in reality only 58%. Some 
’*C1 particles scattered from the various parts 
of the separation system with energy degraded 
to about 5 MeV have the correct velocity to pass 
through the velocity selector. They are rejected 
from the alpha spectrum by an anticoincidence 
signal from the A£ gas detector. 

Figure 2 shows an excitation function of some 
of the alpha lines produced in these reactions. 

The 6.77-MeV line and the 6.91-MeV line are 
well known lines from ’“‘Rn and *“Rn produced 
in the 3n and 4» reactions, respectively. Four 
weak lines, all peaking at a beam energy of about 
175 MeV, are seen in the spectra. In Fig. 2 the 



Fia.l. Apparatus used to separate recoiling evapor¬ 
ation residues from the beam at aero degree. 
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FIQ. 2 . Excitation ftinctlon for alpha lines arising 
from recoils produced in the 3 m, 4n, and Sn reactions. 
Only the lines from the parent nuclei are shown except 
tor 5n case. The true lumber of counts has been multi¬ 
plied by a normalizing factor (close to unity) to more 
closely represent relative cross section. is the ener¬ 
gy of the Incident ’‘cl. 

yields of these four lines have been plotted, but 
only one curve, representing the average, is 
shown in the lower part. Two of the four alpha 
lines have been identified as arising from the 
decay of the known isotope ‘”Po. The other two 
lines at 6.990^0.015 MeV and 7.060t:0.01S MeV 
are assigned to a new isotope “"Rn. This as¬ 
signment is based on the following three observa¬ 
tions; 

(1) The excitation functions for these lines (5«) 
peak at the energy expected from extrapolation 
of the 3n and in data (Fig. 2). 

(3) The excitation functions coincide with those 
for the alpha lines of ‘’’Po, the presumed daugh¬ 
ter. 

(3) The alpha energies observed are close to 
what is expected for '“Rn by extrapolation from 
heavier radon isotopes (see below). 

In the u[^r part of Fig. 2 is shown the sum 
of the yields of the two lines assigned to the 
parent ‘"Rn and the sum assigned to the daughter 
'“Po. The total yields for die daughter lines ap¬ 
pear to be higher than those for the parent lines. 
This may be due to the fact that the daughter lines 
bracketed a much stronger peak—that from the 
iti,p residue “"At at 6.64 MeV. Therefore, some 
of the counts on the wings of this peak may have 
been included in the counts for the daughter lines. 

The cross section for the production of ‘"Rn 
via the ’*C1 + “*Tni reaction was not measured 
accurately, but is of the order of o = 1 pb at the 



Ntutrof) NumMr 

FIG. 3. Alpha-mergy systematlcs for franctaim, ra¬ 
don, astatine, and polonium laotopee. The encircled 
points represent the alpha lines associated with the new 
Isotope '**110. 

peak (175 MeV). The total evaporation residue 
cross section at this energy, close to the maxi¬ 
mum, was about 30 times larger. The most in¬ 
tense alpha line was the one mentioned above at 
6.64 MeV assigned to ‘“At. 

Figure 3 is a plot of the alpha-particle ener¬ 
gies of some of the previously known isotopes' 
of radon and three of its neighbor elements and 
of the new isotope ‘“Rn. The nuclides *“Rn and 
“*Rn both have isomeric states demonstrated 
by the fact that they emit two alpha lines with two 
different associated half-lives. In the case of ‘*'Rn 
two lines are again observed and the systematics 
of the energies shown in fig. 3 strongly hint that 
‘“Rn has decay modes similar to *°‘Rn and “'Rn, 
i.e., that (me of the observed lines is prcxhiced 
by an isomeric state. Presumably, because of 
strong hindrance factors, a high (low) spin state 
in '“Rn decays to a high (low) spin state in *“Po. 
Assuming that the difference in alpha energies 
of the daughter lines, corrected for recoils, re¬ 
flects the excitation energy of “’Po^, this level 
is at 97 keV. The corrected difference for the 
two new alpha lines observed in this work is 71 
keV. The ex(dtati(m energy of ‘“Rn*' is there¬ 
fore 97± 71 keV, i.e., either 168 or 26 keV. Our 
data do not allow us to determine which of the 
two energies Is the correct one. 

This work was supported in part by the U. S. 
Department of Energy under Contract No. 
EY-76.C-02-3069. 
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It it ihown that becauie of the Fermi motion of the target nticleoiu the A resonaiicc exhibiU a large 
kinonattc bc n ad cnm t in nu^d. Thti broadening ia unrelated to the con|dtng of the bobar to inelastic 
channels and is neglected in some of the calculationi of pton^nucleus scattering baaed upon the iaobar<hole 
model. 




CLEAR REACTIONS 


Effects of Fermi motions; self-energy of the A isobar; 
pion-nucleus optical potential. 


It is convenient in many calculations to treat 
the (3,3) resmance of the vN system as an ele¬ 
mentary particle, the A isobar. In the attempt to 
understa^ the interaction of pions with nuclei, 
extensive use has been made of the isobar-door¬ 
way* or Isobar-hole’** model. In these models the 
A self-energy In the nuclear medium plays an 
essential role. In some works this quantity is 
treated In a phenomenological manner and Is ad. 
justed In order to fit the experimental data.***•'*•'’>* 
Other authors have reported microscopic calcula¬ 
tions of some parts of the A self-energy.** ‘ In 
this work we wish to describe an important kine- 
matical effect which has not been previously dis¬ 
cussed in the literature and which we will term 
Fermi broadetting> (While the authors of Refs. 

5 and 6 discuss a large number of effects which 
govern the dynamics of isobar propagation, Pauli 
correlations, broadening due to absorption chan¬ 
nels, binding effects, etc,, they have not discussed 
Fermi broadening. The calculations reported in 
Refs. 5 and 6, however, do correctly Incorporate 
terms in the A propagator which give rise to Fer¬ 
mi broadening.) 

We recall the expression obtained for the pion- 
nucleus transition operator when use is made of 
the doorway approxiination and the projection- 
operator formalism,’ 

rpp=/fpj(£—JCnp) *^DP 

«ffpp(B-//p„-//ip-;Rj,p+ft)-‘/fo,, (1) 

= ( 2 ) 

< 3 ) 

Here, the P channel contains the piem plus the 
nucleus in its ground state, the D space contains 
the isobar-hole states, and the Q space consists 
of more complicated states. Let us first ccuislder 
the isobar-hole interaction with the Q space, 
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In some works this interaction is replaced by a 
potential having the shape of the nuclear density 
and a complex strength which is treated as a free 
parameter.*** (Some results for the energy de¬ 
pendence of this parameter have been given in 
Ref. 7.) Explicit calculation of /r{,p requires 
evaluation of diagrams such as those of Fig. 1.*** 
These diagrams represent the coupling of the A 
to inelastic channels. For example, Fig. 1(b) 
represents the coupling to the channel with no 
pions; specifically, the A-hole state is coupled 
to the 2p-2h states of the nucleus. [See Fig. 1(d).] 
We remark that the potentials used to represent 
tf{,p are quite large,*** having a typical strength 
parameter of about (-60 -170) MeV.’ In more 
recent work,* the real part of the interaction is 
somewhat smaller in magnitude and exhibits a 
marked energy dependence. The spreading poten¬ 
tials used to represent give rise to an absorp¬ 
tion width for the isobar, r^~140 MeV. This Is 
in part compensated by a Pauli correction*** to 
the decay width of Fp- - 40 MeV. Combining these 
effects we see that some calculations using the 
isobar-hole model suggest an increase of the A 
width in the nuclear medium of about 100 MeV.* 

In this work we wish to raise some questions 
as to the proper interpretation of these pkenom- 
endogicai parameters. Specifically, we wish to 
point out that apparent "self-energies" of the mag¬ 
nitude noted above already are present when pro¬ 
per consideration is given to the Fermi motion 
and nuclear binding of the target particles. These 
effects are present before one considers the cou¬ 
pling of the resonance to more complicated modes 
of excitation—processes such as those depicted 
in Fig. 1. 

We now contrast the analysis of the isobar-hole 
model with a covariant multiple-scattering theory 
which has been extensively developed.**** In the 
latter theory one constructs a first-order optical 
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(cO (b) 



(c) (d) 

PIG. 1. Sonu' ugnlrlbutlona to the laohar aelf-energy 
In nui'lei. The Idohar in represented an a double line, 
the plan as n dashed lino, and nucleons as slnele lines. 

(a) CuupllnK of the isobar to a stale consisting of a A 
and a particle-hole rxeltutlon. (h) Coupling of the Isobar 
to a 2p-lh state. The dashed line may also he taken to 
represent the exchange of a p meson, (c) The portion of 
the self-energy of the A shown In (a) Is Included 
In the ealeulallun of the plon optical potential, (d) The 
self-energy term of (li) is shown as motllfylng the prop¬ 
agator of the A in the calculation of the plon optical 
potential. 

potential by evaluating the “triangle diagram” 
shown In Fig. 2.‘’ In this figure the dashed line 
denotes a pion and the solid circle is a wA' 7 
matrix. The heavy lines denote (on-mass-shell) 
nuclei ofi4 or (/t-1) nucleons. An Integral Is 
evaluated over the momentum Q of the spectator 
nucleus. The fourth component of (he momentum 
vector of the struck nucleon is E^ik) - 
Therefore, If W denotes the energy In the center 
of mass of the pion-mtdeus system, the energy 
in the center of mass for^the pion-nurfeon col¬ 
lision IS v'^- {[H’- J' 

Let us consider the cvaluatltm of the diagram of 
Fig. 2 for the on-shelt matrix element of the first- 
order optical^tential. In carrying out the inte¬ 
gration over Q, the nN T matrix (see Fig. 2) is 
evaluated over a range of values of J~s and of k,., 
the relative momentum of the pion and nucleon. 

A typical situation is depicted in Fig. 3, where 
the shaded region indicates the values of [)t,| 
and /s that contribute most significantly to the 


k,W-BjO Xw-£jk) 



o,E^./a -ir\r) 


FIG. 2. Diagrammatic representation of the proeese 
which determines the first-order optical potential. The 
dashed line Is a plon, the solid circle Is a xW T matrix, 
and the open circles are nuclear vertex funotloas. The 
heavy lines represent nuolel which are kept on their 
mass shell In the calculation; for example, £x(1t) 

integral. The black dot denotes the point at which 
the T matrix would be evaluated if use were made 
of the fixed-Bcatterer approximation (FSA). Fur¬ 
ther, jF,, is the relative momentum for the collision 
of the pion with a nucleon at rest, and the solid 
line represents the equation = 

+ (*/+m,*)''*. The size and location of the shaded 
region in Fig. 3 can be understood if one gives 
some thought to the role of nuclear binding and 
Fermi motion in modifying the FSA kinematics.'^'*' 
The evaluation of the diagram of Fig. 2 yields a 
first-order optical potential (k' | K‘**(IV) |k>. On- 
shell values of this quantity = and W’^ik* 

+ + *)*'*] are shown in Fig. 4." As 

may be seen from this figure, the maximum mag¬ 
nitude of the imaginary part of the first-order po¬ 
tential is calculated to be at ~ 240 MeV for 

and *°Ca targets. The width at half maximum is 
about 200 MeV. Therefore we see that the effects 
of Fermi motion and nuclear binding cause an up¬ 
ward shift of the resonance position of about 40 
MeV and an increased width of about 80 MeV with 
respect to FSA values. This increased width may 



100 300 


kjMeV/e] 

FIG. 3. Kinemattoal region that la Important (or the 
evaluatton of Oie first-order opUoal potential when k}^ 
"ZkOMeV/e. <8 m text) 
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FIG. 4. Real and Imaginary parta of the matrix ele¬ 
ment of the (on-ahell) flrat-ordor optical potential, (a) 
Real part for ’‘o(x], ^\la(al. <b) Imaginary part for 
"0[x| and *°Ca|a)- The potentiala shown in the figures 
are averages of the potentials for x*and r' mesons, 
which differ slightly because of Coulond) effects on the 
binding energy of the target nucleons. 

be termed Terml broadening” since It has Its 
origin in the Fermi motion of the target nucleons. 

The distinction between the physical processes 
[hat are important for the calculation of the self- 
anergy and of Fermi broadening can be clarified 
by noting that In the multiple-scattering ap- 
proach’’^' the incident plon encounters nucleons 


haying a range of momenta. Correspondingly, 
the isobar is not formed with a definite energy and 
momentum. This feature of the dynamics ulti¬ 
mately leads to a large broadening of the reso¬ 
nance. This broadening is not representative of 
the true self-energy of the isobar since it is un¬ 
related to the coupling of the d to other channels. 

The part of the isobar Hamiltonian which would 
give rise to the broadening effects mentioned 
above is treated rather crudely in some isobar- 
hole calculations. For exanqple, consider the 
quantity ],„(£)]■' with 

^A„(£).-<rU£)/2 [see Eq. (2)], iiui 
=s E„+ T^+ I'a + Hji-i-*'’ 1" performing calculations, 
the following approximation has often been used*'^: 

(4) 

3 /)(£)-><£)£„. ( 6 ) 

Furthermore, is treated as a parameter. This 
approximation has led to the sui^ression of the 
Fermi broadening effect in some isobar-hole cal¬ 
culations and the introduction of phenomenological 
spreading widths whose interpretation is obscure. 

We have shown that the kinematic broadening of 
the isobar resonance is very large. We believe 
that it is important to extend some of the isobar- 
hole models to Include a better treatment of this 
effect. Such developments will allow for an im¬ 
proved understanding of the relation between the 
optical model analysis®"** and the isobar-hole*"® 
or isobar-doorway* theories. Further, general 
agreement as to the magnitude of the isobar self- 
energy can only be achieved if the various isobar- 
hole calculations are consistent In the details of 
their treatment of Fermi broadening. 


't-. S. KiswUnger and W. L. Wang, Pl^a. Rev. Lett. 

1071 0973): Ann. Phy». (N.Y.) M, 374 (1976). 

'F. Lonz, Ann. Pl^s. (N.Y.) 96, 348 (1976). 

'M. Htrata, J. H. Koch, F. Lenz, and E. J. Monlz, Phys. 
Lett. 70B , 281 (1977). 

M. Hirata, F. Lenz, and K. Yazald, Ann. Ftaya- (N.Y.) 

. 108, 118 (1977). 

JW- Welao, Nuci. Phys. A278 , 402 (1977). 

E- Oaet and W. Welae, Phya. Lett. ]JB, 159 (1978); 

^ Nuci. Phya. A319 . 477 (1979). 

M. Hirata, J. H. Koch, F. Lenz, and E. J. Monlz, report 
ImpabUahad). 

X. KUagenbeolt, M. DUUg, and M. Q. HiA>er, Phgra. 


Rev. Lett. 41, 387 (1978); K. KUngenbeck, University 
of Erlangen report; M. G. Huber and K. KUngenbeck, 
lecturea delivered at the Maaaurlan Summer School, 
Mikolajki, 1978 (unpubUabed). 

*L. Celenza, L. C. Liu, and C. M. Shaldn, Phye- Rev. 

C 11, 1693 (1976); 12, 721(E) (1976). 

“L. C. Liu, Phya. Rev. C H, 1787 (1978). 

”L. C. Uu and C. M. Shaldn, Phya. Rev. C 16, 333 
(1977); 16, 1963 (1977); 19, 129 (1979); Phya. Lett. 
78B , 389 (1978); R. S. Bhalerao, L. C. Liu, and C. H. 
Siakin. Phya. Rev. C 1903 (1980). 

**Tlie firtt-ordtr optical potential la the aame In the 
mnlUple-Bcattering theory of Reta. 9-11 and In a t)w- 




2106 


R. S. BHALERAO, L. C. LIV, AND C. M. SHAKIN 


21 


ory of the optical potential baaed upon unltarlty and 
analytlclty conalderatlona: L. C. Liu and C. M. Shaldn, 
Phya. Rev. C 20, 2339 (1979). 
l^Calculatlonfl which are most similar to ours with re¬ 
spect to the treatment of the motion of the target nu¬ 
cleons are reported in J. P. Malllet, J. P. Dedtmder, 
and C. .Schmitt, Nucl. Phys. A271 , 263 (1976); A31S. 


267 (1979), where extsaalve referenoee to the work of 
otlier researchers In this field msy be found. 

^he ratio of the momentum space matrix elements for 
‘*0 and ^a Is qtproxlmalely the ratio of the mass 
numbers (~ 16/40) which la as eiqwcted for potentials 
that have the sams s l rs s gt h s fa eoordimat* specs. 
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SbeU-model calculatioin for "O and ^*Mg yield prediclioiu of strong state dependence of the isovector 
component of nuclear transition strengths, svilh results for "O being consistent witb recent measuretnents of 
rr~/rt^ inrlastir acattering ratios. 

NUCLEAR STRUCTURE '^O, calculated neutron and prtrCon componenta 

of InelaaUc soatterlog exdtationa; estimates of e-/ir* cross section ratios: 

shell model. 


For a. complete understanding of nuclear struc¬ 
ture it Is necessary to be able to distinguish be¬ 
tween the neutron and proton components of nu¬ 
clear transitions. This problem has been ad¬ 
dressed with conventional nuclear probes by com¬ 
paring the reduced electromagnetic strength ci a 
transition in a stable (N>Z) nucleus to the 
strength an the corresponding transition in the 
analog (.Z>N) nucleus'*’ or, alternatively, to the 
reduced strengths ot the same transitimi in the 
iff'rZ) nucleus as induced by hadronic probes 
such as protons or alphas.’ The first of these 
approaches is complicated' by the necessity of 
dealing with the (often significant) differences’ in 
the radial wave functions ai the protons and neu¬ 
trons in the two different nuclear systems. The 
second approach faces the problem of quantitative¬ 
ly relating the reduced strengths of a transition 
induced by completely different types of probes. 

The new "meson factories offer a fresh alter¬ 
native approach to this problem via the measure¬ 
ment of the relative cross sections for excitation 
of a given nuclear level by the Inelastic scatter¬ 
ing of v* and V' projectiles. The sensitivity (rf 
this measurement to the differences In the neu¬ 
tron and proton components of the transition 
comes from the fact that the resonant cross sec¬ 
tions tor the interactions of v* with protons and 
v' with neutrons are about nine times larger than 
for the corresponding Interactions of v* with neu¬ 
trons and V* with protons. Experimental results 
of studies on ’*0 which employ this technique have 
recently bem published.*'* 

We present here some shell-model predictions 
for the Isoscalar and Isoveetor, or In other terms 
the neutron and proton, components of nuclear 


transitions in ’’o and ’*Mg. These shell-model 
predictions are used, together with the simplest 
possible assumptions about' the «r- nucleus reac¬ 
tion mechanism, to predict the results of g~/g* 
inelastic scattering cross section ratios. The 
results tor “O seem consistent with existing data 
and suggest that measurement of additional tran¬ 
sitions in this system should prove very interes¬ 
ting. The results for ’*Mg explain the anomaly 
of the phase of the isoveetor term of the 0^-2t 
transition noted in Ref. 1 and predict a striking 
difference between the relative neutron-proton 
structures of the 0t-2i and Oi-E] transitions. 

The shell-model wave functions employed in 
the present analysis are obtained from calcula¬ 
tions in which the space of basis vectors is gen¬ 
erated either by the Of>in, Isi/i, and Qd,/, singlc- 
nucleon orbits’ (a “”C-core moderl or by the 

and Odtn orbits' (an "’*0-core mod¬ 
el”). For A = 18, the '*0-core model provides 
only a schematic accounting of the observed level 
structure. Accordingly, while such results are 
presented for "O, attention is principally focused 
upon the results of the "C-core model for this 
system. For "Mg, the "O-core model provides 
the appropriate degrees of freedom. 

Our procedure is to condense the information 
contained in the nuclear wave functions which is 
relevant to a transition of angular momentum and 
isospln rank LJ and AT into the one-body-transl- 
tirni dnsities 


iJ.J > {2£^+ iy'*{2^T + 1)*" ’ 


( 1 ) 
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where a^> annihilates a nucleon In shell-model 
orbit i' and a| creates a nucleon In orbit j. These 
matrix elements constitute the many-body com¬ 
ponent lor analyses of transition strengths which 
employ any desired complexity at formulation of 
the nucleonic operators and reaction mechanisms 
by which the transition Is effected, so long as the 
process is one-body in nature. For simplicity 
and uniformity, In our present application we 
combine the Isovector and Isoscalar D values into 
neutron and proton strength amplitudes A, and A, 
by taking the appropriate sums and differences and 
multiplying the resulting U,,, values by the single- 
particle matrix elements of r''!^, assuming har¬ 
monic oscillator radial dependence for the single 
nucleon states. (The harmonic oscillator param¬ 
eters used for “O and ’*Mg were chosen to re¬ 
produce their respective charge radii, taking Into 
account the orbit occupations In the model spaces 
and making the conventional corrections for finite 
nucleon size and relativistic and center-of-mass 
effects.) 

In terms of the model-space matrix elements 
A, and A„ the full proton and neutron matrix ele¬ 
ments and Af, are given* by 

M,.- A, t A,6„, 

Afj, — A„ 4 -f Apt>f^ , 

where the account for the coupling ol the nu¬ 
cleons b of the model space to the virtual excita¬ 
tions of the core nucleons a. The strength of a 
transition Induced by a probe which couples to 
protons and neutrons, respectively, with strengths 
Cp and C, Is given by 

BM s (2,/' + ly'iCpMp + C,A;,)^ (3) 

For electromagnetlr transitions, 1 and C, 

-0 In units of r. We are concerned here with the 
rclatirr differences In the strengths of a given 
transition as it is excited by probes with differing 
relative values of Cp and C,. To emphasize this, 
as opposed to becoming Involved with the probe- 
specific details of absolute transition strengths, 
we deal with normalized strengths such that Cp 
4 C' ^ 1, that is, such that a purely isoscalar 
transition (one In an nucleus) would have the 
same strength value (equal to the electromagnetic 
strength) Independent of the probe which Induced 
it. The relevant characteristics of different 
probes arc then represented solely by the differ¬ 
ence Cp - C'. For electromagnetic excitation or 
decay, Cp -C'^1, for alpha-induced excitation C, 

- t'i = 0, and for excitation Cp - C' =±0.5. 

Since the model cores have N =.Z, 6pp = 6^ and 
*•> “P order (W - Z)/A, Hence the com¬ 
plete structure of the core-valence coupling can 


be expressed In terms at the conventional model- 
space total effective charges = 14- 8^^ and e, 

= 8„. The Isoscalar effective charge can be easily 
established from electromagnetic transition rates 
and it is found that 8^ -t- 8^ = 0.7 ± 0.1 serves quite 
well for strong £2 and £4 transitions In this re¬ 
gion with these model spaces.** There la very 
little known, on the other hand, about the empiri¬ 
cal value of the Isovector effective change, as Is 
implied, of course, by the focus of the present 
work. Previous comparison* of experimental 
and calculated B(£2) values and quadrupole mo¬ 
ments has shown that bpp « 8,,. The results to be 
presented here have been calculated with the val¬ 
ues .35, although the empirical founda¬ 

tion of this choice of the ratio Is weak. Ultimate¬ 
ly, the study of data such as are treated here 
should provide a clearer picture of the empirically 
correct ratio 

Our calculations for **0 and **Mg are presented 
in Table I. They are based on the shell-model 
values at Ap and A, as therein listed, Eqs. (2) and 
(3), and the values of Cp, C,, and 8,^ Just noted. 

We show results for the total electromagnetic 
strengths B(£^) and the ratios of the s' to v* 
strengths, B(v’)/£(v*), (rf the alpha-induced to 
electromagnetlcally-lnduced strengths, B{a)/B(y), 
and of the ratio of total neutron to total proton 
transition strengths, (MjMpf. Other quantities 
bearing on the central problem of the relative im¬ 
portance of neutron and proton components In nuc¬ 
lear transitions can be calculated from the Ap and 
A, in a similar fashion. We emphasize that the 
various prediettons Ol transition strength ratios 
depend not mly upon A^ and A, but also upon 8,, 
and 6p.. 

The **C-core calculations for **0 predict domi¬ 
nant neutron components for the o!-2l and 0i-4i 
transitions which, while differing In details, are 
consistent with the naive **0-core picture. The 
predicted ratios of excitation strengths are rea¬ 
sonably consistent with the various measured 
values. The 0i-2^, and Oj-Si transitiotts are pre¬ 
dicted to be dominated by proton excitations, 
with the calculated 0!-3i B{t‘)/B{t') ratio being 
close to that observed. The large differences 
In the B(tr)/B(t') values calculated for these five 
states suggest that extending the present experi¬ 
mental results to Include the neigMtwrlng states 
would be of great interest. 

Our calculations predict that the 0i-2i and 0{- 
4] transitions in **Mg have larger protoa than 
neutron components. The corollary of this result 
Is that the electromagnetic strengths of these 
transitions In **Mg are larger than In the proton- 
rich mirror nucleus of **Mg, **81. While this 
might seem surprising at first glance, U is, of 



TABLE I. Matrix eUments and traaattlon rates In and 
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course, consistent with the simplest shell-model 
expectations, in which the lowest O', 2*, and 4* 
states of **Mg are formed by the two proton 0d|/] 
holes in **8i and the analogs in ’*Si by the corre¬ 
sponding two neutron holes. In contrast to the 
0j-2i transition, the 0^-22 transition in ‘‘Mg is 
predicted to be dominated by neutron excitations, 
with a ratio three times bigger than 

that of the 0t-2l transition. Since ’*Mg should 
present no target difficulties and these lowest 
two 2' states are well isolated in energy, the ex¬ 
perimental test of our predictions should be pre¬ 
cise. 

We have illustrated in these caiculations for 
**0 and ’*Mg that current theory for the many- 
body aspects of nuclear structure predicts ratios 
of the neutron and proton components of nuclear 
transitions which differ markedly from state to 
state and that the analyses of these differences 
can yield revealing insight into the natures of the 
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various different excitations. Comparison with 
some of the few existing relevant data suggests 
that our theoretleal Interpretatloa is correctly 
focused, even though at present the empirical 
foundation cf our assumption for the isovector 
effective charge is <tuite weak. Calculations for 
the ratios lor inelastic scattering strengths for 
v* and r' show variations between different ex¬ 
cited states which should be clearly identifiable 
with current experimental techniques and pursuit 
of this type of experiment should, therefore, 
prove very rewarding. 


This material is based upon work supported in 
part by the U. S. National Science Foundation 
under Grant No. Phy-78226M. One of the authors 
(B. H. Wlldenthal) wishes to thank Professor K. 
A. Allen and Dr. P. E. Hodgson for their hospi¬ 
tality during his stay in Oxford. 
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intermediate atmctiirea correlated among elastic and reaction channels 
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(Received 24 October 1979) 

Prominent intermediate •tructure oonelationi are uiMcated between "C + '^C elastic and reaction channel 
excitation functions over a wide range of energies above the Coulomb harrier. The associated resonant states 
in “Mg would have large partial widths to elastic, inelastic, and a + ”Ne* channels. 


MUCLEAB BEACTIONS Correlation analysts on resonanoe channels. 

Deduced poetttons of intermediate structure states In “Mg and rfH! 
strength fimetion. 


The ‘*C + '% elastic and reaction channels show 
exceptionally dramatic Intermediate structures.* 
The relationship of this to the demonstration of 
quaslmolecular states has been unclear because 
^ the uncertain role of statistical fluctuations. 
Several analyses have indicated that the pro¬ 
nounced Intermediate structures in the *%-•-*% 
elastic and the ‘'C(‘’C,a)”Ne* reactions are con¬ 
sistent with statistical compound-nucleus fluctu¬ 
ations.*'* Other analyses have Interpreted the 
elastic structures as arising from coupling to 
resonant inelastic channels, which would make 
them of nonstatlstical origin.* In none of these 
studies has an explicit correlation between elas¬ 
tic and reaction Intermediate structures been 
made. 

Here we suggest that a strong correlation exists 
between nearly all **C')-**C intermediate structures 
seen in elastic channels above the Coulomb bar¬ 
rier and resonances seen in other reaction chan¬ 
nels, particularly the inelastic and a + *°Ne* chan¬ 
nels. 

Figure 1 shows excitation functions for the 
'*C +**C elastic scattering at 90° c.m. and for the 
total reaction,* the **C + “C* inelastic,*'" and 
a + “Ne* reaction channels."'" The dashed lines 
indicate apparent correlations of intermediate 
structures among these channels. The maxima 
in the 90° c.m. elastic channel correlate well to 
nearly all reactlcn intermediate structures, sug¬ 
gesting that they do not arise from Interference 
effects and fluctuations, but rather are nearly 
isolated resonances in “Mg. Comparison to 90° 
c.m. elastic data only is restrictive, however, it 
is most likely to reveal such correlated states 
because the ratio of resonance to badeground am¬ 
plitude is a maximum at that angle. 

Figure Z shows farther details of this comp^- 
son near £ cm.* 20 MeV using data taken at sev¬ 
eral laboratories.*'"'*'*'*" Major structures at 
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- 12.4, 19.3, 20.4, and 21.0 MeV appear 
in the elastic, a + ”Ne*, ‘“C+'*C*{2;), andp + "Na° 
channels. Shifts in the positions of maxima are, 
in some cases, up to half a peak width, as may be 
expected from background interference and over¬ 
lap of resonance tails. Kolata el al.“ have noted 
that the "0(3' -> o;) yidd is dominated by the 
‘*C(‘*C, a)“Ne*-o( f *"0* reaction above 
a 20 MeV with little from '*C(*“C, ■Be)'“0* dlrecUy 
in that region. Also the *"C(‘"C, ‘Be)*"0(g.s.) 
yield** is relatively small and shows no resonant 
structure that is clearly correlated with that men¬ 
tioned here over the range ot a B to 20 MeV. 

Figure 3 shows correlation functions of the data 
of Fig. 1. Relatively strong effecU are seen, in 
most cases, near£cm. =19.3. 20.3, MeV, and 
from 24 to 26 MeV, supporting the above sug¬ 
gestion. ailfts in peak positions from background 
interference make difficult any more exact inter¬ 
pretation of Fig. 3. 

These correlations imply that the intermediate 
structures in the elastic and other channels repre¬ 
sent a fairly sparse population of '"C + **C door¬ 
way states, and thus their properties may be 
learned in detail. More complete elastic cross 
sections should yield r(**C) and J" values directly. 
More complete reaction channel data could be 
analyzed with the elastic data to provide all par¬ 
tial decay widths and background phase shifts. 

With the present data, the observation of dis¬ 
crete, correlated intermediate structures Implies 
that they have unusually large carbon widths, and, 
in that sense, are of quaslmolecular character. 
Figure 4 shows a comparison of the 90° elastic 
data with a calculated curve using an optical badt- 
ground plus resonances added at the energies sug¬ 
gested by Figs. 1 and 2. The calculation is not 
Intmided to be a careful fit since many Important 
aspects of doing such a fit, mentioned in the Fig. 

4 caption, are Ignored. However, it illustrates 
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'^C +®C INTERMEDIATE STRUCTURES 

_-1-1^-1 I f- 


(2c + IZc RESONANCES 
1 I I 1 T-1-1-T 



FIG. 1. Comi«rl»on of ‘’c+‘’C intermedtsto atnio- 
turoa. F'roiti top to l>oltom the data ia from; top left, 
summed alpha yield, Itef. !); top right, '*0(3" — O') 
gamma yield oorresfiondlng mostly to 2a emission 
through ’“Ne* stales. Kef. 6; ”C + ”C Inolastie, moan¬ 
ing the total ‘’C(2* —0*) gumma yield. Ref. 7; ‘k: + ‘k; 
total reaetMUi eross section. Ref. d; and, *^C + *'C 
elastic at 90" c.m.. Ref. 1. Dashed lines show corre¬ 
lated resonnnecs. 


that to match the amplitude of the intermediate 
Btnictures at 90*’, the values of r(‘'^)/r,o^ must 
all be in the range of 10 to 50%. This range of 
r(‘H;)/rt„y, is also consistent with the strength 
of resonances in the total reaction cross section, 
Fig. 1. 

The origin of these intermediate structure re¬ 
sonances is an interesting question. Their decays 
are simple and seem to depend on specific final 
state structures rather than statistical selection 
rules, and so their wave functions and quantum 
numbers may be learned in detail. It has been 
pointed out that the resonances at a 11.4, 

14.3, and 19.3 MeV probably have J* « 8*, 10'', 
and 12', respectively, and show the same s^ec- 



FIG. 2. Detailed comparisen, as in Fig. 1, near 

MoV. The '*C('*C,p)”Na* yields at the top are 
from Ref. 10, the ”C(**C,a)“^ yields, next from top, 
are from Ref. 3, and the '®C + **C*(2*) data are from 
Rot. 7. 

live decay to a particular/> + “Na*(9.81, 
channel.'° Thus they may be a part of a rotational 
band involving the same intrinelc state which in¬ 
cludes a specific p + ”Na*(^) particle-core com¬ 
ponent. The limited availaUe a-spectra data In¬ 
dicate that specific a + ’°Ne* particle-core con- 
figuratione may play a major role in the explan¬ 
ation of the intermediate structures. We 

note from Fig. 1 that, for each intermediate struC' 
ture, the reaonant a+“Ne* decay is comparahle 
to and often stronger than the prominent reaonant 
Indastlc decay, and thua It represents a major 
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FIG. 3. Correlation functions between cross sections 
of pairs of channels shown In Fig. 1. In the second 
graph from the bottom, we summed the o+^e and 
elastic oorrelatlon function with the inelastic and elastic 
correlation functions. Correlation functions were simi¬ 
lar for averaging intervals A between 2 to 3.5 MeV. 


fraction of the resonant total reaction cross section. 
Moreover, there is evidence that a large fraction 
of the a V ‘^e* decay Itself populates only a few 
selected states in ^e. For example, the 
-11.4 MeV resonance decays primarily to the 
=0 MeV, 0* and £. = 5.82 MeV, 3" states*; the 
^c.m. 3118.5, 19.3, and 20.3 MeV resonances de¬ 
cay to a selected group of high spin states’ be¬ 
tween £. = 8 and 20 MeV In ’’Ne. These reson¬ 
ances are seen in the ‘’C(0'') + *^*(2'') channel, 
^c.m. 19*3 MeV resonance being most pro¬ 

minent, and are at most weakly vtsiUe In the 
‘'t»(2*) + ”c*(2*) channel.'' They are also probaUy 
weak inthe ‘Be + *"0 and •Be + ‘'0*(3') channels. 

The band crossing model involving elastic 
coupling to resonances In the inelastic channels 
has been proposed by Nogami, Imanishl, and 
others* for descrlbliV the ‘’C + ‘*C elastic and in¬ 
elastic intermediate structure. The present ob¬ 
servation of intermediate structure correlations 
between elastic, inelastic, and reaction champs 
should provide further basis for comparison to 
calculations with this model. The prominent re¬ 
sonances In the a -t-S’Ne* channel and the selective 
decays to />+ **Na* suggest that these degrees of 


ESTIMATED ri'^cl STRENGTH FUNCTION 
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FIG. 4. The ‘*0+ **C 90" c.m. eUstic data is com¬ 
pared to the solid curve calculated crudely by adding 
independent Brolt-Wtgner resonances to the 5 matrix. 
No attenttoD has boon paid to overlapping resonance 
conditions, resonance bnckground phases (taken as 
Eero), unltarlty, and other Important points. Spins, 
which arc largely unknown, were assumed to be the 
values In parenthesis. The comparison at other angles 
is comparable in quality. The background, dashed 
curve, la calculated ualng paramotera in Ref. 12, ex¬ 
cept for an increased abaorption. The lower graph 
ahowa the reaulting rf'^C) atrength hincttoo. Width of 
each hlatogram equals and runs between 2U0 and 
400 keV. The aaaumed resonance energtea are indi¬ 
cated. 


freedom also may have to be included directly in 
the band croeeing model for a complete exjRan- 
atlon of the data. In this connection, the extra¬ 
ordinarily prolate shapes of *°Ne and "Na may 
{day a role in enabling a favorable mixing of the 
above {laitlcle-core configurations with the 
**0 * **C quaslmolecular states. The ^parent 
Donadmixture at £c.ii,.~20 MeV of the ‘’C + **C 
states with 'Be + “O configurations is yet further 
evldmice for specific structure effects, possibly 
related to dissimilar shapes of the two systeme. 

The existence of gross structures, such as shape 
resonances,*' fragmented by the doorway states as 
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diBcuss«d by FesHiach'* finds support in the pre¬ 
sent observation. Hints of broad groups of states 
near = IS, 20, and 25 MeV are seen in the 

channels of Fig. 1, in elastic deviation functions,*' 
and perhaps in the r(*'C) strength of Fig. 4. 

Again, spin measuremef^s for the elastic reso¬ 
nances is an obvious next step in this problem. 
The gross structures in the inelastic scattering 
have been cited as support of the picture,* but 
PhtUips et al.'‘ have shown that such features can 
be reproduced, in part, by nonresonant diffrac¬ 
tion. The grouping of spins measured by 
**C(*’C, 'Be)‘'0 reaction may be governed by the 
exit channel and indicative of different states in 
''Mg. This conclusion is confirmed over a limited 
range by the work of Eberhard et 


In summary, the preaett observation of corre¬ 
lated, discrete intermediate structures in the 
*'C '4-**C elastic and reaction channels demon¬ 
strates directly the appearance of qnasimolecular 
states in the elastic scattering, provides a tract¬ 
able indication of how to measure the spins and 
partial widths for these states, and indicates the 
large admixture at a configuratioas into 

the quaslmolecular states. 

The authors are grateful to J. J. Kolata and 
H. Volt for receiving their data prior to its p«i>ll- 
cation, and to H. Feshbach for helpful discussions. 
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Interior iHubiiig capability in kaon-nucleiu inelaatic ecattering 
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Rciulu from * nudear Miucmre fonn fecior study uc presented to investigate the extent of surface 
localization and volume sensitivity in K '-nucleus inelastic scattering. Using wave functions from a 
macroscopic collective model and the mictosoopic particle-bole model of Oillet and Vioh Mau, form factors 
(Iraiuition densities) and cross sections are independently calculated and then compared for low-lying 
excited states in '‘C. Unlike strongly absorbed projectiles (including the pion), which have dominant surface 
localized reaction mechanisms, the interior differenceti between model form factors arc clearly reflected 
(measurably distinct) at all scattering angles. 


[ NUCLEAR REACTIONS kaon-nucleua Inelastic scattering. DWIA, KMT, and 
RPA. Calculated rT(g,R) for Comparative form factor study. 


One ol the conclusions reached in an earlier 
study' of X*-nucleu8 inelastic scattering was that 
the inelastic process was localized (±i fm) near 
the nuclear surface. This study' also confirmed 
that the K' meson was, as prevloualy noted by 
Dover,^ quite weakly absorbed. These develop¬ 
ments would appear “anomalous'’ as surface do¬ 
minating processes are normally associated with 
strongly absorbed particles. Because of the po¬ 
tential ramifications from a growing Interest in 
kaon-nucleus phenomena,^'"’ it is Important at 
this time to fully understand this surface localiza¬ 
tion behavior and to determine the extent of 
volume probing sensitivity of the K' meson. In 
particular, it is essential to further document the 
improved and new nuclear structure information 
which can be uniquely obtained through kaon in¬ 
duced reactions. The purpose of the present 
conununlcatlan is to address these Issues by re¬ 
porting results from a comparative form factor 
study for A^-nucleus Inelastic scattering. The 
comparison is between Inelastic form factors ob¬ 
tained using a macroscopic collective model and 
the microscopic particle-hole model of Gillet and 
Vinh Mau." The results indicate that the surface 
local i za t ion is directly attributable to the surface 
peaking of the collective form factor and that the 
kaon is indeed sensitive to details of the nuclear 
Interior. 

This theoretical study, which parallels a pre¬ 
vious pion investigation,'^ compares microscopic 
and macroscopic form factors (transition densi¬ 
ties) for the J' = Z‘ (£,=4.43 MeV) and S’ (£, 

= 9.64 MeV) states in "c. The calculattons are 
based on the distorted-wave impulse approxima¬ 
tion (OWIA) to the exact multiple scattering transi¬ 
tion amplitude and are further detailed in Refs. 
f> 8, and IS. The necessary information entering 


the analysis are the phenomenological kaon-nu- 
cleon amplitudes and nuclear structure (model) 
wave functions. All calculations reported in this 
work use Martin" kaon-nucleon amplitudes and 
Fermi motion effects are neglected (no Fermi 
averaging). These amplitudes are used to con¬ 
struct the elastic (distorting) and inelastic kaon- 
nucleus interactions as a function of bombarding 
energy (see Ref. 8). To study surface localiza¬ 
tion two different wave functions were used to gen¬ 
erate form factors: a macroscopic collective ro¬ 
tational model, in which the density is deformed, 
and the microscopic particle-bole model ol Gillet 
and Vinh Mau (GV)." 

The GV model, which used the random phase 
approximation (RPA), includes all 1 particle-1 
hole excitations Involving l5, Zs, Ip, 2p, Id, and 
If single-particle orbitals. Since two particle-two 
hole contributions are important for the low-lying 
collective states in '^C, the GV wave functions fail 
to provide sufficient collectivity. However, be¬ 
cause the phenomenological effective nucleon-nu¬ 
cleon interaction entering the RPA calculation was 
determined in part by properties of the first 2* 
state in '^C, the results presented below, while 
perliaps not completely physically correct, should 
remain representative. For the collective model 
the ground state density, as determined by elec¬ 
tron scattering, was deformed with deformation 
parameter . To ensure consistent, meaningful 
form factor comparisons the collective model was 
constrained'’ to provide electric transition rates 
(R£2 and BEi values) identical bo those obtained 
using the GV wave functions. This yielded P] 

°‘P 3 = 0.56. Finally, consistency also required 
the omission of all spin-flip Inelastic amplitudes 
(magnetic transitions) in the microscopic form 
factor. The latter effect was found small for 
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pions'* involving natural parity excitatlona and 
should be even smaller for kaons since the kaon- 
nucleon amplitude is predominantly .v wave for the 
energies used in the present calculation. 

The microscopic and macroscopic (fi£2 norma* 
llzed} radial transition densities (Inelastic form 
factors) for the ground to 2' (4.43 MeV) transition 
in ’’c are plotted In Fig. 1. The form factors 
differ appreciably in the interior but are similar 
near the nuclear surface (about 2J3 fm for ’’C). 
Accordingly, strongly absorbed particles, which 
predominantly probe the nuclear surface, should 
not provide sensitive means for distinguishing be¬ 
tween these two different radial shapes. This la 
particularly true for the pion at energies near the 
(3,3) resonance and has been discussed in Ref. 12 
where calculations demonstrate that only at back 
angles (large momentum transfer) can theoretical 
plon inelastic cross sections predict measurable 
differences. 

Of central importance in this work is the in¬ 
terior probing capability of the weakly absorbed 
kaon. Figure 2 compares the predicted angular 
distributions for K' Inelastic scattering at 100 
MeV lab kinetic energy. There Is a clear, mea¬ 
surable distinction between the particle-hole and 
collective models. The cross section difference 
is as much as SOX at forward angles. Including a 
10° maxima shift, and grows to an order of magni¬ 
tude at back angles. Figure 3 demonstrates a 
similar sensitivity at 300 MeV where the mini¬ 
mum predicted by the collective model near 40°is 
completely missing in the partlcle-hoie picture. 
Form factor and cross section calculations were 
also performed for the S' (9.64 MeV) state and 
similar differences were found (not shown). 

A cursory examination of Fig. 1 Immediately 
suggests that in the collective model the dominant 
Inelastic contributions should come from the nu¬ 
clear surface. The particle-hole model, however, 
peaks somewhat Inside the surface (about 1.6 fm). 
To further determine the extent to which the kaon 
can resolve this difference, radial cutoff calcula¬ 
tions, Identical to the study in Ref. 1, were per¬ 
formed. The results are shown In Fig. 4 where 
the total Inelastic cross section Is plotted as a 
function of the cutoff radius R^, For comparison, 
both the collective and particle-hole DWIA cross 
sections are presented along with corresponding 
plane-wave impulse approximation (PWIA) calcula- 
tious. To elfectively illustrate the differences, 
the curves have been renormalized to produce 
Identical cross sections at Notice that the 

kaon Is Indeed sensitive to the interior tall of both 
model form factors (see Fig. 1) and clearly re¬ 
flects the radial peak shift of the GV form factor 
relative to the collective form factor.'^ Further- 



FIG. I. Hitdlal transition densities, F(r) (form fac¬ 
tors), computed for ground statu to 2°, 4.43 MeV statu 
transition using microscopic particle-hole leolld curve) 
and collective macroscopic (dashed curve) models. 



FIG. 2. Differential inelastic cross section for kaon 
Inelastic scattering using the partlole-bole (solid curve) 
and collective (dashed curve) form factors plotted In 
Fig. 1. 




21 


INTERIOR PROBING CAPABILITY IN K A O N ■ N IJ C L E U S ... 


2117 




FIG. 4. Microacoplc and macroacopic total loelastlo 
oroBH aection aa a function of cutoff radiua Solid 
curves represent UWIA, dashed curves PWIA. For 
visual comparison the curves have been renormalized 
to give equal cross sections at - 0. 


more, the small radial difference between OWIA 
and PWIA (no absorption) convincingly demon* 
strates that kaon distortion effects are small and 
do not significantly affect the probing sensitivity. 
In essence, the kaon appears to “see” whatever is 
available to be seen. 

In summary, the weakly absorbed K' meson is 
predicted to be sensitive to details concerning the 
interior structure of the nucleus. Further, the 
kaon appears to have the rare capability of dis¬ 
tinguishing between microscopic and macroscopic 
structure models. Although the microscopic par- 
Ucle-hole model used In this work may be Incom¬ 
plete for the low-lying collective states In ‘’c, 
these conclusions should be valid for studies in¬ 
volving improved models. In particular, for high 
spin (stretched configuration) natural and un¬ 
natural parity states, the kaon should provide a 
powerful tool for probing particle-hole excita- 


Uons.’’’ Likewise for giant resonance studies, the 
kaon should prove Invaluable in assessing the 
1 particle-1 hole T( component of the reson¬ 
ance.^’’'’"* Finally, In the active area of kaon- 
nucleus elastic scattering, where experiments 
have recently been performed ” the kaon should 
provide a unique means for determining the ground 
state neutron distribution as well as neutron-pro¬ 
ton density dlUerences using neighboring isotope 
measurements (e.g., ‘°Ca-*’Ca). These studies 
focus on both volume (interior) and surface struc¬ 
ture and are now in progress.“ 

The author wishes to acknowledge invaluable 
discussions with T, S. Lee. Support has been 
provided by grants from the U, S. Department of 
Energy, the N. C, Science and Technology Com¬ 
mittee, and the Research Corporation. 
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We inveitigate the dependence on production amplitude of the low energy icattering cron aection for 
poiitive pion dectroproduction from the nucleon. Calculations based on the threshold approximation to the 
fiill amplitudea of Dombey and Read are illustrated and compared to results for the fiill amplitudes. 
Inclusion of the momentum-dependent terms yields differential cross sections in the near-threshold region 
diffenng from those given by the threshold approximation by no more than 15% at any angle. 

[ NUCLEAR REACTIONS Uupendence of a(el for electron acattering on nucleon 
. upon production amplitudes. 


It has long been realized that electromagnetic 
probes of the nucleus can be particularly sensi¬ 
tive to details of nuclear structure. This sensi¬ 
tivity persists at energies over pion production 
threshold where it becomes possible additionally 
to investigate the dynamics of the v-nucleus in¬ 
teraction over a broad energy range. This is 
particularly Important in the near-threshold re¬ 
gion (5 « T, «25 MeV) where little useful informa¬ 
tion can be obtained from elastic pion scattering 
experiments. 

Calculations on threshold and near-threshold 
pion photoproduction and electroproductinn are 
typically carried out in the framework of the dis¬ 
torted wave impulse approximation (DWIA), in¬ 
corporating various models for the nuclear struc¬ 
ture, single-particle amplitudes, and r-nu- 
cleus optical potentials. Clearly, the reliability 
of the structure and particle production input de¬ 
termines the reliability of the conclusions that can 
be drawn from these processes regarding the 
v-nucleus interaction. In many cases, the nuclear 
matrix elements can be determined Independently 
from analysis of related experiments.* For 
charged pion photoproduction, the single-particle 
amplitudes are likewise well determined from 
analysis of the reaction - vAi on a free nucleon.’ 
Consequently, one is eften able to make for photo¬ 
production fairly unequivocal statements regard¬ 
ing the form of the pion optical potential and its 
relation to the basic vN interaction. The situa¬ 
tion with respect to electroproduction is quite dif¬ 
ferent. Here the greater complexity of the full 
dispersion-theoretic single-particle amplitudes 
has resulted in the uniform use?"*"*" of threshold 
reductions in calculations on electroproduction 
from nuclei. In the course of cariying out de- 

21 


tailed calculations on electropion production from 
nuclei in the threshold and near-threshold regions, 
we found that predictions for the electroproduc¬ 
tinn process on a single nucleon based on the full 
amplitudes can differ by 15% from those based on 
threshold approximations even at low energy. We 
think it important to present these intermediate 
results here because of the need to have accurate 
smgle nucleon input lor the analysis of recent and 
projected nuclear electroproductioo measure¬ 
ments, several of which are to be carried out at 
eneigies far above threshold. 

The dilferential cross section for meson produc¬ 
tion in electron-nucleon collisions may be written 

d^o 

ds^dpdd^dil, 

^(2ii)’’.'!//>’6(ei - + , (1) 

where the initial and final electron four-momenta 
are and (s,,e 2 ) respectively; the pion mo¬ 
mentum is [p,iu,= (/>*+ the nucleon recoil 

momentum is lq,Ef= (q“ +m’)*'’]. All angles are 
measured with respect to the z axis, here token 
to lie in the direction of propagation of the virtual 
photon of four-momentum k = s^- s,, polarization 
e^ = (•u{s.Jy^u{s^)/k^, This choice of frame' ex¬ 
plicitly separates the single-particle amplitudes 
from the nuclear physics, thereby allowing easy 
incorporation of the latter into calculations of 
nuclear electroproduction. 

The transition matrbe 7), is proportional to the 
product of the leptonic and hadronic currents. 

The spatial part of the hadronic current can be 
written down from invariance requirements in the 
form’ 
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+(5'P)(5x + 

*i(5-l>)f)F, + i{5-h)k F,+ H5‘i>)kF„ (2) 

where the F, are the single-particle amplitudes 
atid p(k) are unit vectors (or the pion (photon). The 
time component can be obtained from the contin¬ 
uity equation =■ 0; Us Inclusion leads to a re¬ 
definition of Fi and F^. We may then write for the 
transition matrix (A - c = 1) 




Here 


8 oY«m 




(3) 


A^JS = vl|2i■^slnfl,|^ (4a) 

AfJi = A1 8 ine,(F j + f'j + /■« cosS,) I ’ 

+ H ((/•, + f\} + (/'a F\} coed, + cos’fl, (', 

(4b) 


M|i = Ml).,-Af|isln=e^,,|’ 

+ |f'l -(<'20088,+ J Sln*e,f4|’| 

+ B(.‘, sin*8,) I J-\ cos8, + /', I *. 

(4c) 

The terms inA - i]l -cosSjf 1 -(s 2 /s|)* 8 in*ej]'^’}and 
H i= i[l +cos 8 |(l -(.S 2 /A',)’^sln* 0 i)'^* -SjAiSin^ejl 
correspond to transverse and longitudinal photons, 
respectively.' Again, all angles are measured 
with respect to the virtual photon. To Include the 
tour component of the current, we make the fol¬ 
lowing replacements: 



(5a) 



A' 

F,~Fe-\lFt^-k’ + Ft). 

(5b) 


It remains only to insert expressions (or the 
We have used the “full model” proposed for elec- 
troproductlon by Dombey and Read.' This consists 
of a contact (seagull) term, two nucleon pole terms, 
and a plon pole term (Fig. 1), all calculated In 
pseudovector coupling, together with a A(1236) 
resonance contribution. It was shown' that this 
model was consistent with both partial conserva¬ 
tion of axial-vector current (PCAC) and existing 
data 100 MeV above threshold. Nonrelatlvtstic 
limits of the Burn terms were used, retaining all 
terms’ to order w'*. 

The cross sections we are interested In are 
those for which ui, and the orientation of the plon 
with respect to the direction of the Incident elec¬ 
tron are measured. The Integrals In Eq. (1) are 


(■) lb) (c) l<) 



PIG. 1. Bom dlagramB Included in present calculation: 
(a) contact term; b) nucleon pole term; (c) crossed nu¬ 
cleon pole term; id) plon current term. Solid Unes are 
nucleons, dashed lines are plons, and wlggly lines are 
photons. 


carried out In the forward peaking approximation 
(FPA) in which matrix elements of the elementary 
amplitudes are evaluated''" at 8;-0°. There- 
suiting cross sections are completely dominated 
by the transverse component of the amplitude with 
the various form factors replaced by their a' = 0 
values. 

In Fig. 2 we Illustrate our results for x* produc¬ 
tion using the parameters (K,=:280 MeV, T, 

= 21.6 MeV) of the recent Mainz experiment' on 
threshold electroproduction from "C and "O. 
Curve (a) Is the result using the threshold reduc- 
Oon'"*’" of the operators [fi=5-?(l - 
corresponding to the p = 0 limit of all diagrams 
in Fig. 1 . Curve (b) contains the contact term 
and both nucleon pole terms. Curve (c) uses the 



FIG. 2. Double-differential cross sections (or positive 
plon production by 280 MeV electrons. Plan Idnetlc en¬ 
ergy la 21,6 MeV. Ciurve (a) is for the threshold ampli¬ 
tudes (Refs. 3—5,10); ft>), (or the contact and both nu¬ 
cleon pole terms [diagrama (a), (b). and (c) of Fig. Hi 
(c), (or the full amplitudes (all diagrams In Fig. 1 plus 
A resonance). 
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lull fonn, consistliig of aU the Born terms and 
the & term (the latter contributes less than 1% at 
these energies). 

The cross sections are dominated by the term 
proportional to | F, - Jfj cosS, + 4 8 ln*e^ 4 1 ’ in 
Mil and Afii.i [Eq. (4c)]. The nucleon pole contri¬ 
butions (all of which are momentum dependent), 
entering through and Ft, yield in this region 
' 10 % corrections to the momentum-independent 
terms and vary with ^•2/2mu}i,. The coafi, de¬ 
pendence leads to a rotation of the threshold curve 
(Fi' 1 - ii/2m) about 0, = 90°. A comparison of 
curves (b) and (c) illustrates the importance of 
the pion pole contribution. This term enters 
through F 4 --p*/(ci)^»- 5 -k) and yields a 15-20% 
contribution. In the threshold approximation, all 
of the above momentum-dependent terms vanish 
identically. There Is an additional pion pole term 
that does not vanish even at threshold. However, 
it enters only through the longitudinal amplitude 
Fj and contributes little to the cross section. It 
should be noted in passing that although the Fj 


FROM THE NUCLEON NEAR... 

term is negligible, its presence is formally re¬ 
quired to maintain overall gauge invariance. 

The chief conclusion to be drawn from this work 
Is that the commonly made threshold approxima¬ 
tion to the full electroproduction amplitudes leads 
to results for i' electroproduction on a free nu¬ 
cleon that can differ by -15% from the predictions 
given by the full amplitudes. This finding is con¬ 
sistent with a recent result" on pion photoproduc¬ 
tion from *L1 and "c, a reaction equivalent to 
(e,e'r) In the peaking approximation, where it 
was found that adding the momentum-dependent 
terms to the threshold operator yielded -10% 
corrections for pion energies leas than 50 MeV. 
Those electroproduction calculations on nuclei 
which employ threshold amplitudes within the 
framework of fairly sophisticated models of nu¬ 
clear structure and final state interactions should 
include the correction terms, both for consistency 
of approach and for purposes of comparison with 
the accurate experimental data now becoming 
available. 
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I( u pointed out that there are cooaidertble atnictural diflerencca among the varioua typei of tiuncated 
pinn-nucleon ampUtudet which have been propoaed in order to avoid overcountiiif ambifuitiea in pii»- 
nuclem interactions. A previously propoaed prescription is shown to yield truncated amplitudes which are 
free of the usual proUems involved with the proper repreieniatioo of the nucleon-pde term. It is shown 
that these truncated amplitudes can also possess ghost pole singularitiea arising from the vNN vertex 
function Some problems caused by the appearance of such ghost poles in approximatioiia to piofi-nucleus 
amplitudes are discussed. 

[ NUCLEAR reactions Plon-rtuoleon amplitudes without nucleon propagator *| 
terms. Overoountlng in pton-nudeus Interactions. Plon-nuoleon vertex tunc -1 
tion ghost ptdes in appraxtmate plon-nuoleus amplitudes. J 


The possibility of pionic absorption on nuclei, 
whether real or virtual, significantly alters the 
picture of Interactive processes familiar in poten¬ 
tial scattering. For example, departures from the 
potential scattering picture are certainly required 
If one Is to maintain a dynamical distinction be¬ 
tween the interactive processes associated with 
the external pionfs) and the pionic processes in¬ 
volved in the formation of nuclear bound states, 
for Instance. Such a distinction is of considerable 
ealculational importance since independent Infor¬ 
mation concerning these nuclear states can then be 
utilized. A clean separation of the description of 
the Interactive process from the characterization 
of the initial and final nuclear states is obtained 
Straightforwardly in potential scattering. Such a 
separation can also be obtained for a fully relativ¬ 
istic field-theoretic description of pionic interac¬ 
tions.' A crucial aspect of any theoretical descrip¬ 
tion of pionic interactions is an unambiguous spec¬ 
ification of the nuclear bound state. Only then can 
one avoid the ambiguities which can arise from 
including pionic interactions already accounted for 
In the dynamics of the nuclear bound states or per¬ 
haps in the initial and final distorted waves if these 
are employed.'"" 

In this article wc arc concerned with elaboration 
of the analysis In Ref. 1 of a particular type of 
ambiguity which arises from an improper identi¬ 
fication of the complete interaction of a pion with 
a nucleon in the nucleus under certain circum¬ 
stances. What Is required here In order to avoid 
overcounting Is the subtraction of one or both parts 
of the off-mass-shell plon-nucleon amplitude which 
contain nucleon poles.' ‘ ' We show in detail here 
that the prescriptions of Ref. 1 for doing this differ 
in several significant respects from those proposed 
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in Refs. 5 and 6 despite some superficial resem¬ 
blances.‘ These differences highlight the Impor¬ 
tance of the characterization of the bound state as 
part of any such subtraction algorithm. We also 
show how practical questions, which are inherent 
in the prescriptions of Refs. 3-6, relating to the 
choice between the pseudoscalar and pseudovector 
(PV) representation of the nucleon-pole terms can 
be circumvented. Finally, we demonstrate how the 
structural aspects of the rNN vertex function enter 
into the subtraction prescriptions of Ref. 1, in 
contrast to those of Refs. 3-5, and we comment on 
their possible influence upon the transition ampli¬ 
tudes. The differences among these alternative 
subtraction methods may or may not be of quanti¬ 
tative Importance In calculations of plon-nucleus 
interactions. However, in order to assess this it 
is first necessary to understand In detail what 
these differences are and what they do entail In the 
way of calculation and this is our objective at this 
time.'" “ 

In order to illustrate the essential aspects of the 
sort of overcounting ambiguity we have referred 
to in the preceding paragraph we review some of 
Ref. 1 for the specific examine of plon absorption 
on deuterium: 

nm-Ni-N. ( 1 ) 

The plon-rescattering mechanism (Fig. 1) makes 
an Important contribution to the reaction (1). In 
Fig. 2 we show the detailed structure of the final- 
state nucleon-nucleon Interaction. The central 
question In regard to Fig. 1 concerns the proper 
identification of the effective plon-nucleon scatter¬ 
ing amplitude l„. There is no a priori reason to 
expect that tx can be identified, consistently, with 
the full tN amplitude and in fact it cannot be.‘ In 
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FIG. 1. Plon resoatterlng proaeas where Tepn~ 
eenta the efibcttve plon-mideon scatteiingf ampUtude. 

The oroased eolid internal liaee repreeent Ml niclecm 
propagatore Sf while the oraeeed daahad Internal lltm 
repreaenta the full plon propagator The final-atata 
aicleon-iuciani Interaction la denoted by f. The da^d, 
aoUd, and oross-hatabed external linea refer to tee plon, 
nucleon, and deuteron, reqieotlvely. The dork drde 
oorrevonda to the proper tNN vertex funotlon while tee 
dark triangle repreaenta the priqier dNN vertex function. 
We follow theae notattonal eonventlana In tee other fig- 
urea. 

Ref. 1 It la Bhown that with a repreeentation of the 
dNN vertex appropriate to the description of the 
deuteron bound state 

= (2) 

Here 1, ^ la the ftiU tN amplitude and Bg and Be 
comprise the sum of all connected r-^N-t+N 
Feynman gr^ihs which can be disconnected by 
cutting a Bln0e Internal nucleon line. Such graphs 
consist of a single bare internal nucleon line with 
two external plon lines at its end points plus arbi¬ 
trary self-energy Insertions onto the nucleon lines 
and arbitrary (proper) vertex Insertions at Us end 
points.* The graphs which contribute to and Bg 
are distinguished from each other as to whether 
their external plon lines are crossed or not, re¬ 
spectively (Fig. 3). 

The analytic structure at Bg includes an s-chan- 
nel nucleon pole while Bg has a u -channel nucleon 
pole and thus they are often referred to as the 
nucleon-pole or Bom terms of 1,,.^° These nucle¬ 
on poles arise from the nucleon propagator 
which appears In the analytical expressions for 
Bg and Be (Fig. 3): 

^ 0 ®A+/>)i>j,(A+/>)r*j^i,(fc fp ), (3a) 

Be = r, p - k’)S',lp -k')T^g„{b,p ’). (3b) 



FIO, 2. naal-stete noeteon-nubleon tntoraetlan. 
raters to tea aff-maaa-aball mideon-iBiclaon aoatter- 

li« anqilltnde. 



FIG. .1. (a) The Ml (direot) nucleon pr<4iagatar term 
Bg. The Internal nudeon line Includes all aelf-energy 
oorreotlona and the verUcea (dark drdes) repreaant 
Mly dresaed proper vertex ftmotloiia, Bg contains tee 
a-ohannal nudlerai pole, (b) Two equivalent grimhlcal 
rettrenentations tor the Ml (crossed) nioleon propagator 
term Bg with the aame internal nudeon line and vertex 
properttes as in (a). Bg contains tee v-dramml nudeon 
pole. 

We have suppressed in Eqs. (3) all inessential ki- 
nematlcal, isospin, and spinor features of Bg and 
Bg i the proper vertex function" is represented Iqr 
It is important to keep in mind that Sif(p) 
possesses not only a pole at p*am but also a 
branch cut from p“= (m;,+m,)* to p* =+«> which 
results from the multiparticle contributions to the 
nucleon two-point function.'* The vertex function 
has a more complicated structure.*’*'* 

If in Fig. 1 we were to use i,j, instead of tg, then 
Fig. 1 would Include a contribution from Bg which 
is represented in Fig. 4. The internal plon line in 
Fig. 4 then gives rise to an ambiguous contribution 
to the reaction (1)." One can question the extent 
to which the internal pion exchange in Fig. 4 re¬ 
produces dynamical effects already included in 
the dNN vertex. In this regard, it is unclear to 
what degree Fig. 4 reproduces dynamics already 
included In the impulse term of Fig. 5 which com¬ 
bines coherently with the gi^>h of Fig. 1 in its 
contribution to the reaction (1). 

The conclusion of Ref. 1 is that Fig. 4 is ruled 
out as a legitimate contribution to the reaction (1) 



FTO. 4. AmUgnoas ooutrlbotloii <JBgtotba pkm n- 
Boatterlng process. 
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(Inal-Btato Interaction. 

and BO Ib a Bimilar graph generated by In which 
the Internal plon has ita upper inaertion to the 
right of the external pion’s attachment vertex. The 
eBBential point 1b that it is the full contribution of 
both Bd and aa given by E^b. (3) which must be 
subtracted from 1,, to obtain the correct It 
is exactly in this respect that Ref. 1 differs from 
the prescriptions of Refs. 5 and 6 for choosing 
tg which involve subtracting off only the 6 -channel 
and s-channel pale terms from I,/,. These pole 
terms are then represented by PV coupling" with 
point vertices and a free nucleon propagator bo 
that is identified with the background term stud¬ 
ied elsewhere by Liu and Shakin.‘‘ 

Evidently one can decompose f, * in a variety of 
ways into a sum of "Bom terms" which include 
the s- and u-channel poles plus a background term 
analogous to 1/,.”'^’ The essential constraint upon 
any of these choices for the Oom terms is that the 
residues of the poles be properly described. The 
conventional PV-coupUng choice for the representa¬ 
tion of the Born terms is motivated by the good approx¬ 
imation they provide to the threshold amplitudes. 
However, because one has then lost the Feynman 
graph correspondence there is no compelling jus¬ 
tification for identifying these Bom terms with the 
sum of Feynman graphs which Bg and Bg repre¬ 
sent and therefore the model proposed by Liu and 
Shakin' for the background amplitude should not 
be identified with tg. There may be circumstances 
where this identification is adequate, e.g., in the 
neighborhood of the nucleon poles or when the 
ultimate effects of any of the various subtractions 
are small. 

However, it is possible that the behavior of Bg 
and B^ is markedly different from that of say the 
Bom terms resulting from PV-couptlng with point 
vertices and a free nucleon propagator. We refer 
here, for example, to the fact that the vertex func- 


tlons r,gg may possess ghost poles.*"' *•• ” These 
are poles of coupled to the seros of the full 
nucleon propagator These ghost poles appear 
in Bg and Bg by Eqs. (3); however, they must be 
canceled by compensating poles in ij, in order to 
yield St trg without these unphysical singularities, 
This can be shown to be the case.'"' In a situa¬ 
tion where, e.g., only Ig enters into an amplitude 
(Fig. 1) the compensatli^ ghost poles in f j| will 
not be canceled explicitly and this may produce 
effects of importance under certain kinematlcal 
conditions and in an approximation where, e.g., 
only the amplitude corresponding to Fig. 1 is re¬ 
tained. We remark that the calculation of Misutani 
and Rochus of r, gg with only one nucleon off its 
mass shell has yielded two ghost poles at unphys¬ 
ical energies.” 

In Ref. 18 it is conjectured that it may be possi¬ 
ble to observe the effects of these poles in plon- 
nucleus interactions, although no specific exam¬ 
ples are proposed there nor are any reasons given 
why it should be possible to observe such effects. 
The pion rescattering process as represented by 
Fig. I may constitute such an example. However, 
In order that this be the case it is necessary to 
show that no other collection of graphs which also 
contributes to the process (1), such as those rep¬ 
resented by Fig. 5, will cancel the effects of the 
poles In tg. If such a cancellation does occur, 
analogous to what happens for free ttg ampli¬ 
tudes, ''' then under circumstances where ghost 
poles iqipear in tg consistent approximations to 
(1) would consist of such "ghost-free" combina¬ 
tions of amplitudes. We remark that any poles in 
tg will be converted into branch singularities of 
the amplitude represented in Fig. 1, e.g., as a 
consequence of the integration over the loop mo¬ 
menta. 

According to the prescriptions of Ref. 1 trun¬ 
cated pion-nucleus amplitudes appear in the con¬ 
tributions to an arbitrary pion-nucleus amplitude 
even those for elastic scattering." It is not at all 
clear how the presence of ghost poles would alter 
the formulation of consistent approximations for 
these processes. These points deserve further 
investigation. 

This work was supported in part by the National 
Science Foundation under Grant No. PHY 78- 
26595. 
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*A rather large literature exlsta ooneemlng some of 
tbeee overcounthig amUgulUes which predates Ref. 1. 


(We remark that the receipt date of Ref. 1 ie mis¬ 
printed and was actually 2 January 1979.) Most at the 
pdbllshed works are ottad in Ref. 1. Three mgxddidied 
works also warrant mentloa, namely Refs. 3-5; these 
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InvestlEatlana have been dted {requently In oonneotlon 
with one or anotber ovaroounUng ambiguity. Ibe work 
of Ltu and ShaUn (Ref. S) bears oonslderable reaem- 
blanoe to some aapeots of Ref. 1, espedaUy to tboee 
parts oonoerned wllli nuoleon-pde-term subtractions 
from die constituent plon-nuoleon amplitudes. How¬ 
ever, Ref. 5, along with several other previous studies 
(Inoludlng Rets. 3 and 4), does not cootaln an unambig¬ 
uous specification of tfae nuclear bound state and as a 
consequence the subtraction presorlptlona advocated 
there do not necessarily restdve the overoountlng prob¬ 
lems. 

’a. W. Thomas, Ph.D, thesis. Flinders University, 
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*T, Mlzutanl, Hi.D, Sieels, University of Rochester, 
1976 hiignibllMied). 
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No. B. C. I. N.T.-77/121, 1977 (amnibllahed). 

‘The prescorlptlons of Ref. 5 concerning overcounting are 
proposed again by R. S. Bholerao, L. C. Liu, and 
C. M. ShaUn, Brooklyn Coflege-C.U.N.Y. Report No. 
B.C.I.N.T.-79/041/93, (unpubllahed). 

'Reference 8 oontalns a preliminary calculation of die 
quantitative effects of nucleon-pole-term subtractions. 
The exact nature of the stlbtractlanB actually employed 
In this work Is unclear, but It appears to be more In 
accord wldi tfae prescription of Refs. S and 6 rather 
than those of Ref. 1. 

*0. R. Qfeblnk, W. R. Gibbs, and E. R. Sldllano, 
Mmon-NueUar Physics — Houston, 19T9, Proceedings 
of tfae 2nd International Topical Conference on Mcaon- 
Nuolear Physics, edited by E. V. Hungerford m (AIP, 
New York. 1979), p. 20G. 

“Wc keep In mind the nucleon propagator, sNS vertex, 
and external lino renormalizations In connection with 
these graphical designations. 

'*Unfartunately, these appellations are not very precise. 
With the momentum labels of Fig. 3, s = {h+p)'‘ and 
»' (p — h')^, 

"By this wo mean that T,n^ represents die sum of all 
connected graphs with two external nucleon Itnes and 
one external plon line which cannot be made dlsoon- 
nected by cutting either a slnfde Internal nucleon line 
or n sln^o Internal plon llns. 

"j. B. BJorken and S. D. DreU, Relativistic Quantum 
Fields (McGraw-HlH, New York, 1965), p. 151. Sec 
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may be thou^t that the Internal plon In Fig. 4, for 
example, can someliow be distinguished Idnematlcelly 
from the plon exchanges wbldi contribute to die dNS 
vertex function which In the nonrelaUvlstlo limit 
la related to the deuteron wave function. This appears 
to be an Hi-defined expectation; fortunately. It also ap¬ 
pears to he an IrrelevBnt one. The correct way to 
phrase these questions Is to begin from a consistent 
description of the scattering process which Indies a 
precise diaractertzatlon of the composite nudear 
state. When dlls Is done diagrams sudi as Fig. 4 are 
simply ruled out from consideration at the start and the 
question of kinematic dlstlnotlan never arises. It Is 
also relevant to beep In mind that for appreciable mo- 
mentem transfers carried by the Internal plon In Fig. 1, 
r^xx wfll not necessarily be represented adequately In 
terms of a nonrelatlvlstic wave function, 

'^Rher types of graphs contributing to d) whldi Involve 
eflectlve plon-mideon scattering Insertions may re¬ 
quire the subtraction of one or the odier, or neither, 
of Bg and Bg from to obtain proper amplitude. Sev¬ 
eral examples are eiqdored In Ref. 1. See also Ref, 5. 
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Projection opemtor method for heavy ion reactions and application to 

Thomas L. Larry and William P. Berea 
Dtpartment of Phyiici, Wajme StaU Unlaersity, Detmit, Michigan 48202 
(Received 2S September 1979) 

A projection operator formaliun baled on the Fohbach doorway ^iptoach it developed for low energy 
heavy ton icattering. An application to '^C -f 'kT ii made with doorways taken ai quaiibound or virtual 
states of the reduced mass coupled to 2* and i" vibraliona. The elastic diflerential Croat lection at 90* is 
calculated and agrees rather arell anth eaperiment by producing both the grata and intermediate molecular 
structure. 


IlICLKAH REACTIONS '•c+”c elastic scattering, B--10-30 McV c.m.^ 
projection operator Intermediate structure theory, calculated it(90“). J 


The experimental study of nonrelatlvlstlc heavy 
Ion reactions involving ions in the mass region 
up to atwut A = 1B has shown that there are re¬ 
markably simple modes of excitation in energy re¬ 
gions where one would expect considerable com¬ 
plexity, Especially interesting is the discovery 
of certain resonances that appear to be attribut¬ 
able to nuclear molecule formation. While the 
gross structure can be reproduced with optical 
potentials* or diffraction models^ there is still 
the need for a theoretical microscopic descrip¬ 
tion thtd not only reproduces the broad resonances 
but also yields the underlying observed intermedi¬ 
ate structure. In fact, Ref. 2 stresses the need for 
such a description in order to establish the ex¬ 
istence of nuclear molecular phenomena. In this 
paper wc present a unified theory of low energy 
heavy ion reactions using a projection operator 
formalism based on the Feshbach doorway ap¬ 
proach.'* 

This technique, while seemingly akin to coupled 
channel methods,*’’ is better suited to consis¬ 
tently take into account both microscopic and 
compound nuclear effects. The expressions ob¬ 
tained enable one to trace in a clear way the de¬ 
velopment of the different stages of complexity. 

For clarity the usual Feshbach notation is used. 

As an example the differential scattering cross 
section for “C + ‘’C in the energy region of 
10-30 MeV c.m. is calculated and compared 
to the experimental results of Bromley and col¬ 
laborators at Chalk River and Yale." 

We divide the Hilbert space into two orthogonal 
subspaces {P} iuid {(,)) representing, respectively, 
the shape clastic continuum space of the reduced 
mass and the rest of the Hilbert space, the pro¬ 
jection operators P and satisfy 

Each of the subspaces associated with these oper- 
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ators can be further subdivided by introducing 
the mutually orthogonal operators p, R, d, and 
q so that 

P*R=P, (2a) 

d+q=(i. (2b) 

The subdivision into p and R follows the procedure 
of Lev and Beres,’ where R produces the subspace 
of shape elastic continuum resonances of the 
reduced mass projectile, and p producesthe ortho¬ 
gonal nonresonance subspace. The operator d 
produces the subspace that cotkains the doorways, 
i.e., states which involve a nuclear interaction in 
addition to an optical potential, and are one step 
mure complex than {A}. The operator q produces 
the states more complicated than d. Letting X be 
the total Hamiltonian and 4'’*’ the scattering wave 
function, the SchrSdinger equation is 

(£'-X)*'*’ = D. (3) 

We now make the usual doorway assumption 
that acp, is zero and, hence, does not contribike 
to our calculation. We introduce the effective 
Hamiltonian H via. 



(4) 

and obtain the coupled equations. 


(£ _ ♦<" + 

(5a) 


(6b) 

and 



(5c) 

By construction, the deviation of the scattering 
from pure shape elastic develops entirely from the 


coupling of A to d, i.e., = The solutions lor 

the different portions of the scattering wave func¬ 
tion can be obtained from Eqs. (5) and are 
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E — hgjf — k/ifi f 


vr;ri<R,r’', 


(6a) 

(6b) 


ind 

(6c) 

vhere A Is a one bod; Hamiltonian given by, 

(7) 

satisfies 

(E-A^51‘“-0, (8) 

jid (? ),** Is the Green’s function given b; 

c;‘’=(E‘-^-‘. (9) 

The complete set of eigenstates {^J,} is obtained 
s solutions of 


K- 




( 10 ) 


here the eigenvalues Cgare given In terms of 
heir real and Imaginary parts as 




..r' 


( 11 ) 


’he resonances are at energies E‘g. The nota- 
on Tg Indicates the spreading width of <Pj^ and is 
btained In terms of the resonance and doorway 
tales and their coupling as in Ref, 6. 

Assuming isolated gross (shape) resonances, 
le T matrix may be written in the vicinity of any 
esonance as 

T = r, + r,+r,+7’«, (12) 

'here the superscript i has been dropped for ease, 
nd 


T. = (x,|Ar,|^‘*'), (13a) 

(13b) 

T «fY Iff I* ' (*al*a»l^**') , , . 




Itb 


I y <*sl*j»l»***) 

I V£-£,-A,+<r^2’ 

(13d) 


A*-Ite(*alV(!i*’S*l*->. (l*») 

ra-ri+ri, (i4b) 


and 


ri = -2Im(*jA„^-';'A„|*,^. (14c) 

The final state wave function Is x /. 

The total efiectlve Hamiltonian H £q. (4) can be 
taken to be of the form 

H = -^ V* + H,+H,+ V(r) + fW + H„ (15) 

where, respectively, and H, represent the in¬ 
ternal Hamiltonians of each separate ion, V(r) is 
an effective average well, W represents the ab¬ 
sorption into {y}, and ff,, couples the relative mo¬ 
tion to the internal degrees of freedom of each 
ion. The interaction ff, In Eqs. (13) is 

H^ = V(r)+/f„-. Vc(r). (16) 

The quantity Vc(r) is a Coulomb potential chosen in 
a two potential formulation to generate X/, and 
is a distorted wave obtained from Eqs. (7) and 

( 8 ). 

For our test case the real optical potential V(r) 

Is taken to be a local Woods-Saxon well with a 
linear energy dependence in the depth plus an 
effective Coulomb potential obtained from a Fermi 
charge distribution, while V'c(r) is taken as 
(ZeJVr. The imaginary part IF in prbiclple in¬ 
volves the many degrees of freedom but, as is 
customary, is taken to be a constant energy av¬ 
eraging Interval representing the spreading of 
the doorways into the space {q}. In contrast we 
use the single particle resonance spreading width 
to derive the Imaginary part’ of the Hamil¬ 
tonian h which is used in obtaining and 
The eigenstates of and ff, are assumed to be 
internal nuclear vibrations and is a first order 
particle-vibration interaction of the standard form 
which takes into account the identity of the inter¬ 
acting ions. Since it is well known that there are 
strong low lying vibrations in **C, the states in 
{d} are taken to be reduced mass particle-vibra¬ 
tion doorways. The two phonon states are of 
second order and are not considered here. The 
radial wave functions lor these states are ob¬ 
tained from the well by solving the Schrbdlnger 
equation at the energies E^ot the quaslbound or 
virtual resonances. In Eq. (13d) the matrix ele¬ 
ments and become, via Eq. (15), 

(17a) 

and 

»„ = (d|j?„|R). (17b) 

The only available parameters that might be 
varied in our calculations are (1) the depth, range, 
and dUfuseness of the Woods-Saxon well and the 
strength of its assumed linear energy dependence 
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I'lG. 1. Kfal wi'U V(r) (tiottom curve) <uid real well 
plus centrifugal iKilcnllal (top curve) ahown for B 
15 MeV e.ni. anil J lu. For our calculation V(r) 

» (Fj+nF) /'»B(r’) + The dlffuBoncsH and range 
of/„ wore 0.55/ and dAf rcapeetlvnly, V(|t» 17.45 MeV 
and a « 0.402. The dlffuaenese and range of were 

0.91/ and 4.5/ respectively. 

in the dcplli, (li) the diffuseneNs and range of the 
Fermi charge distribution, and (Hi) the averaging 
interval W. This interval was given the reason¬ 
able value of 200 kcV. The strength of the parti¬ 
cle-vibration coupling is obtained in the standard 
way from the experimental gamma transition 
probabilities" of the internal nuclear vibrational 
states to the ground state. We considered both 
the 2* (4.43 MeV) and 3" (9.64 MeV) vibrations 
in “C. 

The procedure in determining the well para¬ 
meters was to use the reasonable values of Gobbi" 
el al., for the range and diffuseness of the Wbods- 
Saxon well and to adjust the depth to produce the 
experimental gross resonances using the pro¬ 
jection operator method of Lev and Bercs*" which 
approximates the resonances in a well as harmonic 
oscillator states. The Fermi-Coulomb para¬ 
meters (U) were given reasonable values consis¬ 
tent with the nuclei studied. The values of the 
potential parameters are given In the cation 
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FIG. 2. (s) Comparison of calculated wid experimental 
differential cross sections for '*C+'*C elastic scattering 
al -90" in the energy range 10-29 MeV c.m. The 
solid line shows the calculated results and the dashed 
line the experimental. The assoefotod total angular mo- 
nientuin Is also Indicated, (b) Differential cross sectlun 
In vicinity of re.sonances at 13.1 MeV, 19.3 MeV, and 
21.0 MeV after altering their continuum widths from 
0.005 MeV, 1.439 MeV, and 0.316 MeV to 0.204 MoV, 
0,700 MoV, and 0.700 MeV, rcspectlvoly. The solid line- 
shows the calculated result and the dashed lino the ex¬ 
perimental. 

for Fig. 1. The figure depicts V(r) and also for 
comparison V(r) plus the centrifugal potential at 
a certain total angular momentum; in this case 
J = 10. The resulting peak positions of the gross 
resonances of total angular momenta </ = 8, 10, 

12, 14, are at 10.5 MeV, 15.0 MeV, 19.5 MeV, 
and 26.0 MeV. They have, reflectively, 5, 6, 4, 
and 5 associated doorways of the correct angular 
momentum within the resonance width. 

The calculated differential cross section at 90'' 
c.m. is given In Fig. 2(a) and Is compared to 
experiment. Note the correspondence between 
the prominent experimental peaks and those that 
we calculate, llte overwhelmingly dominant total 
angular momentum at 13.1 MeV Is S'" and that at 
16.9 IdeV is 10". The intermediate structure In 
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the figure comes mainly from [Kq. (iSd)] and 
is essentially due to the doorways of 2* origin. 
The 3' doorways provide no new structure but 
reduce the overall cross section somewhat. The 
term T,[Eq. (13c)] Is very Important in providing 
the gross structure envelope. While the agree¬ 
ment is quite good as to the number and positions 
of resonances, the widths and shapes were found 
to be sensitive to the details of the calculation 
For example, certain theoretical peaks changed 
when the escape widths of the corresponding 


states were varied slightly, and these widths were 
in turn sensitive to slight changes in the real po¬ 
tential. In Fig. 2(b) we show as an example the 
results of varying these widths lor the states 

= MeV, 19.3 MeV, and 21.0 MeV. The 
resulting changes in real well depth were small 
enough so sm not to shift significantly the peak 
energies of the calculated resonances. 

This work was supported in part by the National 
Science Foundation Grant No. Phy 78-00925. 
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Referencea are given to moatly unknown work oo vekcity-dcpendcnt potentiala of the uaad io optica) 
pion-nucleut models for which the poasibility of an infinity of strongly bound states has been recently 
suggested. 




UCI.EAR REACTIONS Plon-nucleua of^tcal potential; nuclear bound atatea of 
piona in nuclei; complex vcloclty^ependent potential. 


] 


Recently, Friedman, Gal, and Mandelzweig' 
(PGM) have studied tlie possible existence of 
strongly bound states of pions in nuclei. This 
possibility was first suggested by Ericson and 
Myhrer’ (EM) and has been reconsidered by FGM 
in view of the new data on levels in pionic atoms.^ 
It seems that some comments on that question 
would be worthwhile, in order to clarify the 
situation. 

At low energies, the pion-nucleus optical po¬ 
tential IS usually taken as 

2^lV(r,t>) ■- 2HV,(> ) .■2(iV,(r,/i), (1) 

sum of a "static" weakly repulsive term 

2pl',(r)-«(>•), (2) 

and a velocity-dependent attractive term 

2pV',(>-,/')--P'o(»)P- W 

Here, p represents the reduced mass of the 
pion-nucleus system. The intensity parameters' 


entering the expressions of q{r) and a(i') are 
taken to be complex, to account for the absorp¬ 
tion of pions in nuclei. 

Assuming, in a simplified model, a real square 
well shape for a(>') in Eq. (3), EM show that a 
velocity-dependent potential can produce an in¬ 
finity ol bound states of Indefinitely high binding 
energy. This result, rediscovered by EM in the 
context of the pion-nucleus system, had been 
reported earlier/ Besides this, EM note that, 
for general shape a(r), the wave equation and 
the wave function present a singularity when 
a(r) = 1. This fact was quoted and thoroughly 
discussed a long time ago.’ Provided a(/‘) passes 
linearly through the value 1, the wave function 
is physically acceptable, in spite of its logarith¬ 
mic singularity, as it is square integrable. 
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P. E. Hodgson for hospitality at the Oxford 
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BreniMtraliliiiig flrom near the 1.7*MeV resonance 
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Depanrntm Mjnte Brookfyn Colkgt qT tiu aty Vnlt/tnUy New York. Brooklyn, New York 1 1210 

(Received 20 Auguet 1979) 

Tlie ipectmin of brenuetrahlung ndUtion emitted by the icanerinf of protom by '^C near the I.7-MeV 
reaonance hat been ttudied at bombarding energiet 76 and 146 keV above the teaonance and 140 keV below 
the toonance. The tpectia are in very good agreement with a complete calculation unng the Feihhach- 
Yennie approximation which includet both the principal term and correction term. 

NUCLEAR REACTION Measurement of bremestrahlung spectrum from p+‘'r1 
L near £,-1.7 MeV. J 


It was suggested by Eisberg, Yennie, and 
WiUtinson* that the observation of low energy 
jremsstrahlung radiation produced in the scat¬ 
tering by a nucleus of a nucleon or nucleus would 
be a good technique for measuring the time delay 
between the beginning and the end of a nuclear 
reaction, Important Information which would allow 
an unambiguous separation between compound nu¬ 
clear reactions and direct Interactions. Their 
classical treatment of the bremestrahlung pro - 
cess was extended with a quantum mechanical 
treatment by Feshbach and Yennie,’ whose method 
differs from the conventional treatment of the 
bremsstrahlung process first introduced by Low.’ 
The Feshbach-Yennie approximation uses the 
scattering amplitudes evaluated at two different 
energies, the initial and final scattering energies, 
for calculating bremsstrahlung cross sections, 
whereas the soft-photon approximation of Low 
uses the elastic scattering amplitude evaluated 
at a fixed on-shell energy. The latter approxi¬ 
mation gives the well-known l/£, dependence for 
the photon spectrum whereas the former approxi¬ 
mation would predict structure in the region of a 
■^sonance. 

Since the cross section for proton-carbon brems¬ 
strahlung is roughly 10'* the elastic scattering 
cross section, no one has been able until recently 
to get good data on the process. In a series of 
three pioneering papers*** a group from Bologna 
reported observing bremsstrahlung radiation in 
coincidence with protons scattered by “C near 
the 1734-keV resonance. Among the bremsstrah¬ 
lung spectra measured by this group, the spec¬ 
trum obtained at a bombarding energy of 1795 
keV is the only one which has structure clearly 
exhibited at a photon energy corresponding to the 
difference between the incident proton energy E, 
knd the resonance energy Eg. The Bologna group, 
Iktwever, was unable to obtain quantitative agree- 
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ment between the measured bremsstrahlung spec¬ 
trum and the spectrum calculated from the prin¬ 
cipal term of the Feshbach-Yennie approximation 
if the parameters of the resonance obtained from 
elastic scattering data’'* were used. They were 
able to (it the 1795-keV experimental data only 
by introducing ad hor a new set of resonance pa¬ 
rameters. 

This new set of parameters was studied by Jan 
el al.‘ They found that these parameters give 
poor agreement with the elastic scattering cross 
sections near the resonance for some scattering 
angles. Furthermore, they show that the brems¬ 
strahlung spectrum obtained at 1795 keV is in¬ 
consistent with the elastic scattering data of Refe. 

7 and 8, if the theory of Feshbach and Yennie is 
correct. Conversely, if the elastic scattering 
data and the bremsstrahlung data are consistent, 
then the bremsstrahlung data at 1795 keV cannot 
be described by the principal term of the Fesh- 
bach-Yennie approximation. 

A further ambiguity in the theoretical inter¬ 
pretation of bremsstrahlung data arises from the 
plon-proton bremsstrahlung process reported by 
a UCLA group**’" at incident energies of 269 
MeV and 298 MeV, Just above the (3,3) reso¬ 
nance at 195 MeV. In an analysis of this experi¬ 
ment, Liou and Nutt'* show that the bremsstrah¬ 
lung spectrum agrees well with the soft-photon 
approximation with little contribution from the 
resonance. Thus the validity of the Feshbach- 
Yennle approximation for describing brems¬ 
strahlung emission near a resonance has not been 
established, warranting further experimental and 
theoretical studies. 

We have extended the measurement of the brems¬ 
strahlung cross section for p + '*C near the 1734- 
keV resonance with the hope ol confirming the 
findings of the resonance structure first reported 
by the Bologna group, of resolving the possible 

2131 @ 1980 The AmericaaPkyiical Society 





3132 


TRAIL, LESSER, BOND, LIOU, AND LIU 


21 


inconsistency between the elastic scattering data 
and the bremsstrahlung data obtained at 1795 keV 
by the Bologna group, and of clarifying the the¬ 
oretical picture. Three bremsstrahlung spectra 
were measured at bombarding energies of 76 keV 
and 146 keV above the 1734-keV resonance and 
140 keV below the resonance. In order to (R>tain 
spectra which possibly contain structure due to 
the resonance, we have expanded the measured 
range of the photon energy to 200 keV. 

The experimental measurements involved the 
detection of scattered protons in coincidence with 
bremsstrahlung radiation. Protons from the 
Brooklyn College Dynamitron accelerator bom¬ 
barded a SO-Mg/cm* carbon target mounted on a 
luclte holder which was tilted 45° with respect 
to the beam. Protons scattered at a laboratory 
angle of 155° were stopped in a surface barrier 
detector subtending a solid angle of 4 msr. Brems- 
Btrahlung photons were detected by a Nal crystal 
76 mm in diameter and 6 mm thick, located 28 
mm above and normal to the scattering plane. 

The beam, about 2 mm in diameter, was stopped 
in a Faraday cup 2 m from the target. The mea¬ 
sured beam current was typically 400 na. 

Figure 1 is a plot of the yield of elastically 
scattered protons at a laboratory angle of 155° 
as a function of Incident bombarding energy £,. 

The solid line drawn through the data points is 
for guiding the reader’s eye and does not represent 
a fit to the data. This curve clearly shows a peak 
at £, = 1734 keV?£„ and a minimum Just below 
the peak. The structure results from Interference 
effects between two closely spaced levels of B 
and j" in the compound nucleus ”N. 

Coincident events between bremsstrahlung 
photons and scattered protons were identified 
using standard fast-slow coincidence electronics 
with a time resolution of 12 ns full width at half 
maximum (FWHM). For each coincident event, 
photon and proton energies were recorded in a 
two dimensional pulse-height analyzer. In the 
analyzer display, real coincidences corresponding 
to bremsstrahlung events could be seen along a 
diagonal line in the £„ plane, where £,. is the 
energy of the scattered proton. The diagonal line 
is defined by the kinematic restriction that the 
sum of the proton and photon energies (£,. -!■£,) 
must be constant and equal to the energy £., 
of an elastically scattered proton, apart from a 
slight variation in the recoil energy. The 
number of elastically scattered protons was re¬ 
corded independently for normalization. 

Figure 2 shows the events in the plane 

at £, = £« +146 keV. Each dot in Fig. 2 represents 
a coincident event. Because of the resolution 
of the detectors, the kinematic line becomes 



PIG. 1. Yield of elastically scattered protons from s 
50-pg/cm^ carbon foil at a laboratory angle of 155* aa a 
fonctlon of the Inddeot energy The arrows along 
the energy axis indicate the position of the 1734-keV 
resonance and energies 76 keV and 146 keV above the 
resonance, 140 keV below tiie reeonanoe. 


a kinematic band which is clearly visible in 
Fig. 2. Events below the kinematic band cor¬ 
respond to real coincident events in which 
photons did not deposit their full energies In 
the Nal crystal. The large number of events 



FIO. 2. Coincident events In the £,-£/ Plsuo- 
dot corresponds to a oolnoideot event. The incident en¬ 
ergy wss £j|4 146 keV. 
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2 t £^=1350 keV = £^ Is due to accidental 
coincidences between photons and elastically 
scattered protons. Outside of this region, the 
number of accidental coincidences is negligible, 
as can be seen from the absence of counts above 
the kinematic band. An independent check of the 
accidental rate revealed its contribution to the 
final cross section to be less than 1%. 

In analyzing the data, we projected onto the 
Ef, axis, for Ey less then - 30 keV, all events 
for which £, was in or below the kinematic band. 
We have thus included real coincident events in 
which the photons did not deposit their full en¬ 
ergies in the Nal crystal. An independent check 
showed that these Compton-scattered events were 
consistent with the exjiected full-energy peak to 
Compton ratio. The projected spectra, as a func¬ 
tion of By, were replotted as a function of the 
corresponding photon energy £„ where £, =£,i 
-Ey -E (“C recoil). These spectra were then 
corrected for Nal detector efficiency and detector 
housing attenuation. The corrections for detector 
efficiency varied from 40% at 250 keV down to 
1% at 30 keV, while corrections for attenuation 
increased in the same Interval from Zlt, to 20%. 
Near 100 keV the total correction was only about 
5%. The resulting bremsstrahlung cross section, 
al each of the three bombarding energies, was 
divided by the corresponding elastic scattering 
cross section at 155°. The result 

jda,, 

<#£,/ day 

IS plotted in Fig. 3 as a function of £„ corres¬ 
ponding to £,, - Ey, for each of the bombarding 
energies. The error bars in Fig. 3 include both 
statistical errors and uncertainties in the sys¬ 
tematic corrections for Nal detector efficiency 
and photon attenuation. Uncertainties due to 
counting statistics were typically about 30% while 
uncertainties in the systematic corrections were 
at most about 10%. These uncertainties were 
combined in quadrature to determine the final 
error bars. 

The cross sections measured at the two bom¬ 
barding energies above Ej, clearly show struc¬ 
ture, in the form of peaks, while the cross sec¬ 
tion measured below the resonance exhibits a 
simple \/E^ behavior. It Is also clear that the 
position of the peak in photon energy approxl- 
■uately corresponds to the difference between 
the bombarding energy and the resonant energy, 
for both bombarding energies above E^. 

The solid curves in Fig. 3 represent the theo¬ 
retical predictions of the Feshbach-Yennie ap¬ 
proximation, averaged over the solid angle of the 



E.dcVSO 


FIG. 3. The bremsstrahlung cross section relative to 
the elastic scattering cross section. The solid curve is 
the result of a complete calculadon of the Feshbach- 
Yennie approximation with resonance parameters h'om 
elastic scattering data. 


photon detector. Our calculations'^ include both 
the principal term and the correction term dis¬ 
cussed by Feshbach and Yennle. 

Wc calculated these terms in the form 



where the principal term a^i/E, depends upon the 
elastic scattering amplitude, and the correction 
term Og depends upon the derivatives of the scat¬ 
tering amplitudes. We have found that the cor¬ 
rection term, which is negligible at energies far 
from resonance, becomes significant in the re¬ 
gion of a resonance. By including this term, we 
are able to achieve a satisfactory Qt to the data, 
as shown in Fig. 3, using the elastic scattering 
resonance parameters from Ref. 8 without mod¬ 
ification. 

In conclusion, we have measured the proton- 
carbon bremsstrahlung cross sections near the 
1.7-MeV resonance at three bombarding energies. 
The structure due to resonance effects which is 
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clearly observed in two of our bremsstrahlung 
spectra can be successfully described by the 
Feshbach-Yennie approximatioa. Our work repre¬ 
sents the first quantitative experimental con¬ 
firmation of the Feshbach-Yennie approximation. 
We have achieved this confirmation by extending 
the range of previous measurements both in terms 
of bombarding energies and measured photon 
energies, and by including in our theoretical cal¬ 
culations a term which had been previously ig¬ 
nored in comparing theory with experiment. 


There is no inconsistency between our brems¬ 
strahlung data and the elastic data. 

We wish to thank Dr. M^Uiam Niitt lor many 
helpful discussions; Dr. Richard Yen, Taun-Ran 
Yeh, and Beartron Ldn for assistance in collecting 
and analyzing the data. This work was supported 
in part by grants from the National Science Foun¬ 
dation and the Professional Staff Congress—Board 
of Higher Education Research Award Program of 
the City University of New York. 
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Excited levels in have been populated via the "Ca(p,afl) reaction. From y-y coiiicidence 
meuurementa, the level and decay achrenea have been obtained for **K, up to £, 13M keV, including 

aevetal to far unobaerved levelt and tranaitioot. No lifetinie > ~ I ns hat been detected for any of these 
levda. A comparison is done with the neighboring even-d ''K isotope and with a simple shell modd 
calculation to give a set of possible J' satignments. 

NUCLEAR REACTIONS “Ca(p.an)*‘K, £-18-45 MoV; measured £„ o(£,£,),| 
y-y coin, pulsed beam electronic timing; deduced levels and transitions, I 
lifetime limits. Enriched target, Ge(Ll) coax, and HP Oe. J 


A decay scheme of '*^K, obtained observing y 
rays following the fl' emission of "Ar, has been 
recentiy pubiished.^ Only a few of the levels and 
transitions of this decay scheme coincide with the 
ones we had previously observed “in-beam" using 
the “Ca(/>,ai»i)''''K reaction.’ This fact is probably 
due to the different selectivity of the two excita¬ 
tion modes with respect to the population of high- 
spin states in ^K. In our measurements in fact, 
the “Ca(/>,aM) reaction at £, = 18-45 MeV prob¬ 
ably popuWes '*^K states of relatively high an¬ 
gular momentum, contrary to the case of '**Ar 
decay. 

A detailed description and discussion of our re¬ 
sults is hereafter reported, for a more complete 
and consistent picture of the available spectroscop¬ 
ic information on **K. 

A powder target of'‘•CaCO, (enriched to 97.2% 
in '“Ca), sandwiched between two thin foils of poly¬ 
thene, was bombarded by the proton beam of the 
cyclotron in Milano at energies ranging from 
18 to 45 MeV. Single spectra were recorded using 
a 0(Li) coaxial detector [-35 cm’, full width at 
haU maximum (FWHM) at 1.33 MeV: -3 keV] 
placed at 90° to the beam direction, and a Ge(Li) 
low energy photon ^ectrometer (LEPS) (~ 0.5 cm’, 
FWHM at 122 keV; 700 eV). A y spectrum re¬ 
corded at 28 MeV proton energy is shown in Fig. 

1. The most Intense unattributed y lines were the 
ones of 126.0, 137.2, and 382.7 keV, which also 
showed a very similar excitation function (Fig. 2). 
The assignment of these transitions to ’’K was 
initially based on the fact that 137 and 383 keV 
corresponded in that nucleus to the energy dlffer- 

21 


ences between the known levels at 520 and 383 
keV’ and between the latter and the ground state, 
respectively.* The population of °*K via the (p, am) 
reaction, on the other hand, was confirmed by the 
presence, in the activity spectra, of y rays from 
*'C&, as eiqiected from “K 8* decay. 

To check this attribution, y~y coincidences were 
measured at 28 MeV proton energy, using either 
two Ge(Li) large volume coaxial detectors, or a 



FIO. 1. spectrum of y rays following the bombardment 
of *^8 by 28 MeV protons (Qe(U) coaxial deteotor). At¬ 
tributions of the prominent lines are reported. 
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taam lapHf <M«V) 

FIG. 2. ExporlmentAl yields mi u function of beam 
onorKy. The I.EPS was used for the 120.9 and 137.2 keV 
lines; the coaxial Ge(Li) for the 3B2.7 keV line, 'fhe 
three yields arc not normalized to one another. 


Ge(Ll) coaxial versus a high resolution high pu 
Ge JLEPS. The most signUicant results are sht^ 
in Fig. 3 and summarized below, while the pro¬ 
posed level scheme is reported in Fig. 4(bJ, 

The 382.7 JteV transition clearljr ehowa in'eom 
cidence, besides the 137.2 keV line, y rays of 
126.9, 227.4, 291.6, 556.3, 586.1, 630.7. and 

721.2 keV. Of these, the 291.6 keV line, which 
is also prominent in the spectrum gated by the 

137.2 keV peak, is easily identified with a trans¬ 
ition in '“K connecting the known levels at 811 and 
520 keV.° From the presence of the 586.1 keV 
line, a state at 969.8 keV, decaying by such a 
transition, may tentatively be established. (This 
level is probably to be identified with the one at 
966 ±20 reported in Ref. 3.) 

The y rays of 630.7 , 227.4, and 126.9 keV, in¬ 
stead, belong to a cascade feeding the 382.7 keV 
level and proceeding via so far unobserved states 
in at 1367.7, 1240.8, and 1013.4 keV excita¬ 
tion energy. The assignment of this cascade to 
'**K is based on the presence of the cross trans¬ 
itions of 721.2 keV (which is in coincidence with 
the 382.7, 137.2, and 126.9 keV transitions), and 



M 

KMI 


FIG. 3. Relov.mt .spectra from y^y measurements. Background and randoms have been subtracted. Gates (a) and (b), 
from Ge(Li)-LEPS coincidences, arc set on the LEPS spectrum, where tbe peaks at 126.9 and 137.25 keV are well re¬ 
solved from the neighboring ones. Gatos (c) and (d) refer to the Ge(l,l)-Qe(lii) coincidences. As to the gate (d), even If 
the doublet at 627-631 keV is much better roeolved in the total y-y coincidence spectrum (see detail) then in the singles, 
particular care was nevertheless necessary for background subtraction. Gate setting was chosen as shown, on the 
basis of a channol-by-channel analysts. 
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is 



(a) (h) U) 


FIG. 4. (a) and (b). Experimental decay schemes of low-lying levola In (from Ref. 5) and (from this work); 
the branching ratios given in (b) are based on our coincidence data, (c) Theoretical calculation (from Hef. 6). The 
calculated level at 180 keV very probably corresponds to the 182.6 keV level observed by Huck et al. (Ref. 1). 


556.3 keV (which is in coincidence with the 382.7, 
137.2, 291.6 keV y rays). A further, though much 
weaker, cross transition of 202.7 keV probably 
connects levels at 1013.4 and 611.6 keV, as re¬ 
sulting more clearly from the gates on the 137.2 
and 291.6 keV peaks. The existence of such a 
transition would support the proposed order of the 

227.4 -> 630.7 keV cascade, which was established 
on the basis of the observed intensities in the co¬ 
incidence spectra gated by the 382.7, 227.4, and 

630.7 keV lines. 

The fact that the energy sums of the cross cas¬ 
cades are equal well within the experimental err¬ 
ors is to be emphasized (see Table I). 

Time delay spectraof different y rays with respect 
to the beam bunches have also been obtained, using 
both a Ge(Li) coaxial detector and a Ge(Li) LEPS. 
From these measurements, we can only state 
an upper limit of ~1 ns for the lifetime of the 

TABLE I. y rays attributed to ^K. 


126.9 ±0.1 keV 
137.2S±0.0S keV 

202.7 ± 1 keV 

227.4 ±0.16 keV 

291.6 ±0.1 keV 

382.7 ±0.16 keV 
620.0 ±1 keV 
666.3 ±0.3 keV 

686.1 ±0.3 keV 

630.7 ±0.1 keV 

721.2 ±0.4 keV 


levels at 382.7, 520.0, and 1367.7 keV (gates on 
y rays of 382.7, 137.2, and 126.9 keV, respec¬ 
tively). 

The absence in our coincidence spectra of any 
sizable transition to the >/ ° 1 first excited level 
at £, = 182 keV (Ref. 1) suggests that all the 
levels we have populated via the *’Ca(/>,an) reac¬ 
tion should be assigned to ■/;■ 3. Furthermore, 
since the 137.2 and 382.7 keV >- rays are observed 
in fast coincidence with the beam pulse, multi¬ 
polarities other than Afl or El may be excluded 
for the former transition and appear to be un¬ 
likely for the latter one. 

Taking this experimental evidence into account, 
the comparison of the decay scheme for the low- 
lying levels in ^'K with the one for the neighbor¬ 
ing even-A "K isotope’ |Fig. 4(a)] suggests the 
following set of possible J' assignments: 3*,4*, 

5' for the 382.7, 520.0, and 811.6 keV states, 
respectively. 

This assumption is also in agreement with a 
simple calculation made by Johnstone,* based on 
a "Ca i»(d„,)'* configuration, using the "K spec¬ 
trum to deduce the (/„,) (d,/,)'‘ interaction matrix 
elements | Fig. 4(a)]. Because of the observed 
branching ratio of the 520.0 keV level and the 
lifetime limit of the 382.7 keV state, however, 
the sequence of the 4~ and 3' levels is, actually, 
very probably reversed. 

The authors wish to thank Professor P. G. 
Bizzetl for many stimulating discussiona and Mias 
Rita Lippi for help in data taking and reduction. 
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Bhatla, Phys. Rev. C 10, 136 0974). ’ 

*1. P. Johnetone (private ommminloatloii]. 



rHVSlCAL EEVIEW C 


VOLUME 11, NUMBER S 


MAY 19S0 


Emtimu NfliitroB aqrture croM wcUkHU oa “•Br, and “*Ta at 30 keV; 

Prmqnislte ftor investigatloB of flie *^*Ln coamie dock 
[Phyb Rev. C ^ S34 (I960)] 

H. Beer and F. KHppeler 

Concerntog the solar HI and Zr abundances we are indebted to Professor Anders who drew our atten¬ 
tion to his revised values contained in the review article at V. Trimble, Rev. Mod. Phys. £7, 877 (1975). 
For HI he quotes 0.15 atoms/10* SI which is still larger by a factor of 1.67 than the present value. Re¬ 
normalizing his Zr abundance by this factor (provided the Zr/W abundance ratio is correct) one obtains 
N(Zr) = (9±5) atoms/lO* Si which Is in excellent agreement with his best current estimate of 9.6 atoms/lO* 
Si (E. Anders, private communication). 

Reference 23 should be read; B. J. Alien and D. D. Cohen, Aust. J. Phys. 447 (1979). 


Erratum: Intranuclear ca s c ad e calculation of high-energy heavy-ion interactions 
[Phys. Rev. C M, 2227 (1979)] 

Y. Yariv and Z. Fraenkel 

Figure 13 as shown in the paper was calculated assuming an experimental efficiency of 601, as men¬ 
tioned in the text. The “Note added in proof which appears on page 2241 should be ignored. 

Reference 3 should read; T. D. Lee and G. C. Wick, Phys. Rev. D 9, 2291 (1974). 
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Cross sections for the ind reactions have been measured at 122 MeV. 

Scattered protons were momentum analyzed in a diapenion'roaichcd magnetic spectrograph and detected in 
a helical-cathode position-sensitive proportional counter. Transitions to states in at 4,44 MeV 
(2*,T=0). 12.71 MeV(l+,0), 15.11 MeV (l*.l). 16.11 MeV (2M). and in “N at 2.J1 MeV (OM) and 3.93 
MeV (1^.0), are very useful for studying the spin-isospin dependence of the effective two-nucleon 
interaction. Cross sections for these states from the present csperimeni and from earlier measurements at 
183 MeV have been analyzed in the dhtorted-wave impulse approsimation. Simultaneoiu consideration of 
(e,e') data for the same transitions helped to disentangle some nuclear-structure and rcaction-mechaniain 
effects. The distorted-ivave impulse approsimation provides a good deactiption of those transitions in '^C 
mediated predominantly by the 5 ^ T = I pari of the efTectivc interaction and also gives a reasonable 
description of the S ^ T<^0 transitions in both nuclei. The mechanisms for escitation of the 12.71-MeV 
state in "C (5 — 1, T = 0) and the 2.31-MeV stale in ''N (5 = I. T = 1) remain a puzzle. 

[SueLEAH REACTIONS ‘^C, “N(p.p). ip.p'), £«=122MeVi measured olh;,8)1] 

IreBohition 100 keV; 6 = 6 - 00 *. *’c 2 *stotra deduced dj DWIA analysis; micro- I 
I scoplc effective Interaction with L*S, tensor, and exchange terms. J 


I. INTRODUCTION 

A fundamental goal of nuclear physics Is to re¬ 
late nuclear structure and reaction dynamics to 
the underlying nucleon-nucleon iN-S) Interaction. 
Since this Interaction is complicated and has other 
awkward features such as a strong short- range 
repulsion, it is necessary in practice to repre¬ 
sent it by an effective Interaction V'"'. This in 
turn must be tested and understood before nucleon- 
nucleus scattering can be used as a detailed probe 
of nuclear structure. 

Oie approach to this might be the construction 
of complex optical-model potentials from realistic 
intemucleon Interactions and the comparison of 
predicted cross sections with the extensive body 
of elastic-scattering data. Although these pro¬ 
cedures have received considerable Impetus re¬ 
cently from the work of several groups,they • 
have the limitation that elastic scattering is not 


selectively sensitive to each individual spin and 
isoBinn component of the effective interaction. 

On the other hand, inelastic-scattering and 
charge-exchange reactions have the advantage, 
particularly on light nuclei, that selection rules 
and reaction dynamics often Isolate a very few 
components of V*”. Bertsch el al.^ have construc¬ 
ted a V^" based on the shell-model G matrix and 
this has been applied with generally satisfactory 
results to nucleon data for energies less than 85 
MeV.’’’ Since the effective interaction is energy 
dependent,* complementary studies at different 
energies or for different ranges of momentum 
transfer will therefore enrich our understanding 
of its components and also of nuclear structure. 

In many ways Intermediate energies such as 
100-200 MeV seem superior for such studies. 
Resolution is still sufficient to permit separation 
of many states of interest. The reaction dynamics 
should also be considerably simpler since the im- 
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porUnce of multiatep processes* and resonances' 
should be reduced and sensitivity to optical dis¬ 
tortions will be smaller. It is unfortunate that ■ 
little is known about the effective interaction in 
this energy range. 

To the extent that the distorted-wave impulse 
approximation (DWIA) is applicable, is related 
simply to the free nucleon-nucleon interaction.* 

But the DWLA is not unquestionably valid near 100 
MeV and only a few tests of its adequacy have been 
made. Moreover, as we shall see, empirical pro¬ 
cedures for fixing V"' are not useful at these 
energies. The present study attempts to delineate 
the range of validity of the impulse approximation 
and to test a microscopic effective interaction 
constructed for this energy range. 

Inelastic nucleon scattering from '*C and ‘■'N 
provides an excellent situation for studying these 
issues. States are available which Isolate most 
individual combinations of spin and Isospin trans¬ 
fer and some which are also particularly sensitive 
to the tensor force. Moreover, shell-model wave 
functions are available fur these states which re¬ 
produce many of the known properties quite well. 
Since isosptn is a rather good quantum number 
for these light nuclei, the charge form factor, 
which is determined rather well from high-quality 
(r, f') data, is a good measure of both proton and 
neutron transition densities. Although the large 
oblate deformation of ‘*C is often thought to create 
unusual difficulties In Interpretations of data. It 
is found here that the problems are not very 
severe and that '‘^C Is indeed a tractable nucleus. 

This paper reports measurements of {/>,/>') 
reactions on ‘*C and ‘''N at an energy of 122 McV. 
Attention is focused on transitions to states that 
correspond to rearrangements of the l/>-shell 
nucleons. In '*C these are the 2* state at 4.44 
MeV (T O) and 10.11 MeV (T = 1), and the 1* states 
at 12.71 MeV (T-0) and 15.11 MeV (T = l). In ‘■‘N 
the transitions are from the I* (T = 0) ground state 
to the OMT- 1) state at 2.31 MeV and the 1' (7 =0) 
state at 3.95 MeV. This selection spans the full 
range of terms in V'", often with strong con¬ 
straints on the number of significant components. 
For example, the 15.11-MeV transition (S = T = 1) 
can be expected to be particularly sensitive to the 
one-plon-exchange (OPE) part of the N-N Inter¬ 
action. The direct contributions to the other 
transitions in ‘*C might be mure sensitive to the 
exchange of mesons of larger mass and other 
aspects of the short-range N-N interaction. 

After a brief phenomenological interpretation of 
the data, analysis will be made In terms of a 
thoroughgoing treatment of an effective Interaction 
derived from elastic N-N data at 140 MeV and 
applied In the OWIA. In order to study the energy 


dependent of V*", analysis Is also made of data 
near 185 MeV taken from the Uterature.**’ 

Studies similar to this have been carried out in 
the past"'” Our approach is somewhat more 
a priori. We take the wave functions, the effective 
interaction, and reaction dynamics as known and 
Inquire how well the data are reproduced. Auxil¬ 
iary studies on some of these Items allow us to 
reach specific conclusions regarding the com¬ 
ponents of V*". 

II. EXPERIMENTAL PROCEDURES 
A. Data icquiiition 

A beam of 122-MeV protons from the Indiana 
University cyclotron bombarded targets of "C and 
"N placed in a 61-cm-diameter scattering cham¬ 
ber. The ”C target was of natural graphite with 
a thickness of 11.3 mg/cm*, while the target 
consisted of about 5.B mg/cm* of melamine eva¬ 
porated onto backings of formvar and carbon with 
a thickness of 25 pg/cm*. A thick BN target 
(26.9 mg/cm*) was used to check the normaliza¬ 
tion of the "N data. 

Emerging protons were momentum analyzed in a 
quadrupole-dipole-dlpole-multipole magnetic 
spectrograph operating In a dispersion-matched 
mode and were detected in a helical-cathode, 
position-sensitive proportional chamber.*' This 
chamber was followed by two plastic scintillator 
detectors of thicknesses 0.63 and 1.27 cm which 
were used for particle identification. The solid 
angle of the spectrograph was about 1.5 msr 
(rtO.S* horizontally) at forward angles and 2.58 msr 
(±1.0°) for larger angles. For some of the elastic 
scattering data, solid angles a factor of 10 smaller 
were used at the forward angles. 

The position of a particle in the focal plane was 
determined from the time difference of signals 
from the two ends of the helical-cathode wire. 
Upon a triple coincidence between the helix and 
the two scintillators, the position signal and the 
signals from the scintillators £, and £, were 
passed through an ADC system and processed by 
the program derive** in an on-line computer. 
Protons were selected digitally by imposing a con¬ 
tour on a two-dimensional £, vs £, display. The 
dead time of the system was monitored by feeding 
pulser signals triggered from the current inte¬ 
grator through the entire system. Event rates 
were kept to a few hundred per second and the 
corresponding dead times were only a few percent 
The relative efficiency of the helix across its 
length was checked and monitored. The overall 
energy resolution was typically 60-100 keV. 

fecial care was taken with the data acquisition 
for "N. The state of principal Interest lies low 
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in excitation energy at 2.31 MeV and has a very 
small cross section. Backgrounds were conse¬ 
quently a severe problem (or small angles. Back¬ 
ground from a small beam halo was eliminated by 
stacking several empty frames to the rear of the 
target, thus degrading the halo protons below the 
energy range of interesL At forward angles, It 
was not feasible to hare the elastic and 2.31-MeV 
peaks on the detector simultaneously. Yet moving 
the elastic group off the end of the detector pro¬ 
duced additional backgrounds. A thick lead block 
placed in front of the focal plane at the position 
of the elastic group generated no spurious events 
and, together with the thick target holder, allowed 
reliable data to be taken at angles as small as 6°. 
An additional problem was the fragility of the 
melamine target Beams were therefore kept low 
and possible target deterioration was monitored 
by numerous measurements at 14°. 

B. Data reduction fur 

Because of the small energy bite of the spectro¬ 
graph, It was necessary to take data at two diffe¬ 
rent magnetic field settings. One group Included 
clastic scattering and Inelastic scattering to the 
4.44-MeV state, and the other spanned the region 
of cxclation from about 10 to 17 MeV. Spectra for 
the two groups at a laboratory angle of 39° are 
shown in Fig. 1. Data were not obtained for the 
states at 7.65 and 9,64 MeV. 

Analysis of the data in the first group was 
straightforward. In the higher excitation-energy 
group, the narrow states of interest sat upon a 
continuum resulting from both three-body breakup 
and other broad states. Yields were determined 
by representing the continuum under them by 
smooth curves. After they were subsequently 
removed from the data, the resultant spectra were 



FIG.l. Representative spectra of the “cfp.p'l'^C’re- 
artion at two separate fleld strengths of the magnetic 
apectrograpti. Peaks are labeled with their excitation 
eaergles. 
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FIG. 2. Compressed spfmtrum of for the excita¬ 
tion-energy range 11—17 MeV. Three narrow peaks have 
been removed (see Hr. 1). The dotted lines indicate the 
“backgrounds” assumed for the remaining peaks. 

compressed. This enhanced the visibility of 
broader states, which were similarly extracted 
Figure 2 shows the compressed spectrum al 39° 
and the assumed “backgrounds.” 

The center-of-mass differential cross sections 
(relativistic kinematics) for all states are shown 
in Figs. 3 and 4. The elastic cross sections in 
Fig, 3 have been corrected for the approximate 
1.5‘lt unresolved contribution from “C at forward 
angles. Data were obtained on two separate oc¬ 
casions. The absolute cross sections for several 
repeat runs reproduced very well within statistics, 
apart from an overall scale change of about 4%. 
This was attributed to a change In Faraday cups. 
The final cross sections for ‘*C were normalized 
according to the experience at lUCF, for which 
1-2% agreement with the absolute cross sections 



FIG. 3, The angular distribution for the acattering of 
122-MeV protons from , In ratio to the Rutherford 
oroas section (relstlvtstic kinematics only). 
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FIG, 4. DifferentUl croas aecUona for the atatea of 
’’c Been In the reaction. 'Ihe excitation energy of 

each state la Indicathri. Error bars are shown when they 
exceed the size of the data points. 


of calibration reactions is normaily obtained." 
The absolute scale is believed to be reliable to 
better than 4%. 

No effort has been made to Interpret the data 
(or states other than those enumerated earlier. 
Most have known .T assignments.''' The broad 
state at 15.3 MeV has been reported previously 
and interpreted"'as having = 2', T - 0. 

C. Dali reduction fur "N 

A representative spectrum for is 

shown in Fig. 5. Angular distributions were ex¬ 
tracted (or the ground state and the excited states 
at 2.31 and 3.95 MeV. States at higher excitation 
energies arc obscured by Impurity peaks at many 
angles. The angular distributions (or scattering 



FIG. 5. Composite spectrum of protons scattered from 
a melamine target at 26*. Peaks labeled C are from the 
"C component of the target and the remainder are from 
"N. 



FIG. 6. Differential cross sections for (p.fV) reactions 
to excited states of 


from "N, shown in Fig. 6, were normalized to 
the cross sections for (4.44 MeV) by 

using the data of Fig. 4. The yields for this state 
were observed simultaneously with that (or the 
states upon bombardment of the melamine 
target. The normalization constant was compared 
at ZB° to an absolute cross-section scale deter¬ 
mined by use of a thick BN target. The two nor¬ 
malizations agreed to within 2%. Effects of deter¬ 
ioration of the melamine target were less than 
t3'iE>. The overall cross-section scale Is believed 
accurate to within ±59b. A tabulation of all the 
cross seettons has been deposited in the Physics 
Auxiliary Publications Service.” 

III. COLLECTIVE MODEL INTERPRETATION 

Since collective models have been applied fre¬ 
quently to the excitation of it is useful for 
orientation purposes to make brief comparisons 
with the data here. Although the focus of our study 
is on microscopic interpretations, the underlying 
Intent of this section is to help gauge the relative 
Importance of various contributions. The para¬ 
meters for the optical-model potential describing 
lZ2-MeV proton scattering from "C were obtained 
in a companion study*' and are listed in Table L 
The fit to the elastic-scattering data is shown in 
Fig. 3. 

A direct application of the conventional collective 
model to the excitation of the 2* T 0 state at 4.44 
MeV gave agreement with the maximum cross 
section near 20° for a deformation parameter 
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TABLE L The opUcel potentieU used In the aelculnttone. The potenUelc are deflned by UW) 
+iyn<r1 +<l^/(r)+Vto(l/r)W/(ir)/„(*ir'i, where Vc the oonlomb potential for a uni¬ 
formly oharged iphoro/,{r) = 1/(1+«^) andxi=(r-A|)/a< with Energlea hare units 

UeV and lengths have units fm. The potentials are defined for use with relatlvtstlo ktnematlea 
(see Ref. 21). 


Particle 

Energy 

V 

Tr 


w 


»/ 



«■. 

Vc 

p 

122 

-18.3 

1.20 

0.66 

-10.6 

1.30 

0.64 

-18.3 

0.90 

0.60 

1.2 

p 

183 

-12.6 

1.20 

0.68 

-13.1 

1.20 

0.61 

-16.4 

0.90 

0.49 

1.2 

d 

110 

-68.0 

1.20 

0.62 

-14.4 

1.40 

0.67 

-11.0 

0.90 

0.60 

1.2 


0.55. At larger angles the calculated curve fell 
ff much too steeply. When corrections for Cou- 
3mb excitation and the deformation of the spin- 
rblt potential were included, the value was re- 
ucedto l^gl^^O.AS. Thedeformedspln-orbitpoten- 
ial also enhances the cross sections at the larger 
ngles. It Is Interesting to note that when the 
,'oods-Saxon potentials themselves were deformed 
nd the monopole part projected out, the best fit 
3 the elastic-scattering data was achieved for a 
alue /Ij = —0.44. 

We may thus anticipate that at 122 MeV the 
.Dulomb and spin-orbit Interactions may each 
lake about 10% corrections to the 2* TsO transl- 
on Intensities and that the latter interaction may 
e quite important for producing correct shapes 
t large angles. In the same model, but without 
le corrections, the transition to the 2" T > 1 state 
110.11 MeV requires a value |i3,| - 0.085. 

The transitions to the 1* states may proceed by 
= 0 and 2. The collective model allows the L - 0 
art to have both volume and surface-derivative 
.■rms.’’ Satchler found that the L = 2 parts were 
iminant for both the 12.71- and 15.11-MeV transl- 
ons in ‘“C Induced by 46-MeV protons.” This 
ould raise serious problems in the present study, 
ince the central terms of the microscopic effec- 
ve interaction produce negligible L 2 contribu- 
ons, their dominance would have to result from 
le tensor Interaction. The sensitivity to the Im- 
ortant central terms then might well be lost 
We find, however, that the situation is not so 
isturblng at 122 MeV. In fact, both the 12.71- 
nd the 15.11-MeV states may be fitted (out to 
lout 30°) with combinations of only the volume 
nd surface L = 0 terms. The combinations did not 
reserve the volume integral of the potential, but 
sclllatlons of the diffuseness parameters” were 
It included. The situation is ambiguous since 
'temative combinations with L = 2 contributions 
'ere also possible. However, in all cases, the 
= 0 terms were the dominant ones, especially . 

>r the 15.11-MeV transition. Some reasons re¬ 
ting to reaction dynamics are offered in the 
ompanion article’* for the difficulties at 46 MeV. 


IV. MICROSCOPIC DWIA CALCULATIONS 
A. The effcctln hilenetion 

It has been suggested*" that above -lOO-MeV 
proton bombarding energy, the distorted-wave 
impulse approximation might be appropriate for 
interpreting nucleon-nucleus scattering. In the 
DWIA, is taken to be the tneN-S l matrU. 
When valid, the appeal ot this appraoch is evident; 
V*” may be regarded as known and attention can 
be focused directly on extracting nuclear structure 
information. The objective of this section is to 
assess empirically the validltly of this approach 
for a variety of nuclear transitions. 

The use of the OWIA implies that the effects of 
multiple scattering and multistep contributions are 
either negligible or are well described by the dis¬ 
torted waves. In a companion study” it was found 
that, for relatively strong transitions, the effects 
of a number of strong multistep processes are 
accurately included in one-step calculations pro¬ 
vided that one uses optical-model parameters 
that reproduce the elastic scattering in a single¬ 
channel approximation. Additional discussion of 
multistep processes is given in Sec. VB. 

The two-nucleon interaction may be wrltteif 


^'tff 2 ^ yvvlB-orMt ^ yrttuor 

(1) 

where in more detail 




+ , 

(2a) 

^1= (l'^ IS + ' 7,)L ■ S , 

(2b) 

V]” = (Vj. + VJ-,T J ■ Tj)S,j . 

(2c) 

S,, is the tensor operator 


S„ =3(9, •f.,)(9, • r„) - 9, • 9,. 

(3) 


All interaction strengths are functions of the 
relative coordinate For these we use the 
complex local coordinate-space representation of 
the antisymmetrized on-shell t matrix reported 
in Refs. 4 and 23. This V*" basically consists of 
a sum ot Yukawa terms with the three ranges 
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(0.25, 0.4, and 1.414 fm) choaen to reflect tbe ex¬ 
change of varloua meaona. The tensor part of 
V*” has any* X Yukawa form and the maximum 
(third) range Is 0.7 fm. The specific interaction 
was constructed from the N-N scattering phase 
shifts at 140 MeV,** an energy that is intermediate 
to the two cases considered here. The constraint 
was imposed that only the V„ interaction has a 
term with the longest range, corresponding to one- 
plon exchange. This and the limitation on the 
number of ranges are the main differences between 
this interaction and that of Pickleslmer and 
Walker.“ 

A rough criterion for neglecting Icnockon ex¬ 
change terms is that kh 1 where k is the incident 
momentum in fm'‘ and R denotes each of the 
ranges. When this condition is met, V*" is in¬ 
capable of transferring the required momentum 
with appreciable amplitude. For the bombarding 
energies considered here, k ~ 2-3 fm'* so that ex¬ 
change terms may be expected to be important for 
the short-range parts of V*", The exchange con¬ 
tributions were calculated exactly with a modified 
version of the code DWBA 70 .“ Relativistic kine¬ 
matics was also used. The appropriate opticai 
potentials are given in Table I. 

The remainder of this section describes the 
calculations based on shell-model wave functions 
and the effecUve interaction in the DWIA. The 
single-particle wave functions for the bound parti¬ 
cles were of harmonlu-oscillator form with an 
oscillator parameter chosen to match the pro¬ 
minent maxima of the longitudinal and transverse 
form factors F and Fj.{q], respectively, ob¬ 
tained from (c, c') experiments.” The parameters 
for the various transitions are listed in Table U. 
Wave functions constructed from Woods-Saxon po¬ 
tentials may also be used. The results are gener¬ 
ally rather insensitive to this choice, as well as 
to reasonable variations of the Woods-Saxon para¬ 
meters and binding energies. 

B. Shell-mmlel wave funrtioKi 

One of the best sholl-mixlel descriptions for the 
states of '®C and ’^N is provided by the effective 

tabu; II. Tho parameters for the harmonic-oacfllator 
bound-stale wave funettons, whore tho f - 0 radfal depen¬ 
dence Is given by -oapf-^MV*). 


Nucleus Final state n (fm'*) 


"C 4.44 0.668 

12.71 0.609 

16.11 0.613 

16.11 0.610 

“N 2.31 0.688 

3.95 0.595 


Ip-Bhell interaction of CcAien and Kurath (CKWF).» 
The wave functions for “C and *'*N wei« construc¬ 
ted from the (8-16) POT and (8-16)2BME two- 
body matrix elements, respectively. For tbe 
2.31-MeV transition in ‘*N we considered as an 
alternative the wave functions determined by 
Ensslin el al,’^ directly from (e, e') form factors 
and other experimental data. 

The most simple view of **C is that the p,/, orbit 
is entirely filled and that the 2* and 1* states with 
T-0 and 1 are formed by promoting a single 
nucleon to the p,,, orbit However, for the CKWF, 
the ground state has a population probability of 
about 6.5 p,/, particles, as do also the excited 
states (the 16.11-MeV state actually contains 
about 6.7 p,/, particles). The main components 
of the transition amplitudes involve both p,/, 

-p,/, and p,/, -p,/, transltionB. The effect on the 
(P,P') cross sections is illustrated in Fig. 7. 

These were calculated for a simple Yukawa inter¬ 
action of 1 fm range. It is clear that a good de¬ 
scription of the wave functions is essentiaL The 
main limitation of the CKWF is the truncation to 
the Ip shell so that the collective effects on the 
transitions will be underestimated. 

C. The T” I states of 
/. The I* iMeat 15.11 MeV 

Since this state has unnatural parity and 7*- 1, 
its excitation is mediated primarily by the V,, 
part of F’" whose origin is largely the OPE inter¬ 
action. Figure 8 shows a comparison of the ex¬ 
perimental data at 122 MeV and the DWIA calcu¬ 
lations. Since both the peak value of iFrli/)]’ and 
the ground-state Ml radiative width*'* are under- 



(p.p') reaction at 122 UeV rasultli^' from pure slngl^- 
partiole transitions and from the Cohen-Kur- 

ath wave functions. The dashed curves for eadi J apply 
to both tranaitions and ihs CK curves for ,1-1 igrse. 



u 


INELASTIC EXCITATION OF l*C AND **N BY ISI MeV PROTONS... 


2153 



0cm 


FIG. 8. DWIA calculatloiia tar the 16.11-MeV transi¬ 
tion in at two proton energies in comparison with the 
data. The calculations Include central (C), spln-orblt 
(Z.5), and tensor <7^ oontrlfauttona and are renormailaed 
by a multiplicative {actor of 1.3. 

estimated by a factor of about 1.3 by the CKWF, 
the calculated cross sections have been multiplied 
by 1.3. It may be noted, however, that the CKWF 
give the correct value of the ft value from li decay 
which, like the (p,p') reaction, is dominated by 
the spin contribution. The dashed curve is for 
the central part of the force only; the solid curve 
includes contributions from central, spin-orbit, 
and tensor terms. The two-body spin-orbit inter¬ 
action has a weak isovector part and is therefore 
unimportant for this cross section. When the ten¬ 
sor force is included the results are quite satis¬ 
factory; without It, the shape of the calculated 
cross section is in much poorer agreement with 
the data. 

The results are especially significant when one 
notes that the transverse from factor given by the 
CKWF agrees well in shape with that inferred 
from (e, e') measurements’^ out to momentum 
transfers of q~\.b fm"‘, which for 122-MeV pro¬ 
tons corresponds to ~37°. A second peak” In 

near 2 fm'* is very poorly described by 
these wave functions and this deficiency shows up 
in the predicted (p,p') results. It seems fairly 
clear that the S = T = 1 part of V" is given reliably 
by the free N-N t matrix as represented In Refs. 

4 and 23, at least out to q ~ 1.5 fm’*. 

Analogous calculations have been made at 185 
MeV and these are compared with experimental 
data from Ref. 8 In Fig. 8. As at 122 MeV, the 
tensor force significantly Improves the shape o( 
the calculated cross section. It Is somewhat dis¬ 
turbing that the shape is correctly predicted out to 
only 0.8 fm*'. Modem and more complete data 


tor this OPE dominated transition would be de¬ 
sirable. The disagreement at 185 MeV might also 
reflect the greater departure In energy from that 
of the 140-MeV I matrix being used. 

2. Tkr2* UmttlniK'aH6.U MtV 

Excitation of this state is in principle more 
complicated than for the 1* state since both the 
V, and V„ terms may contribute, in addition to 
the and terms. The ispvector part of the 
spin-oibit force is small and thus contributes 
relatively little. Also, at intermediate energies. 

Is more important than V, so that the 5*1 con¬ 
tributions are at least as large as those for S - 0. 
Since the tensor contributions remain large, we 
are sensitive mainly to the same terms of V*" as 
for the 1* state. 

The wave function for this state is somewhat un¬ 
certain. The S' = 1 part of the transition density is 
sampled by Fj-{q) in (c,r') experiments. Unfortu¬ 
nately the shape of |F,.((7)|’ is not reproduced in 
detail by the CKWF.” While the magnitude is 
properly given for small q, the theoretical result 
must be reduced by a factor ~0.7 in order to match 
the experimental value at the peak. The relation¬ 
ship of the experimental and theoretical ground- 
state widths of this state is also unclear. The 
CKWF estimate is In reasonable agreement with 
one recent measurement" and a factor of 2 larger 
than another.’* In any case, such a discrepancy 
would not be as serious as it might initially appear 
because the radiative decay is isovector £2 where¬ 
as the (p,p') reaction proceeds mainly by the 
S = r = 1 terms. 

Figure 9 shows a comparison of the 122-MeV 
data and the DWIA calculations, the latter scaled 



®c m ^ ^ 

FIG. 8. Comparison of OWIA caloulatloos wWt data 
for the 16.11-MeV transition In ‘’C. See also the captioB 
for Fig. 8. The curves have been renormallaed by 0.7 
except for the dotted curves where unit aormallsatloB 
for low momentum transfer Is also shown. 
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down by a (actor 0.7 correaponding to use of the 
CKWF for large q. Again the tensor part is very 
important in establishing the proper magnitude and 
the spin-orbit part Improves the shape at larger 
angles. 

Similar calculations have been made at 185 MeV 
and are compared with experimental data* in Fig. 

9. The data at this energy are much less definitive 
than those at 122 MeV due to the larger errors 
and the much smaller range of momentum trans¬ 
fers. The calculated cross sections would appear 
to need no renormalization, corresponding to the 
predictions of the CKWF at low q.’" At both ener- 
;ies the general agreement of theory with experi¬ 
ment (or this transition is quite reasonable in view 
of the somewhat Imprecisely described transition 
density. 

D. The T'O «la«e« of 
/. The 2* stQit n 4.44 MtV 

The CKWF reproduce the shape of the longitudi¬ 
nal (e, e') form factor” f i(q) out to ~ 2 fm"‘ but 
the magnitude of the calculated requires an 
enhancement factor of 2 to match the data. The 
calculated B{E%) for this transition requires an 
enhancement (actor of about 1.6. On the basis of 
the (e, e') results the spin-independent part of the 
transition density should be reliable out to q'-2 
(m'‘, which for at fc', = 122 (185) MeV corre¬ 

sponds to 8e_„.~50° (45"). 

As can be seen in Fig. 10 the calculated cross 
sections at each bombarding energy are overesti¬ 
mated with use of the average renormalization 



FIG, 10. Comparison of DWIA calculations with data 
for the 4.44-MeV transition In '^C. See also the caption 
of Fig. 8. Coulomb excitation (C£) Is Included. The 
dotted curves are for a calculation In which the Imagin¬ 
ary part of the central InteractioD was reduced by a 
actor of 2 (C'). The renormalization of 1.8 accounts 
for known core-polarizatioo effects. 


factor of 1.8. The spln-orblt part of V'” is Im¬ 
portant at the larger angles and Increases ths 
Integrated cross section by -60%(-100%) at 
<= 122 (185) MeV. The cross sections at these 
larger angles are sUll considerably underesti¬ 
mated relative to the forward peak. 

Indirect but independent Information is available 
on the scalar-lsoscalar part of V*” from folding- 
model estimates of the central part of the optical 
potential.* The real part of the volume integral 
(per nucleon) of the {dienomenologlcal optical po¬ 
tential agrees reasonably well with that of V*” 
while the Imaginary part Is overestimated by about 
a factor of 2. For this reason calculations were 
also made In which the overall strength of the 
Imaginary part of V*" was reduced by a factor of 
2. The shape of the calculated cross section Is 
only slightly altered but a renormalization of it by 
a factor of ~1,8 is now required, in good agree¬ 
ment with the electromagnetic results. Expansion 
of the shell-model basis space has been found to 
produce good agreement for cross sections at 61 
MeV without any renormalization.” 

The relatively poor shape of the calculated cross 
section for q i 1.2 fm'* may indicate the need for a 
larger S = 1 component in the transition density. 

(It may be noted that the shapes of the experi¬ 
mental cross sections for this state and tor the 
16.11-MeV state, which is dominated by S-1, are 
quite similar.) The CKWF do not represent the 
shape of the relevant transition density (^,(< 7 ) 1 * 
from (e, e’) experiments very well and the calcu¬ 
lated magnitude is low by a factor of 3.” Another 
possibility is that coupled-channels effects are 
beginning to show up at larger angles.” 

2. The I* H 0 lett 12.71 MrV 

With an oscillator parameter chosen to reproduce 
the peak positions of the (e, e') transverse form 
(actor, the CKWF underestimates |fr(?)|’ by 
roughly a factor of 4. An earlier (c, e') measure¬ 
ment of the electromagnetic width reported” a 
value of 0,35 eV which is also much larger than 
the value 0.113 eV given by the CKWF. The very 
small calculated width and form factor are due to 
iBOBcalar Ml suppression in self-conjugate nuclei 
and in addition to a cancellation of spin and orbital 
contributions. It makes these transitions very 
sensitive to Isovector impurities in the wave func¬ 
tions.” The {p,p') reaction may be less sensitive 
to such impurities since the relative contributions 
from spin and current densitiee may be quite 
different, even though the ratio ot central iso- 
vector to isoscalar coupling strengths is large 
and comparable to (for small momentum trans¬ 
fers) the analogous ratio for the {e, e') reaction. 
Explicit calculatlaoe based on the mixing coelfi- 
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clenta proposed In Refs. 30 and 33 showed that 
the effects of laospln mixing were entirely negligi¬ 
ble, changing the 1* (p,p') cross sections by 5% 
or less. 

The CKWF are not only clearly inadequate for a 
satisfactory description of the electromagnetic 
excitation of this state, but are also Inadequately 
tested by (e, e') data with respect to their reli¬ 
ability for use In {p,p') calculations. This Is to 
be contrasted with the excitation of the T = 1 state 
at 15.1 MeV which has a large S = 1 Isovector 
transition density (and a weak current term) so 
that (e, e') experiments yield a relatively reliable 
measure of the transition density sampled by 
(/>./>'). 

Figure 11 shows a comparison between the cal¬ 
culated and measured (p,p') cross sections at 
E^ = 122 MeV. The experimental cross sections 
are not well described In the DWIA. The large 
and predominantly Isovector tensor force, which 
was derived from the Sussex oscillator matrix 
elements and which also describes the N-N t 
matrix reasonably well, overestimates the cross 
sections at small angles without reproducing the 
shoulder in the experimental cross section near 
40°. Figure 11 also illustrates the strong sensiti¬ 
vity of this transition (unlike most T = i transi¬ 
tions) to the particular representation of the ten¬ 
sor part of the t matrix. In particular the curve 
labeled CtLS*T', for which the tensor interac¬ 
tion was obtained from a detailed fit^ to the mo¬ 
mentum components (< 7^2 fm'‘) of the t matrix, 
describes the shape of the experimental cross 
section quite well forward of 30°. This angle 
corresponds to 0 ~ 1.2 fm'', just where 1 ^,( 7 ) 
has a strong minimum. The magnitude of the 
calculated cross section forward of 30° is, how- 



no. It. ComparlBon of DWIA calculations and data 
for the 12.71-MeV tranattlmi In See also the cap¬ 
tion for Fig. 8. Ihe dash-dot curve shows the result of 
a caloulatlai that used the "detailed-fit" tensor inter¬ 
action (T'). Banormallsatlon of that curve by 0.64 would 
cause ft to pass through most data points out to 30*. 


ever, still too large by 50-60%. 

Since the tensor force contributes primarily 
through the exchange terms for this state, the 
difference between the two tensor forces con¬ 
sidered is likely due to their differences near 
q~i.2 Im*' where the Sussex-based (“detailed 
fit”) tensor force is larger (smaller) than the 
actual N-S i matrix. Except for the 2.31-MeV 
transition in '*N, none of the other transitions 
considered here are particularly sensitive to the 
choice of tensor force in this range of momentum 
transfer. 

Analogous calculations have been made at 185 
MeV and these are compared with experimental 
data In Fig. 11. At this energy, where only for¬ 
ward angle data are available, a reasonable de¬ 
scription of the data is obtained without renor¬ 
malization. The shape of the cross section is also 
reasonably well reproduced, with a preference 
for the Sussex-based tensor force for 6^ „ ^15°. 

At smaller angles (9j_,_ ~ 10°) the “detailed fit” 
tensor force Is clearly preferred. As is seen in 
Fig. 11, the shape of the experimental cross sec¬ 
tion is given best with no tensor force: in this case 
the magnitude Is 50% too small. The difference in 
normalizations required at the two energies studied 
here is not understood but may reflect the de¬ 
creasing Importance of multlstep processes with 
increasing bombarding energy. This is discussed 
further in Sec. VB. The predicted asymmetries 
for each of the tensor forces considered here are 
relatively large and good data should discriminate 
between them. 

E. The states of **N 
;. ThrO* tuietlljl MrV 

At first glance the transition to this state should 
be rather like that for the 15.11-MeV state in “C 
since the transfer quantum numbers (S = T = 1) are 
the same and the same parts of V’" can contribute. 
However, this transition is known'”’’* to be quite 
sensitive to the isovector part of the tensor force 
and is therefore especially suitable for testing that 
portion of V*". 

The sensitivity arises from the extremely small 
transition density at small momentum transfers, 
where the central part of V" dominates, together 
with the relatively greater importance of the ten¬ 
sor part of V*" at larger momentum transfers.*’’* 
This is an essential property of any wave functloa 
that Is cmiBistent with the strongly inhibited 
Gamow-Teller matrix element for the analogous 
0 decay of “C. 

This property is illustrated in Fig. 12 where the 
quantity 
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FIG. 12. The tranHltiondesslty InmoRientum apace for 
the 2..11-MeV tranaiUon In '^N. Shown are L=0 and 2 
components for the CKWF and the wave functioos given 
In Ref. 19. The 0 component of the latter has been 
multiplied by on extra factor of 10 . 


Is plotted in arbitrary units for both the CKWF and 
;he more recent wave functions deduced from 
aleclron scattcrinK.*' The osclliator parameter 
qf 0.588 fm"' is not well determined. The tensor 
is constructed from a spherical harmonic of 
rank 1. and a Pauli spin operator. is pro- 
xirtional to that part of the transverse-magnetic 
'orm factor for electron scattering which may be 
ittributed to the spin density. The amplitude tor 
3 ach orbital (L) and total (•/) angular momentum 
.ransfer to the target in the {fitp') reaction is 
jroportlonal to . Here ./^ 1 with- 0, 2. The 
vave functions deduced from electron scattering^ 
land other constraints) are seen to yield L - 0 and 
> 2 transition densities that are considerably 
weaker than those of the CKWF. The latter are 
mown to overestimate both the (r, c') cross sec- 
•ion and the L = 0 d-decay rate. 

In Fig. 13 the (/>,/>') cross sections at t, = 122 
feV are compared with DWLA calculations for 
lach set of wave functions described above. 
Auxiliary calculations show that the central ex- 
ihange contributions cancel about 95% of the cen- 
.ral direct cross section and the L-2 transfers to 
he projectile** are rather small. The angular 
Ustrlbution at this stage is relatively flat out to 
ibout 30-35". Interference with the tensor force 
iroduces the minimum in the 15-20° region. Near 
„ '30° (^=-1.3 fm"') the contribution of the ten- 



FIG. 13. Comparison of DWIA calculations and data 
for the 2.31-MeV transition in ‘*N. See also the captions 
for Figs. 8, 11, and 12. 

sor force is roughly 5 times that of the central 
force. Although none of the results are very satis¬ 
factory, the magnitude of the second peak is only 
given correctly when the wave functions con¬ 
strained by (e, e') are used. This is a direct con¬ 
sequence of the relative sizes of for the two 

sets of wave functions. 

At this point it should be stressed that the (r, c') 
data* on which the (c, c') wave functions arc based 
only cover momentum transfers corresponding 
(in the plane-wave approximation) to scattering 
angles between ~15° and ~30", a region where, on 
the basis of the above calculation for the 1 * state 
**C at 15.11 MeV, theN-N effective interaction 
used here appears adequate. Unlike the transition 
in **C which is dominated at small 7 by a relatively 
large f. = 0, S = 1 transition density, contributions 
from multistep processes cannot be ruled out for 
this weak transition in '*N, particularly for small 
7 where matrix elements involving the nuclear 
current dominate. That this may in fact be so is 
discussed in Sec. V B. 

There is also noticeable sensitivity to the tensor 
terras as is shown by the curve in Fig. 13 for the 
(c, e') wave functions and the "detailed fit" tensor 
interaction. Unfortunately, the possible Inter¬ 
ference with multistep processes makes a prefer¬ 
red choice here somewhat difficult. 

The Inhibition of smalt-momentum transfers 
suggests that In using this reaction to test effective 
forces, relatively greater emphasis should be 
placed on describing the second maximum. It is 
worth noting that this maximum appears at a 
constant momentum transfer l.SiiO.l fm*' and has 
a constant cross section 22 ± 2 pb/sr over the 
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range of bombarding energies 30-122 MeV.” One 
may suggest the need for additionai (e, e') data for 
this state out to somewhat larger momentum 
transfers (<i 2 2 fm'‘) in order to define the magni¬ 
tude of the transition density over the peak more 
precisely. 

Effects of admixtures from the 2.«-lrf shell were 
studied by using the extended CKWF (CKSD) given 
in Tables I and ni of Ref. 38. The vanishing 
Gamow-Telter ^-decay matrix element is achieved 
with these wave functions by strong cancellation 
between the ^-shell and sd-shell contributions so 
that is much smaller for small q than given 

by the CKWF; the for the CKSD is, how¬ 

ever, very similar in shape but 0.86 times the 
size of that for the CKWF. The calculated (/i,/>') 
cross section using the CKSD is almost identical 
in shape to that obtained by using the (e, e') wave 
functions but is ~2.3 times as large at the peak. 
This accurately reflects the peak values of the 
corresponding but still yields a poor de¬ 

scription of the data. 

2. ne I* aair Ml S.9S MtV 

This transition is perhaps the most complicated 
o( all. Since it is between two I* states, three J 
transfers are allowed. However, the J = 2 con¬ 
tribution is much larger than that for J = 1 and the 
J 0 contribution is negligible. Both the and 
V„ parts of the V" can contribute, as well as the 
V„ and terms. 

The J = 2 transition density is roughly 30% larger 
lor h -1 than for S = 0. This is in sharp contrast 
with the excitation of the 2* 2 =0 state in ‘“C at 
4.44 MeV where the CKWF give an 6' = 1 transition 
density that is negligible compared to that for 5 
-0. The situation is reminiscent of the 16.11-MeV 
transition in ”C. An important difference, how¬ 
ever, is that the ‘'‘N transition is Isoscalar and 
is much weaker than so that sensitivity to 
the S' ^ 1 transition density is not very large. In 
summary, then, the 3.95-MeV transition in ‘*N 
might be expected to be reasonably similar to the 
4.44-MeV transition in ‘*C. 

Empirically, the peak cross secUans for these 
two states imply i<(fc' 2 )t » 3.5 c* fm‘ for the “N 
transition, based on a value” B(£2)t =39 fm'* 
for the 4.44-Me'V' transition in ”C. The recent 
(c, o') experiment of Ensslin el al.” yielded fl(i' 2 )t 
= 3.4 i 0.3 e* fm* for ‘■’N. An independent lifetime 
measurement,” together with known Ml /£2 mixing 
ratios and branching ratios," resulted In a value 
3.3i 0.2 c* fm*. The CKWF used here give B(E2)t 

1.2 fm* so that an upward renormalization of 
calculations by a value of about 2 is 

expected. 

In Fig. 14 an enhancement of the calculated cross 



FIG. 14. Comparison of DWIA calculations and data 
for the S.SS-MeV transition in '*N. See also the captions 
for Figs. 8, 10, and 11. 

section (solid curve) by only 10 % would have been 
required to match the experimental cross section. 
The shape of the angular distribution is reasonably 
well reproduced. Just as for the 4.44-MeV state 
in ”C, calculations have also been made In which 
the imaginary coupling was reduced by a factor of 
2. The shape of the calculated cross section is 
slightly worse, but the magnitude is In better 
agreement with the data. 

The dashed curve in Fig. 14 shows the calculated 
cross section when the "detailed fit" tensor force 
is used and the imaginary coupling Is also reduced 
by a [actor of 2. This gives the best agreement 
of all. Until the .S = 1,,! = 2 part of the transition 
density and the large-momentum components of 
the tensor force are better understood it is diffi¬ 
cult to draw more definitive conclusions. An (e, e') 
measurement of the transverse £2 form factor 
could in principle give more precise information 
on the S = 1 part of the transition density, but this 
would likely be dominated by the Ml component 

V. ADDITIONAL CONSIDERATIONS 
A. Simpler approichn 

The magnitude and complexity of the calculations 
in Sec. IV raise the question whether a simpler 
approach might be possible. It has already been 
made clear that accurate wave functions are es¬ 
sential. Indeed it is the purpose of such studies 
eventually to learn more details about nuclear wave 
functions. Since the exact treatment of knockon 
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exchange Is the most time-consuming part d these 
calculations, It might be hoped that an appropriate 
pseudopotential (or use In conventional computer 
programs might be sufficiently accurate. Such 
approaches are also necessary for Investigating 
the importance of more complex reaction mech¬ 
anisms. 

Following Austin,^ It is attractive to consider a 
simple N-S interaction consisting of a real, cen¬ 
tral interaction with a Yukawa radial dependence 
having a range of 1 (m. The strengths and volume 
Integrals needed to fit the cross sections of the 
four states of “C discussed in Sec. fV are listed 
in Table 111. The CK wave functions were used. 

The calculated curves were normalized to the data 
for the best overall visual agreement for angles 
less than about 35°. The fits are quite satisfactory 
in this range (or all but the 12.71-MeV state. The 
calculated curve for this resembles the solid curve 
in Fig. 11 and it was normalized similarly. 

For comparison a Gaussian radial dependence 
“expl-r*/*’) with h 1.8 fm was also tried. This 
value of the range parameter produces about the 
same mean-square radii as the Yukawa interaction. 
The calculated angular distributions for the 2* 
states peak at 20° and fall off more rapidly than 
for the Yukawa case so the fitting was confined to 
smaller angles. The interaction strengths are 
again listed In Table III. 

Unfortunately, while this approach is useful at 
lower energies, it is of dubious validity here. It 
has been shown that the spin-orbit and tensor parts 
of the S-N interaction are quite important at inter¬ 
mediate energies for most of these transitions so 
that the ikienomenologlcai extraction of strengths 
is subject to much uncertainty. Furthermore, no 
Yukawa or Gaussian form with a single range can 
come close to reproducing the shape of the 12.71- 
MeV transition. Even in zero range, the calculated 
curve decreased much too steeply at forward 
angles. Sophisticated treatments of the radial 
dependence arc therefore essential. 


TABLE HI. Strengths (MeV7 of a simple 1-fm Yukawa 
or 1.8-fm (iBusslan Interaction for Inelastic proton scat¬ 
tering to states of Vnlume Integrals In units MeVfm^ 
are given in parentheses. Core-polarlzatloo enhancement 
factors (sec Sec. IV) have not heen factored from the 
numbers. 


Term 

Excitation 

energy 

Yukawa 

Gauflslan 

V» 

4.44 

45 (570) 

18 (580) 

y« 

12.71 

~14 (180) 

-6 (ISO) 

V'r 

16.11 

17 (210) 

6.7 (210) 

f.TT 

15.11 

14 (180) 

6.0 (190) 
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It might be possible, however, to use the micro¬ 
scopic Interacaon described In Sec. IV In computer 
codes that do not evaluate the exchange contribu¬ 
tions exactly and to use an appropriate pseudopo- 
tential'^**’*’ for these. To explore this issue many 
of the above calculations were repeated with the 
programs tiwuCK4 and CHUCKS." The exchange 
pseudopotential was available only for the central 
part of V". The tensor interaction was also 
slightly different from that In Sec. IV since these 
programs use a regularized OPEP form. Neither 
program has a microscopic L‘§ interaction, al¬ 
though DWUCK4 had been modified to handle a de¬ 
formed-spin-orbit coupling potential In the Oak 
Ridge form." 

In general this approach was moderately suc¬ 
cessful. It became clear though that no shortcuts 
were possible. Both the even and odd parts of the 
two-body interaction were necessary, as were also 
the exchange pseudopotential, the imaginary parts 
of the form factors, the tensor interaction, and all 
L and S transfers. In specific cases some of these 
Ingredients were not too Important, but It Is hard 
to know these cases in advance. 

The best representation was for the IS.ll-MeV 
transition in “C. Here the imaginary form factor 
was small. The exchange terms reduced the cross 
section due to the central direct terms by about an 
order of magnitude, reflecting the Inclusion of odd. 
state forces. The tensor terms fine tuned the 
shape by allowing projectile L = 2 amplitudes to 
contribute slightly. With everything Included the 
calculations were nearly Identical to the results of 
the lAVBATO program. It thus seems that such an 
approach may be feasible for transitions dominated 
by the OPE process. Even the 2.31-MeV transi¬ 
tion In ‘^N was reproduced nearly perfectly (or 
angles >20°. At smaller angles, the dip near 15° 
was deeper and the 0° cross section was larger. 

The situation was not so good for the 2° excita¬ 
tions in '’C. Also, the worst case was the 12.71- 
MeV isoscalar spin-flip transition. Here the final 
cross sections were an order d magnitude below 
the DWBA70 calculations, although the angular 
dependence was similar. It is difficult to assess 
the reasons for the difficulties. It Is known, how¬ 
ever, that the exchange contributions of the tensor 
interaction are frequently very Important They 
could not be Included In these alternate calcula¬ 
tions. 

Since a microscopic L - § interaction was not 
available in these programs, consideration was 
given to the use of a collective spin-orbit coupling 
potentiaL Figure 15 shows a comparison of central 
and B(An-oriilt cross sections for the 2° 7' = 0 stats 
of “C as calculated with the collective and micro¬ 
scopic models. The deformed spln-orblt potential 
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FIC. 15. Results of oolleotlve-model and microsooplc- 
model calculations of the cross sections for the central 
iixl spln-orblt contributions to Rie excitation of the 4.44- 
MeV state In *^0. A deformation parameter d ■ - 0.6 
was used for the collective model. 

was ol the full Thomas form. The Oak Ridge 
form** produced a distinctively different shape and 
the combined result was rather less satisfactory. 

It should be stressed that all comparisons were 
made with respect to cross sections. The mode¬ 
rate success in this regard does not extend to 
pol^zatlons. For these the full treatment, with 
the L' S interaction, Is essential. 

B. Multklcp proceawi 

A final concern In the comparison of theory with 
experiment is the possibility of multistep pro¬ 
cesses. It is argued in Ref. 21 that, at interme¬ 
diate energies, an optical potential that fits pro¬ 
ton elastic-scattering data embodies many effects 
of the couplings to other channels. Nevertheless, 
individual features of some raultistep processes 
may still remain. 

Two types of multistep processes were consider¬ 
ed. In the first case, cross sections for the 1* 
states in “C were computed for excitattons that 
proceeded through the strong 2' T = 0 state. The 
CKWf were used throughout and the amplitude for 
the 0* - 2* step was renormalized in order to match 
the experimental cross sections. Also, the V, 
interaction for the 2* -> 1* (T = 0) step was adjusted 
to increase the cross sections by compensating 
for the deficiency noted in Sec. V A. These calcu¬ 
lations produced at most 4 and 2 nb/ar at 0° for- 
the 12.71- and 15.11-MeV states, respectively, 
several orders of magnitude below the data. 

The second case dealt with {Ackup-stripping 


processes through the states of “C or "N. The 
CKWF were used for all spectroscopic amplitudes. 
A folded potential of the Johnson-Soper type*’ was 
used for the deuteron channels, with parameters 
based on the energy systematica^' of proton scat¬ 
tering from '’C. These zero-range calculations 
included the common correction terms for non- 
iocallty and finite range with parameters selected 
in accordance with exact finite-range calculations 
of the ‘®C(/>,d)"C ground-state transition. Even 
though experimental cross sections*' for the (p,d) 
reaction were reproduced well, there is no as¬ 
surance that the two-step calculations have the 
correct magnitude. Quite possibly they are over¬ 
estimated due to finite-range and nonorthogonality 
effects.** 

The shapes of the {p,d,p) two-step cross sec¬ 
tions at 122 MeV were typically peaked at 0° and 
fell off fairly rapidly with angle, much like one- 
step (/>,d) cross sections. There was generally 
a fair amount of cancellation among the paths 
through different Intermediate states (three states 
In "C and five in '’N). Maximum cross sections of 
about 60, 100, and 70 pb/sr were found for the 
states at 12.71, 15.11, and 16.11 MeV in "C, re¬ 
spectively, with these being at 0° for the 1* states 
and 23° for the 2* state. For **N the maximum 
two-step cross section was about 15 pb/sr for 
angles less than 20°. 

It is clear that while the two-step cross sections 
are not large, they could be important for the 
12.71- and 2.31-MeV transiUone. These are the 
ones described least well by the DWIA calculations. 
Even the 2* T = 1 state In "C may not be free of 
concern. Since the transition amplitudes computed 
by the DWBA70 program are in a different (i.e., 
helicity) convention from that of CHUCK3, inter¬ 
ference effects have not been explored in detalL 
Preliminary studies with the one-step amplitudes 
as represented by CHUCK3 indicate that some im¬ 
provements in fitting the data are possible. Un¬ 
certainties about the details of the (p,d,p) calcu¬ 
lations as well as about the accuracy of the com¬ 
plex phases in the CHUCK3 representation of the 
one-step paths preclude further conclusions at 
this time. 

VI. SUMMARY AND CONCLUSIONS 

The DWIA calculations of the "'C(p,p')“C cross 
sections are based on several implicit experi¬ 
mental constraints; (a) The effective t matrix is 
taken from phase-shift fits toN-N scattering 
data; (b) the shell-model effective Interaction Is 
determined by fitting to experimental energy 
levels; (c) the optical-model parameters are 
determined by fitting proton elastic-scattering 
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data; (d) bound-atate hartnonic-oaclUator para¬ 
meters are determined from (e.e') data of longi¬ 
tudinal and transverse form factors; and (e) re- 
normallaations have been made to correct for 
known deficiencies of the shell-model wave func¬ 
tions. Within this environment the calculations 
have no adjustable parameters. The comparisons 
with data are remarkably good and satisfying, 
particularly over the range of momentum transfer 
where the wave functions are in good accord with 
electron-scattering form factors. Apart from 
known deficiencies (see Sec. IVDl), the impulse 
apprcKiraatlon seems to work rather well. 

The best agreement occurs for the V„ part of 
V*", which is dominated by the OPE process, at 
least for momentum transfers q‘-^ 1.5 fm*‘. The 
Fa and tensor parts also seem to be described 
fairly welt The enhancement factor required to 
match the data for the 2* T - 0 state of “C is related 
primarily to the truncation of the shell-model 
space to the Ip shell,^* although there is good rea¬ 
son to believe that the imaginary part of V„ is too 
large. The tensor terms of the effective Inter¬ 
action plays an important role in the excitation of 
the le.ll-MeV state in "C and the 2.31-MeV state 
in '*N. In both cases there are also important 
contributions from other terms and some uncer¬ 
tainty about the precise wave functions. 

The study here does not shed much light on the 
V, and V, interactions. The former might be ex¬ 
pected to be most Important for the 16.11-MeV 
transition, but it turns out that, with the CKWF, 
the 5=1 transition density and V,. terms dominate. 

It appears, however, not to be far from correct. 
The coordinate-space representation of the S =• 1, 

T = 0 two-body interaction is poorly determined and 
is quite noisy. The volume integral of the real 
part is quite small and its mean square radius is 


negative.* The ealculattons for the 12.71-MeV 
state in ‘*C are not very satlBfactory, although 
there is substantial sensitivity to the tensor force 
and probably also to (p,d,p) multistep contribu¬ 
tions. 

It is unfortunate that knockon exchange is still 
an Important consideration at these energies. 
Calculations that use a pseudopotential were mo¬ 
derately successful for cross sections but not for 
polarization quantities. The exchange contribu¬ 
tions should decrease at higher energies and it is 
possible that the tensor and spin-orbit terms may 
eventually decrease also. 

Additional (e, e') data for large q would be very 
beneficial in order to provide a more thorough 
foundation for the (p,p') calculations. Also (p,p') 
data on ‘’C and ‘*N in the 200-400 MeV range would 
provide a basis for useful extensions of techniques 
described here. There is some reason to hope 
that multistep processes” and exchange terms 
will be less important there and that the sensitivity 
to the ingredients of V*" will be more direct. If 
so, our knowledge and understanding of effective 
Interactions should be enriched considerably. 
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I. INTRODUCTION 

The recent extension of high-quality nuclear 
reaction eiqieritnents to intermediate energies 
raises many issues regarding the reaction 
mechanisms. For convenience it is hoped that 
many of the tools and techniques developed for 
low-energy applications, such as local, pheno¬ 
menological, optical-model potentials (OMP), 
partial-wave expansions, and coordinate-space 
representations, might be readily extended to 
the higher energies. Conversely, one might also 
hope that certain difliculties such as exchange 
contributioos and coupled-channels effects might 
be reduced so that the data will be more sensi¬ 
tive to the nuclear-structure Information Inherent 
in reaction processes at higher momentum trans¬ 
fers. Since it is known, for example, that deu- 
teron D-state contributions lor {p,d) or (d,p) re¬ 
actions are beginning to become important at 
these energies,' the hopes can never be fully 
realized. Careful studies of the significant in¬ 
gredients to the reaction dynamics are therefore 
required. 

Reactions on *’C can provide an excellent op- 
portumty for such studies. The number of states 
in this nucleus and its neighbors is small enough 
to make many calculations feasible and much in¬ 
formation is available about the wave functions. 
The extensive and very satisfying analysis of 
122-MeV (p,p') data from “C and “N in the pre¬ 
ceding article' illustrates quite well the possibili¬ 
ties that are available here. Indeed, the present 
article arose out of the need for a reliable treat¬ 
ment of the reaction dynamics in that analysis of 
effective interactions. 
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It has often been argued, of course, that the 
large permanent deformation of ’’C and the con¬ 
sequent strong couplings to excited states In in¬ 
elastic scattering processes makes reaction 
analyses tmreliable. We find, however, that 
these couplings are by far not the most important 
ones. Yet, as the energy increases, the dis¬ 
turbing effects of all the couplings decrease and, 
at intermediate energies, ”C is as tractable for 
study as other nuclei. 

At issue here is the ability of the local, one- 
channel, phenomenological OMP to represent the 
implicit effects of couplings between the elastic 
and reaction channels on scattering and reaction 
cross sections. This, of course, is the principal 
role of the imaginary part of the complex OMP, 
although the real part must make some contiibu- 
tions as well.'’* An understanding of this role 
will enhance our knowledge of the OMP itself, 
particularly with respect to its microscopic foun¬ 
dations. It should also enhance our confidence 
in calculations of reaction dynamics and in the 
inferences of nuclear properties based on pa- 
rametrizaUons of empirical potentials. 

Remarkable progress has been made recently'’* 
on the microscopic foundations of the OMP and 
this has elucidated many of the features of the 
phenomenological potentials. In these works both 
the real and imaginary parts arise naturally from 
the construction of the complex two-nucleon t 
matrix (or G matrix) in nuclear matter. This 
a priori approach has been unusually successful 
in reproducing elastic scattering data, but the 
relationship of the OMP so constructed to channel 
couplings is not at all transparent 

An alternative approiuih, particularly for the 
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imaginary part, might be the direct calculation 
of the Ingredients ot the OMP from a realistic 
treatment d reacttoo processes.^ This would 
involve specific assumpUons regarding the de¬ 
tailed structure of the nucleus of interest and its 
neighbors, as well as a thorough calculation 
the reaction dynamics, possibly with an exact so¬ 
lution of the coupled equations, ^nce the channel 
space must necessarily be truncated, the re¬ 
maining OMP must still be adjusted to fit empiri¬ 
cal data and will remain complex. We shall refer 
to this as a residual OMP (ROMP). It is defined 
lor use in an extended muticbannel environment. 

A one-channel OMP might be said to be equiva¬ 
lent to a ROMP (each with its aiqiroprlate en¬ 
vironment) if they reproduce elastic scattering 
data equally well. The use of one-channel OMP’s 
in distorted-wave Bom-approximatfon (DWBA) 
calculations of particular reactions is an extension 
of this equivalence and the general success of this 
approach provides sui^ort lor it. Neverhieless, 

It is entirely possible that, due to their strengths, 
certain individual channel couplings may have a 
singular influence on elastic scattering and/'or 
reacticxi cross sections and that this cannot be 
Simulated reliably by an average local OMP. The 
frequent use of multistep and coupled-channel 
(CC) calculations for reactions attests to these 
singular influences in many instances. 

It is not easy to obtain Information on such 
questions. Mackintosh has made extensive studies 
on heavier nuclei and at energies below 50 
MeV.^''*'" He has considered environments in 
which the elastic channel is strongly coupled to 
both inelastic scattering and pickup channels. 
Valuable insights have come from the demand 
that the ROMP’S give the same elastic scattering 
as a conventional OMP. The present article is 
similar in atgiroach. Although much ol the work 
was developed independently, and benefited from 
the use of automatic search procedures," many 
of the general conclusions are the same. 

The present work is devoted to an intensive and 
systematic study of the djmamics of proton in¬ 
duced reactions on '"C at Intermediate energies. 
Elastic scattering data are taken from the litera¬ 
ture for energies up to 185 MeV, with the pri¬ 
mary emi^iasis in the range 60-185 MeV. Al¬ 
though there are considerable data at lower en¬ 
ergies, they have been given little attention here. 
The concern is mainly for intermediate energies. 
As will become clear in Secs. IV and V, numerous 
difficulties are also encountered in the lower 
range. 

After a conventional analysis in terms of the 
coaventtonal one-channel optical model (OM), 
**ttentlon is given to a vigoroue treatment of a 


coupled-channel environment within the frame¬ 
work of a specific model. The scattering data 
are refitted in this environment. Conclusions may 
be reached regarding the energy dependence of 
the parameters of the OMP and ROMP as well 
as for the specific importance of the coupled 
channels. Reports on portions of this work have 
already been given.“'“ 

II. DATA SELECTION 
A. General coiuideiationi 

Examination of the literature reveals that data 
for proton scattering from “C are available at a 
number of energies between 60 and IBS MeV, but 
are of diverse vintage and quality. Our interest 
was not in making a global analysis of all the 
data, but rather in more detailed studies at se¬ 
lected energies spread smoothly across the 
range. Preliminsu'y inspections suggested that 
the best data were available near 60, 120, and 
180 MeV. Data at some values more closely 
spaced were also desired. 

In the literature it is not always unambiguously 
clear whether the data are presented in labora¬ 
tory or center-of-mass frames and, if the latter, 
whether relativistic or nonrelativistic kinematics 
were used for the conversion. The questions 
could usually be resolved by detailed numerical 
inspection. We adopted the policy ol tabulating 
absolute center-of-mass cross sections with non- 
reiativistic kinematics used for the conversion 
for energies below 80 MeV, and relativistic kine¬ 
matics above 80 MeV. This correspraids to com¬ 
mon historical practice, but necessitated adjust¬ 
ments of some of the data sets. 

In order to gauge the reliability of the available 
data, the absolute cross sections for the various 
data sets were plotted against momentum transfer 
q. The data thought to be the most reliable then 
revealed a systematic pattern, particularly in the 
range 50«q« ISO MeV/c. (For orientatitxi, the 
first maximum in the ratio-to-Rutherlord cross 
section occurs at 155± 5 MeV/r for all ener¬ 
gies above 40 MeV). This pattern allowed Judg¬ 
ments to be formed about the other data, ae will 
be indicated In Sec. IIB. 

Since stxxlies of optical-model parameters 
normally benefit from polarization data, an effort 
was made to find energies where both cross-sec¬ 
tion and polarization data existed. There have 
been few polarization measurements at inter¬ 
mediate energies and they are often at energies 
where the differential cross sections seem lees 
reliable. Snee the search program* required 
identical energies tor simultaneous fitting, the 
polarization data at some energies were used lor 
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Other energies by changing the angje scale ac¬ 
cording to the relation &/£ = constant. Teat cal¬ 
culations indicated that this assumption was 
reasonable for the individual cases. In practice, 
the polarization data were not a strong constraint 
on the results of the search procedures. 

Since the model space for the CC calculations 
included inelastic scattering and pickup channels, 
data for (/>,/>') and {p,d) reactions on ”C were 
also obtained whenever possible. Tabulations 
were often not available, but the cross sections 
could be read from graphs with sufficient ac¬ 
curacy. 

Apart from the above considerations, the data 
were taken as given in the literature. In par¬ 
ticular, no adjustments were made to the errors 
so as to take into account the uncertainties in 
scattering angles. Absolute values for the good- 
ness-of-fit parameter x‘ may therefore not have 
much significance. The emphasis of the present 
study is on systematic trends. At each energy an 
effort was made to minimize x^. 

B. Individuat chillers 

Although our principal interest was in energies 
above 60 MeV, a partial study was also made at 
40 MeV. Following is a brief discussion of the 
data and adjustments made to them. 

/. 12.07 md 21.6.1 Mfl' 

Since tlie CC analyses also required proton 
OMP’s at substantially lower energies, data for 
12.07 and 21.65 MeV were selected specifically 
for this purpose. The systematic study of dif¬ 
ferential cross sections by Nagahara*^ was used 
for 12.07 MeV. Cross sections have been mea¬ 
sured at 21.6 MeV (Ref. 14) and polarizatians at 
21.7 MeV.‘'’ 

2. 40.0 Mr y 

Both differential cross sections and polarlza- 
bons have been measured by Blumberg el al. for 
several nuclei at 40 MeV.*" The data are closely 
spaced and extend over tlic full angular range. 

,/ 61.4 Mr y 

Elastic scattering cross seebons out to about 
110" have been reported by Fulmer et al. at 61.4 
MeV.” Although polarization data were not 
available, (d.p) data have been published for 65 
MeV.“ 

4. ‘>6Mry 

Cross-section data at 96 MeV (Ref. 19) are 
mainly concentrated at angles ^30', but numerous 
data points extend to almost 90 \ Monrelativistlc 


kinematics had originally been used for the cen- 
ter-of-mass tabulation,” which was also given 
In ratio to the Rutherford cross seettoo. Com¬ 
parisons with the 95-lileV data of Dickson and 
Salter” indicate that their cross sections are 
consistently low by about 1S%. Data at 100 MeV'' 
are untabulated. Neither set of data was used. 

5. 122 MeV 

Differential cross sections for elastic scatter¬ 
ing were reported in Ref. 2. Polarization angular 
distributions are in the process of being mea¬ 
sured” and the data of Dickson and Salter” for 
13S-MeV protons were extrapolated to this energy. 
Measurements of the (/>,d) and (p,p') cross sec¬ 
tions are also available.'*” 

6. US MeV 

The systematic trends of the q-space plots sug¬ 
gested that the 135-MeV differential cross sec¬ 
tions of Dickson and Salter'° were low by 15-20%, 
as was also the case for their 95-MeV data. This 
exceeds their quoted uncertainty of 7%. Since the 
angles were tabulated for the laboratory reference 
frame, it was assumed that the cross sections 
were also, although the Jacobian for the center- 
of-mass transformation could account for the dis¬ 
crepancy. When multiplied by 1.15, the cross 
sections gave good agreement with systematic 
trends. Since the polarization data seemed valua¬ 
ble to have, the data were used in this modllied 
form. 

7. 144 MeV 

Very acourate differential cross sections are 
available for 0<20‘' at 144 MeV.” Data also exist 
for 0 >20° at 145 MeV,'"^ but the errors are sub¬ 
stantial and the cross sections do not extrapolate 
Smoothly from the 144-MeV results. Snee the 
145-MeV data extend to quite large angles, and 
polarization measurements were also reported, 
it is unfortunate that they could not be used for 
more than a qualitative check on the systematics. 

fl, 150-1.16 MeV 

The systematics of the 4 -space plots indicate 
clearly that the 150-MeV differential cross sec¬ 
tions of RoUand et al.^ are low by up to 2C%, 
depending on the angle. The measurements of 
Comparat et al." at 156 MeV are untabulated. 
Again the inability to use the cross sections is 
regretted since polarization data are available 
at these energies.*’*' 

9 . 183 MeV 

Excellent data for elastic scattering cross sec¬ 
tions are available at 183 MeV, with a few extra 
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jata points lor large angles at 177 MeV.” A 
eompanloo paper" gives data lor total reaction 
cross sections at the same energy and has a use¬ 
ful graph of their energy dependence. Polariza¬ 
tion data were extrapolated from 155 MeV (Ref. 

]8) since the very recent data at 185 MeV (Ref. 

31 ) were not available at the time of this study. 
There is very little difference with the extra¬ 
polated data. Data for the (P,P') reaction” and 
the (/>,d) reaction," both at 185 MeV, are also 

available. 

lU. OPnCAt-MODEL ANALYSIS 

In this section we consider a conventional 
analysis In terms of the one-channel <^tical mod¬ 
el. Attention is directed to systematic trends. 

A. Optical model 

Representing the scattering wave function by a 
partial-wave expansion in the usual manner, the 
radial Schrodinger equation to be integrated is 

= ( 1 ) 

r(r) is the local optical potential 

V (r) = Vr (r) + Vf(r) + iW}' (r) + iW'a (r) 


whore yf’’ is the experimental value with error 
Ayf' and yj" is the theoretical value. These may 
be dillerentlal cross sections or polarizations. 

It is common to report x Va separately for these 
quantities. 

B. Kinematics 

As projectile energies increase, relativistic 
effects become more important. For convenience 
the nonrelativistic Schrodinger equation may still 
be used, but it is common to calculate the kine¬ 
matic quantities k, p, and i) with relativistic 
expressions. 

Convenient relaUmships are easily found.*'* 

We let a projectile of mass m and with kinetic 
energy E be incident on a target with mass M 
and set lt = c = 1. The total energy of the system 
is 

r=[(m+A/)* + 2A/£l*'» (6) 

and the center-of-mass wave number is 

* = (£,'* + 2£.-m)*'Wr. (7) 

77ie total energies of the particles in the center- 
of-mass frame are 

ic = (wi» + mAf+MK)/T’, (8a) 

and 


+7 !:/-(»-)+ ( 3 ) 

The Coulomb potential 

for 

Vc(r) = j ' (3) 

(Zijh/r forrsfi^ 

corresponds to a uniformly charged sphere, with 
The complex nuclear potential may 
contain volume Woods-Saxon potentials of strengths 
I' and W and with radial shapes 

y(») = l/(l + c*), x = (r-R)/o, R=r,A^I\ (4a) 

.''(>■)= 1/(1+ e‘'), x' = (r-R')/a', R' = r'A^'^. 

(4b) 


Optionally, the imaginary part may have a sur¬ 
face term with streng^ W and radial dependence 
-c'Vd+c'')*. The radial form/„(j') of the spin- 
orbit potentials is the same as in Eq. (4) and the 
usual (ft/m ,c)’ factor is included in the strengths. 

In the automatic parameter search procedures, 
*e program CUPId* attempts to minimize x’f “le 
measure of goodness of fit defined by 



W = W^+mM+ME)/T. (Bb) 

The reduced mass p is aj^ropriately replaced 
with the reduced energy 

p=M'H-’/'(iv+M’). (9) 

Finally, for both forms of the kineinatics, the 
Coulomb parameter is 

i} = zZe*ii/k, (10) 

where z and Z are the charges of the c«riliding 
nuclei and P has units of energy. 

Since the Coulomb cross section is proportional 
to (*)/*)’■“, among other factors, the choice of 
kinematics affects the ratio-to-Rutherford values. 
It also affects the conversion between laboratory 
and center-of-mass frames. Relativistic kine¬ 
matics were used for all energies above 80 MeV. 

One should note that the potentials extracted 
from the data are defined with respect to the 
choeen kinematics. They should not be used with 
the other choice. There are no extra factors and 
the approximations of a commonly used alterna¬ 
tive” are avoided. 

C. Seudi procednnt 

Parameter studies were carried out for each 
energy separately. These included numerous 
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calculations with (Ulferent starting values, vary¬ 
ing choices of the parameters to be searched, 
and some calculations with constrsdnts between 
parameter pairs. When trends and systematic 
features were noted, these were then adopted 
and searches were made with fewer parameters. 
Thus, the final results partly reflect the syste¬ 
matic features and partly the individual charac¬ 
teristics. 

Early etforts were devoted to eliminating un¬ 
necessary parameters. In order to avoid family 
ambiguities, the radius of the real potential was 
fixed at r^ = 1.20 fm (except at 12.07 MeV). This 
seemed to be the best value at 21 MeV and the 
data at all higher energies were not very sensi¬ 
tive to it, although some improvements in x' 
could sometimes be obtained with a slight in¬ 
crease. 

Volume absorption seemed reasonable and ac¬ 
ceptable at all energies. At 21 MeV, pure sur¬ 
face absorption gave inferior results and mixed 
surface and volume forms were no improvement 
over pure volume absorption. Systematic pa- 
rametrizations for heavier nuclei indicate that 
volume absorption should dominate at higher en¬ 
ergies and be negligible near 12 MeV." For this 
reason pure surface absorption was used only (or 
the 12.07 MeV data. 

The spin-orbit potentials were particularly in¬ 
teresting. All tile data above 60 McV required 
significantly smaller values of the geometrical 
parameters than those at lower energies. The x' 
minima in parameter space were exceedingly 
narrow and changes of 0.01-0.02 fm in r„ or 
could have quite deleterious effects. Some studies 
were also made of the imaginary spin-orbit po¬ 
tential. The data seemed not to be very sensitive 
to it. Searches begun with either sign of H'„ 
usually terminated with the same sign or near 
zero with little improvement in the final Hence 
we have taken H'm - 0 in all cases. 

U. Kenilts 

The final OM (its to the differential cross sec¬ 
tions are shown by solid curves in Figs. 1-5 and 
for polarizations in Figs. 6 and 7. Figure 8 pre¬ 
sents the volume integrals per nucleon for the 
real, imaginary, and spin-orbit parts of the po¬ 
tential. The geometrical parameters are plotted 
as solid lines in Fig. 9. Values are listed in 
Table I. 

It is apparent from tlie trends in Figs. 8 and 9 
that the parametnzation seems smooth at ener¬ 
gies above 60 MeV, but is irregular below that. 
This is our first indication of a qualitative dif¬ 
ference in the scattering of protons from ‘‘C 



FIG. 1. One-diannel optical-model calculations for 
proton elastic scattering trom *^0, tn ratio to the 
liutherford cross aeotlons. 


above and below 60 MeV. We may discuss in¬ 
dividual features in these regions separately. 

/. K<60MtV 

The fit to the 12.07-MeV data in Fig. 1 is good. 
It is a little worse than in a previous analysis,^' 
due mainly to our desire to keep the diffuseness 
parameters from becoming too small. Okal and 
Tamura showed’’ that broad resonances brought 
about by the couplings to other channels might 
be present in this energy range. It is possible 
that the unusual parameters at this energy are 
reflecting these couplings. 

Altliough resonances have been alleged to play 
an important role near 20-25 MeV,” our pure Oh 
results in Figs. 1 and 6 with reasonable parame¬ 
ters are superior to other parametrizations.”'”'^ 



FIG, 2, Proton elastic scattering from In ratio it 
the Rutherford cross sections. The solid curve Is a pm 
optical-model oalcUlatton. The dash and dotted curves 
result from CRC calculations after two and four Itera¬ 
tions, respeotlvely, of the search procedures. 
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FIG. S. Optical-model and CRC calaulatlona of proton 
elastic scattering from '*C, In ratio to tke Rotfaerford 
cross sections. 


At 40 MeV the fits In Figs. 2 and 6 are com¬ 
parable to previous ones."* The fit to the polariza¬ 
tion data is appreciably worse than at 21 MeV. 

It seems to be exceedingly difficult to obtain good 
nts to both cross-section and polarization data 
in this energy range with reasonable parameters.*^ 
We shall return to this point In Sec. IV. The most 
characteristic feature of the parameter syste- 
matics in Fig. 9 for this energy range is the rise 
in the spin-orbit radius to values comparable 
with the real central nutius, and steep changes 
in the diffuseness parameters. 

2. E>60Mey 

Generally, the fits to the data were quite satis¬ 
factory in this higher-energy range and the pa¬ 
rameters varied smoothly with energy. The fit 



fIG. 4. Proton elastlo scattering from at 122 MeV 
In ratio to the Rutherford cross sections. The solid 
*nirve la for die one-channel optical model. The dashed 
carve resulted from use of die same OM potential In fhll 
GXC calculations, while the daMi-dot curve riiows the re- 
nnlt when the diagonal potential Is adjusted tor best fit to 
the dabi. 



FIG. 5. Optical-model and CRC calculations of proton 
elastic scattering from **0, In ratio to the Rufiwrfard 
cross sections. 


to the 135-MeV polarization is not Impressive 
and the x’ values for the cross-section data (also 
at 122 and 183 MeV) could be aignificantly rethiced 
if the polarization data were ignored. However, 
there are numerous correlations among the pa¬ 
rameters, especially between the imaginary and 
spin-orbit parameters, and it was dilficult to 
establish systematic trends with only the cross- 
section data. The constraints of the polarization 
data seemed useful to have, although the experi¬ 
mental situation needs to be vastly improved. A 
* recent article illustrates the value of such data 
at 183 MeV.’* 

Unlike Ref. 17, we had no difficulty in fitting 
the 61-MeV data with excellent x* values and total 
reaction cross sections and with very reasonable 
parameters. Although data on reaction cross 
secticms are scant,they an useful for rejecting 



FIG. S. The polarizations of proton elastic acattering 
from **0. See also the captlcm for Fig. 2. 
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FIG. 7. 'nw' polorizntlons for proton clastic scatterine 
from In comparlaon with optical-model and CHC col- 
culatlonB. 


alternative parameter seta and trends. 

The data at 96 and 122 MeV indicate more struc* 
hire than is provided by the calculations in Figs. 

3 and 4. The situation can be improved con¬ 
siderably by allowing higher-order terms due to 


o 

O 

3 

z: 



FIG. 8. Fnergy dcpcndi'noc of the volume Inte^^alB per 
nucleon of the real. ImaKlnnry, and spin-orbit potentials. 
'Hie solid data are for the ons-channel OMP and the open 
circles are for the RC^P of tho CRC envlronmenta 



FIG. 9. Energy dependence of the geometrical param¬ 
eters of the opUcal-model potentials. The solid lii»s 
are for the one-channel OMP and the da^d Itnes are 
for the ROMP of the CRC environment. 

the permanent deformation of *^0 to appear in the 
optical potential. The radius parameter R in Eq. 
(4a) was replaced by Rg[l+^,¥j{0, <p)], the result¬ 
ing potential was averaged over all angles, and a 
search was carried out for /S,. We obtained 
= - 0.44 with a reduction in x' by a factor of 2 and 
with almost no change in the potential depths. 

The shape was improved considerably in the 
30-60° range. There was little effect on the po¬ 
larizations. 

IV. COUPLEDCHANNEL ANALYSIS 

There is little need to justify an exploration of 
coupled-channel effects on scattering from 
since it is well known that the strong coupling 
to the collective state at 4.44 MeV is very 
important. In a pioneering work, Okai and 
Tamura demonstrated” that this coupling could 
produce resonancelike effects. 

What is at stake, rather, is the number and 
type of channels that must be coupled. Rawitscher 
has shown Uie importance of strong couplings 
on both [d,p) cross sections and deuteron elastic 
scattering.'* More recently, Mackintosh has in¬ 
vestigated the effects of the coupling to pickup 
channels on proton scattering and reactions.*''*’'' 

The situation for is readily Investigated. 
Using the CC program CHUCK2,'” cross sections 
in the elastic channel were computed for pure 
two-step transitions proceeding through the 2' 
state of ‘*C or the ground state in “C. The 
surprising results are shown in Fig. 10. At 135 
MeV, the {p,d,p) cross sections are more than 
two orders of magnitude larger than the (p,p',p) 
cross sections. An almost identical situation 
holds at 180 MeV, while at 60 MeV the back 
coupling from the inelastic path is beginning to 
increase in importance. The two-step (/>, d,p') 
cross sections to the 2' state (not shown) are an 
order of magnitude lower than the one-step yield 
at the first maximum, but become increasingly 
Important at larger angles. 
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TA^ L Pa^oter* of the locel, proton opUcal-model potentUl for um In one-ohumel 
oalouUtiofie. The etreoKths have unite MeV end lenuthe have unite fm. Aleo Hated ere the 
total reaction croee seotlone (mb) and x* per point for croBa-eeotion and polartzatioa data. 
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Ok X„*/N Xp'/N 


12.1 

21.6 

40 

61.4 

96 

122 

135 

IBS 


-67.8 

-47.6 

-39.3 

-32.8 

-23.0 

-18.3 

-16.2 

- 12.6 


1.2S 

1.20 

1.20 

1.20 

1.20 

1.20 

1.20 

1.20 


0.248 

0.617 

0.61 

0.62 

0.635 

0.66 

0.66 

0.68 


+32.6* 

-6.76 

-6.23 

-7.54 

-9.00 

- 10.6 

- 11.1 

-13.1 


1.40 

1.40 

1.40 

1.40 

1.35 

1.30 

1.28 

1.20 


0.223 

0.70 

0.69 

0.67 

0.656 

0.64 

0.63 

0.61 


-26.0 

-30.4 

-21.5 

-22.5 

-23.3 

-18.3 

-17.8 

-16.4 


1.25 

1.05 

1.00 

0.90 

0.90 

0.90 

0.90 

0.90 


0.248 

0.60 

0.65 

0.50 

0.60 

0.50 

0.50 

0.47 


309 

446 

343 

317 

282 

264 

252 

222 


48 

4.7 

8.8 
1.7 

18 

53 

10 

12 


17 

136 


156 

114 

22 


* Surface-derivative absorption, VY is IV in Eq. (2). 


It is not easy to understand the reasons tor fills 
behavior. The one-step {p,p') and {p,d) cross 
sections are comparable (the integrated cross 
sections differ by factors of 2-3). Although the 
cross-section ratio is also reflected in the mag¬ 
nitudes of the two-step transition amplitudes, 
those for the (p,d,p) path peak at lower I values 
and are more localized in I space. The (p,p') 
form factor peaks more than 1 fm beyond that of 
the (p,d) form factor. Mackintoah has given 
arguments regarding the significance of this.' 
Whatever the reason, the CC effects for proton 
scattering from “C are far more serious than 
had been previously thought. 

This last statement does not imply that CC cal¬ 
culations must inevitably be done since the normal 



FIG. 10. Cross seotlons In the elastic channel of pro¬ 
ton soatterlnc from resulUng from pure two-stop ' 
Pnths for which the ground state of (solid curve) or 
tbe ftiat-exoited 2^* state et (dashed curve) Is the In- 
termedlate stste. 


OMP might very well simulate their effects. But 
it is necessary to investigate this issue. Since it 
is impossible to incorporate all channels in de¬ 
tail, further effort must proceed witliin the 
framework of a model. 

A. CC envltonmenl 

The environment we shall consider consists 
of proton scattering from the iowest two states 
of ‘'C and (p, d) reactions to the lowest two states 
ot “C. These states and the transfer couplings 
between them are shown in Fig. 11. Inelastic 
couplings in ‘‘C are not considered at this time. 

The 2.0-MeV state of “C has almost no in¬ 
fluence on the proton elastic cross sections, but 
was retained because it had a rather significant 
influence (destructive) on the 2* state of "C. A 
second |‘ level at 4.79 MeV In **C was Ignored. 

At 122 MeV the {p,d) cross sections” for this 
state are a factor of 6 below the ground-state 
cross sections. The back-couj^ng effect on the 
elastic scattering is related approximately to the 
square of this ratio, although the influence on the 
2" state is probably more important. It is hoped 
that the effects of all neglected chjinnels are sat- 



beled wtih thalr excitation energtea and qitn^parlly vd- 
uea. The dixdde-headed airows denote two-way ooiqil- 
ing and fiiey are labeled alao with the total angular mo- 
mentom tranoferf. 
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islactorlly taken into account in the residual 
ROMP. 

Within this (ramework, which may be denoted 
the coupled-reaction-channel (CRC) environ¬ 
ment,'*^ the homogeneous Schrbdinger Eq. (1) is 
replaced with a set ol coupled inhomogenecus 
equations 


dr^ 




tW + l)l - V 

= Ul) 


Although there were only four separate mass- 
energy channels, angular momentum considera¬ 
tions resulted in as many as 15 coupled equa¬ 
tions. These were solved exactly (Infinite order) 
with the code CHUCK2 .** 

The off-diagonal coupling potentials V,j(r) for 
the (/>,/>') reaction to the 2' state were treated 
according to the collective model. The higher- 
order terms due to the contribution to It 
(see Sec. Ill 0.2) were included, but here — 0.6 
gave better agreement with experimental (p,p') 
cross sections. The parameters of the coupling 
potentials were kept equal to those of the central 
part of the proton ROMP during search pro¬ 
cedures. Wave functions of Cohen and Kurath*^ 
were used to compute the spectroscopic sunplitudes 
for the (p, d) reactions. 


B. Ueutcron pulenlUh and form farlont 

A serious problem in the CRC calculations is 
the choice ol deuteron potentials for the inter¬ 
mediate pickup channels. This has been discussed 
extensively elsewhere.*” At first Uiought one 
might expect to use a phenomenological deuteron 
OMP that reproduces elastic scattering data. But 
if the diagonal proton OMP must be modified in a 
CC environment, so must also the deuteron 
OMP.'” Furthermore, deuteron breakup and the 
general treatment of the p-n continuum are known 
to be very important for elastic scattering and 
stripping processes.**’'" The observed failure of 
a conventional deuteron OMP in our calculations” 
may be related to this. 

Although several detailed investigations of 
breakup effects have appeared in the literature,*’'** 
such calculations were prohibitively large for us 
to incorporate. Instead we relied on the simula¬ 
tion provided by folded deuteron potentials. These 
were constructed from proton OMP’s at half the 
deuteron energy needed in the CRC calculatioos. 
Hence, for the CRC calculations at 40, 61, 96, 

122, 135, and 183 MeV, OM proton potentials 
were required at 12.1, 21.6, 40, 55, 61, and 80 
MeV, respectively. These were determined either 
by direct fitting to data or from the systematics 


found in Sec. ni. Neutron OMP’s were taken to 
be the same as for protons. 

The adiabatic model of Johnson and Soper** was 
used for this folding. Since this model contains 
an approximation in which the neutron and proton 
wave functions were treated at coincidence, it is 
possibly the most apprt^riate for our xero-range 
calculations. Approodmate formulas for the fold¬ 
ing have been given.** However, it was found 
sufficient merely to multiply the proton potential 
strengths by two (with proper adjustments for 
the spin-orbit portion). The Watanabe folding 
procedure** was also tried, although it may not 
be appropriate for simulating breakiq) effects. 
Numerical folding methods had to be adopted 
here. The results were sometimes sensitive to 
the choice of methods, an issue that will be dis¬ 
cussed further in Sec. V. 

The CRC calculations were rather insensitive 
to the choice of bound-state geometrical pa¬ 
rameters, particularly with regard to the elastic 
scattering cross sections. Hie radius parameter 
was taken to be 1.20 fm in accordance with the 
proton OMP's. The diffuseness parameter varied 
from 0.65 fm for the Johnson-Soper calculations 
to 0.70 fm for those of Watanabe and the spin- 
orbit parameter had the conventional value A = 25. 

C. AiMitiuntl facton 

It is common in stripping and pickup calcula¬ 
tions to make approximate corrections for non¬ 
locality and finite range. These present certain 
theoretical difficulties in the present calculations. 
First of all the back feeding in the CRC calcula¬ 
tions brings in some nonlocality directly, and 
secondly there are various arguments to suggest 
that the back feeding will be reduced considerabl; 
with an exact finite-range treatment.**’*' 

Although finite-range correctiems to one-step 
{p,d) reactions are normally small, due to enere 
conservation and good well matching, off-energy- 
shell contributions can become very sizable in 
lockup-stripping processes. Coulter and Satchlei 
indicate,’ however, that they should be unimport¬ 
ant for the imaginary parts. Their effect on the 
real parts will be compensated in the ROMP whei 
the elastic scattering data are refitted. 

Irrespective of these difficulties, we have 
adopted the more conventional procedures in our 
model. From examination of exact finite-range 
calculations it was determined that calculations 
with nonlocality parameters p = 0.85 lor protons 
and 0.43 for deuterons, and a finite-range pa¬ 
rameter R = 0.77 (all as used in CHUCK2) gave 
(p, d) differential cross sections in reasonable 
accord with experiment at all energies. 

One additional problem also could not be ex- 
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yniMd. Th# inclusion of both/> + “C and d+“C 

partitians Introduces a degree of non- 
irthogooallty to the system. One might hope that 
he restriction of the model space to only the 
0 «est two states in each partition would alleviate 
Qost of the dilfieulty since, physically, the dit- 
erent arrangements are very dissimilar and 
hould have litUe overlap. It has also been 
rgued” that the nonorthogonality effects are ap- 
.rozimately canceled in pickup-stripping pro- 
esses by the usual procedure of dropping the 
emnant terms the interaction, thus generating 
post-prior asymmetry. Explicit studies have 
ndicated that the nonorthogonality corrections 
hould be small.**’" 

D. Ebutk Kittetliig cenilu 

The refitting of the elastic scattering data in the 
;rC environment as defined in Sec. IV. A-C 
;as carried out with the progrtuns CHDCKa" and 
X'nD* according to the iterative procedures de- 
cribed elsewhere.* Except for a partial study 
(40 MeV, the calculations were limited to the 
nergy range above 60 MeV. The most extensive 
earches used the Watanabe-folded deuteron po- 
sntial. The results are shown in Figs. 2-7 and 
ie parameters of the ROMP’S are presented in 
'able U. 

One might hope that this more rigorous treat- 
lent of reaction dynamics might result in im- 
roved agreement with data. In fact, the x* values 
3 r both cross-section and polarizatian data are 
niproved slightly, except possibly at 40 MeV. 
'isually the changes seem to be in the right 
Jaces. However, the effects are relatively small, 
ven lor the polarization data, and we do not be- 
leve that too much significance should be at- 
iched to the Improvements at this time. 


The more interesting aspects are in the syste- 
matice of the parameters. Again, these syste- 
matics are partly a result of the trends that be¬ 
came apparent during the search procedures and 
parUy a result of their expUcit adoption. In Fig. 

B we find that the volume Integral of the imaginary 
potential has decreased significantly at most 
energies, as expected. However, those for the 
real central and spin-orbit potentials have in¬ 
creased, Indicating that the effects of the back 
couplings are repulsive.* It is not known whether 
this applies for both the {p, d,p) and {p,p') pro¬ 
cesses or what the relative energy dependence 
of each might be.’ 

The systematics of the geometrical parameters 
were also modified somewhat. There was a clear 
indication that, at low energies, the real radius 
parameters r„ and are significantly larger 
than the OM case, while the imaginary radius r' 
is smaller. At the high end of the energy scale 
the OMP and ROMP seemed to be very similar, 
suggesting that the CC effects were becoming less 
important with increasing energy. 

An important consideration here is the degree 
to which (^cal-model parameters might simu¬ 
late the effects of channel couplings and whether 
ttie “bare” potential might be distorted thereby. 
Answers are very difficult to obtain, in large 
part because of cross correlations between various 
parameter groups. Nevertheless, there may 
very well be substanUal effects, especially on 
radius parameters at low energies and particular¬ 
ly for r„. 

E. The40-MeVcue 

The calculations at 40 MeV gave a special prob¬ 
lem. Unlike the situation at higher energies, 
where the search procedures converged after two 


TABLE n. Parameters of the proton residual optical-model potential for use In the CRC 
environment described In Sec. IV. See also the caption of Table I. 


E 

V 

^9 

a 


r' 

a' 

V„ 


a ■) 


Xa/N 


Watanabe-folded deuteron potential 
40 -40.8 1.30 0.60 -6.14 

1.30 

0.63 

-37.8 

1.25 

0.62 

395 

34 

75 

61.4 

-33.7 

1.29 

0.57 

-6.56 

1.30 

0.63 

-27.1 

0.95 

0.52 

299 

1.0 


96 

-24.8 

1.276 

0.60 

-8.00 

1.30 

0.63 

-25.1 

0.90 

0.53 

261 

14 


122 

-20.9 

1.26 

0.65 

-9.47 

1.30 

0.63 

-19.3 

0.90 

0.C2 

261 

5S 

119 

136 

-18.9 

1.26 

0.65 

-9.69 

1.30 

0.63 

-19.9 

0.90 

0.52 

252 

8 

91 

183 

-16.2 

1.23 

0.60 

-11.6 . 

1.23 

0.63 

-17.2 

0.90 

0.48 

227 

11 

21 

JohnaoD-Soper 
61.4 -32.6 

folded deuteron 

1.29 0.60 -6.06 

1.30 

0.63 

-26.0 

0.95 

0.52 

281 

1.2 


96 

-24.6 

1.276 

0.60 

-8.00 

1.30 

0.63 

-25.1 

0.90 

0.52 

263 

15 


122 

-20.9 

1.26 

0.66 

-9.49 

1.30 

0.63 

-19.0 

0.90 

0.52 

260 

49 

120 

136 

-19.2 

1.26 

0.65 

-9.47 

1.30 

0.63 

-19.2 

0.90 

0.52 

248 

6 

96 

183 

-16.4 

1.23 

0.60 

-11.8 

1.30 

0.63 

-18.8 

0.90 

0.48 

230 

10 

22 
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or three Iterations, ttie cycle between successive 
CITUCK2 and CUPID calculations seemed unstable. 
The best results from the optical-model search 
program were obtained with the ROMP in Table 
II used in conjunction with the back couplings from 
the second iteration through CHUCKS. The x* for 
the cross sections was about the same as for the 
OM parameters of Table I, while that for the 
polarization data was very substantially Improved. 

Unfortunately, what initially seemed like a con¬ 
vergent process became a slightly divergent one. 
After four iterations the parameters of the ROMP 
had settled down to fairly stable values, but the x' 
values had increased significantly, particularly 
for the cross sections. The results of both itera¬ 
tions are shown in Figs. 2 and 6 and in Table II. 

The main difficulty seemed to be at back angles. 
The back-coupling amplitudes had a strong ten¬ 
dency to put a sharp rise in the elastic cross 
sections beyond 140“ and changes in the geo¬ 
metrical parameters of the ROMP were neces¬ 
sary to bring it back down. The most slgmficant 
changes were a sharpening of the edge of the spin- 
orbit potential and its shift to larger radii. 

In spite of the difficulties, one conclusion seems 
clear. The CRC environment has resulted in very 
substantial improvement of the fit to the polariza¬ 
tion data, with not much change in the fit to the 
cross-soction data. Qualitatively, the ratio of 
the polarizations at the 60' and 120' humps has 
been nearly inverted and a dip near 140' has been 
formed, which is in much better agreement with 
the experimental patterns. Satchler has reported 
much difficulty in fitting simultaneously both 
cross-section and polarization data in tliis energy 
range.^* We suggest that the problems may be 
intimately associated 'with the influence of strongly 
coupled pickup channels. The difficulties with the 
convergence here are possibly related to am¬ 
biguities regarding calculational procedures, 
some of which are discussed in the next section. 


V. DWUAurCRC? 

Although there was a general and systematic 
improvement inx° values in the CRC environ¬ 
ment, this was not very large. Tiiis suggests 
that, at intermediate energies, the local, com¬ 
plex OMP might be doing an excellent job of 
representing all the complications of proton 
elastic scattering from “C. The question natural¬ 
ly arises whether this simulation ability also 
extends to proton-induced reactions. 

It should be understood that this favorable state 
of affairs is not a consequence of very small 
back-coupling amplitudes. This Is made clear 


in Fig, 4 where the dashed curve represents the 
elastic scattering cross section in the full CRc 
environment, but with the normal OMP from Tabi 
1 used for the proton channels. The cross section^ 
has dropped by up to 30-40% compared with the 
pure one-channel OM result. It is only when the 
proton potential is replaced with the ROMP from 
Table II that die CRC calculations give the proper 
result. 

The situation for reactions is very similar. 

This is illustrated in Fig. 12 for the (/>,/>') re¬ 
action to the lowest 2'* state in ^C and the (/>, </) 
reaction to the ground state of ‘^C, both at 122 
MeV. The solid lines are the results of conven¬ 
tional OWBA calculations (pure one-way transi¬ 
tions from the “C ground state to the final states). 
When the one-channel proton OMP is used in tlie 
CRC calculations there is again a decrease in tlie 
cross sections, although this is not very large 
for the (p,d) reaction. After the elastic scatter¬ 
ing data had been refitted, the final CRC results 
at the first maxima were very much like the 
original DWBA calculations. For the 2" state, 
however, there is some enhancement at large 
angles, a result anticipated in the exploratory 
calculation of Sec. IV. (The failure to reproduce 
the data very well beyond the first maximum is 
believed to be due primarily to the neglect of the 
deformed spin-orbit coupling interaction.’) 

This pattern of behavior was similar for both 
choices of folded deuteron potentials and there 
was little distinction between the choices at the 
higher energies. The (/>,/>') cross sections were 
insensitive to this, even at the lower energies. 
However, as illustrated in Fig. 13, the (P,rJ) 
ground-state cross sections were distinctively 
different for the Johnson-Soper or Watanabe po- 



reactlon to the lowest 2* state of and die (p,d) reac¬ 
tion to the ’’c ground state. In comparlaon with data .at 
122 MeV. See also lha caption for Fig. 4. 
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FIG. 13. Calculatlona of cross sections to the “c 
KTound state at two encrKtes in comparison with data. 

The solid curve represents use of the Watonabe-folded 
deutcron potential, while the dashed curve corresponds to 
Johnson-Soper folding. 

tentials. There is some preference for the re¬ 
sults with the Johnson-Soper adiabatic potential 
(even a slight preference at 183 MeV). However, 
it seems that the (p,d) calculations do not exacUy 
fit the slope of the data at any energy. Certainly 
the choice of deuteron potential is a very Im¬ 
portant consideration, but it is difficult at this 
time to reach specific conclusions regarding it. 

A possible consideration here is the effects of 
inelastic excitations in “C. The Cohen-Kurath 
wave functions'*’ predict that there should be many 
important couplings between the states of 
and that AJ= 1 transitions (AL = 0 and 2 , a.S -1 ) 
may be quite important. Unfortunately, these will 
increase the complexity of the CRC calculations 
very substantially. Macroscoplcally, theAf. = 2 
parts might be handled (along with AJ = 3 transi¬ 
tions) with the usual collective model, but the 
Afi = 0 terms are also likely to be significant at 
intermediate energies. Microscopically, the 
spin-flip portions of the isoscalar excitations may 
not be well described.’ 

A test calculation at 122 MeV with a single in¬ 
elastic coupling in “C Indicated that the ground- 
state (p, d) cross sections could be reduced 
slightly at forward angles, in better agreement 
with the data. Although the CRC environment is 
now different from that in JSec. IV, it is unlikely 
that this improvement would be eliminated com¬ 
pletely when the proton ROMP is readjusted since 
the influence on the elastic channel is of higher 
order. 

Thus, although the DWBA calculations seem to 
be entirely adequate for describing the main fea¬ 
tures of the transitions, many details also seem 
to depend on the singular effects brought about 


by individual channel couplings. Since the full 
ai^ratus of CRC calculattone makes very large 
demands on computer resources, one might hope 
that certain a{q>roxlmation6 would allow these 
singular features to be described with sufficient 
accuracy. Calculations of two-step contributions 
(second-order DWBA) has been a common ap¬ 
proach and this has the advantage that the ampli¬ 
tudes from several paths leading to Die same 
final state may be calculated separately and added 
together. 

In testing this approach, calculations were 
made of the 123-MeV pickup-stripping (p,d,p’) 
cross sections to the 1' states of ‘’C at 12.71 
and 15.11 MeV. In the first approach the full 
CRC environment of Fig. 11 was used, but with 
one-way transitions from both ‘*C states to the 
1' states of “C also included. The ROMP from 
Table U was used for ail proton channels, in the 
second approach only the one-way transitions 
from the *’C ground state to both “C states were 
specified, followed by the same one-way transi¬ 
tions up to the 1'' states. The OMP from Table I 
was used for all proton channels here. The cross 
sections for the 1'' states from both approaches 
were identical out to about 30“, while the pure 
two-step cross sections were slightly lower at 
larger angles. 

It should be noted that three-step contributions 
from paths that proceed through the 2* state of 
'’C were not included in the second approach. 

They are expected to be relatively small, par¬ 
ticularly at forward angles. Furthermore, no 
distinctions have been made between the OM po¬ 
tentials ol the entrance and exit channels.” The 
calculations here seem to work best when these 
are the same, but the issue needs more eiqplora- 
tion. 

The most important result of the investigation 
in this section is that the particular effects of the 
CRC environment appear to decrease with energy. 
Not only was the convergence of the iterated 
search procedures better, but the differences 
between the ROMP and OMP decreased and the 
results were also less sensitive to uncertainties 
regarding details, such as the choice of deuteron 
potentials. Thus, it appears that the DWBA meth¬ 
ods become more suitable as the energy increases 
and that the complexities of the CRC calculations 
are less necessary. 

This result is of course reflected in the magni¬ 
tudes of the back-coupling amplitudes in the elas¬ 
tic channel. A way to express this is illustrated 
in Fig. 14. For three energies we have plotted 
the ratios of the S-matrlx elements S„ •Mp(3i6<() 
obtained from the ROMP’S of Table II and OMP's 
of Table I and also the changes in the nuclear 
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FIG. 14. Rotlos of the amplitudes of Oie S-matrlx ele - 
monte and the dlfferenoee In phase for the OHP'e and 
romp's from Tables I and H at three enarffles, 

phase shifts S,j. As the energy increases, the 
ratios of the S-matrix elements and the differ¬ 
ences in phase shifts tend to decrease. The prin¬ 
cipal effects are in the lowest partial waves where 
the 5-matrlx amplitudes of the ROMP are several 
percent larger and are shifted in phase to larger 
angles. For the partial waves with ~l, the 
ratios of .S-matrix amplitudes are essentially the 
same as those shown in Fig. 14. The changes in 
the phases are a little smaller at 183 MeV, but 
considerably smaller at 61 MeV. 

The behavior of the ratios and shifts is smooth 
at the higher energies, but shows some irregu¬ 
larities at 61 MeV. The situation is reminiscent 
of patterns found in the scattering of protons 
from “Oand ’“Ca, where phenomenological /-de¬ 
pendent potentials were included in the analy¬ 
sis.*’■“ The /-dependent effects were similarly 
concentrated in the lowest partial waves and it 
was suggested that the phenomenological / de¬ 
pendence was related to couplings to pickup 
channels.”’** Additional explorations of this 
question would be interesting. 

VI. DISCUSSION AND CONCLUSIONS 

The phenomenological analysis of proton scat¬ 
tering from in both the optical-model and 
coupled-channel approaches has revealed numerous 
systematic features. It has also shown clearly 


that “C is quite suitable for the atudy of nuclear 
reactions and scattering and that calculations for 
these processes can be reliable. The situation°*^ 
is best at Intermediate energies, say £>100Mev 
and seems adequate for energies as low as about ’ 
60 MeV. Below that the effects of strong couplings 
to other channels become particularly important 
in a manner that requires attention to all details. 

This dichotomy about an energy near 60 MeV 
is revealed in many ways. The volume integrals 
and geometrical parameters shown in Figs. 8 and 
9 seem to have smooth and regular trends above 
that energy. The trends are distinctively different 
below 60 MeV, particularly for the q>in-orbit 
geometrical parameters and the other diffuseness 
parameters. At the higher energies the effects 
of the back couplings are not very substantial, 
while at lower energies they can have a dramatic 
Impact on cross sections and polarizations. This 
was becoming apparent in the analysis of the 61- 
MeV data, where the (p, d) angular distributions 
showed greater sensitivity to the choice of the 
deuteron optical-model potential. At 40 MeV the 
effects were quite severe. Undoubtedly the cal¬ 
culations here are being hurt by the approxima¬ 
tions used; the zero-range assumption, the 
neglect of nonorthogonality corrections, and the 
incomplete treatment of deuteron breakup and 
the p-n continuum. 

An important conclusion here is that the local, 
complex OMP is able to simulate the effects of 
channel couplings quite well in many instances, 
a feature that improves with increasing energy. 
Furthermore, the use of this OMP in DWBA cal¬ 
culations of reactions appears to be realistic and 
Justified even from a more detailed approach. 

The important criterion is that the elastic scat¬ 
tering data should be reproduced well. Some fea¬ 
tures of a more encompassing CRC model may 
yet remain to be included, but it appears feasible 
to evaluate these by use of the second-order 
DWBA. 

It must be stressed that this study has focused 
attention almost exclusively on transitions that 
have large spectroscopic couplings with the elas¬ 
tic channel. In terms of past experience one ex¬ 
pects these to be primarily single-step pro¬ 
cesses. Transitions that are Inhibited In terms 
of direct couplings, such as the excitation of the 
4’ state of '*C, will still require appropriate 
treatment of multistep contributions. Second- 
order DWBA may be adequate for some of these, 
while the full CRC environment may be needed 
for others. The CRC may also be necessary for 
details of the uninhibited transitions. 

One may thus conclude that the DWBA calcu¬ 
lations of the “C(P, P')“C reaction at 122 MoV 
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10 tbe pr«c«dliis article* are entirely adequate. 

Xiiia baa much signlfleanee since the contributions 
from kttoektm exchange are very considerable and 
„o codes exist which can calculate them exacUy 
In the CHC model described In Sec. IV. Thus, the 
focus of Ref. 2 was properly directed towards the 
microscopic effective interaction. Although some 
effects from two-step processes may be present, 
as was discussed In Ref. 2, the treatment of the 
reaction dynamics is not a serious limitation on 
the conclusions. 

There are no major surprises in the conclusions 
expressed so far. Indeed they are implicit in much 
of current practice. More explicitly they may be 
considered to be an extension into the CRC en¬ 
vironment of the tendency to equivalence between 
DWBA and CC calculatione previously noted" for 
strong inelastic couplings, under the constraint 
that elastic scattering data be fit equaUy well. 
Nevertheless, it Is gratifying to have them emerge 
directly front the phenomenological analyees In 
the present study. 

Again the reader is cautioned that the favorable 
state of affaire expressed here does not extend 
to lower energies, such as below 60 MeV. As 
the back-coupling amplitudes take on greater im¬ 
portance (e.g,, as the Inelastic coupling parame¬ 
ter (3 increases)," the equivalence between DWBA 
and coupled-channel approaches breaks down. 
Although resonances of various tsrpes may produce 
significant effects at the lower energies,"-”-*' 
we concur with Mackintosh that couplings to pick¬ 
up channels are probably the most important ones 
for light nuclei. Similar conclusions were also 
reached for low-energy nucleon scattering from 
molybdenum Isotopes." 

Unfortunately, one item of considerable interest 
could not be Illuminated very clearly in the pres¬ 
ent work. The strengths and geometrical pa¬ 
rameters of one-channel OMP’s resulting from 
jAenomenological analyses of elastic scattering 
data are often used to infer features of micro¬ 
scopic effective interactions and geometrical 
properties of nuclei. K Is Important to determine 
the extent to which these parameters have be¬ 
come distorted from their more intrinsic values 
in order to compensate for and to simulate chan¬ 
nel-coupling effects. The sharp decrease In the 
dUfusenesB parameters at low energies In Fig. 9 
Is surely an Indication of this. However, In view 
of the difficulties even at 40 MeV It became im¬ 
practical to extend the analysis to these low ener¬ 
gies. 

The cross correlations between parameter 
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groups also precluded specific conclusions from 
being drawn regarding such simulation etfecta. 
While It Is difficult to make general statementa, 
there appeared to be various compensations be¬ 
tween the parameters of the imaginary and the 
spin-orbit potentials. Furthermore, the differ¬ 
ences of the proton OMP’s and R(%(P’8, as dis¬ 
cussed in Sec. V, are asymmetric with reepect 
to the spln-orblt components of the partial waves. 
What implications this may have for phenomeno¬ 
logical imaginary spin-orbit potentials is not 
clear since the data considered here were not 
especially sensitive to them. 

It is felt that greater insight Into tbe issues 
raised here would come If the experimental situa¬ 
tion were improved. A well-designed program 
of the elastic scattering of nucleons and other 
light projectiles at Intermediate energies from 
several targets would be beneficial. It is es¬ 
pecially important that cross-section and polarisa¬ 
tion data span large angular ranges and that data 
for the predominsutt reactions also be available. 
The energies should span a range such that back- 
coupling effects are significant at one end and 
relatively unimportant at the other. It Is not 
known how this energy range depends on mass 
number. As the mass increases, the averaging 
effects of more open channels should probably keep 
the range from being higher than that considered 
for “C here. 

Finally, although substantial and excellent pro¬ 
gress has been made in recent years in terms of 
theoretical techniques, some difficult problems 
remain to be examined In more detail. Probably 
the most important for the type of analyses dis¬ 
cussed here is the handling of the intermediate 
channels. Since large-scale CRC calculations 
arc impractical and simple adiabatic potentials" 
may be inadequate," realistic approximation 
techniques need to be devised. In combination 
with new experimental data, these techniques may 
reasonably be expected to lead to great enrich¬ 
ment in our understanding of effective nucleon- 
nucleus interactions. 
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InelMtic electron ecattering form facton were measured for the low-lying odd-parity states of over a 
momentum transfer range of 0.57 to 2.41 fm“V Reduced ground-state transitioo probabilities were d edt ie-d 
tor states st 4.055 MeV(l/2'). 5.156 MeV(3/2 ), 6.159 MeV(3/2-). 6.477 MeV(7/2 ), 6.605 MeV(l/2 or 
3/2~), 6.651 MeV(5/2”), 6.993 MeV(3/2'), and 7.22S MeV(9/2 ). In addition, the results support odd- 
paiity assignments for the 3.*27 MeV(3/2- or 5/2^) and 7.477 MeV(7/2) levels. Attempts have been made 
to interpret the results in terms of the weak-coupling and strong-coupling models. The measurements 
confirm the apparent high concentration of Ip-shdl proton hole strength in the 4.055 MeV,l/2 ~ and 5.156 
MeV,3/2" states. To satisfactorily account for the observed properties of these two leveb ustitg the weak- 
coupling model requires an anomalously small value of 1.35 MeV for the spin-orbil splitting of the Ip shell. 
The structure of levels in the 6 to 7.5 MeV region is shown to be based on the excitation of Id-shell 
nucleons into the \f shell. 


NUCLEAR REACTIONS "AKa.e'l. E-70-340 MeVj meanured o-(E:»), DWBA ' 
analyala. a-—1 levels, deduced fi(A), 6. Strong-coupling model, weak-coupling 

model. 


I. INTRODUCTION 

In contrast to the even-parity states, the low- 
lying odd-parlty states of the 2s-Id shell nuclei 
have received relatively little attention, either 
experimental or theoretical. For example, 
whereas reasonably successful shell-model calcu¬ 
lations of the even-parity spectra can be made by 
considering only the sd-shell configuration 
space,any realistic calculation of the negtitive- 
parlty levels would have to include active Ip and 
2/1-1/ shells. In the absence of such theoretical 
work, ai^roaches to the understanding of the 
structure of odd-parlty states are usually based 
upon more collective descriptions. 

The 2s-Id shell nucleus considered here, ”A1, 
is irequently regarded as transitional in shape, 
intermediate between lower-2, prolate rotational 
nuclei (‘‘Mg, "Al, and *Mg), and heavier nuclei 
of oblate deformation (*Sl and ’“a). Nevertheless, 
available experimental evidence seems to suggest 
a clearly prolate character for "Al: The sign of 
the observed ground-state quadnipole moment is 
positive (-t-O.UOeb),'* and a Nilsson-model interpre- 
tation‘ of the low-lying level scheme favors a pro¬ 
late deformation corresponding to >1=3. On the 
other band, a simple rotational description of "Al 
is not nearly as conviaclng as it Is for the A » 21- 
2S nuclei. More satisfactory interpretations in¬ 
voke appreciable band mixing,* the coigiling of ro¬ 
tational and vibrational motions,'' the strong Inter¬ 
action of particles in different Nilsson-model or- 
blts,* or the weak coupling of a proton hole to the 
collective rotational levels of a "Si core.*"** Even 
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so, insofar as the even-parity states are con¬ 
cerned, none of these models is as comprehen¬ 
sively successful as the shell model calculations 
of Cole rt al.* or Wildenthal and McGrory.* 

Recent (p,r) measurements by Maas and colla¬ 
borators'* have done much to clarify the spin-par¬ 
ity assignoments of low-lying levels in ''Al. The 
odd-parity spectrum shown in Fig. 1 is principally 
based upon two different configurations, one rep¬ 
resented by the excitation of an sd-shell nucleon 
into the pf shell, and the other by the creation of 
a ]j>-8hell proton hole In the ground state of "Si. 

A comparison of data from pickup and stripping 
reactions” indicates that the 4.055 MeV, 
and the 5.156 MeV, I* levels are hole states, and 
that the 6.152 MeV, I' and 6,477 MeV, states 
arise from particle excitation into the pf shell. 

In the framework of the Nilsson” model, Rcqike 
et al . identified the latter pair of states as the 
lowest two members of the [330] rotational 

band.” This identilication is supported by ob¬ 
served similarities with negative-parity states in 
i»ighboring nuclei. 

Presented in this paper are electron scattering 
form factors for most of the odd-parity states 
identified in *^A1 up to an excitation energy of 7.5 
MeV. The availability of these form factors per¬ 
mits further tests to be made of the various mod¬ 
els proposed for the structure of this nucleus. 
Previous electron scattering experiments®’*’”’” 
have not defined the form factors of the odd-parity 
spectrum, primarily because these experiments 
lacked the resolution to cope with the increasing 
level density at excitations In excess tA 4 MeV. 
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E«p«rim«nt 27^1 WPOK-Coopling 

FIG. 1. Kxperlmcntal nod wenk-oniiplliiR level 
Bchemee for *'A1. Only the lowest-lying ovon-parlty 
states are shown. An asterisk denotes that the corres- 
pondlng weak-coupllng level was fitted exactly to the en¬ 
ergy of an observed state, 

II. EXPERIMENTAL DCTAILS 

The measurements were performed using the 
22-sectlon linear accelerator of the Bates Labora¬ 
tory in Middleton, Massachusetts. This 6'-band 
device can accelerate electrons to energies of 350 
MeV or more with a duty factor of about 0.5%. The 
energy-analyzed beam emerges from the beam 
switchyard with a horizontal momentum dispersion 
which is rotated to the vertical plane by a system 
of five quadrupole lenses. When the beam is sub¬ 
sequently intercepted by the target it has a mo¬ 
mentum dispersion of 10 cm/% and usual beam- 
spot dimensions of approximately 1mm wide by 
30 mm high. 

For the experiment reported here, average on- 
target beam currents of up to 55 fiA were deliv¬ 
ered within a momentum spread of :i:0.15%. Beam 
currents were monitored by means of two identical 
ferrite toroids,*’ the calibration oi which had been 
previously established using the Faraday cup at the 
National Bureau of Standards Laboratories in 


Maryland. F^irtfaer details of the 
accelerator and beam-handling system are vi " 
In Bets. aO and 21, 

Scattered electrons were momentum analyzed in 
a 900 MeV/c, spUt-pole magnetic spectrometer®" 
having a 2.23 m mean bending radius and a total 
deflection angle of 90°. The maximum spectrom. 
eter aperture subtended at the target was 26.8 
X 130.9 mrad, corresponding to an acceptance 
solid an^ of 3.514 msr. 

The spectrometer focal plane instrumentation® 
consists of a pair of multiwire drift chambers and 
two Cerenkov counters. The Cerenkov counters 
fulfil three separate functions: Ihey assist in the 
rejection of stray room background, provide in¬ 
formation for the assessment of counting losses 
due to the wire-chamber dead time, and supply the 
timing start pulse for the delay-line circuit which 
measures the trajectory of incoming electrons. In 
the first wire chamber, the positions of the elec¬ 
trons in the momentum-dispersion direction arc 
determined with a spatial resolution of 0.12 mm. 
Further trajectory Information, from both cham¬ 
bers, is used to correct for focal-plane curvature 
and other spectrometer aberrations.” In the 
course of the present experiment, momentum 
resolutions as fine as 26 keV were obtained oper¬ 
ating in the dispersion-matching mode.” The use¬ 
ful momentum bite spanned by the focal-plane de¬ 
tection system Is approximately 5%. 

Measurements were performed at three scatter¬ 
ing angles: 90°, 160°, and 180°. The 180° data 
were collected as an adjunct to a separate experi¬ 
ment to determine the cross section for elastic 
magnetic scattering.” When 180° scattering is 
being measured, an additional four-magnet sys¬ 
tem Is employed to deflect backscattered electron: 
into the spectrometer.” The targets used in this 
experiment were high-lmpurlty aluminum foUs of 
thickness 6.62 to 30.6 mg cm'*. 

III. ANALYSIS OF DATA 

A preliminary step in the analysis procedure 
was to determine the spectrometer momentum 
calibration. In the momentum-dispersion direc¬ 
tion cf the focal plane, the position x of an elec¬ 
tron, momentum can be parametrized by** 

x=x.+ (x|6)(^*|P^)+(x|66)(*A^J, (1) 

where (x|6) and (x {56) are first and second order 
spectrometer dispersion coefficients, and x, and 
k, ■ 68.85 B MeV/c correspond to the central tra¬ 
jectory for a spectrometer field of B kG. From 
the reaction kinematics,** an electron scattering 
from a level of excitation energy w, will have mo- 
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( 2 ) 


where fci i« the incoming electron momentum, 6 
the scattering angle, M the mass of the target 
nucleus, and c is the ionization energy loss. 

By observing the tocal-plane positions of several 
well-known peaks in the spectra of electrons scat¬ 
tered from targets of at least two different mass¬ 
es, the values of the unknowns, (*lfl), (r|fld), x,, 
and III, can be accurately determined. 

Corrections were applied for wire-chamber 
counting losses and the raw data were bin sorted. 
No corrections were applied for variation in the 
relative detection efficiency along the length of the 
chamber, since measurements have repeatedly 
shown the response to be flat, within a percent or 
so, across a broad range.” A representative bin- 
sorted spectrum is shown in Fig. 2. 

Notwithstanding the fine momentum resolution 
oi this e^riment, the density of states at higher 
excitation energies necessitated the use of a line- 
shape fitting procedure to extract the integrated 
counts for each peak. The excitation spectra were 
divided up into convenient 1-3 MeV regions, each 
of which was indlviduaUy fitted by an empirical 
polynomial background and a set of resonant peak 
functions ^,((>>, 01 ,) centered at various excitation 
energies ui,; 

Counts/(Coulomb MeV) = A + Bu)*‘ + Co)*” 

+ S,a,(h,(a',aj,). (3) 


The background coefficients A, B, and C are free 


parameters, determined in the fit. 

The line-shape function <(i,((it, w,) is defined by 
several different processes which take place In 
the measured target. Most Important ol these are 
the emission of soft and virtual photons during 
scattering, hard-photon bremsstrahlung, awl rwll- 
ation and ionization straggling. The observed line 
shape Is obtained by convolutlng the distributions 
for these processes, together with an empirical 
function which characterizes not only the strength 
distribution ol the measured nuclear state, but 
also the response of the particular experimental 
system, which is dependent ig>on the finite spatial 
resolution of the detector system and upon optical 
uncertainties in the accelerator, beam-handling 
system, and spectrometer. A detailed examination 
of the total electron scattering ilne-shjg>e function 
has been made by Bergstrom.* 

From our point of view, an important aspect of 
the line shape is that the dependence of the so- 
called "radiative tail"** be given accurately, 
especially in the region close to the associated 
spectrum peak. This importance stems from our 
method ol computing the differential cross sec¬ 
tions. The total number of counts In a particular 
peak is determined by integrating the fitted curve 
out towards the low-energy scattered electron 
side. The integration is contlmied until some 
specified cutolt energy A below the energy oi the 
peak £, and corrections lor the previously men¬ 
tioned radiative and ionizatioD processes are then 
applied. B the shape of the tail is appropriate, 
corrected areas obtained to various integration 
cutoffs should closely agree. 

Insofar as the complete calculation of the line- 
shape function is rather time consuming, we have 
used an alternative, approximate method to gene- 



FIQ. 2. tdenUfloatlon of *^A1 odd-porlty states in a representattve blii-sortod speotmin. 
"’2 cm** was used In transmlSBloD epometry. 


A tarpt of tUefcaMS 14.3 
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lated. 

The choice of the function is somewhat arbi. 
trary. We have used asymmetric Gaussian para, 
metriaations, Lorentzlans, and Fermi-type func- 
tions for cases of relatively thick targets in re¬ 
flection geometry. In any case, the particular 
form of 00 important only within approximately 
2 full width at haU maximum (FWHM) of the peak 
positlou. At lower scattered electron energies, 
the shape of the radiative tail is strongly deter- 
mined by calculable parameters entering into the 
equations for the radiation correction factors. K 
has been found that this method of calculating the 
line-shape function is quite amenable to interac- 
tive analysis carried out on small computers, such 
as the PDF 11/40 used In the present case. 

An example of a line-shape fitted spectrum is 
shown in Fig. 3. The absolute scale of the deduced 
differential cross sections was established by nor- 
maliising a set of elastic scattering measure¬ 
ments, taken concurrently during the course of the 
A1 experiment, to the “C cross section of Sick and 
McCarthy.’*’ At 180°, where scattering from the 
spinless ”0 nucleus is much reduced, the data 
were normalized to the proton cross sections.” 

A more explicit and convenient comparison with 
theory can be obtained by transforming the mea¬ 
sured cross sections into electron scattering form 
factors”; 

( 6 ) 

where and k, are the initial and final electron 
momenta and is the four-momentum transfer, 



FIG. .1. b'xample of line-shape fitting analysis. The peak positions are fixed to tabulated exoltetton energies, and 
all peak widths are assumed equal. 
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rate the line shape.** This derives from the func¬ 
tional form of the predominant Schwinger correc¬ 
tion factor,** 


S(A)=exp{-6,(A)], 

where 


(4a) 


)-i|] 

('“’I)]}’ 

(4b) 

E^ being the incident electron energy, and £, the 
Euler dllogarithm. The parameter k, given by 


K = (2a/ff)[ln(qVmJ) - Ij, 


(4c) 


may be altered slightly to incorporate contribu¬ 
tions from radiation and ionization straggling cor¬ 
rections. Given the dependence of Eq. (4b), it may 
then be shown that the proper line-shape function 
can be well approximated by*" 


0 (£) = 




//,,(£'-£)0„(£')rf£' 

X / 0(£')rf£' + 0„^+|js(d), (5) 

where d is the bin-sort channel width and 0^ de¬ 
scribes the peak shape in the absence of radiation 
and ionization effects. Proceeding from the high- 
energy scattered electron side, the line-shape 
function for a particular peak may then be calcu- 
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given to good approximation by 

,^*»4Aife,Bin*e/2. (7) 

In the plane-wave Born anproxlmatlon, the form 
factor separates into longitudinal and transverse 
components, dependent only upon the three-mo¬ 
mentum transfer ?: 

|i^(9)|»-|J^r(7)|‘ + ^|J^r(</)l*. (8) 

(/’= (ki-ita)*- (9) 

For our purposes, the coefficients and 
are given sufficiently well by 

Vi = I^ [ 4 ^ 1*1 cos*6/2 + w,* ^2 + (10a) 

and 

Vr -I ^ [(*1 +*,)’ - 2fc,fc,CO 8 W 2 ], (10b) 

i Q 

where m, is the electron rest mass. 

For the present data, obtained using many differ¬ 
ent incident electron energies, comparison with 
theoretical models would normally be a tedious 
procedure in that each different energy requires 
a separate distorted-wave calculation. However, 
tests showed that it was adequate to compare the 
lata with a single distorted-wave result calculated 
tor one Incident energy (250 MeV), provided that 
xith the data and the calculated curve are plotted 
against an “effective” momentum transfer,’” given 
by 

The parameter R represents the “uniform-density” 
charge radius, 3.94 fm for ”'’A1. 

In the course of the ejqieriment inelastic form 
factors were obtained for both odd- and even-par¬ 
ity levels up to 8 MeV excitation energy. Of the 
levels tabulated by £adt and van der Leun,'* only 
the 5.752 MeV, »* state remained unobserved be¬ 
low 6 MeV. In the entire measured spectrum, the 
only established odd-parity state not to be ob¬ 
served was the i~ state at 6.993 MeV. The data 
span a momentum transfer range of 0.57 to 2.41 
im'’, with low- 4 ' measurements being sparse lor 
the higher excited states. Although the focus oi 
this paper Is constrained to the odd-parity spec¬ 
trum, a large quantity of data was also collected 
on even-parity levels. This will be presented at 
a later date.** Complete tables of cross sections 
and form factors are available from the authors. 

IV. RESULTS 

Theorettcal C3 form factors lor the most likely 
sin^e-particle transitions are shown in Fig. 4. 



FIG. 4 . CompnriBon of C.'tlr.r') form factors for sln- 
glp-partlcle, ocld-pnrlty transitions In ”’A1. The form 
factoi's were computed In the distorted-wave Born ap¬ 
proximation using harmonic oscillator radial wavs func¬ 
tions with a range parnnveter b equal to 1.82 fm. The 
magnitudes of the form factors have boon .arbltxarlly 
normalized to emphasize the dlfCsrent <1 dependoncps. 

These have been computed in the harmonic oscil¬ 
lator model, with a value of 1.82 fm for the oscil¬ 
lator size parameter A. Although a small degree 
of freedom is commonly permitted in this param¬ 
eter, meaningful theoretical interpretations re¬ 
quire it to lie within b-lffl, of the value deter¬ 
mined from the ground-state rms charge radius. 
For “^Al this value is 1.815± 0.030 fm.*’"* 

In view oi the recognized collective nature of the 
”A] inelastic spectrum, we might not eiqiect to 
observe the pure transition 4 dependences shown 
in Fig. 4; at least some degree of configuration 
mixing is anticipated. Nonetheless, a comparison 
of these calculations with the observed form fac¬ 
tors should permit identification of the essential 
underlying character of the various odd-parity 
states. A detailed examination of the various mea¬ 
sured form factors now follows. 

The measured longitudinal form factors were 
predominantly of C3 character. Except for the 
form factor of the 5.156 MeV, I* state, evidence 
for Cl strength was minimal. Form factors de¬ 
duced for the 4.055, 5.156, and 5.827 states are 
shown in Fig. 5. The observed momentum trans¬ 
fer dependence identifies these levels as proton- 
hole states, rather than states involving the pro- 
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PIG. S. Inelftstlc form factors measured for l/>-hole 
states In ’"aI, and comparison with best-fit theoretical 
curves. 'He calculated londtudlnnl form factors were 
obtained In the distorted-wave Bom approximation usIriK 
the slnglc-pnrtlcle, harmonic osclUator model with ft 
l.RS fm. Hie 17 dependence of the data differs mark¬ 
edly from that expected for the C.'l multipole of a Id— 1/ 
transition, which is represented by a dotted curve at the 
top of the figure. 


enhancement is observed In the form factor ai the 
4.05S MeV level. The experimental form factors 
are therefore consistent with the respective as¬ 
signments of i* and made recently by Maas 
el al.^* The spin and parity oi the 5.827 MeV level 
are currently restricted to two possibilities: §' 
or I*. Our results for this state, although of rela¬ 
tively poor statistical precision, lend support to 
the odd-parity assignment. 

The value of the harmonic oscillator parameter 
which best describes the momentum transfer de¬ 
pendence of the Ip-hole form factors is 1.85i 0.09 
fm. The deduced Cl and C3 transition probabil¬ 
ities are listed in Table I. It is noted that the com¬ 
bined C3 strength of the 4.055 and 5.158 MeV 
states amounts to (58 ±29)% of the total single- 
particle strength allowed for excitatiou to Ip-shell 
proton-hole states. 

By comparing the 90° data with the measure¬ 
ments made at backward scattering angles, we 
were able to determine the transverse form factor 
of the 4.055 MeV state. This form factor Is also 
shown in Fig. 5. The shapes of the constituent 
M2 and £3 multipole components were again com¬ 
puted using the harmonic oscillator, single-parti¬ 
cle model with ftsl.SS fm and the normalization ol 
the £3 form factor was fixed to the £(C3) value 
established previously, as required by Siegert’s 
theorem. Adjusting the magnitude of the M2 com¬ 
ponent to give a best fit to the experimental form 
factor leads then to a deduced multipole mixing 
ratio for the decay to the ground state of 



0.11 ±0.03, 


motion of a if,/, nucleon into the pf shell. This is 
In accord with the structure indicated by particle 
transfer reactions." The enhancement of the 5.156 
MeV longitudinal form factor at lowq discloses the 
existence oi a measurable Cl component. No such 


where the error includes a component correspond 
ing to a ±5% variation in the parameter h. 

Figure 6 shows 90° form factors deduced for 
odd-parity states in the 6 to 7.5 MeV region. 

The 9 dependence oi these form factors Is charac- 


TABLE I. I'ronsltlan proliablUtics for excitations from ground state of "AI, deduced from 
harmnatc oscillator model fits. 




B(C11) 

R(C3«) 

S(C5*) 

B(M2l) 

(MeV) 


(e’fm*) 


(e»fm>») 

(c*fm^ 



r 


60 

^25 



n" 

0.041 i O.OII 

41 

A 17 


r>.rt27 

<3-, 6^) 


5.5± 2 


6.IBS 

.1" 


207 

i 44 


6.477 

7' 


217 

±32 

(8.0±3.0)X10‘ 


(1.3)- 


86 

±21 



5" 


367 

±55 

(2.3 ± 1.1) X10* 


3" 


<16 



7.22« 

9“ 


604 

±91 

(1.7 ± 1.2) X10* 

7.477 

7 


281 

±42 

(3.3 ± 2.0) X10* 


Excitation energies and spin assignmenta token from Ref. 4. 
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fTG. 6. Measured form factors for "'Al odd- 

parlty states characterlxed, In largo part, by die excita¬ 
tion of a Iif-shell nucleon Into the 1/ shell. For comptir- 
Ison, the q dependence elected for a C:i excitation to a 
l/>-boIe state Is shown by the dotted line at the top of the 
figure. The best-fit HWBA curves were calculated using 
the single-particle harmonic oscillator model with A 
- 1.94 fm. Transverse components wore assumed to be 
small and are excluded from die calculated curves. 

teristlc of Id -1/ particle excitation, differing 
markedly from the dependence observed for the 
Ip-hole states. The best-fit value of the param¬ 
eter 6 was 1.94± 0.05 fm, which represents a 
slight increase over the value obtained from the 
ground-state charge radius. This enhancement 
may reflect the presence erf weak admixtures of 
other particle-hole configurations in the excited 
states, most probably configurations containing a 


nucleon in Ifte -shell. Note, however, that in 
order to fit the observed form factors with the q 
dependences calculated for either the ld-'2p or 

- Id transitions, respective b values close to 
1.48 and 2.27 fm are required, values unaccept¬ 
able for "Al. We conclude that the C3 excitation 
strength in the 6 to 7.5 MeV region originates 
mainly from Id- y particle transitions. 

At a scattering angle of 90°, longitudinal strength 
is expected to dominate these form factors, except 
in the 4^2 fm"' region above the first maximum of 
the C3 muitipole component, where the transverse 
contributions may be appreciable. The fitted S(C5) 
values that are listed in Table 1 are therefore 
rather uncertain. In any case, only the y, 6.477 
MeV level shows evidence of strong C5 excitation. 

Three levels deserve individual mention. Two or 
three statistically imprecise data points, not 
shown in Fig. 6, were obtained on the (s, |)", 6.005 
MeV level. Based on these points we were able to 
make a crude estimate for the strengtii ol C3 ex¬ 
citation to this state. On the other hand, the fail¬ 
ure to observe the state al 6.993 MeV meant 
that only an upper limit could be set for the C3 
transition probability to this level. In order to do 
this, the form factor was assumed to have a q de¬ 
pendence similar to that of neighboring negative- 
parity states. Finally, although the parity of the 
I", 7.477 MeV slate has yet to be identified, the 
close similarity of its form factor with those of 
established odd-parity states in the vicinity sug¬ 
gests that this state also belongs to the odd-parlty 
spectrum. 

V. STRONG-ltiUPLINC MODEL 

In the preceding section, the extreme single¬ 
particle model has been utilized to establish the 
underlying character of each observed odd-parity 
state. By following this procedure, we have been 
able to discriminate between the hole states and 
the particle slates, and the conclusions reached 
arc in accord with those indicated by data from 
pickup and drilling reactions. Moreover, by ad¬ 
justing the single-particle parameters to fit the 
ciqierimental form factors, reduced ground-state 
transition probabilities have also been deduced. 

It is clear, however, that the extreme single-par¬ 
ticle model is unable to account lor the large num¬ 
ber of observed odd-parity states. The single¬ 
particle excitations are evidently coupled to more 
collective modes. In this section, and the one that 
follows, we therefore attempt to interpret the odd- 
parlty stales in terms of two collective models, 
the strong- and weak-coupling models. 

The §' and f' levels at 6.159 and 6.477 MeV have 
been identified as the lowest two members ol the 
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[330] rotational band which is based on the 
Vy/t oubsheU/' U has long been recognized that 
strong deco«q>Ung inverts the ordering of this 
band, displacing the J' ^ i' member to the position 
o< lowest excitation energy.*^ This is followed by 
the f and i' members. Although the odd-parity 
state at 6.605 MeV still bears an ambiguous spin 
assignment of or I', it is tempting to identify 
this as the i~, third member of the [330] band, and 
to further assume that states at 6.651 a^ 7.228 
MeV represent the </'= |' and members. In the 
rotational model, the probable second f state at 
7,477 MeV and unobserved i~, 6.993 MeV level 
must belong to a different band or bands. 

The reduced transition probability for electro¬ 
magnetic transitions of multipolarity X between 
bands of angular momentum projections K and K' 
is given by“ 

X |C(JXJ';K K'-K K') 

X C(JW';A_A'_A-fC')|’, (12) 

where the second term contributes only for cases 
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in which \ »K -yK*. 

C3 transition rates computed using theoretical 
values” of the coefficients and (which de¬ 
pend 1^)00 the nuclear deformation) unfortunately 
lie in poor agreement with the rates observed ex¬ 
perimentally. In particular, the measured rates 
are not obtained unless the parameter C„ is ap. 
proxlmately doubled. We have therefore chosen 
to fit the values of b,, and to the excitation 
strengths observed for two low-spin band mem¬ 
bers. The results presented in Table n corre¬ 
spond to 

6s,--0.04 
and 

|Gs,|= 5.484. 

With the solitary exception of the p state, ex¬ 
cellent agreement is obtained with the experiment, 
al B(C3t) values. It is possible, of course, that 
the 7.228 MeV state in fact belongs to a different 
band. The true member of the [330] band is ex¬ 
pected to be excited only weakly, and hence may 
have remained unobserved in this region of rela¬ 
tively high level density. The failure to locate a 
possible band member is scarcely surprising, 
in view of the very weak excitation strength pre- 


TARl.E 11. Comparison of experimental excitation energies and transition probabilities with 
predictions of weak- and strong-coupling models. 





Experiment 

Weak CDupllDfC 

Strong coupling 



f.'. ■’ 

BiCLl) 


B(CLI) 

B(CX>) 

2J* 

1. 

(MeV) 

(e*fm^ 

(MoV) 

(r'fm“) 

(e'fm^) 


2 

0.H43 

13,5 

t l.o'’ 

0.62 

37 


w* 

2 

1.013 

27 

1 2*’ 

1.11 

43 


7' 

2 

3.211 

90 

J 10 ’’ 

2.27 

65 


.'i* 

2 

2.734 

H 

4 3*’''' 

1.69 

29 


n*" 

o 

3.001 

57 

4 3^ 

2.30 

129 


r 

3 

4,055 

GO 

4:25 

4.06' 

G9 


3" 

3 

5.156 

41 

±17 

5.16' 

39 


3" 

n 

5.H27‘’ 

5.5 

1 2 

5.96 

12.8 


:>" 

3 




6.01 

4.2 



3 

0.605*' 

HG 

t21 

6.52 

74 

55 

3" 

3 

0.159 

207 

* 44 1 207 

6.20 

■;:) “■ 

207' 

;r 

3 

0.993 

-15 

1 ±47 

7.55 


G" 

3 

G.OGI 

3«7 

± GO 

6.09 

398 

367' 

G" 

3 




7.73 

ZOO 


7" 

3 

G.477 

217 

± 32 1 498 

6.32 


232 

7" 

3 

7.477* 

2H1 

4 42 1 463 

7.87 


9" 

3 

7.22H 

604 

t 91 

6.92 


90 

9~ 

3 




8.20 

4) 


11" 

3 




7.83 

446 

12 

li" 

3 




8.12 

405 


■' Reference 4. 


References 4, B, 34. 

*' Parameter fitted specifically to measured value. 

Assuming CO excitation strength can be neglected. 

‘ Observed state has uncertain spin-parity assignment. 
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dieted for thla state. 

The existence of rotational bands based 
on Ip-hole states has long been recognized in the 
mass 21 and 23 nuclei. For example, band mem¬ 
bers to have been identified in ”Ne and 

”Na.’‘ From the spectroscopic factors observed 
for proton plckvqp it is apparent, however, that the 
lowest-excited odd-parity states of ”A1 cannot 
similarly be interpreted as members of a single 
rotational, band. The respective spectroscopic 
factors measured for the 4.055 MeV, and 5.516 
MeV, i" states are 2.9 and 2.3,'' and since each 
Nilsson level can contain Just two particles, the 
involvement of several different rotational bands 
is implied. That such bands may be strongly 
mixed is not unexpected, inasmuch as it is well 
known that the Coriolis interaction in s^-shell nu¬ 
clei results in appreciable mixing of bands whose 
angular momentum projections X differ by IK. 

(Such band mixing may also account for the neces¬ 
sity of having to Increase the parameter in 
order to generate the appropriate strength for ex¬ 
citation of members of the [330] band.^) Further¬ 
more, the sizable Cl multipole component in the 
form factor of the I", 5.156 MeV state also points 
to this level having a somewhat different structure 
from that of the i", 4.055 MeV state. 

VI. WEAK<OUPLING MODEL 

During the decades of the sixties and seventies, 
numerous attempts were made to describe the 
lowest-excited even-parity levels of *’A1 as re¬ 
sulting from the weak coupling of a Id,/, proton 
hole to the first excited 2* state of ”Si (Refs. 9- 
13). Support lor this interpretation came not only 
from the fact that the center of gravity of the rele¬ 
vant "Al levels lies close to the 1.779 MeV excita¬ 
tion energy of the * Si core state, as expected in 
the weak-coupllng limit, but also from the mea¬ 
sured inelastic scattering cross sections,”'” 
which i^ipeared to follow the predicted (2d +1) 
strength rule. As both the range and precision of 
nuclear data have been progressively Improved, 
several deficiencies have become iqiparent in the 
weak-coupllng interpretation of these levels.” For 
example, in the mid-sixties Thankappan” and 
Evers e/ al}'- independently obtained good fits to 
the observed energy levels and electromagnetic 
pri^erties using the then unknown quadrupole mo¬ 
ment of the first 2* state as a free parameter. 
Their respective best-fit values of 0.035 and 0.017 
eb were later shown to be in substantial disagree¬ 
ment with the experimentally observed moment, 
+0.16 ±0.04 eb (Ref. 40). Subsequent recalculations 
using the measured value experienced some diffi¬ 
culty In reproducing the observed properties of the 


even-parity *’'A1 levels, even when the weak-coup- 
ling basis was extended to include higher-excited 
“a core states.* 

Notwithstanding these problems, we elected to 
recompute the weak-coupllng model once again, 
with particular emphasis on the negative-parity 
states. For the mid-sd-sholl nuclei the weak- 
coupUng model can be expected to provide a better 
description of the unnatural-parity IXu) states than 
it does for states of QRiu character. The lowest 
even-parity levels were retained in the calculation 
primarily for the sake of achieving reasonable 
self-consistency. 

In the weak-coupllng model, odd-parity states 
in the 6-8 MeV region of the ”A1 excitation spec¬ 
trum can be constructed by coupling a Id,/, pro¬ 
ton hole to the strongly collective 3' state of ”Sl 
at 6.878 MeV. This representation is lent weight 
by the closely similar q dependences observed for 
the respective fe,e') form factors.However, 
as pointed out by Brain et al the 4' core state at 
8.413 MeV should also be included, since this is 
observed to be connected to the 3' state by an ap¬ 
preciable £2 matrix element. 

Following the formalism of Thankappan and 
True,** the core-hole interaction was assumed to 
consist of dipole and quadriqjole terms: 

•<?»). (13) 

where and are the angular momentum and 
mass quadrupole operators for the.core, and 
and Q, are the corresponding operators for the 
hole. The required core matrix elements were 
determined from measured electromagnetic tran¬ 
sition rates and quadrupole moments or, where 
experimental data were lacking, were computed 
using the rigid rotor model.** C2 matrix elements 
for the ld ,/2 proton bole were calculated using 
harmonic oscillator radial wave functions with a 
size parameter of 1.815 fm. To perform the actual 
weak-coupllng calculation, the program INTEU** 
was used, with the strength parameters { and q 
being varied until a reasonable compromise solu¬ 
tion was found for both the energy levels and the 
electromagnetic properties. The results summar¬ 
ized in Tables II and III correspond to the values 
( = -0.113 and q = 0.008 54. 

Before discussing these results, mention should 
be made of the basis chosen for the calculation of 
the lowest-lying odd-parity states at 4.055 and 
5.156 MeV. These states were assumed to be giv¬ 
en by the coupling of l/>,/, and 1/),/, proton holes 
to the 0* ground state and 2* first excited state of 
the ’’Si core nucleus. A similar construction has 
been used by Benson and Flowers'” to compute the 
low-lying negative-parity spectrum of ”F. Two 
additional parameters entering Into the calculation 
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TABLE nL Weak-ooupling elgenraluee and eigenvectors for low-Iying states of '^Al. Listed 
St the bead of each column Is the weak-ooupllag basis state, Uch)- 


E. 


(MeV) 

2J 

| 0 *f) 


|3'f) 

|4-t> 


I 2 *f> 

lo*f) 

12 * f) 

0.00 

6 ^ 

0,9642 

-0.2651 







0.62 

V 


1.0000 







1.11 

3* 


1.0000 







1.89 

5" 

-0.2651 

-0.9642 







2-27 

7* 


1.0000 







2.30 

9* 


1.0000 







4.06 

1 " 





0.9823 



0.1875 

3.1G 

3" 






-0.6578 

0.7934 

-0.2438 

.6.96 

3" 






-0.8065 

-0.5875 

-0.0666 

6.01 

5“ 






0.9930 


-0.1178 

6.09 

5" 



0.9292 

0.3696 





G .20 

3" 



0.9210 

0.3897 





6.32 

7“ 



0.9686 

0.2484 





6.362 

1 " 



1.0000 






6.92 

9“ 



0.9992 

-0.0393 





7.55 

:r 



0.3897 

-0.9210 





7.73 

5" 



0.3696 

-0.9292 





7.83 

11 ' 



0.8822 

-0.4708 





7.87 

7" 



0.2484 

-0.9686 





8.20 

9' 



-0.0393 

-0.9992 





9.12 

11 " 



-0.4708 

-0.8822 





9.78 

13* 




1.0000 






if these states are energies of 

he l/>«shell proton holes relative to the hole. 

A comparison of the calculated and experimental* 
cvel schemes is shown in Fig. 1. Only the lowest 
iven-parity states are depicted. Given that the 
lulk of the theoretical spectrum is computed using 
inly two free parameters, £ and h, the level of 
igreenient is generally quite fair. The calculations 
ire seen to support the ^ and f' assignments pre¬ 
viously suggested for the states observed at 5.827 
ind 7.477 MeV. 

The most notable deficiency of the model is the 
.ocating of tlie first excited state 0.85 MeV be- 
ow the measured excitation energy. This has 
)oen a persistent problem in the weak-coupling 
nterpretation of '■'Al.”-*” Moreover, as indicated 
n Table II, the predicted B{C2i) strength leading 
n this state exceeds the experimental value by a 
actor of approximately 3. Witli the exception of 
he 2.211 MeV p state, the B(C2f) values for the 
iven-parity states are also overestimated, al- 
hough the calcuiatcd ground-state quadrupole mo¬ 
ment of 0.136 eb lies in good agreement with the 
ibserved value, 0.140± 0.002 eb.* Proton pickup 
neasurements give rise to further misgivings in 
he weak-coupling description of the low-lying 
xisltive-parity spectrum. The pickup angular dls- 
Tibution for the 3 * 0.843 MeV state is character- 
stic of an f c 0 angular momentum transfer, indi- 
:ating that this level has a somewhat different 


structure to that of the neighboring even-parity 
states, which are observed to have I » 2 distribu¬ 
tions 

Tlirning to the odd-parity states, measured 
B(C3t) values for the i', f", and I" levels in the 
6-8 hfeV excitation range are seen to be reason¬ 
ably well described by the weak-coupling calcula¬ 
tion. On the other hand, the strengths of the neigh¬ 
boring and f states are substantially overesti¬ 
mated. To some extent this disagreement can be 
rectified by assuming greater mixing of the two 
sets of basis states; those formed by coupling to 
the 3" 6.878 MeV state of the ’*81 core, and those 
constructed by coupling to the 4~ level at 8.413 
MeV. However, the carresponding E2 matrix ele¬ 
ment appears to be reasonably well fixed by ex¬ 
periment,*’ and, in any case, any ad hoc increase 
in the magnitude of the matrix element leads to a 
rapid deterioration in the agreement between the 
observed and calculated energy level schemes. 

The properties of the lowest-excited odd-parity 
states, those formed by coi^ling a Ip proton hole 
to the ’’Si core, prove to be rather sensitive to 
the values chosen for the proton-hole energies 
c, and For nuclei in this region, (p,2p) 

aixi (e,e'p) reactions suggest’*’ 

€. “ 11 MeV and*. =« 15.5 MeV. 

' 1 /« ' 3 / a 

However, in '''Al the proton promoted from the 
Ip -shell is strongly attracted by the configuration 
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that has a stogie bole in the d,/, shell, and the 
energies and are greatly reduced.” in 
our first calculatloo of these states, the 4.055 
MeV excitatloa energy ol the first i' level was 
fitted, at the same time retaining the 4.5 MeV in¬ 
dicated as atipropriate lor the Ip-shell spin-orbit 
splitting. This calculation left the Y state O.S 
MeV above its observed excitation, but more 
seriously, underestimated the C3 excitation 
strength leading to the state by a factor of 12. 

In order to generate the missing strength in this 
transition it was found necessary to introduce ap¬ 
preciable l/>t/i admixtures into the wave function 
of the first j state. The observed excitation en¬ 
ergies of the 4.055 and 5.156 MeV levels can be 
fitted exactly with 

f. =4.01 MeV and =5.35 MeV. 

* 1/1 's /2 ’ 

values corresponding to a l/>-sheU spin-orbit 
splitting of only 1.35 MeV. Nevertheless, using 
these values we obtain the results listed in Tables 
U and HI. ft is somewhat remarkable to note that 
not only is excellent agreement obtained for both 
the excitation energies and the B(C3i) values of 
the i', 4.055 MeV and f", 5.156 MeV levels, but 
the calculation also provides a good prediction of 
the excitation energy and weak transition strength 
to the probable second s' state at 5,827 MeV. 

In an attempt to improve the overall level of 
agreement between the weak-coupllng predictions 
and the experimental observations, we investigated 
the efiect of assigning to the proton hole an effec¬ 
tive charge of 1.5 e. The improvement was only 
marginal. At the same time, we have refrained 
from extending the core-hole interaction [Eq. (13)| 
to higher order than quadrupolc in the belief that, 
if the weak-coiq>Ung interpretation Is to be cred¬ 
ible, it should be able to reasonably reproduce the 
observed properties without the introduction of 
multiple free parameters. Furthermore, the in¬ 
troduction by Singhal' of terms to fourth order 
yields little Improvement in the B(C2) values cal¬ 
culated for low-lying even-parity states. 


VH. CONCLUDING DISCUSSION 

The simple strong- and weak-coupling models 
are seen to provide only partial eiqilanations lor 
the data presented on the odd-parity spectrum of 
"Al. In the 6-8 MeV excitation range, the strong- 
coupling model can account for the C3 excitation 
strengths to the lowest i', s", f', and f states, 
but only at the cost of approximately doubling the 
Nilsson coefficient G^,. Furthermore, not only is 
the strength of the f, 7.228 MeV poorly given, but 
the model aleo falls to account lor the probable 
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existence of a second J-' state at 7.477 MeV. In 
part, these problems may reflect the existence a. 
band mixing, which is readily apparent in the 
properties observed for the Ip-hole states at 
4.055 and 5.158 MeV. Moreover, as pointed out t 
Bhatt' and others,” the single-particle Nilsson 
model is fundamentally incapable of explaining th 
rich detail of the "Al inelastic spectrum; the en¬ 
ergy required to recouple a pair of d,/, nucleons 
may be less than that required to promote the un¬ 
paired nucleon. Such coupling effects have been 
noted in the even-parity spectrum.” In this re¬ 
gard, it would therefore be worthwhile to have 
available a calculation which represented ”A1 as 
three .sYf-shell particles moving in Mlsson orbit¬ 
als about a deformed A s24 core. 

It has been shown that the weak-coupling model 
can provide a reasonable description of the odd- 
parity level scheme. However, although C3 ex¬ 
citation .strengths to states in the 6-8 MeV excita. 
tion region are less satisfactorily given, perhaps 
the greatest difficulty is encountered in the inter¬ 
pretation of the lowest-lying even-parity states. 

In large part, these problems are attributable ti 
fundamental defects which become apparent in the 
weak-coupling model when it is examined from a 
microscopic viewpoint. Some of these weakoessei 
Ue in the nature of the Id,/, hole states, in which 
the hole is coupled into a subshell that is already 
actively depopulated in the formation of the ex¬ 
cited "Si core states.*^ For example, the core 
states undoubtedly contain strong components with 
two holes in the d,/, shell.' When anotherd,/, 
hole is coupled to such a configuration the pairing 
energy will make it much easier lor a nucleon prr 
moted into the 2s,/, or Id,/, subshells to drop bac 
to the d,/, shell. To some extent, such componen 
could be included in the calculation by coupling 
2s,/, and Id,/, holes to the “'’SI core states, how¬ 
ever, care must be taken to ensure that the ortho¬ 
gonality of the basis states is not jeopardized.'* 

This objection is less easily ^^^lied to the case 
of the Ip-hole states, so perhaps it is not surprl.. 
ing that this is where the weak-coupling model 
seems to enjoy its greatest success. However, ir 
order to account for the excitation energy and ob¬ 
served transition strength ol the 5.156 MeV 
state, it is necessary that the Ip-shell spin-orbit 
splitting be set equal to 1.35 MeV, In contrast to 
the 4.5 MeV indicated by efqierlmeiital measure¬ 
ments,” and the 4.25 MeV used by Benson and 
Flowers" in their calculation of low-lying odd- 
parity states in the '°F spectrum. The reasons 
for this discrepancy are unclear. 
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This paper ii a further analysis of the high resolutioo total cross section of sulAir for 23-1100 keV 
neutrons that previously ivere measured by Halperin, Johnson, Winters, and Macklin and evaluated by 
single-level analysis. The usual ptooedure m reporting the results of high resolution neutron cross sections 
has been to present the data and resonance parameters with corresponding neutron strength functions 
resulting from tome type of X-matrix analysis. Often the important nonresonant phase shifts are not 
reported. In this paper, making use of both strength functions and phase shifts, we extend the analysis to 
include an average nuclear potential (a spherical optical model). An optical model analysis not only 
facilitates comparison with a broad spectrum of other nucleon-nucleua experiments, but also may provide an 
incentive for micmatructure calculations. Six average empirical functions, two each for s,,], pt/ 2 , and 
partial waves, are derived from the X -matrix analysis. From these we deduce optical model parameters, the 
real and imaginary well depths for r- and p-wave neutrons, and the spin-orbit well depth for p waves. The 
resulting real welt is deeper for p waves than for i waves and for averages over partial waves at higher 
energies. The depth of the imaginary wdls are about half those deduced at higher energies. An interesUng 
feature of the analysis is that the multilevel curve including inte r fere n ce effects is produced from single-level 
parameters including the phase shifts. 


NUCLEAR REACTIONS ”S(fi,n), £,-26-1100 keV, multilevel analysis of 
(r,,i,t(£), deducedX', strength functions forl-O snd 1, optical model parame¬ 
ters for < - 0 and 1. 


I INTRODUCTION 

The continued importance of the optical model 
potential (OMP) as a link between experimental and 
theoretical neutron physics is demonstrated by the 
microscopic optical potential calculations appear¬ 
ing in the recent literature, e.g., Bernard and 
van Giai' (““Pb), Brieva and Rook* (^“Ca), Jeu- 
kenne, Lejeune, and Mahaux’ (‘“C, “O, ”A1, ''"Ca, 
’“Nl, '““Sn, and ”“Pb), Mau and Bouyssy’ C'Ca), 
and O’Dwyer, Kawal, and Brown’ (’“Ni). As noted 
by O’Dwyer et al.,^ the imaginary part of the OMP 
describes particle-core excitations which can be 
strongly dependent on the incident particle energy. 
In this paper we present a spherical OMP analysis 
of the low energy neutron total cross section for 
“S+n. Using the cross sections and "single-level" 
resonance parameters reported by Halperin, John¬ 
son, Winters, and Macklin,* we produce an /{-ma¬ 
trix multilevel curve which describes the ”S + n 
total cross section in detail from 0.025 to 1.1 MeV. 
From this multilevel curve we deduce the depths 
of the real and imaginary OMP wells for scatter¬ 
ing of s- and />-wave neutrons. 

Two results from this work seem to Indicate a 
need for microstructure calculations. Firstly, our 
absorptive (Imaginary) potentials are approximate¬ 
ly half as deep as required’’ for sulfur at higher 
energies. This may be an indication that few par¬ 
ticle-core excitations are available at low ener- 
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gics for **S+n. Secondly, for the assumed spheri¬ 
cal OMP the real well depths are found to be I de¬ 
pendent, perhaps an indication of nuclear deforma¬ 
tion and associated collective state excitations. 

Section n includes the essential formulas for the 
single-level description and for the multilevel con¬ 
version. Most of these are from standard refer¬ 
ences on the /{-matrix formalism. Using this con¬ 
version and the level parameters* for those reso¬ 
nances for which definite J* assignments were 
made, we calculate a multilevel curve which gives 
a very good description of the neutron total cross 
section of sulfur. The procedure does require that 
a nonresonant phase shift be one of the single- 
level parameters reported for each resonance. 
This phase contains information relative not only 
to the conversion to multilevel parameters for the 
given resonance but also to the Interference of the 
resonance with others of the same J*, both those 
observed and those outside of the energy region of 
the measurements. It Is In connection with the 
outer levels that we introduce a linear smoothed 
R function R, which Is not familiar in high resolu¬ 
tion work but is a standard concept* for an OMP. 

Section III is an Interpretation of the data In 
terms of an OMP. An OMP, being an average po¬ 
tential, describes averages rather than Individual 
resonances. Most published data relative to the 
OMP consist of averages over resonances, but 
high resolution data are needed If one wishes to 
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study the effects of specific partUU waves. Hls- 
I toricslly**” the most significant high resolution 
cross section data have been at low neutron ener¬ 
gies where s-wave scattering Is dominant. From 
such total cross sections on a given target one can 
extract two average quantities; the s-wave 
gtrei^tb function Is found from the average neu¬ 
tron resonance widths and spaclngs while the 
scattering radius, usually designated R', is found 
from the phase shifts observed between reso¬ 
nances. At low energies the s-wave scattering 
radius is defined as R' = n,(l ~ R), where is the 
I chosen A-matrbc boundary radius. In turn, two 
OMP quantities can be deduced,e.g., the depths 
of the real and imaginary wells for an OMP of 
given geometry. 

In this paper, these familiar concepts for low 
energy s waves are extended to a broader energy 
region and to higher partial waves. The exten¬ 
sion of the strength function is straightforward and 
familiar; the broader region improves our knowl¬ 
edge of the strength because more levels are In¬ 
cluded In the average and the higher energies al¬ 
low higher partial waves to be investigated. The 
extension <A the analog for the scattering radius 
is more subtle but has been discussed in the lit¬ 
erature, e.g.. Lane and Thomas.'* It involves a 
second average function which accounts for the 
phase shift which would be observed if all the 
levels In the energy region under investigation 
were removed. That phase shift, which could be 
called “phase-external,” is related in the R-ma- 
trix formalism to a function "ij-extemal," which 
is a sum over all outer levels, both nearby and 
far atoay. In the literature the fi-external has 
usually been designated ft-lnflnlty Uj,, with the 
implication that only far away states contribute. 
That notation is appropriate U the measured in¬ 
terval Is small such that the effects of levels im¬ 
mediately above and below tend to cancel, leaving 
only the distant contributions. An extension of 
measurements to a broader energy region with 
more levels allows a better determination of R- 
inflnlty, which Is Jl-external near the center of the 
interval. This follows since in the construction of 
A-extemal, the truly nearby levels teitkiH the re¬ 
gion are subtracted exactly and the remaining le¬ 
vels just outside the region are less important for 
the cancellation. However, as the energy Is moved 
away from the center of the interval, the fi-exter¬ 
nal is changed by the imbalance of the contribu¬ 
tions of nearby c ter levels. Thus, fi-external 
must Increase o ntlnuously within the interval. 

This energy dependence contains important Infor¬ 
mation**; In fact. It leads to our ci/nclusion that the 
s-wave absorptive potential Is relatively small for 
**S. 


U. ANALYSIS OF TOTAL CROSS SECTIONS 
A. Jt-nutrix fonnsilBn 

Only elastic neutron scattering is Included in the 
following A-matrix analysis of the neutron total 
cross section of sulfur (95% **S) because the ener¬ 
gies are below the inelastic threshold and the ab¬ 
sorption widths are small relative to the neutron 
widths of the prominent resonances that enter into 
the analysis. Also, ”S has zero spin. Thus, the 
A-matrix for *^S reduces to a single-channel func¬ 
tion Rf, for each partial wave. The corresponding 
total cross section is given by’ 

o,, = 4»l(-’(J+i)sin*(^,,, (1) 

where 

. ( 2 ) 

Here (f>, and P, are the usual hard sphere phase 
shift and penetrability for 1-wave neutrons at the 
chosen boundary radius. [For simplicity In Eq. (1) 
we have set the boundary condition £, equal to the 
shift factor S, at all energies.] 

The R function is a sum over all levels of the 
given J*: 

«/,(£)(3) 

X-l 

where r,,,’ and are the reduced width and 
eigenenergy, respectively, for the A*’ level. We 
replace this infinite sum by a finite sum over the 
lovelB observed In the Interval “f ” of our mea¬ 
surements plus an A-extemal for the outer region: 


ft^,(£) = £•„(£)+ - E). (4) 

t 

The above expressions, corrected for experi¬ 
mental resolution and Doppler broadening, could 
be used with the aid of a sophisticated search rou¬ 
tine to produce a detailed multilevel fit to our 
measurements from 0.025 to 1.1 MeV. An alter¬ 
nate procedure is first to fit each resonance sepa¬ 
rately and then to convert to the multilevel des¬ 
cription. For this purpose Eq. (2) can be rewrit¬ 
ten" near a level \Jl as 


r /2 


(5) 


where the "non-resonant" phase shift is given by 


((>^, = (/>, + tan-‘(P,AJ,), (8) 

and where 

r,=2P,yw.Vdv,, (7) 

£o=fiwi+'P.f*J«ry2, (8) 

Aj,(£)«A„(£)-yuiV(£L«-B), (») 
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and 

d,,= l + (P^»,)». (10) 

The A", Is the R (unction (or all but the AJI level. 
These equations are exactly equivalent to the ori¬ 
ginal multilevel phase In Eq. (2). 

B. Singk-lml iiulysb 

The fitting by Halperin et al* ol each resonance 
involved Eqs. (1) and (5) without detailed reference 
to other resonances as contained In Eqs. (6)-(10). 
Each level was fit by least-squares adjustment of 
five parameters: F,, £„ ipy,, plus two parameters 
(or a linear background. In a few cases two over¬ 
lapping levels of different </' were fit simultaneous¬ 
ly. The J and / assignments were discussed. 

Some approximations of A°, for other levels are 
implicit in the fitting procedure. Firstly, the en¬ 
ergy dependences of T, and £„ through AJ, are ne¬ 
glected. Secondly, substitution of Eq. (5) into Eq. 
(1) yields three terms involving the energy depen¬ 
dence of Aj,: a Brelt-Wigner term, an interfer¬ 
ence term, and a background term. For the first 
two terms the A^, Is in effect held constant, equal 
to the value at £„. But the latter term, which is 
proportional to sin^^^, and is the partial cross 
section that would occur if the given resonance 
were missing, is included in the linear back¬ 
ground. Hence an important energy dependence (or 
AJ, Is effectively included. 

C. Multilevel deitcription 

The conversion from single to multilevel para¬ 
meters requires a choice of boundary radius which 
is essentially arbitrary but. according to the A- 
matrix formalism, must be outside the polarizing 
forces. We choose Oj-6.4 fm or 2.016 Aa 
radius at which the real potential (or the OMP as¬ 
sumed in Sec. HI is 2% of its central value. Table 
I lists the multilevel parameters and cal¬ 
culated for this boundary radius usmg Eqs. (6)- 
(10) and the reported" parameters for levels of 
knownJf. Clearly, £j = £„ and Vj'= r,/2P, when¬ 
ever P,Rj,<i 1. 

To complete the calculations of the multilevel 
A function in Eq. (4) we require A-external, 

A* ,(£). At each resonance, we first calculate A^, 
from the phase shift in Eq. (6). That A func¬ 
tion includes all but the level at £„. We then use 
the level parameters to subtract the contributions 
of the remaining levels of the same Jl in the inter¬ 
val. The remainders are plotted in Fig. 1. Al¬ 
though the (mints show fluctuations due to experi¬ 
mental uncertainties, the actual A^,(£) must in¬ 
crease continuously with energy. This behavior is 
in contrast to the deviations of 0^, from a smooth 


TABLE I. Multilevel A-mstrtx parameters and com. 
pound excltatton ensigies for ’*S « reaonanoes of defi¬ 
nite af for bouadery rodlue &n. 


J' 

(keVIab) 

T»* 

(keV lab) 

IkeV) 

1“ 

T 

30.38 

2.50 

8671.7 

»- 

2 

97.50 

0.90 

8736.7 

t* 

T 

101.37 

17.72 

8740.6 

2* 

T 

112.18 

3.54 

8751.0 

f 

202.63 

9.09 

8B38.G 

T 

272,09 

3.48 

8906.0 

8* 

T 

288.36 

2.20 

8921.7 

T 

375.32 

5.16 

9000.0 

T 

412.33 

0.10 

9041.9 

6 * 

T 

462.76 

0.73 

9090.8 

5* 

T 

586.87 

6.80 

9211.1 

6* 

T 

649.24 

2.00 

9271.5 

5* 

2 

675.37 

1.07 

9296.9 

!♦ 

y 

693.21 

6.38 

9314.2 

T 

724.74 

3.38 

9344.8 

s- 

T 

740.78 

0.84 

9360.3 

5- 

7 

778.58 

1.02 

9397.0 

$♦ 

T 

818.71 

1.57 

9435.9 

5* 

y 

919.85 

1.80 

9533.9 

8- 

7 

920.66 

1.72 

05.34.7 

5* 

7 

947.23 

2.19 

9560.5 

1 - 

T 

984.58 

4.74 

9596.7 

i- 

2 

1007.84 

0.87 

9619.2 

!♦ 

T 

1045.97 

1.10 

9656.2 

f 

1048.50 

1.36 

9658.7 

2 

1055.28 

2.27 

9665.2 

I* 

y 

1064.78 

0.13 

9674.4 

3- 

T 

1091.39 

0.23 

9700.2 


curve, which result from nuclear level fluctua¬ 
tions. (Plots of ij>^, were useful for parity assign¬ 
ments.’ ) One could visually draw a smooth curve 
for AV|(£) to fit the points in Fig. 1 and then ad¬ 
just this curve to achieve a final multilevel fit to 
the data. However, our procedure is to introduce 
a form factor for least-squares fitting of the points 
and to show that the resulting multilevel curve 
gives a good description of the cross sections. The 
chosen form factor serves also to introduce the 
OMP. 
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FIG. 1. Experimental and empirical e.xternal R func- 
tlona and correapondlng atnoothed R. The polnte show 
the experimental R/li the point in paronthesia represents 
one member of a close doublet (see Ref. 6) that was not 
included for fitting Rfi. The curves are the empirical 
lieat fits to and corresponding linear R^j deduced 
with the internal strengths equal to the observed values 
from Fig. 1. Parameters are listed in Table 11. 


An analytic form factor is needed. If the actual 
, discrete levels are replaced by a continuous den¬ 
sity of reduced width, i.e., the strength function 
SjjiE), then a smoothed real R function can be 
defined; 

fi„(£:) = Pr £’s^,{E')dE'AE'-E), (U) 

where Pr signifies the “principle part." The ex¬ 
ternal R function is then 

R%(E) = Rj,(E) - Pr fsj,(E' )dE'/(E' - E], 

( 12 ) 

where the Integral is over the measuredjnterval I. 

In Sec. in we use an OMP to generate Rj,{E) and 
S/i(£) but in this section we use a more empirical 
approach. To evaluate the Integral in Eq. (12) we 
need the average experimental strength function, 
{y*/X)>« s„(£). Figure 2 shows conventional step 



E.IMaVI 

FIC. 2. Iniegratcd reduced widths for s- sndp-w&vc 
resonances. The step plots show the summations of ob¬ 
served reduced widths and the solid straight lines are 
best-fit ourvcH. The strength funettona of slopes of these 
curves are listed in Table 11. The dashed curves arc for 
the best-fit npllcal model potetittals; the corresponding 
fits to A-externai arc shown in Fig. 5. 

plots of the summed reduced widths versus ener¬ 
gy for partial waves, Si/„ andp,^,. Also 
shown are linear least-squares fits obtained using 
weighting factors discussed by Halperin* and in 
Sec. in. The strength functions, which are the 
slopes of the curves, are listed in Table 11 and are 
used to evaluate the above integral. We then fit 
J2^,(£) from Eq. (12) by least squares to the data 
of Fig. I, under the assumption that Sj,(E) is lin¬ 
ear with two adjustable parameters, i.e,, 

Rj-i(E)^Oj-f + 0j-fE. ( 13 ) 


TABLE n. Parameters for the empirical external R 
function. * 


Jl 



8 /, (MeV^j 

»l/l 

0.029 

0.43 

0.018 

Pin 

0.025 

-0.010 

0.041 

Pin 

0.011 

0.088 

O.U 


■Equatfams a2) and AS) with integral limits 0 to 1.1 MeV. 
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Figure l_Bhaws the fitted curves with corres¬ 
ponding and Table n lists the best-fit para¬ 
meters. 

Figures 3 and 4 show the resulting multilevel 
curves for natural sulfur (0.95% ’’S) calculated 
from the equation 

= (0-95aj, + 0.05o„), (14) 

it 

where o,, is calculated for ”S from Eqs. (1), (2), 
(4), (12), and (13) with parameters from Tables I 
and 11 , and is an average approximation for the 
minor isotopes for which A,, is replaced by A„. 
Eight d-wave resonances* are included; the non- 



0 0 2 0 4 0.6 


fn(MeV) 

FIG. It. Kxpi'i inu'titiii iToBR Ri'ctiuns and multilevel 
curve for neutrons on .sulfur. The data from lief. 6 have 
been nvcrnt'ed over m.^ny energy ehannela wherever no 
resonances were obst‘rvcd. The multilevel eurvr was de- 
dueed from the slngle-level analyses of Kef. (1. It docs 
not Include the effects of Doppler or resolution broaden¬ 
ing, the minor resonances in and all resonances In 
the minor Isotopes. 



fn(MeV) 

FlG. 4. Continuation of Fig. 3. 

resonant d-wave cross sections are negiiglble. 
Excluded from this curve are the minor reso¬ 
nances of uncertain J*, the effects of Doppler and 
resolution broadening, and all resonances for mi¬ 
nor isotopes. The small broad peaks near ener¬ 
gies of 0.3, 0.36, 0.4, 0.8, and 0.85 MeV are 
attributed to “S. The multilevel curve, gives a 
good description of the data, including the broad 
interfering resonances. 

If for some reason a different boundary radius 
were desired, it would be necessary to regenerate 
Tables I and 11 from the single-level parameters.* 
Essentially the same multilevel curve should re¬ 
sult. 

We emphasize that, even though the use of the 
single-level formalism with the subsequent muiti- 
level conversion gives considerable Insight and is 
often convenient (as it was in the present study), a 
direct multilevel least-squares fit to the data 
would certainly be feasible and would give the 
same parameters. Suitable search parameters for 
the A-external of Eqs. (12)-(13) would be the a^, 
and 8/1 for the smoothed A function. The strength 
Sj, for the integral would be fixed at a reasonable 
value deduced either from a preliminary analysis 
of the resonances or from the literature. Gener¬ 
ally the exact value for S/, is not critical because 
it is highly correlated with 8 /|. 

111. OPTICAL MODEL ANALYSIS 

If an average neutron-nucleus potential is as¬ 
sumed, the neutron scattering matrix elements 
Vj, can be calculated. If only elastic neutron 
scattering is allowed, the matrix elements can be 
expanded in terms of average complex A func- 
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tiona*: 



where L,=S, S, Is the shift factor evalu¬ 

ated at the boundary radius, and ft, Is the boundary 
condition. The boundary conditions must be the 
same as used for the ii-matrix analysis, namely 
B,=S, at all energies and a,= 6.4 fm. Also the 
assumed OMP must be negligible for r>a,. 

The complex ft functions can be written 

R.ri = S/i+»»Sj|. ( 16 ) 

where, as shown by Lane and Thomas,” the Sj, 
corresponds to the strength function of the actual 
fine structure averaged over many levels and 
is the smoothed ft function defined by Eq. (11), 

For the average potential we use for each J’ a 
spherical optical model consisting of real Woods- 
Saxon and spin-orbit terms plus an Imaginary sur¬ 
face term. In order to satisfy the requirement of 
the ft-matrix formalism, i.e., that our channel 
radius be truly outside the range of the nuclear 
forces, we cut off the potential at a radius 
r,s2.01A'^” which is slightly smaller than a^. 

Thus, our potential has the form, for r<r,. 


x/=x/(ftl,) + x/(s^). (18) 

where Xv'(ft/|) and x/(«/|) are the usual reduced 
chi-squared estimators for fits to the ft external 
and strength function, respectively. The weights 
for the fits to ft external were the reciprocal of 
the variances deriving from the variances for the 
single-level phase shifts. However, the relatively 
small experimental variances associated with the 
reduced widths underestimate the uncertainty in 
the estimate of . Llou and Rainwater'* discuss 
this problem and provide estimates of the uncer¬ 
tainty for s,,,. The OMP and empirical least- 
squares (Sec. II) fits to the integrated strengths 
were weighted with the variance estimators of Lieu 
and Rainwater. For the OMP fitting, this weighting 
largely removed the bias toward minimizing 
Xv‘(-‘i!ri) which would result if the experimental 
variances of the reduced widths had been used. 

The best-fit values are listed in Table m. The 
corresponding curves for the strengths are shown 
by the dashed lines in Fig. 2. Figure S shows the 
ft^,(ft) and corresponding if ^,(£). The multilevel 
curves resulting from the OMP analysis are al¬ 
most Indistinguishable from those plotted in Figs. 

3 and 4. The ft/,(£) in Fig. 5 are essentially the 






and 


V'{r) = 0 forrs^r^, 
where 

/(r) = {l+ exp[(r-ftj/o J}'‘, 
,ir(r)={l + exp[(r - fiB)/a„]}'*, 
ftu-roA‘/*andfto = rpi4'^’. 


(17) 


Since the model with its seven parameters for 
ach I value is overparametrized for the present 
tudy, we must fix some values at the outset. Our 
holce is to fix all four geometric parameters at 
he values deduced by Holmqvlsf' from a systematic 
tudy of neutron elastic scattering In the energy 
egion of 1.5 to 8.1 MeV. These values are similar 
0 others in the literature'* and are listed in Table 
U. Our OMP calculations were done using the 
oniputer code SCAr.'^ 

With this model we fit the observed ft external 
xd strength functions by least-squares adjust- 
aenls of Fj and IFj, for s,,, waves and of F|„ 

for and p,,,. The criterion for the 
IMP best fits for each t value was the mlnlmiza- 
of the ehl-aquared statistic 




FIG. 5. Optical model fits to the extenel ft functions. 
The figure Is similar to Fig. 1 except that the oorves are 
deduced from the optical model potential. 
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TABI.E in. fixed and be8t..flt optical model param¬ 
eters. 

Fixed Keometrles Best-fit depths (MeV) 

(fm) .« waves p waves 

ro=1.2t F(=M.«t0.4 62.4 t l.l 

Ou^O.OO Wp- .1.0 4 1.3 V,o=13 ±3 

rp=1.2l ® ^*6 4 1 ,l 

Oo = 0.4H »'d(/!>3/i> = 4.5 11.8 


same as in Fig. 1 but the Kn(E) are different, par¬ 
ticularly for .s- waves, os discussed below. 

IV. DISCUSSION Ol- THI-. OPTICAL MODEL 

A. A posNfble nonatad-vtioil c<miponent for the lOt-keV 
reau nance 

The resonance at 101 keV contains more than 
half of the total reduced width for the five s-wave 
resonances and its width is about \% of the 3.>-' 
single particle width. Moreover, Halperln el al“ 
report that it has a non-negligiblo valency capture 
component. If that one level were a nonstatislical 
stale, the Qb.scrve<l average strength with this 
level included would not properly represent the 
strength function. Ftirther information on the cor¬ 
rect strength function is contained in the H exter¬ 
nal because it depends partly on the strength )ust 
outside the measured region. Furthermore. the 
H external has a relatively small uncertainty, par¬ 
ticularly for .s waves for which a small change in 
/{'(£) would produce an obvious misfit to the cross 
sections. For the empirical .s-wave fit in Sec. II 
the nearly constant IT requires that the external 
strengths above and below the measured interval 
be the same as the oh.served internal average. 

In contrast, the OMP aiialy.sis in Sec. Ill requires, 
as indicated by the dashed curve in Fig. 2, that the 
outer strengths bo about half of the internal aver¬ 
age. Since the observed strength eould be reduced 
to the OMP value if the 101-keV resonance were 
omitted, this OMP analysis indicates that the res¬ 
onance is nonstatistical. 

This prediction from the OMP is clarified by 
Fig. 6, which shows siK) and R{E) for ,v waves cal¬ 
culated up to 6 MeV using constant well depths 
from Table 111. The energy of the 3,v resonance is 
a function of the assumed boundary radius, 6.4 fm, 
and of the parameters of the real well; the spread¬ 
ing width IS a function of the imaginary potential. 
Also shown is the fitted H‘{E) from Fig. 5(a). It 
deviates from /f(£) towards both ends of the inter¬ 
val, but the deviations are smalt because s(£) is 
small, i.e., only about half of the observed average. 
The OMP .s(£) can be increased to equal the ob¬ 
served average, leithout disturbing the average R, 
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FIG. 6. Predictions of RIB,) and s(£„l for the best fit 
s-wavf potential. The Well depths are held coastanl with 
Vo .13.8 MeV and Wq - 3.0 MeV. The reaonanee energy 
of 5.45 MeV for the 3s stale depends on the 6.4 fm Iwund. 
ary radius as welt as the volume of the real well. The 
interval of the measurement is only 0 to 1.1 MeV and tbr 
external function R* shown for the Interval Is the same a? 
tn Fig. 5. 


by increasing about a factor of 2 and making i 
slight adjustment in V„. But the /i*(£) then devi¬ 
ates more strongly Irom^(£) and the multilevel 
curve is a poor description of the cross section.'?. 

B. Real well / dependence 

The real well depths are determined primarily 
from the phase-external or corresponding R exter¬ 
nal. A particularly interesting result of this 
study is that the real well for p waves is deeper 
than for .s waves by about 16%. The s-wave depth 
of 53.8 MeV is about as expected from other OMP 
studies. For example, if our s-wave potential 
depth is used with the isospln term*' 24(jV-Z) A 
MeV subtracted, it predicts the peak of the is 
size resonance at A = 52, in good agreement with 
the observed’" maximum near A =>55. At higher 
energies (6, 7, and 8 MeV) Holmqvlst’' scattered 
neutrons from sulfUr and, using the present OMP 
geometry, deduced a 50-MeV depth. (This repre¬ 
sents an average for all partial waves.) The dif¬ 
ference from our 53.8-MeV for s waves could be 
attributed to a linear term in an energy dependent 
real well depth with coefficient 0.58 MeV’, a 
reasonable value”’” for "'S. 

These comparisons suggest that our p-wave 
well depth is unusually deep. But if the p-wave 
depth were reduced to the .s-wave value, the 2p,/j 
single particle state would become unbound by 
about 500 keV and the strength would be much 
larger than observed. In other words, the ipaiio 
resonance would be near A » 32. The deeper well 
binds the p-states and, although this may not agree 
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with other OMP studies, It Is consistent with (d,p) 
strlpploK measurements, «blch have shown that 
oiost of the 2^ strength Is in the bound region. 
Mermas et al'* measured ^'S{d,p) stripping for 
18 -MeV deuterons and deduced spectroscopic fac¬ 
tors, some tentative, for four /),/, levels and six 
levels. The summed spectroscopic factors 
were nearly unity, 1.01 for/>,/, and 0.91 for p^f,, 
and the energy centroids weighted by the spectro¬ 
scopic factors were -2.4 MeV for and -4.0 
MeV for pj/,. (These quantities may have large 
uncertainties.) It is of interest to compare these 
centroids with the eigenenerglcs for our p-wave 
OMP. The real part of our OMP binds the 2p,^j 
state at -2.0 MeV and the at -5.1 MeV. 

If the s-wave well were increased to the p-wave 
depth of 62.4 MeV, the 3s resonance in Fig. 6 
would move down to 2.5 MeV. Both7i(£) and s(E) 
would then be too large relative to the experiment. 

It is reasonable to believe that another model, 
say a nonspherical OMP, could remove the / de¬ 
pendence in the real well. Given the 6.4 fm ft- 
matrix boundary, the model would be required to 
reproduce the average strengths and external R 
functions reported here. 

C. SnuiH abftorptive putentiaU 

The imaginary well depths of about 3 MeV lor 
both s and p waves are a factor of 2 or 3 smaller 
than usually ftnind in OMP studies. For example, 
Holmqvist’ found tFo = 6 to 10 MeV for neutron 
scattering from sulfur at 6, 7, and 8 MeV. But a 
small well depth may be reasonable at low ener¬ 
gies if particle-core states are not easily reached. 
In the theory'"^ of the OMP the absorptive or imag¬ 
inary potential arises from processes in which the 
incident particle excites the core to states in which 
the energy of the excited core-plus-particle is ap¬ 
proximately equal to the incident energy of tiie 
particle. A likely candidate for i* particle-core 
states near the energy region studied here would 
be a particle coupled to the 1' excited ’“S 
core consisting of a particle aral d,/; hole. 

The 1' or M\ strengths in the ”S core have been 
observed’" at 8.13, 10.82, 11.14, andn.62MeV 
with .Vfl strengths 2.8, 2.9, 18.9, and 9.7 eV, re¬ 
spectively. Since very little of the reported M\ 
strength is contained in the range of excitation 
energies 8.6-9.7 MeV of our work, a small Wa 


might be expected if states which de-excite by Ml 
transitions dominate. More detailed microstruc¬ 
ture calculations of these and other particle-core 
excitations should be made. Even without such de¬ 
tailed calculations, we expect that the .«-wave 
imaginary well depth would Increase significantly 
over the next 2 MeV of excitation as the bulk of the 
Ml strength is encountered. 

1). RHiMirix boundjry ridiui invirUnce 

It is emphasized that the optical model para¬ 
meters are expected to be independent of the as¬ 
sumed /t-matrix boundary radius, providing the 
radius is outside the potential. We investigated 
this by repeating the analysis using the same model 
form factors but with the boundary radius in¬ 
creased to 7.4 fm. The best fit OMP well depths 
were unchanged. 

F. Sfaltering radius 

A real potential phase shift can be defined 

</.5»* = </., + tan-‘{/^,/i^,). fl9) 

In general this differs from the real part <!>/“' of 
the complex phase shift for the OMP. However, at 
low energies where negligible and with the 

boundary conditions B, = i’,, tliese two real phases 
become equal. It follows from the foregoing dis¬ 
cussion that the low energy potential phase is in¬ 
dependent of the assumed boundary radius a„. The 
scattering radius is then given by 

(20) 

For the .v-wave OMP we find in the limit E—0,R' 

= 3.80 fm. A compilation of low energy data*" 
gives (4.1 ± 0.2) fm. in good agreement with our 
result. 
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Wive-fiinction formelUnu corresponding to diOerent chnnnel coupling array trajisilion operators of many- 
body scattering theory are derived and discussed. The Kouri-Levin transition operators are seen to be in 
tyincal Lippinann-Schwinger form and allow for the introduction of wave-function components m a 
particularly straightforward way. The Baer-Kouri transitioii operators are not in the Lippmann-Schwmger 
form and an alternate procedure is used to denve their corresponding wave-function componenta In the 
three-body case, the Kouri-Levin operators obtained from the Faddcev-Lovelace choice of channel 
coupling array are seen to lead to precisely the Faddeev wave-function components. The Baer-Kouri 
operators are shown to lead to wave-function components obeying inhomogeneous equations. These 
inhomogeneous equattons are used to give an alternate esplanalinn of the nonunitary amplitudes obtained in 
recent calculations based on approximate forms of the Baer-Koun operators. 


NUCLEAR REACTIONS Many-lwdy scattt'rlng theory, ohnnnol coupling array 
wave-function formalisms, aspects of the bound-statt' type of approxinuitlon 
method, explanation of some nommltary numerical results of Baer and Kouri and 
of Lewanskt and Tobocman, 


I. INTRODUCTION 

In this paper we Investigate wave-function forma¬ 
lisms for some of the channel coupling array' 

(CCA) theories of many-body scattering.*"' Our 
work IS in part complementary to that of Vanzani, 
who has discussed this topic for a number of »- 
particle scattering theories not based on the CCA 
method.' In contrast to the approaches reviewed 
by Vanzani, some of the CCA types of scattering 
equations for transition operators are in matrix 
Lippmann-Schwinger (LS) form,*' which allows for 
the introduction of wave-function equations in a 
particularly transparent manner, and we discuss 
examples of this case in some detail. 

For those CCA types of equations not in LS 
lorm, we introduce an alternate procedure for 
introducing wave-function equations. This latter 
procedure is found to lead to inhomogeneouH dlf- 
lerenlial equations for the wave-function compon¬ 
ents, rather than to homogeneous ones, as in tho 
LS case. The existence of such inhomogeneous 
equations provides an alternate explanation to the 
one given previously" for the occurrence of the 
nonunilary results found in the recent numerical 
raiculations of Baer and Kouri' and of Lewanski 
and Tobocman," as we discuss in detail below. 

The organization of this paper is as follows. In 
Sec. u we Introduce our notation. Transition 
operator equations are stated in Sec. III. Wave- 
tunclion equations are derived in Sec. IV, and 
Approximations are discussed in Sec. V. Section 
;VI summarizes our work. 


II. NOTATION 

Our notation mostly follows that of earlier 
work,*"'* and we provide only a brief summary 
here. We consider a scattering system consist- 
mgof», nonrelativistic, distinguishable parti¬ 
cles labeled 1. ,.n, governed by a Hamiltonian 
// and obeying the Sclirbdinger equation 

(B-//)|*> = 0, (2.1) 

The particles can be observed in a variety ol in - 
cluster channels or partitions, 1 ■' ni ■ n. Cor¬ 
responding to these cliannels are partitions of H 
into a channel Hamiltonian H,, governing the mo¬ 
tion of the noninteracting clusters in channel j, 
and a channel interaction W, which goes to zero 
as the separations between all clusters in channel 
/ become asymptotic • 

Q-'i-'N. (2.2) 

is the total kinetic energy operator, and V' = V 
16 the sum of ail interactions; }~0 thus refers to 
the n-particie breakup channel. 

The asymptotic slates |4>j(ii)> ol the system are 
eigenstates of H, with total binding plus kinetic 
energy equal to E : 

(2.3) 

The |4^(E)) are products of a bound state for each 
cluster in the channel times plane wave states 
describing the intercluster motion. 

Resolvent operators G(z) and G^(t) are defined 
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hat It = 3 here) 

(3.14a) 

= 6,.Go-‘(^) +53 . 

m 

[3.Ub) 

Jse of (2.12a) and (2.12b) in (3.14a) and (3.14b) 
ilows one to express the latter equations in terms 
f V„GJr) or GJii)V^ rather than Ijz) and Gg(z). 
.Ithough it is straightforward to express (3.14a) 

Jid (3.14b) as matrix equations, it is unnecessary 
I do so in order to see that they are not In stan- 
ard LS form. Nevertheless, they do possess an 
qulvalent wave-function formalism, viz., the 
'addeev wave-function component equations, as 
oted, for example, by Vanzanl.^^ 

Alt, Graesberger, and Sandhas have shown that 
leir operators are related to those defined 
y Lovelace, i.e., the and 

+ A'j,(z) (3.15a) 

nd 

f/j,(2) = 6^»G/‘ + Xj,(r) . (3.15b) 

he relation between the Vj^ and 7)^ of Eq. (3.9a) 

; given in Ref. 5: 

lim l'i»(h.' + it) - Urn I'.Jt' + is,)Gg(f'' + it) V',. 

(3.16a) 

he analogous relation (or fj, of (3.9b) is 
11m T {K + If) ^ Ilm V,G^(K + i<)G,,(t’ + it) . 

(3.16b) 

These last lour equations show that on-shell, the 
:act matrix elements of these various operators 
re phase equivalent. Nevertheless, the corres- 
jnding wave-function formalisms need not be 
Kt are not the same. Furthermore, use of an 
iproxlmation in one of the wave-function forma- 
sms will, in general, not lead to the same form 
ir each of the approximate transition operator 
luatinns to which the wave-function equation 
irresponds. This is, of course, not surprising, 
nee approximations can be viewed as off-shell 
‘ansformations. What may be surprising, how- 
'er, are the particular approximate equations 
emselves, a point discussed in Sec. V. 

IV WAVI-FUNCTION FORMALISMS 
A. Melhodi 

The resemblance of Eqs. (3.6a) and (3.7b) to the 
3 equation (2.10a) suggests that at least for the 


ICL operators it will be simple to obtain wave- 
function components. This is indeed the case and 
we first review the relevant procedure for the 
LS equation It = 2. The analog of (2.10a) (or ii = 2 
Is 

/(z) = V + w(z - ffo)"‘f(a), (4.1) 

where H = Uf, + v, with ffg the relative-motion 
kinetic-energy operator and v the Interpartlcle 
Interaction. The IS equation for the state vector 
|♦> = llm|♦‘•’> (i.e., the IS wave-function equa¬ 
tion) Is obtained from Eq. (4.1) by means of the 
definition 

f;j*'*>>5/(E + f€)(*(S)>, (4.2) 

where | *(£)) is a plane wave state with energy £, 
the It —2 analog of |4^(£)) of Eq. (3.3). 

Applying both sides of (4.1) to |4(£)) for z = E 
+ i( and using (4.2) yields 

|*“>>= |*(£)> + (£ + ie-Ho)‘’F|*“’>. (4.3) 

the well-known LS equation."’ That a similar 
procedure can be applied to the T and t matrix 
equations^ is a consequence of the occurrence of 
V(‘u) in both the driving term and the kernel term 
of these equations. However, since the X and X 
equations (3.11a) and (S.llb) are not of this form, 
we may anticipate possible problems using the 
LS type of method (or these latter operators. 

We shall consider in detail only the right- 
hand form of the various operator equations, 
since in left-hand form, e.g., Eq. (3.6b)—one ob¬ 
tains equations for the components (i/i| rather 
than jifj). For the case of arbitrary particle num¬ 
ber n, the various matrix operator equations take 
the form 

0{z) = B(z)+K{z)0{z), (4.4) 

where O stands (or any of the transition operators, 

B is the Born or driving term, and K is the kernel 
term. 

Of particular interest is the situation wherein 
£(z) factorizes as 

K(z) = B(z)S(a), (4.5) 

where 5 ( 2 ) contains outgoing wave Green’s func¬ 
tions (in limit z —£ + f0). Equations (3.6a), (3.7b), 
and (3.14a) are all of this form. If K does not 
factorize or if instead of (4.5), one finds 

A(z) = C(z)S(^), (4.6) ' 

with C''B I being the unit matrix, then, 

in general, other methods for obtaining wave- 
function equations must be sought. 

Thus when (4.5) holds, then analogously to (4.2), 
we define a column vector of state-vector com¬ 
ponents 1^) via 
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B(£+<0)(5>»0(£ + <0)|f), (4.7) 

where lor future notational elmpllclty we have 
omitted the necesaary Intermediate step of first 
setting z — E + it and writing and then taking 

the limit < -0*. The vector |?> is defined by 

= (4.8) 

where k is arbitrarily taken to be the incident 
channel (assumed to be a two-cluster channel un¬ 
less otherwise stated). Correspondingly, we have 

(|5»<=k«> (4.9) 

and the dependence of | ihf) on both £ and the inci¬ 
dent channel index k is suppressed. 

From Eqs. (4.4), (4.5), and (4.7) we easily find 

||>= |J> + g(£ + i0)B(£ + i0)|^>, (4.10) 

the desired result in general form. The defini¬ 
tion (4.7) immediately allows one to determine 
the transition amplitudes from the asymptotic 
form of (4.10) in a coordinate (wave-function) 
representation. 

When K(z) does not factorize, or (4.6) holds, 
one must seek other procedures for introducing 
wave-function components. The method we fol¬ 
low here is to define components by 

|5)=|?) + «{£+t0)O(£+i0)t*), (4.11) 

where « is given by (3.5). Substituting (4.4) into 
(4.11) gives 

|S)-r/+«(£ + «)£(£ + ,O))!?) 

+ «(£ + f0)£(£+f0)O(£+ lO) 1 *>. (4.12) 

From (4.12) one can try to construct an integral 
equation for We apply this procedure below 
to the operators X. 

Once equations for [i/i) or |x) have been deter¬ 
mined, the next step is to relate the components 
to the SchrSdlnger state IW). [One is, after all, 
trying to solve the SchrSdlnger equation (2.1).} 

Finally, one may Introduce approximations and 
examine their consequences, a point we consider 
in Sec. V. We now apply the procedures just out¬ 
lined to the operators of Sec. in. 

B. KLcmb 

We examine these operators first because they 
are defined by Eqs. (3.6a) and (3.7b), which are 
precisely In the form of Eq. (4.4). Hence their 
corresponding wave-function components will 
equations of the form (4.10). Thus lor (3.6a) 
ave 

3)= |♦>+»v|^>, 

or (3.7b) we find 


IN THE CHANNEL COUPLING... 

lJ>=|?)+IV|j>. 

The components corresponding to dllferent 
choices of Wwill be distinguished by superscripts. 

/. FL cMofee of ft 

We begin with this h = 3 choice of H', Eqs. (3.9a) 
and (3.9b), because of the interesting properties 
of the corresponding sets of components. 

(a) The operators f. From Eqs. (3.9b) and (4.7) 
one easily finds that the components | ttf) corres¬ 
ponding to the obey®'* 

3 

|Jf>= |♦,(£)>6J, + G‘•'V,IJ^,.|^:>, (4.13) 

which are the Faddeev wave-function component 
equations;^’ hence the superscript £. In addition, 
(4.13) also defines the set of components corres¬ 
ponding to the AGS operatorsThat this Is true 
even though 9(r:) for the AGS equations is not equal 
to S(z) is shown by an easy calculation using Eqs. 
(3.14a) and (4.7). Such a result might be expected, 
given the multiplicative relationship (3.16b). No¬ 
tice, however, that (4.13) follows only from the 
right-hand equation (3.16) for Had the left- 
hand form been used, the result would have been 
equations defining the Hermitlan conjugate to the 
components corresponding to of (3.9a). These 
latter components have quite dUlerent prope^es 
from the | ^f>, despite the fact that both the f 
and the are each multiplicatively related to 
the f/^,. We enlarge on this point in subsection 
(b) below. 

Equation (4.13) has two well-known properties*’: 


(E-H)Lk/> = “ 

i 

(4.14) 

and 


|0f> = G,V,|*>. 

(4.15) 

Taken together these imply 



(4.16) 


/ 


illustrating the well-known fact that in integral 
form the Faddeev wave-function component equa¬ 
tions do not admit spurious solutions,** i.e., 

(6) The operators T. From Eq. (3.9a) we see 
that of (4.7) Is Just so that the compon¬ 
ents corresponding to the obey 

Despite the great similarity In structure between 
Eqs. (3.9a) and (3.9b), their equivalent wave- 
function components, given by Eqs. (4.13) and 
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(4.17) , are totally diBBlmilar. As first pointed 
out by SaiidhaB,’^ these latter components are 
each identical to the full SchrSdlnger state 14'). 

To prove this, one simply operates on both sides 
of (4.17) by a little rearranging then 

yields (£-showing that 

I ilij’') is independent of j. The equation that re¬ 
sults from utilizing this is the SchrSdlnger equa¬ 
tion. A similar result holds lor the components 
corresponding to the 7' defined by a CPA (see be¬ 
low). 

We thus see that In (4.17), the channel indices 
on the 1^]’'') act essentially as a bookkeeping de¬ 
vice: They remind us that Cj*’ governs the asymp¬ 
totic behavior ol Unlike the |i/if)of Eq. 

(4.13), which do depend on the channel index and 
have as bound-state sources only contributions 
from the "tube” defined by the relative coordin¬ 
ate In channel j becoming large,*" the |*) 

of (4.17) receive contributions from all asympto¬ 
tic channels, and hence yield amplitudes for scat¬ 
tering into all channels, not only J. 

J Chtiuiel permutinn rhoScf of W 

(d) The T oprrtilors. In this case, the operators 
are defined through Eq, (3.8b) and lead to compon¬ 
ents obeying 

') |4.,(f;))0^, + , (4.18) 

where the incident wave is in channel 1. As with 
the C(im{X>iicnts of Eq. (4.13), those of (4.18) also 
obey 

(fc--//)2] 0, (4.19) 

J 

but now 111 addition Ui | ~ | *), one can have 

a spurious bound-state .solution” of the form 
^ IilV ^- O’ This h'as not proved to be a serious 
drawback for the bound-state applications for 
which (4.18) has been used.“ In addition, Eq. 

(4.18) has tlie advantage over Eq. (4.13), for ex¬ 
ample, in that it not only applies to an arbitrary 
number of channels, but this set can also be trun¬ 
cated in a simple fashion, thus permitting a 
variety of approximations to be studied.*' Both 
sets, Eqs. (4.13) and (4.18), have been used for 
numerical studies of model nuclear reactions.'* 
Each of Ihcsc sets of equations has the "in-princi- 
ple” advantage that only the (th component yields 
the amplitude for scattering from an Initial two- 
cluster state in channel k to a final two-cluster 
(bound) state in channel j: Comixinents {^'„), >» 

*j, do not contribute to this amplitude," in con¬ 
trast to the components, i.e., channel scattering 
states,**' ol Eqs. (4.17) and (4.20) below. 

(f>) The T operators. These operators, which 


are defined by Eq. (3.8a), yield components super¬ 
ficially similar to those of (4.19), viz., 

I= 1 ♦,(«))6„ + Cj*> V‘ Ii)/5Jf) . (4.20) 

The similarity ends here, however, since (4.20) 
defines channel scattering states having the same 
properties as those of Eq. (4.17), l.e., they are 
Independent of the subscript j and are each equal 
to the SchrSdlnger state 14>. This feature has 
been discussed in Ref. 4; we now present a much 
simpler demonstration of it.*' 

First, we note that in the present case, Eq. (4.7) 
takes the simple form 

T„(£ + iO) I ♦,(£)> = V* I , (4.21) 

where |4,(£)) Is now specifically assumed to be 
an Incident two-cluster state. From this latter 
assumption. It follows that if both sides of (3.3) 
are applied to |$,(£)) (h = l), we get 

+ iO) I *,(£)> = r,,(£ + »0) I *,(£)> 

= (4.22) 

the second line being a result of (4.21). But Eq. 
(2.7) may be written as UjJ’ = V^CG|"', while 14') 

Is given by 

I♦> = UmG(£ + <€)G,*'(£ + it) \*xl.E )). 

Putting these results into (4.22) thus yields 



(4.23) 

> 

(4.24) 


a result that obviously holds for all / and is thus 
Independent of j . 

That components based on the T operators are 
in fact equal to I*) Is essentially the reason for 
the more complicated derivation presented In 
Ref. 26 of the "true” wave-function components 
lor the BRS transition operators. It Is also this 
same fact that renders the {i|^/'^ of (4.20) less 
useful than those based on the T operators, should 
one introduce approximations which include 
breakup, rather than keeping strictly to bound- 
state approximations. However, we do note that 
since ^ [*>, Eq. (4.20) is just the set unique!' 
defining 1*).“ 

C. BKcaR 

We have presented the results in the previous 
section In some detail, as they illustrate the ease 
with which one can derive wave-function equatiunk 
when the transition operators obey equations of 
LS type, e.g., (3.7). In contrast to this, (3.116) ts 
not in standard LB form, and thus one encounters 
difficulties in deriving associated wave functions. 
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We shall illustrate this using Eq. (3.12b), the 
CPA version of (3.11b). 

The matrix equation (3.11b) can be written as 

X(z) = B(z) + C(z)g(z)i(z), (4.25) 

where B^SV and C = V. In seeking to apply gela¬ 

tion (4.7), we may try to define components |$) 
via either 

ArP|i>=i|f> (4.26a) 

or 

V(^)=.^|J>. (4.26b) 

Neither of these definitions leads to a satisfac¬ 
tory equation for |f), in the first instance because 
A"' does not exist and in the second because a 
proper plane wave term |4) does not occur. To 
remedy this, we shall derive components using 
Gqs. (4.11) and (4.12) for which it suffices to work 
out the two-channel case. Before doing so, we es¬ 
tablish the validity of such a procedure by apply¬ 
ing 11 to Eq. (3.8b) tor f, tot which we have al¬ 
ready derived components. 

In the two-channel case (3.8b) becomes 

f^^=V^G^tn (4.27a) 

and 

7\, = V' + V'G,f,i, (4.27b) 

where the dependence on K + iO is suppressed. 

Now “define” components | J'l *') and | via 

= + (4.28) 

following (4.11). Substituting (4.27) into (4.28) 
and then using (4.28) on the right-hand sides of the 
resulting equations yields Eq. (4.18) for the two- 
channel case, Just as predicted. Hence the pro¬ 
cedure is a proper one to follow, although in the 
present Instance it does not emphasize the essen¬ 
tial LS structure ol the equations. 

We now turn to the operators of interest, defined 
by Eq. (3.11b). For the Iwo-channel case they 
are 

XjizzV' + V'Gi^si (4.29a) 

and 

ij, = V‘ + V2G,.X„. (4.29b) 

The equations defining the corresponding "com¬ 
ponents” are 

1?,'^')= I ♦,(£)>+ Gi*>:f„ I *,(£)) (4.30a) 

and 

|i?■'^ = G}•>AJ,|*,(£)>. (4.30b) 

Substituting (4.29) into (4.30) and using (4.30) in 
the resulting equations leads to 


|)S‘'^ = |*,(e)>+g!*'v‘(*i(a)> 

+ Gf>v'|x^<'^ (4.31) 

and 

|x?''^ = G5*'(V'-V')|4.,(£)> 

+ (4.32a) 

Equation (4.32a) can be simplified by using in it 
Lippmann’s identity,'* 

GJ*)(v’-K’)|*,{£)> =-!♦,(£)>. 

This gives 

= -(«,(£)>+ G|*'F'|x^<'>. (4.32b) 

The presence of -|4,(£)) in (4.32b) and the 
resulting implication that | xS‘| ^ cannot be 

equal to | W> because of the apparent lack In this 
sum of a plane wave term suggests that the | ^ 

cannot be components in the same sense as the 
1^/'^ (4.18). They are, however, very closely 

related to the of Eq. (4.20) in that is 
related to jW) additively [recall Eq. (4.24)]. To 
see this, we first display the equations uniquely 
defining jW) (Ref. 30): in the two-channel case, 
those are, from (4.20) with A/j = 2 and jW), 

|*>=|*,(£)) + Gi‘'V''|*) (4.33a) 

and 

|W) = G|''V''|*>. (4.33b) 

Next consider Eq. (4.32b). As an equation for 
the sum |t,(£)), it becomes similar to 

(4.20), i.e., similar to (4.33b). We therefore 
form this combination in each of Eqs. (4.32a) and 
(4.32b), yielding 

|♦,(£)> + Gl•>V’[|iy^+ 1*,(£))] (4.34a) 
and 

|♦,(£)>] = Gr'V^|i?,■''). (4.34b) 

The identifications 

(4.35a) 

and 

!♦,(£)> (4.35b) 

immediately follow on comparison of Eqs. (4.33) 
and (4.34); (4.35) and (4.35b) are the desired rela¬ 
tions. 

These identifications notwithstanding, (4.33) and 
(4.34) differ not only directly in their approaches 
to solving the SchrSdinger equation, but more im¬ 
portantly in their response to approximations. We 
examine this point in detail in the next sectton. 

We end this section by remarking that the re¬ 
sults Just obtained [Eqs. (4.3Sa) and (4.35b)] are 
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easily generalized beyond the case Nj = 2. For 
an arbitrary number of channels S and Incident 
channel k = \, one finds 

(4.36a) 

and 

I*)- !♦,(£)>, (4.30b) 

This result arises from the cyclic nature of the 
coupling in Eq. (3.11b), the example of 

which is (4.30). 

V. APPROXIMATIONS 

Analyses of collision data usually rely on some 
form of empirical procedure such as the distorted 
wave Born approximation, the Impulse approxl* 
mation, or a coupled channel approximation. The 
successful aiq>licatlon of such methods has made 
their justification one of the several goals of 
many'body scattering theory. Since some of 
these empirical methods are based on wave-func¬ 
tion approaches, the need for approximate wave- 
function versions of many-body scattering theory 
is obvious. We consider the Faddeev wave-func¬ 
tion components as an example. 

In addition to their use In possible attempts to 
justify empirical approximations, many-body 
wave-function formalisms may also play the im¬ 
portant role of elucidating the results of approxi¬ 
mate transition operator calculations. To the 
extent that they can provide insights Into such 
calculations, they provide a description of multi- 
particle scattering complementary to that of 
transition operator formalisms. We show in 
Sec. VB how the BK wave functiun components 
|SV ^ can be used to understand certain nonuni¬ 
tary numerical results based on approximations 
to the BK transition operators 

A. Fwldm wavr-fuiK-linn components 

The AGS operators f/j, defined, e.g., by Eq. 
(3.14a) are probatdy the most widely used transi¬ 
tion operators fur analyses of three-body pro¬ 
blems. They have the advantage over the Love¬ 
lace and CCA operators of being symmetric and 
reducing to relatively simple form when separable 
two-body potentials or /-operator approximations 
are used. Corresponding to the are the Fad¬ 
deev wave-function components Iff). Neverthe¬ 
less, while the path transition operator -> wave 
'unction leads to f/,*- the reverse process 

8 18"'' "ot I 

At first glance, this may seem to be a trivial 
distinction to emphasize, since on-shell matrix 
elements of and Vn, are equal. The aspect 
>1 this which we stress Is that under Identical ap¬ 


proximations, and Vn will most likely differ 
on-shell, and under any such approximation, the 
I equations will yield the approximate f,, 
amplitudes and not approximate amplitudes. 
This point is pertinent for the traditional analy¬ 
ses of atomic, molecular, or nuclear colUalons 
when three-body models are used, since such 
analyses are, as noted above, based on wave- 
function methods. 

We illustrate this by using a particular bound- 
state approximation which is often referred to 
as the coupled reaction channel (CRC) method in 
nuclear physics,"’” and as the coupled states (CS) 
method in molecular physics’* and in atomic phy¬ 
sics” (without the additional use of pseudostates). 

The ai^roxlmation procedure is as follows. 
Consider only two-cluster partlttons. Then the 
channel Hamiltonian H/ can be expressed as 

+ (5.1) 

where Is the relative-motion kinetic-energy 
operator and h, is the Hamiltonian for the inter¬ 
nal states of the clusters. 

The eigenstates |0/v)) of hj obey 

f*/y)-l.J|0,(y)> = O, (5.2) 

where c^(v) is the energy of the state and v de¬ 
notes the set of relevant quantum numbers. Let 
{|<f>j(y»))) denote the subset of the {|<Ai(y)>} which 
con^st of bound internal states only [the former 
are the states which occur in the |4j(£)) of Eq. 
(2.3)]. Now form the projection operators P/lVt) 
and Pji 


Pii>t)= |'*'/(>'*)H'#>y(y*)| 

(5.3) 


(5.4) 


where the prime on the y, sum In (5.4) means that 
not all the bound states in channel j need be In¬ 
cluded in the sum. 

The CRC or CS approximation to the solution 
jif) of the Schrodlnger equation (2.1) consists in 
replacing !♦> in Eq. (2.1) by 

l*>> (5.5) 

projecting the result onto each (<)>(>'•) | lo turn, 
and then solving the resulting set of coupled equa¬ 
tions for the unknown scattering coefficients 

according to the usual outgoing wave 
boundary conditions. 

The correspondli^ approximations for the Fad¬ 
deev components | ^ f), the CCA operators U 
and the AGS operators are obtained as fol¬ 
lows. In the Faddeev equations (4.13), one first 
replaces |Jf> by iy|Jf> and Cj*’ by 6}*’ aPfiY'’, 





31 


WAVE-FUNCTION FORMALISMS IN THE CHANNEL COUFLINC... 


2207 


tiien one solvee for the unknown scntterlng coefficients | if) ^rom 

= . (5.6) 

The analogous approximations used In (3.9b) for lead to 

(1>M I I <'.(«*)) = ('PM I Vj I <P,M)'ij,+(^,(y^ I V, 23 10,(0 J>, (5.7) 

■ 

while the same approximations inserted into (3.14a) for U,, yield 

(4'yW|t-yz)|0,(a,)> = (0/yJ|Go-‘(r)|0,(a,)>6„ + (0/y,)|23 S,.V',G,(z)f>,r;„(2)|0,(o,,)>. (5.8) 

■t 


It is straightforward to verify our earlier re¬ 
mark that Eqs. (5.6) and (5.7) produce the same 
on-shell amplitude approxlmatlonB, which are 
ml equal to the approximate on-shell amplitudes 
arising from the ACS operators f/y,. This should 
not be unexpected, since it is only in left-hand 
form that the approximate t operators would be 
phase equivalent to the approximate operators 

B. The CCA wave-fiificlion componenu 

One of the interesting aspects of the CRC or CS 
approximation (discussed In Sec. VA) is that It Is 
unitary. This follows essentially from the fact 
that the coupled equations of the method are flux 
conserving, i.e., there are no sources of or sinks 
for the Incident flux outside of the channels and 
states coupled to the Initial one. In general, how¬ 
ever, one does not expect approximations to 
transition operators to yield transition amplitudes 
(and thus S matrix elements) which are unitary, 
the simple Born approximation being a well-known 
example. 

Let us now consider the CCA transition opera¬ 
tors defined by Eqs. (3.8) and (3.12) in light of the 
these comments. Although they and their corres¬ 
ponding wave-function components, defined, e.g., 
by (4.18) and (4.32), do obey coupled equations, 
these coupled equations contain asymmetric coup¬ 
ling terms rather than symmetric ones such as 
occur in the CRC approximation. This suggests 
that approximations to these CCA equations may 
not yield unitary amplitudes. The fact that ap- 
roxlmations to the KL equations have led to uni- 
nry results while approximations to the BK 
quation have not, thus requires explanation. 

Before using the BK wave-function components 
0 analyze this, we first review the relevant cal- 
ulations and the original Kourl, Levin, Craigie, 

-nd Secrest analysis." Baer and Kburi‘ found 
onunltary elastic scattering amplitudes for 
' H scattering at energies below the n = 2 
breshold using a symmetrized form of the two- 


I- 

channel BK transition operator equations in the 
approximation of Sec. V A, In which the Pj are 
formed from the Is hydrogenic ground state only. 
Subsequent calculations based on a symmetrized 
form of the KL transition operator equations 
using the same approximation yielded a unitary 
amplitude, i.e., one of the form exp(t6)sln0. The 
phase of the BK amplitude was found to be the 
same as for the KL amplitude, viz., 6. 

Earlier work of Kourl and Levin had established 
the existence of K or reaction operators related 
to the KL transition operators by a Heltler damp¬ 
ing equation^; by contrast, no such relation exists 
for the BK transition and reaction operators. 

This fact was used to prove that in the one-state 
approximation for the Pj, the ratio of the BK and 
KL amplitudes would be a real number, i.e., that 
the amplitudes would have the same phase." Lack 
of unitarity of the BK amplitude was shown to be a 
consequence of the bound-state approximation for 
the Pj. In effect, this means that use of P; In 
channel 2 is not the same as (equivalent to) use 
of Pi in channel 1; To achieve the effect in chan¬ 
nel 2 of P, in channel 1, continuum states must be 
used in P;. The cause of this behavior of the 
BK operators is the fact that in Eq. (3.11b), for 
example, the inhomogeneity NV Is not repeated 
In the kernel term Vt, in contrast to the KL equa¬ 
tions; the latter, of course, did yield unitary amp¬ 
litudes. An analogous Incompatibility In apparently 
equivalent approximations will be seen to be the 
basis of our alternate explanation, using the Inho¬ 
mogeneous equations obeyed by the components 
discussed below. 

The Ijewanskl-Tobocman calculations" involve 
approximations using projection-operator expan¬ 
sions an>lled to collisions in a system consisUng 
of two light and one infinitely massive particle, 
the Hulburt-Hlrschlelder model.^^ Three sets of 
calculations were done: those based on a boundary 
matching procedure employing the SchrSdinger 
equation, those based on BK equations, and those 
based on KL equations. The first of the three 
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provided the benchmark against which the other 
two could be measured. In addition, parameters 
were changed to allow the two light particles to 
be Identical fermions, thus introducing Pauli 
principle effects. A maximum of seven expansion 
states were used In the calculations. 

We consider the nonidentical-particle case 
first. Within this case there are two subcases: 
all three interactions either not equal or equal. 
When they are not equal, the KL-based results 
are found to converge more or less to the same 
results as those based on the boundary matching 
procedure, and also to be unitary. For this 
same case of the three interactions not being 
equal, the BK-based results are not only nonuni¬ 
tary, they also do not converge to the same num¬ 
bers to which the other two sets of calculations 
tend to converge. The other distinguishable par¬ 
ticle subcase, that of all three Interactions being 
equal, leads to the opposite results for the BK 
based calculations: They are not only unltai^, but 
converge to the same numbers as the other two 
sets of calculations do. This apparently para¬ 
doxical situation is easily understood as soon as 
one realizes that when all three interactions are 
equal, the matrix elements of each of the channel 
Interactions appearing in the BK equations, 
when taken betweeen the same Initiai and the 
same final states, are equal. Hence In this par¬ 
ticular situation, the BK equations become a set 
for which one may expect unitary results, as in 
the KL case. 

The second interesting case examined by L.ew- 
anski and Tobocman is that where the two light 
particles are Identical. In this case all three 
interactions are equal, the three sets of calcula¬ 
tions are all unitary (when the seven expansion 
states arc used), and all three converge to the 
same limits. These results are easily under¬ 
stood in terms of the preceding remarks. 

More generally, one can apply the same argu¬ 
ments as used In Ref. 11 to explain the nonunl- 
tarity of the Lewanski-Tobocman BK results. 

Since theirs was a two-channel calculation using 
equations without a repeated driving term, the 
inequivalence between the P| and Pj approxima¬ 
tions remarked on In connection with the Baer- 
Kourl results similarly affects the BK results of 
Ref. 12. Although the latter statement is correct. 
It Is perhaps not as straightforward to apply to the 
Lewanski-Tobocman computations as to those of 
Ref. 1. The alternate explanation based on the 
jx'y'' ^ is, however, much simpler to apply, and we 
examine it in the following. 

In the two-channel case the ^*1^' 

(4.32). These are easily converted into the dif¬ 
ferential equations 


(£-l!f,) I = (♦,(£)> (5.fla) 

and 

(£ - a,) I - V* I - V) I . (5.8b) 

Equations (5.9) are inhomogeneous differential 
equations. Subject to the boundary conditions of 
(4.32), they wilt yield on-shell matrix elements 
of the operators while if standing wave boun¬ 
dary conditions are Imposed, they will yield K 
matrix elements. 

Exact solutions of (5.B) will lead to unitary 
amplitudes. Suppose, however, that one Intro¬ 
duces bound-state approximations via the projec¬ 
tion operators Py of Sec. V A. One then wants to 
determine the Py|i^y'^^ rather than the entire com¬ 
ponent |j^^. Since (S.Ba) and (S.Bb) are equa¬ 
tions for the channel 1 and 2 components, res¬ 
pectively, the equations one apparently should 
solve are the projections of (5.9a) and (5.9b) onto 
P] and P^: 

I - P, v'Pj I = P,K‘ I ♦,(£)> (5.10a) 
and 

(£- «j)Pj I- PjV*P, I = P2(V* - V') I♦,(£)>, 

(5.10b) 

where we have used [Py,£y] = 0. 

The solutions to (5.9) and (5.10) are each a 
sum of two terms: the complementary function, 
which satisfies the homogeneous equations and 
the “particular Integral,” which involves the In- 
homogeneltles. Although the sum of these two 
terms will yield a unitary amplitude for (5.9), 
i.e., when each P, = l, there is no way to guaran¬ 
tee that under the actual projection approxima¬ 
tion the sum of the two terms forming the solu¬ 
tion of (5.10) will also give a unitary amplitude. 
That is, one can always postulate an !q>proxima- 
Uon of the form 

(£-£,)P.|i?,'r'>-P,V‘P 2 |S^'''^ = Pi7j, (5.11a) 

and 

(£ - £j)Pj I - Pj V*P, I = P,T,j, (5.11b) 

such that the sum of the complementary function 
and the particular Integral of (5.11) produces a 
unitary amplitude, but then we cannot expect that 
the right-hand sides of (5.10a), (5.10b), and 
(5.11a), (5.11b) will be equal. In general, they 
will be unequal, leading to nonunltary amplitudes 
resulting from (5.10). 

The reason for this behavior is the inequiva¬ 
lence in approximating the left- and right-hand 
sides of an inhomogeneous equation. In other 
words, while the set (5.9) denotes an equality, 
the set (5.10) does not form a consistent approxi- 
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mation to It. The conoietent approxlmatloii 
comes from tirst projecting (5.9) to yield 

(F - H,)Pi I - -P, 15?= JP, F' I ♦,(£)> (5.12a) 

and 

= V')|*,(£)). 

(S.12b) 

Equations (5.12) are not yet In the desired lorm 
since the entire term | ytf) still appears In the 
second term on the left-hand sides. The next 
step of the approximation Is obtained by defining 
and putting the Q/ terms In the right- 
hand sides: 

= PsV'|*,(£)) + /'iF' 9 j|iV'> (5.13a) 

and 

= Pi(V^-V')\*,(E))+P^V%\^^0). (5.13b) 

Equations (5.10) are obtained from (5.13) by ne¬ 
glecting the terms containing the operators Qy. 

But since the Inhomogeneous terms also occur on 
the right-hand side of (5.13), retaining them In 
full while neglecting the Q, terms cannot be ex¬ 
pected to lead to unitary results. This Is the 
heart of the inconsistency. Thus the final step 
leading to a consistent, i.e., a unitary, approxi¬ 
mation will involve modifying the inhomogeneous 
terms as well. Doing so will lead in principle to 
equations of the form of (5.11), not (5.10). Un¬ 
fortunately, there Is In practice no specific pro¬ 
cedure available for determining any such modi¬ 
fication which is guaranteed to lead to unitary 
amplitudes. Because the approximate BK transi¬ 
tion operator equations used by Baer and Kouri 
and by Lewanski and Tobocman have correspond¬ 
ing wave-function components obeying equations 
uf the form (5.10) and not (5.11), we immediately 
see that the amplitudes obtained from such ap¬ 
proximate equations cannot be expected to be uni¬ 
tary. 

The lack of unltarlty of the approximate BK 
amplitudes of Refs. 1 and 12 illustrate these re¬ 
marks quite concretely. Similar nonunitaritles 
and 2 m acausal resonance behavior were found 


In an entirely different calculation also 
based on an approximate Inhomogeneous equa¬ 
tion.’’ As noted in Ref. 35, caution is obviously 
C2died for when using inhomogeneous equations 
as the basis lor approximations. 

We have noted 2 ibove that the approximate KL 
operators did yield unitary results for e~ +H 
scattering below the » —2 threshold. It is thus 
interesting to compare the approximate KL wave- 
function component equations, viz., 

(£ - H,)P, I ify‘ ^ = Py Vf'Py., I ^yi*> , (5.14) 

with the Inconsistent ones for the Py | i?y‘Eq. 
(5.10). Since (5.14) contains no inhomogeneities, 
it contains no sources of or sinks for flux, im¬ 
mediately leading to the conclusion that these are 
flux-conserving equations, I.e., the resulting 2 unp- 
lltudes will Indeed be unitary. However, since 
the channels are coupled asymmetric 2 Uily, one cilso 
expects time-reversal nonlnv 2 irl 2 int 2 unpUtudes, 
as found numerlc 2 Llly.'’ 

VI. SUMMARY 

We have derived wave-function component equa¬ 
tions for the CCA transition operators and dis¬ 
cussed their properties In detail. In particular, 
we have shown that the amplitudes arising from 
an approximate solution of the Faddeev wave- 
function component equations are the matrix ele¬ 
ments of the KL operators T,, and not the AGS 
operators f/y,,. We have also shown that in dif¬ 
ferential form, the BK wave-function component 
equations are Inhomogeneous, and we have used 
this to give an alternate explanation ol the non¬ 
unitary character ol amplitudes determined from 
approximate solution of the BK operator equations. 
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ProtoiMiecleiis charge exchange meaaurements at 144 MeV as a test of one-pion exchange and 
the partially conserved axial vector current 
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We have measured the diflerential cross sections of the (p,n) reaction on ‘Li, '^C, and '‘N to the ground 
state of the final nucleus (A/ =• I, AT = I, Air =0) and to the 7.77 MeV excited state of '‘O at £, = 144 
MeV and O' < 9^, < 20*. For the ground state cases, we treat the nuclei as elementary particles, which ate 
assigned the initial nucleus-pion-final nucleus coupling constants predicted using the partially conserved 
axial vector current. The Bom helicity amplitudes for one-|Hon exchange are presented along with a method 
for including distortions in momentum space. The calculations which have no free parameters agree with 
the data for *Li and '’C, but not for “N. 

NUCLEAR REACTIONS ‘Lt(/i.n), “Cyi.n), and '‘N(p,)i) at E,-144 MeV. 

Differential erase sections measured between 0* and ZO" (lab). Initial nucleus- 
pion-final nucleus coupling conatanta extracted. 


1. INTRODUCTION 

In nuclear physics we have become accustomed 
to the concept of a nucleon-nucleon potential which 
has its fundamental foundations in the theoretical 
premise of meson exchange. Our understanding of 
this potential, while by no means complete, is 
rather advanced. It is well known, for example, 
that a realistic potential must contain both central 
and noncentral components and must be momentum 
dependent. There cannot be a simple correspon¬ 
dence between components of this potential and 
individual meson exchanges. However, since the 
pion IS the least massive meson, one-pion ex¬ 
change must become dominant at large distances. 

In fact, a comparison of the one-pion exchange po¬ 
tential to a phenomenological force which repro¬ 
duces the nucleon-nucleon phase shifts, e.g., the 
Hamada-Johnston potential, shows that one-pion 
exchange is dominant in the spin-lsospin compo¬ 
nent and the Isuvector tensor component at dis¬ 
tances as small as the Compton wavelength of the 
lion.' Yet at these intermediate ranges, it is 
necessary to introduce the exchange of scalar 
mesons, both isoscalar and isovector, which rep¬ 
resent the effective contribution of nonresonant 
two-pion exchange. In order to account for the 
^er components of the central interaction at 
shorter distances and to characterize the short 
range repulsion, even the most sophisticated cal-' 
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culations must become phenomenological at small 
distances. The understanding of the nucleon- 
nucleon interaction in terms of meson exchange 
is then largely successful, especially at large 
distances or equivalently, at high partial waves. 

When one considers the scattering of nucleons 
from a nucleus, the complexity of the many-body 
problem makes the ah initio description of the 
nuclear force in terms of meson exchange un¬ 
feasible. However, the transition of the nucleus 
from one state of definite spin, parity, and iso- 
spin to another imposes definite limitations on the 
meson exchanges that can occur (assuming a single 
interaction which may be valid at intermediate 
energies). For nuclear transitions of J=0 — J'-l, 

7* =0 — r = 1, and 7r = l — 1 ^= 1 , the meson exchange 
must transfer one unit of angular momentum and 
isospin without changing the parity. Thus, for 
interactions of medium and long range, which cor¬ 
respond to scattering in the forward direction, the 
reaction may be dominated by one-pion exchange. 
One-pion exchange is known to contribute to 
n*p~P+n charge exchange scattering where the 
quantum number restrictions are not so severe. 
There, one-pion exchange manifests itself in a 
large forward peak.’ This peak is not reflected 
in most nuclear Inelastic scatterings, however, but 
the quantum numbers of most transitions are in¬ 
consistent with one-pion exchange. For the tran¬ 
sitions with quantum numbers listed above, we 
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the partially conserved axial vector current 
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Wc have measured the diflerential cross sections of the (p,n) reaction on ‘Li, '^C, and ''N to the ground 
state of the final nucleus (6J = 1, &T •= 1, Air =< 0) and to the 7.77 MeV excited stale of '‘O at £, = 144 
MeV and O* <8i^<7Xr. For the ground state cases, wc treat the nuclei as elementary particles, which are 
assigned the initial nucleus-pion-final nucleus coupling constants predicted using the partially conserved 
axial vector current. The Bom helicity amplitudes for one-pion exchange are presented along with a method 
for including distortions in momentum space. The calculations which have no free parameters agree with 
the data for *Li and ‘^C, hut not for '*N. 

NUCLEAR REACTIONS ‘Ltfp.a), ’’Cfp.n), nnd “N(p,») at £,-144 MeV. 

Differential erase eecUona meaeured between 0° and 20" (lab). Initial nuclcua- 
pion-final nucleus caupllng constants eictracted. 


I. INTRODUCTION 

In nuclear physics we have become accustomed 
to the concept of a nucleon-nucleon potential which 
has its fundamental foundations in the theoretical 
premise of meson exchange. Our understanding of 
this potential, while by no means complete, is 
rather advanced. It is well known, for example, 
that a realistic potential must contain both central 
and noncentral components and must be momentum 
dependent. There cannot be a simple correspon¬ 
dence between components of this potential and 
individual meson exchanges. However, since the 
pion is the least massive meson, one-pion ex¬ 
change must become dominant at large distances. 

In fact, a comparison of the one-pion exchange po¬ 
tential to a phenomenological force which repro¬ 
duces the nucleon-nucleon phase shifts, e.g., the 
Haniada-Johnston potential, shows that one-pion 
exchange is dominant in the spin-lsospin compo¬ 
nent and the isovector tensor component at dis¬ 
tances as small as the Compton wavelength of the 
piun.' Yet at these intermediate ranges, it is 
necessary to introduce the exchange of scalar 
mesons, both isoscalar and Isovector, which rep¬ 
resent the effective contribution of nonresonant 
two-pion exchange. In order to account for the 
ether components of the central interaction at 
Bhiirter distances and to characterize the short 
range repulsion, even the most sojdilstlcated cal- 
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culations must become phenomenological at small 
distances. The understanding of the nucleon- 
nucleon interaction in terms of meson exchange 
is then largely successful, especially at large 
distances or equivalently, at high partial waves. 

When one considers the scattering of nucleons 
from a nucleus, the complexity of the many-body 
problem makes the nb iniiio description of the 
nuclear force in terms of meson exchange un¬ 
feasible. However, the transition of the nucleus 
from one state of definite spin, parity, and iso- 
spin to another imposes definite limitations on the 
meson exchanges that can occur (assuming a single 
interaction which may be valid at Intermediate 
energies). For nuclear transitions of J-0— J^l, 

T =0—T = 1, and V-1 — v= 1, the meson exchange 
must transfer one unit of angular momentum and 
isospin without changing the parity. Thus, for 
interactions of medium and long range, which cor¬ 
respond to scattering in the forward direction, the 
reaction may be dominated by one-pion exchange. 
One-pion exchange Is known to contribute to 
n*P-~P+n charge exchange scattering where the 
quantum number restrictions are not so severe. 
There, one-pion exchange manifests itself in a 
large forward peak.' This peak is not reflected 
in most nuclear Inelastic scatterings, however, but 
the quantum numbers of most transitions are in¬ 
consistent with one-pion exchange. For the tran¬ 
sitions with quantum numbers listed above, we 
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may expect one-pion exchange in the forward di¬ 
rection, producing a forward peak. In order to 
test this hypothesis, we have measured the for¬ 
ward angle cross sections for the {p,n) reaction 
on *Li, '^C, and to the resulting ground states; 
these transitions all have = AT-1, 

If the reaction at forward angles is dominated 
by one-pion exchange, then one has an opportunity 
to test the application of the partially conserved 
axial vector current hypothesis (PCAC) to nuclei 
in a novel way, as first suggested by Kim and 
Primakoff.’ The proposal is to consider the initial 
and final nuclear states as elementary particles, 
specifying only the mass, spin, parity, and isospln, 
and to introduce a vertex function which character¬ 
izes the coupling of the initial nucleus, a plon, and 
the final nucleus. By application of PCAC, one 
can derive a relation similar to the Goldberger- 
Treiman relation," which relates the initial nu¬ 
cleus-pion-final nucleus coupling for a virtual 
pion to the matrix element of the axial vector cur¬ 
rent '|Aa(x)|M). This matrix element is known 
from the 0 decay of the final nucleus tf' to the 
initial nucleas Af. In a similar manner, PCAC can 
be used to relate the momentum transfer depen¬ 
dence of the vertex function g,,, ■(!/’) to that of an 
inelastic electron scattering form factor. Since 
the axial vector matrix elements for the cases 
considered herein are known (assuming “Be-'Li 
has the same matrix clement as "He—‘Li), and 
since the required inelastic electron scattering 
form factor.s have been measured, then in prin¬ 
ciple the one-pion exchange differential cross 
section fur can be calculated. 

It i.s useful to make a comparison between this 
proposal and the more conventional procedure. 
Present day nuclear inelastic scattering calcula¬ 
tions in the intermediate energy range are typically 
made with an effective interaction in the distorted 
wave impulse approximation (DWIA).'’’" The ef¬ 
fective interaction is chosen to have (on-shell) 
matrix elements which reproduce the nucleon- 
nucleon scattering amplitudes in the intermediate 
energy range. The functional form of the interac¬ 
tion IS usually taken to be a sum of Yukawa func¬ 
tions a slightly different functional form 

is used for the tensor force. Generally there Is 
one term in the effective interaction with the 
range and strength appropriate for one-pion ex¬ 
change, wiUi other terms representing interactions 
of shorter range. The interaction is folded over 
the entire nucleus using nuclear wave functions, 
which reflect the structure of the states involved, 
to produce an inelastic scattering form factor. 

In certain cases the transition density measured 
in Inelastic electron scattering can be used di¬ 
rectly. The scattering waves in the initial and 


final states are generated from an optical poten¬ 
tial which reproduces the measured elastic scat¬ 
tering. The transition amplitude then is the inte¬ 
gral of the Inelastic scattering form factor and the 
two distorted waves. Although this method incor¬ 
porates one-pion exchange, the exchange is only 
between individual nucleons, and there is no means 
of introducing the initial nucleus-pion-final nu¬ 
cleus vertex function. Thus, It is not possible to 
test the application of the PCAC hypothesis to 
nuclei. 

We have chosen to use the one-particle exchange 
model developed for particle physics applications^'" 
known as the absorption model to incorporate 
Initial and final state distortions. Since the Born 
amplitudes for meson exchange are most naturally 
expressed in momentum space, the absorption 
model modifies the Born amplitudes to account for 
Initial and final state distortions in momentum 
space. Since at high energy the elastic scattering 
potential is primarily absorptive, the inclusion of 
distortions merely reduces the magnitude of each 
partial wave of the Born amplitudes. Hence, the 
method is known as the absorption model. 

Our calculatlonal procedure, then, was to begin 
with the Born helicity amplitudes for one-pion 
exchange represented by the Feynman diagram 
shown in Fig. 1. The proton-pion-neutron vertex 
IS known from pion-nucleon scattering, and the 
initial nucleus-pion-final nucleus vertex function 
at zero momentum transfer g;r,»'(0) was obtained 
from PCAC. The dependence of the two vertices 
on momentum transfer was obtained from PCAC 
using in the nuclear case the inelastic electron 
scattering form factor. Thus, the Born amplitudes 




N N' 

FIG. 1. One*pion exchange dtagram for the reaction 
fi 4’fii +N* in the Born approximation. 
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mere completely determined. Initial and final 
itate interactions were inserted through the ab- 
lorption model, although changes in the model 
mere made to make it more applicable to scattering 
rom a nucleus. Neglected In our calculations 
ire explicit two-step processes and exchange 
erms arising from antisymmetrization between 
Jie projectile and the target nucleons. Multistep 
irocesses, however, are probably well accounted 
or by use of an optical potential which reproduces 
‘lastic scattering.The exchange term may be 
leglected for forward scattering at intermediate 
;nergy for these transitions of low multipolarity. 

;t is easy to see in impulse approximation that the 
ixchange term is proportional to ii(|1c+k'|), which 
s much smaller than the direct term which is pro- 
urtional to v(|^ -P |).“ It is also the case that 
me neglect all contributions from other meson ex- 
hanges (or equivalently, other components of the 
'ffective interaction which would contribute upon 
mtisymmetrizatlon). Again, for transitions of 
ow multipolarity and lor forward scattering this 
leglect should not be serious. One-pion exchange 
loes include the tensor component. 

As our calculations are performed in momentum 
:pace, they appear radically different from the 
radltional nuclear physics calculations. In fact, 
hey are actually quite similar to the effective 
nteractlon calculations of Petrovich,” which are 
Iso formulated in momentum space. Petrovich 
.rgues that the momentum space calculations are 
iseful as they can make direct use of information 
ibtained on the momentum components of the tran- 
.ition density from inelastic electron scattering. 
The argument is persuasive even though electron 
mattering does not provide all of the transition 
lensities required for nucleon scattering.) When 
he traditional calculation is written in momentum 
pace, the parallel to our calculation becomes 
tear. Our Born amplitudes with the nuclear ver- 
ex function removed corresponds to the effective 
nteraction, and our nuclear vertex function cor- 
esponds to the transition density. The distor- 
ions due to initial and final state interactions are 
nserted in each method. The difference between 
he two methods is simply that the traditional cal- 
ulation performs an integral over momentum to 
ecount for the spatial extent of the nucleus, while 
ne approximate the integration by choosing a mean 
alue. It is shown below that our approximation 
houid be adequate; it does in fact produce a very 
imilar reduction in the differential cross section 
umpared to the Born amplitudes, as does the dis- 
orted wave impulse approximation when compared 
u the plane wave impulse approximation.” 

It should be noted that our application of PCAC 
0 nuclei is rather different than its usual applica¬ 


tion to elementary particles.' There, the differ¬ 
ences between the coupling to nucleons of virtual 
pions and real pions can be Ignored. We make no 
statement from our analysis, from which we obtain 
on the coupling of the nucleus to real 
pions, This question has been raised 

in other applications of PCAC to nuclei, namely, 
muon capture,radiative pion capture,”'” and 
pion scattering.” In our application we assume 
that PCAC is exact, or rather the Goldberger- 
Treiman relation (as stated) is exact, and compare 
our calculation to the measured differential cross 
sections. Our proposal also differs from the 
original suggestion of Kim and Primakoff,’ who 
suggested an extrapolation of the measured (/>,») 
differential cross section into the uni^ysical re¬ 
gion, the pion pole. This procedure has Its diffi¬ 
culties even in application to nucleon charge ex¬ 
change. Similarly, extraction of one-pion ex¬ 
change from the higher partial waves of the (p,n) 
differential cross section would be extremely 
difficult. At the very least, a rather complete 
angular distribution would be required for a par¬ 
tial wave analysis; and although the forward scat¬ 
tering appears to have a large component from 
one-pion exchange, many other processes may 
contribute to the scattering at larger momentum 
transfers.” We find rather good agreement be¬ 
tween our assumptions of one-pion exchange and 
the applicability of PCAC and our measured dif¬ 
ferential cross sections. Although this agreement 
docs not uniquely justify our assumptions, it does 
give them a certain amount of credence. 

II EXPERIMENTAL PROCEDURE AND RESULTS 
A. Appsralus 

The experiment was carried out at the Indiana 
University Cyclotron Facilty (lUCF). The experi¬ 
mental area is shown in Fig. 2. The target assem¬ 
bly was placed inside the chamber and just before 
the pole faces. Steel cylinders were placed inside 
and outside of the entrance beam pipe to prevent 
the beam from being bent in the magnetic field be¬ 
fore It hit the target. The main proton beam was 
swept by the magnetic field into a Faraday cup 
buried in the wall, whereas the forward scatter¬ 
ing neutrons emerged from the chamber through a 
0.076 mm thick kapton window. Neutrons destined 
to reach the detector had to pass through very 
restrictive collimation, as shown in Fig. 3. The 
vertical collimation was supplied by stacked lead 
and concrete blocks, and the horizontal collima¬ 
tion was provided by lead bricks stacked on carts. 
This allowed the detector to view only the target. 
The scattering angle was changed by moving the 
detector, which was placed on a mobile hut. Angles 
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FIG. 2. Floor plan of the experimental area. 


from 4°beam leftto2S°bcam right could be obtained 
and flight paths of 20 and 25 m were employed. A 
beam energy of 144 MeV was chosen because it 
was one of the maximum energies available at 
lUCF at that time and because good elastic scat¬ 
tering data for the “Li and '’C existed at that 
energy.” 

The detector used is shown in Fig. 4. It consis¬ 
ted of a sheet of plastic scintillator (charged par¬ 
ticle identifier) followed by two NB 102 plastic 
scintillator timing rods (45.7 cm long and 4.44 cm 
in diameter), which in turn were followed by a vat 
of NE 213 liquid scintillator (50.8 cm long, 25.4 
cm high, and 15.2 cm deep). The rods and vat 
were viewed at both ends by phototubes. Timing 
signals from each end of a rod were used to start 
a TAC, which was stopped by the subsequent rf 
pulse. The signals from the two ends of a rod were 
then added in the computer. Since the rod was 
thin, the resulting spectrum represented the time 
between the projectile leaving the target and the 
time It interacted in the rod. Pulse height signals 
from both ends of each rod and both ends of the vat 
were summed individually in hardware and were 



FIG. 3. Schematic drawing of the neutren collimator. 


also stored. Timing signals from the charged 
particle identifier and the rods were used to pro¬ 
duce an analog routing signal, whose magnitude de¬ 
pended on whether the detected particle was 
charged or not (Interacted in the charged particle 
Identifier or not), and on the rod with which it bad 
interacted. In this way, both neutron and proton 
pulse height and time-of-flight spectra could be 
observed. (Although the bending magnet turned 
the main proton beam into the beam dump, it also 
bent elastically scattered protons toward the de¬ 
tector. The horizontal collimation could usually 
be arranged to block these particles, but some 
were always allowed to pass, providing a useful 
diagnostic tool.) Wrap-around, the contribution to 
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FK}. 4. Drawing of the neutreo detector. 
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he time spectrum originating from neutrons that 
irere so slow that they would reach the detector at 
he same time as a faster neutron from a later 
.urst, was always eliminated by setting a soft- 
irare threshold on the vat energy. The threshold 
equired to eliminate wrap-around depends on the 
leam repetition rate (-30 MHz), as well as the 
light path. Since the higher the pulse height 
hreshold detection, the lower the efficiency, the 
leam repetition rate was reduced by pulse select- 
ng one out of four beam bunches (4x32 nsec) be- 
ore main stage acceleration. Because of low 
.ram currents during the initial phase of the ex- 
eriment, the 'Ll data were taken with no pulse 
election. 

Two monitor counters, a plastic scintillator, and 
XI Nal crystal, were placed outside of the vacuum 
haniber, downstream from the target, on either 
ide of the exit beam line. Kapton windows in the 
hamber allowed protons elastically scattered at 
.bout T to reach these detectors relativeVy un- 
dndered. The plastic scintillator was used as a 
nunitor of the target thickness, while the Nal 
rystal was used to monitor the beam arrival time 
•elative to the cyclotron rf phase. Owing to in- 
.slabilities in the cyclotron, the time at which the 
beam was extracted relative to a signal generated 
from an rt crossing would drift. By stopping the 
protons in the Nal crystal, measuring their time 
•if flight against the rf, and using the energy signal 
to choose only elastically scattered protons, the 
beam arrival time fluctuations were measured in 
an average way by observing the shifts in the flight 
time of the elastically scattered protons. 

The signals that were monitored on-line and 
■Stored in event mode were the time of flight of 
both sides of the rods, the rod energy, the vat 
energy, the router, and the time of flight from the 
Nal monitor. The latter was recorded asynchron¬ 
ously to allow off-line corrections for beam arrival 
time variations. 

The targets used were natural carbon and 98.5% 
enriched “Li; they were about 55 mg/cm“ thick and 
presented a 300 keV loss to the proton beam. The 
lull energy toss of the proton in the target Is re¬ 
flected in the resolution of the scattered neutrons. 

A nitrogen target was obtained by using melamine 
iNr.CjH,); the Q value for (p.n) on carbon is high 
enough so that reactions on carbon do not inter¬ 
fere with the ‘“O ground state. The melamine tar- 
Set was about 70 mg/cm’ thick, causing a 350 keV 
luss to the proton beam. 

B. Dau reduction 

The first step in the data reduction was to cor-' 
feet the time-of-flight spectra for beam arrival 
iime drifts. This correction was done by calcula¬ 


ting for each 100 events recorded in the Nal moni¬ 
tor the centroid of their time of flight. This cen¬ 
troid was compared to an arbitrary time reference. 
The corresponding events in the neutron detector 
(which occurred in real time over the same period 
of time as the monitor signal) were then shifted 
In the opposite direction by the appropriate amount. 
Depending on the mood of the accelerator, this 
would give a 6% to 25% reduction in the FWHM. 

The pulse height spectrum of the vat was calibra¬ 
ted from the position of the elastically scattered 
proton peak using the known light output for pro¬ 
tons in NE 213. Thus the threshold required to 
eliminate wrap-around could be determined, and 
event.s with vat pulse heights below this threshold 
were ignored. Using the router signal, the data 
were then sorted into four time-of-flight arrays, 
representing protons and neutrons in each rod. 

Peak areas were then extracted by fitting Gaussian 
curves on a quadratic background to the data. For 
the “Li and tneVamine targets, the resototion was 
sufficient to easily distinguish the ground state 
peak from the first excited state. For the carbon 
target, however, the first excited state was only 
six-tenths of a FWHM away. Although better reso¬ 
lution 18 desired, this resolution should give 
reasonable results. Actually, there was no indica¬ 
tion of the first several excited states being pres¬ 
ent, and chi-squares/degrees of freedom near one 
were obtained by assuming that they were absent. 
Statistical errors were calculated by finding the 
area for which the total chi-square was increased 
by one. The results from the two rod.s were then 
averaged. 

Dead time corrections for the computer and 
tag's were made. The router pulses were scaled 
as well as stored by the computer, so that the 
computer dead time could be obtained. Dead time 
in only one of the TAC's manifested itself in a 
poor resolution time spectrum superimposed on 
the principal one. The ratio of these two was then 
obtained from the proton spectra to determine the 
TAG dead time. The total of these corrections 
was always less than 10%. 

The magnetic shielding before the target could 
not totally prevent the incident beam from bending 
before hitting the target, so the true beam direc¬ 
tion f>n had to be determined. Gonsequently, cross 
sections for “Li were measured at the nominal 
angles of 0, il, and i2‘’. A function quadratic in 
|fl - AqI was then fitted to the data, yielding - -0.3 
±0.3°. Thus, all nominal angles were increased 
by 0.3°. 

C. Nnrmaliutiun 

The detector efficiency and solid angle were 
calibrated by normalizing the carbon data to 
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data taken with a liquid scintillator detector mea¬ 
suring 12.7 cm deep and 12.7 cm in diameter. 

This detector was calibrated for 130 MeV neutrons 
In an independent experiment,” in which a tagged 
neutron beam was produced using the reaction 
/>+’Li-s + ’Be. A small correction for the neutron 
absorption by air was also made. We estimate 
that the normalization of all the data, including the 
efficiency and target thickness, is ±7%; the 
errors indicated are statistical. Our final differ¬ 
ential cross sections for ‘Li are in excellent 
agreement with the (s.p)'data of Measday and 
Polmieri obtained at 152 MeV.“ From charge 
symmetry the two differential cross sections 
should be equal. 


D. Rewllt 

The forward angle .spectra for the three targets 
are shown in Fig. 5. For the case of mass 6 and 
12 , the ground state clearly dominates the spec¬ 
trum, but this IS certainly not true for the case of 
mass 14. Indeed, in this case, the ground state 
is extremely small, and the spectrum is domina¬ 
ted by the 7.77 MeV (2’; 1) excited state of ‘‘O. 
After corrections for the beam arrival time, the 
time resolution varied from 0.8S to 1.0 nsec. 

From the proton .spectra we inferred that the 
time resolution was mainly limited by the beam 
itself. The corresponding energy resolution was 
between 1.7 and 2.0 MeV. 



-•+X. 


The measured cross sections for die ground 
states and oxygen excited state are shown in Fig. 
6 . They are all forward peaked, but the 
ground state is much flatter than the others. The 
excited state of '*0 is almost identical to the mass 
12 case, indicating that they may be produced by 
the same mechanism. 


lU. THEORETICAL ANALYSIS 


A. Scatterint unplinidef 


We first start by writing down the general form 
of the Born amplitudes corresponding to the Feyn¬ 
man diagram shown in Fig. 1, 




( 1 ) 


The indices of the heliclty amplitude denote the 
helicity of the spin-l nucleus K and the Initial and 
final nucleon helicities (X and x'). The proton- 
pion-neutron and Initial nucleus-pion-flnal nucleus 
vertex functions are represented by and 

gHiiitW)> respectively, and are functions of the 
four-momentum transfer squared, if. Also, u\p) 
is the Dirac spinor with helicity X and momentum 
Pt tJ'Up') ia the spin-l function (polarization vec¬ 
tor) with helicity k and momentum p', ia the 
four-momentum transfer, and y, is the usual Dirac 
operator. There are twelve different amplitudes 
Tyi, but space reflection can be used to relate 
six of them to the other six by’ 

r:;..x=(-i)'’‘‘'V'vx. (2) 


A set of six independent amplitudes are written 
below in a form in which the angular dependence 
and momentum transfer dependence are explicitly 
denoted: 
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FIQ. 6. The differential charge exchange oross sec¬ 
tion for (a)A + *Ll—a + 'Be (ground state), (b)P + '*C 
—s + '*N (ground state), (c) e + “n — s + **0 (ground 
eUte), and (d) p+ '‘N-a+ “0 (7.77 MeV, 2* stats). 
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Our notation is similar to that of Refs. 7-9, which 
consider v *l>~p +n, which has the same spin 
sequence and is described by one-pion exchange. 
The angle 6 denotes the center of mass angle of 
the neutron, and dx^(S) denotes the rotation func¬ 
tion of order The rest of the symbols are de¬ 
fined in Table I. These helicity amplitudes then 
represent the one-pion exchange Born approxima¬ 
tion to the (p,n) reaction fur 0*— 1* transitions. 


(3a) 

(3b) 

(3c) 

(3d) 

(3e) 

(3f) 


as IS dune in Fig. 7. Without the extraordinary 
terms, the amplitudes are seen to be continuous 
functions of the angular momentum. However, if 
the extraordinary terms are included, then the 
.s-wave {,j= ].) amplitudes become negative while 
all other partial waves are unmodified, causing a 


B. Extnardinary terms 

It is seen from Eqs. (3) that four of the Born 
amplitudes contain an .s-wave contribution in the 
form of These terms are referred to as the 
"extraordinary” terms in the literature and must 
be removed from the Born amplitudes before a 
comparison can be made to experimental data. The 
appearance of extraordinary terms is quite gen¬ 
eral in one-boson exchange Born amplitudes, and 
they are often removed.” There does not appear 
to be a universal consensus on the Justification for 
this procedure. The fact that these terms are 
troublesome is easily seen by plotting the contri¬ 
bution to the Bom amplitudes of each partial wave. 


7'ABLE I. Variables of £q. (3) not defined In the text. 


Variable 

Definition 

h 

l/p* for J- 0-»l transitions and l/p for 

J -1 0 transltlonfl 


{(£ + Ji 


X for transitions and »x for 

1 0 transittonB 

Z 

(2EE' + 

y 

p* Eff/pKfff for af"©”*! ZJoA pEji» /p' E/f 
for J~ 1 —0 

F-i 

Center of mass energy ctf the ouoleus with 
spin 1 

Af, 

Mass of the nucleus wltfi spin 1 

»«« 

Neutron mass 

HI, 

Proton mans 

»*T 

Charged ploa mass 



flO. 7. Plot of the partial waves of the nonsero one- 
pion exchange amplltudea at 0*, including the distorted 
wave modification. A curve has been drawn through the 
discrete half-integer points to guide the eye. If the ex¬ 
traordinary terms were to be included, Ihen the only 
difference would be that the f > ^ points would become 
negative. 
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discontinuity. In the elementary particle literature 
It is noted that the extraordinary terms will violate 
R-wave unltarlty, an absolute constraint, and 
thus their removal is justified.**’’ The argument 
is also formulated with reference to the peripher¬ 
al (high partial wave) nature of one-particle ex¬ 
change processes that the Born amplitudes are sim¬ 
ply inadequate for the lower partial waves. If one 
transforms the Born amplitudes to coordinate 
space, then the extraordinary terms become a S 
function in the relative coordinate. In the one- 
plon exchange potential, this B function is called a 
"contact” term. As one would expect, this term 
is traditionally discarded in the coordinate apace 
formulation as well.’* With respect to the nucleon- 
nucleon one-boson exchange potential, the argu¬ 
ment is put forth that the short range repulsion 
prevents the contact term from contributing. More 
complicated arguments also have been formula¬ 
ted.” Although it is certainly the case that one- 
piun exchange cannot be the dominant contribution 
at small distances, the removal of the contact 
term has a rather simple justification for the 
Born approximation. A repulsive S function can 
cause no contribution to the scattering amplitude 
because the boundary condition on the wave func¬ 
tion requires that it vanish identically tor r =0. 
Thus, if only Born approximation is considered and 
not the .solution to the Schrddinger equation, it is 
more correct to neglect the S function completely. 

It IS perhaps worthwhile to digress and to men¬ 
tion the relevance of these considerations for the 
historical determination of the pion-nurleon 
coupling constant from nucleon-nucleon scattering. 
Two rather different methods have been applied. 
Recognizing that one-pion exchange becomes 
dominant at large distances, the phase shifts for 
the high jiartial waves of intermediate energy scat¬ 
tering (: 450 MeV) should be totally determined by 
the one-pion exchange potential. Thus, the mag¬ 
nitude of the coupling constant can be fixed by a 
best fit of the one-pion exchange potential to the 
L^-4 partial waves.” In this manner the well- 
known number g’/4ii = 14.6 is obtained. We have 
argued that an analogous procedure would probably 
Tail in the nuclear application. The second method 
inllnws the observation of Chew that the singu¬ 
larity in the scattering amplitude (the pion 
pole)” lies close to the physical region. The sug¬ 
gestion was made that a rather modest extrapola- 
ion of the differential cross section into the un- 
ahysical region would provide the pion-nucleon 
coupling constant. However, the Born amplitude 
'or one-pion exchange in n ■> p -tn vanishes at 
lero degrees (the effect of the extraordinary or the 
lontact term) and the ubiquitous charge exchange 
leak In ir *P~P +n was obtained through the inter¬ 


ference of the one-pion exchange Born amplitude 
and smooth background terms. It is surprising 
then that the extrapolation procedure applied by 
Ashmore et at.” could obtain approximately the 
pion-nucleon coupling constant, a result which 
may be ascribed to a rather Judicious choice of the 
data set and the order of the extrapolated poly¬ 
nomial. It is seen in the extrapolation performed 
by Cziffra and Moravesik” that nonsensical results 
are obtained 11 the polynomial Is either ol too low 
or too high an order. The suggestion has been 
made that more optimal extrapolation procedures 
can be employed**; we do not feel competent to com¬ 
ment on this suggestion. Instead, we continue with 
the method described in the Introduction: Having In¬ 
troduced the Born amplitudes, we modified them 
to account for distortions introduced by the Initial 
and final state interactions, and chose vertex func¬ 
tions consistent with the PCAC hypothesis. 

Once the extraordinary term has been removed, 
it is easy to see which of the amplitudes in Eq. (3) 
is dominant. Since is essentially zero, only 
T*., Ti_, and tL, need be considered. These are 
the amplitudes corresponding to the projectile 
flipping its helicity. Of them, T'. is dominant at 
forward angles, which is easily seen by examining 
their angular dependence. 

C. Ataoriilkin model 

It is nut surprising that a method for doing dis¬ 
torted wave calculations in momentum space was 
developed in elementary particle physics, as 
almost all of their calculations are done in mo¬ 
mentum space. The method was developed because 
of the discrepancy between one-pion exchange 
Bom approximation calculations and various ex¬ 
periments in which one-pion exchange was firmly 
believed to dominate the reaction. Historically, 
in the first attempt to remove this discrepancy, 
arbitrary vertex functions were introduced. How¬ 
ever, in order to fit the data, these phenomeno¬ 
logical functions had to be much stronger than 
was thought reasonable. It was realized that the 
etfect of these form factors was to reduce the con¬ 
tribution of the lower partial waves to the scatter¬ 
ing amplitude. Consequently, a more natural way 
of doing this was sought. With the realization that 
the existence of scattering channels other than the 
one being observed would reduce the amplitudes of 
the lower partial waves and with the concurrent 
application of distorted wave techniques in nuclear 
physics, the absorption model was born.’** 

The absorption model Includes distortions by 
modifying each partial wave of the Born ampli¬ 
tudes by a factor accounting for the effect of the 
elastic scattering on that partial wave. A rather 
simple lorm can be derived under the assumptions 
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that ( 1 ) the particle wavelengths are small com¬ 
pared to the characteristic ranges of the interac¬ 
tions, ( 2 ) the entrance and exit channels are 
stronfdy coupled to many inelastic channels, and 
(3) the range of the exchange interaction is small 
compared to that oi other interactions." It must be 
admitted that these assumptions are invalid in 
nuclear physics; they are also of questionable 
validity in particle applications. The form of the 
modification in our calculation is 

TH-ii = i {(Si + (Si 

+ (5J .J-i/J)i/»} ry ,(Born). 

(4) 

where S{*'(Sy’') is the elastic scattering S matrix 
element for the incident (scattered) particle and 
T>l!(Born) is the ^ partial wave Born hellcity 
amplitude, which is obtained from T>..x(Born) by 
the technique of Hogaasen and Hogassen.* The 
justification of £q. (4) is given in the Appendix and 
holds only for forward angles. It will be noted that 
£q. (4) differs from that used in elementary par¬ 
ticle physics in two ways. One way is that S is 
taken to depend on the orbital angular momentum 
fas well as j. The primary difference, however, 
is that S is raised to the one-half power instead ot 
the first power, which accounts for the range of 
the elastic and inelastic potentials being compar¬ 
able In a nucleus. 

The S matrix elements were calculated from the 
optical potentials for the target nuclei at 144 
MeV,’* using the optical model code SNOOPY."" The 
potential for the final nucleus was assumed to be 
that of the target, so the final S matrix elements 
were calculated for a neutron with the appropriate 
energy. The sensitivity of the {p,n) cross section 
to uncertainties in the S matrix elements was esti¬ 
mated for “C by calculating It tor a potential opti¬ 
mized to the differential cross section and to a 
potential optimized to polarization data. The re¬ 
sults differed by only 5%. The sensitivity could be 
greater for *Li, however, since the potential Is not 
as well determined. 




The symbols M„ and M«, stand for the masses of 
the nuclei N and ftfIs the usual spin-l func¬ 
tion with heliclty k; Fp{(j*), and are, 

respectively, the axial vector, induced pseudo- 
scalar, and induced tensor weak nuclear form lae- 
tors; Fj and Fj" are the momenta of S and n' vflth 
ihe momentum transfer and is the 

position at which the current is evaluated. The 


D. Vertex fmictiom 

As pointed out by Kim and Prlmakoff," the mag¬ 
nitude of an initial nucleus-plon-final nucleus ver¬ 
tex function at zero momentum transfer can be ob¬ 
tained by applying PCAC to the nuclear states to 
obtain a nuclear Goldberger-Treiman relation. 

The original Goldberger-Treiman relation" was a 
proportionality between the proton-pion-neutron 
coupling constant and the axial vector 

coupling constant measured in neutron p decay 
gjp{0). The nuclear relation, which we derive 
below, is a proportionality at 4 ^ -0 between the 
Initial nucleus-plon-flnal nucleus vertex function 
Ar««ii'(< 7 " - 0 ) snd the weak axial vector coupling 
constant F,,( 4 " = 0 ), for the n'~N + e* +v decay. 

In this approach the nucleus is treated as an ele¬ 
mentary particle in the sense that only the spin, 
parity, isospin, and mass of the nuclear states 
are explicitly specified. It has also been shown 
by Kim” that the dependence of the nuclear ver¬ 
tex function g^,^(q‘) for transitions dominated by 
no change of orbital angular momentum can be 
obtabxed from the Inelastic electron scattering form 
i'actor 4 ( 4 "). Kim also shows that the corrected 
Goldberger-Treiman relation for nucleons can be 
used to estimate the dependence on momentum 
transfer of the pion-nucleon vertex function £^,,( 4 "). 
The arguments go as follows. 

PCAC, in the formulation of Gell-Mann and 
Levy,"* states that 

8„A„(x)=(7,7n,’0(x), (5) 

where A„(x) is the weak axial vector current, 
i>{x) is the plon field operator that creates or 
destroys a pion, ni, is the pion mass, and a, 

= 0.939 is the pion decay constant, determined from 
V - p + V. If one treats the nucleus as an elementary 
particle, then A„(x) can only be constructed from 
vector quantities pertaining to the nucleus as a 
whole. 

For 0*— 1* transitions, one has 

+ (Fj + F?)?''>4,^^^je''’^“'. (6) 

I- 

matrix element of the pion field, can be 

broken into an expansion of terms represented by 
the diagrams shown in Fig. 8 . Evaluating only the 
first term In the expansion gives 

<y.' |,j, tV). -2i . (7) 

With the PCAC choice of the pion field, Eqa. 
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FIG. 8. OlaKramatlc representation of the two lowest 
order terms of the plon field matrix element (N' I 0| N) 
In covariant perturbation theory. 


(5)-(7) can be combined to give 


FAq^) > 




SiitAq’) 


( 8 ) 


Aa there is no evidence for the induced tensor 
term,” it may be neglected. Evaluating Eq. (8) 
at <i‘ =0 then gives the nuclear Goldberger-Trel- 
man relation 




a,m. 


FaW . 


(9) 


Finally, the value of gi,^'(0) can be obtained from 
the f! value for the ,i decay of N‘ ~S,^ since 




. ln2(2jy -il) 

‘3G*cos’e^w/{//f ’ 


( 10 ) 


where the weak interaction coupling constant G 
= 1.026 the Cablbbo angle 6c = 0.257, 

w, IS the electron mass, and i.s the spin of the 
nucleus n'. 

A similar procedure can be applied to the nu¬ 
cleon p decay. In this case, one obtains for nu¬ 
cleons that 





(m„ I w,) q’ ^ m,“ 


( 11 ) 


Evaluating this expression at =0, one obtains 
a modified Goldberger-Treiman relation, namely 




( 12 ) 


Here and in the following, the weak nucleon form 
factors have been denoted by and gp, and the 
weak nuclear form factors have been denoted by 
Fj, and Fp. From the neutron p decay,” we obtain 
if^(0) 1.239,” and thus 

k,„(0)--17-8. (13) 

From a disper.sion theoretical analysis of pion- 
lucleon scattering, it is known that the physical 
coupling constant is” 

A'»r,(-w;)-19.3. (14) 

Thus, choosing a simple functional form for 
C^w,(?“) expected to be valid for 


we find that 


=g».»(0)/[l +<?*/(4,fl2*»l/P , (15) 

The dependence of the nuclear vertex function 
could be determined from Eq. (8) if the 
two form factors, FAq^) and Fpiq^), were known. 
The pseudoscalar form factor may be estimated 
from the axial vector form factor. One has from 
the impulse approximation”-^ 



With this expression for Fp(q‘), it is then nec¬ 
essary to know only the ratio gp(.q‘)/gA(q‘) nnd 
FAq'')- If the dependence on momentum transfer 
of gA<^) andg'„,( 9 ’) were identical, then we would 
obtain directly from (11) 


gpjq^} . -m.» 


(17) 


However, from an analysis of neutrino scattering, 
Kim” finds 


^x(7’) =^x(0)/(l . (18) 

This difference increases the ratio of gp{q‘)/gAq^} 
by a factor of 1.04.^‘ For »«,* this modifica¬ 
tion and corrections to the Impulse approximation 
|Eq. (16)] are rather insignificant.” 

The dependence on momentum transfer of the 
axial vector form factor may be obtained from the 
Inelastic electron scattering form factor. In this 
approximation we (irst note that from the impulse 
approximation” 

Fpfq‘)3‘{FAq‘ {Fuiq’^hpi, 


^{FAq%rPi,.,*^^^;^FAq‘‘). (191 

>iA 

where FA'f) k weak magnetism nuclear form 
factor that contributes to the vector current In 
the decay N'- N *e *v, and {gp ^g^lSA "'kV 
taken to be independent of momentum transfer 
[ = (1 +3.7)/1.24). For nucleon transitions in which 
the initial and final states have no orbital angular 
momentum, which is approximately the situation 
fur the cases of masses 6 and 12 considered here, 
the orbital contribution vanishes. Thus, Eq. (19) 
yields, for nuclei in which the spin contribution is 
dominant. 

Now the weak magnetism form factor can be rela¬ 
ted to the transverse inelastic electron scattering 
form factor p( 4 ’) measured In the scattering to 
the analog state of N'. Using CVC” Kim shows 
that 


Fa(0) 
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Fjfi) 11 (0) 


( 21 ) 


For £ n’t the Inelastic electron scattering form 
factor can be fitted by the dipole form, from which 
Kim” obtains 


^ _ g2 ^ 2 

FJO) (TT^TmTF • ^ 


( 22 a) 


where 



M^'= 2 . 0 »«/ 

for 'Li-'Be 

( 22 b) 

and 



Af/ =2.6m,'‘ 

for ”C..-”N. 

( 22 c) 


neglect higher order contributions. Thus, to the 
extent that higher order contributions are similar, 
the vertex function ,^( 4 ^), as derived, is actually 
an effective coupling for the initial nucleus chang¬ 
ing to the final nucleus with a pion somehow being 
produced. Thus, the cross sections predicted 
with this vertex function should be more accurate 
than one might initially expect If one were to 
attempt to determine from the p +N~n +N' data 
the physical coupling constant then it 

would be necessary to understand the differences 
in the higher order contributions, both in the 
charge exchange reaction itself and the PCAC 
application. 


Now, taking Eqs. ( 8 ), (9), (16), (17), and (22), we 
obtain for ;?#,#.(?“) 



Without too much reflection one will recognize that 
the important assumption in this argument is that 
the nuclear vertex functions and the weak form fac¬ 
tors all have dependence on momentum transfer 
similar to (n' e‘*'' lw>. 

Although the as.sumptions that were introduced 
to arrive at Eq. (23) are Justified for ‘Li and “C, 
the Justification is not so evident for “N. The 
difficulty lies in the fact that although “N is a 
nucleus, its total orbital angular momentum is 
dominantly L-2 (see Ref. 15). Thus, in Eq, (19) 
the orbital term {f'j,( 4 ’)}„riii„i is not negligible. 

In fact, Goulard el at take the extreme position 
that the spin contribution {h'*( 9 ‘)},,t„ is negligible 
in obtaining the dependence of o" momen¬ 

tum transfer. However, their analysis was inten¬ 
ded for use at larger than we are considering 
since they assume that {F^( 0 )}„i,- 0 , which is 
probably not exact. With no other guide to the 
separation of {f and {F/</‘)}„rti(.i, we use 

Eq. (20) for F,,, along with the functional form of 
Goulard et of.” for We then obtain 

fur mass 14 

£fti4^ = (l -4V25m,’)(l . 

(24) 

li we were to follow the argument of Goulard el al., 
the factor 1 would be changed to 

with the consequence that the />+ ”N-n +”0 cross 
section would vanish in the forward direction. 

it should be noted that Eqs. ( 8 ) and (11), from 
which the magnitude of the vertex functions at tf 
= 0 and their dependence on momentum transfer 
were obtained, were derived by neglecting the 
•tigher order terms in (M' |^lW) and (ft\<p]p')- How- 
it is the case that for p-t-H-n +n' we also 


E. Results 

The comparisons between the predicted and ex¬ 
perimental cross sections at 0 ° are especially 
important since they are independent of the form 
factors. The momentum transfer is approximately 
zero, so that the magnitude of the cross section is 
determined solely by the values of ;f,,,( 0 ) and 
Kit,n‘(0), which are obtained from PCAC. [See Eqs. 
(9) and (12).] In Table 11 the predicted values of 
gf,ri^{0) and those extracted from the data are 
shown, while in Fig. 0, the predicted cross sec¬ 
tions are displayed with the data. 

The sensitivity of the theoretical predictions to 
variations in the ingredients of the calculation is 
shown in Fig. 10. It is clear that absorption is a 
signilicant, yet not an overwhelming, modification 
of the Born amplitudes. Furthermore, the tra¬ 
ditional prescription lor the absorption correction 
yields results that are only half as large as those 
obtained with our prescription, and they are much 
lower than the mass 6 and 12 data. Our treatment 
of distortions yields a reduction in the Born cross 
sections similar to that given by a traditional 



Hu _ I4n 


- a}34 


(c) 


»nS20 SDB20 




FIG, 9. Comparison of our distorted wave one-ploo 
exchange calculation to the measured dllferaitlal cross 
sectloos In the reaction (a) p + 'Ll —s 'Be (ground 
state), (b) p 4 .'kl —n 4 -”N (ground state), and ( 0 ) p 
+ ’*N—s + ”0 (ground state). 
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EIG. 10. Various calculotloDs of the differential 
cross sections. Detailed descriptions of the calcula¬ 
tions appear In the teirt. The curves represent: (a) 
Bom approximation, Including the extraordinary terms, 
(b) Bom approximation, excluding the extraordinary 
terms, fc) UWBA, excluding the extraordinary terms, 
with the distortion modifications made with the (S{ 

prescrtptl<xi used In elementary particle 
physics (Refs. T and 8), and (d) DWBA, excluding the 
extraordinary terms, with the distortion modifications 
Introduced by the authors. Curve (e) represents the t 
or f ’ dependence of Che form factor product 


DWIA calculation.** The validity of our approxi¬ 
mation is discussed in the Appendix. The shapes 
of the cross sections are seen to be rapidly falling 
with angle; about one-half of this decline la due 
to the form factor, with the rest being due to the 
pion propagator. Finally, one sees that If the 
extraordinary terms are left in the Born ampli¬ 
tudes, then the results bear no resemblance to the 
data. 


IV. DISCUSSION AND CONCLUSIONS 

As seen in Table n and Fig. 8, the agreement 
between the theory and experiment is fair for *Li 
and '*C. The 30% disagreement for *L1 (15% Is the 
amplitudes) could be largely due to the fact that 
gftfW determined from the F^(0) value of 
the ‘He p decay, since the Fj^{0) value lor the un¬ 
stable ‘Be is unknown. Other contributions to the 
discrepancy could come from the 7% normaliza¬ 
tion error, uncertainties in the S matrix, and in¬ 
adequacies of the absorption model. It is also 
possible that there are small contributions from 
interactions other than one-plon exchange. At 
any rate, the agreement that is achieved for ‘Li 
and ”C is good evidence that these reactions are 
dominated by one-plon exchange. 

The *‘N case is much different, however. Here, 
the measured cross sections are a factor of 100 
lower than for'Ll, but they are still a factor of 
300 larger than the values predicted from one- 
plon exchange and PCAC. This Is not a failure of 
the model, however, as the model predicts one- 
pion exchange amplitudes, which in this case are 
expected to be extremely small. These ampli¬ 
tudes are so small, in fact, that other mechanism 
which are normally small effects, such as two- 
step process and rho exchange, are no longer 
negligible. Thus, the model is predicting that 


TAfll.K II. The Initial nucleus W), plan (x), final nucleus IN') vertex flinctloo gjwxx'iO) as 
calculated frum nuclear li decay, asaumlng the validity of the modified Goldberger-Trelman 
rclallon. It Is compered to gxviV'iO) extracted from our 0.3° differential cross sections using 
our absorption modified one-plon exchange model, assuming one-plon exchange dominance. 


Tarifel 

N' -N ft 
(sec) 

{Ref.} 

{PCAC} 

ywTW'(O) 

{experiment} 

(mb/sr) 

n 

l.OTe-'lo" 

(42} 

17.8 


13* 

®Li 

8.167 >‘10*’’ 


69.2 

60.9 

13.1 

‘=c 

1.315810' 

{44} 

59.5 

59.9 

5.S« 

'*N 

2.14 810* 

{15} 

0.994 

18.0 

0.13 


^ Extrapolation of 162 MeV data from Ref. 43. 

The ‘He/( value (Ref. 46) was actually used, since the value for the short lived 'Be was 
not known. 
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these are the processes that wlU be measured. In 
that sense, the fact that the cross sections are so 
much smaller than the mass 6 and 12 cases is a 
success of the model. Since this case is a mea¬ 
surement of reactions such as two-step processes 
and rho exchange, it provides an estimate of the 
magnitude of such processes in light nuclei and 
indicates the limits of one-pion exchange domin¬ 
ance. 

The inhibition of one-pion exchange in the 
ft 4 reaction is due to the structure 

of the two nuclei. The nucleus is predomin¬ 

antly a state, whereas the ‘‘*0,... nucleus is a 
combination of 'So and states.'* The '*0 (7.77 
MeV) state, however, is a <1* > 2* state, so it may 
be ‘/)j. Such a state could be obtained from 
by a spin-flip transition, so one would expect it 
to be dominated by one-pion exchange. There¬ 
fore, the similarity of the experimental differen¬ 
tial cross sections for the /)4-‘*N-« + ‘'*0 (7.77 MeV) 
transition to those for the mass 12 case suggests 
that it is dominated by one-(don exchange and that 
the 7.77 MeV state of '*0 is predominantly a 'Do 
state. 

If the differential cross sections for *L1 and ’’C 
were due exclusively to une-pion exchange, then 
they would provide a definitive test of the applica¬ 
tion of PCAC to nuclei. However, if the '''H cross 
sections are interpreted as Interactions other than 
une-pion exchange, which could also occur in the 
‘Li and ‘’C transitions, then the test is obscured. 
One can estimate the maximum effect that this 
background could have on the one-pion exchange 
amplitudes by assuming only one independent 
hellcity amplitude for '*N and that this amplitude 
interferes coherently with the primary amplitude 
uf une-pion exchange at CT. Using 


da" 

this gives I/. (0)1 = 6.27, (0)|=2.36, and 

l/i4u(0)| = 0,^. Thus, the measured cross sec¬ 
tions may deviate from those of one-pion exchange 
and, hence, those predicted by PCAC, by up to 
20*?, for ‘Li and 50% for '*C. If the applicability 
uf PCAC to nuclei is to be tested better than this 
with the data measured here, then the background 
cuntrlbutions will actually have to be calculated. 

Since PCAC predicts amplitudes, we have found 


It to be valid at the 25% level. Based on what one 
has learned about PCAC in particle physics, was 
Uiis expected? Well, even if one firmly believes 
in the validity of PCAC when applied to elemen- 


liry particles such as a plon, one could imagine 

I various complications that could arise when It 
'h applied to a compound system as a whole. The 
bet that these compUcatlonB are so small is re¬ 


markable. Furthermore, there have so far been 
only two Impressive tests of PCAC in the particle 
physics domain, other than the Goldgerger-Trei- 
man relation for which PCAC was created to ex¬ 
plain. These are the Adler consistency condition, 
which Is a relation between the nuclear coupling 
conetant and the pl-nucleon off-mass shell scat¬ 
tering amplitude,** and the Adler-Welsberger sum 
rule, which predicts the weak axial vector coupling 
conetant in terms of off-mass shell |don-proton 
total cross sections.*' Both relations are derived 
using PCAC, and they appear to be valid to 10% 
and 5%, respectively. The test that we have made 
lends further credence to PCAC. 

Since PCAC seems to be valid for nuclei, what 
are its applications? Perhaps its must important 
use would be to help unravel the nuclear force. In 
most nuclear transitions, there are more pieces 
to the interaction than one-pion exchange, and it is 
a complex problem to disentangle and identify the 
pieces. However, for transitions in which the 
final state |3 decay to the Initial state is allowed 
and measurable, the plon contribution can be pre¬ 
dicted from PCAC, thereby simplifying the prob¬ 
lem. 

In conclusion, we find that there are certain 
types of nuclear reactions In which the nucleus 
acts as a filter for the nuclear force, allowing 
only one-pion exchange and reactions which are 
usually a very small component of nucleon-nucleus 
scattering in the forward direction at intermediate 
energies. Of the three cases studied here, ‘Li and 
'*C had large, sharply forward-peaked angular 
distributions, whereas that for f> + '*H —n +'*0,.i. 
was extremely small and gently forward peaked. 
One-pion exchange calculations were made by 
treating the nucleus as an elementary particle. 
When the initial nucleus-piun-final nucleus coupling 
constant was assigned the value predicted by PCAC, 
the results were in fair and good agreement with 
*lii and respectively, but they were a factor 
of 300 lower than the '*N data. If the '*N data are 
taken as a background level to one-pion exchange 
for *Li and '*C, then we have tested the applicabil¬ 
ity of PCAC to nuclei at the 25% level and found it 
to be valid. 
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APPENDIX: DWBA IN MOMENTUM SPACE 

The goal of this appendix la to find a method of 
modifying the Born amplitudes for inelastic scat¬ 
tering to account for the distortions of elastic 
scattering, without the need of complex calcula¬ 
tions. It is hoped that the success of the absorption 
model in elementary particle physics means that 
this is possible, although we realize that the ab¬ 
sorption model must be modified before 11 can be 
applied to a nucleus. The form we use for includ¬ 
ing distortions will be derived in the elkonal ap¬ 
proximation, and the final form is by no means 
exact. Although the derivation will be done in co¬ 
ordinate space, the final result will be written in 
terms that are easily transposed to momentum 
space. 

The general form of the scattering amplitude for 


Since V', does not contribute to the Inelastic scat¬ 
tering, and since it is of no longer range than V, 
it will not contribute to the last expression of Eq. 
(A.5). (If V were of longer range than F,, then its 
effects would be seen after the inelastic scattering 
had occurred, so they would have to be dealt with. 
The absence of this effect is the major difference 
between our calculation and those of traditional 
nuclear physics and is a result of treating the 
nucleus as an elementary particle.) Thus. Eq. 

(AS) becomes 

BWT^"'lb)cf‘b. (A6) 

where Tj""(b) is the Born scattering amplitude 
defined by 

rSr--/r?r(b)rf’*. (A7) 

It would be useful if E(&) could be replaced by 
something simpler than (A 4). Since the value of 
the integral over F, in Eq. (A4) for c >^0 is one- 
half of its value for x °°<>, it seems reasonable to 


scattering from a potential V Is given by* 

(Al) 

where «« Is a plane wave representing the final 
state and y* Is the solution of the SchrOdinger 
equation with potential F representing the initial 
state. We wish to consider the case 

V=V,*V^. (A2) 

where V is the total nuclear potential and F, is the 
potential corresponding to the Inelastic transition 
in question. We will make the DWBA approxima¬ 
tion that the effect of F, on y* can be ignored. 

In the eikonal approximation, one writes* 

y*(F) =«„(f)exp- ^ F,(h, z')dt’ , {A3) 

where V has been taken as being spherically sym¬ 
metric, u is the velocity of the projectile, and 
cylindrical coordinates have been used. If one 
defines 

E(6)=(exp-^/' F,(6,x')dx'\ , (A4) 

then Eqs. (Al) and (A3) give 


(AS) 


I 

use 

E«>)'vD(6)'«, (A8a' 

DWsexp-^ J Vi{b,z')dt . (A8b| 

However, the integral in Eq. (A8b) can be identi¬ 
fied as twice the elastic scattering phase shift for 
the angular momentum corresponding to the impac 
parameter b. This is seen by calculating the 
elastic scattering 5 matrix from Eq. (A3), using 
Eq. (A8b): 

<^|S|n) '/ «J(5, x)y X =«>)rfx<f*i 

= J «*(b,x)«„(b,x)D(6)(fx(f*6 

•»(/9|o>+ J'«j(£,x)«„(£,x)[D(*)-llrfx</*i. 

(A! 

Now, tor small scattering angles. 


7’ii«'=/w|(f)(V,(>') + Vj(r)]u„(f)|exp-^ F,(*,x')(lx'|<f4d’6 

j /?(*)« J(b, x)[ F,(*, z) + F,(i, x)lM„(b, z)dz<f‘b. 
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= fci - k'z cosS - k' slnSi.B 


»(* - fc')a - k'bBinO cos^ , 

(A 10) 

and from Ref. 50, 


J„(l cos 0)» P,(CO80) . 

(All) 

Equation (A9) then gives 




xln( 6 )-l] 6 d 6 d 0 



= iv’6(k-k')J J„(*' 6 8infl) [0(6) - 1 ]6d6. 


(A12) 

Letting 6- l/k and Eqa. (All) and (A12) 

give 

(/?(S - 1 la) = 4jr=a(fc - ft')^ P,(cosfi)lO(6) - 1 \l/H‘ 

2(2J + DP,(case) 

x[d(/A)-11. (A13) 

Equation (A 13), however, la the expression relat¬ 
ing the 5 matrix to the phase .shifts U one takes 
D(lA) = e«‘« = S,. 

Thus, transforming Eq. (A6) to angular momen¬ 
tum space and using Eq. (A8a), one has 

Tb«-'Zs}«t|°7,, (A14) 

Actually, the S matrix depends on the total angu¬ 
lar momentum y as well. Furthermore, Eq. (A14) 
was derived assuming that the elastic scattering 
potential was the same before and after the in¬ 
elastic reaction. Since this is not true for (6,n) 
scattering, one must take an average of the two 
potentials. However, since the resultant S ma¬ 
trices are very similar, the exact method of 
averaging is unimportant. Also, the Born ampli¬ 
tudes are easier to decompose in terms of j, 
whereas the 5 matrices depend on j and 1. An 


exact calculation would decompose the yth par¬ 
tial wave into l=J + i and j components, but 
an unweighted average should be sufficient. Thus, 
we write the scattering amplitudes as 


^ ^ * Ha,i • 

J 

(A 15a) 




(A 15b) 


where S['' (^’') is the elastic scattering matrix 
for the potential corresponding to the Incident 
(outgoing) projectile. 

In order to get an idea of how accurate Eq. 

(A8a) is, consider the case with the largest ab¬ 
sorption, 1=0. If Eq. (A4) Is considered as an 
average of a sum of terms where z ranges from 
-K to A, and the terms are grouped into pairs of 
iz, then the largest deviation from the average 
would be expected to occur fur the pair z 
For z = -R, the term is I, and for z =R, the term 
is S,. a typical value for e-®-***-®*. Using 

this, one has 

i(l+S,„„)‘0.664+ 10.255, (A16a) 

(.S,/, o)'"'0.684 + *0.373. (A16b) 

These terms differ in magnitude by about 13%. 
Since they represent the worst case of the worst 
case, the error in replacing CA4) by >/^may only 
Incur an error of 5% or less. 

It is not clear, however, how much error one 
makes in using the second relation in Eq. (A5). 

It should be a reasonable approximation if V^/v 
is not too large. 

One would also expect to have to satisfy the con¬ 
ditions under which the eikonal approximation is 
valid,” 


IV(r)|»^ . (AH) 


2m 


For the cases considered here, this translates to 


130 MeV»4.2 MeV, 17 MeV» 1.4 MeV , 

(A18) 

so the eikonal approximation is a reasonable one. 
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At a bombanling energy oT 27.2 MeV, complete angular rliatributioiu have been measured for the reaction 
^^Al(a,r/)^*Sj, populating the seven lowest ststes of ^*Si. Data have been analyzed in distorted'Wuve Bom 
approximation, using both cluster and microscopic formalisms. For the latter, transfer amplitudes were 
taken from shell-model and weak-coupling calculations. 

^CLEAB REACTION ”Al<a,d): K-27.2 MeV: measured o(Ee,»), e = 3-169*'j 
**31 levels. DWBA analysis, microscopic and macroscopic. J 


I. INTRODUCnON 

The reaction *’a1(<)i hae previounly been 

studied at bombarding energies of 28.4 MeV' and 
18.7 MeV,’ but data are sparse. At the higher en¬ 
ergy, measurements were performed for only four 
angles in the range 23°-SS" (lab), in Ref. 2, the 
angular range was large enough but data were ob¬ 
tained for only the ground and first excited state. 

The present report concerns an investigation of 
this reaction at a bombarding energy of 27.2 MeV 
and includes data for the first seven states of ”Si 
for an angular range of with additional 

measurements at more forward angles for a few 
slates. A spectrum Is displayed In Fig. 1. Pre¬ 
liminary experimental results have been published 
elsewhere’; differential cross sections are tabu¬ 


lated in Ref. 4. Data have been analyzed In the 
framework of distorted-wave Born approximation 
(DWBA) using both microscopic and macroscopic 
formalisms. 

II. EXPERIMENTAL PROCEDURE AND RESULTS 

The measurement of the differential cross sec¬ 
tions was carried out at the R-7 cyclotron of the 
Institute of Nuclear Research in Kiev. The geom¬ 
etry of the experiment, monitoring technique of 
the incident beam, and the method of absolute cross 

TABLE I. Results of "Alfa, iO”si. 


a (mb) IT (mb) 

e, (MeV) J' 10"-90ic. m.) 90*-160'(c. m.) L Si * 



no. 1. Spectrum of the reaction ”Al(o,<l)”Sl, at a 
'wmbardlng energy of 27.2 MeV and a laboratory angle, 
of .10". 
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section determination are identical to those which 
were published earlier.^ The deuterons (rom the 



00 m (deg) 


reaction ''Al(a ,d)*'si were detected by a set ol 
Sl(Li) counter telescopes. The thickness o 
the AE detectors was about 300 pm and the thick 
ness o( the £ detectors about 1500 pm. At anglec 
less than 00° (lab) Ta or Mo absorbers were plac 
before the AE detectors to cut oil the elastically 
scattered alphas. 

Angular distributions were measured In 3° step 
in the angular range of 3°-169°(lab) for the grout 
state and first excited state, and from 9°-ld9'’ fc 
other levels. Spins and parities of these states a 
listed in Table I. Experimental angular distribu¬ 
tions are displayed in Fig. 2, The experimental 
errors are the weighted mean values of the stalls 
tical errors of several measurements. The unce 
tainty In the absolute cross section Is *7%. 

Two features of the experimental angular dis¬ 
tributions are immediately apparent. All angular 
distributions are forward peaked, indicative of a 
direct reaction mechanism. However, with in¬ 
creasing excitation energy the ratio of backward 
forward angle cross sections Increases as illus¬ 
trated by comparing the angle-integrated cross 
sections from 10 -90'’ (c.m.) and 90°-160° (c.m.) 

(Table I). Another feature of the angular distr ibutio 
is their rather smooth oscillatory structure at bo 
forward and back angles. 


ill, ANALYSIS 


Experimental angular distributions were first 
analyzed with the assumption that the (a,d) re¬ 
action proceeds by the transfer of a proton-neu¬ 
tron correlated pair, i.e., a quasideuteron cluste 
Neglecting the spin-orbit interaction In the exit 
channel the theoretical cross section may be writ 
ten as® 


do ZJ„ -I 1 
rf n ~2Jj, +1 


LSJ 




(1 


where Jjt and Jg are the spins of the target and r 
sidual nuclei respectively; L, S, J, are the or¬ 
bital, spin, and total angular momentum trans¬ 
ferred to the target nucleus, and Oisjlff) is the 
DWBA cross section. All angular momenta are 
related by the obvious selection rules for one-st 
"single-particle” transfer. If both ”a 1 and “Si 
are deformed in their ground states an additiona 
selection rule is present; 


FIG. 2 Experimental angular distributions for 

compiired with cluster-transfer DWBA 
curves calculated usint; uptical-modol and bound-state 
(>arameter set fC listed (n Table II. Admixtures of dif¬ 
ferent L values arc listed in Table 1. 


where fl, fes> ttnd kj^ are the projections of J, J. 
and Jg on the symmetry axis of the correspondi 
nuclei. This restriction will suppress some al- 
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TABI£ n. OpUoal-model parameters used In analysts of llAl(a ,d)”SI Istrei^ths In MeV, 
lenetfas In Ctm)J. 


Lidhal 

Channel 

V 


a 

w 

W'-iW. 

’'o 

a' 

AT* 

*’a1-ki 

196.5 

1.30 

0.630 

24.3 

a 

1.30 

0.63 

JT* 

K 

"st + d 
d bound 
state 

102^ 

varied 

1.175 

1.175 

0.585 

0.400 

0 

88.0 

1.25 

0.68 

AB‘ 

’’Al-t-a 

228.0 

1.366 

0.557 

23.3 

0 

1.2-12 

0.557 


bound 

state'* 

98.1 

varied 

1.127 

1.260 

OJ348 

0.600 

0 

59.5 

1.394 

0.655 


'Reference 10. 
^Reference 11, 
‘^Reference 12. 


"inctuded Thomas spin orbit with 25. 


lowed L transfers if the strong-coupling model is orbital 8) containing the 1.273-McV(}’}, 3.067-MeV 
miportant for the description of the excited states (V) and 4.080-MeV(^') slates; and (3) h'band 

ol ‘‘Si. It has been suggested’ that the low-lying (Nilsson orbital 10) containing the 3.623-MeV(|''') 

Levels of “Sl may be explained as members of level. Under these assumptions, /. -0 transfer is 

three rotational bands: (1) K' = baml (Nilsson prohibited for the 2.02B-McV(y) and the 2.425-MeV 

orbital 9) containing the g.s.( 2 *), 2,028-MeV(2*) (.’*) states it we assume K'- J* for the ground state 

and 2.425-MeV(r) states-, (2) band (Nilsson of *’Al. 


TABLE m. Two-nueleon tranafer amplitudes for ^’Al —“si IRuf. 111). The aymbols d, », 
if' denote Idj/j, and Irf^/,, respcottvelv._ 


E. 


J 

d- 

s* 


(is 

dd' 

S(1 * 

0.0 

1* 

Y 

2 

0 

0 

0 

+0.7532 

0.0327 

+0,1780 



3 

0.3549 

0 

-0.0359 

-0.7481 

0.0798 

0.0 

1.27 


1 

-0.1766 

-0.3600 

0.0752 

0 

0,3704 

-0.0515 



2 

0 

0 

0 

+0.0485 

-0.513G 

+0.1474 



3 

-0,0613 

0 

-0.0416 

+ 0.0371 

0.6107 

0 



4 

0 

0 

0 

n 

-0.7022 

0 

2.03 

f 

1 

-0.1267 

0.3267 

-0.0508 

0 

0.0047 

+ 0.0121 



2 

0 

0 

0 

-0.1623 

0.0159 

-0.1146 



3 

-0.1819 

0 

0.0050 

+0,0178 

0.0023 

0 



4 

0 

U 

0 

0 

0.0027 

0 



5 

-0JJ43fi 

0 

0 

0 

0 

0 

2.43 

s* 

f 

1 

-0.0890 

-0.4918 

0.0600 

0 

-0,0697 

+0,1517 



2 

0 

0 

0 

-0.0.306 

0.1345 

-0.3153 



3 

0.0165 

0 

0.0227 

+0,0729 

-0.2076 

0 



4 

0 

0 

0 

0 

0,0765 

D 

3.07 

f 

1 

0.0132 

0.2834 

-0,0599 

0 

0.1022 

-0JS207 



2 

0 

0 

0 

-0.0630 

-0.0534 

+ 0.3063 



3 

-0.0921 

0 

-0.0464 

-0.0513 

0.0406 

0 



4 

0 

0 

0 

0 

0.0948 

0 



5 

-0.1169 

0 

0 

0 

0 

0 

4,08 

t; 

1 

-0.0166 

0.0144 

0.0750 

0 

0,0429 

+0.1463 


2 

2 

0 

0 

0 

-0.0366 

-0.0762 

-0.2449 



3 

-0.0180 

0 

0.0986 

+0.0160 

0.0773 

0 



4 

0 

0 

0 

0 

-0.1107 

0 



5 

0.0168 

0 

0 

0 

0 
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ncl. 3. Knmc as Fij;. 2 hut compared with mlcro- 
Rcoplc OtVlsA curves c.alculated with potential set A 5, 
Dl of Tabic If. Curves arc labeled wllh LSJ values. 


The reduced differential cross section Ols,{8) 
was computed with a computer code.' The factors 
Am in Eq. (1) are related to the “spectroscopic” 
factors S^j of the quasldeuteron states In the final 
nucleus: \Alsj/°-Sij. 

Initially, the sensitivity of the OWBA calculation 


to the choice of parameters was studied. Ttiese 
parameters are the geometrical parameters of the 
bound state of the quasldeuteron in the residual 
nucleus and the optical potentials In the entrance 
and exit channels. The ground state transition is 
most favorable for this investigation; (1) The os¬ 
cillatory pattern is more pronounced than in the 
other states, and (2) the number of different ang¬ 
ular momentum transfers allowed is smaller than 
for the other states (Table I). The bound-state 
wave function was calculated in a Woods-Saxon 
potentiai well with the assumption that the trans¬ 
ferred neutron and proton are moving as a single 
body (quasldeuteron) with principle quantum num¬ 
ber S and orbital ar^ular momentum t . These 
quantities are related by = if we consider 

only the 2s -W orbitals in *‘si.’ 

The depth of the bound state potential well was 
found by requiring that the binding energy e, of the 
quasldeuteron in the state of excitation energy EJ 
be equal to the separation energy ol a deuteron 
from that state of '*Si. This requirement is not 
sufficient to determine a unique set of parameters 
V, r,, and a, but rather defines an infinite set of 
bound-state potentials. The depth of the potential 
Vo is strongly dependent on ro and weakly related 
to a. The choice of these parameters substantially 
Influences the shape of the theoretical angular 
distributions. This fact was used to determine 
empirically r, and a. The best fit to the ground 
state angular distribution was found for ro = 1.175 
fm and a >=.0.40 fm. The angluar distributions for 
the other states were then analyzed with the same 
bound-state geometry. 

A four-parameter Woods-Saxon potential, with 
volume absorption, was used for the entrance 
channel. The parameters V, W, rg, and a were 
found from an analysis" of the elastic scattering 
of 27.2 MeV alpha particles on ''Al and are listed 
in Table 11. The deuteron potential is from Ref. 11 
Results of these DWBA calculations are shown in 


TABLE IV. Normalization factors from microscopic 
DWBA calculations. 


B, (MeV) 

J’ 

lO-*) 

Shell model Weak ooxiplinff 

0.00 

f 

8.4 

8.4 

1.27 

f 

11 

27 

2.03 

f 

20 

6.6 

2.43 

V 

10 

4.0 

3.07 

f 

23 

7.8 

4.08 

7* 

7 

39 

13 
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TABIiEV. Weak coupllat; amplitudes for ^'aI**81. 


s; (MeV) 

j' 

Assumed 

conflguratloo 

J 

Amplitudes 

0 

r 

0'*ii9 2si/j 

2 

-0.n455(l</,yj)(2sj/i) 




3 

0.703a(ld5,3)(2si/,) 

1.27 



1 





2 

0.45G4 




3 

-0.5401 




4 

0.6124 

2.03 



1 

O.B416(2s,/j)*-OJll«arfs/j)(2»i/2) 




2 

0.4409 (lrfj,j)(2ii,,j) 

2,43 

3* 

T 

2‘«2«,/j 

1 

0 Ji400(2s, /, )* + 0 J 572 ( Wj/, ) (2sj /2) 




2 

0.4050 (lrfj/2)(2s,/3) 

3.07 

6* 

T 


1 

-0.4S50(2s,/,)(lrfj/j)-0.2422arfj/,)’ 




2 

0 .6« .59(2s, , j) (Irfj, j ) - 0.0.589 (Irf,„ 




3 

0.4107 (l</,/j)’ 

4.08 

r 


1 

0.0(2s, „) + 0.2041 (bl, /,)» 




2 

0..5144(2s,„)arfj„) - 0.3535(l</j/,)* 




3 

0.0(2s,/j)(lds/j) +0.353G(lrf,/,)I 


Fig. 2, 

The macroscopic selection rules for the ground 
state permit the transfer of two values of angular 
momentum, i = 2 and 1=4. However, the con¬ 
tribution of 1 = 4 to this transition is found to be 
negligible and the ground state can be fitted by a 
pure 1=2 distribution. 

In contrast to the ground state, the excited states 
can be fitted only by mixing different 1 values. 

The theoretical distributions for 1 = 0 and 1=4 
have oscillations which are out of phase with the 
1-2 distribution so that their mixing produces a 
relatively smooth curve In accordance with the 
data (Fig. 2). For angles <'70 ' (c.m.) the fit Is good 
lor levels of the supposed ground state rotational 
band (K — 2 ). The transitions corresponding to the 
band 11.273(1'), 3.067(1'), and 4.080(f)l are 
nut fitted as well at forward angles, possibly in¬ 
dicating a different bound-state geometry for each 
’ rotational band. The back angles are consistently 
I underpredicted by OWBA with the difference bi¬ 
asing with Increasing angle. If one assumes 
this is due to compound nucleus contributions 
luslvely, then the compound reaction contrl- 
ion for the ground state and six excited states 
1^116 41%, 36%, 52%, 47%, 54%, 58%, and 
respectively. This very crude estimate from 
integrated cross sections should be regarded 
an upper limit only. 

nnong all of the excited states studied only the ’ 
23 MeV level has negative parity (f). The ang- 
r distribution of this state looks very similar 


to the data for the 4.08 MoV state. This may be 
partially explained as the consequence of similar¬ 
ities in the forward angles of Z. =2 and 3 and L 
mixing. For the mixing of L =1, 3, and 5 there 
is considerable discrepancy between the DWBA 
predlcMons and the experimental data for angles 
e(c.m.) 20“. 

For the microscopic analysis, we have used the 
well-matched set of optical model parameters 
PI-A5 from Ref. 12 (in order to minimize finite- 
range effects), and two nucleon transfer ampli¬ 
tudes from a shell-model calculation. These am¬ 
plitudes (Table Ill) have given a reasonable ac¬ 
count of data for the *^Al(’He,/>)*®Si reaction.” 
Cross sections were calculated with the two nu¬ 
cleon transfer options of the code dwvck,” using 
the half-separation energy technique for binding 
energies. Experimental cross sections were re¬ 
lated to theoretical ones through the expression 


o.„(e)=N 


2J,+ l 

2J,+ 1 



Theoretical curves for different LJ transfer 
were added together in the ratio required by the 
shell-model amplitudes, and the summed cross 
section then arbitrarily normalized to the data 
(Fig. 3) to get the normalization factors, S, listed 
In Table IV. The fits are generally quite good. 
They underestimate the back-angle cross sections, 
but not to such an extent as the cluster calcula- 
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FIG. 4. Theoroticul iinguiiir (Ilstrlhutlone for 

uHlni; two-nucloon frnnsfcr .'implitudcs from 
shell model (solid) and weak couplInK (dashed). 


tiODS. 

We have also calculated transfer amplitudes in 
a weak-coupling picture, in which states of **Si 
are considered to be neutron slnKle-partlcle states 
weakly coupled to the ground and first excited 
states of **Si. For ”Al-'*^i(0'), the amplitude is 
pure whereas for “'Al-**Si(2’), it is a mix¬ 
ture of I =0(2k|/2) and I — 2 (assumed Id]/]). For 


TABLE VL Cluster.^lasfar amplttuxles. 


J (*y)i(sfj)i L-0, S-1 


Amidltude 

L’‘2, Sal La4, Sa 


1 

Od,/,)* 

0.353 

-0.189 

0 


(Id,,,)’ 

-0.189 

0.353 

0 



-0.633 

-0.240 

0 


(2s,/.Kid,/,) 

0 

-0.882 

0 


(2s,/,)» 

0.745 

0 

0 

2 

tldt/j)(2s,/,) 

0 

0.558 

0 


(2s,/,Kid,/,) 

0 

0.683 

0 


(ld,/,>0d,/,) 

0 

0.471 

0 

3 

<W,/,)* 

0 

0.370 

-0.151 


ad,/,)* 

0 

-0.062 

0.907 


ad,/,Kid,/,) 

0 

-0.285 

-0393 


(ld,/,K2sj/,) 

0 

0 382 

0 

4 

(ld,/,)(ld,„) 

0 

0 

1.0 

5 

ad,/,)* 

0 

0 

1.0 


these amplitudes we use the ratio of f = 0 to 2 = 2 
spectroscopic factors measured” in”Al(d,n)*'Sl(2 


i>'(2=0) 

S(2-2) 


= 2,4 


givingi4(2si/2) = 0.84, A(ldj/ 2 ) = 0.54. Resulting 
two-nucleon amplitudes are dispiayed in Table V. 

This is probably not a good description of the 
states of ”Si, In fact, the transfer amplitudes 
calculated from weak coupling (Table V) show 
marked differences from the shell-model ones 
(Table IQ). Nevertheless, the calculated cross 
sections for the two sets of amplitudes are re¬ 
markably similar (Fig. 4). It thus appears that a 
weak coupling description contains most of the 
essential features. 

Finally we have computed cluster transfer spec 
troscopic factors from the microscopic two-nu¬ 
cleon amplitudes using SU(3) coefficients” listed 
in Table VI. These cluster spectroscopic factors 
are compared with those extracted from the clus 
ter-transfer analysis in Table VQ. Except for 
certain L =4 transfers, the ratio of experimenta 
to theoretical spectroscopic factors is roughly 
constant at about 8 plus or minus about a factor ' 
two. The large deviations for Ls=4 may be coo- 
nected with the fact that this shell-model calcul¬ 
ation does not correctly reproduce the degree ui 
a Idt/i shell closure at ’'Sl. 

Finally, in Fig. S, we display the experimenta 
angular distribution for the -f* state at 3.62 MeV 
and microscopic DWBA curves for L = l, 3, am 
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TABU VQ. ComparlKHi of lhaorctlool and experimental duster apeotrosixqilc teotors for 



J' 

L 

s 

J 

Stsjfth)* 


SpCexp)' 


0.0 

r 

2 

1 

2 

0.2776 

0.6716 

4.2B 

4.61 



2 

1 

3 

0.5939 






4 

1 

3 

0.0138 

0.0138 

0.0 



1.27 \ 


1 

1 

0.2940 

0.2940 

0.90 

3.06 


2 

1 

1 

0.0061 





2 

1 

2 

0.1368 

0.1944 

1.62 

8.33 


2 

1 

3 

0.0515 





4 

1 

3 

0.0720 





4 

1 

4 

0.4931 

0.5651 

0.44 

0.78 


2.U3 

i* 

0 

1 

1 

0.0435 

0.0435 





2 

1 

1 

0.0002 






2 

1 

2 

0.0363 

0.0436 

D.4B 

11.01 



2 

L 

3 

0.0071 






4 

1 

3 

0.0010 






4 

1 

4 

0.0 

0,1191 

2.76 

23.17 



4 

1 

5 

0.11B1 





2.43 

t 

0 

1 

1 

0.1385 

0.1385 





2 

1 

I 

0.0358 






2 

1 

2 

0.0875 

0.1233 

0.71 

0.76 



2 

1 

3 

0.0 






4 

1 

3 

0.0099 






4 

1 

4 

0.0059 

0.0158 

2.70 

ni 


3,07 

f ® 

1 

1 

0.0302 

0.0302 

0.41 

13.58 


2 

1 

1 

0.0592 





2 

1 

2 

0.0397 

0.0989 

0.89 

9,00 


2 

I 

3 

0.0 





4 

1 

3 

0.0019 





4 

1 

4 

0.0090 

0.0246 

0.31 

12.6 


4 

1 

5 

0,0137 





4.08 

T* 

0 

1 

1 

0.0010 

0.001 

0.0 




2 

1 

1 

0.0219 






2 

1 

2 

0.0230 

0.D43 

0.70 

14.80 



2 

1 

3 

0,0024 






4 

1 

3 

0.0038 






4 

1 

4 

0.0123 

0,0164 

1.16 

70.7 



4 

1 

5 

0.0003 ' 





°ITom Table I. 
*R» Sflnpl/Sxfth). 
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FIG. a, Kxpcrlmental angular distributions for the f-' 
stale at 3.02 MeV compared with microscopic DWBA 
ourves for f. -1, 3, and S. 


S. A combination ot the allowed L values can give 
a good account of the data up to about 00°, but tor 
larger angles the DWBA curves tall below the 
data, as was the case tor positive-parity states. 

In conclusion, both cluster and microsct^lc 
DWBA calculations give reasonable accounts of 
the data for the reaction *'Al(a ,d), although both 
fail to account for all the measured back-angle 
cross sections. Two-nucleon transfer amplitudes 
calculated in weak coupling give results similar 
to those obtained from a shell-model calculation. 

We wish to acknowledge financial support of the 
National Science Foundation. One of the authors 
(V. V. T.) is grateful for the support of a Ful- 
brlght-Hayes scholarship. 


*On lonvo from Inatltuto of Nuclear Research, Academy 
of Science of the Ukrainian SSR, Kiev, ITS.SR. 

'S. Kakigl, J Phyn. Sac. Jpn. 1967 (1965). 

*B. B. Srlvaslava and O. E. Johnson, Phys. Rev. 166 , 
1083 (1968). 

*0. K. Gorplnieh, Vu S. Stryuk, and V. V. Tokarevskt, In 
The Program and Abstracts of XXII] Meeting on Nu¬ 
clear Spectroscopy and Atomic Nucleus Structure, 
Nauka. WS, p. 307. 

^O. K. Gorplnieh, Yu S. Stryuk, V. V. Tokarevskl, and 
V. N. .Shcherbin, Institute of Nuclear Research of the 
Academy of Sclenoe, Ukrainian Soviet .Socialist Repub¬ 
lic, Report No. KIYnI-76-37. 

V. Alekseev ft al., Izv. Akad. Nauk SS.SH Sor. Fix. 

32, 1726 (1968). 

*G. R. Satchlcr, Nucl. Phys. I (1968). 

'a. a. put, R. II. .Sper, R. V Elliott, and J. A. Kuehner, 
Can. J. Pliys. 49, 1203 0971). 


*V. V. Alekseev, V. N. Polanski, K. O. Terenotskl et al 
Slzvestia AN USSR, Ser. Fix. M, 194 a070). 

‘T. a. Brody and M. Moshinsky, Tables of Transforma¬ 
tion Brackets, Mexico, 1960. 

'^u S. Stryuk and V. V. Tokarevskl, In the Program an 
Abstracts of XXI Meeting of Nuclear Spectroscopy and 
Atomic Nucleus Structure, VII, Nauka, Leningrad, 
1971, p. 85. 

“Report of IF AN UKRS.SR, Kiev, 1970, O. F. Nemets, 
editor. 

“j. R, Comfort, H. T. Fortune, J. V. Mnbor, and G. C 
Morrison, Phys. Rev. C^O, 2399 (1974). 

“H. Naim, T Mozgovoy, R. Bass, and B. H. Wlldenthal 
Nucl. Phys. A1B2 . 417 (1972). 

“p, D. Kunz (private communication). 

“W Bohne ef of., Nucl. Phys. A131 , 273 (1969). 

“M. De Uanoelal., Nucl. Phys. 379 a 965). 




rHVSICAL EEVIEW C 


VOLUME 21. NUMBER 6 


JUNE 1980 


Finite range dlatorted-wave Bom approxlmatioa analyele of reactlona with a realletk 

triton wave function 

M. F. W«by and M. R. Strayer* 

Dtpartmmi ^ PHyOct, Ttxax A iiU Vniumtty. CoUegt SialioH, Ttxai 77843 

M. A. Nagarajan 

Dambury Laboratory, Darabury. Warriitgloa WA4 4AD, England 
(Received 23 luiy 1979) 

Exact finite ranie diitoited-wave Born eppraximatun enelyei* of the (roand Mate reactiona 
”l9)(p./)"‘Pb and '*(Xp.>)'*0 are pieaented. The calculations are carried out iisin| a realntic triton wave 
ftinctioa compriaiiig a apatitlljr aymmetric S and mixed symmetric S' and D states. The transfer 
interaction is treated consistently with the interaction used in obtaining the triton wave function. The uae of 
a realistic wave Amctian and tiansTer potential yields improved agreement between experimental and 
theoretical angular diatributioiis. Ca l cu l a ti ont using the wave function of the transferred neutron pair 
suggest it is possible to explain both the absolute magnitude and shape of the angular distribution for these 
transitioiia. 


^NUCLEAR REACTIONS (/>,<), dintorted-wave Bom approximation analyses. 


I. INTRODUCTION 

The two nucleon transfer reactions (p,t) and 
(t,ji) are enormously rich and useful processes 
for the understanding of nuclei as is demonstrated 
by the vast amount of experimental worii in the 
area.' Despite the great amount of experimental 
work, the theoretical development is far from 
complete. The zero-range distorted-wave Bom 
approximation (DWBA) is usually employed’’’ in 
analyzing data of angular distributions. Unfor¬ 
tunately zero-range analyses can only predict 
ipes of angular distributions with arbitrary 
rmalizatlon introduced to fit absolute magnitudes 
data. Although these analyses can often suggest 
' orbital angular momentum being transferred, 

7 are not a useful tool In studying nuclear wave 
ictlons vdiich differ by two neutrons. Such wave 
ictions are seldom made up ot pure configura- 
ns but are composed of linear combinations of 
'mentary configurations whose amplltudee add 
lerently in yielding angular distributions. The 
nae superposition of elementary configurations 
xiuces the strong correlations responsible for 
.ermlning the collective properties of the nuclear 
ve functions. For most cases studied'' the 
^s of angular distributions are not sensitive 
the individual configurations employed. Thus 
order to properly assess nuclear collectivity 
>01 (p,t) and (t,p) proceesee one must use a 
!ory which can predict absolute magnitiaies of 
eular distributions. 

^e present exact finite-range DWBA calcula- 
which predict both absolute magnitudes 
i shapes of angular distributions. Our work 

21 


differs from earlier finite-range {p,t) studies’'"’ 
in several important ways. A fully realistic tri¬ 
ton wave function is employed comprising a state 
of symmetric orbital permutation symmetry and 
total orbital angular momentum zero (S state) 
and two states of mixed orbital permutation sym¬ 
metry having total orbital angular momentum 
zero and two respectively (S' and D states). A 
type of consistency is maintained wherein the 
realistic two-body potential used in calculating 
the triton ground state Is also the interaction 
causing the transfer. This feature is essential for 
reliable predictions'' of abB<dute magnitudes of 
angular distributions. Our method employs a 
modification of the half-separation energy method 
for obtaining neutron pair wave functions, but can 
easily be extended to include wave functions de¬ 
rived from any method. Preliminary results'’’'’ 
of our theory demonstrate a systematic agreement 
between theory and experiment for the gnnmd 
state transitions "\3(p, t)'‘0, “"Pb(p, I)”"Pb, 
and ”Zx{t,p) "Zr which la a significant Improve¬ 
ment on the previous finite-range calculaticms. 

It should be emphasized that the spatial part of 
the two-neutron wave function employed throughout 
is a modification of the standard half-separation 
energy method. Our endeavor has been to focus 
on the development and Improvement of the transi¬ 
tion interactions and the three-body wave func¬ 
tions. However, our formalism, as described 
below, is sufficiently general to accommodate any 
neutron pair wave function. 

In Sec. U we briefly outline the conventions fol¬ 
lowed in obtaining the exact finite-range DWBA 
amplitude, the form factor, and the three nucleon 
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fig. 1. The coordlaate system for the reaotfon 

The three linearly Independent vectoj' coot- 
dlnates appearing In the DWBA amplitude arc r^^, Vt e, 
and r. The form 1acb>r Is a funetfon of the two vector 
coordinates R, and R^. 


wave functions. General selection rules for both 
natural and unnatural parity transitions are given 
in Sec. III. Results are reported for the reactions 
'•O(l>.l)''to(0*g.s.) and *“Pb(/).<)’"Pb(0^g.8.) in 
Sec. IV. Section V summarizes the major con¬ 
clusions of this work. 


If. EXACT FlNrrE-RANGE DWBA AMPLITUDE 

Consider a reaction A (with coordinates as 
shown in Fig. 1. Following the usual convention in > 
finite-range OWBA,*’ we chose the vectors r^^,, ' 

and r as the three linearly indepemlent vec¬ 
tors. and r,£ are the initial and final channel 
vectors designating, respectively, the position of 
the proton relative to the target and the position 
of the triton relative to the residual nucleus, r 
is the relative separation of the two neutrons 
transferred in the reaction. The finite-range am¬ 
plitude is obtained by evaluating a nine-dimensioii- 
al Integral over the above three vectors. Usually, 
this task is separated into two parts. A form fac¬ 
tor Is first evaluated by integrating over the vec¬ 
tor r yielding a function of the vectors and R^, 
and is characterized by several angular momenta 
some of which contribute coherently and the othere 
incoherently to the cross section. The method of 
Austem et alX' is used to transform the form fac¬ 
tor to a function of the channel vectors r^^ and 
and the remaining six-dimensional integration is 
then carried out using a suitably modified finite- 
range single particle transfer computer code. 

The DWBA transition amplitude is 


7(E„£,) 




y.{J, r,MpMr, 

where and ♦f/ are the elastic scattering wave 
functions in the initial and final channels, respect¬ 
ively. ip and i, are the Initial and final chaimel 
momenta. The quantum numbers T./Vf,Afr with 

the appropriate suffixes denote the total angu¬ 
lar momentum, the Isospin, and their respective 
z -components of the corresponding nuclei A,B or 
triton. Op and t, are the z -components of the 
spin and Isuspln of the proton. ^ is the Jacobian 
of the transformation to the coordinates ?, ?„ ^ 

[(yff)] ’ ^ ^ " T,; . 7-, M, r„ I V| J /r* M*, 


; a,(r»^) , (j) 


and r^^, i.e., 

3=(A/A + 1)’(|)’''= . 

The constant KJ) is a normalization factor 

for the direct (p, f) amplitude arising from the 
antisymmetrlzation of the initial and final states 
of the system. 

Following Satchler,*' we express the nuclear 
matrix element in (1) as 

ry<^prp} 


LSJ 

where we have assumed that the transfer interac¬ 
tion is spin Independent. . 5s) is the 

two-neutron transfer form factor characterized by 


zXT.Mtp 1-11 -0,1 AW. 


I ^ 

tbe orbital, spin, and total transfer angular mo¬ 
menta L, S, and J which contribute incoherentlf 
to the cross section. is the z -component of 1' 
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bithe analyses presented in this paper, the 
transfer Interaction which in the prior form is 
given by 

= (3) 

l.e.; the sum of the interactions of the proton with 
the two neutrons being transferred is replaced 
by (e, -K - Vj,), where e, is the triton binding 
energy, K the triton kinetic energy operator, and 
r,j the neutron-neutron interaction. One should 
note that for a realistic interaction in¬ 

cludes partial waves from the triplet even chan¬ 
nels and hence have contributions from the short 
range JV-fv tensor force. These terms are in 
princii^e more complicated to evaluate. Whereas, 
r,„ the neutron-neutron Interaction, is diagonal 
(or all the two-body channels considered and much 
simpler in structure. The above replacement is 
justifiable provided one uses the same interaction 
to calculate the internal state of the triton. We 
have used the triton wave function of Strayer and 
Sauer,who obtained it as a variational eigen¬ 
function of a three-body Hamiltonian with the 
Reid‘" soft core potential. We use the variational 
binding energy for e, and the Reid soft core po¬ 
tential for V„. The triton wave function of Stray¬ 
er and Sauer*’ primarily consists of a spatially 
symmetric 6 state, and mixed symmetric S' and 
U states. The other components of the triton wave 
function have negligible amplitude. The classi¬ 
fication of the states used in the description of 
the triton wave function is given in Table 1, along 
with the variational binding energy and the rras 
charge radius. The ware function Is obtained 
varlationally as a linear combination of harmonic 
oscillator functions which refer to the internal 
coordinates of the triton r/VZ", V273 R,. The de- 


TABLE I. Classification of basis states and ground 
>ate properties of the triton using the wave function of 
let. 17. 


State 

Percent 

wave function Lt 

1^1.1 

Iri) 


89.8 0 f 

l3l 

Ull» 

S' 

1.4 0 t 

121) 

(211) 




(121) 

D 

8.8 2 f 

121] 

(211) 

E, 

-6.7 MeV (rdiV‘'’-l-85 fm 
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tails of the wave function are contained in the 
paper of Strayer and Sauer*’ as well as in Ref. 4. 

Following Glendenning,”’ we define the general¬ 
ized two particle fractional parentage coefficients 

X JaTa Mj, Mr^l Jj, Jj, . (4) 


and expand the two-neutron pair urave function in 
a comidete set of antisymmetrized product of 
single neutron wave functions. In the actual cal¬ 
culation, we used the two-neutron amplitudes 
p(| ) obtained by shell model calcula¬ 

tions and used the half-separation energy method** 
for the radial wave functions of the two neutrons. 

The final expression of the form factor is 




=(»)^ E 




xgA.tn, JSi 

LflgtlSJ * * * 


. (5) 


where L,, and are, respectively, the 

orbital angular momentum, orbital permutation 
symmetry, and spin of the triton. L, and Ig are, 
respectively, the orbital angular momentum of 
the proton relative to the c.m. of the two neutrons 
and that of the residual nucleus B relative to the 
c.m. of the two neutrons. The angular momenta 
Lp, Lg, L,, and S, contribute coherently to the 
cross section. Hence, it is easier to sum over 
their contributions as in (5), In reality, Eq. (Si 
contains an additional sum over /, the relative or¬ 
bital angular momentum of the two neutrons. This 
sum has already been performed and Is implicit In (5). 
The detailed expression for 9\‘ esn be ob- 

UQned from Ref. 4. 

The differential cross section is given by 


^ --Mil— It 
da ~ *, 



( 6 ) 


where the reduced amplitude is defined as 
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(7) 


The aroplitudes computed for fixed 

values of L, a, J, and the allowed 

components are summed in the appropriate man¬ 
ner to compute the cross section. 

III. StLECTION RUL13 

The selection rules for {p,t) reactions using 
realistic triton wave functions that include mixed 
symmetry components have been reported in Ref. 
20 and may be derived from the form factor. An 
additional constraint on the selection rules is that 
is even as a consequence of the antisymme¬ 
try of the two transferred neutrons where I is the 
relative orbital angular momentum and ^>',2 the 
total spin of the two-neutron sybsystem. For a 
triton wave function composed of only a symme¬ 
tric ^ state one has ^^ = 0 and t even. Most sim¬ 
ple wave functions allow only 1 = 0. For triton 
wave functions that contain mixed symmetry com¬ 
ponents It is possible for ^', 2 ° 1 and for 1 to have 
odd values. 

If and tg designate the intrinsic parities of 
the states of the target and residual nuclei A and 
B, respectively, then natural parity transitions 
are those which satisfy the condition 

while unnatural parity transitions satisfy the con¬ 
dition 

• 

The selection rules for each component of the tri¬ 
ton can be obtained from the following equations 
and are given below. 

Sj.j ~ I,, * s, 

(-1)'*®'-= = 1, 

.T = LfS,.„ 

( 8 ) 

L ^ +■ Ijj y 

“^12 * 2 • 


f--- 

A. Symmetric S iMIe 

For this State we have Z., = 0, S, = i, and Sj, = 0. 
From Eq. (8) we therefore have S=0, and 

i. =J. The parity change Is given by the relation 

Ai = *(-!)'■“’s • 

However, since I Is even for this case, then At 
= (-1)'^*. Now lor 1*0 we have that 1 ^ = 0, I -Lg 
=J. Thus An * (-1)^ and for 1 = 0 one can only have 
natural parity transitions. However, If 1*0 one 
has Av = (-1)I7.»TI and unnatural parity transitions 
can occur with a leading term corresponding to 
1 = 2 . 

B. Mixed symmetTy S xUle 

The mixed symmetry component of the triton 
can have S,, =0,1. For S,j = 0 the selection rules 
are the same as for the symmetric state. For the 
.9u = l component, one has 2 = odd, and As 
= -(-1)'’*. Thus unnatural parity transitions are 
possible with a leading term corresponding to 
2 = 1 . 

C. Mixed synunelry D (Safe 

Here the total Intrinsic and orbital angular mo¬ 
mentum of the triton are S, = i and i, = 2, re¬ 
spectively. Thus = 1 and 2 will always be odd. 
Therefore, this term can contribute to both nat¬ 
ural and unnatural parity transitions with the 
leading component corresponding to 2 = 1. 

For a fixed angular momentum transfer J one 
can have values of orbital angular momentum 
transfer subject to the following conditimis; 

I J S. X,* I J + Aijl 

and 

lLg~L,hL^lLg-i-Lgl. 

The conditions on Lg are 

where 2,^ and 2,^ are the rrtatlve orbital angular 
momenta of the single particle states of neutrons 
n, and s, used in cmstrucfing the two jMuUcle 
states. Conditions on Lg are that Lg*0 for natural 
parity transltloiiB and Lg^l for unmdural parity 
transitions. 
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Target 

Pn^ectile 

Vq 

n 

Uo 

W 

AWg 

n 

o/ 

••o 

P 

56.0 

1.17 

0.75 

t.70 

0.0 

1.32 

0.568 

1!0 

t 

146.0 

1.40 

0.44 

14.70 

0.0 

1.40 

0.551 

*"Pb 

P 

47.9 

1.25 

0.65 

0.0 

40.0 

1.25 

0.750 

“•Pb 

t 

149.8 

l.U 

0.68 

12.0 

0.0 

1.43 

0.870 


IV. RESULTS 

In this section we discuss details of the finite- 
range DWBA analysis of the reactions 
‘^(P, t )*°O(0;j and »™Pb(/>, t )”“Pb(0;^ ), These 
reactions are natural parity transitions and have 
been considered by other authors.' The particular 
target '°*Pb and ‘"O were chosen since both the 
^'Pb target and the “O residual nucleus are 
thought to be very good closed shell nuclei and thus 
are systems for which one would expect a shell 
model description to be valid. 

The optical model potentials used to generate the 
distorted waves have the usual form 

V(r) = V,(r)-V„/,(r) 

- i Wy/Jr) + 4ia, W,/,'(r) , 

where 

yj(r) = l 1 f exp(r-fl;^)/ox)*' , 

and where V, (r) is the Coulomb potential due to a 
uniformly charged sphere of radius The 

radius H is often taken to have the form Ry 
= A/''' or ilj = {Ay^'^+Ap'-^'-'), where Ay and 

A, are the mass numbers of the target nucleus and 
projectile, respectively. In our analysis we em¬ 
ploy the former of the two prescriptions since 
most of the optical model analyses with light pro¬ 
jectiles utilize this form. The optical parameters 
are illustrated in Table II and were obtained from 
the literature. One should note that there is some 
sensitivity to the choice of these parameters for 
reactions in light nuclei. For reactions on '°'Pb, 
various combinations were emidoyed with virtually 
no difference in the results obtained. However, for 
the reaction on 'H3, both the absolute magnitude 
and shape of the predicted angular distribution 


changed when different optical model parameters 
were employed. In this work, we chose that par¬ 
ticular set which gave the best comparison be¬ 
tween the theoretical and experimental angular 
distributions. 

The two-neutron configurations were assumed 
to be identical to those predicted by shell model 
calculations''’ ” except that the radial wave func¬ 
tions were replaced by the eigenfunctions of a 
Woods-Saxon potential adjusted to yield eigenval¬ 
ues equal to half the two-neutron separation ener¬ 
gy. The radius and diffuseness parameters of 
these potentials are 

ft = 1.25.4'^% 

u„ = 0.85 fm . 

The two-neutron spectroscopic amplitudes for 
ail of the reactions studied are given in Table III. 
For the '"0(/>, I )"0 transition the spectroscopic 
amplitudes were obtained from “O wave functions 
computed by Kahana" and are linear combinations 
of and lli*,/}! “ configurations. Those for 

the reactions on '■“’"Pb are taken from the work of 
True" and are linear combinations of products 
of 2p and 1/ hole states in the closed "*Pb core. 

Form factors for the reactions "to(p,f )‘“0 and 
“"Pbip, I j'^Pb are shown for oxygen in Figs. 2 
and 3, and for lead in Figs. 4 and 5 for the ground 
state transitions. In Figs. 2 and 4 the fully two- 
dimensional form factors are shown while in Figs. 
3 and 5 one-dimensional “slices" along the zero- 
range line Rp=0 are given. 

For the ground state transitions, the allowed 
values of the various angular momenta based on 
the previously discussed selection rules are given 
in Table IV. We find that only the component hav¬ 
ing l-S=‘0 contributes in any significant way to 
the form factor. The corresponding form factors 


TABLE HI. Spectroscopic amplitudes defined in £q. (4) and used In obtaining form factors 
In Figs. 2-S. 

Reaction . Hof. 

) 21 0.893 0.4SO 

“*Pbip,t)“*PbtOii ) 22 0.822 0.363 0.401 
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HG. 2. The form factor for the ra- 

actloii "o(/>,()“u(0jfj, In arbttrary unlta, as a functloa 
of Rp and Rp, shown over the range 0 to 5 fm for Rp and 
Rg, respectively. 

are shown in Figs. 2 and 4, respectively, for oxy¬ 
gen and lead. Both of these form factors com¬ 
prise .S and S' components and are extremely non- 



0 2 4 e a 10 


RbiIih) 

>TG. 3. The form factor In Fig. 2 plotted along the 
sero-range line Rp^v tn units MeV fm’’. 



FIG. 4. The form factor ^ipigiRp,R^, for the re¬ 
action l^'PbfO^iJ In arbitrary units, as a func¬ 

tion of Rp and Rg, shown over the range 0 to 5 fm fur 
Rp and Rg, respecUvefy. 

local, nonseparable functions. The form factors 
along the zero-range line In Figs. 3 and S, re¬ 
spectively, for oxygen and lead display a structure 
significantly different from that away from the 



0 2 4 6 8 10 12 


Re dm) 

FIG. B. The form factor in Fig. 4 plotted along the 
sero-range line Rp =0 in untta MeV fm**. 
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table IV. Allowed ealuei of die angular momentum 
quantum numbere for the ground state tranaltlone in this 


i S La Lp 


0 0 0 0 

2 2 

1 1 1 1 

3 3 


Triton and neutroo pair 
oompooenta 


S and S' states 
Sjj- S, I -Lp 

s' and D states 
S||^S. 2—Lp^2.Lp 


zero-range line in Figs. 2 and 4. The zero-range 
form factors (Figs. 3 and 5) differ in the interior 
from those obtained by Ibarra, Feng, and 
ValUeres**'" using extended shell model basis 
techniques to account for the correlation of the 
neutrons being transferred. The half-separation 
energy method assumes that the neutrons act 
independently in a potential well and share the 
total separation energy equally. Any correlation 
between the two particles is introduced subse¬ 
quently in the spectroscopic amplitudes. 

In Fig. 6 a comparison is made between the fin¬ 
ite-range DWBA prediction and the experimental 
data for the ^’Oip.tY’O reaction at a proton ener¬ 
gy of 20 MeV. The figure displays two sets of ex- 
penmental data covering a wide range of angles. 
The theoretical calculation has been normalized 
by the factor 

M = /Oai • 1-63 . 

An exact finite-range calculation of this reaction 
has been performed by Charlton.’ In his analysis. 


Charltim uses two different optical model parame¬ 
ter sets and obtains results for one case which are 
comparable with those presented in this study. 
However, our calculation differs from Charlton’s 
in the following respects: The triton wave function 
and transfer interaction are treated consistently 
in this work. The two-body interaction was the 
Reid soft core potential and the triton wave func¬ 
tion was obtained varlationally as given in Ref. 17. 
In Charlton’s calculations the transfer interaction 
was not consistent with that used to obtain the tri¬ 
ton wave function. The geometrical parameters 
of the bouixl neutron wave functions employed here 
are larger than those of Charlton and we have 
omitted spin-orbit terms from the potentials used 
to obtain these states. ITiis omission has little 
effect on the wave function, however. 

In Fig. 7, the theoretical and experimental angu¬ 
lar distributions are compared for the reactimi 
”“Pb(p, l )“"Pb(0', ^). The two-neutron spectro¬ 
scopic factors are obtained from the shell model 
wave function of True. The normalization factor 
for this reaction is 

This reaction was also analyzed by Charlton'* and 
although he found good agreement with the shiqie 
of the angular distribution, his calculation under- 
predicted the absolute magnitude by a factor of 
1.6. In calculations presented here, both the sym¬ 
metric and mixed symmetry triton S states con¬ 
tribute, and in Fig. S, we compare the angular 
distributions calculated with and without the S' 
state. The difference between the two is never 
more than 9% except at the minimum near den 



IvrliDentai angular distribution for the reaction 

at the proton miergy of 20 MeV. The 
“’iPGrlmenbil points (x,0) are taken from Refs. 28, 29, 
’™pecttvely. 



0 l0203040S0e0n)8090 100 

FIG. 7. The comparison of the theoretical and exper¬ 
imental angular distributions for the reaction ’"PbCP,t) 
^*Pb<0M.) at a proton energy of 35 MeV. The experi¬ 
mental points are taken from Ref. 30. 
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FIG. 8. Tho comparlnan of tho total (S4 S') and S noD- 
trlbutloofl to the roaetJoa In Fig. B. 

= 23'', where the influence of the mixed symmetry 
S state is to fill in the minimum. 

One uncertainty in fitting the absolute magnitude 
of these angular distributions can be ascribed to 
our use of the half-separation energy method, 
llie half-separation energy method assumes that 
the transferred neutrons move independently in 
a potential well and share the removal energy 
equally. From the woi* of Ibarra ei al,^' ” we 
know that this is not the case, xnd that treating 
the correlated neutron pair more precisely en¬ 
hances the magnitude of the form factor in the 
surface of the nucleus. Accordingly, we can 
“effect” this enhancement within the framework 
of the half-separation energy method by deter¬ 
mining larger geometrical parameters for the 
bound particles. One believes this kind of pre¬ 
scription only insofar as absorption and phase 
averaging of the distorted waves cause the relic¬ 
tion to be surface peaked. This procedure w.as 
used successfully for the reactions studied in 
Refs. 10-13, 20, with the geometrical parame¬ 
ters 

1) fm, 

fl,i ^ 0.65 fm , 

and produces the necessary enhancement needed 
to fit the reactions presented in this study. 

V .SUMMARY AND C ONCLUSIONS 

We have presented a finite-range DWBA analysis 
of the reactions “'"'Pb(/), / I'^PbiOJ^) and 
“ 0 (/), t )”O(0j|,) and corresponding calculations of 
the two-neutron transfer form factor employing 
a realistic triton wave function. The transfer In¬ 


teraction in the prior fonmilatlcm of DWBA tg 
eliminated in favor of the binding energy, the in 
temal kinetic energy, and the iiReraction betwet 
the neutron pair in the triton. Form factors cai 
dilated for these reactions demonstrate the im¬ 
portance of maintaining a manifestly fmlte-ranjrg 
theory. 

Our work differs significantly from earlier 
finite-range calculations in our treatment of (he 
triton wave function and of the transfer interac¬ 
tion. We have employed a variational triton wave 
function having a totally symmetric S’ state, and 
mixed symmetry S aixl D state components obtain¬ 
ed using a realistic nucleon-nucleon potential. 
The same potential is used to construct the trans¬ 
fer interaction thereby maintaining a consistency 
between the interactions involving the transferred 
neutrons and the interaction between nucleons in 
the triton. 

Selection rules are obtained from these form 
factors which have the following properties: 

(1) For two-neutron states in nuclei which have 
uniquely S„ = 0 only the S and S' states can con¬ 
tribute, whereas for states with = 1 only the 
S' and D states contribute. 

<il) The importance of the mixed symmetry 
states is enhanced in the two cases when the two- 
neutron configuration has natural parity and a 
dominant = l component, or the two-neutron 
configuration has unnatural parity. For the above 
reactions the spatially symmetric h' state of the 
triton contributes more than 90% of the differential 
cross section. 

Our analysis of the ground state transitions has 
demonstrated very good agreement between the 
theoretical and experimental angular distribution 
shapes but absolute magnitudes which are too 
small by 60% and 23%, respectively, for the 

()‘%) and “"Pb(/>, t)“"Pb reactions. How¬ 
ever, as has already been discussed, we can ex¬ 
pect enhancements of this order from the use of 
more lightly correlated wave functions.’* 

The results of our calculations indicate the im¬ 
portance of the use of realistic triton wave func¬ 
tions and consistent transfer interactions in the 
determination of the absolute magnitude of {pJt 
or ((,/>) cross sections. 

We have recently received a report on similar 
analyses by Takemasa, Tamura, and Udgawa. 

We thank the authors for sending us the report- 
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Configuration auignments and speclroecopic factora ate deduced from angular diuributioa data on 22 
levels or level groupings in “Bi using the reaction ’'“Bi"(d.f)*"Bi at Ej » 17 MeV. Transitions to levels in 
^'"Bi between 2.6 and 6.0 MeV are observed and these levels art interpreted in terms of the coupling of the 
pure |6 i/ji, target stale with neutron holes in “'Pb. The j values of the transferred neutron are 
determined through comparison of the measured angular distributions and energies with angular 
distributions and energies for the corresponding tingle-hole states in ’*”Pb. Levels below 5.0 MeV are 
assigned p,,,, puj, or/,;- neutron bole parentage while the levels above 5.0 MeV all have/,„ neutron hole 
parentage. The results complement and extend previous inelastic scattering and analog resonance studies on 
levels below 4.0 MeV excitation in ”^1. In particular, the summed spectroscopic strength for the pi„ 
neutron hole parentage states agrees well with the theoretical sum rule limit and measured single-hole 
.strength in ^^Pb. The microscopic shell model (in contrast to the wealt-coupling model) successfully predicts 
the observed splitting of spectroscopic strength among the memhers of the (Ih'sog'i/J, ® P "oi ) 
multipicl. 


NUCl-t;AH REACTIONS ’‘•BI’'(d.l)**Bl, E,= 17 McV. #,^^12.5", 20% 27.5% 
:15 . 42.5 , 50% 57.6 , 72.fi", 87.5", 100% 115". Measured tr(«) for £*(’*B1) 
2700—6000 keV. Deduced fj'% apectroacoplc factors. 


I. INTRODUCTION 

The single-particle structure of “'Bi, with one 
proton beyond the double closed shell nucleus’’'Pb, 
has been studied''^ extensively. These studies 
demonstrated that the ^""Bi levels can be almost 
completely described in terms of the simple shell 
model. More recent experimental efforts^"® have 
investigated the next level of shell model structure 
In ’"’Oi—the two particle-one hole configuration. 

In this paper we report on results obtained from a 
study of the “"’BiTrf.f) reaction. This reaction is 
highly selective m the states that can be excited 
and this has permitted the 2p-lh structure of many 
levels in ^'’’'Bi to be identified. 

States of 2p-lh character are excited in direct 
Inelastic scattering on ’""bi; however, these re¬ 
actions are most sensitive to the collective excita¬ 
tions of the ^°*Pb core and thus emphasize the par¬ 
ticle-vibration structure of *°*Bi. Through studies 
of this type‘ a multiplet of levels near an excitation 
energy of 2.6 MeV in ‘"^Bi has been associated with 
the weak coupling of an h,/, proton to the 3' state 
of ^°'Pb. The success of this weak-coupling or 
particle-vibration model’"'^ in describing these 
slates has led several groups^’”"** to search for 
multlplets built on other excitations of the ^"'pb 
core. While experimental evidence does exist for 
structure in ^’’Bi based upon couplings to the higb- 
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er excited states of ^"’Pb, it was pointed out'^ 
that, for levels in the energy region from 2.3 to 
3.6 MeV in ’'"Bi, an alternate description in tern- 
of the coupling of a neutron bole to the low-lying 
states of ^'°B1 provides an equally valid account 
of the experimental data. The properties of the 
levels in this energy region were more fully ex¬ 
amined by means of isobarlc analog studies in¬ 
volving the *'”81(/),/>') reaction,* and it was showr 
that a consideration of the underlying microscopii 
2p-lh structure provides a rather complete de¬ 
scription of the observed properties of these lev¬ 
els. 

The existence of a ’'“Bi" target'* provides a 
means of testing in a definitive way the micro¬ 
scopic model’ proposed for the levels In ”“Bi 
from 2.8 to 3.6 MeV and of extending our know¬ 
ledge of the microscopic structure of levels as¬ 
sociated with a particular class of 2p-lb config¬ 
urations. Since the target exists in the 9~ meta¬ 
stable state at an excitation energy of 0.271 MeV. 
the (d,f) reactions should populate states in '**01 
that can be described as a neutron hole coupled to 
a 9' *'*81 core state. Moreover, abundant theoret 
ical'’"®' and experimental”"*' evidence strongly 
suggests that this 9~ state is a very pure two par¬ 
ticle state whose wave function is dominated by 
the I component. Thus the present ex¬ 

periment explores states in ***Bi with the |A|/ti 
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J'**' configuratloa In their structure 
«rtere specUles the neutron hole orbital. 
These neutron bole orbitals are determined for 
many transitions observed in the *'*BlHd,/) re¬ 
action from both the measured triton angular dis¬ 
tributions and the regions ol the triton spectra at 
which single-bole transition strength is expected 
based upon results from a ’"pb((/,f) reaction 
study.” Since this latter reaction on "”pfa was 
performed at the same incident deuteron energy 
as the present measurement, a detailed compari¬ 
son of the single-hole transition strength is pre¬ 
sented. The present results are employed in a 
critical evaluation of the microscopic 2p'lb and 
weak-coupling descriptions of levels in *”Bi below 
3.5 MeV excitation. 

If. EXPERIMENTAL PROCEDURES 

The fabrication of the "°Bi" target was carried 
out using the Florida State University Isotope Sep¬ 
arator and has been described in detail in Ref. 18. 
Briefly, an ultrapure sample of ^’’bI was exposed 
to a high flux of neutrons at the Savannah River 
Laboratories of the U. S. DOE. After the five, 
day ground state of ”^i had decayed out, the 2.6 
xl0‘ year 9' isomer was Initially separated at the 
Oak Ridge Calutron. The resulting separated ma¬ 
terial consisted of 1.39 mg of *''Bl"with an Iso¬ 
topic abundance of 2.5 at.% in ‘°°B1. This material 
was then placed in the ion source of the Florida 
State University Isotope Separator which had been 
designed” to accomodate extremely small amounts 
of material. Following retardation, the target 
(with 99% isotopic purity) was deposited on a 60 
pg/cm’ carbon backing with a maximum density 
of material In an oval spot 4 mm)<2 mm. 

In the present experiment the ’”b 1” target was 
bombarded by a 17 MeV deuteron beam from the 
Yale MP tandem accelerator and the reaction pro- 
jcts analyzed by a multigap spectrograph. The 
ichnlcal aspects ol this magnet are discussed in 
el. 29. Data were recorded at 22 angles on Ilford 
} pm thick nuclear emulsion plates with the ex- 
isure lasting for approximately SO 000 pC of col- 
icted charge. A surface barrier detector, located 
. a laboratory angle of 75°, was used to monitor 
suterons elastically scattered from the target 
Vi this provided a means of locating the position 
' maximum ’"’Bl* thickness on the target. The 
eld of the spectrograph was selected In order to 
ilow tritons and deuterons associated with tran- 
itlons to levels from 2.5 to 6.0 MeV in '°'B1 and 
•om 0.0 to 3.0 MeV In ”*B1, respectively, to fall 
> the focal plane of the magnet. 

Data for 11 angles from 12.5° to 115°were ana- 
'zed In detail. The plates were scanned In 0.5 


mm steps in the vicinity of the peaks and In 1.0 
mm steps over the background region. Since the 
magnetic field varies slightly from gap to gap in 
the spectrograph, a peak In each spectrum which 
could be identified with the 2.967 MeV transition 
in '”B1 was used to compute the effective field lor 
each gap. The 2.987 MeV transition therefore 
served as a reference energy* for the calibration 
of the spectra. The effective fields and experi¬ 
mentally measured calibration curves*^ which re¬ 
late the distance along the plate to the radius of 
curvature of the magnet were then used to convert 
plate distance Into Q value. 

A typical spectrum from the mea¬ 

surement is shown in Fig. 1. For ease of presen¬ 
tation, the spectrum is plotted in AQ steps of -6 
keV although the data were actually analyzed in 
steps of ~3 keV. The full width at half maximum 
(FWHM) for peaks In the spectra varies from -IS 
keV at more forward angles to -30 keV at more 
backward angles. However, for any given spec¬ 
trum the resolution was relatively constant over 
the entire energy range of interest. Excitation 
energies were obtainsd from the positions of the 
h heights of the peaks and intensities were ex¬ 
tracted by summing the counts over the appropri¬ 
ate AQ interval and separating overlapping peaks 
by making use ol the peak shape for the 2.987 MeV 
transition. Reproducibility of the level energies 
from angle to angle and the reasonableness of the 
angular distributions give us confidence in the 
results in spite of the very thin target. The ener¬ 
gies of many transitions in have already been 
measured In inelastic scattering experiments* 
with an uncertainty of less than 5 keV and transi¬ 
tions measured in the present experiment can 
readily be identified with those derived from the 



FIG. 1. Triton spectrum from t) measure¬ 

ment. Exoltatfon energies of correspondlsg states in 
”*B1 are indicated and arrows show the looattons erf the 
mgwrturbed single-hole transition atrength baaed upon 
the Btsl8BOf”’Pb. 
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FIG, 2. Triton angular dlatrltnitlons for < -1 tranat- 
ttona In ”‘b1. 



FIG. n. Triton angular dlatrlbutions for I - 3 transi¬ 
tions in 



FIG. 4. Triton angular dlstrlbutlonB for mixed b-ansi 
ttons in See text for dlsousalon. 


previous work. 

Since the amount of target material relative to 
the carbon backing foil was quite small, reaction 
products from the foil and the impurities containe 
in the foil could give rise to rather large peaks in 
the spectra. While every attempt was made to 
identify each of these contaminant peaks, it is 
possible that not all were Identified and some of 
the large deviations In certain Isolated data pointi 
in the angular distributions could be a reflection 
of this problem. The measured angular distribu¬ 
tions for the ^"’BiCrf,!) reaction are shown in Figs 
2-4. 

Data for scattering could only be ex¬ 

tracted for angles greater than 110''. However, 
by comparing the results obtained at these angles 
with similar data from elastic deuteron scattenm 
On ’’*Pb and ’’’bI, an absolute cross-section nor 
malizatton was established. As an additional chei 
on the normalization, the elastic deuteron counts 
obtained with the monitor detector were comparec 
with values for the differential cross section cal¬ 
culated from the deuteron optical potential of Ref. 
30. The two methods yielded a consistent value 
for the target thickness of 3.0 i 0.3 pg/cm’ at the 
beam spot used in this experiment. An uncertamt 
of 10% is therefore assumed for the absolute 
cross-section normalization in this work. 

HI. ANALYSIS 

The solid curves In Figs. 2—4 are distorted- 
wave Born approximation (0WBA) calculations 
based upon the optical potential used in Ref. 30 
and corrected for Q-value dependence. These 
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june parameters were used In the analysis ol the 
Mpb(rf,/) data of Moyer et cU^* The 0WBA code 
iWUCk” was used in the present calculations. 

Since the shapes oi the angular distributions in- 
olving spin transfers ol j=1 + J and j-l-i are 
ndistinguishable, the angular distributions alone 
10 not permit the identillcation ol the orbital from 
/hich the transferred neutron has been picked up. 
'he triton spectrum in Fig. 1 is displayed as a 
unction of reaction Q value and corresponds to an 
aicitatlon energy region from 2.6 to 6.0 MeV in 
’'*Bi. The arrows along the upper part of the fig- 
re indicate the expected location of single-hole 
transition strength based upon the energies ol the 
.single-hole states of ^‘'’Pb. If the fragmentation 
of single-hole strength caused by the presence of 
the extra-core neutron and proton in the 
reaction does nut spread out the population over 
too great an energy range, then the single-hole 
strength should lie close to the unperturbed posi¬ 
tions and thus identification of both the / and j of 
the transferred neutron should be possible. 

The energy separation of the /s /2 and f-m neutron 
bole states is quite large, approximately 2 MeV, 
and therefore multiplets in ***81 associated with 
these two orbitals should be well separated. In 
the case of the /»,/2 and /> 3/2 orbitals, though, the 
energy separation is small (0.85 MeV) and the 
corresponding multiplets in ’"’Bi could overlap in 
energy and indeed by admixed thus causing diffi¬ 
culty In assignment. Fortunately, however, res¬ 
onance studies’ of the ’'”Bi(p,/>') reaction have 
already suggested assignments lor many of the 
levels in ”’bi with structure involving the 
hole orbital; three of these levels are populated 
in the present experiment. These suggested as¬ 
signments are discussed in terms of the present 
experimental results in Sec. IV. 

The results of the present analysis are summa¬ 
rized in Table I, The / and,; values for the trans¬ 
ferred neutron have been determined from the 
angular distributions and the unperturbed positions 
of the single-hole strength. The corresponding 
values for the spectroscopic strength are also tab¬ 
ulated. The spectroscopic factors were derived 
using the normal definition 

rfq 3,33 

“(27 + 1 ) ' 

where/ Is the total angular momentum of the 
transferred neutron. The spin assignments for the 
six lowest levels have been taken from Refs. 3 
and 4. 

Finally, the spectroscopic sums and energy 
centroids are compared with the values for the 
single-bole states obtained in the *®‘Pb(rf,/) reac- 
^bn. The energy centroids were calculated using 


TABLE I. Summary of results for the *"BI"W,/)’’*B1 
reaction. 


Energy** 

MeV 

J' Hof. b 

1 

s 

1 2 Hef. c 

2.741 


1 

0.14 

PMt 

2.987 

3.135 

V’ 

1 

0.98 

Put 

3.154 

r. f 

1 

0,61 

Put 

3.212 

t 

1 

0,46 

Put 

3.409 

■y-* Ref. d 

3 

0.27 

} Ut 

3.697 

3,735^ 


1.3 

0.17, 1.95 

Pl/t' fi/t 

3.704) 


1.3 

0.25. 0.94 

Ptn> fi/t 

3.818 


3 

1.68 

S \,n 

3.912 

3.D60 


1 

0.71 

Put 

4.002 

4.021 

4.0G5) 


1 

0.35 

Pi/l 

4.084 > 
4.122) 


1 

0.92 

Put 

4.225 


1 

0.14 

Put 

4.263 


I 

0.21 

Put 

4.349 


1 

0.97 

Pt/t 

4.417 


1 

0.14 

Put 

5.058 


3 

0.15 

ft/t 

5.256 


.3 

0.32 

ft/t 

5.307 


3 

0.41 

Jut 

5.402 


3 

0.56 

ft/t 

5.464 


3 

0.83 

ft/t 

5.657 


3 

0.43 

fut 

5.924 


3 

0.28 

fr/2 


“ Energies are derived from present study with 2.987 
MeV level as a reference energy. Energy uncertainties 
are 5 keV for levels below 3.00 MeV and 10 keV for 
levels above 3.00 MeV. 

'' From Table I of Hef. 4. 

^ Orbital BUd total angular momentum of transferred 
neutron. 

** PoBSible doublet. See text for diecussion. 


tbe formula 


S*; £* 

E _I_ J— 


where t{^ and f are the spectrosccqiic factor 
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and excitation energy in *'**Bi, respectively, cor¬ 
responding to the pickup of a neutron with orbital 
and total angular momentum Ij. 

IV. CONFIGURATION ASSIGNMENTS 

A. The|t'®Bi(9-)®PiHl«>“f>«“"**on 

From angular momentum coupling considera¬ 
tions, the |’'°B1(91&/>P/‘’2 I configuration is ex¬ 
pected to give rise to two states of spin-parity— 
and -y*. Thirteen transitions with 1 = 1 angular 
distributions are observed and these correspond 
to the population of states at excitation energies 
between 2.5 and 4.5 MeV in ’“Bi. The states at 
2.987, 3.154, and 3.212 MeV have been identified 
in previous work’ with the |’"’Bl(9")<>fp|'‘2 j con¬ 
figuration with suggested spin assignments of y*, 
y*, and y*, respectively. These results have 
been used to separate the Pi/jt transitions 
from the p^/i 1 — 1 transitions listed in Table I. 

The energy centroid position and total spectro¬ 
scopic strength for these three transitions are 
found to be in remarkable agreement with the ex¬ 
perimental results for the Pt /2 hole state transi¬ 
tion derived from the ’°*Pb(rf,/) reaction” (see 
Table U). In summary, the interpretation of the 
2.987, 3.154, and 3.212 MeV states in terms of 
the |’'“B1(9‘)«'/>('/‘'21 configuration Is strongly sup¬ 
ported by the present results. 

B. The configuralion 

The slates Identified with the |’"'l3l(9')>9/>^/'2 j 
configuration Include all the levels excited by 1 = 1 
transitions which have not been associated with 
the |’'°B1(9')»: f)p/ 2 1 configuration. The spin- 
parity values expected on the basis of the |’”DI(9~) 
configuration are y*, y*, y‘, and 
Aside from the level at 2.741 MeV excitation en¬ 
ergy, all these levels lie at energies greater than 
3.450 MeV. From the angular distribution data it 
is found that eight of the level groupings (the 


TABLE II. Comparison of singlc-partlcIe transitions 
for the “’BbW,/) and “'“UiW.M reactions. 



Rnorgy conLrolda 

Spectroscopic strengths 

1. 

Eip Ref. a 

E 

Sv Ref. a 


Pl/2 

3.0H0 

3.0HH 

2.1" 

2.07 

J i/1 

a,650 

3.691 

6.fi 

4.74 

Pin 

:t.930 

4,050 

4.0 

4.0 

M3/2 

4.720 


14.5 


J1/1 

3,420 

6.467 

7.1 

2.98 


* Aside from and for the transition, the 
singlo-pertlolr results are from die "*Pb(d,f) reaction 
study of Ref. 2tj. 

From study of Ref. 30, 


2.741, 3.912 , 4.002 , 4.06S-4.122 , 4.225 , 4.263, 
4.349, and 4.417 MeV levels) are excited by l = i 
transitions while two (the 3.597 and 3.764 MeV 
levels) are populated by mixed 1 = 1 and 1 = 3 tran¬ 
sitions. The 3.764 MeV peak could be resolved 
from the 3.735 MeV peak at only a few angles and 
they were, therefore, analyzed together. At the 
most forward angles, the cross section for the 
3.764 MeV transition is much larger than that for 
the 3.735 MeV transition and this leads to the 
identification of the 3.764 MeV transition as the 
1 = 1 component of the doublet. The results are 
summarized in Table I. The listed levels can ac¬ 
count for 100% of the spectroscopic strength ob¬ 
tained for the Pt/i single-hole transition in ”'pb 
and their energy centroid is only 120 keV above 
the unperturbed position for the |’'’Bi(9*)®/>^/2 1 
configuration. The angular distributions for the 
mixed transitions are conslatenl with the data and 
this suggests that no serious misassignment of 
strength has occurred. 

The association of the ten groups discussed 
above with the |’”Bi(9')(^ A^/' 21 configuration is 
consistent with the total transition strength and 
energy centroid for these levels and provides ad¬ 
ditional support for the division of />|/2 And p,/; 

1 = 1 transitions assumed in this analysis. 

C. The |*'®Bi(9-)® /j)JI configuiation 

Six states with spin-parilies y through y* arc 
expected for the |’'®Bi(9“)«/2'/21 configuration. 
From the angular distribulions for transitions to 
levels below 4.5 MeV, it is found that the 3.469 
and 3.818 MeV levels are excited by 1 = 3 transi¬ 
tions and the 3.597 and 3.735 MoV levels by mixei 
1 = 1 and 3 transitions. The 3.735 MeV transition 
is the second member of the 3.735-3.764 MeV 
doublet discussed above and it is identified as the 
1 = 3 component in this unresolved transition. Th 
1.770 MeV energy separation of the fi/i and /,/2 
single-hole states (see Fig. 1) suggests that the 
corresponding levels in ”®Bi can be associated 
with the |’"*Bi(9')»/i'7;| and |’'®Bi(9')«/,'7;| con 
figurations on the basis of energetics. 

For levels associated with the |’‘''Bi(9')8/s'/j| 
configuration, the resulting energy centroid 
is 41 keV higher than the unperturbed value and 
the total spectroscopic strength is about 30% bel 
the single-hole value obtained from ”’Pb. From 
the ”®Bi(p,p') data of Ref. 3, the excitation func 
tlon for a transition leading to a level at 3.465 
MeV is found to exhibit resonance structure at t> 
6 ' analog state and much weaker resonance strut 
ture near the 9*. This level can probably be Idei 
tified with the 3.469 MeV transition observed io 
the present measurement. The excitation of tlii^ 
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level At the 9* analog atate la consistent with Its 
popolation in the present (d,t) experiment; how¬ 
ever, the present assignment of the 3.469 MeV 
level as a member of the |”*Bi(9')«/i'^] | multiplet 
is in conflict with the spin assignment derived 
in Ref. 3. This conflict could be resolved if this 
level is actually a doublet with one member as¬ 
sociated with the I configuration 

and the other with |*‘“Bi(9‘)®/j7j |. 

Within the assumptions of the present aoaiysis, 
the description of all the levels below 4.400 MeV 
excited by f = 3 transitions in terms of the 
l^'^ifOls/t/il configuration provides a consis¬ 
tent explanation of the experimental results. 

D. The |tt^Bi(9~)®^e0s^™tkin 

Seven levels above an excitation energy of 5.0 
MeV are identified in Table I with the J’'‘bi( 9*) 
configuration. Eight states are predicted 
lor this configuration with spins from to 
The transitions associated with the configuration 
ccount for only 40% of the predicted single-hole 
trength and the energy centroid for the levels is 
7 keV above the unperturbed position. These re- 
ults Indicate that the /j/f single-hole strength is 
ulte fragmented. Some /;/] strength might reside 
1 transitions to levels above 6.000 MeV in ‘‘’°Bi; 
owever, this region of the energy spectrum was 
bscured at most angles in the present measure- 
icnt by contaminant peaks. 

E. The P*®BK9')® /[JJ'jI confjguretton 

Angular momentum coupling suggests that 14 
tates are expected from the configuration 
““B1(9")« tjj' 1 1 with spin-parities from I-' to 
ased on the location of the i'd/] hole state in 
’Pb, we may expect most of the strength from 
te |’'°Bi(9')® ftl/] I configuration to lie in the en- 
rgy region from 4.5 to 5.0 MeV (see Fig. 1). 
owever, the fragmentation of the strength into a 
linimum of 14 states combined with the intrinsi- 
ally lower single-particle cross section 
lakes It very difficult to observe the Individual 
'ansitions. There are a number of extremely 
oak fluctuations in the background in the excita- 
on region from 4,5 to 5.0 MeV (see Fig, 1). An 
itempt was made to extract a summed angular 
istribution of all of these fluctuations between 4.5 
nd 5.0 MeV to see if the integrated yield exhibited 
n 2 = 6 distribution. This effort was inconclusive 
ossibiy because of the presence of many other 
eak non-f||/| transitions in this region of the 
pectrum. Therefore, more sensitive experiments 
re required to locate the |*'*Bi(9')® | con- 

guratlon. 


V. DISCUSSION 

The configurational structure of the ’"Bi target 
state does permit the direct excitation of the 
ground state of ’"'Bi via pickup of a g,/] neutron; 
however, only the region of excitation above 2.6 
MeV in *°'Bi was explored in the present experi¬ 
ment. No other single-particle states of *°'Bi are 
expected to be strongly excited in the energy range 
studied in the present measurement and indeed no 
evidence is found for such excitations. 

Since the structure of the ’'°Bi target state is 
dominated by the configuration, the 

(d,t) reaction should preferentially excite the 2p- 
Ih states of ’"BI possessing the |y- 

® (Ij)'**! configuration in their wave functions. The 
present results, therefore, provide an extremely 
sensitive test of the microscopic or shell model 
description of *“Bi. 

The lowest level in ‘^i excited in the present 
'*‘B1'* experiment is the 2.741 MeV level. This 
level has been identified in several experi¬ 
ments*'as the spin member of a septup- 
let of states based upon the coupling of an h|/] pro¬ 
ton to the 3' core state of ’"pb at 2.615 MeV. 

This latter model assumes that the coupling be¬ 
tween the valence particle and the core vibration 
is weak and thus neglects the microscopic struc¬ 
ture Of the core state. From the 1 = 1 nature of 
the angular distribution shown in Fig. 2 and total 
angular momentum coupling considerations, the 
excitation of this level must proceed via pickup of 
a pf /2 neutron. The spectroscopic factor asso¬ 
ciated with the transition to this level provides a 
measure of the amplitude of the 
® pj/i} configuration in the wave function of this 
level. On the basis of the weak-coupling model 
and the random-phase approximation (RPA) wave 
functions for the *°'Fb 3* state calculated by Glllet 
et it is possible to derive a theoretical value 
for the spectroscopic factor. With an amplitude 
for the jgi/tipr/tl component in the ‘^'pb 3* wave 
function of 0.42 and employing Racah coefficients 
to recouple the microscopic orbitals (see Ref. 9), 
it can be shown that 

if If®/-tTi l"'Pb(3-)« *,',*>„/* I’ = 0.147. 

This overlap squared times the statistical factor 
of (2<f/ T 1)/(2J| +1), where and J/ are the target 
and final state spins, respectively, leads to a 
weak-coupling model prediction of 0.123 for the 
spectroscopic factor for the 4^* state. This result 
is in excellent agreement with the measured value 
of 0.165 determined for the 2.741 MeV level. 

The next three levels strongly excited in the 
*'*Bi1[if,f) experiment are identified as members 
of the j*'^l(9')®Pi/'}| multiplet. In Ref. 3 the 
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spin sssigninsnlB (or these levels (st 2.981, 

3,1S4, and 3.212 MeV) are given as 'y*, Y*> 

respectively. These assignments are consis¬ 
tent with the spin-parities allowed (or the j‘“Bl(9') 
^ PTn I contlguration and are supported by the 
present experimental results. It is important to 
note that these spins are in disagreement with 
spins derived (or these same levels in several di¬ 
rect Inelastic scattering measurements on ’“bI. 

In these studies’’''^ a weak-coupling model based 
on the coupling o( an proton to the S' state o( 
‘*'Pb was assumed. There are ambiguities inher¬ 
ent in this method o( determining spins and the 
present results strongly suggest that some o( the 
spins derived in these studies'’'’^ are incorrect. 
The spin of y' for the 2.987 MeV level has also 
been confirmed by the y-branching observed in the 
”'Pb(*Li,at2«>') reaction.” 

The existence of two levels is experimentally 
supported by the strong excitation of each of these 
levels both In Inelastic scattering experiments* 
and in the present ^'“Bl'td,/) measurement. Since 
only one y* slate should be strongly populated in 
the present experiment via pickup from the 
orbital, the excitation of a second y* indicates ad¬ 
mixture of the |”'Bi(9')x pp/, I configuration with 
another configuration. Indeed, the calculations of 
Ref. 3 predict almost complete admixture of the 
j’*‘'Bi(9')«p,''Pj |, 7 ; 2 . and p''Bi( 8 ')«pp/’j j,,/,. con¬ 
figurations. In these calculations the microscopic 
2 p-lh structure of ’^Bi was derived for configura¬ 
tions involving the 1 ^ 3 / 2 , h^/ 2 t und pffj orbitals by 
considering the individual two-body Interactions 
between the various particles and holes. The the¬ 
oretical energies and spectroscopic factors de¬ 
duced from the calculated wave functions as ex- 
pressed in the Bi representation are compared 
with the experimental results for the 2.987, 3.154, 
and 3.212 MeV levels tn Table IB. In view of the 
restricted model space considered, the theoretical 
results provide a remarkable reproduction of the 
experimental energies and spectroscopic (actors 
and support an interpretation of these levels in 
terms of their 2p-lh slruclure. Weak-coupiing 
calculations have been performed by Arita and 
Horle” in which the levels in the energy region 
from 3.0 lo 3.5 MeV in ^'”'Bi are interpreted as 
members of a multiplet built on the coupling of an 
Aj /2 proton lo the 5* state of *°'Pb. In marked 
contrast to the microscopic calculations, the 
weak-coupling calculations are not able to account 
for either the experimental energies or the frag¬ 
mentation of the y* member of the multiplet. 

Arita and Horie also present a shell model analy¬ 
sis which more accurately accounts (or the ener¬ 
gies of the and lowest y* states but (ails to 
predict the presence of a second y* state. 


TABLE UL ComparlBon of tfaeorettoat and experi¬ 
mental results for I*‘*Bl(91»/>j^l states In "’b1. 


Energy 

(MeV) 

Experiment* 

Theory 

Energy 

(MeV) 

b 

ipt/l 

2.987 

r 

0.96 

2.892 

1.0S3 

3.154 

r 

0.81 

3.171 

0.495 

3.212 

r 

0.48 

3.264 

0.452 



2.07 


2.000 


* From Table 1. 

'* From Cleary el al.. Ref. 3. 


VI. CONCLUSION 

The j®''’Bl(9')® (fj)'’*' I configurational structure 
of ”'B 1 was examined by means of the ’'°Bi 1 [d,f) 
reaction. Twenty-eight levels from 2.7 to 6.0 
MeV excitation energy in ^”bi are noted as having 
parentage in the 6 ' state of ”°Bi. Based on the 
triton angular distributions and the unperturbed 
energies of the single-hole states derived from 
’*’pb, the neutron hole structure for all of the 
strongly excited levels was suggested. These re¬ 
sults are summarized in Table I. A comparison 
of the total spectroscopic strength and the energy 
centroids for the various bole state transitions lot 
’*°Bi"(rf,f) and *'’*Pb((/,0 reveals that most of the 
Pin> fii 2 > 't'kl P 3/2 transition strengths have been 
identified. The existence of a total of 20 states is 
predicted from coupling Che ‘'°Bi 9' state to the 
P\ii> hnt Pz/ 2 > hhd fj/i neutron hole orbitals. 
Since experimentally only 25 levels are assoclalei 
with these neutron hole transitions and because 
the transitions to these levels account for approxi 
mately 70% of the expected bole strength, the 
fragmentation of strength caused by the presence 
of the extra-core neutron and proton is not large. 

It is of course clear from Table If that -60% of 
the/ t /2 and -30% of the fm neutron hole strength 
have not been observed. Some fraction of the/j/; 
strength could lie above the 6.0 MeV excitation 
energy which was the upper limit of this experi¬ 
ment. The intrinsically weaker cross section loi 
the I — 3 vs {— 1 strength could result In some mi 
assignment of strength through the presence of 
unresolved transitions and the existence of singli 
transitions with mixed I transfers. Within the 
limits of the present data, some 1 = 3 strength 
could be present In some of the angular distribu¬ 
tions identified as f = 1 transitions and thus be ui 
accounted for. While such situations would affec 
the total 1=3 strength, it would have little effed 
on the assignment of f = f strength. Since the ea 
ergy centroids lie quite close to the unperturbed 
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values, It Is probable that the loss of strength 
through mixed or unresolved transitions Is small. 
Finally, the missing strength could well be an In¬ 
dication of the breakdown of the simple description 
of the levels of ***81 in terms of the |•'*Bi(9■) 

I configuration. In this Instance, the transi¬ 
tion strength would be distributed over many more 
transitions than the 6 for the/j /2 and the 8 for the 
/,/] transfers expected on the basis of angular 
momentum coupling. Considering the 3.0 pg/cm’ 
target thickness, it is possible that such weak 
transitions would not be observed above the back¬ 
ground in the present spectra. Indeed, in the light 
of the great density of levels in ’“Bi above an ex¬ 
citation energy of 3.0 MeV,^ it is surprising that 
the description of ^‘^Bi in terms of the coupling 
of a neutron hole to the 9' state of ’'°B1 works as 
well as it does in explaining the results from our 
measurements. 

Transitions Involving transfer of an t,,/] neutron 
are not seen in the present experiment. This is 
consistent with the relatively weak cross section 
observed for this transition In the ’*'Pb(d,f) re- 
action” and with the prediction that this small 
transition strength should be distributed over a 
minimum of 14 states arising from the |‘"‘Bi(9') 

S' i)"!" 1 1 configuration. 


FinaUy, the excitations of the 2.987, 3.154, and 
3.212 MeV levels in the present measurement by 
transfer of a />) /2 neutron are consistent with the 
spin assignments of -j*, y', and respective¬ 
ly, given In Refs. 3 and 4, and in disagreement 
with the assignmenls of Refs. 13-15 in which a 
weak-coupling model was assumed in the spin de¬ 
termination. Indeed, a comparison of the spectro¬ 
scopic factors and energies predicted by the mi¬ 
croscopic shell model with the experimental re¬ 
sults for these three levels strongly supports the 
2p-lh description of the levels in this energy re¬ 
gion. 
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Global ojitical model potential for elastic denteroa scattering flrom 12 to 90 MeV 

W. W. Daehnick, J. D. Childs,* and Z. Vrcelj 
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A Kt of about 4000 data pointi has been used in a |lobal search for a general optical model parameter 
prescription. This potential for deuteron-nucleus scattering was confined to remain witbin the range given 
by folding model calculations. The data set spans the energy range from 11.8 to 90 MeV and includes many 
targets ranging in mass from ^^Al to ^^*Th. The set includes SO reaction cross sections, 11 angular 
distributions for vector polarization at and above IS MeV. and 101 angular distributions for elastic 
scattering. A successiiil I l-parameler potential of the conventional form fits all data analyzed to about 18% 
rms. Two of these parameters, V, and n,, are functkHu of proton number and target mass, while five (1^;,, 

1*5, Wa, Eu) ate smooth functions of bombarding energy. The remainder (r„, r„ r,, r^, uu) are 
constants. A simple functional dependence for Cf(d,Z) approximately reproduces the rapid changes tn <r(0) 
found experimentally for nuclei at or near neutron shell closure. A comparison with erulier work suggests 
that the optical model analyses fUniish the rms radii for the real and imaginary potentials with little 
ambiguity. Oencral agreement but with a somewhat larger scatter (10%) is also found for the real and the 
imaginary volume integrals deduced. However, little consistency is seen for the imaginary volume integral if 
the bombarding energy is below IS MeV. The rms radii and volume integrals have a small but distinct 
energy dependence. It was found that the 11-parameter potential occasionally has dilTiculty delivering good 
simultaneous fits for cross sections and vector polarizations. This situation was improved by the addition of 
a small, three-parameter imaginary spin-orbit term, which in our global prescription required short range 
and very small difluseness. 

NUCLEAR HE ACTIONS A(d,(/)A for 27<tA «238, 11.8 « 90 McV. Optical 

model analysis. Doduced; global optical model |iaranielcr preRcriptlonu, real 
and imaginary volume inlegrala, and rma rnilli. 


I. INTROnUCTION 

The understanding of deuteron-nucleus scatter¬ 
ing has benefited greatly from the use of the fold¬ 
ing Ideas Introduced by Watanabe^ and from sub¬ 
sequent refinements of this approach.’"’' More 
complicated effects like deuteron breakup, dis¬ 
tortions of the internal wave functions, the 
I’aull principle, and nonlocality have been ad¬ 
dressed in the more recent theoretical studies.’**’ 
As a result, folding considerations have effective¬ 
ly removed the earlier discrete ambiguities for 
the real potential Vj, described by Drisko and 
others*”'*’ and have limited the ranges for the 
optical model parameters r„ a„, and r,, which 
may be considered physically meaningful. This 
in turn greatly reduces the remaining continuous 
ambiguities in optical model fits to elastic scat¬ 
tering data. The nonloeallty effects encountered, 
particularly In the treatment of deuteron break¬ 
up effects, indicate some energy dependence not 
only for the corresponding optical potential depths, 
hut also for such geometric parameters as radii 
and diffusenesBes. However, the transition from 
he computed nonlocal folding potentials to equlv- 
‘lent energy dependent local ones is difficult. 

Some folding calculations have been compared 
llrectly to data sets for limited energy ranges,’:* 
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and fair agreement has been found at low energies 
where Coulomb effects are Important or pre¬ 
dominate. Other studies*’’” make a direct com¬ 
parison of folding calculations with data for a 
specific target (’”Ni) for deuteron energies up to 
80 MeV. The agreement is quite acceptable; 
however, it is not yet of a quality which is ex¬ 
pected routinely from typical optical model fits, 
nor, as we wish to show In this paper, of the 
quality obtainable from a global optical model 
prescription for a wide range of target mass and 
deuteron energy. 

The difficulties underlying folding calculations 
have several sources. Austem*’ points out that 
the results of the so-called “adiabatic three- 
body" approach (e.g.. Ref. 3) in some cases differ 
appreciably from a more rigorous three-body 
treatment. Another uncertainty arises from the use 
of phenomenological nucleon-nucleus potentials in the 
foldingintegrals. Althoughthe theoretical construc¬ 
tion of nucleon-nucleus potentials is considerably 
further advanced than that lor complex projectiles 
(e.g., Refs. 18 and 19), It has not yet reached the state 
where they can fully supplant empirical poten¬ 
tials. For instance, they still Inadequately pre¬ 
dict the energy dependence for the real volume 
Integral for scattering of protons above 60 MeV.*** 
Available phenomenological proton-nucleus po- 
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tentialB”*'** are very sueeesalul in their reqiec- 
tlve energy ranges. Nevertheless, they differ 
In important parameters such as real radius 
(1.15 to 1.2S fm), Imaginary radius (1.25 to 
1.5 fm), spin-oihit geometry, etc. This varia¬ 
tion will necessarily be reflected in the folded 
deuteron potentials. 

There remain many calculations, for instance 
those in the distorted wave Bom approximation 
(DWBA), where one would be inclined to turn to 
empirical potentials for realistic deuteron phase 
shifts. Often consistency In the OWBA analysis 
requires also that even those phase shifts poorly 
determined in elastic scattering (but Important 
In other reactions) be obtained in a systematic 
and optimal way.” These requirements often 
have been met by a good global optical model pre¬ 
scription. To the extent that such pottetlal pre¬ 
scriptions fit data well they also correlate and 
systematize large amounts of empirical know¬ 
ledge. Some historical average deuteron param¬ 
eter sets (e.g., those of Refs. 17, 24, 25, 6, and 
26) have proven very useful for these reasons. 
Their major shortcoming, as we found. Is that 
an extrapolatton to energies outside their data 
bases is not very successful. Hence the inclu¬ 
sion of higher energy data in a broad based 
analysis is called for. Our goal has been a 
systematic optical model description of elastic 
scattering for deuteron energies above 11.8 MeV 
where adequate data exist, I.e., up to 90 MeV, 
and over as wide a mass range as experience 
made seem advisable. We found that In general 
It was not dtfficult to constrain our parameters 
to values reasonable in the light of the available 
folding calculations. 


II. OmCAL MODEL t AU'IILATIONS EOR ELASTIC 
DEUTERON SC ATTERINC 

A. Prior work 

A large number of deuteron scattering ex¬ 
periments has been reported In the litera- 
ture'"*'*"*'* in the energy range of interest. In 
most of the studies listed a limited number of 
isotopes was investigated at one particular ener¬ 
gy In the region from 11.8 to 90 MeV. Con¬ 
current or subsequent optical model*' analyses 
were successful in fitting subsets of the known 
data with reasonable parameters.''*'”'”'”"”'**^’ 

A complete compilation of (d,d) optical model 
work before 1976 is given in Ref. 49. Here a 
brief summary of the earlier results may suffice. 
In optical model studies it has been customary to 
use a complex central potential of the Woods-Saxon 
shape and its derivatives, a spin-orbit term of 


the Thomas form, and a Coulomb term. Hence 
the optical potential has been written as 

V (v) =• r„ So) +i*a,W„-^^r, r„ a,) 

where the Woods-Saxon well / Is given by 

/[*'.rt.ai)»[l-i-exp ^*'~2'^ ; 

A Is the target mass number. The square of the 
pion Compton wavelength = 2.00 fm’ is a 

conventional normalization factor. The Coulomb 
term is taken as the potential for a uniformly 
charged sphere of radius ft, =rjA**. 

The search codes can vary any specified com¬ 
bination of potential parameters such that jc’, 
a quality of fit quantity, is optimized. This 
quantity is defined as 



The quantities V|, W,, r,, and a, define four 
potential and six geometric parameters that can 
be varied in a fitting calculation, fbe Coulomb 
radius Rc=r,A^ is an eleventh parameter which 
is not very sensitive and rarely changed. More 
recently a tensor potential has been added to 
Y{r), and has been permitted to be complex 
(e.g.. Refs. 50, 5, and 43). In most searches 
fewer than ten parameters’ are varied, and this 
has proved adequate to give an excellent repro¬ 
duction of deuteron scattering below 90 MeV. 
However, a glance at the compilation of Ref. 49 
shows a great diversity of "best-fit" param¬ 
eters. Perey and Perey*’’ in their pioneering 
1963 study were able to find several equivalent 
families of similar best-fit parameters which 
gave good fits to data from 11.8 to 27 MeV. They 
also deduced an averaged parameter set (without 
spln-orblt term) which fit their entire data set 
to 25-30% on the average (rms deviation). In 
1968 this low energy study was supplemented by 
Hinterberger et al** by the analysis of their 52 
MeV data. Taking into account the results of the 
34 MeV study by Newman, Becker, and Freedom 
at Oak Ridge,” Hinterberger was able to propose 
an averaged parameter set, including a spin- 
orbit term which provided fits of similar quality 
to Perey’s for the wider energy range of 12 to 
52 MeV. Checking with our correqxmdlng data 
set we find about 28% for the average root mean 
square deviation. Both studies achieved the wide 
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range of uaetnlness of their parameter sets by 
determining and parametrizing the A and £ de¬ 
pendence In their best-fit parameters and making 
this a part of their global parameter prescrip¬ 
tion. Lohr and Haeberll* pr<^sed an average 
parameter set for their R-lS-MeV scattering and 
polarization data. Their prescription gave no 
energy dependence and proposed a different A 
dependence for the imaginary term. It produced 
very good fits to the low energy polarization mea¬ 
surements. We find, however, that their pre¬ 
scription is not very successful outside the energy 
range for which It was constructed. A similar 
restriction applies to the averaged parameter set 
of Perrin et al. for their 29-MeV scattering and 
polarization data,“ and to a number of earlier 
studies. In 1973 we began compiling a compre¬ 
hensive data set which Included a wide range of 
bombarding energies and was meant to be analyzed 
with the global search code GENOA, written by 
Perey.** As a first step an attempt was made to 
resolve experimental discrepancies^'' for the 
early 15-MeV data by careful measurement of 
23 angular distributions for medium weight and 
heavy targets at 17 MeV,” In the subsequent 
global analysis of the 17-MeV data It was found 
that very acceptable tits could be obtained with a 
single set of parameters.*’ An extension of this 
parameter set to higher and lower energies 
(12-52 MeV) also proved successful after (a 
linear) energy dependence In the V and W pa¬ 
rameters was Introduced.®'” When (d,d) 
scattering data in the 80—90-MeV energy 
range”-** were compared with the early pre¬ 
scriptions, it was found that the potentials of 
Refs. 52 and 53 reproduced the higher energy 
data in a qualitative way. Typical rms deviations 
were ±40%. This was better than for other avail¬ 
able global prescriptions, but much worse than 
the ±25% fits obtained for the data at 52 MeV 
and below. 

B. D*ta sets fur < global search 

listorlcally, optical model best-fit parameters 
ve shown variations with beam energy E and 
get mass A. It has also been noted from the 
ginning that good systematic fits at low energy 
10 MeV) were very difficult to find for targets 
th A < 40. Even at the higher energies of 60-90 
5V It has been found*®*** that scattering from 
;ht targets such as ‘*C and **Mg must be ana- 
Ecd with a coupled channels mechanism that 
tes explicit account of the strong Inelastic 
altering channel. The search code GENOA 
at. 51) will handle 1000 data points at a time, ' 
d It was decided to incorporate a carefully 
lected subset of all available data Into the data 


sets for our global searches. Eliminated from 
consideration were all data for bombarding ener¬ 
gies below 11.8 MeV and almost all data for 
targets lighter than aluminum (A = 27). An 
exception was made for cross sections for ener¬ 
gies at and above 80 MeV where elastic scatter¬ 
ing data are scarce and where compound-elastic 
effects are unimportant. The existence of Impor¬ 
tant two-step effects*®’** was taken into considera¬ 
tion by weighting the ‘’C and ’*Mg entries less 
than other data (i.e., at 50%). A simUar, reduced 
weighting was used for a few targets of high 
deformation (““Th and ’**U) If strong low-lying 
excited states were not resolved experimentally. 

It seemed advisable to not completely ignore 
such data because they could expand the mass 
range investigated down to A == 12 and up to A = 238. 
Generally, in our selection, the more systematic 
and more recent studies were preferred, es¬ 
pecially if accurate numerical data had been 
published or could be obtained. 

Included from the beginning were 21 angular 
distributions at 11.8 MeV from Heidelberg,’’' 

23 angular distributions at 17 MeV from Pitts¬ 
burgh,” 16 angular distributions at 34 MeV from 
Oak Ridge,” and 18 angular distributions at 52 
MeV from Karlsruhe.** At later dates the global 
search sets were expanded by the inclusion of 
six vector polarization angular distributions at 
15 MeV from Los Alamos,** five at 30 MeV from 
Grenoble,** and two at 79 MeV from Indiana.*’ 

Most 80-90 MeV data”’**’** were not available 
in numerical form and had to be read off the 
graphs in the publications cited. Although done 
with care, this method introduced additloual 
errors estimated at up to 10%. It was noticed 
Uiat the near duplicate data available for *’C and 
’’'Al had normalizations (see Refs. 39, 40, and 
44) that disagreed by factors so far outside 
statistical or ordinary experimental uncertainties 
that one or the other of these early measure¬ 
ments had to be In error. In the absence of more 
objective criteria we looked for systematic (dls)- 
agreement at angles below 30° with global optical 
model parameters for other targets at similar 
energies. By this criterion the absolute **C 
normalization of Ref. 40 appeared in error. It 
was increased by a factor 1.58, whereas that of 
Ref. 39 was left unchanged. For "Al the nor¬ 
malization of the more recent study of Ref. 44 
seems to be correct. It was left unchanged, but 
the ’’Al cross sections of Ref. 39 were renor¬ 
malized by a factor 0.55. A smaller, but less 
trivial, systematic error seems to exist for 
the curve of the same study. This cross sec¬ 
tion was remeasured as part of a recent polariza¬ 
tion study at the same energy.** Alter finding 
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the expected disagreements with the earlier 
study, we excluded the older curve from our 
searches and used the new one. Hence the cur¬ 
rent 80-90-MoV set contains five angular dis¬ 
tributions at 80 MeV from Orsaysix angular distri¬ 
butions at 85- 90 Me V1 rom Julich and lour 

angular distributions at 79-79.5 MeV from Indiana.^ 
The distribution in A and £ of the data in our 
search sets is illustrated in Fig. 1. Thirteen 
of the 106 angular distributions are for vector 
polarization P(e),[P = (2/V5)«T,j], the remainder 
for elastic cross sections. The total number of 
data points used is siightly below 4000. This 
number is somewhat lower than the total number 
of points available for the 106 angular distribu¬ 
tions and results from the dropping of alternate 
points in overdetermined cross sections with 
tittle structure, mostly for In to Th at 11.8 MeV, 
where fits are easy to obtain and provide little 
Information. The statistical errors for most 
data points are 1-2%, but always below 5%. 

Hence the errors significant for the global anal¬ 
ysis are generally of a systematic nature (errors 
in absolute normalization and the uncertainty in 
the scattering angle ti for the higher energies). 

It appears that most data sets have systematic 
errors of about 10%, For the purpose of the 
global searches, we assigned equal (5 or 10%) 
errors to all data points at a given energy and 
treated them as if they were random. This as¬ 
sumption would be poor for the analysis of one 
individual angular distribution. However, for 
the entire set of 106 angular distributions it 
seems reasonable to assume that the cross sec¬ 
tion normalization errors and typical angle 

Mop of Torqels and tnerqies Searched 

£ 

MeV X «I I 

» X X X I 

60 % X xxxxxi 

60 ■ I I 

MX X M(XX X nx X XXXJ^ 

.0 i ; 

X ]«( mx m j 


xMffotx Mjmomm wx> 
^» x ax xxxxsxioMKt 
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FIG. 1. Graphic display of Ihe data set used In this 
study. Targets are indicated by their mass A. The £ 
axis denott's the deuteron bombarding energy. Data with 
energies below 11.8 MeV were not included. The exclu¬ 
sion of data for targets with A <27 at the lower energies 
la explained In the text. Of 106 angular distributions In¬ 
cluded, 13 are for vector polarization. 


calibration errors have a random variation from 
one angular distribution to the next. Because 
of the scarcity of data near 80 MeV the high 
energy data (except ‘*0 and ’'%(g) were weighted 
twice as heavily as the low energy points. This 
Intentional bias might lead to better fits In the 
80-90-MeV region and slightly poorer ones at 
52 MeV than with uniform weighting. Of course, 
as with any limited data set, we may still have 
unintentional biases In our search of which we 
have remained unaware. 

C. Search proceduic 

TTie typical search for our 4000 data points re¬ 
quired five parallel GENOA runs. We tended to 
use five free global parameters at a time with 
five to six successive variations for good con¬ 
vergence. The CPU time at the Pittsburgh 
DEC 1090 computers for such a search of the 
complete data set totals 36 min. This relatively 
modest cost permitted us to make many searches 
over a span of several years. Historically the 
following search procedure was followed. Starting 
with optical potentials closely analogous to those 
obtained from an adiabatic folding approach"'* 
individual best-fit parameters for all 17-MeV 
angular distributions were found. Generally, the 
variation of nine parameters was needed to ob¬ 
tain fits within the experimental accuracy over 
the full angular range (5° to 165”). Best-fit r, 
values for the 17-MeV data fell between 0.91 and 
1.17. The ranges of the other best-fit param¬ 
eters** were 92< MeV, 0,71 <flj<0.98, 

8.7<Wo<16.7, 1.27<r,<1.46, 0.64<a,<0.86, 

5.63 13.5, 0.7<r_<l,4, 0.3 <o„< 1.85. A 

similarly large variance is found for unconstraine 
best-fit parameters at 85 MeV, although here 
ro tends to stay above 1.15, Og above 0.81, and 
r, below 1.30. All parameters were subject to 
continuous ambiguities which, however, had 
limited and differing ranges. We next restricted 
the geometric parameters to ranges consistent 
with the adiabatic folding models. In particular, 
real radius parameters below 1.1 fm and above 
1.20 fm were not admitted In the searches. This 
restriction saved a lot of computer time and 
does not seem to have excluded above average 
fits. Similarly, only such values were tried 
which would keep the real volume integrals within 
the range (300-450 MeV fm*) predicted by fold¬ 
ing calculations. 

D. Globilfltifor 11.8-52-MeVdifrCTentiilcraMiection(tat> 

Because our version of GENOA cannot handle 
more than 30 angular distrUnitions (or 1000 
points) simultaneously for a given search, the 
data were first organized and searched on ac- 
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cording to their deoteron beam energies. Each 
search started with a similar parameter pre¬ 
scription. The well converged parameter values 
were then plotted against energy to construct 
a general global formulation. Initially It was 
found that there was a very clear energy and A 
dependence In the depth of the real potential, 
as well as In the dlffuseness of the Imaginary po¬ 
tential. In analogy to earlier work,we 
introduced the parametrlzatlon = Vg - a,£ 
+<i,£/A'* and a, sai+aiA*. It was found, par¬ 
ticularly from the'analysls of the 17-52-MeV 
data, that with the constraint of global param¬ 
eters, r • i provided the best approximation. 

From the beginning of the analysis it was 
recognized that any gl(^l fits to deuteron elastic 
data on a number of different targets would be 
hampered by target-dependent structure effects. 

In particular, for our 17-MeV cross section data 
we had observed that for a fixed real geometry 
the Imaginary geometry parameters were notice¬ 
ably affected by the fullness of the shells. With 
hopes of isolating the one imaginary potential 
parameter that could be correlated most clearly 
with shell effects, each of the three parameters 
Tf, and Oj) was allowed to go free as the 
other two parameters were kept global. The only 
parameter of the three showing any striking 
and simple target structure dependence was the 
imaginary dlffuseness a,. 

A number of attempts were made to correlate 
imaginary geometry behavior with known struc¬ 
ture effects. At various times, we considered 
In turn the deformation parameter (i, the BE(2) 
values,’’ the ground state mass excesses, and the 
excitation energies of the first 2* state. Some 
systematic correlation with the Imaginary po¬ 
tential was observed, but no single functional 
dependence could be used for a wide mass and 
•;nergy range. 

The observed behavior of O/ near closed shells 
ed us to the introduction of a shell structure 
magic number) term in the imaginary dUfuse- 
less 0 /, 

exp{-l(AI - Af, )/8f }, 

vhere k Is the strength of the shell effect (~ 0.05) 
d closed neulron shells, 6 is the "width" of 
he shell term around the closed shell In units 
>f neutron number, and the index i designates the 
oaglc numbers (so that Mt °8, 20, 28, 50, 82, 
md 126). This self-contained formula proved 
ulequate in accounting lor the more pronounced 
structure effects in our subsequent fits. 

Ihe neutron shell closure behavior was a 
'ery striking property of the 17-MeV (hUa as 


well as the 11.8-UeV data and the 34-MeV data. 
The 52-MeV data displayed less of this kind of 
magic neutron shell systematic s. It Is plausible 
that such shell effects would be Important at lower 
energies but become less prominent as the 
bombarding energy Is raised. Attempts were 
made to Incorporate a similar structure term 
which would reduce S/ at the closed proton shells. 
However, when the data base was expanded from 
17 MeV to include the other energies, the global 
searches rejected such a term. 

Many of our subsequent global searches were 
performed on three data sets organized by neu¬ 
tron number, i.e., one set contained only targets 
at all energies with magic neutron numbers, 
a second set included targets whose neutron 
numbers are "close" to a magic number 
(1 l "'S). sod s third set included 

targets whose neutron numbers are "far" from 
a magic number (|W-.W„„„„1>5). 

Initially the fitting was performed with only a 
surface-peaked imaginary potential Wg. Since 
one expects volume contributions to the absorp¬ 
tion to become more significant with Increasing 
energy,” it was logical to Include a volume 
Imaginary potential which would share the same 
geometry as the surface term. It was further 
hoped that by letting these imaginary depths 
become energy dependent, as the folding models 
predict, the energy term In the imaginary dlf- 
fuseness could be eliminated. In general, one 
would prefer that geometric parameters like a, 
would be constant with energy. 

Searches were made at each energy with an 
energy-independent a, and fixed V}. The result¬ 
ing imaginary depths showed the expected be¬ 
havior; the surface term dominated at low en¬ 
ergies while the volume term became more Im¬ 
portant at 52 MeV and was most important at 
85 MeV, Although the iaclusion of energy-de¬ 
pendent volume and surface Imaginary terms 
was essential for good fits over a reasonable 
energy range, the precise relative strengths and 
energy dependences were not well established 
by the data. It was observed that the change 
with E from surface to volume absorption could 
be made more or less gradual without any con¬ 
siderable change In the fits. The iaclusion of the 
80-B0-MeV data helped reduce this ambiguity 
considerably. 

Three potentials were obtained from fits to 
the ll.B-52-MeV differential cross section data** 
which we label A, B, and C. They are dlstin- 
gnlshed by their (fixed) real radius values of 1.1, 
1.15, and 1.2 fm, respectively. They are listed 
In Table I, along with the other early prescrip¬ 
tions for global potentials. The quality of their 



TABLE I, A compartBOD of global optical parameter presoriptione used previously. The potential names indicate die year Uie preacrlptloa was first available, 
names of authors, and energy range of the data base which was fit, or to which it was adaptable. The listing is for comparison purposes only. For most purposes 
these potential forms are superseded by those listed in Table m. See text and Table n. A - mass number, Z-proton number. A'-neutron number, a-—(E/M.?)*, 
((Wj-A'I/ZI*, where .1/,-magic number (8,20,28,50,82,126). £ = deuteroa laboratory energy in MeV. CD-Ref. 52, VBC-this work. 
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rits to the 11.8-52-MeV data can be aeaesBed by 
comparing Table n with Flge. 2-5. 

The sptn-orblt geometry for these potentials 
wiB held fixed to that predicted by a folding 
calculation.' However, with each potential, V^j 
eas allowed to vary. Differential cross section 
data do not, by themselves, accurately determine 
the spln-orblt potential. Nevertheless, such a 
potential was needed to help fit the high angle 
zTOsa sections for many targets. 

E. Fiti of polarization data 

In order to cross check and to better determine 
the parameters of the spin-orbit potential it was 
decided to use the available vector polarization 
data at and above IS MeV. 

First, we fitted the polarization data by them¬ 
selves starting with the (Vg^l.lS) potential B 
which used the folding prediction for the spln- 
orblt geometry, » = 0.98 fm and = 1.0 fm. 

Letting the spln-orblt depth go free, the x' 
mproved by a factor of 2 as V ^j settled on very 
ow values of 2.1 to 2.4 MeV. When all three 
ipln-orblt parameters were allowed to vary, 

■ven further improvements in x* were obtained 
about 30%) as the spin-orbit radius r*, In- 
rcased to 1.1 fm, the dlffusivity aj,g halved in 
alue to O.SS fm, and the depth settled into 


the range of around 5,5 MeV. Next we Included 
both the differential cross section sets and the 
15- and 30-MeV polarization sets in the search. 
The resulting potential, known as potential D, 
is found in Table I. Potential D represents about 
a 15% increase in the total x‘ for differential 
cross section data with an improvement by 
about a factor of 2 in the total x' for polariza¬ 
tion data, compared to the fits with potential B, 

Up to this point, our polarization searches 
were done with a spln-i formalism. [Compar¬ 
isons of selected 12- and IT-MeV polarization 
predictions between spln-i and spin-1 calcula¬ 
tions had indicated remarkably little difference, 
except for the rescaling (by -f) of the spin-orbit 
depth Vis Itself.] The 30-MeV (and 80-MeV) 
polarization predictions, however, displayed 
more significant differences between the two 
forntalisms, primarily concerning the amplitude 
of oscillations, particularly for the heavier 
nuclei. 

Hence, polarization searches for the higher 
energies were always checked (or redone) 
with a spln-1 formalism. Because the search 
code GENOA permits only spin- ^ calculations, 
it was necessary to perform the searches either 
by doing a series of single-shot calculations using 
a spin-l code (dwuck) or by using the search 


TABLE n. The Buocesa of several popular global prescrlptiona in fitting the current set of dala is quanUfled in terms 
f values found. These x' values are tabulated below, together with x’ values of potentials presented In this paper. 

'ur 0 ( 8 ), x' ' 1 moans sn rms data-theory difference of 10%; x' ^ 4 Implies an rms difference of 20% between data and 
rcdlctloaa. The names of tbe parameter seta Indicate year of BvailBblllty, author, energy range of expected validity, 
nd letter A—L label. As can be seen from Tablee I and m, tbe potentials become more complicated towarda the bottom 
f the list. The Xw* values for fits to the vector polarizatloo are approximate and are based on -• i:0.D5. Genersl- 

V, asymmetry data are more accurate. For most potentials tbe IS-MeV polarizations are fit poorly. (The situatloD is 
evorsed for the (74) lx>hr potenUsl. Here the fits are very good with x* 3.4 for the 15-MeV data, but close to 48 for 
be- 30-MeV data. We were not able to generalize the Lohr potential with a funotton Vj|(£), as proved poasible for the 
Vrrln potonUal.l A<t,=0.1c,; APj-0.05. 


Deuteron energy 
I^rameter sets 

11.8 MeV 

17 MeV 

34 MeV 

52 MeV 

85 MeV 

Pol. 

15, 30 MeV 

Pol. 

80 MeV 

Historical sets 

(03) Perey and Percy 11.8—27 MeV 

5.3 

10.1 

(47.5) 

(96) 

(494) 

noL ■ S 

noL ‘S 

(OS) Hlnterberger 34-52 MeV 

4.65 

6.6 

10.8 

8.9 

(82.6) 

16 

(75) 

(74) Lohr and Haeberli 9-13 MeV 

2.04 

12.1 

(148) 

(17 667) 


20 

(276) 

(76) Perrin with V(£) 9-52 MeV 

4.3 

4.9 

14.9 

(69.8) 

(99.5) 

7.5 

(190) 

P6) CD, 11.8-62 MeV, A 

2.89 

2.84 

6.09 

5.32 

11.7 

10 

a08) 

f'B) CD, 11.8-62 MeV, S 

3.06 

2.76 

6.07 

5.31 

11.6 

9.0 

(92) 

(^6) CD, 11.8-62 MeV, C 

3.09 

2.96 

6.87 

5.49 

15.9 

9.3 

(87) 

ff«) CD, 11.8-62 MeV, D 

3.16 

3.51 

5.99 

6.82 

26.8 

5.2 

(80) 

CD, 11.8-62 MeV, E 

3.35 

3.36 

6.06 

5.87 

19.9 

5.9 

(53) 

170) VHC, rel, 11.8-90 MoV C 

3.49 

3.08 

7.70 

6.84 

4.28 

9.2 

(34) 

Current-thls work 

(79) DCV. rel, 11.8-90 MeV, F 

2.46 

2.67 

5.54 

4.00 

2.9 

6.8 

3.9 

179) DCV, oonrel, 11.8-90 MeV. L 

2.61 

2.44 

6.37 

3.99 

3.1 

7.4 

8.0 
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FKi. :i. (.'ompurison nf the II.MeV data kr(8)^ 
<'HuiMr(<rdl with the predictions nf the f^obal 

potential L (T.ablc Ifl). Nearly identicnl ngroement was 
ohtninod for potential f', tllfthtly hotter fits would be 
provldotl by the low energy potential of Lohr (Ref. 6) and 
slightly Inferior fits arc obtained from potentials A, B, 
C, I), E, .and VKC. (tiee Table U for a quantitative com- 
(tarlBon.) n allowance is made for the o/oHrtsttiorii 
piesentatlon It la soon that the difference between data 
and theory for tarpotB up to is nearly independent 
of angle as might be expected from .a-wave compound 
clastic senttering contributions. For *®^Uh and ^*^Th in¬ 
elastic cross sections U> one or more low-lying excited 
states may Ijc bicluded In the dabi. 

code Cl'PIli.'"’ This modified global potential 
was then refit to the differential cross section 
data, which resulted in a slight readjustment of 
the structure term in the imaginary diffuseness 
Hj. In addition, setting r^= t.2 fm resulted in a 
slight change in the real depth V^,. This potential 
which fits differential cross sections and polar¬ 
ization data from 11.8 to 52 MeV was labeled 
potential Ji (see Table I). The quality of the polar¬ 
ization fits is similar to potential V, but it does 
a better job for tlic 52-MeV cross section data 
(see Table If). 

F. Inchniuii of 8fl.90 MeV data 

An adequate set of 80-90-MeV cross sections 
was obtained fairly late in this study. The first 
80-McV polarization data did not become avail- 



FIG. 3. Comparison of the 17~MeV elastic scattering 
data of Kef. 38 with the predlctlona of the global potential 
L. Fits with potentials F and F’ are nearly Identical. 
Sec Table 11 for a quantitative comparison of fits to thesi 
data by other global prescriptions. 

able until summer, 1979.'“ It then became ap¬ 
parent that none of the earlier global prescrip¬ 
tions produced good predictions at 80 MeV. The 
overview of Table n shows that our potentials 
A, B, and C gave agreement to within 35-45% 
(rms deviation), which falls far short of the qual¬ 
ity of the fits at lower energy. A search on the 
“85-McV” set starting with potentials B or C 
indicated the need for changes In a„ r,, and in 
the spin-orbit potential V^j. As a minimum, Vu 
had to be made energy dependent. It turned out 
that a reasonable extension of potential C was 
possible if relativistic kinematics were used in 
the computations. This potential has been named 
C and is listed In Table I. Table II shows that 
potential C' extends the range of usefulness to 
85 MeV at a modest cost In fit accuracy at the 
lower energies, but still fails to fit the 80-MeV 
polarization data. 

Ultimately It was decided to take a second look 
at the energy dependence of critical paramrters 





21 


GLOBAL OPTICAL MODRL POTENTIAL FOR ELASTIC... 


2261 


34 MeV 



0 so 120 O SO 120 


0cm ('<69 1 

FIG. 4. CoDiparlaon of the 34-MeV data of Ref. 25 
with the predictions of the global potential L. Fits with 
potentials F and F‘ arc nearly Identical. See Table 11 
for a quantUatlve comparison with fits by other global 
prescriptions. 


by refitting the £ = const data sets at all ener¬ 
gies, this time Incorporating the polarization data 
from the beginning. The goal was to improve on 
all previous fits—admitting additional param¬ 
eters if necessary. In this we retained our 
original criterion that additional (trial) param¬ 
eters were kept only if they produced a x’ Im¬ 
provement above 10% lor the total set. This last, 
but extensive search cycle resulted in potential 
F (for calculations with relativistic kinematics) 
and the very closely related potential L (for cal¬ 
culations with the nonrelativistic kinematics, 
vhlch are used in most older DWBA codes). The 
newly introduced weak energy dependence In a, 
was essential for the significant Improvement In 
fits over potentials A through £. The energy de¬ 
pendence in Vf (and in ti for potential £) Is some¬ 
what less unique. The gldsal potentials F and L 
are listed In Table in. The numerical com¬ 
parison with prior potentials Is shown In Table II. 
A comparison of the predictions of potential L 
(In the nonrelativistic spinal formalism) with the 
^aperlmental points of the full data set is shown 
in Figs. 2-8. The results of potential F would 
be visually almost indistinguishable from L and 
■ Me not shown In the figures. 









■ ‘Vi. ^ 
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FIG. 5. ConiparlsoD of the S2-MeV data of Hcf. 34 
with curves from iiutentlal L. Curves from potentialB 
F and F' arc nearly Identical. Sec Table 11 for compar¬ 
ison with other global preacriptlona. For "“Rh, '•'Ta, 
and low excited levels are Included In the elastic 
peak and may distort the angular diatiibutlons at larger 
angles. 


G. Unsnswctvd questions concerning the resetion cross sections 

Two comprehensive deutcron reaction cross 
section studies using attenuation techniques were 
performed at 22.4 MeV by Wilkens and Igo” and 
at 25 MeV by Mayo et al.”* Predictions of po¬ 
tential L (which are very close to potentials 
A—F at 25 MeV) are shown with the Og data in 
Fig. 8. 

This section outlines our unsuccessful attempt 
to better fit the reaction cross section data. The 
lettered potentials A-f. give Og predictions for 
the lower energy (10—13 MeV) region which gen¬ 
erally lie within the quoted experimental errors. 
(An exception is “C at 12.8 MeV, a very light 
target which we would not expect to fit well). 
However, a close look at the two surveys at 22.4 
and 25 MeV Indicates a systematic A dependence 
In the quality of fit. The predictions of potential 
L are good for low mass targets, but for the 
heavier masses there is a discrepancy between 
predictions and data, particularly with the 22.4- 
MeV data. 
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TABLE m. A Ilsttnc of recommended glofael penmeter preeortptlone, whloh fit e wide range of denteron eoattartng 
data. Potentials L and P' are nearly equivalent In the range 15-8S MeV. Potential F' dlffera from F in havliy a oompler 
apin-orblt term. The addition of the Imaginary part provided a better fit primarily to polarisation data. The F' 

parameters are tentative as only a small set at polarisation data was available for this analysis. A mass number, z 
>proton number, ^ = -(E/lOO)’, t(Af,-N)/2|*, where Hfi-maglo numbers (8,20,28,60,82,126), Af-neutron number, 

E deuteron laboratory energy In MeV. 


name 

Vg (MeV) 

U (fm) 

a, (fm) 

Wg (MeV) 

Wo (MeV) 

rr (fm) 

79 DCV, L 







(nonreUtlvlBtic 

R8.6-0.26E 

1.17 

0.709 +0.0017£ 

(12.2 + 0.026£)(l-e*) 

(12.2 + 0.026£)e‘ 

1.325 

kinematics only) 

+0.88ZA*’''’ 






79 DCV. F 







(for relativistic 

88.0-0.283£ 

1.17 

0.717 + 0.0012E 

(12 + 0.031£)(l-»*) 

(12+0.031£)e“ 

1.376-0.01/e 

kinematics only) 

te.sazA''''’ 






79 DCV, F' 







(for relativistic 

88.0-0.283E 

1.17 

0.717+ 0.0012E 

(12 + 0.031£)(l-«*) 

(12 + 0.031£)«® 

1.376-0.01/£ 

klnematlce only) 







Example for 







F parametora at 

N1.2S 

1.17 

0.7794 

3.225 

10.387 

1.304 

52 MeV 







Potential name 

flj (fm) 


rc (fm) 

(MeV) Vis ais 

"'rs 

riLs aiLs 


79 DCV, L 


(nonrelatIvisUc 
kinematicB only) 

79 DCV, F 

0.53 + 0.07A*''’ 
-0.04 2^,e*l‘( 

1.30 

7.33 - 0.029£ 

1.07 

0.66 

0 

0 

0 

(for relatlvlBtlc 
Iclnomatlcs only) 

79 DCV, £' 

0.52 + 0.07A‘/’ 
-0.04Sie‘‘'‘ 

1.30 

7.20-0.032£ 

1.07 

0.66 

0 

0 

0 

(for relativlatic 

0.52 1 0.07A‘^’ 

1.30 

5.0 

1.04 

0.60 

0.37A‘'* 

0.80 

0.25 

kinematics only) 

-0.04 





-0.03£ 



Example for ”Nh 

F parameters at 

0.8223 

1.30 

S.744 

1.07 

0.66 





52 McV 


A data set was constructed of these two Ug 
surveys, and searches were performed. By 
allowing only the non-structure-depeodent terms 
of the Imaginary dlffuseness to vary, excellent 
fits (x’1) to Og were obtained with a, =0.85 fm. 
This value Is to be compared with the potential 
L value of 0.53 + 0.07Afm, which would yield 
a, =0.74 to 0.95 fm for a typical target range of 
A1 to Pb. 

Thus the reaction cross section fits seemed 
to suggest that there should be no residual mass 
dependence in the Imaginary dlffuseness a,, and 
in addition that the overaii magnitude of aj Is too 
high. As a result, attempts were made to revamp 
the global potential to exclude the mass term in 
the imaginary dlffuseness. This necessitated a 
steeper mass dependence of the real potential 
depth and also the Inclusion of a mass dependent 
term in the real diffuseness a,. The resulting 
potential we called potential T.” The advantage 
of potential T was that without the A dependence 
in the absorptive potential, the changes In the 


Og predictions with A reflected the changes of the 
22' and 25-MeV Og data. Also, we observed that 
the differential cross section predictions for 
heavy targets (A > 200) at the low energies 
(£*17 MeV) displayed more structure than po¬ 
tential L. 

The disadvantages of potential 7, however, 
greatly outweigh the advantages. First, al¬ 
though potential 7 fits the change in <Xg with A 
quite well, the magnitude of the imaginary dlf- 
fusenesB a, required to fit the differential cross 
section data (0.82 fm) still yields too much ab¬ 
sorption overall for the Og data. Searches on the 
differential cross section data using potential 7 
with a, fixed at 0.65 fm generates fits whose 
total X* iB eight times larger than with a, of 0.62 
fm. Consequently, even potential 7 overpredicts 
the 25-MeV <Jg data by 12% and the 22-MeV Og 
data by 20%. Secondly, potential 7 predicts too 
much structure in the heavier targets (A> 100) 
at 52 MeV, In a few cases, predicting osctllatlooi 
not reflected at all In the data. Finally, the most 
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Flu. G. Coinparlson of 80-90>MeV data (Refa. U9-42) with curves from potential L. Fite with potcotlale F and F' 
arc marginally better. The other global prescriptions are not veiy useful at this energy. (Compare Table II.) It Is 
noted that the data for 79.2 and 79.5 MeV (Ref. 42) are tentative and snbfcct to small changes. 


significant objection to potential T is the quality 
of its polarization predictions. The central part 
of potential T distorts the polarization predic¬ 
tions qualitatively to such an extent that It is 
impossible to obtain good fits with an\ values 
f the spin-orbit parameters. 

Finally, we explored the effect of a possible 
symmetry in the surface of the real potential, 
he folding computation of the real deuteron op- 
cal potential by Perey and Satchler^ yielded 
related local potential with a near Woods-Saxon 
^rra if the dlffuseness was made asymmetric 
bout the half-radius point. The effective folded 
Bal Woods-Saxon form would then have a typical 
iner dlffuseness of a -0.68 fm and an outer (tail) 
Ufuseness of 0.82 fm varying slowly with A. 

'his could in turn be represented by an .A-de- 
endent term in a^. That is, for a given bombard- 
iK energy, the incident deuteron would see more . 
f the tall region of a heavier target, where the 
olding model predicts a large diftaseness. An 


attempt was made to employ this asymmetric 
Ug term with our data in GENOA, with hopes that 
it might replace the need for an A'^ dependence 
in the Ug global potential. After a number of 
searches, the resulting fits were about 10% 
worse, with the two dlffuseness values («,, and 
tending to converge to one another. It has 
not yet been possible to use such an asymmetric 
Og to obtain the overall goodness of fit we 
ordinarily obtain, without a major reorganization 
of the real potential. 

The failure to accurately reproduce an appre¬ 
ciable fraction of the total reaction cross section 
data is of concern. It could imply that in the 
global prescriptions some important phase shifts 
are not obtained correctly. Hence we expended 
considerable effort trying to overcome this 
difficulty, as outlined above. Our present feeling 
is that even individual best-fit parameters for 
22.4-MeV angular distributions (If available) 
would give total cross sections larger than the 
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FK'i. T. CoKipHrlHon uf potential J. predictions with vector polsTlr.ation data from Refs. 54, 65, and 42. The 78.5 
McV polarizations (Ref. 42) are preliminary. Fits with potential F are marginally bettor, while potential F' (by virtue 
of the complex epln-orbit term) does noticeably better. See text and Tables 11 and m. 


measured ones. We reler to Fig. 22 In Ref. 17(a) 
where best-111 parameters for 21,6-MeV angular 
distributions are used to predict total cross sec¬ 
tions. These (21.6-MeV) reaction cross section 
predictions are about 10% larger than the mea¬ 
sured ones at 22.4 MeV. Figure 9 shows the pre¬ 
dictions of potential L for Oj, as function of A and 
E. It can be seen that, lor targets with A * 100, 


Oj, grows very rapidly with £, l.e., by about 4% 
per MeV in the 20-MeV region. Accounting for 
this trend further Increases the disagreement al¬ 
ready apparent in Percy’s best-fit comparison.’’ 
We thus may see a limitation of the optical model 
analysis for deuteron scattering. On the other 
hand, such a conclusion should probably be de¬ 
ferred until these early and difficult measure- 
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FIG. S. Comparison at the reaction cross section data 
of Refs. 67 and 58 with the predictions of potential L. 

The low-energy data (not shown) and the data for amall 
A fdve good agreement with the optical model prodictions 
uf potentials A—.A. However, for the heavier targets all 
predictions are systematically higher than the data 
shown, particularly for 22.4 MeV. Forcing a tit to these 
reaction data produces dramatically inferior fits to the 
polarlr.allon data. 


merits have been checked with Improved experi¬ 
mental methods. 


in. DISCUSSION 

A. Comparison with expertmenlal data 

In some respects the highest energy data (80- 
'0 MeV) should be hardest to fit. There are 
lore and generally deeper minima than at lower 
icrgies, and the rapid variation with e would 
resent problems U measurements are uncertain 
f as little as 0.5*. However, a glance at Fig. 6 
lows that the global approach leads to very sat- 
ifactory fits. Some cases of excellent agree¬ 
ment are found at all energies Investigated (Figs. 
-7), but we also notice a number of dlsagree- 
lents. Most of them, we feel, can be under- 



no. 9. PredlotloDS of potential L tor the mass and 
°ergy dependence of the total reaction cross sections. 


stood tor the reasons given below. 

(a) All but the most recent experiments used 
deuteron beams of moderate resolution (l.e., 

> 100 keV), and a number of the experimental 
cross sectloos are, therefore, suspect at large 
angles. For Instance, the measured cross sec¬ 
tions for “Nb, ‘®Rh, ‘“Ta, and ***0 contain the 
inelastic cross section for one or more un¬ 
resolved states below ISO keV excitation. In¬ 
elastic contributions are generally out of phase 
and wash out the elastic structure. The angular 
distributions which we suspect on experimental 
grounds are noted In the figures. Hiey generally 
lie above the calculated curves, as might be ex¬ 
pected. This is especially obvious for "'U at 52 
MeV (Fig. 5). 

(b) The cross sections for the lightest targets 
at 11.B and 17 MeV show systematic disagree¬ 
ments with the optical model curves [o(0),^p 

- ®(®)ii«...t “ const for low B, A, as for protons”). 
We think this effect is meaningful and not an 
artifice of the data or the analysis. Its disap¬ 
pearance at higher energies suggests that com¬ 
pound-elastic scattering and/or other higher 
order effects are not negligible, at 11.6 and 17 
McV. The optical model Is not expected to work 
well when such effects are Important. 

(c) At 11.8, 17.0, and 34.0 MeV data for 

ft/, targets show recurring differences from the 
calculated curves. This could be a more subtle 
structure effect which the optical model in its 
current form cannot predict (e.g., a nonunUorm 
increase of R with A). This effect is particularly 
striking for **Ca in Fig. 3. o(fi) for *'Cb shows 
almost no similarity to that of the neighboring 
”V, which also has a closed (N = 28) neutron shell. 
In most other atypical, shell-closure correlated 
variations the global fits were Improved con¬ 
siderably by the introduction of the magic shell 
correction term lor <i/. Minor problems at large 
angles remain. See, for Instance, e> 150* for 
“Y, "Nb, ‘«Sn, and ‘"Pb In Fig. 3. A 50% 
larger magic term would better reproduce these 
shell effects at 17 and 34 MeV; however, it 
would harm the fits at higher energies. The co¬ 
efficient of 0.04 given in Table III represents 
a compromise. 

(d) A few angular distributions (e.g., '^‘Fe and 
'"Au at 52 MeV) disagree with our global fits 
by being systematically 30-50% higher every¬ 
where, even at very small angles (Fig. 5). It is 
our experience that such disagreements often 
result from an incorrect normalization of the 
data. (We noted in our own measurements that 
‘"Au absolute cross sections could not be re¬ 
produced from run to run because of the noo- 
unlformlty of our commercial self-supporting 
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gold lollB). A remeasurenent for and ‘"Au 
would be very desirable. 

B. The reel potentiil 

The historically observed discrete ambiguities 
for the depth V„ of the real potential”have 
essentially been resolved by the folding meth¬ 
od'*’’’ in favor of a potential characterized by a 
volume Integral J/2A 350 MeVfm’. As ex¬ 
plained above, this theoretical result was one of 
the boundary conditions Imposed on our searches. 
But the familiar continuous ambiguity for r and 
V/i characterized by the empirical relation 
I't'" = const was not resolved when this study be¬ 
gan. Owing to the ability of empirical models to 
fit proton-nucleus scattering with radius param¬ 
eters ranging from 1.15 to 1.25 fm (Refs. 21, 

22 , and 20), a range of l.t-'To’’- 
teron-nucleus radius parameter is consistent 
with the folding approach. The analysis of the 
lower energy data showed no striking preference 
for any particular value inside this range; 
however, by and large, the lowest energies were 
more easily fit for 1.11.15 and the highest 
ones (80-90 MeV) were better fit with 1.15«ro 
’ 1.20. We have somewhat arbitrarily resolved 
this ambiguity by demanding that should not 
be energy dependent. There is no clear theo¬ 
retical guide as yet on how should change with 
E, and r„-const is the simplest and a palatable 
option. It was found lliat for ro-l.l7 fm, high 
and low energy data could be well fit as long as a 
small energy dependence of was permitted. 

(Ug for potential L grows linearly from 0.73 fm 
at 12 MeV to 0.825 fm at 90 MeV.) This energy 
dependence of Is no longer optional if is 
kept at a (any) constant value. We see no unusual 
significance in this particular parametrization 
except that it works and Involves reasonable val¬ 
ues for r„ and We note that U,„,„ the resulting 
rniK radius for the potential, is apparently unique 
for potentials of the Woods-Saxon shape and should 
be reproduced by a successful theoretical con¬ 
struction of the real potential. Figure 10 shows 
the values for several nuclei as pre¬ 

dicted by potential L. A moderate but distinct in¬ 
crease in Rrm with energy is seen. This trend is 
supported quantitatively by independent, individual 
best-fit rms- values which were taken (mostly) 
from the literature and are shown as circles in 
Fig. 10. The agreement of best-fit rms values 
with the global potential L is better than expected 
given the usual fitting ambiguities. 

in Fig. 11 we show as solid lines the real volume 
integrals J/2A extracted by our global fit. 

Again the circles are independent best-fit 
values. The value of d/2 A, at least If obtained 
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PIG. 10. The solid lines represent rms radii extrac-tfd 
from the global analysis of our data act. They were 
computed from potential X. for aeveral targets aa a func 
Uon of energy. We note the close agreement with cor 
responding real and Imaginary rms radii extracted in ihr 
literature from individual beat-tit analysea (c.g., Refs 
3B, 26, 24, 39, and 42, shown as closed circles). 



riU. 11. The solid lines show the energy dependener 
of the real volume integrals for several targets as eX' 
traded by the global fit L to our data base. Correapoo 
Ing volume integrals (j/2A) deduced from beat-fit pari 
etera In the literature (full circles) agree with these 
lines to about 10% or better. We noticed that J/ZA de¬ 
pended somewhat on the rt values chosen la the optical 
model analyses. The real volume integrals decrease > 
moat linearly with energy and show a nonlinear depen¬ 
dence on A. 
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from individual best fits, aeems to be less 
unique and more strongly dependent on the choice 
of the real radios parameter. Note the large 
scatter at 11-17 and at 52 MeV around the 
"global" carves. The 52-MeV points result from 
(r, >1.05) beat lits.** We believe that so small 
an Vg value Is unphyslcal at 52 MeV. The lower 
energy best fits use more conventional r, values, 
but do not seem to determine J/1A very pre¬ 
cisely. Our global fit indicates a distinct, nearly 
linear drop of J/7,A with energy, a feature that 
is also seen in proton scattering and thus ex¬ 
pected, at least qualitatively, from folding theory. 

of potential L has been carefully optimized 
for the available data set. Given the number of 
variables used and potential shapes of Woods- 
Saxon type we find the parametrization of Table III 
superior to all others we have tried. This is not 
to say that better shapes could not be found. Even 
If we retain /(r) some ambiguities persist. Using 
the notation V';,(r) = (Vg+A,irA.‘‘^+Aj£)/(r), they 
can be expressed roughly by the relation Vg + OKj 
sC :::conBt, whcce the constant C depends on the 
fixed real radius value r^. Quite good fits could 
be maintained with t20% variations in A, as long 
as the above relationship was satisfied. It is 
interesting to note that for Perey's" set h 
(Vg»100MeV, Vo = 1.15), A, >2.0 and Vg" 81. 
so that the constant C >99 MeV. The global po¬ 
tential E (Vg > 89.5 MeV, A, = 1.0) has C = 98.5 
MeV. For our potential i (rg = 1.17, Vg = 88.5 
MeV, A, =0.88) we have C =96.4. Hence the di¬ 
vergent values for A, appear to be part of a long 
valley in x’ hyperspace. 

The Coulomb term was originally Introduced 
into the epical model potential in the proton 
i studies by Perey** and by Becchettl and Green- 
I lees“ to represent an energy correction term to 
potential depth. Thus, a deuteron will 
!rience a Coulomb repulsion of about 
Z/A'^ MeV at the nuclear surface. Since our 
'gy dependence is 0.28E we might then expect 
t energy correction of 0.28(E - 1.3BZ/A'^) 
!8£-0.39iZM*^, The fitted value of O.BBZ/A*^, 
g more than twice the expected value, could 
lably not be explained away by corrections to 
-oulomb term. It appears rather that the 
ilomb" term In Vg represents actually two 
irate terms, the first being a contribution 
entirely to Coulomb repulsion, and the sec- 
being an >1-dependent fitting parameter. In 
the Z/A'^ term may be a disguised term of 
lorm A*'*, which behaves vei? similarly with 
r most targets. Even our previously observed 
Iguity between V, and K^Z/A'^ does not ex¬ 
down to the region of without con- 

rable worsening of the fits. 


The energy dependence of Vj, Is well defined for 
a given Vg. Whenever the potential depth V;i was 
plotted versus energy for best fits for a single 
Isotope at various energies with a common real 
geometry, a very nearly straight line was de¬ 
scribed by the points, up to 52 MeV. There¬ 
after, the slope Increased somewhat. It is ex¬ 
pected that outside the incident deuteron energy 
range of 11.8 to 85 MeV, such a linear approx¬ 
imation for Vc(£) would not hold. The energy 
dependence of Vj, for nucleons should become 
weaker as E increases further.’* However, for 
the energy range we analyzed, a linear dependence 
was adequate and it was not deemed advisable 
to employ a more complicated E dependence. 

The real radius parameter r, was fixed to a 
given value for most fits performed, both single 
and global. Attempts were made to introduce a radius 
of the form r, + VgA ‘ where rg/l* would be the nu¬ 
clear radius andr, would represent the deutron size. 
However, fitting with such an expression brought 
no improvement and the addition of such a term 
seemed thus unjustified. At various times the 
radius was allowed to go free for each target 
in a global fit, but no systematic variance from a 
constant value could be detected. 

The real dlffasenesB Sg was observed to be tied 
to the real radius, in an inverse relationship. 
Freeing Sg with fixed Vg on targets In a glcbal 
fit showed a slight energy dependence. This £ 
dependence of Ug was found to be easily absorbed 
by the £ dependence of the real depth V,, unless 
and until the 85-MeV data were included. 

In general, the global fits over broad mass 
ranges required an A-dependent term in one of 
the central dUfuseness parameters—In a, or in 
a,. Putting the A dependence in Ug rather than a,, 
while improving the overall slope of the fits 
with mass, considerably worsened the differential 
cross section fits overall. 

C. The iimguiuy potential 

The simple Watanabe modeP is not adequate 
for a correct prediction of the imaginary part of 
the optical potential.*'* This is mostly due to 
the large probability of deuteron breakup in the 
scattering process.*’*''' Extensive theoretical 
work in recent years*’**’'*'** has greatly en¬ 
hanced understanding of this process. The simple 
folding of imaginary nucleon-nucleus potentials 
considerably underpredicts the Imaginary poten¬ 
tial needed, and breakup Is a major physical cause 
for the large Imaginary surface term found in the 
phenomenological deuteron-nucleus potential.” 

The processes contributing to the absorption of 
the Incident deuteron wave are sufficiently com- 
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plex as to discourage a quantitative construction 
of a local, equivalent optical model term. Hence 
most recent theoretical calculations for deuteron 
scattering compute the scattering matrix elements 
directly. When a comparison with the matrix ele¬ 
ments obtained from the optical model is made it 
la noted that theoretical refinements tend to give 
matrix elements which more closely agree with 
phenomenological values.* 

Qualitatively, It Is expected that as the deu¬ 
teron energy increases, the absorption will de¬ 
crease at the surface and increase in the volume 
region of the target.Such a dependence was 
also found empirically by Becchetti and Green¬ 
lees** In their elastic nucleon optical model 
studies. For protons, Becchetti and Greenlees 
obtained Wg =0.22(£- 12.3) and Wo = 11.8-0.25£ 
(Isospin term), l.e., the surface potential drops 
to 50% of Its maximum value at 24 MeV per 
nucleon. This Is about twice as steep a drop as 
found for our deuteron potentials A to £ which 
employ a similar parametrization. This linear 
energy dependence did not work so well once the 
data set was extended to 90 McV. The fits to 
the 85-McV data Indicated a preference for a 
stronger switch to an imaginary volume potential 
than given by potential £. The very alow drop 
of Wo at low energies and the faster drop at and 
beyond 52 MeV, which we found empirically, 
could be approximated by a Gaussian function 
of the type W'expl-(£/£„)*J. This function also 
has the advantage that it will not cross zero (as 
any linearly decreasing function would). The 
least squares search fixed at 100 MeV to within 
about 10% (depending on geometric parameters). 
Hence our Imaginary potentials took the form 

Wo = W,(£)exp[-(£/100)*J, 

W, - »',(£){ 1 - exp(- (£/100)= If. 

where W,(£) and showed a very weak in¬ 

crease with £. It was found that fur all practical 
purposes we could set 

W, = W.^ = H''=l2.0 + 0.03£ 

and 

H'o-ir-W's. 

In this parametrization, K'n drops to 50% of Its 
maximum at 40 MeV per nucleon, or at 80-MeV 
deuteron energy, faster than for the low energy 
potential £ (which yields the half point at £< =113 
MeV), but nut as fast as the Becchettl-Greenlees 
potential for protons (which would have yielded 
the half point at 48-MeV deuteron energy). The 
Gaussian shape In our parametrization is some¬ 
what arbitrary, but there is reasonable (x*) 


evidence for the nonlinearity in the decrease 
of Wt, and the corresponding nonlinear In¬ 
crease of Wg. 

The strong coupling of Wg and Wg Is a con¬ 
sequence ol the near constancy of the Imaginary 
volume integral which Is demanded by the data. 
Figure 12 shows the volume integrals JI/2A 
deduced from our global fit L as function of deu¬ 
teron energy. The upper five curves refer to 
targets of different sizes and give the total Imag¬ 
inary volume Integrals. The lower two curves 
give the surface [JD) and volume (^) components 
separately for “‘Sn. The circles represent Inde¬ 
pendent best-fit results from the literature. 

They are connected by vertical lines to the curve 
to which they correspond most closely In mass 
{EA =±2). These best fit values scatter about 
the global curves, differing by 5 to 10%. They 
do, however, agree well with our global fit con¬ 
clusion that the total Imaginary volume integral 
per nucleon is nearly constant with energy and 
decreases with target mass. There is as yet no 
independent test for the magnitude of the volume 



E (MeV) 

FIG. 12. Lines show Imaginary volume Integrals 
IJI/2A) deduced from the data through the global fit L- 
Corresponding Individual best-fit values for Jl/2A are 
taken from the literature and shown as closed circles. 
Above 15 MeV deuteron energy agreement to within 10^ 
la seen; however, individual best fit values reported at 
11 MeV (arrow) disagree by 30% or more. It is noted 
that JI/2A varies strongly with A, but only very grailu- 
ally with energy. The dashed lines separately show die 
changing surface (JD/ZA) and volume (JS/2A) oompon- 
ents of the integral for Both parts contribute 

about equally at 90 MeV. 
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and flurlaee parts separately. ITie arrow at 11 
MeV is added as a reminder that the volume inte¬ 
grals for <12-MeV best fits” are not close to our 
global curves, being much larger than at higher 
energy and showing larger scatter. 

A glance at Fig. 10(b) shows that our global 
parameters and the independent best-fit param¬ 
eters from others deduce remarKably similar 
imaginary rms radii Rin,,, in spite of the fact 
that other analyses use rather different ri,a, 
parametiizations. Hence, good fits to the data 
over a sufficiently large angular range apparent¬ 
ly fix the real and Imaginary root mean square 
radii of the scattering potentials rather accurate¬ 
ly (In contradistinction to the continuous am¬ 
biguities in the optical model parameters r„ 
and ri). The global and individual best-fit analy¬ 
ses agree that for a given target falls slowly 
with deuteron energy and can be considered well 
known. 

We return briefly to the question of volume 
versus surface absorption components. Figure 
13 shows the radial dependence of the combined 
imaginary potential contributions as given by the 
global potential L for two nuclei of very different 



FIG. 13. Radial dependence of the Imaginary parts of 
>e optical potential L as a function of deuteron energy 
ir two targets. Note that the half-value radlua la mark- 
hy affected by the shift from surface to volume ab- 
^rption without a change in the radius parameter rj. 


Size. We note that the switch from surface to 
volume dominance automatically reduces the 
half point radius with Increasing energy. This 
decrease of Rf Is a real effect needed to fit the 
data well. However, the magnitude of W at 
r= 0 Is probably not well determined by our data. 

It Is determined only in the following sense: 
Throughout our global fitting study we followed 
the self-imposed rule that the minimum require¬ 
ment for the introduction of a new parameter is 
Die improvement by 10% in x’’ fur the data set. 

It was known that lower energy data (~17 MeV) 
required no appreciable volume term but did 
need a surface term with rj” 1.33. On the other 
hand, medium energy proton £> 50 and higher 
energy deuteron data have been fit best with a 
volume absorptive potential. Similarly, nucleon- 
nucleus folding calculations predict increased 
volume absorption at higher energy.'* This led 
us to introduce both potential shapes. Given this 
additional complexity we subsequently tried to 
not further increase the parameter space by 
holding rj and a, to the same values at all energies 
and for both radial shapes. This constraint led 
to Wp and Wg values which were well fit by the 
Gaussian energy dependence given above. It 
came as a pleasant surprise that the best lits 
resulted in W,® W,, thus eliminating the need for 
one of the Vf parameters. There are undcxibtedly 
other and more complex Wir, E) parametriza- 
tions which would fit the data equally well or 
better. 

For the range of our fits W = 12.0 + 0.03£, l.e., 

W grows slowly but linearly. This probably 
cannot be extrapolated very far beyond 100 MeV. 
Generally, we expect that at higher energies 
optical parameter energy dependences will be¬ 
come weaker, with the imaginary depths asymp¬ 
totically approaching a constant value. Such be¬ 
havior has been observed with elastic nucleon 
scattering, where Wg rises with Increasing 
bombarding energy from a depth of 5 MeV to a 
depth of 20 MeV (at 50-MeV incident energy) (Ref. 
59, p. ITS, see also Ref. 20), but for Incident 
energies from 50 through 300 MeV, Wg remains 
fairly constant. 

The Imaginary radius parameter ri Is fairly 
stable In the region 1.30-1.33 fm with our global 
fits, showing a preference for the lower value 
at the higher energies. terms were Intro¬ 
duced into r/ at various times, but no particular 
advantage was obtained. The Imaginary diffuse- 
nesB a, is the parameter which we have chosen 
to contain the observed structure dependence. 

The shell correction term which Is a Ametion of 
closed neutron shells reduces absorption by 
making the Imaginary dlffuseness sharper near 




2270 


21 


W. W. OAEHNICK, J. D. CHILDS, AND Z. VECELJ 


and at magic neutron numbers. Although a great 
deal of scatter was seen in plots ot best o/ versus 
nearness to magic neutron ehetl, the distribution 
a,iff) could be (Itted quite adequately with a 
Gaussian centered at the magic shell number with 
a half-width of about 2.0 neutron numbers. This 
variation of a, has a striking resemblance to the 
drop of the average level spacings near and at 
shell closure,”* and Is, conceivably, a con¬ 
sequence of it. 

U. The ■pin.orfail polentUl 

Knutsen found that the adiabatic folding L *5 
potential is well approximated by an effective 
spin-orbit potential of the Thomas form with a 
depth of 5.63 MeV and a geometry of r^s ~0.B8, 
=1.00 fm.“ Our initial global fits (potentials 
A, B, and C) were performed with this geome¬ 
try. Initially, we varied only the spin-orbit 
depth. Later, searching on the 15-, 30-, and 80- 
MeV vector polarisation data, the spin-orbit 
geometry as well as the depth was allowed to 
vary. The data at the higher energies showed a 
definite preference for a much narrower dlffuse- 
ness (u^s =0.55 fm), with roughly the same depth 
and radius =5.5 MeV, rj,,* 1.0 fm) as the 
folding results. The fits were somewhat in¬ 
sensitive to changes in the radius ru- However, 
they were very sensitive to changes In the diffuse¬ 
ness, and the final fits with the narrow values of 
O.SS to 0.66 give about half the x* of the fits with 
the fixed folding geometry. 

For the 15-McV data the advantage of the 
narrower spin-orbit dlffuseness (a^j =0.55 fm) 
was less visible in our analysis because the 
major errors arose from a phase shift between 
data and calculation (see Fig. 7). At IS MeV the 
P(b) curves have crossover points about 3° 
farther back than the data. This is not Influenced 
much by the value of This problem has been 
encountered before for individual fits at this 
and lower energies.”'''''' Goddard and Haeberll 
suggested that the introduction of a small imag¬ 
inary spin-orbit term can remove this phase shift 
and also improve the fit to the tensor analyzing 
powers.” They gave five examples each at 10 
and 15 MeV where a best-fit search with a com¬ 
plex spin-orbit potential (six free spin-orbit 
parameters per nucleus) gives good fits for 
vector and tensor polarizations, whereas omitting 
the imaginary spin-orbit terms Increases the 
best possible by about 70%. Similar conclu¬ 
sions have been drawn by Biirgl et al.'^ from an 
analysis of 9-l2-MeV polarization data for “Ar. 
Both analyses use very narrow spin-orbit geom¬ 
etries, I.C., r^j --.0.8, Uis s 0.50 for the real part 
and 0.7 ■= Rij,* *• 1.1, 0.2 * a,^g 0.35 for the 


Imaginary part, but such extremely narrow geom¬ 
etries have not been found In folding studies. 

More recently Quin** has reported that similar 
problems for polarization data at low deuteron 
energy could be remedied by talcing explicit ac¬ 
count of some large stripping channels In a 
coupled channel analysis. Quin’s ai^roacb appean 
promising; however, it falls outside the scope 
of this study. 

We note that generally, butpartJcularlyatlSMeV, 
simultaneous good fits to cross section and polar¬ 
ization data are difficult to obtain with just 
a real spin-orbit term, even If only individual 
targets are fit. The systematic differences be¬ 
tween data and calculations visible In Fig. 7 and in 
a different perspective in Fig. 14 seem less the 
result of our reliance on a global parameter 
prescription than of a shortcoming In the (real) 
polarization term given in the Introduction. Al¬ 
though we have no theoretical guidance for the 
exact form of a complex spin-orbit term, the 
existence of a weak Imaginary component is 
suggested by folding considerations* and a recent 
proton scattering analysis.** Hence we let the 
spin-orbit term become complex In some of our 
global searches. Initially the real and Imaginary 
terms had the same geometry: V,_gf(r) 

- (Vig ■^«W'iJ|)/^r,rl,,al,). The results of such 
searches were negative. did not converge to 
any particular value and the fits were not appre¬ 
ciably improved. In our recent searches we 
permitted different geometries for the real and 
imaginary parts, i.e., =Vts/(r,rt„Ois) 
+i^LsAr,r,iSf<*iLs)- It was found that a,,g»a,j_s 



PIG. 14. Plot of S-matrix moduli as a function of 
L for tits to '*Ni at 79.5 MeV. The solid lines are de¬ 
rived from the global potential F. They are very similar 
to those from potential L and represent jBiaae shifts for 
the highest and lowest couplings of Z+ T, respectively. 
The addition of an imaginary spln-orblt term in potential 
F' Improves primarily the polarization lit, but leads to 
considerable changes In the phase shifts for the lower 
partial wavea (L <12). j 
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B 0.S5, for superior fits. Also, Wi.g proved en¬ 
ergy dqiendent and changed sign between 30 and 
70 MeV. A comparison of polarisation data with 
each an extended potential is shown in Fig. 15. 

The very limited number of high energy polariza¬ 
tion measurements in our data set makes it 
difficult to draw firm conclusions about the 
imaginary spin-orbit term. However, a trial po¬ 
tential with a complex L ■ S term is listed in Table 
HI as prescription F'. f^irther work is clearly 
warranted and is contemplated in connection with 
new measurements of vector and tensor polariza¬ 
tions at the Indiana cyclotron. 

The results of this study support making 
Vis energy dependent. A reduction of rela¬ 
tive to the low energy data was necessary at 
80 MeV. A decreasing also provided sig¬ 

nificant improvements for the vector polarizations 
at 30 MeV. The linear relation =7.33 - 
0.029£ of potential L is adequate, but not unique 
in the 12-90-MeV range. The value =0.66 
is an uncertain compromise. U greater weight 
were given to the elastic scattering cross sec¬ 
tions, Its value would go up by about 0.1 fm. 
Conversely, a much heavier weighting of the vector 
polarization would reduce a ^. The parameter 
r^s = 1.07 similarly is only certain to about 0.15 fro, 
the reason being the differing preferences shown by 
polarization and (high energy) scattering data. 

All In all the spln-orblt parameters are the least 
well determined ones In our set. Changes up or 
down from the average values given affect dif¬ 
ferent parts of the data set In opposite ways. 

We tentatively conclude that these uncertainties 
reflect not only the scarcity of polarization data 
at higher energies, but possibly the inadequacy 
of the functional dependence of the spln-orblt 
term and of the Imaginary central potential as 
traditionally used. Although not yet warranted 
by our .el0%/parameter rule, a potential like 
potential f may be justified as more polarization 
data are used In the data base. 

K may be worth emphasizing that the strength 
of spln-orblt potential Vij strongly affects the 
large angle (6>45'‘) range of the 80-90-MeV 
scattering data and acts as a sensitive fitting 
parameter at the higher energies. This can be 
understood from Fig. 14 which shows the “M 
phase shifts for JbL±1 couplings at the spln-l 
projectile. Scattering and absorption for the eur- 
face waves is seen to depend strongly on J, even 
in the absence of an Imaginary spin-orbit term. 

The strong J dependence of the phase shift may 
also determine the onset of the loss of structure 
in the angular distributions. 

Similarly, the different absorption of the 
1) partial waves in Fig. 14 for different 


(5 M«V 30 MeV 
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FIG. 15. The less adequately reproduced polarlzatloa 
data of Fig. 7 ore shown here In comparlaon with pre¬ 
dictions of potentials F and F' of Table III. Potential F 
curves are shown as dashed lines. Although not Identi¬ 
cal with those of potential L In Fig. 7, they are of simi¬ 
lar quality and allow almllar ahortcomlnga, aa was seen 
In a detailed comparison d x* values (Xi** Xf*“‘7.4). 

The use of a complex spln-orblt potential {global pre¬ 
scription F') results in the calculated vector polariza¬ 
tions shown by the solid lines. Xg/ for these curves ta 
Improved by a factor 0.7. The greatest changes are seen 
at,15 MeV. The imaginary term needed for better 
fits changes considerably and systematically with target 
mass and deuteron energy. The Wj^g values for 15 MeV 
are close to those of Bef. 82. However, at 30 MeV Wig 
is very small and has changed sign at 79.5 MeV. Note 
that the visible effects also change widi energy. At IS 
MeV predictions are shifted toward smaller angles, 
often by as much as 3°. At 30 MeV a similar but smaller 
shift Is seen, whereas at 79.5 MeV the main effect Is a 
10-20% enhancement of the polarization at larger angles. 


deuteron spin orientation may be responsible for 
the observation at 80 MeV of a large polarization 
of the same (positive) sign for all angles past 
40°. A complex qiin-orbit term enhances this 
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effect, through Its Influence on smaller L partial 
waves (see dotted lines In Fig. 14). 

IV. CONCLUSIONS 

Escperlence has shown that average optical 
parameter or “global potential*’ prescriptions 
tend to be successful within the mass and energy 
range of the data bases from which they were 
derived. Extrapolation to lower energies was 
quite successful for the Hinterberger’* and 
Perrin” prescriptions, but all of the tested 
potentials were surprisingly unsuccessful when 
extrapolated into a higher energy range. Al¬ 
though noticeably better than the published global 
potentials, our early prescriptions named A 
through £,** which were derived without the 
consideration of data above 52 MeV, also lose a 
lot of their predictive power when extrapolated 
to 80 MeV (compare Table tl). 

The comparison of Tabic (I suggests that our 
most recent potentials F and L are equal or su¬ 
perior to the others tested over the 12-90-MeV 
range, but there is a continuing lack of detailed 
theoretical guidance. Therefore, significant ex¬ 
trapolations, e.g., to energies above 100 MeV, 
probably would be of a quality just as uncertain 
as that which has been found for extrapolations 
of earlier sets. 

It seems on theoretical grounds that the linear 
energy dependence given for V* and (V(£) (Table 
ni) is too simple; however, no quantitative theo¬ 
retical estimate for the local equivalence of a 
current folding potential has been available. It 
is also unlikely that n, and should retain 
their linear energy dependence over a wide 
energy range. The linearity of most correction 
terms in Table III merely reflects the fact that 
the relatively weak energy dependences that were 
found could be determined only to first order. 

On the other hand, it is encouraging that the global 
prescriptions L and F are useful and remain 
simple for an energy range from 12 MeV to 
seven times that value. 

As in most preceding studies the predictions 
at 11.8 MeV (Fig. 2) are poor lor the light tar¬ 
gets. (We note again that these targets deliberate¬ 
ly were weighted less in the data sets.) The 
complicated behavior of the polarizations and 
the enhanced cross sections for backward angles 
at the lower energies seem to indicate that 
compound or higher order direct effects like 
coupled stripping channels make Important con¬ 
tributions. We also noted a problem with the 
^’AI and ^Ca angular distributions at 17 MeV. 

Aside from the exceptions mentioned above, 
satisfactory global fits have been found over a 
mass range 27 ^ A 238. The global prescrlp- 
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tions L and F encompass more cross sections 
for light targets as the energy approaches 90 MeV, 
and do well lor the polarizations In the middle of 
the energy range. While the values of most opti¬ 
cal model parameters depend stronf^y on the de¬ 
tails of the parametrization, a lew quantities ap- 
jpear to be deduced reliably for potentials of 
Woods-Saxon shape. TTie real and imagiaarynns 
radii are sharply defined In the fitting and tend to 
agree closely with values obtained elsewhere for in. 
dividual bestfits. In the energy range analyzed 
the real rms radii grow slightly but distinctly 
with £, whereas the imaginary onee fall with £ 
while still remaining larger that the real ones 
(Fig. 9). A slightly weaker statement can be made 
for the deduced real and imaginary volume inte¬ 
grals. Consistency of values deduced from the global 
analysis withthosederived from best-fit potentials is 
good at higher energies, but variable at lower en¬ 
ergies, and clearly dependent on the same solu¬ 
tion to the discrete potential ambiguities. Much 
less consistent agreement with other work Is 
found at energies below 15 MeV (see Figs. 11 
and 12). in the range 12 ^ £< 90 MeV our real 
volume integrals show a 16%, nearly linear 
falloff with £, while the imaginary volume inte¬ 
grals are almost constant with E for the heavier 
targets. Our analysis suggests a shift from 
nearly pure surface absorption at 12 MeV to 
almost equal parts of surface and volume ab¬ 
sorption at 90 MeV; however, the details of 
this transition are less certain than other 
parameters. 

In Sec. IIG we discussed our partial failure 
to closely reproduce the 22 and 25 MeV reaction 
cross section data. New data at these and higher 
energies are greatly needed. 

Owing to the scarcity of published data above 
15 MeV and the limitations of time, we did not 
analjrze or consider tensor polarization data. 

While the addition of a small tensor potential 
term to potential £ or £ is not expected to 
materially change the fits presented here, It 
would be essential to fit or predict such data.’*” 

It is noted that this topic and improvements in 
the understanding of vector polarization demand 
and deserve much additional work. Experimental 
and theoretical studies of tensor and vector 
polarizations at 80 MeV are planned for the near 
future In collaboration with the Indiana group. 

iVofe added in proof. A recent study (unpublished) 
with 52 MeV vector-polarized deuterons by 
G. Mairle, K. T. Kn^fle, H. Rledesel, G. J. Wag¬ 
ner, V. Bechthold, and L. Friedrich finds good 
fits to their analyzing powers with r j,( *■ 1.2 fm and 
fm In their param^er set characterized i 
by ro = 1.15. No Imaginary L* § term was needed. 
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potenUal F ot our study yields predictionB that fit 
their data adth Potential F' has a very 

small imaginary L * S term at this energy and does 
only marginally better with 6.2. X* is defined 
as in Table U. 

ACKNOWLEDGMENTS 

One of us (W. W. D.) wishes to thank his 
Indiana collaborators (Ref. 42) for the permission 
to use the 70-MeV data in this analysis before 
publication. We owe special thanks to Dr. F. G. 
Perey for making his code GENOA available and 
providing the necessary starting help. Dr. 


J. R. Comfort aided us by maintaining his search 
code CUPID at Pittsburgh and making It readily 
accessible. A. Hernandez deserves great thanks 
for the hard and time-consuming Job of digitizing 
many of the 80—90-MeV cross sections which had 
been reported only In graphical form. We also 
gladly acknowledge the benefit of discussions with 
Dr. Norman Austern, Dr. Richard Drisko, Dr. G. 
Rawltscher, and Dr. Martin Vincent. A large 
amount cf computer time was needed for this stu¬ 
dy. It was provided without charge by the Univer¬ 
sity of Plttsfauigh Computer Center. This work 
was supported in part by the National Science 
Foundation. 


'Present address: Goddard %)ace Flight Center, Code 
681, Bldg. 21, Oreenbclt, Md. 20770. 

'S. Watanabe, Nucl. Phys. 8 , 484 (1988). 

~F. G. Perey and G. R. Sotchler, Nucl. Phys. A97 , 816 
(1967). 

*lt. C. Johnson and P. J. R. Soper, Phys. Rev. C 1^, 976 
(1970). 

‘r. C. Johnson and P. J. R. Soper, Nucl. Phys. A182 , 

619 (1972). 

'P. W. Keaton and D. D. Armstrong, Phys. Rev. C 8, 

1692 (1973). 

*J. M. Lohr and W. llaeberli, Nucl. Phys. A232 , 381 
(1974). 

'g. H. Rawltscher, Phys. Rev. C 9 , 22 1 0 (1974). 

*1}. )1. Rawltscher and S. N. Mukberjee, Phys. Rev. Lett. 

1486 (1978); Ann. Phys. (N.Y.) m, 1 (1979). 

*W. S. Pong and N. Austern, Ann. Phys. (N.Y.) 93, 369 
(1978). 

'"a. A. loannides and R. C. Johnson. Ptys. Lett. 61B . 4 
(1976). 

"n. Austern, Phys. Lett. 61B. 7 (1976). 

’’n. Austern, C. M. Vincent, and J. P. Farrell, Aim. 

lliys. (N.Y.) 114, 93 (1978); 96. 333 (1976). 

"n. Austern, J. P. Farrell, K. Kabir, and C. M. Vin¬ 
cent, Phys. Rev. C 18, 1677 (1978). 

“h. Amakawa et at., Phys. Lett. 8^, 13 (1979). 

Baur, R. Sbyom, F. RSsl, and D. Trautman hmpub- 
llshed). 

'*K. M. Drisko, G. R. Satchler, and R. H. Bassel, Phys. 
Liat. 6, 347 (1963). 

"p. M. Perey and F. G. Percy, Phys. Rev. 132 , 788 
(1963); C. M. Perey 1 F. O. Percy, Phys. Rev. 134. 
B353 (1964). 

’‘F. a. Brieva and J. R. Rook, Nucl. Hiys. A307 , 493 
(1978). 

P. Jeukenne, A. Lejeuen, and C. Mshaua, Diys. Rev. 
P 16. 88 (1977): C. B. Dover and N. V. Olal, Nucl. 

Fliys. A190 . 373 (1972); M. Jaminon, C. Mahaux, and 
P- Rochus, Ptya. Rev. Lett. 1097 (1979). 

A. Nadasen, P. Sohwandt, P. P. Singh, A. D. Bscher, 

IV. W, Jacobs, M, D. Kaitchuk, and J. T. Meek (impub- 
j^Ilahed). 

0. Percy, Phys. Rot. m, 746 fiSOS). 

F. 0. BecohettI and O. W. Greenlees, Phys. Rev. 182 . 
1190 (1968). 


W. Dae)uilck and R. M. DelVecclilo, Phys. Rev. C 
n, 623 (1976); R. M. DelVecchIo and W. W. Daehnick, 
ibid. 6, 2098 (1972); J. R. Shepard, P. D. Kunz, and 
.1. J. Kraushaar, Phys. Lett. 56B. 138 (1B75). 

^F. Iltnlerberger, G. Malrle, U. Sclunidt-Rohr, and 
G. J. Wagner, Nucl. Phys. Alll . 266 (1968). 

’*£. Newman, L. C. Becker, and B. M. Preedom, Nucl. 
Plys. AlOO . 228 (1967). 

**G. Perrin et a/.. Nucl. Phys. A282 . 221 (1977). 

**0. Igo, W. Lorens, and U. Schmldt-Rohr, Phys. Rev. 
124 , 832 (1961). 

Dtz, J. Heger, R. Santo, and 8. Wenncls, Nucl. 
PhvB. A143 . 113 (1970). 

**M. Takcda, J. Phys. Soc. Jpn. 16. 557 (1960). 

F'p. R. Christensen, A. Berlnde, I. Neamy, and N. SOin- 
tcl, Nucl. Pfays. A129 . 337 (1969). 

”n. Clndro and N. S. Wall, Phys, Rev. 119. 1340 (1960). 
N. Vereshchagin, O. P. Nemcta, L. S. Sokolov, 

I. P. Chernov, and A. A. Yatis, Uv. Akad. Nauk SSSR, 
Ser. Flz. 32, 1956 (1968). [Bull. Acad. Scl. USSR. 

Phys. Ser. 32, 1800 (1968)). 

A. HJorth, K. K. Lin, and A. Johnson, Nucl. Phys. 
All 6 , 1 (1968). 

“R. k. Jolly, E. K. Lin, and B. L. Cohen, Phys. Rev. 
130, 2391 (1963). 

’*j7i,. Yntema, Phys. Rev. US, 261 (1959). 

•'H. R, E. TJln a DJle, F. Udo, and L. A. Ch. Koerts, 
Nucl. Phys. M, 626 (1984); Nucl. Plys. 74 . 417 (1965). 
*^J. Tcstonl, J. Rosenblatt, and S. Mayo. Nucl. Phys. 

74, 481 (1965). 

D. Childs, W, W. Daehnick, and M. J. Splaak, Phys. 
Rev. C _10. 217 (1974). 

’’G. Duhamel tt at., Nucl. Phys. A174 . 485 (1971). 

Aspelund tt al., Nucl. Phys. A2S3 , 263 (1975). 

"a. KISS St ol., Nucl. Phys. A262 . I (1976). 

**C. C. Foster, J. C. Collins, D. L. Frlcsel, W. W. Ja¬ 
cobs. W, P. Jones, S. Kallas, M. Kaltchuck, 

P. Sohwandt, and W. W. Daehnick, Bull. Am. Phys. 

Soc. 594 a979); 838 aB79). 

"H. R. BBrgl tt al., Nucl. Ptys. A247 , 322 (1976); 

A307 . 91 (1978), and A321. 445 (1979). 

•*J. Bojowald, C. Mayer-Borlcke, M. Rogge, V. Sobwlnn, 
and P. Turek, Annual reports KFA JiiKch, 1974, 1976, 
1978 (uiqAibUshed). 

A*p. E. Hodgson, Tka Optical Modal of Slaattc ScMtariag 




2274 


W. W. DAEHNICK. J. D. CHILDS, AND Z. VRCELJ 


21 


(aarendon, Oxford, 1863); Adv. Pbya. J^, 329 (1866); 
N. Austem, Dinet Nucltar RtacUons Th»orUs (Wiley- 
Interaclenoe, New York, 1870), Chap. 5. 

**C. M. Per^ and F. G. Perey, Phys. Rev. 1^, 923 

ases). 

*'a. R. Satohler, Nucl. Phys. 273 (1966). 

Sehwandt and W. Haeberll, Nucl. Fbya. A132, 401 
(1969). 

**C. M. Perey and F. G. Perey, At. Data Nucl. Data 
Tablea J7, 1 (1976). 

'*G. R. Satchler, Nucl. Phys. 21, 116 (1960). 

'^Optical model search code GENOA, 1969, written by 
F. G. Perey (unpublished). The code was modified 
slightly to adapt It to the characteristics of the DEC 10 
system at the University of Pittsburgh. 

'*J. D, Childs, Ph.ll. thesis. University of Pittsburgh, 
1976 (unpublished). 

"j. Childs and W. W. Daehnlck, Hull. Am. Phys. Soc. 

20, 626 (1976). 

**Rr A. Hardekopf, U. U. Armstrong, L. L. Catlln, P. W. 
Keaton, Jr., and G. P. Lawrence, Los Alamos Report 
No. LA-6U51 (1972). 

“R. Roche, N. VanSon, Cl. Perrin, J. C. Gontlvand, 


A. Flore, and H. Muller, Nucl. Phys. A220 , 381 (1874). 

**Searoh code cuno, written by J. R. Comfort, Unlv. of 
Pittsburgh (unpublished). The code employs a formal¬ 
ism similar to DWUCK (arrltten by P. D, Kuna, Unlv. of 
Colorado), but has a search routine which permits 
simultaneous fits to polarizations and cross sections 
for a single target a^ energy. 

"B. Wllkens and O. Igo, Phys. Lett. 3 . 48 (1862). 

**8. Mayo, W. Schlmmerling, and M. J. Sametband, 

Nucl. Phys. 3 393 (1966). 

"L. R. B. Elton, Introductory Nuclear Theory (Pitman, 
New York, 1965). 

‘"See, for Instance, A. Bohr and B. R. Mottelson, Nu¬ 
clear Siruchtre (Benjamin, New York, 19691, Vol. I, 
p. 187. 

“l. D. Knutson and W. Haeberll, Phys. Rev. Lett. 30, 
986 (1973). L. D. Knutson and W. Haeberll, Phys. Rev. 
C 12, 1469 (197B). 

**R. P. Goddard and W. Haeberll, Phys. Rev. Lett. 40, 
701 (1978); Nucl. Phys. A316 , IIC (1979). 

“w. 11. Wong and P. A. Quin, Bull. Am. Phys. Soc. 24, 
846 (1979). 

“j. R. Frick ef at., Phys. Rev. Lett. 44, 14 (1980). 



PHYSICAL REVIEW C 


VOLUME 21, NUMBER 6 


JUNE 1980 


W(p^) reactiolu. I. Even targets 

M. H. Morteiuen, R. R. Betts, and C. K. Bockelman 
A. IV. Wiighl Sucltar Structure Laboratory, Yale Unioertity, Neui Haotn, Coniiecticui 06520 
(Received 20 August 1979) 

Data for tivo-nucleoa tnufer reactkxis on even tungiten nuclei are presented. Several tysiemstic firatures 
emerge ftom the data and are dbcuited in detail. These include the influence of multistep processes on 
angulsr dtstribution shapes. The systenutic behavior of excited 0^ strengths is shown to arise from two 
types of excitation, one sssocisted with a subshell gap tt N = lOS, the other being of the pairing iaonier 
type. 

[WCLEAR REACTIONS £‘>*21 MoV; measured ar(£„0n 

£( = 15 MeV; measured (r<£^0). *****®^’'*®*'™W deduced levelSg I 
|_ L, r, J. Nuclear structure analysis. J 


I. INTRODUCTION 

The even tungsten nuclei are well deformed ro¬ 
tational nuclei with deformation parameters'*^ 
which change little from isotope to Isotope. It Is 
therefore to be expected that these nuclei will be 
ideal for a systematic study of the influence of 
the underlying microscopic structure on collective 
rotational and vibrational states. In this, the first 
uf two papers, we report the results of such a 
study in which the structure of even tungsten nu¬ 
clei was probed using two-particle transfer reac¬ 
tions. The sensitivity of two-particle transfer to 
both microscopic and collective features of nuclear 
structure is well known, and in this paper we are 
able to exploit the large body of qualitative and 
quantitative understanding of these reactions that 
has been obtained over the years.^ Specifically, 
the reactions studied were /) and 

The ‘“Wd*,/) reaction was also studied 
and will be discussed in the second of these two 
papers. 

Previous work on light-ion induced two-particle 
transfer reactions between these nuclei includes 
investigations of the '“ ’“'‘"Wt/),/) reactions to 
states low in excitation (Ref. 4), "*'W(p,/) (Ref. 5), 
and a detailed study"'* of reaction mechanism ef¬ 
fects in the ‘"^(/i,/) reaction. Results for (f,/>) 
reactions on have been reported,”’*" 

although in the interesting case of “"W, the data 
abtained were confined to the ground-state rota- 
bcnal band. In additton to these reactions, studies 
less related to the present work Include Single- 
Particle transfer and inelastic scattering reactions 
an various isotopes and of course, numerous gam- 
hia-ray studies. These will be referred to spe¬ 
cifically in the text as necessary, as will be the 
humerous theor^cal investigations of nuclei in 
Hus mass region. 


Some preliminary results of the present work 
have already appeared.**'*” The idMs already 
presented will, however, be expanded and new 
supporting data presented. 

n. EXPERIMENTAL METHOD 

For the (/>,/) reactions, targets of enriched W 
isotopes were bombarded with a beam of 21 MeV 
protons from the Yale MP Tandem accelerator. 
With the exception of '"W, the targets were fa¬ 
bricated by oBrect vacuum deposition of a. suboxide 
of W onto 20 pgm/cm” carbon backings—the de¬ 
tails of the isotopic enrichments and thicknesses 
are given in Table I, The ‘""W target was made in 
an isotope separator by direct deposition of '"Vf 
on the carbon backing. The reaction tritons were 
detected using photographic emulsions after mo¬ 
mentum analysis in a multiangle spectrograph. 
These plates were then scanned manually and the 
data reduced in the usual manner. 

The cross-section scales for the reactions 
studied were obtained in two subsidiary experi¬ 
ments. In order to measure the relative ground- 


TABLE I. Target thlckoeBsos and eorichmenta. 


Tblcknesa Isotopic composition ('() 

Target ((ig/cm*) 180 IS? 183 184 186 


'■w* 

50 

100 





•“w 

130 

<0.05 

94.3 

2,5 

2.3 

o.e 

>"»w 

70 

<0.10 

3.5 

90.0 

5.6 

1.1 

"*w 

leo 

<0.05 

1.8 

2.0 

94.2 

1.9 

‘•w 

120 

<0.02 

0.5 

0.3 

2.2 

97.1 

"””W 

60 

0.13 

26.3 

14.3 

30.7 

28.5 


* Enrlobment not available. From analysis of spectrum 
maximum Impurity ooutent ‘"W“2l. No others de¬ 
tected. 
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state cross secttons, the (p, I) reaction was mea¬ 
sured in the spectrograph with a natural W target 
—thus giving accurate relative cross sections for 
,/) reactions. The cross section 
for the reaction could not be obtained in 

this manner due to the extremely small (0.13%) 
natural abundance of this isotope. The cross sec¬ 
tion for this reaction and also the absoliRe cross- 
section scale for the other reactions was there¬ 
fore determined in a counter-telescope eiqieriment 
in which the {p,t) and (p,p) reactions were mea¬ 
sured on targets of The elastic scat¬ 

tering angular distributions thus obtained were 
then compared with the results of optical model 
calculations, giving an absolute normalization 
which is believed to be accurate to within 10%. 

The (/,p) experiment was performed at a bom¬ 
barding energy of 15 MeV using the triton beam 
from the University of Pennsylvania FN Tandem 
accelerator and a multiangle spectrograph. The 
'""W target used was the same one used in the (/>,/) 
experiment. The absolute cross section for this 
reaction was not measured so we quote the value 
obtained in Ref. 9. 

m. l-XPhRIMhNTAU RESULTS 

Spectra for ^nd ‘“W(/,/)) 

reactions are shown in Figs. 1-5. The overall 
energy resolution in each case is of the order of 
20 keV. Peaks identified as belonging to the ap¬ 


propriate W isotope in each case are labeled by 
numbers, while those arising from the nmnii ad¬ 
mixtures of other W isotopes and from reactions 
on C and O are labeled according to the specific 
reaction. The measured excitation energies for 
each isotope are listed in Tables n-VI in compar¬ 
ison with values from the literature. Also listed 
is the maximum value of the differential cross 
section for each transition. 

In general, we have refrained from making spin 
assignments based on L values obtained from the 
angular distributions*’ measured in this study. 

The exception to this general rule is the case of 
L=0 transitions where the highly oscillatory angu¬ 
lar distribiRlons, quite unlike other L values, 
make unambiguous identification reasonably easy. 
Angular distiibutlons so identified are shown in 
Fig. 6. For other L values, the featureless angu¬ 
lar distribution shapes make such assignments 
unreliable—especially, as we shall see, in the 
face of complex reaction mechanisms. 

The results for Individual nuclei are discussed 
below. 

A. Nudem ■••W 

Only the states up to 1.2 MeV were analyzed in 
detail although a complete spectrum is shown. A 
search was made up to an excitation energy of 3 
MeV for J’ = 0* states excited with greater than Jl 
of the ground-state yield. None were observed. 



Q VALUE <MRV) 

f'tC',. 1. Spectrum of the t) reaction at a proton bombarding energy of 21 HeV and a laboratory angle 

of 20 *. 
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FIG. 2. Spectrum of the '"‘Wip. reaction. 


except for the known 995 keV 0^ state which is ex¬ 
cited with 8% of the ground-state strength. 

B. Nucleus '*% 

Angular distributions were extracted for all 
peaks below 3 MeV. The well-known 0*' state at 


1138 keV is strongly excited with 14X of the 
ground-state yield. In addition, throe previously 
unreported 0* states were identified at exxiitation 
energies of 2520, 2552, and 2725 keV with 2%, 1%, 
and 3% of the ground-state yield, respectively. The 
outstanding result from the (/,/>) experiment pop- 
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Q VttLUE (MeV) 

FIG. 4. Spectrum of the reaction. 


ulatine this nucleus is the extremely strong pop¬ 
ulation of the 1138 keV 0* state. 


0. Nucl«i»'“VV 

Considerable emphasis was placed on the analy¬ 
sis of data for this nucleus since its structure 



EXCITATION ENERGY (MeV) 

FIG. 5. (Spectrum of the '“W'tf.pl reaction at a 
triton bombarding energy of 1S MeV and a laboratory 
angle of 26^*. 


previously had not been extensively pre^d with 
particle transfer reactions, and its level scheme 
not well established.** TheJ* = 2* state reported 
at 1118 keV in a (d,d') study** is consistent with 
our observation of a state at 1120 keV vrith an ang¬ 
ular distribution similar to that of the known J' 

= 2* state in *“W at 1219 keV. The state at 1321 
keV is similarly identifiod with one member of a 
doidilet seen in the (d,d') study at 1319 keV. The 
peaks labeled 4, 5, 6, and 7 are observed only at 
the limit of detection, so their assignment as 
states in "“W must be considered tentative. More 
important, however, in this excitation region is 
the absence of a peak corresponding to the 908 keV 
J’ - 0* level suggested by Graetzer et at.'‘ We 
do, however, observe a strong £, = 0 transition to a 
state at 1516 keV excitation with an associated 2* 
state occurring at 1589 keV. One other weakly 
excited 0* state was located at 1695 keV. 

D. ?4ucI«h •’’•W 

The spectrum above an excitation energy of 2 
MeV is obscured by the presence of the intense 
**C(/>,d)**C(g.s.) peak. Below this excitation en¬ 
ergy, however, three 0* states are identifled. TM 
lowest at 997 keV is most strongly excited with 
of the ground-state yield. The L=0 assignment 
for this state is consistent with the suggestion by 
Canty ei n/.** of the existence of a 0*' state at 1001 
keV. The assignments of levels at 1083 and 1278 
keV, the 2*^ and 4* members of a band built on 
the 997 keV state, are also confirmed. Other 0' 
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TABLE n. Level* populated In/)'*%. 


State 

number 


Ex (keV) 

Present'’ Previous* 

Uu/dnw 

(pb/ar) 

0 

0* 

0 

0 

740 

1 

2+ 

109 

111 

144 

2 

4* 

364 

364 

25 


1 6* 1 




3 

\“*W(2')| 

744 

748 

5 ° 

4 

2* 

901 

903 

37 

s 

in- 

995 

1002 

1006 

67 




1121 


6 


1122 

1130 

22 




1134 


7 

3 ' 

1214 

1221 

8 


'' From Ref, 8 unlese otherwise indicated. 

Excitation energies HO keV. 

'■ Upper limit. 

Strengths expected to be vanishingiy smail for un¬ 
natural parity states. 

states at 13S6 and 1643 keV are populated with 3% 
and 1% of the ground-state yield, respectively. 

IV. DISCUSSION 

Angular distribution shapes for membeis of the ground-state 
rotational bands 

Angular distributions for (/>,/) transitions to 
members of the ground-state rotational bands 
(GSRB) are shown in Fig. 7. The shapes for the 
ground-state transitions are in each case very 
similar, while the shapes of the L = 2 transitions 
vary considerably, although smoothly, with mass. 
This result is at variance with the expectations 
for one-step direct transitions, which should have 
similar shapes for all masses. It is well known, 
however, that the inclusion of inelastic excitation 
effects is necessary in the description of angular 
distribution shapes and magnitudes in this mass 
region. The specitic case of the '“"WC/i, 
reaction at 18 MeV bombarding energy has been 
discussed in detail in Refs. 6-8. A similar calcu¬ 
lation was performed for the /)““W reac¬ 

tion at 21 MeV bombarding energy. The calcula¬ 
tion was performed using the coupled-channel Bom 
approximation (CCBA) code LISA of Ascuitto,”’ 
vhich includes inelastic couplings to all orders 
between the 0^, 2*, and 4* members of the GSRB, 
ind to first order in the two-neutron transfer pro¬ 
cess. The transfer form factors were calculated** 
10 the BCS framework using single-particle levels 
calculated in a deformed Woods-Saxon well with 
deformation parameters appropriate to these nu- . 
clel. The optical model parameters taken from 
dlastic scattering studleB on spherical nuclei**'*’ 


I. EVEN TARGETS 


TABLE m. Levels populated in "*W(p,f)"*W. D and 
M Indloate doublet and multiplet. 


state 

number 


£, (koV) 

PreBent" Previous * 

Uh'/dtllMi 

(pb/sr) 

0 

0* 

0 

0 

700 

1 

2+ 

100 

100 

200 

2 

4* 

330 

329 

26 

3 

B* 

690 

680 

6 

4 

0^ 

1135 

1138 

100 

S 

2* 

1219 

1221 

60 

6 

2* 

1266 

1257 

12 

7 

s~ 

1372 

1374 

7 

B 

4* 

1444 

1443 

12 

9 

(6)' 

1026 

1621 

3 

10 

(5)- 

1663 D 

1660 

5 

11 


1787 (D) 


15 

12 

5" 

1814 

1810'* 

2 

1.7 


1824 


8 

14 

2 ' 

1853 

1851 

6 

IS 


1890 


20 


1(5,6, 7~)/ 


(1960.4/ 


16 


1961 


22 


) t5*6) ^ 


) 1960.9 \ 


17 


20B4 


5 

18 


2117 


3 

19 


2154 


14 

20 


2175 


17 

21 

(3") 

2209 

2209 

16 

22 


2251 


4 

23 


2278 

2274'' 

14 

24 


2311 D 


13 

25 


2331 D 


7 

26 


2363 


34 

27 

0* * 

2520 (0) 


14 

2B 

0*^ 

2552 


10 

29 


-2625 M 


30 

30 


2589 


12 

31 

0*^ ^ 

2725 


22 

32 


2775 


10 

.33 


2815 


S 


* From Ref. 14 unleBS otherwiee indicated. 

** Excitation eoerglos keV beliTw 2 MeV, keV 
above '2 MoV. 

' Assignment this work. 

** From Refs. 8, IS, and 16, 

are listed in Table VII. The results of these cal¬ 
culations for members of the GSRB of *'‘°W are 
shown in Fig. 8. The CCBA calculations are shown 
as full curves; one-step Astorted-wave Born ap¬ 
proximation (DWBA) curves are shown dashed for 
the purposes of comparison. Only one normaliza¬ 
tion, chosen to flt the ground-state strength, was 
used for all of the curves. 

The shape of the angular distribution of the 
ground-state transition is well reproduced by both 
DWBA and CCBA calculations, indicating that mul- 
tistep inelastic effects for strong L = 0 transitions 
are minimal. The falloff at the 2* angular distri¬ 
bution from 0° to 50° Is not reproduced by the 
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TABLE IV. Lewis populated lo*°W(p,/)‘”W. D In- 
dlcstee doublet. 


SUte 

DQinber 


Prosent “ 

(keV) 
Previous * 

(dv/dQ).B 

(pb/ar) 

0 

0* ** 

0 

0 

500 

1 

2* 

109 

104 

160 

2 

4* 

332 

33R 

22 

3 

6 ' 

688 

689 

4 

4 


(746)' 


(2) 

5 


(831)' 


(2) 

C 


(1012) 


(2) 

7 


(1034)' 

(1036) 

(3) 

H 

3* 

1083 

1083 

13 

9 

2* 

1120 

lllH 

21 

10 


1190 


3 

11 


1229 

(1234) 

2 

12 

4*. 6" 

1321 

1319 

6 

in 


1359 


4 

14 


1382 


4 

IS 


1470 


5 

16 

0 * *' 

1016 


36 

17 

2 * " 

1589 


51 

18 


1635 


8 

19 

0 * 

1G95 


11 

20 


~1740 D 


7 

21 


1H24 


6 

22 


1906 


21 

23 


1944 


17 

24 


20,'i7 


10 

25 


2095 


10 

26 


2164 


25 

27 


2203 


B 

28 


2212 


10 

29 


2265 


10 

30 


2293 


5 

31 


2356 


18 

32 


2400 


7 


' From Hcf. 17 unices olherwine indicated. 

Error iG keV below 2 MeV, .^10 keV above 2 MeV. 

'' Assignment this work. 

'* Doublet with '"‘W(p,/)"®W (lian kc\'}. 

^ States near lower limit of observation, error -*10 keV, 

DWBA, but is well described by the CCBA calcula¬ 
tion. For the 4* transition, it is hard to favor one 
calculation over the other. One obvious deficiency 
of the 2*^ calculation is the overprediction of the 
magnitude. This magnitude is, however, sensi¬ 
tively dependent on the size of the pairing matrix 
element used in the BCS calculation. The value 
used here was chosen so that A, the BCS gap pa¬ 
rameter, was equal to the experimental odd-even 
mass difference P As we shall see later, there 
is a large gap in the single-particle energy spec¬ 
trum at N- 108 0“W), thus perhaps making the 
above an unreliable choice. Further, in the ab¬ 
sence of known deformation parameters for "°W, 
the same values as for were used. The re¬ 
sults presented here are thus considered satls- 


TABLE V. Lewis popaUted In D and M 

tndloata doublet and mnltlplet. 


state 



(keV) 


number 

J’' 

Present 

Prevloas* 

(pb/sr) 

0 

0 ' 

0 

0 

741 

1 

2" 

105 

106 

204 

2 

4' 

343 

343 

21 

3 

8' 

689 

694 

4 

4 

0 * 

997 

(1001) 

63 

5 

2 * 

1083 

1083 

69 

6 


1117 D 

/mil 

11120 ) 

16 

7 

4' 

1278 

1276 

6 

8 

0 ' '■ 

1356 


22 

9 


1435 


2 

10 


1450 


6 

11 

0 " 

1643 


9 

12 


~1720 D 


10 

13 


-1790 M 


3 

14 


-1825 


1 

15 


-1860 M 


2 

16 


-1960 M 


6 

17 


2030 


21 

IB 


2060 


11 

19 


2091 


7 

20 


2116 


11 


' From Ref. 18 unless otherwise Indicsted. 

*' ExuitaUon energies ^5 keV. 

' Assignment this work. 

■* Suggested In Ref. 19. 

factory. 

As mentioned, the shapes of the 2*' transitions 
change with mass. Studies” of (“C, "''C) reactions 
on these isotopes also showed changing shapes as 
a function of mass. Detailed CCBA analysis of 
these data showed that although the magnitude of 
the multiple-step contributions to the total cross 
section remained more or less constant, the dirert 
transfer contribution changed considerably. The 


TABLE VI. Levels populated In 


State 

number 

j" 

Present” 

(keV) 

Previous * 

(do/d(2)„ 

(pb/sr) 

0 

0 * 

(f 

0 

283 ”■ 

1 

2 *^ 

100 

100 

77 

2 

4+ 

330 

329 

33 

3 

6 * 

690 

680 


4 

0 " 

1135 

1138 

147 

5 

2* 

1219 

1221 

41 

6 

2* 

1266 

1267 

20 

7 

3~ 

1372 

1374 


8 

4 * 

1444 

1443 

10 


* Reference 14. 

’’ valuea from ‘“w(p,t)'"W ejqierlment. 
Reference 9. 
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Flu. 6. Angular distributions showing characteristic 
f - 0 shapes. Each distribution is IdenUBed by the mass 
of the flnal nucleus and level number as used In Figs, 

1-5 and Tables n-VI. 


direct route was found to be particularly weak lor 
the ‘“W —‘“W(2'') transition, Increasing with de¬ 
creasing mass. The effect of this Increase, added 
coherently to the constant multiple-step cross 
section, results in the changing angular (flstrlbu- 
tions observed. 

B. Crasasectiaa systonalics of ground states 

In the pairing-rotation model,” the ground 
states of neighboring even-even superfluld nuclei 
lire described by the same intrinsic wave function 
but with different orientations in particle 
number space. Within this model, using the Os 
approximation,’ the (p,t) cross sections between 
groimd states are given by 



vhere the last term contains only the kinematics' 
uf the reaction under consideration. The values 


of A used were set equal to Pjf, which were cal¬ 
culated using the Nilsson-Prior prescription.” 

G was taken to be constant with mass. The results 
of these calculations are listed in Table VDI in 
comparison with the ejqierimental values—nor¬ 
malized to the value for The over¬ 

all agreement is good with the notable exception of 
'“W(/>, for which the experimental cross 

section is only 1 of the predicted value. This re¬ 
sult is confirmed by the results of more detailed 
calculations in which form factors for each 
ground-state transition were generated from BCS 
calculations for the ground state of each isotope. 
The single-particle basis used was calculated in 
a deformed Woods-Saxon well with parameters 
suitable for the lead region and deformations taken 
from measurements for W isotopes. Mixing of iq> 
to four major shells was included in the calcula¬ 
tions. The single-particle levels calculated in this 
way are shown in Fig. 9 in comparison with those 
deduced frean experiment by Ogle e/ nl.^ The 
specific parameters employed in the BCS calcula¬ 
tions are listed in Table IX together with the re¬ 
sulting ground-state cross sections and the ap¬ 
propriate experimeidal values. The comparison 
of experimental and theoretical cross sections is - 
also shown in Fig. 10. Once again, the agreement 
is good with the notable exception of the 
*“W(f), f)*“W ground-state transition. This dis¬ 
crepancy between these two calculations and ex¬ 
periment is not unexpected, due to the occurrence 
of the subshell closure at N= 108 C”W). The BCS 
calculations (and pairing-rotational model) are only 
expected to describe average properties of nuclei, 
and are thus unable to account for phenomena 
arising from specific nonuniformities in the un¬ 
derlying single-particle level scheme, which re¬ 
quire more sophisticated approaches such as the 
exact diagonaUzation of the pairing force. 

That there is a gap in the single-particle levels 
at N= 108 which has a significant effect on the 
structure of ground states is clear from both a 
study of the calculated single-particle level scheme 
and a study of the masses of W nuclei. The dis¬ 
continuity in the values cf the two-neutron separa¬ 
tion energies illustrated in Fig. 11 indicates a gap 
of approximately 1 MeV, comparable with that ob¬ 
served in Yb (Ai= 104) or Sn (Ar=64). The pre¬ 
sence of this gap reduces the effective degeneracy 
in the vlctnlty of the Fermi surface at N= 108 re¬ 
sulting in a reduction in the pair transfer reaction 
cross sections on this target nucleus. 

C. Tranition toexchady* >0* itatM 

The convertional expectation for basically super- 
fluid nuclei is that virtually all the I,=:0 transfer 
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FIC. 7. Angular distrlhuUona of ifi, /) transitions to nH-mbers of the ground-state rotational bands of the even W 

ISOtOIICH. 


strength will reside in the ground state. Thus, 
the observation of substantial L = 0 transfer 
strength to excited states is worthy at note and 
merits explanation. The usual description of 
excited J' = 0* states in deformed nuclei is the 
geometrical one of a mass vibration in the fij de¬ 
gree of freedom. Microscopically, such fj vibra¬ 
tions are described us two quasipartlclc collective 
excit.atiuns involving pairs of Nilsson orbits with 
the same ./’A', but otherwise different quantum 
numbers. Within the space of single-particle or¬ 
bitals simnnlng a 4 MeV range about the Fermi 
surface of the W isotopes, only two such configu¬ 
rations arc possible—^|510|iX>}|5211 and^|S03| 
«i-| 5141. Calculations of the strengths associated 
with these configurations indicate, however, only 
extremely small cross sections when compared 
with typical nonbroken pair configurations. The 


conventional explanation is therefore excluded in 
the present case. 

The measured strengths for excited 0* states, 
corrected for kinematic effects, are listed In Ta¬ 
ble X. Also noted, where available, are the Q*-2'^ 
spacings for the bands built on these states and 
also the ratios of cross sections for these pairs of 
states. It is reasonably obvious that, of the strong¬ 
er excited states, there is a division into two clas¬ 
ses. Namely, those in the high mass isotopes with 
0*-2* spacings similar to those of the ground 
bands and with ranging from 0.10-0.40, 

and those in the lower masses with spacings 

smaller than the former and with a(2*)/a(0*) of 
the order of 1.3. We further note that one of the 
latter class, the 1516 keV ‘“W state, is charac¬ 
terized by a totally different excitation energy 
than those of other first excited 0'^ states (~ 1000 


TABLE VII. Optical model parameters used In DW calculations. 



V 

n 

rc 

<7 

IV 

H'd 

rj 



r»o 


Channel 

(NteV) 

(fm) 

(fm) 

(fm) 

(MeV) 

(MeV) 

(fm) 

(fm) 

(MeV) 

(fm) 

(fm) 


-57.0 

1.17 

1.25 

0.75 

-1,9 

35.2 

1.32 

0.64 

-24.8 

1.01 

0.75 

g' + i 

-161.4 

1.20 

1.25 

0.72 

-25.0 


1.30 

0.84 

-10.0 

1.20 

0.72 


' Reference 22. Reference 23. 
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FIG. 8, Comparison of CCBA and UWBA calculations 
for '”w(p, t) '••W transition. The details of the calcula- 
Uona are described In tbe text. 


■ keV). 

A clue to the origin ol this division into two 
classes is shown in Fig, 12 where the strengths of 
1^ = 0 transitions are shown plotted as a function of 
(1>. 0 Q value rather than excitation energy in the 
residual nucleus. It is seen that the 997 keV ‘’*W 
state, the 1516 keV state, and the group of 


TABLE VnL Ground-state {p,t) strengths In the pair- 
Ing-rotatlooal limit 

Mass 


186 

184 

182 

180 

178 


0.797 

0.720 

0.809 

0.805 

0.832 


(average) 

/(«)'^ 


Expt 

0.758 

1.05 

713 

740 

0.765 

1.06 

720 

720 

0.807 

1.00 

750 

500 

0.818 

0.92 

698 

744 


* Calculated using the Nilsson-Prior prescription (Ref 

28 ). 

Average of two neighboring values. 

*■ Kinematic factor fmm DWBA calculations. 

‘‘ Palrlng-rolatlonal prediction, normalised to the 
'"W(/).»)'“W(g.s.) transition. 

® Taken to be the differential cross section at die seiv 
ond maximum “27|-‘. 


three states near 2600 keV In *“W have almost 
identical Q values. This constancy of Q value 
can be explained if the structure of these states 
is such that they are populated by removal of a 
pair of neutrons from the same single-particle lev¬ 
el or group of levels. This (acture, while provid- 



FIG. 9. Slnido-partlcle levels calculated In a de¬ 
formed Woods-Ssxon well 0.221, ^4 >0.087) compared 
with tbe level sdieme extracted from experimental data 
(Bef. 27). 
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TABLE IX. Input nnd renilta for BC8 form factor oaloulaUoaa. 


Target 

mass 

Q value 
(MeV) 


Pi* 

g" 

Pk 

(d(r/dD)»coiidmu 

(pb/sr) 

Expt 

(pb/ar) 

146 

-4.470 

-5,120 

-6,271 

-6.843 

0.209 

-0.088 

0.143 

0.797 

661 

720 

836 

865 

740 i 75 
720*70 

600 * 76 
744*75 

184 

0.221 

-0.087 

0.140 

0.720 

142 

0.219 

-0.069 

0.146 

0.809 

IHO 

0.219 

-0.069 

0.143 

0.805 

178 

0.219 

-0.069 

0.138 

0.832 


■* '“•■"w doformatlona from Lee et al. (Haf. 2) scaled to rg-’ 1.25 fm, deformation from 
Amntck et al. (Ref. 28) other deformations taken to be the same as for 
value chosen so that ^ Pn. 

' Normalised In **‘w(p,f)'®W experimental result. 


Ing a ready explanation of the constant Q values of 
these states, docs not inunedlatcly provide reason 
lor their substantial strength. The occurrence of 
such strength, within 2 a of the ground states in the 
cases of ‘™W and ‘“W, also requires a specific 
mechanism preventing the pairing force from re¬ 
moving the pair transfer strength associated with 
these orbitals into the ground state. Such a mech¬ 
anism has been proposed by Griffin, Jackson, and 
Volkov,” Bes, BrogUa, and Nilsson," and also by 
Van RiJ and Kahana^‘ in connection with a similar 
effect observed in Actinide nuclei.'*'" The states 
arising from this mechanism have been termed 
“pairing isomers.”" Specifically, the pairing ma¬ 
trix elements which mix pairs in prolate (Se/BS, 
<0) and oblate orbitals are proposed 

to be smaller than those connecting pairs only in 



V'K'i. 10. Measured ground-state croRs sections in 
.-^ompnrlHon with the results of DWBA calculations using 
BCS form factors described In the text and the cods OWUCK 
(Kef. ;I8). 


prolate orbitals or only in oblate orbitals. This 
then provides a mechanism for partially decoupling 
the two sets of single-particle orbitals, resulting 
in the existence of two 0* states with substantial 
pair transfer strength. Examination of the cal¬ 
culated single-particle level scheme does Indeed 
show a group of four prolate orbitals (l|52l], 
||651|, ||512j, and ‘[642J) close to a binding en¬ 
ergy of 8 MeV, whereas the majority of levels 
comprising the Fermi surface are oblate. Fur¬ 
ther, the pair pickup strength associated with this 
group of orbitals is calculated to be approximately 
10% of that for a typical ground-state transition, 
consistent with the expcrimontal results. It is 
also worth noting that the direct 2' transfer 
strength associated with this group of orbitals is 
found to be considerably larger than for the oblate 
orbitals in the vicinity of the Fermi surface—again 
consistent with the experimental iXiscrvations. 



FIG. 11. Experimental values of two-neutron aepars- 
Uon energies for even W nuclei plotted as a function of 
mass. Tbe gap at is clearly visible. 
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TABLE X. L = 0 atrenttiis to 0'^ statoa. 



Ex 

S/Sig-B.)" 

£(2*-0M 



Nucleus 

(keV) 


(%) 

keV 

a{2*)MQ*) ‘ 

‘"W 

0 

100 


109 

0.19 



1002 

8 


119 

<0.39 


‘®W 

0 

100 

100 '" 

100 

0.29 

0.27 ** 


1135 

16 

52 

119 

' 0.L2 

0.14 


2620 

2 






2662 

2 






2725 

5 





'*W 

0 

100 


104 

0.36 



1516 

13 


73 

1.42 



1695 

3 





■'•w 

0 

100 


106 

0.40 



997 

12 


86 

1.10 



1356 

5 






1643 

2 






■* Katio of maximum croaa aectloOB from Tables 1—VL 
^ (p,t) unless noted. 


Another important piece of evidence regarding 
the correctness of this interpretation concerns 
the results of the (/>, /) reaction on in which 
i = 0 transitions to states corresponding to the 
coupling of the odd particle to the ground and ex¬ 
cited 0' state of the even core are observed. The 
details of that study are contained in the second of 



ITG. 12, strengths for I <■ 0 (p, f) transitions plotted 
ss a function of Q value. 


these two papers. Suffice it to say here that these 
results support the above interpretation. 

The other group of excited 0* transitions, those 
to the 11S8 keV state in ‘“W [(/>,/) and (f,/>)| and 
to the 995 keV state in *"*W can be understood in 
several ways. Microscopically, these arise from 
the previously mentioned subshell closure at N 
= lOB and are therefore four quasiparticle excita¬ 
tions of a pairing vibrational nature. Calculations 
due to Mikoshiba ct in fact predict the 0^ 
state in to be primarily a pair-vibrational 
rather than beta-vlbrational state. Similarly, the 
random phase approximation (RPA) calculations of 
Ascuitto and Sorenson'” with pairing-plus-quad- 
rupole forces were able to correctly reproduce 
the ip,t) population of the 995 keV state in 
although no identification of this state as a pair 
vibration was made. Discussion of these states 
in terms of pure pairing vibrations is, however, 
difficult. The data possess features of both the 
pairing-vibration and pairing-rotation schemes, 
indicating some Intermediate situation between the 
above two extremes. To illustrate this, Fig, 13 
shows the energies of the ground and excited 0^ 
states plotted as suggested by Bohr." These 
ground-state energies are well fitted by the pair¬ 
ing rotation expression £-o/(f+l) where I 
= |Af-108|/2 and a = 293 keV and, as mentioned pre¬ 
viously, the more or less constant ground-to- 
ground transition strengths are consistent with the 
existence of a superfluid pairing-rotational band. 
This picture is unable, however, to explain the 
excited state transitions which must be described 
in terms of pairing vibrations. The palring-vl- 


(<■11 



FIG. l;]. Energies of ground and excited 0* states 
plotted in the manner suggested in Ref. 25. The mim- 
bere asslgtied to each level are the polring vibration In 
(x^x,) and SUCi) [X,p] quantum numbers, respectively. 
The excited 0* states in "“W, and '"w with con¬ 
stant Q value are shown dotted and the nncooflrmed o* 
state in "“w shown dashed. 
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bration scheme correctly predicts the occurreace 
of an excited 0^ state in which should be 
strongly populated in both (p, <) and (t,p) reactions 
and further correctly predtcts the occurrence of 
excited (p,() strength and lack of excited {t,p) 
strength in the high mass isotopes. It is, how¬ 
ever, unable to explain the ground-to-ground tran¬ 
sition strengths which should Increase linearly 
going away from the subshell closure and also un- 
derpredicts the ground-state energies. 

These discrepancies lead us naturally to con¬ 
sider the interacting boson at^roximatlon 0BA) 
model of Arima and lachello”~” which contains 
both of the above pairing models as limiting cases, 
and also introduces quadrupole pairs (d bosons) 
and all interactions between them. The application 
of this model to the present data has been recently 
discussed.'^ We therefore merely reiterate the 
conclusion of Ref. 12 that the predictions of the 
IBA model are in better accord with the experi¬ 
mental results than either the pairing-vibration 
or the pairing-rotational models. We further note 
that this model has the possibility of achieving 
still more detailed agreement with the data when 
numerical calculations are performed within this 
framework. 

V. SUMMARY AND CONCLUSIONS 

We have presented results for (p,/) reactions 
on all stable even W isotopes and the (f,p) rcac- 


ticm on Besides the basic spectroscopic in¬ 
formation, several systematic features of the data 
have emerged and been investigated. These are: 

(1) The role of multistep processes in the shapes 
of members of the ground-state rotational bands. 

(2) The systematics of the ground-state cross 
sections in the framework of both microscopic and 
macroscopic collective models. 

(3) The division of excited 0'^ states into two 
groups, one with the qualitative characteristics cf 
a pairing isomer and the other with similarities 
to pairing vibrations. 

In all these, the stability of shape and consequent 
stability of the underlying single-particle struc¬ 
ture has been important in enabling the recogni¬ 
tion of the simplicities and origins of these phe¬ 
nomena. Further calculations within the frame¬ 
work of the IBA will surely prove rewarding. 
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Data for the "’W(p,i)'"W reaction are presented. States concsponding to the coupling of the odd neutron 
to collective escitatkms of the even core are identified and used to test the microscopic structure of these 
collective escitations. In particular, the proposed nature of the pairing isomen observed in the neighboring 
even nuclei is caoTirnicd. Information concerning the previously observed anomalous population of 2*^ states 
in this mass region is also presented. 

WUCLEAR REACTIONS *“w(p,t).B^-21 MeV; measured o(fi,,6). ’“w de- 
L duced levels, L, n, J, Nuclear structure analysis. 


I. INTRODUCTION 

In this, the second of our papers on W(p,l) 
reactions, we present and discuss the results (or 
the single stable odd W isotope ‘'^W. The spec¬ 
troscopic information obtainable from two-neu¬ 
tron transfer reactions on odd targets is generally 
rather limited. However, in this particular case 
we are able to glean a considerable amount of 
structural Information, particularly from the ef¬ 
fect of the coupling of the odd neutron to collective 
excltatiuns of the even core. We are thus able to 
test some of the hypotheses presented in the pre¬ 
ceding paper concerning the even targets,' and in 
the case of excited 2* states, shed new light on the 
origin of some previously unexplained anomalies. 

II. EXPKRIMLNTAL METHOD 

The details of the experimental method are iden¬ 
tical to those presented in Ref. 1. The target con¬ 
sisted of ~70 jigni/cm’ of WO, enriched to 90% in 
"“W deposited on a 20 ngm/cm’ C backing. Other 
isotopes present in the target were '"^W (3.5%), 

'"W (5.0%), and ‘""W (1.1%). The absolute cross 
sections were obtained from the '“W(p,f) experi¬ 
ment as described in Kef. I. 

III. EXPERIMENTAL RESULTS 

A spectrum taken at a laboratory angle of 20° is 
shown in Fig. 1—note the reduction by a factor of 
5 for peaks 3-12. The overall resolution is '20 
keV. Peaks identified as belonging to “'W are 
numbered and also their measured excitation en¬ 
ergies listed in Table I in comparison with pre¬ 
vious results."'' Angular distributions lor some 
of the stronger peaks are shown in Fig. 2. 

The most prominent peak in the spectrum (No. 5) 
has a distinct L - 0 angular distribution. This 
transition presumably leads to the J ’ - bandhead 
of the band built on the i'[S10| Nilsson orbit, since 
the odd neutron of the ‘"''W ground state has been 
assigned to that single-particle state.* Based on 
published level schemes, we expect that this 

2) 


State at 458 keV would not be completely resolved 
from the state at 450 keV and barely resolved 

from the state at 476 keV. The deep minima 

in the angular distribution, however, unambigu¬ 
ously identify this transition as and not L = 2 
or 4, which would be required for the i' and 
states, respectively. The maximum contribution 
from these other states can be estimated to be 5 
pb/sr of the maximum cross section of 280 pb/sr 
for this peak. 

Besides the L = 0 transition to the J’ = a~ band- 
head of the K’= i' band, f.>2 transitions to the 
I' and 2 * members of this band are also observed, 
being peaks Nos, 7 and 8, respectively. 

The above three transitions correspond to the 
states formed by the coupling of the odd neutron 
to the O' and 2' members of the ground-state ro> 
tatlonal band of the even score. Similarly, strong 
transitions corresponding to the gamma-vibra¬ 
tional and excited O' modes should also be observ¬ 
able. Assuming that the coupling between the 
neutron and the gamma-vibrational degree of free¬ 
dom is weak, we would expect to see two tran¬ 
sitions, to I' and 2* states, corresponding to the 



FIG. 1. spectrum of the "’w(p,()**‘w reaction at 21 
MeV bombarding energy and a laboratory angle of 2ti'- 
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TABLE L Levali popgUtsd In ‘"W(p,t)'*‘w. 


State 

number . 


Present* 

PrevtouB* 

(de/dOM 

(|d»/ar) 

0 


0 

0 


1 

r 


113 


2 

IE 


250 



] 




3 


365 

366 

70 

4 1 

fr 


(385 



If 

409 D 


7 

1 

ir 


(409 


6 i 

1* 


Uso 



n 

454 

) 

280 

1 

ir 


(458 


6 ( 

r 


(476 



1 i 

489 


72 

1 

ir 


|488 


7 { 

I" 


(527 



1 3 

531 

\ 

34 

1 

r 

.3 


(S29 


6 

i- 

3 

560 

660 

63 

9 

•• 

1 

610 

-611 

11 

10 


714 

715 

13 

11 


784 


8 

12 

r 

i 

807 

807 

11 

13 


1093 


7 

14 


1193 


S 

15 


1262 


6 

16 


1377 


7 

17 


1437 


6 

18 


1518 


8 

19 


1B67 


14 

20 


1712 


7 

21 

r 

1864 


44 

22 


1892 


35 

23 


1946 


5 

24 


2015 


12 

25 


2034 


8 

26 


2067 


17 


‘From Beb. 2, 3, and 4, unlnas otberwlse Indicated. 
‘Calculated asauming ^ atate at 365 keV excitation, 
error 4 6 keV. 

‘Aaslgnment this work. 

‘Doublet. 

^ = 2 Strength In the even target case. These 
should occur at about 1 MeV above the i'(510] 
state, i.e., at an energy roughly corresponding 
to the excitation energy of this mode in the even 
nucleus. No such transitions are seen. Instead, 



FIG. 2. Angular distributions for some of the stronger 
transitions. 


a strong L = 2 transition to the 1' state at 365 
keV (No. 3) is seen—the Nilsson assignment of 
this state being |‘|51Z]. The Implications of this 
observation will be discussed in Sec. IV. 

A strong L = 0 transition is found at an excitation 
energy of 1664 keV (No. 21) and is interpreted as 
arising from a state formed by the coupling of the 
odd neutron to the excited 0* state in ‘"’W at 1516 
keV. There is a barely resolved state (No. 22) at 
an excitation energy of 1892 keV, but this was eas¬ 
ily separated by standard peak fitting procedures. 

IV. DISCUSSION 

A t ■ 0 Iranitiam 

As discussed above, strong Z, = 0 transitions are 
observed to states at 454 and 1864 keV. These 
correspond to the strong L = 0 transitions observed 
in the (/>,<) reaction on the even core, but with an 
extra neutron In Nilsson orbit i'{510] coupled to 
the initial and final states. This supposition is 
strengthened by the near equality of the values 
for these two transitions and the ‘**W(^,I)‘*°W(g.a.) 
and *'*W(p,f)*“W (1516 keV) transitions, respec¬ 
tively. These two states therefore become very 
important in our understanding of the underlying 
microstructure in the even target cases. Micro- 
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BCopically, the 454 keV transition corresponds 
Identically to the ‘"W(p,0‘“W(g.s.) transition, 
but with one important difference. The odd par¬ 
ticle occupies one of the orbits from which a pair 
of neutrons is picked up in the even case. This 
orbit is then said to be "blocked" and the odd tar¬ 
get L^O cross section reduced by the appropriate 
amount. Experimentally, the ‘“W(/i,/)*’^V(g.a.) 
transition has a maximum cross section of 500 
pb/sr, whereas the present 454 keV transition 
has only 280 pb/sr—a 40% decrease. This num¬ 
ber can then be used as a sensitive test of the mi¬ 
croscopic form factors used to describe the even 
target ground-state strengths. A calculation to do 
Just this was performed as follows. 

The standard set of single-particle levels de¬ 
scribed in the previous paper was used to gener¬ 
ate a BCS form factor which was then used in con¬ 
junction with the distorted-wave Born approxi¬ 
mation (UWBA) code OWUCK^ to calculate the 
strength of the ‘“Wlp./l'^Wlg.s.) transition. Pre¬ 
cisely the same calculation was then performed, 
except that the j'ISlO) level was effectively blocked 
by artificially respecifying its binding energy so 
as to place that level well above the Fermi sur¬ 
face. Its occupancy was then such that It contribu¬ 
ted negligibly to the final cross section. This cal¬ 
culation predicts a blocking effect of 451), in rea¬ 
sonable agreement with experiment. The calcu¬ 
lated values of A did not, however, agree well 
with the experimental values of P* for either ‘®‘W 
or "“W, reflecting not unexpected deficiencies in 
the single-particle spectrum used. The calcu¬ 
lation wa.s repeated using a value of the pairing 
matrix element chosen so that A = A blocking 



KK:. :i. StrengthH for L 0 transitions throuKhout the. 
W IsoioiH-'S. This lllustrati'a the blocking of the ground- 
sl.ite strength (oiten elreles) nnd the eonatant atrength 
for the exeltid L ' 0 Iriuisltlona (closed clrclea). 


of 36% was predicted, again in good agreement 
with the experimental value of 40%. 

For the 1864 keV L ~0 transition, it was pro¬ 
posed in Refs. 1 and 5 that the 1516 keV 0* state 
in ‘*°W as well as 0* states at 997 in and near 
2600 keV in '"V/, arise from pair pickup from a 
group of orbitals below end decoupled from the 
Fermi surfaces of the target nuclei. An impor¬ 
tant CDDSequence of this picture is that In the odd 
target case, not only should there also exist an 
analogous L^Q transition, but also that, owing to 
the decoupling, this transition should net exhibit 
blocking. As we have seen, the transition cor¬ 
responding to the even ground-state transition is 
blocked by ^40%—the results lor the excited state 
transition do not show this effect. The maximum 
cross section tor ‘“W(/>,/)'"W(15l6 keV) is 36 
pb/sr, the 1864 keV *“W(/>,f)‘“W transition has 
44 pb/sr in agreement with expectations. These 
results are Illustrated in Fig. 3. 

B. £>2 tramitiofu 

Two L = 3 transitions are observed correspond- 
Ing to the i' and I' states formed by the coupling 
of the odd neutron to the 2* member of the even 
core ground-state rotational band. The angular 
distributions for these transitions, the X. = 0 tran- 
sttlon to the 454 keV state and the 
transitions to the 0’ and 2' members of the ground 
band are shown in Fig. 4. As discussed above, 



FIG. 4. Comparison of angular distributions for thr 
transitions to members of the ground band of ‘**W and 
the corresponding states In ***W. The shapes of the 
transitions are shown superimposed on the data. 
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apart from tbe blocking effect, the X.>0 shapes 
are identical and we expect a similar result for 
tbe f. ■ 2 transitions. We see that the summed 
strength of tbe two odd target transitions closely 
resembles the even target data and shows a sim¬ 
ilar reduction in strength to the Z. >0 case. The 
splitting of tbe summed strength is also of inter¬ 
est. In the adiabatic limit, the cross sections 
for the two transitions should follow the rule 

g(e)(|-) 2 

^{5)(F) 3 

at all angles. Experimentally we find that whereas 
the ratio of the integrated yields to these two states 
closely equals the expected value (182:184 
= 2.15:3), the shapes of the two angular distribu¬ 
tions are quite different, especially at forward 
angles. The origin of this discrepancy can be 
traced to differences between the multiple step 
routes populating the two states. Simply, the 
multiple step route involving quadrupole inelastic 
excitation and quadrupole pair transfer enters with 
different phases for the two final states—resulting 
in different angular distribution shapes. A de¬ 
tailed study of this phenomenon would surely prove 
rewarding. 

Finally, we address the case of the L =-2 
strength corresponding to the gamma-vibrational 
state in the even nuclei. As mentioned above, no 
strength was observed in the excitation region ex¬ 
pected. A very strong transition was, however, 
observed to a |~ state at 365 keV. This state has 
been associated with the 2'|512j Nilsson orbit, 
and calculations show that of aU the single-particle 
orbital combinations with ./'A^2'2 which are 
close to the Fermi surface, the coupling to this 
orbit with the ]'|510] orbit has one of the stronger 
intrinsic two-nucleon pidcup strengths. In fact, 
as can be seen in Table n, only for two-particle 
configurations have any significant gamma-vlbra- 
tional strength—thus casting doubt on the collec¬ 
tive nature of this state as seen in two-particle 
transfer. The amount of gamma-vibrational 
strength seen In any nucleus will therefore depend 
strongly on the position of tbe Fermi surface rela¬ 
tive to these single-particle orbitals, and it is 
therefore perhaps not surprising that anomalies 
such as that reported by Casten and Garrett’ for 
the ‘“W(<,/>)*“W reaction occur. What Is perhaps 
more surprising Is that these anomalies are not 
more frequent. We therefore understand the pres¬ 
ent result and tbe trend of gamma-vibrational 
strength In the even nuclei as arising from a sen¬ 
sitivity to a few alngle-particle coaflguratlons 
Which carry most of tbe relevant two-partlcle 
iranafer strength. 


TABLE n. pickup <trengtha. 


Cooflgurattoa 

/dffN* 

\dW 

42.6“ 

04>/ar) 

1 [510] [5121 

660 

01 [512] 

164 

1 [5211®* (5121 

10 

®* [6121 

147 

*[512)«1[503| 

334 

® 1 [514) 

3 

*[512]®* [5051 

15 

* [660]®^ [6421 

1 

*[851]®} [633] 

1 

* [6421® *[6241 

8 

1[S33]®U[615] 

2 

=s=3;^Bs=ssvssaB=sasssaBssK 


‘Calculated ualng NUsaco vrave ftmcttotiB for 
and optical model parametera as quoted In Bef. 1. 


V. SUMMARY AND CONCLUSIONS 


A study of the ‘”W(p,<)**‘W reaction has led to 
the identification of transitions to states corres¬ 
ponding to the coupling of the odd neutron to col¬ 
lective excitations of tbe even core. Specifically 
these are ^=>0 and L = Z transitions corresponding 
to the 0* and 2’ members of the ground-state ro¬ 
tational band and an f. = 0 transition corresponding 
to tbe lowest excited 0* state of the even core. 

The former transitlcnB show a blodting effect 
while tbe latter does not, consistent with tbe as¬ 
sumed microscopic structure of both. The failure 
to observe Z, =2 strength corresponding to the 
gamma vibration of tbe even core is traced to the 
dominance of a few single-particle configuratlone 
In tbe excltBllon of this mode In two-partlcle trans¬ 
fer reactions. Some Interesting multistep effects 
have also been pointed out in the case of the Z.» 2 
transitions corresponding to the 2* excitation of 
the core. 
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Neutron rich ^Ga and ^As isottqies via tiie (aj;) reaction 

G. Rotbard, M. Vergnes, G. Berrier-Ronsm, and J. Vemotte 
Institut it Physique Nucleatn. BP n't, 91406 Orsay. France 
(Received 20 July 1979) 

The (Oip) reaction at 26 MeV haa been uaed to study "Ga and ™Aj with 12 keV resolution full width at 
half maximum. The reaction behaves like a simple proton stripping ("spectator" zero coupled neutron pair) 
ruid the characteristic shapes of the angular distributions permit assigning new spins and pannes. In '‘Ga. 
198 keV(5/'2-). 1116 keV(l/2-). 149* keV(9/2*). In ’‘As: g.i.(J/2 ), 233 keV(5/2 ). 499 kcV(I/2 ), 777 
keV(9/2'). 1806 keV(9/2‘). 1891 keV(l/2 ), 1964 keV(9/2'). The observed splitting of the J* -- 3/2 
strength in ^'Ga, important as compared to the one observed m ’’Ga, is attributed to a change of structure 
between Al = 40 and 42. 


[nuclear REACTION “•“•“■'“Zn, '‘Gcfa.p). E -26 MeV; moasured irifl); 
[_ ”Ga, ”Aa deduced levela, B, ir. 


I. INTRODUCTION 

Evidence for a change in nuclear structure be¬ 
tween N = 40 and 42 has recently been reported In 
the Ge isotopes (Z =32), both from the variation of 
the occupation numbers in the 2/>,/, and 1/,,/, pro¬ 
ton orbitals [measured in the (d, ’He) reactionM 
and from a comparison of the populations of the 
low-lying first 0^ excited level in the (/>,/) and 
(I ,/>) reactions.’ The striking difference in the 
distribution of the Z, = 0 strength in the ((,/>) re¬ 
action, between the final nuclei "Ga and ”Ga, ap¬ 
pears as evidence for a similar change’’ ’ In the 
Ga isotopes (Z =31), The concentration of the 
/. = 0 strength in die ground state transition for the 
"'As(p,f)”AB reaction’’’ seems, however, to in¬ 
dicate that such a change does not occur, at least 
between Af =40 and 42, in the As Isotopes (Z =33). 
Many other discontinuities have been reported^'’ 
in this region of the elements table, and system¬ 
atic studies of level schemes have shown strange 
results (see for example, Ref. 8) among which a 
relatively regular and anomalous variation of the 
energy of the first J” = y’ level in the odd-Z iso¬ 
topes.” 

In this interesting region, where so many anom¬ 
alies have been observed but which are not yet 
really understood, it appears very worthwhile to 
improve our knowledge of the level schemes and 
transfer properties of the odd-Ga and -As iso¬ 
topes. The lightest are relatively well known, 
twth from p decay and y ray spectroscopy and from 
transfer reactions (see Refs. 1-8 and 15-19), but 
the situation is much worse for heavier isotopes 
like ”Ga and ’”As. Although many levels of the 
previously ui4cnown”Ga have been recently ob¬ 
served In our (d,’He) and (t,p) experiments,’’’ 
eotl 3 y rays have been observed’” In the decay 
01 ^’Zn, spin values could not be unambiguously 


determined for an appreciable number of levels; 
the level scheme of ’’'As is practically uidenown, 
except for the excitation energies of two levels.” 
’The aim of the present work was to extend our 
knowledge of these two neutron rich nuclei, ”Ga 
and ’“As, with, respectively, N = 42 and 46. 

These two nuclei, particularly ‘‘'As, are rather 
difficult to reach by conventional transfer reac¬ 
tions: in particular, the (’He. d) proton stripping 
reaction is impossible, due to the lack of a stable 
target. In order to overcome this difficulty, we 
have used in the present work the (a , p) reaction 
alilch, under favorable circumstances, is known to 
behave very much like the (’He. d) reaction.” The 
(a,p) angular distributions also have the attractive 
feature”’ ” of being sensitive, not only to the 
transferred orbital angular momentum I, but also 
to some extent to the total transferred angular 
momentum/. There is. in particular, an import¬ 
ant and reproducible difference in the angular dis¬ 
tributions for the 1=1, j ’ z , and j = § transfers. 

The experimental procedures and the distorted- 
wave Bom approximation (DWBA) analysis are 
briefly described in Sec. 11 and the special features 
of the (a,p) reaction in Sec. in. ’The results for 
”Ga and ’"As are presented in Secs. IV and V, 
and are discussed in Sec. VI. 

II. EXPERIMENTAL PROCEDURE AND DWBA ANALYSIS 

The experiment was performed with a beam of 
26 MeV a particles from the Orsay MP tandem 
accelerator. The intensity was limited to 900 nA 
to avoid target deterioration. The outgoing par¬ 
ticles were detected by two solid state position 
sensitive detectors in the focal plane of the split- 
pole magnetic spectrometer. The solid angle was 
1.7 msr. The experimental setup and procedures 
have already been described.” Enriched metallic 
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Zn targets with an areal density of 60 iig/cm’, 
deposited on thin carbon backings, were used. The 
enrichment was * 97%, except for '"’Zn, where it 
was only 86 , 8 %. The Ce target was composed of 
GeO, evaporated on a thin carbon backing. The 
isotopic enrichment of ’*06 was 95.5%. Proton 
spectra were measured, in 8° steps, between 5° 
and 69” laboratory angles for the **• '"’Zn(a,p)'’‘‘”Ga 
reactions, and from 5° to 45” for the ''*Ge{a,pV^As 
reaction. Spectra were measured at 13° tor the 
“■”Zn(oi,p)*’''“Ga reactions. A typical proton 
spectrum for the ”Ce(a,p)’°As reaction is shown 
in Fig. 1. The overall energy resolution is 12 ke'V 
All! width at half maximum (FWHM). The known 
energy levels of ’’Ga were used to calibrate 
the energy spectra and to deduce the excitation 
energies for the observed levels in ''^a and '"‘As. 
Angular distributions relative normalizations were 
obtained using a solid state monitor detector pos¬ 
itioned at an angle of 45”. The absolute cross sec¬ 
tions have not been determined. The excitation 
energies and the relative yields (ratio of the count¬ 
ing rates in the spectrometer and in the monitor, 
respectively) measured at a 13” laboratory angle 
are reported in Tables 1 and U. Results obtained 
with other transfer reactions are summarized In 
the same tables. 

In order to take account of the kinematics of the 
(a,p) reaction, a OWBA calculation has been per¬ 
formed using the semimlcroecopic model of Smite 
et al.^^ The DWBA cross section is computed 
using standard optical model potentials'"' and 
describing the transferred triton as a cluster, 
bound in a Woods-Saxon well (r^l.ie fm, a *0.7 
fm) by on energy equal to the separation energy. 
The number of nodes of the form factor corre¬ 
sponds to the transfer of the two neutrons in the 
Ik'n/j orbital. Typical angular distributions are 
compared in Fig. 2 to experimental results. 

It has been shown by Kamermans ct uf.'‘ that a 
dineutron "spectator model” (simplified version 
of the semimicroscopic model where the two neu- 



FIG. 1 . A typical proton spectrum from the 
’*Ge(a,p)'*Aa rciiotton Peaks are labeled by their ex¬ 
citation energy in keV. 


trotts are always eouplsd to sero angular moment¬ 
um) can be reasonably used if the ratio of the 
dineutron spectroscopic amplitudes to, respective¬ 
ly, the 2^ and 0^, is small In the (< ,P) reaction.'* 
From a cluster analysis of the experimental 
Zn(f, p) data,” this ratio is found to be of the order 
of 0.17. It is therefore not unreasonable to neglect 
the neutron pairs coupled to >f" • 2”. In the specta¬ 
tor model the (a,p) cross section may be written'' 

(do/dD),^.,^ =Z»<(da/dO),‘7.,^x 

where Z> Is a normalization factor, G ,^, j is the 
proton spectroscopic strength, (dc/dQ)*** is the 
croBS section computed In the DWBA cluster cal¬ 
culation, and the bracket < [ ) results from the 
Talmi-Moshinsky transformation. The relative 
values of the spectroscopic strengths have been 
extracted from experiments using the above form¬ 
ula and the brackets computed by Smits.” The 
strengths, normalized for the ground state of "Ga 
to the mean value of 1.95 found in the ('He, d) ex¬ 
periments, are given in Tables I and 11, For "*As. 
it should be noted that no correction has been ap¬ 
plied for the variation in the elastic scattering 
cross section between a Zn and a Ge target (this 
could result in a global increase, up to 30%, of 
the proton strengths In ’"As). 

III. SELEfTTVITY AND SPECIFIC FEATURES OF THE 
REACTION 

The (a,/>) reaction, as well as the time-reversed 
(p, a) reaction, are known to proceed (at high 
enough Incident energy) as selective triton trans¬ 
fer reactions.*"'” it may occur, under favorable 
circumstances, that the neutron pair in the triton 
is coupled to zero angular momentum: The triton 
transfer then behaves as a simple proton trans¬ 
fer.’* In some cases,however, as in the *’Y 
(p, a)"'Sr reaction,” the transfer of a nonzero 
coupled neutron pair may be important, and 
states with neutron configurations may be popu¬ 
lated with strengths of the same order as those 
observed for states with proton configurations. 

The selectivity of the reaction must therefore 
be carefully checked in the Ga-As region before 
using it as a spectroscopic tool. 

(1) The proton spectroscopic strengths extracted 
(as described In Sec. H) from the (a,p) reaction 
are reported in TaUe 1 for the three lightest Ga 
Isotcqjes and compared to those extracted from the 
(’He, d) reaction (for both reactions the very small 
spectroscopic strengths, or cross sections, have 
not been reported in the table). It is clear that the 





‘1 ABLE 1. Cfiriiparison of transfer results for *^Cia, ^ 'Ga, and ^'Oa. 
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TABLE n. Reanlu for and ”As. 


(keV) 

a 

a 

11 

(O.p) 

b 

Ga 

(a.p) 

c 

(d.’He) 

d 

U,p) 
e f 

(keV) 

8 

S 

"As 

(a,p) 

b 

c 

h 

ky 

i 

0 

f 

1.63 

1.47 

1.33 

264 

0 

0 

r 

1.25 

2.2 



198 i 3 

r 

0.72 

2.2 

1.87 



109 it 3 


0.11 



109 

216 ±3 

f 

0.54 

O.SI 

0.07 

248 

0 

233 i. 3 

r 

0.49 

3 

230 


495 

f 

(0,04) 

(0.12) 

0.32 

55 

2 

499*3 


0.69 

1.2 



913 .f 4 

f 

0.67 

0.69 

0.04 

324 

0 

607-1-4 


0.17 




952 

i'. 

0,06 


0.50 

77 

2 

633X4 


0.05 





ff') 












I119i4 

r 

0.01 

0.86 

0.43 

20 

(2) 

777 i 4 

f 

0.83 

3.6 

773 


1237±4 

f 

1.39 

3.4G 

0.37 



881*4 


0.05 




1396 

(t to 




13 

4 

1016*5 


0.06 

















1531 

f 



1.79 



1045i5 

(f) 

0.10 

0.18 



1576 ‘ 6 

(f) 

0.31 

1.1 


18 


1140*6 


0.10 




1620 

y 



0.50 



1405.6 


0.05 





(f) 












1700 

(t to 




77 

2 

1437 1 6 


0.10 





K) 












1777 

f. 



0.21 

55 

2 

1702 X 8 


0.07 





(f) 












IHOO 

f 




14 

0 

1806 *8 

r 

0.26 

1.3 



1N12 IS 


0.18 





1872 i 8 


0.08 




1926 

ft' «> 




34 

2 

1891*8 

f 

0.18 

0.4 




f) 












1939^8 


0.23 

O.U 




1942 *8 


0.05 











1964 *8 

f 

0.23 

1.2 




'* I'hc «xcitatli« vnerKlen with the estimated uncortaioties are from the present work. For 
stales weakly or not populated in the to,p) reaction, the values are taken from Refs. 1 and 3. 
Spin and parity arc from the present work emd from Refs. 1 and 3. 

^ io,p) cross sections at U|,), 13* (arbitrary unit; see text. Sec. II). 

‘ Spectroscopic strengths from (he (or.p) reaction (see text). 

Spectroscopic factors from Hof. I. 

Summed cross sections of the (f ,p) reaction (Ref. 3). 

^ Angular momentum transfer in the U,p) reaction (Ref. 3). 

P Excitation energies and spin-parity values from present work. 

'' Energies of levels deduced from y rays observed In the decay of the 42 s isomer of '*06 
(Kef. 21). 

' Energy of a y ray observed in the decay of the 18.S a Isomer of "Ge (Ref. 40). 


(’He, d) and (a./>) reactions have a very elmUar be¬ 
havior: The proton spectroecoplc strengths are in 
an amazingly good agreement, considering the 
relatively rough analysie used for the (a,p) reac¬ 
tion. 

(11) The ll and ■J 7 levels in "Ga and “Ga are 


expectsd"' ** to be members of the multiidet re¬ 
sulting from the coupling of the |' three proton 
cluster with the 2^ collective excitation. These 
levels are therefore expected to be populated if 
the neutron pair in the transferred triton ie cou¬ 
pled to 2*; they are only very weidcly populated fo 



NEUTRON RICH ’>G« AND A« ISOTOPES VIA THE 


aM7 



t’lU. 2. Comparison of experimental angular dlairlbu- 
m« for the **Zn(a.p)"Ga reaction with DWBA cluster 
Ic'Ul.itlons (see text). 

e la.p) reaction. 

(ill) For the two heavleat Ga Isotopes, the (a.p) 
d (t ,p) results’ can be compared and the 
rengths appear to be very dillerent: The only 
rels strongly populated in both reactions are the 
= 2 ' levels (the two ground states and the levels 
216 and 913 keV in ”Ga) populated by X. > 0 
ansitions In the (t, p) reaction; all the levels with 
rong X, a 2 strengths in the (f, p) reaction are 
lakly populated in the (a,/>) reaction. 

From the facts summarised above, it can be 
ncluded that the Zn(a,p)Ga reaction behaves 
■ry much like the (’He, d) proton stripping reac- 
in and populates predominantly the proton states, 
• transferred neutron pair being coupled to zero 
Rular momentum (spectator model). We shall 
wume that this is also true for the ”Ge(a,/))’'As 
'action. 


Empirically, the shapes of the angular distribu¬ 
tions corresponding to large {a,p) cross sections 
are characteristic enough to permit a classifica¬ 
tion into four groups: In Fig. 3 the angular distri¬ 
butions with shapes identical to that of the 
ground state of ’‘Ga, in Fig. 4 those with shapes 
identical to that of the If state of “Ga, in Fig. 5 
those with shapes identical to that of the state 
of ’’Ga, and in Fig. 6 those with shapes identical 
to that of the state of ’‘Ga. 

The possibility of distinguishing unambiguously 
between final levels artth J' «i" and J’ »|" is due 
to the well known and very striking j effect of the 
(a.p) reaction. Although ay effect has also been 
reported” between the j = I and j = ^ transfers, 
the differences in shape are rather weak and can- 



FIG. 3 . la,p) angular distrlbullons with similar 
shapes, compared with the empirical curve for a 
./■-J* final state as deduced from the **2n(a,p)“Ga»^ 
reaction. The distributions have been arbitrarily sUfled 
in order to save space. Relative yields are given In 
Tables I and If. Ay'= |' empirical curve la also shown 
for comparison Idolled line) for the where back 

angle data are lacking. 
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Kiel. 4. (d ,/)) iinKUl.i?' dlHlrihuliofifi ^■Uh similar 
Mhapi'N, coniii.iriKl with the cniplrttal furvf for a 
J’ .!"flil.-0 wlair as Or-duritl from lllf ‘•Zn(o,/))’'Oa* 

(467 krV) rrartlon. The fit la rather bad for the 1610 
keV rttdte in and the i/* j"eur\*e la also given for 
compnrtHon klotted llnel. A ^ j** empirical eum'e la 
hIho shown tor etinipnriaon for the 000 keV level of ^*Ah 
where back angle data are lacking. See also i^aption for 
Fig. 0. 

not be used to make a choice between J’ and 
y" for the final level. However, since the (a,f>) 
reaction behaves as a proton stripping reaction, 
only states with spin-parity values J’ = i", i~, -a", 
and f , corresponding to the active (unfilled) pro¬ 
ton shells, can be strongly populated at low ex¬ 
citation energy. The states with J' » y" could only 
be weakly populated, the shell being expected 
to be filled in the even Zn and Ge targets. This is 
experimentally supported by the fact that none of 
the known states in the lighter Ga isotopes 

are observed In the (a,^) reaction (see Table 1). 
The strongly populated states of Fig. 4 can there¬ 
fore be confidently assigned d* «For similar 



0 10 20 iO 40 50 60 0, 

IQb 


FIG. 5. (a.p) angular dluLrlbutions with similar 
shapes, compared with the empirical curve for a J* 
final state as deduced from the **2n(a,p)3lGa* (1109 ke\' 
reaction. See also caption for Fig. 3. 

reasons, the strongly populated stales of Fig. 6 
shall be assigned J' • . 

IV. THE’>Ga NUCLEUS 

The results obtained concerning the ^’Ga nuclMt 
In the present {a,p) experimmt are nowdiscusM^i 
and compared with pre^ous reeulte obtained usMj 
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FIG. 6. (a,p) angular diatrlbutlona with almllar 
hapea, compared with the empirical curve for nj’-f-' 
mal atate aa deduced from the **Zn(a,p)'*Ga* (U94 keV) 
faction. See aluo caption for Fig. 3. 

lie (d.’He) and (t,p) reactions.*'’ 

Three states at 0, 216, and 913 keV are known 
nambiguoualy as = I* from the L >0 transfer 
1 the (1 ,p) reaction. They all exhibit a j angu- 
ir distribution in the (a,p} reaction (see Fig. 3). 
appears from a comparison of the (a,p) results 
ir the different Ga isotopes in Tables I and II that 
ie strength is strongly split only in ’’Ga. This 
putting can be attributed, like the one observed 
ir the Z. < 0 strength in the (t, p) reaction,’’ ’ to a 
hange in the nuclear structure of the Ca isotopes 
etween hi > 40 and 42. 

The level at 1119 keV was the only one populated 
y an 1 > 1 transition in the (d, ’He) reaction and by 
i L*0 transition in the (I , p) reaction. The value 
'' was preferred* on this basis, but d’ > f' 
ould not be excluded. The angular distribution of 
lie (n,p) reaction permits, due to the very striking 
effect (see Figs. 3 and 5) a clear d’ - assign¬ 
ment. No other angular distribution with a similar 
^ape has been observed in ”Ga. 
five states at 198, 495, 952, 1534, and 1630 
eV have been observed in the (d, ’He) reaction, 
'Wated by an 1 > 3 transfer and therefore with 
• 2 * or The value J’ « i~ was preferred* 

Hr the two low-lying states from a comparison 
'iii* the level schemes of the lighter Ga isotopes 
nf because their spectroscople ( • 3 strengths, 


added to the total measured I > 1 strength, gave a 
value very close to the sum rule limit of 4 for 
the valence shells. The four higher lying levels, 
with large I>3 spectroscopic strength, were ac¬ 
cordingly supposed* to have <1* • y". 

The state at 198 keV, strongly populated in the 
{a,p) reaction, with an angular distribution idmti- 
cal to that of the d’ > state at 487 keV in ’’Ga, 
can be assigned (see Sec. in) d' > I'. The same is 
true for two other states, at 1576 and 1939 keV in 
”Ga, not observed in the (d, ’He) reaction. 

The strengths observed in the (a,p) reaction for 
the states at 954, 1534, and 1620 keV are very 
small; this is in agreement with the idea that 
these states, strongly populated in the (d, ’He) re¬ 
action, have indeed d* > 

The 495 keV state is a|g>reciably populated in 
the (d, ’He) reaction and has been proposed* as 
d’ ^1'. As the states discussed above, it is very 
weakly populated in the ia,p) reaction and can 
on this basis have d* = n should be remarked, 
however, that the stren^ observed in the [a,p) 
and in the (’He, d) reaction for the state of the 
lighter Ga isotopes is also very sm^l. The 495 
keV state remains, therefore, as a good candidate 
for being the second J’ = state of ”Ga. 

The angular distribution observed for the strong¬ 
ly populated state at 1237 keV in ”Ga is the same 
as that of the f-’ state at 1494 keV in ’*Ga. This 
clearly confirms the tentative assignment deduced 
from the (d, ’He) angular distribution.' 

V. THE ”A< NUCLEUS 

A RhuIU of the <a.p) reaction 

The low energy part of the ”As spectrum (see 
Fig. 1) is dominoed by four large peaks. The 
angular distributions (Figs. 3-6) permit assign¬ 
ments of d’ =■ J" to the ground state, d* «j* to the 
233 keV state, d’ > to the 499 keV state, and 
d' < 1^ to the 777 keV state. Between 800 and 1800 
keV, only weak peaks are observed. Above 1800 
keV, three relatively large peaks appear, corre¬ 
sponding to rather strongly populated states. 

From the angular distributions the assignments 
are: d’ > ft for the states observed at 1806 and 
1964 keV, d* 9 for the state observed at 1801 
keV. Angular distributions corresponding to 
other, weakly populated states suffer from large 
statistical uncertainties and appear to be relatively 
uncharacteristic. Only the state obseived at 1045 
keV may be, very tentatively, assigned d’a(4~). 
The results obtained are summarised in Table II. 

B. Campariwm wiOi (’Hed) multi for Ushter Ai oolopct 

The results for ’’As deduced from the (a,p) re¬ 
action may be compared with results tditained*' 
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FIG. 7. Comparison of the Irvrls of ^'As olisi-rvrd In Ihr roactlon with thr levels of the Uichtcr As Isotopes uti- 

servitl In the (’lle.f/l renetion (Ri'f. 19). Htntes stronitly |)opulnted are rrpreHente<l by long lines, states observed hut 
Weakly [mpulatisl l)y short lines. S^rmliols on the lines are eharacterlstlc of the transferred angular momentum 1. Biiii' 
lines represent states with either no reported I values or reporletl t values In disagreement. 


for the lighter Ab isotopes via the CHe, d) reaction 
(see Fig. 7). Up to 2 MeV excitation energy, all 
the transferred angular momentum values 1=0, 1, 
2, 3, and 4 arc observed in the (’He,d) reaction, 
but only .states with spin-parity values </ ' = i', l~, 
and are populated with large spectroscopic 
.strength. We sliall compare states with large 
-spectroscopic strengths In the transfer reacUon-s. 

The major part of the 1 = 3 spectroscopic 
strength is concentrated on the first i~ state 
(ground state In '''As, 72 keV state in ^’As, 279 
keV in ''’As, 265 keV state in '^As). The corre¬ 
sponding state is observed at 233 keV in ^"As. The 
major part of the 1 = 1 spectroscopic strength, 
concentrated in "As on a single state observed at 
146 keV is split in '“■ "As between three stales. 

One of these states (at 253 keV in '''’As. 469 keV 
in ''’’As, 503 keV in "As) is, surely or presumably, 
./* = i". The corresponding state in '"As is the 
J' = )■ state observed at 499 keV. The two other 
states have J * <> (the ground states and the 
states at 84 keV in ''As, 263 keV in ''''As, 215 keV 
in "As). Only the </' • ground state of ''"'As has 
a large strength in the (a,/>) reaction. 

The Igs/i spectroscopic strength is split be¬ 
tween at least two states in the ('He, d) reaction. 


for the light As isotopes. The energy of the first 
f* state goes down from 1004 keV in "As to 427 
keV in ’'As, to a minimum energy of 304 keV in 
'''As, then up to 475 keV in "As. The correspond¬ 
ing level is observed still higher, at 777 keV, in 
"'As. A second fraction of the 1 = 4 strength, ob¬ 
served in the lighter isotopes at an energy of abiiut 
1900 keV. is split in ’“As between the two -y stales 
observed at 1806 and 1964 keV. 

C. Cumparbon with other mults 

The ground state spin-parity value ■/’ = I', pre- 
sently deduced from the \a,p) reaction, is in 
agreement with that deduced" from the measured 
logfl values in the p decay of "As. Further in¬ 
formation about the excited states of ’°Ab may he 
deduced from the decay of the ’“Ge parent nucleus. 

Two isomeric decays have been proposed for 
’"Ge: 

(i) The first decay is clearly established,’''"''' 
with a measured half-life lying between 40 and 50 
s (it will be further referred to as 42 s). The 3 e* 
srgy end point is close to 4 MeV and the strong** 
y ray observed In the direct spectrum, at 230 «'■ 
and a 543 keV r ray observed in coincidence, *** 
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aulgned to cucade tranalUona from a 773 keV 
state to the 230 keV state, then to the ground state. 
The present work not only confirms the exiatence 
of these two states, but also specifies their spins 
and parities: J ' > for the 230 keV state, </* 

= 1''^ for the 773 keV state. A 781 keV y ray has 
also been observed in coincidence with the 230 
keV Y ray” and may then be assigned to a transi¬ 
tion between the state observed in the (a,p] reac¬ 
tion at 1016 keV and the 230 keV state. Other y 
rays have been observed in the direct spectrum. 

(ii) The second decay, with a 18.5 s (or 19.1 s) 
half-life,”'" has been considered by the Nuclear 
Data Sheets Compilers’^ to be only tentatively at¬ 
tributed to a state of ’°Ge. However, the energy 
of 109 keV lor the strongest y ray observed” cor¬ 
responds exactly to the energy measured in the 
present woik for the first excited state in ”As. 

This would appear as a strong support for the at¬ 
tribution of the 18.S a half-life to a state of ’‘Ge. 

It would be a great help for further spin and 
parity assignments to excited states in ’’As, to 
know the spins and parities of the two isomeric 
states discussed above. The presently known re¬ 
sults”"” on the ’“Ge decays are not sufficient, 
alone, for an unambiguous J* assignment to the 
parent states. However, the isotopes ’'Ge and 
”Ge areknown'“''“to have isomeric states with«/' 

* i" and and the isotones with N * 47 arc 
known”-" to have Isomeric states with </' = (i") 
and ln“Se. J’ = i~ and f in "Kr, = 
and (f) in "Sr. The parent isomeric states in 
'°Ge may then reasonably be assumed to have 
■^’= 2 ”. •F. or I*. The strong branching obser¬ 
ved’"' through the 773 keV state, known from the 
present work to have J’ = eliminates the pre¬ 
viously assumed’" possibility J’ = i" for the 42 s 
parent state, leaving only <f* = J" or j-*. Let us 
see now what can be deduced for the states of ”As. 

The first excited state is observed at 109 keV 
In the (a,p) reaction, but no 109 keV y ray has 
been reported in the 42 s decay of ’"Ge and 
none of the reported y rays can be assigned to 
a transition from one of the excited states ob¬ 
served in the (a,p) reaction, to the 109 keV state, 
it is then very likely that the 109 keV state is not 
populated in the 42 s decay; its spin should then 
be low: (or i). The {a,p) cross section for 

this level is small; in the ’’As and ”As isotopes 
the first excited state, •! ' > 2 ", is also weakly 
populated in the equivalent ("He, d) reaction; a 
tentative assignment for the 109 keV state is then 

Ai/’= I*excited state is known in ’‘'’’''"''"As, 

St an excitation energy varying between 100 and , 
200 keV above the first excited d* = f state. The 
two states observed at 881 and 1016 keV in the 


(a,p) reaction might be candidates for this state 
in’*As. Such a state would decay by £1 transitions 
to the i~ ground state and to the state at 230 
kev. No y ray corresponding to the ground state 
transition has been reported but a 781 keV r ray 
has been observed, both in the direct y spectrum” 
and in coincidence with the 230 keV v ray.” This 
y ray appears to correspond to the decay from the 
1016 ke'V’ state, which is therefore a good candi¬ 
date for the J" = I'’ in ’'“As. 

VI. SYSTEMATIC OF THE /* - y* STATE 

The spectra of many odd nuclei in the Ga, As, 

Br, Rb region have been calculated by Scholz and 
Malik'" using a Coriolis coupling model with a 
pairing interaction. The occurrence at low ex¬ 
citation energy, in many Isotopes, of a positive 
parity doublet, •/* a f and , is shown to indicate 
a prolate deformation. The minimum found at 
N =42 for the excitation energy of the first J’ 

- f state in the As and Br Isotopes has been re¬ 
lated” to a maximum value for the deformation. 

The relatively hi(d> excitation energy found in the 
present work for the first •y' > state in ’‘As fits 
nicely in this scheme and confirms the minimum 
observed at N > 42 for the As isotopes. According 
to the interpretation of Ref. 9. this relatively high 
energy would imply a deformation smaller for 
’”Ab than for ’’As. 

The present work, complemented by the results 
of our (d,’He) study,’ shows that a minimum for 
the excitation energy of the first • f” state also 
occurs at A 3 42 in the Ga isotopes. There Is no 
evidence, at least for the Ga, As, and Br isotopes, 
of a shift with Z of the A value corresponding to 
the minimum, as suggested for heaviest isotopes 
in Ref. 9. Although the minimum is observed at 
the same place in the Ga, As, and Br isotopes, it 
should be stressed that the energy of the minimum 
is much higher in the Ga isotopes (1237 keV) than 
in the As (304 keV) and Br (106 ke'V) isotopes, and 
that no “satellite” J' = S'’ state has been observed 
in the Ga isotopes, close to the first f state. 

It is therefore not clear at the present time wheth¬ 
er the situation in the Ga isotopes is similar or not 
to the situation in the As and Br isotopes. 

VII. SUMMARY 

The study of the neutron rich isotopes ”Ga and 
”Ab, by means of the {a,p) reaction at 26 Me'V, 
has permitted a determination of a level scheme 
for ’’As and of spin values for several excited 
elates in ’’Ga. The Zn(a,p) reaction appears to 
proceed predominantly with the transferred neu¬ 
tron pair coupled to zero angular momentum. The 
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■plittlng Of the p,/, etrength in the '‘‘Zn(a,^)'*Ga 
appeare as an additional indication for a recently 
reported*' * structural transition between /f > 40 
and 42, in the Ga ground state wave functions. No 
indication for such a sudden change has been found 
in the As isotopes. The energies determined in the 
present work for the J* > f, state allow an exten¬ 


sion of the systenaaticB of these states and show 
that the minimum in energy occurs at N « 42 for 
the Ga isotopes. Although this minimum had been 
observed previously, also at N > 42, tor the As and 
Br isotopes, work remains to be done before a 
clear interpretation of these results can be pro¬ 
posed. 
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Production cron lectioni of wioui flital nuclei have been determined using the in-beun gamma rays 
produced during the 80, 100, 136, and 164 MeV proton bomburdmenl of "Nl, “Ni, “Ni, and “Ni targets. 
From the systematica of these croaa sections it is concluded that (a) typically, 1~2 nucleona are emitted in 
the fast pte^equilibrium phase leaving a few nuclei escited over a broad range of excitation energy, (b) the 
bulk of the final nuclei ate produced foHoaring nucleon evaporation from the excited nuclear leiidues of the 
pre-equilibrium phase, (c) the fraction of the incident energy dissipated through fast emission increases from 
about 1/2 to 2/3 over the above energy range, (d) the average excitation energy of the nuclear residues of 
the pre-equilibrium phase is estimated to increase by only 10 MeV in going from about 40 to SO MeV over 
the above energy range, and (e) no evidence is found for significantly preferred temovaJ of alpha particles 
from the target nucleus. Detailed comparisans of the observed cross sections are made with the cascade and 
hybrid models. The cascade model yields better overall agreement with the measured results. A hybrid 
model which includes both multiple pre-equilibrium emission and geometric surface effects is needed if it is 
to be equally effective. 


"NUCLEAR REACTIONS “■“•“•“NUp.xy), £,-80, 100, 136, ami IM MeV; 
measured o^, o production various final nuclei; results compared with cas¬ 
cade and hybrid exetton models Including evaporation. 


1. INTRODUCTION 

Historically, the mechanisms of nuclear reac- 
Unns have been categorized in terms of (1) the di¬ 
rect processes, which occur on a time scale on the 
order of the time it takes the projectile to pass 
through the nucleus, and (2) the compound nuclear 
processes, which occur on a time scale many or¬ 
ders of magnitude greater than the direct process¬ 
es and correspond to complete absorption of the 
projectile by the target from which a statistical de¬ 
cay (compound nucleus evaporation) of the system 
in equilibrium is assumed to ensue. The former 
IS characterized, in particle emission spectra, by 
peaks near the beam energy corresponding to dis¬ 
crete and continuum states of the residual nucleus, 
uid the latter by a broad hump at low energy, the 
»hape and position of which can be described quite 
w'ell by the statistical models. At the projectile 
energies greater than a few times the nuclear blnd- 
mg energies In the nucleus a third mechanism is 
recognized to play a significant role, namely that 
cd “precompound” or "pre-equilibrium” emission. 
This is envisioned to correspond to a cascade of 
Tuaslelastlc nucleon-nucleon interactions in the 
nucleus and occurs on a time scale between those 
direct and compound reactions as the projectile 
plus target nuclear system tends toward equilibrium. 

Semiclasaical models have been developed which 
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embody few of the details of nuclear structure but 
employ more general properties of the interacting 
entities such as the mean free path of nucleons in 
nuclear matter derived from the free nucleon-nu- 
clcon scattering cross section suitably corrected 
for various effects, densities of particle-hole 
stales at varying excitation, effects of the nuclear 
surface and emission rates of nucleons from a 
highly excited nuclear system. To some degree the 
existing and developing models can be categorized 
as "statistical” or "cascade.” The former extends 
the statistical theory for compound nucleus emis¬ 
sion to nonequilibrium systems and the latter con¬ 
siders successive intranuclear nucLeon-nucleon 
collisions which produce a cascade of particles, 
using free nucleon-nucleon scattering cross sec¬ 
tions modified to the nuclear environment. The 
calculated results obtained from each of these mod¬ 
els are compared with experimentally observed 
quantities in this work to determine which, if any, 
of the models give a belter description of reality 
and to find directions in which the models should be 
extended to bring them in accord with the observa¬ 
tions. 

The measurements presented here pertain to the 
determination of the production cross sections lor 
residual final nuclei after targets of medium mass 
elements were bombarded by 80-164 MeV protons 
using the Inclusive in-beam y rays detected with 
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high resolution. These measurements axe the first 
of a continuing program to decipher the broad fea¬ 
tures of the reaction mechanisms of proton-nucleus 
interactions in the 80 to 200 MeV proton energy do¬ 
main. A preliminary report embodying the system¬ 
atic trends of the observed cross sections and their 
Implications has been published.' Complementary 
measurements of the recoil ranges of the residual 
nuclei’ of the y-ray multiplicities of the residual 
nuclei’ and of the differential cross sections of the 
charged particles* have been completed and shall 
be published elsewhere. 

it is appropriate to list here some of the motiva¬ 
tions which led to the initiation of this experiment¬ 
al program. Earlier measurements of this type,*'" 
primarily with proton and pion beams, reported 
enhanced production of residual nuclei which were 
an integral number of alpha particles removed 
from the target, thus focusing interest on the role 
of direct multiple alpha knockout in the reaction 
process. Furthermore, previously reported pro¬ 
duction cross sections at 100 MeV" with **Ni were 
systematically lower by a factor of 2 with respect 
to those reported at 200 MeV." This difference 
was hard to understand in terms of the expected 
energy dependence of the cross sections. Detailed 
measurements in the 80-200 MeV energy range 
have not only helped to clear some of the above 
discrepancies' but also have provided systematic 
data to test the appliuabiiity of the existing models 
In detail. 

II. FXPFRIMtNTAL RESULTS 

This work was performed at the Indiana Univer¬ 
sity Cyclotron Facility utilizing 80, 100, 136, and 
164 MeV proton beams in the low-intensity target 
area, especially designed for in-beam y-ray mea¬ 
surements. Beam intensity on the target was typi¬ 
cally 0.5 nA. The transmitted beam was collected 
in a well shielded Faraday cup for current integra¬ 
tion. Gamma rays produced produced by the pro¬ 
ton bombardment of isotopically enriched*''**Ni 
targets (about 1 mg/cm’ in thickness) were detect¬ 
ed by a lithium-drifted germanium Ge(Li) crystal 
which had an efficiency of 10% compared to a 7.6 
cmx7.6 cm Nal detector for the 1332 keV line of a 
'"Co source placed at 25 cm. Most measurements 
were made with the Ge(Ll) at 90°, 3 to S cm from 
the target, with varying thicknesses of Incite ab¬ 
sorber placed between the detector and target to 
protect against charged particle damage to the 
crystal. Some measurements were made at 125° to 
determine anisotropy corrections to the y-ray 
cross sections, for which the detector was moved 
back to 12 cm. For each geometry during every 
run an efficiency and energy calibration of the 


Ge(Li) detector was made by using a mixed radio¬ 
active source In the target position. The mixed 
source consisted of known amounts of '’*Cd, '’Co, 
*’*Ce, "’Sn, '*’Cs, “Co, and ••y giving calibration 
points over an energy range of 88 to 1836 keV. 

Overall y-ray energy resolution varied from 2.5 
to 3.0 keV full width at hall maximum (FWUM) dur¬ 
ing the course of the measurements. The time of 
production of y rays relative to the incident beam 
burst (about 1 nsec wide) was also determined using 
conventional electronics techniques. Efforts were 
made to optimize the timing resolution over a large 
energy range and an FWHM of 5 nsec for the prompt 
peak in the time spectrum for higher energy y rays 
(>800 keV) was typically obtained. Nevertheless, 
the timing resolution for lower energy y rays grew 
progressively worse and was comparable to the 
time between the beam bursts (30 nsec) for y rays 
lower than 200 keV in energy, which limited the 
usefulness of the timing information. 

The dead time of the electronics and the data ac¬ 
quisition system was determined by feeding a pul- 
ser, triggered by the current Integrator, into the 
preamplifier of the Ge(Li) detector and by compar¬ 
ing the number of pulser triggers to the total num¬ 
ber of counts in the pulser peak in the Ge(Ll) spec¬ 
trum. Dead times averaged about 15%. 

The linear energy and timing signals were digit¬ 
ized and routed to a computer for sorting and stor¬ 
age. Using software conditions three 4096 channel 
arrays tor the prompt, delayed, and singles spec¬ 
tra and a 256 channel time spectrum were prepar¬ 
ed. Each energy spectrum contained more than one 
hundred identifiable peaks which were fitted to 
Gaussian shapes by a computer program to extract 
peak areas. The latter were used to determine the 
production cross sections for each gamma ray alt¬ 
er normalizing for the Incident number of protons, 
the target thickness, the detection efficiency, and 
the dead time. Typically, adequate statistics were 
obtained to observe gamma rays produced with 
cross sections as low as 2 mb with an accuracy o( 
about 10%. However, major uncertainty in the 
measured cross section was Intrcxluced by the un- 
stripping of two or more overlapping peaks, es¬ 
pecially when it involved one or more weak peaks- > 
Whenever possible, contribution to the peaks in the 
prompt spectrum due to the decay process was de- I 
termined using the corresponding delayed spec- ^ 
tnim. However, as mentioned above, the in-beam 
timing Information was often not adequate to alio* 
an accurate determination of the delayed componeS 
for lower energy y rays. For these recourse had 
to be made to off-line activation measurements 
which will be described elsewhere.* 

Systematic uncertainties associated with the ah' 
solute cross sections due to charge integration, 
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TABLE I. AulfComeBto, energies, end production cross section (and the associated per¬ 
cent errors) of the gamma rays observed In 164 MeV proton bombardment of **N1._ 


Nucleus 
r ray 
assigned 

Oamma energy 
(fitted) 
keV 

Production 
cross sections 
mb 

Error In 
cross sections 
% 

“Mn 

104.0 

1.5 

68 

BKD (“F) 

110.1 

73 

13 

"Co 

112.1 

4.6 

20 

"Fe 

122.0 

353 

3 

"Mn 

126.8 

ll.l 

8 

"Fe 

136.6 

5.8 

15 

“Fe 

146.0 

0.8 

107 

“Mn 

166.1 

13.3 

7 

“Co, "Co 

158.4 

8.9 

10 

BKG (“F) 

198.0 

39.9 

3 

“Mn, ‘»V, “Mn 

211.8 

10.3 

6 

aoy 

226.6 

2.6 

24 

"Co 

229.7 

4.2 

16 

«Mn 

238 ..3 

3.B 

19 

“Mn 

262.8 

2.3 

36 

"Co 

254.3 

0,6 

124 

“Po, “Mn 

273.6 

5.7 

12 

"Co 

277.1 

2.G 

27 

“N1 

282.9 

4.0 

16 

BKD? 

296.6 

3.3 

24 

"V, "Mn 

309.1 

0.6 

141 

"Cr, "Mn 

316.6 

2.4 

33 

My 

320.1 

5.1 

17 

“Co 

320.8 

7.9 

12 

"Co 

333.6 

4.9 

20 

"ni 

339.4 

18.5 

5 

BKD ("Ne) 

350.7 

10.8 

9 

"P« 

362.3 

5.1 

16 

“Co 

366.6 

5.0 

14 

'>Mu 

376.8 

3.5 

22 

"Fe 

3843 

1.5 

50 

"Co 

389,8 

4,5 

15 

“Pe, "Fe 

411.7 

6.5 

12 

BKD <“A1) 

416.9 

15.7 

4 


427.8 

1.0 

02 

"Co, "Mn 

432.9 

4.7 

16 

"Co 

4363 

2,4 

30 

BKD ("Ns) 

439.9 

n.7 

4 

"Co, "Mn 

448.0 

o.c 

121 

"Co, "Nl 

466 J 

5.3 

23 

"Nl 

467.0 

4.1 

25 

BKD (“Ne) 

472.2 

9.1 

13 

“Fe, "Pe 

477.3 

10.0 

13 

"Co 

4823 

3.9 

33 

"Cu, "Nl 

493.4 

1.3 

76 

annihilation 

611.0 

318.5 

1 

"Co 

566.8 

1.0 

88 

"Fe 

571.1 

0.5 

173 

"Co, "Co 

576.7 

3.6 

27 

BKD ("Na) 

584.2 

20.3 

6 

“Fe 

606.0 

11.6 

9 

“v? 

609.4 

143 

8 

48y 

627.4 

0.8 

144 

"Mn? 

6483 

0.6 

170 

“ni 

856.0 

1.1 

92 

"Cr, BKD 

6613 

22.0 

6 

“Mn 

704.7 

33 

27 
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tabu; I. 



Nucleus 
y ray 
assigned 

Gamma aoargy 
(fitted) 
keV 

Production 
oroBs seotlonB 
mb 

Error in 
coraa seotlooa 
% 

“Co, "Co, ‘’Mn 

727.6 

1.6 

72 

«Mn 

731.0 

0.6 

177 

‘'Cr 

744.3 

13.1 

8 

“Cr 

749.7 

43 

22 

“Cr 

782.6 

2.6 

44 

”Co 

785.9 

3.2 

35 

“Fe 

803.9 

0.8 

140 

“Cr 

808.1 

0.8 

120 

“Fe 

811.3 

6.7 

16 

“CO 

811.4 

8.7 

12 

‘•ni 

826.4 

12.8 

10 

“Co, BKD (*A1) 

830.1 

10.7 

11 

“cr 

834.0 

20.3 

6 

“Mn, “V 

839.6 

8.0 

16 

BKD (”A1) 

843.9 

44.6 

3 

“Fe, “Fe, “Cr 

84C.9 

146.6 

1 

“md?, “’MnV 

851.6 

2.7 

39 

“Mn 

858.4 

2.7 

42 

“Fe 

864.3 

0.9 

121 

“Mn 

869.3 

10.6 

12 

“ni 

879.0 

1.7 

70 

“Mn. “TI. “TI 

890.7 

3.8 

28 

“Fe 

898.4 

0.6 

174 

“Nl 

909.5 

6.3 

25 

“Mn 

913.2 

3.6 

36 

“Fe 

931.3 

H.2 

14 

“cr 

93S.2 

12.4 

9 

“Co, "Cr 

937.0 

9.3 

13 

"'Ni 

947 

8.0 

17 

“Ch 

970.7 

O.li 

206 

^"Sc? 

974.7 

7.0 

18 

"ti 

983.8 

13J 

10 

“Mu, “MoV 

991.5 

4.6 

34 

"Ni 

998.5 

2.4 

61 

“Ni 

1004.2 

7.4 

21 

“cr 

100G.6 

5.1 

27 

“Co 

1010.5 

6.7 

20 

BKD ("Ai) 

1014.5 

69.6 

3 

"Ni, “Co, “Fc 

1027.5 

1.0 

130 

“Fc 

1038.1 

14.G 

10 

“Co 

1044.4 

2.0 

72 

“Co 

1051.1 

6.4 

24 

"Mn? 

1062.1 

5.9 

26 

"Co, "cr 

1099.4 

9.6 

17 

“Cu? 

1106.9 

3.2 

38 

“Co 

1114.4 

2.6 

51 

'-Ni 

1120.9 

6.4 

24 

“Fc 

1130.2 

7.4 

20 

"Ni 

1162.4 

3.9 

27 

“Cr 

1166.6 

9.2 

13 

'-Ni. "Ni 

1173.3 

30.9 

4 

'•Ni 

1186.7 

2.2 

64 

“ni, “Co 

U90.4 

9.3 

15 

“‘Co 

1205.3 

3.3 

54 

“Fe 

1223J2 

10.4 

21 

“Co 

1223,7 

7.2 

30 

“Fe. “Co 

1238.4 

84.5 

2 

“Fc 

1266.7 

2.4 

57 
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TABLE I. 

(Cotttbnied,) 


Nucleus 

Gamma energy 

ProductioD 

Error la 

■yray 

(fitted) 

cross secttons 

cross sections 

assigned 

keV 

mb 

% 

BKD ("Na) 

1274.7 

33.2 

4 

“co 

1291.7 

1.1 

154 

•»Nl 

1293.8 

3.S 

41 

“Pe 

1303.8 

6.0 

23 

"Fe, 

1312.2 

13.7 

12 

'«Fe 

1316.6 

8.4 

18 

"NI. ‘*Cr 

1332.8 

50.0 

4 


1337.9 

1.5 

99 

BKD (“Mg) 

1368.8 

101.5 

2 

“Co 

1376.2 

6.0 

31 

“ft, “Fc 

1408.5 

11.2 

12 

®*N1 

1428.7 

7.4 

19 

“Cr 

1434J 

27.4 

5 

“Ms 

1441.1 

9.2 

IS 

“Co? 

1446B 

0.7 

163 

"NI 

1454.3 

13.8 

11 

BKD (“it), “Nt 

1460.7 

32.2 

4 

"Co 

1462.3 

1.9 

R3 

"Cr 

14H1.0 

2.1 

71 

"Co 

1481.4 

3.2 

51 

"Ms 

1529.0 

6.6 

26 

“ni 

1543.0 

0.6 

270 

"T1 

1653.2 

1.4 

123 

“N17 

1610.5 

8.6 

20 

“CO 

1614.1 

1.4 

95 

BKD, "Cr? 

1633.5 

28.7 

8 

BKD 

1731J 

4.8 

30 

"Co, "Nl 

1756.9 

0.7 

175 

'•ni? 

1778.9 

12.2 

13 

"N17 

1800.5 

9.1 

24 

"Nl 

1801.4 

0.7 

344 

BKD (*Mg) 

1808.7 

84.6 

4 

"CO 

1898.1 

3.8 

67 


lead time corrections, target thickness, and de- 
ection efficiency are estimated to be about 1S%. 

'he corresponding uncertainty for the 80 MeVmea- 
urements for “Ni and °*N1 and 100 MeV measure- 
nents with a ^N1 target is estimated to be 30]lb be- 
ause of a bias in charge integration due to an al- 
ernating current pick up in the Faraday cup for the 
ir.st case and because of poor integration at low 
urrents (<0.1 nA) employed in the second case, 
ielative uncertainties in the cross sections vary 
"idely and depend not only on the statistics but of* 
en on the accuracy with which overlapping peaks 
ould be separated and, in a number of cases, on 
he precision with which the delayed components 
ould be subtracted. 

Observed gamma rays were assigned to a partic- 
lar final nucleus on the basis of the measured en- 
egies and the consistency of relative intensity 
attems with those expected for y-ray transitions 
'^longing to one or more cascades lor that nucleus. 


For this purpose a list of gamma rays assigned on 
the basis of In-beam measurements to nuclei with 
44*i4<65 and their relative location in their de¬ 
cay schemes was prepared from the recently pub¬ 
lished literature. In Table I are listed the ener¬ 
gies, the production cross sections (including the 
percent uncertainties), and the assignment to pos¬ 
sible final nucleus (or nuclei) for each gamma ray 
observed in the 164 MeV proton bombardment of 
^Ni. The contribution of a given gamma ray to 
each of the many final nuclei, wherever applicable, 
was determined using the observed intensities of 
other gamma rays belonging to the same cascade 
and the branching ratios published in the litera¬ 
ture. The details and reservations pertaining to 
individual assignments can be found elsewhere.** 
Cross sections lor the production of individual 
final nuclei were obtained by summing observed 
cross sections for gamma rays assigned to transi¬ 
tion to the ground state and to the known isomeric 



2308 


SADLER, SINGH, JASTRZEBSKl, RUTLEDGE, AND SEGEL 


21 


TABLE n. ProducUoa croaa lectlODB for nurloua fliiAl TABLE IB. Produotloa oroM McttoB for vmrloua fl. 

nuclei tram In-beam T-ray measurements with 80, 100, nsl nuclei from In-beam Y-ray measurements wMh loo 
136, and 164 McV proton bombardment of “Nl target. and 136 MeV moton bombardment of ••nI. 


Final Production cross sections Imb) 


nucleus 

80 MeV 

100 MeV 

136 MeV 

164 MeV 

“ni 

31 

k 

3 

29 t 

3 

17 t 

2 

9 fc 

2 

«Nl 

33 

t 

3 

34 k 

G 

31 fc 

5 

23 jfc 

9 

"Co 

3H 

fc 

10 

36 ± 

10 

32 Jt 

10 

21 ± 

6 

“Co 

70 

t 

15 

74 ± 

15 

53 tfc 

8 

43 ± 

7 

“Co 

4 

J. 

2 

2 t 

2 

2 fc 

2 

2t 

2 

“Co 

<2 



<2 


<2 


<2 


“Fe 

2H 

i 

5 

27 fc 

5 

25 1 

5 

20 i: 

8 

“Fe 

77 

i 

14 

70 t 

13 

S3 t 

10 

42 fc 

8 

“Fe 

53 

k 

5 

60 i: 

6 

47-t 

5 

30:fc 

4 

“Fe 

G 

i 

3 

10 t 

3 

8 fc 

3 

6fc 

2 

“Fe 

<1 

1 

2 

2 fc 

2 

2 fc 

2 

<3 


“Mn 

2 

( 

2 

3 * 

2 

2 fc 

2 

3 t 

2 

“Md 

19 

1 

4 

13 fc 

3 

14 fc 

3 

9 fc 

3 

“Mn 

27 

k 

5 

38 t 

6 

34 -fc 

6 

30-fc 

6 

“’Mn 

9 

1 

4 

10 t 

4 

14 t 

4 

11* 

4 

“Mn 

12 

fc 

2 

11 k 

2 

10 t 

2 

8 fc 

2 

“Cr 

1 


1 

2 i 

2 

4 fc. 

2 

S fc 

3 

“Cr 

2 


2 

4 t 

3 

7 fc 

3 

3 fc 

3 

“Cr 

12 


2 

U *= 

2 

19± 

4 

20 fc 

6 

“cr 

IG 


3 

14 i. 

3 

13 t. 

3 

11 fc 

3 

‘“cr 

9 


2 

21 t 


23 i 

2 

18 fc 

4 

"C'r 

2 


1 

3 t 

<) 

5 fc 

2 

6 fc 

2 

”cr 

1 

L 

1 

1 t 

1 

1 t 

1 

Ifc 

1 

“v 

2 


1 

3 i 

«> 

4 fc 

2 

3 t 

2 

‘*V 

fi 

L 

4 

10 1 

4 

17 i: 

5 

17t 

5 

4IWy 

4 


2 

4 t 

2 

7 fc 

3 

7t 

3 

ry 

1 


1 

2 1 

2 

3 fc 

2 

4 fc 

2 

*“ti 

<2 



<2 


<2 


<2 


‘•ti 

rO 



•■2 


<2 


<2 


*'Ti 

2 

i 

1 

3 t 

2 

G 1 

2 

6 fc 

4 

“ti 

1 

1 

1 

3 «- 

2 

5 t 

2 

8 fc 

2 


stairs of the respective nucleus. The measured in- 
beam cross sections for the ^'Ni, ““Ni, and ®^Nl 
targets for different proton energies are given in 
Tables U to V, respectively. It should be noted 
that the in-beam measurements yield only a lower 
limit for the production cross sections for a given 
nucleus since weak transitions to and direct pro¬ 
duction of the ground state are not observed. This 
effect is expected to be particularly large for odd 
A and odd-odd nuclei and indeed the aettvatton 
measurements often yield considerably greater 
cross sections lor these cases than the In-beam 
studies. For even-even nuclei this should be a 
small correction since the decay is mostly tunneled 
through the first 2' slate. 

111. MODEL TALtULATIONS 

Comparisons were made between measured cross 
sections and those predicted by hybrid” and cas¬ 
cade models.”'” Both models calculate nucleon 


Final 

nucleue 

EToduotton cross section (mb) 
100 MeV 136 MeV 

‘•ni 

42 ± 4 

2G± 3 

‘^1 

89:1:10 

63fc 8 

“Nt 

SBt 4 

26 fc 3 

“ni 

8± S 

7fc 6 

"Co 

16 i 6 

12fc 6 

“Co 

49* 7 

47± 7 

"Co 

63*10 

43fc 8 

“Co 

27* 6 

16fc 5 

"Co 

2* 2 

2fc 2 

"Fe 

4* 2 

1± 1 

"Fe 

12 * 3 

ISfc 4 

“Fe 

62* 8 

53 fc 7 

“Fe 

60 * 8 

45fc 8 

“Fe 

17* 4 

32.fc 4 

“Fe 

1*1 

5 fc 2 

“Mn 

4 t 3 

3fc 3 

"Mn 

16* 3 

12fc 3 

“Mn 

21 * 3 

26fc 4 

“Mn 

IS » 3 

19fc 3 

“Mn 

8* 6 

8fc 6 

"Mn 

3*2 

3 fc 2 

"Cr 

6* 4 

8fc 4 

“Cr 

10* 8 

14fc 10 

“cr 

11* 3 

12 fc 3 

"Cr 

4 * 2 

lit 3 

“Cr 

3 h 2 

9± 2 

"cr 

2* 2 

3± 2 

SOy 

3 * 2 

4fc 2 

‘V 

4* 3 

8 i 3 

48y 

4* 3 

5*3 

“ti 

<2 

^2 

"ii 

<2 

<2 


1*1 

5* 2 

"ti 

1*1 

Ifc 1 


emission from the nonequilibrated nuclear system 
of the incident proton plus the target nucleus, the 
so-called pre-equilibrium phase. Once equilibriuir. 
is attained, statistical techniques are employed to 
determine the evaporation of nucleons and clusters 
such as deuterons and alpha particles. Cross sec¬ 
tions for the production of final nuclei as the end 
product of both kinds of emissions are calculated 
and correspond to the cross sections of specific 
nuclei measured in this study. 

The hybrid model operates in phase space and 
describes the change of state of the nucleus, as it 
proceeds toward equilibrium, by a change in the 
number of excitons (excited particles and holes). 
The cascade model follows the trajectories of Uk 
incident and struck particles in real, or geomet¬ 
ric, space. The hybrid model follows the evolve- 
ment of the reaction until the number of excitons i 
reaches Its equilibrium value. The cascade model | 
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table IV. ProduotioB orou McUon for various fl- 
]ul nuclei ftrom lii4ieam Y-ray measuremeotB with 80, 
100 , 136, and 164 MeV proton bombardment of *‘ni. 


final Production cross sections (mb) 


nucleus 

80 MeV 

100 MeV 

136 MeV 

164 HeV 

•*M1 

30 ± 

10 

30 k 

10 

18* 

10 

11* 

7 

“Ml 

76 t 

20 

54 k 

20 

49* 

16 

48 * 

16 

"^1 

77 ± 

7 

74* 

V 

64* 

7 

52* 

5 

“Ml 

B2± 

6 

47* 

6 

41* 

6 

31* 

6 

“N1 

23i 

3 

18* 

2 

19* 

2 

14* 

2 

'‘Co 

3t 

2 

2* 

2 

6* 

3 

4* 

3 

‘“Co 

10 t 

4 

13* 

5 

14* 

5 

13* 

6 

“Co 

17 ± 

6 

17* 

6 

17* 

6 

17 fc 

6 

“Co 

41:11 

7 

37 i 

7 

39* 

7 

35* 

8 

"Co 

21 ± 

5 

27 * 

6 

24* 

5 

19* 

6 

“Co 

3 ± 

2 

6* 

3 

7 * 

3 

8* 

4 

“Fe 

6 ± 

2 

6 * 

2 

91= 

2 

9* 

4 

"Fe 

9± 

2 

13 * 

3 

17* 

3 

17* 

6 

“Fe 

26 ± 

5 

36 * 

5 

44* 

5 

52* 

12 

“Fe 

21-t 

5 

21 * 

5 

25* 

5 

24* 

4 

“Fe 

4 i 

2 

7 t 

2 

9* 

2 

8* 

2 

“Mn 

1 ± 

1 

2* 

2 

4* 

3 

6* 

3 

“Mn 

7 ± 

2 

11* 

3 

13* 

3 

18* 

4 

“Mn 

8 t 

2 

18* 

3 

20* 

4 

21 t 

4 

“Mn 

1 -t 

1 

4 * 

2 

9* 

4 

13* 

4 

“Mn 

1 t 

1 

2* 

2 

2 * 

2 

4 L 

2 

“Cr 

7 ± 

4 

8 * 

2 

11* 

2 

12 fe 

8 

“Cr 

2.t 

2 

2 * 

2 

2* 

2 

5 t 

3 

«Cr 

4 b 

2 

5 * 

2 

11* 

3 

13 t 

8 

“Cr 

2 ± 

A 

2 * 

2 

4* 

3 

12* 

6 

“Cr 

1 k 

1 

1* 

1 

2* 

2 

3* 

2 

“V 

1 1 

1 

1 * 

1 

2* 

2 

3 * 

2 

“v 

<2 


<2 


2* 

2 

2 fc 

2 


<2 


<2 


2 * 

2 

2 fe 

2 

“ti 

<2 


<2 


2 * 

2 

2* 

2 

"ti 

1 k 

1 

3 k 

2 

4 * 

2 

6* 

4 

“ti 

1 k 

1 

2 * 

2 

1* 

1 

4 t 

2 


assumes the nucleus to be at equilibrium when all 
the cascade particles that are not emitted fall be¬ 
low an arbitrary cutoff energy. The hybrid model 
calculates the emission probability of nucleons in 
a statistical manner and converges to the evapora¬ 
tion formalism lor large numbers of excltons. For 
the cascade model, a nucleon reaching the nuclear 
surface Is assumed to be emitted, although pro¬ 
vision for reflection or refraction by the changing 
nuclear potential Is sometimes Included. 

In spite of these different calculationai philoso¬ 
phies, the models Incorporate many of the same 
ideas on the reaction mechanism. Both divide the 
reaction into fast (pre-equilibrium) and slow (equi¬ 
librium) components. Both use free nucleon-nu- 
nleon scattering cross sections, corrected to ac¬ 
count for the Pauli principle, to determine the 
transition rates (hybrid model) or collision rates 
(cascade model). The hybrid model has an option 
to determine this information using optical model 
PBrameters which fit elastic nucleon-nucleus scat¬ 


TABLE V. Production cross sectlone tor various B- 
nal nuclei from lii4>eam y-ray measurements with 160 
and 136 MeV proton bombardment of *tNl. 


Final 

PzxMluctlon oroaB sections (mb) 

nuclei 

100 MoV 

136 MeV 

“mi 

29* 4 

14* 2 

“Ml 

59 *10 

50 * 10 

”ni 

go *12 

69* 10 

“N1 

62 *20 

45il5 

•»Nt 

S3 1 6 

41* 5 

“Ni 

32 * 5 

27 * 5 

“mi 

17 * 2 

17* 2 

“Co 

10* 

10* 

'^Co 

22* 

22* 

“Co 

11 1: 4 

10 t 4 

'“CO 

35*10 

22* 8 

“Co 

13 t 6 

16 J: 6 

“Co 

29 » 7 

41* 8 

"Co 

11 1 .s 

10 t 5 

“Co 

3 i 3 

3 fe 3 

“Fe 

10 * 2 

13 t 2 

"Fe 

17 L 6 

29* 7 

»Fe 

31 L 5 

3«± 0 

“Fe 

13 * 4 

10 t 3 

“Fe 

<2 

<2 

“Mn 

2 i 2 

7 t 3 

“Mn 

14 ► 4 

19 J; 4 

“Mn 

9 * G 

17 10 

“Mn 

3+2 

10 1^ 4 

“Cr 

10 * 3 

11 1. 3 

“Cr 

<2 

<2 

“Cr 

5 fe 2 

5t 2 

“Cr 

<4 

<4 


'These croHB sections are estimated from systema- 
tlcB of activity measurements for other Mi targets. 

tering, but this option has not been used in the pre¬ 
sent analyses since knowledge of the optical poten¬ 
tial in this energy range is only now being obtain¬ 
ed. 

The computer codes used lor the hybrid model 
calculations are ALICE (Refs. 17,18) and EVAHYB 
(Rel. 19) which were developed at the University of 
Rochester. Only the geometry-dependent-hybrid 
(GDH) option was used In ALICE. With this option 
(GDH) the code calculates the reaction for each 
partial wave separately. Increasing the mean free 
paths for the larger partial waves which see more 
of the diffuse nuclear surface, and also modifies 
the particle-hole level densities. EVAHYB In¬ 
cludes a provision for multiple pre-equilibrium 
emission but does not Include the geometric ef¬ 
fects. 

The computer code used for the cascade calcula¬ 
tions is VEGAS (Ref. 15) which incorporates a non- 
constant nuclear density distribution and potential 
and provides an option to treat reflection or re¬ 
fraction at the potential boundaries. The subse- 
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quent evapormtlon computations were performed 
using two separate computer codes: (1) orFMH 
(Ref. 30) which uUUzes the Monte Carlo technique 
to calculate evaporation of particles using the 
Welsskopf evaporation formula, and (2) a modi¬ 
fied'* ALICE calculation which sorts the VEGAS 
results to determine the distribution of excitation 
energy after the cascade for each residual nucleus 
and calculates the Weisskopf evaporation in the 
same way that was done for the hybrid model. The 
DFFMH code Is the one generally used with VEGAS, 
and the modified ALICE calculation allows direct 
comparison of the different pre-equilibrium calcu¬ 
lations since the same evaporation calculation 
could be utilized. Also, since the two evaporation 
codes can be used with the same pre-equilibrium 
calculation (vegas), the effect due to different 
treatment of the evaporation in the two codes on 
the final results could be directly compared. 

All computer codes were adapted to the Indiana 
University Cyclotron Facility’s Harris 8024 com¬ 
puters, utilizing the virtual memory VULCAN 
operating system. There are several possible 
combinations of input parameters that can be used 
for ALICE, EVAHYB, VEGAS, and DFFMH. The 
ones used in this work are listed in the Appendix. 

IV. DLSCUSSION OF RESULTS 
A. Abaolute ctom Kction 

The total observed cross section obtained by 
summing the production cross sections of all final 
nuclei (see Tables II to V) for a given target and 
proton energy are listed in Table VI for various 
cases along with those including the radioactivity 
results' for a few cases. There appears to be 


« 

some tendency lor the summed cross sections to 
decrease with increasing bombarding energy, al¬ 
though this effect is barely dlscemable and may, 
at any rate, merely be the result of unaeslgned 
cross section due to increasing complexity of the 
gamma spectra as the bombarding energy is in¬ 
creased. The magnitudes of the cross section re¬ 
ported here for "ni target are consistent with 
those reported in Ref. 11 but disagree by a large 
factor with those reported in Ref. 10. 

For comparison total reacUon cross sections 
predicted by the optical model calculation using the 
code ALICE and those given by the cascade model 
are also listed in Table VI. The cascade model 
computes the reaction cross section by multiplying 
the geometric cross section by the ratio of the 
number of incident protons which interact in the 
nucleus to the total number of trials. The observed 
In-beam cross sections are typically 50— 70% of 
the optical model reaction cross sections and SO¬ 
SO % of the cascade model values. With activatioQ 
results the observed values become 65-75% and 
80-60% of the two predicted values, respectively. 

B. Crow wctlon dhtributloM 

In Tables VQ through IX are listed the predicted 
cross sections for individual final nuclei for the 
cases of BO and 164 MeV protons on a ‘'Ni target 
and for 164 MeV protons on a "Ni target, respec¬ 
tively, along with the corresponding observed val¬ 
ues (including the activation results). For an over¬ 
all graphic view, the experimental cross sections 
are plotted in Fig. 1 for a ‘*Nl target at two ener¬ 
gies and the values predicted by EVAHYB and 
VEGAS are plotted in Fig. 2 for the case of 164 
MeV protons on "Ni. Features of the observed 


TABLE VI. Total observed and calculated reaction cross sections. 


Reaction cross aectiona (mb) 

Observed 


Target 

nucleus 

I'roton 

energy 

(MeV) 

ln«beam 

in-beam 

plus 

activity 

Optical 

model 

vecas 

Geometric 

"ni 

HO 

463' 

637 

845 

678 

1281 


100 

495 


804 

674 

1302 


136 

4S2 


786 

659 

1324 


1G4 

361 

531 

763 

647 

1334 

'"ni 

100 

597 


822 

696 

1321 


136 

534 


801 

657 

1343 

"ni 

80 

629' 

772 

884 

717 

1318 


100 

465 


840 

710 

1340 


136 

461 

eii 

816 

601 

1362 


164 

477 

606 

800 

683 

1373 

“ni 

100 

736' 


858 

717 

1368 


136 

522 


830 

711 

1381 


'These cross sectloos are relatively more uaoertatn owing to reasons stated la the text. 
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TABLE vn. C<HnpArisoii of tiw otaoorved production croisa secttons lor Nofll nuclei with 


Owee predicted by vmrloua models for the case of 80 MeV proton bombardment of "NI. 


rtnal 

nuclei 

Observed 

ProductloQ 

GDH 

(MFPxl) 

cross sections (mb) 

tVAYHB 

(MFP>i2) 

VEGAS 4^ 

a 1 MH 

VEGAS * 

ALia 

•>Cu 

20 ± 

8* 

14 

4 

18 

18 

“Cu 

12.4 t 

0.6* 

12 

3 

20 

14 

••Cu 

B.2 ± 

1* 

4 

1 

20 

4 

”ni 

30 i:10 

23 

9 

29 

22 

‘‘ni 

76 i20 

53 

69 

91 

89 

**N1 

77 t 

7 

74 

102 

66 

77 

‘^1 

52 1: 

6 

54 

H3 

67 

46 

“id 

23 i 

3 

27 

45 

69 

20 

•’Nl 

2.3 t 

0.1* 

6 

8 

10 

6 

“Nl 

0.8 i 

OJ* 

0.1 

0.07 

0.1 

0.08 

“Co 

23 ± 

2* 

2 

4 

14 

17 

"Co 

32 t 

3* 

10 

in 

22 

23 

"Co 

17 ± 

6 

31 

48 

29 

37 

"Co 

82 fc 

4* 

86 

100 

46 

75 

"Co 

52 Ik 

3* 

69 

77 

59 

64 

“Co 

6 t 

1* 

15 

12 

22 

18 

“Co 

i.n ± 

0.1* 

5 

3 

4 

3 

"Fe 

2.3 ± 

0.4^ 

1 

1 

2 

2 

“Fe 

6 :k 

2 

7 

6 

6 

7 

«Fe 

9 t 

2 

22 

in 

9 

23 

“Fe 

26 J; 

S 

29 

21 

26 

23 

“Fe 

21 1: 

5 

70 

36 

40 

34 

“Fe 

4 ± 

2 

21 

25 

7 

22 

”Fe 

<1* 


0.03 

0.04 

OJ 

0.3 

* Fe 

0.02. 

0.006 

0 

0 

<0.1 

0 

'•mu 

2J5 L 

0.2* 

2 

1 

1 

2 

“Mn 

7 t 

2 

15 

5 

0 

8 

“Mn 

13.0* t 

1* 

36 

11 

10 

34 

“Mn 

1 t 

1 

5 

6 

2 

9 

“Mn 

1.5 i 

0.2*’'’ 

8 

1 

2 

3 

“Mn 

1 ± 

1 

OJ 

O.o.'j 

0.1 

0.6 

“Cr 

7 t 

4 

0.3 

0.2 

OJ 

0.6 

"Cr 

2 t 

2 

2 

0.4 

1 

0.9 

"Cr 

4 ± 

2 

10 

n 

2 

5 

"Cr 

2.5 t 

OJ* 

4 

4 

1 

7 

"Cr 

1 t 

1 

0.01 

0.01 

0.1 

0.1 

"Cr 

<0.04 


0 

c 

0.1 

0 

"Cr 

<0.005 


0 

c 

0.1 

0 

"v 

1 ± 

1 

0.2 

0.06 

0,1 

0.2 

‘*v 

0.1 ± 

0.04* 

0.03 

c 

0.1 

0.1 

**Tl 

1 t 

1 

0.C2 

0.02 

0.1 

0.001 


1 a 

1 

0 

c 

0.1 

0.001 


‘Deduced from activation measurements. Ref. 2. 
‘Does not Include isomeric state production. 
‘Outside dimensioned limits of program. 


cross section, which the models are able to re¬ 
produce quite well, are: (a) nuclei farther from 
Uie target nucleus are produced with progressively 
smaller cross secUons at a given bombarding en- 
(b) at higher bombarding energies nuclei 
Jsrther from the target are produced with relative¬ 
ly larger cross sections at the expense of thoee 
''ear the target mass, and (c) the production cross 
sections of nuclei of a given Z show a peaked dis¬ 


tribution with centroids lying near the line of stab¬ 
ility. The cascade model on the whole not only 
gives a rather satisfactory account oi the absolute 
magnitude of the observed cross sections, but also 
of trends among isotopes of various nuclear spec- 
iea EVAHYB systematically predicts more cross 
sections for Mn, Cr, and V Isotopes than those 
either observed or predicted by the cascade model. 
This discrepancy along with the necessity to in- 
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TABLE vm. ConpurUoD of flu obaarvad prorfnotlon croas ■aotlnaa tar flaal aiolel wUh 
tboaa predicted by various modela tor the case of 164 UeV proton bombardmeot of **111. 


Final 

nuclei 

Observed 

Productfoa cross sections ^nb) 
evahys vecas * 

(MFPx2) DPfUH 

VEGAS ^fe 

ALKX 

“Cu 

12 

■k 6^ 

2 

11 

9 

**Cu 

SA 

i 0.2* 

2 

15 

9 

"Cu 

1.7 

± 0.2* 

0.4 

10 

3 

“N1 

11 

± 7 

4 

IS 

12 

•'ni 

48 

ns 

44 

78 

78 

•«Hl 

52 

t 6 

85 

46 

52 

“ni 

31 

i: 5 

SI 

36 

29 

“in 

14 

t 2 

20 

29 

11 

"ni 

1 j 

t 0.3* 

S 

7 

3 

"ni 

“CO 

<0.4* 

2G 

t 4* 

0.S 

4 

0.4 

19 

0.2 

18 

"co 

3S 

t 5‘ 

12 

18 

19 

"Co 

17 

t 6 

30 

26 

30 

"Co 

S8 

i 2* 

61 

29 

44 

"Co 

42 

t 4* 

57 

41 

33 

"Co 

11 

t 1* 

30 

28 

20 

“co 

1.5 

t 0.2* 

8 

6 

5 

"Fe 

3.1 

i 0.3* 

0.9 

3 

2 

"Fe 

9 

i 4 

4 

5 

4 

"Fe 

17 

t 6 

15 

11 

IS 

"Fe 

52 

t 12 

32 

30 

25 

“Fo 

24 

t 4 

47 

42 

36 

"Fe 

8 

k 2 

31 

19 

19 

“Fe 

1.0 

t 0.4* 

2 

9 

4 

“Fe 

0.09 

t 0.02* 

0.08 

0.7 

0.3 

“Mn 

3.6 

t 0.2* 

2 

2 

2 

“Mn 

18 

t 4 

8 

11 

7 

“Mn 

25 

^ 2* 

17 

28 

26 

“Mn 

13 

4 

38 

19 

34 

“Mn 

6.1 

i 0.7* 

10 

18 

19 

“Mn 

4 

t 2 

1 

4 

4 

“Cr 

12 

t a 

0.6 

2 

0.9 

“Cr 

5 

t 3 

3 

8 

6 

“cr 

13 

fe 8 

30 

9 

14 

“Cr 

14 

t 1 • 

20 

13 

22 

«rr 

3 

fe 2 

4 

6 

12 

“Cr 

0.6 

^ O.l* 

c 

2 

3 

“Cr 

0.05 

1 0.01 * 

c 

0.06 

0.2 

“ti 

2 

1 2 

0.3 

0.4 

OJ 

“ti 

n 

t 4 

1 

1 

3 

“ti 

4 

1- 2 

3 

0.6 

3 

‘“Sr 

0.13 

i 0.02* 

c 

0.07 

0.1 

«Sc 

1.0 

J. 0.3* 

c 

0.2 

0.8 

"Sc 

0.19 

t 0.03 *•“ 

c 

0.06 

c 

«K 

0.0421 0.007 

c 

0.03 

c 


* Deduced from activation meanurementa. 
‘Does not Include Isomeric state productloi. 
'Outside dimensional limits of program. 


crease the mean free path (MFP) by a factor of 2 
to get reasonable comparison with the observations 
is expected to be corrected when the geometry- 
dependent effects arising from the dUfuseness of 
the nuclear surface are incorporated, as appears 


to be the case for GDH predictions at 80 MeV 
(Table Vn). As is obvious from a brief perusal of 
Tables VII through IX, there are a number of larf 
quantitative discrepancies between the observed 
and predicted values. Some of these arise becau» 
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TABLE DC. CompartBou of the observed prockictlon 
cross sectloas for flnsl mclel with those predicted by 
varloas models for the osse of 164 MeV proton bombard. 

m«tf ofl^l. 


Production cross sections (mb) 


Final 

nuclei 

Obeerved 

tVAHYB 

(MFPX2) 

VEGAS♦ 

DfTMH 

VEGAS « 

AUCT 

**Nl 

9 

±2 

4 

19 

10 

”Ni 

46 

±3* 

36 

70 

67 

“tn 

6.0 ±0.7* 

8 

11 

8 

*'Co 

56 

±6* 

15 

40 

43 

“Co 

60 

±8* 

63 

67 

64 

“Co 

21 

±2* 

38 

27 

28 

“Co 

<2 


2 

IS 

4 

“Fe 

20 

±8 

G 

6 

8 

“Fo 

43 

±8 

40 

41 

38 

“Fe 

30 

±4 

75 

39 

47 

“Fe 

6 

h2 

14 

33 

17 

«Fe 

2.6 ±0J* 

2 

8 

a 


3 

±2 

0.3 

1 

0.6 

“Rn 

18 

* 2* 

6 

IS 

16 

‘>Mn 

30 

± G 

76 

16 

40 

”Mn 

17 

±4*"“ 

39 

42 

38 

“Mn 

8 

i 2 

8 

22 

16 

“Cr 

s 

t 3 

0.01 

0.1 

0.04 

“Cr 

3 

i:3 

0.4 

2 

1 

“Cr 

20 

* 6 

41 

3 

9 

'<Cr 

47 

± 7* 

62 

22 

28 

“Cr 

18 

t 4 

23 

26 

31 

**Cr 

8 

± 7* 

4 

19 

14 


1.2 t OJ* 

0.4 

3 

2 

'*v 

3 

± 2 

24 

6 

9 

<»V 

17 

tS 

22 

7 

17 


12 

i2* 

10 

17 

22 

iiv 

4 

±2 

2 

6 

8 


<2 


0.2 

0.04 

0.08 

“n 

<2 


2 

0.7 

0.8 

“n 

6 

± 4 

8 

2 

3 

*'Ti 



9 

G 

12 

‘'ti 

8 

± 2 

4 

5 

13 

“Sc 

1.2 ± 0.3* 

c 

0.5 

1 

“Sc 

1.6 ±0^* 

c 

2 

5 


‘Obtained from activation measurements. 

" Does not Include the cross section wlOi which isomer¬ 
ic state la populated. 

° There Is no prediction for these cases due to limited 
dimonsloiis of the mass removal variables In the pro- 
Rram. 

Does cot Include the cross section with which ground 
state is populated. 

the observed cross sections are only part of the 
lotal production cross sections, but in other cases, 
especially where acUvatton results are available 
snd the predicted values are smaller than the ob¬ 
served, these differences must be real. 

C. Maas and charps removal 

The average number of nucleons removed from 
(be initially formed target plus proton system le 



FIG. 1. Producttcn cross sections of various final nu¬ 
clei as a functloD of the product maaa for the oasea of 
80 and 164 MeV proton bombardment of **Nl. Values of 
cross sections which are plotted with a rectan^ lur- 
roundlng the various aymbols correspond to results 
obtained with activation technique. 

defined to be 

<AA> = S(AA,)a/^o,, (1) 

where is the difference In mass number of the 
tth final nucleus from that of the initial system and 
cr« is the production cross section of the fth nu¬ 
cleus. Values of (AA) based upon the observed 
cross sections are plotted (solid symbols) In the 
top portion of Fig. 3 and listed in Table X. A 
straight line trend of the observed values has a 



FIG. a. Produotlcn cross aeetlons of final nuotol as 
predicted byEVAHVs model using twice the mean tree path 
given by the nucleon-nucleon cross sections (top seotica) 
and by the cascade model for the case of 164 KeV proton 
bombardment of *^1 fMttom seotton). 
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FIO. 3. Average number of nucleona removed (AA } 
(solid symbols In top part) and protons removed <AZ> 
(open symbols In lower part) from the target plus Inci¬ 
dent proton system as a function of the Incident energy. 
The solid curves correspond to predictions by the cas¬ 
cade model (or the cases of ^1 (thin line) and 
(thick line) targets. The dashed line corresponds to 
those of the hybrid model using the tVAHvacode and per¬ 
tains to the °^NI target. 

slope ol 0.017 nucleons/MeV lor the energy range 
of 80 to 164 MeV. This result immediately rules 
out total fusion of the incident proton with the tar¬ 
get nucleus as a possible mechanism since this 
process would yield a slope of 0.1 nucleon/MeV. 
The single-emission hybrid model is similarly 
discarded because it predicts'^ a value of 0.05 no- 
cleon/MeV. However, at 80 MeV the geometry- 
dependent-hybrid model (GDH) gives a value of 


(AA) which is only half a nucleon higher than the 
observed value indicating that below this energy a 
single pre-equilibrium emission model may be ad¬ 
equate. In the energy range of 80 to 184 MeV the 
MFPxl (see Appendix) calculation (not shown) with 
EVAHYB consistently predicts emission of aboiA 
1.5 nucleons more than Is observed. This differ¬ 
ence is about the same as that between the predic¬ 
tions of GDH and the simple hybrid model at 80 
MeV. Therefore the MFPX2 (see Appendix) option 
which gives better overall agreement may be view¬ 
ed as a means of simulating the geometry-depend¬ 
ent effects. Other than higher absolute values for 
(AA) by about half a unit (dashed curve In Fig. 3), 
EVAHYBpredlcts (AA) to increase wiUi energy at 
the rate of 0.02 nucleon per MeV as does the cas¬ 
cade model (solid curves in Fig. 3) although the 
latter predicts the absolute magnitudes of <AA) 
closer to those observed. Both models predict de¬ 
pendence of (A A) on the isotopic nature of the tar¬ 
gets which is somewhat less than that observed 
(see comparison for **Nl and cases in Fig. 3). 

Points (open symbols) and the set of curves in 
Fig. 3 correspond to the average amount of charge 
removal (AZ) as a function of bombarding energy. 
The relative ability of the Iwo model calculations 
to account for the energy and isotopic (target) de¬ 
pendence of (AZ) is a little better than that found 
for (AA) (see Sec. IVO for further discussion on 
this point). 


D. Mhs and duuxe distribution 

The total observed cross sections for production 
of nuclei of a certain mass A or charge Z are plot¬ 
ted in Figs. 4 through 8 lor '^Ni and ‘'NI targets 
along with the corresponding results of various 
model calculations. The models are able to give n 


TABLE X. Average number of nucleona (AA) and protons (AZ) removed from the Initial proton phis target syatem. 


Target 

Energy 

MeV 

Experimental 
<AZ) <AA) 

IVAHYB 

(£lZ) 

(MFP X 2) 
(AA) 

VECA5 4MMIM 

<Ad4> 

VFGAS♦ALKT 

(A2) (Ad4) 

“Ni 

ftO 

2.H* 

4.2* 

2,9'’ 

4.6'* 

2.3 

3.9 

2.8 

4.6 

“ni 

100 

3.1 

4.6 

3.2 

5,0 

2.5 

4.3 

3.1 

5.0 

“ni 

i:tr. 

3.4 

sa 

3.5 

5.6 

2.9 

5.0 

3.4 

5.7 

“ni 

IM 

3.3* 

5J* 

3.7 

5.9 

3.1 

5.4 

3.6 

6.0 

•'NI 

100 

2.5 

4.8 

2,7 

5.2 

2.1 

4.6 

2.6 

6.3 

"NI 

i.ir, 

2.H 

SJ 

.7.0 

6.0 

2.4 

5.1 

2.9 

5.9 

"NI 

80 

1.7 • 

4J* 

1.8 

4.8 

1.8 

4.4 

1.9 

4.9 

"NI 

100 

2.0 

4.9 

2.1 

5.3 

1.8 

4.6 

2.2 

5.6 

"NI 

136 

o o • 

5J* 

2.3 

6.1 

2.1 

5.4 

2.5 

6,1 

"NI 

164 

2.4* 

5,7 • 

2,5 

6.5 

2.3 

5.9 

2.7 

6.6 

“NI 

100 

1.8 

5.1 

1.5 

5.5 

1.5 

4.9 

1,7 

5.5 

“ni 

ei . ...I....,—w 

136 

2.0 

5.6 

1.9 

6.2 

1.7 

5.6 

2.0 

6.1 


^These values vrare derived Including the croM sections determined through activation meaaursments. 

‘GUH model predicts essentlaUy the same valnea but evahyb (MFP n 1) gives vahies of 3.5 and 5.6 lor <AZ} and 
(AA), respectively, for the 80 MeV case. 
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FIG. 4. Comparison of the observed cross sections 
<sol(d bars) tor nuclei of various masses with those pre¬ 
dicted by different models for 80 MeV proton bombard¬ 
ment of "N1. 

reasonable account of the trends in the observed 
distributions both with changes In the target mass 
and in the Incident proton energy. CDH calcula¬ 
tions seem to be in better agreement with observa¬ 
tions at 80 MeV than those of FVAHVB, even with 
the MFPx2 option. EVAHYB systematically over- 


USISOBSMSrSSMMSSStSIMSS 

MASS OF FINAL PRODUCTS 

ITQ. S. Comparison of the observed cross aeotlons 
(solid bars) for nnolel of various masses with those pre¬ 
dicted by dUbrent models for 164 MeV proton bombard- 
“ent of "ni. 


NIT 104 MFC protons 

sspsrbnsnMI 
EVAHYB MFPX2 
c=a VEGAS*OFFMH 


'V i| 


9S ST SB SB 94 53 SS S> BO 4S 4S 47 40 45 

MASS OF FINAL PRODUCTS 

FIG. 6. Comparison of the observed cross seotlons 
(solid bars) for nuclei of various masses with those pre¬ 
dicted by different models for 164 MeV proton bombard¬ 
ment of ‘*Nt. 

estimates the cross sections for lighter nuclei far 
from the target and underestimates for the heavier 
ones. VEGAS plus DFFMH gives, on the whole, a 
better account of the observed trends with A and Z 



NITBO MeV protons 
■■a eaperlmsntal 
szaieOH 

•323EVAHYB MFPaZ 
a=nVEOASTOFFMH 


l!l 


...Cv „C 8 „Ft ..Mb . & „V . Tl 

29 28 27 26 25 24 23 22 

Z OF FINAL PRODUCTS 

FIG. 7, Comparison of the observed cross seotlons 
(solid bars) for various nuclear speotes with tboee pre¬ 
dicted by different models for 80 MeV proton bombsrd- 
ment of '*Nt. 
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FKS. 8. Cominrlgoo ot the observod cross soctlons 
(solid bars) for various nuclear species with those pre¬ 
dicted by different models for IM MoV proton bombard¬ 
ment of **N1. 

over the entire energy range for all targets, al¬ 
though it disagrees with the measurements (or a 
number of product nuclei. Model predictions per¬ 
taining to the charge distributions are found to be 
more strongly dependent on the parameter values 
used in the evaporation phase of the calculation 
than do the mass distributions. To investigate this 
effect, evaporation calculations in conjuction with 
the output of VEGAS were performed using both 
UFFMHand the evaporation part of ALICE. A 
compilation of the average charge and mass re¬ 
moval for the two cases is given in Table X along 
with experimental values. ALICE systematicalhi 
predicts about 0.6 more nucleon removed, although 
it reproduces the charge removed to within 0.1 unit 
(see Table X). On the other hand hffmh tends to 
underpredicl the charge removal by about 0.3 units 
and overpredicts the neutron removal by about the 
same amount, thus giving the average number of 
nucleons removed closer to those actually observed 
(see Fig. 3 and Table X). Since both codes are 
based upon the Weisskopf formulation^' this differ¬ 
ence ostensibly arises from details of how the in¬ 
verse cross sections and level densities are calcu¬ 
lated in the two codes. Since the same amount of 
excitation energy is dissipated through nucleon 
evaporation in both calculations, it implies that 
the average emission energies are less in ALICE 
than in dffmii. Indeed for the case of 13S MeV 
protons on "'Nl the average evaporation energies 
are 5.0, 8.9, 11.3, and 16.1 MeV In DFFMH for 
neutrons, protons, deuterons, and alpha particles, 



FIG. 9. Angle Integrated proton energy spectrum ob¬ 
served (open squares) and those predict^ by evahyb 
(dashed curve) and vuiAS (dotted curve) for the case of 
100 MeV protons on "Nl. The experimental values wer. 
taken from Ref. 23. 

respectively, whereas the corresponding values n 
ALICE are 3.5, 7.0, 6.6, and 13.9 MeV. It is ob¬ 
vious that there is still much to be learned about 
evaporation from highly excited nuclei and that ex 
isting uncertainties significantly affect the conclu¬ 
sions that can be drawn from the observations. 

E. Encigy sad sajulsr distribution of emitted protoat 

In Fig. 9 the observed angle integrated energy 
spectrum of protons following bombardment by 10 
MeV protons on *’Ni reported by Wu et al.^’ is re¬ 
produced along with corresponding predictions of 
EVAHYB (MFPX2) and VEGAS plus DFFMH. Be¬ 
tween 20 to 100 MeV there seems to be a discrep¬ 
ancy between the observed and the predicted crost 
sections, the latter being systematically lower Ilia 
the former. VEGAS reproduces the shape of the 



FIG, 10. Energy integrated angular distribution of 
protons emitted following 100 MeV proton bombardment 
of I'nIi solid curve is drawn through experimental point' 
and dotted curve represents the predictions of the cas¬ 
cade model. 
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spectrum at higher energy noticeably better (not 
including the elastic peak) thanEVAHYB. The dis¬ 
crepancies in shape and magnitude of the cross 
section for the lower (<20 MeV) end of the spec¬ 
trum not being well determined because of expeii- 
nental cutoffs or to inadequacies of the calculation 
in the equilibrium (or near-equilibrium) phase. In 
ftg. 10 the observed energy integrated (from 12 to 
98 MeV) angular distribution of the emitted protons 
IS compared with the predictions of veGAS . Ex¬ 
cept at very forward angles where VEGAS predicts 
a peak and the observed distributions continue to 
rise, the calculations agree rather well with the 
observations in shape but are systematically lower 
in magnitude. 

V. SUMMARY AND CONCLUSIONS 

The measurements reported in this study pertain 
to the determination of the cross sections with 
which various final nuclei are produced following 
the bombardment of nickel isotopes by 80-164 MeV 
protons. The motivation was to provide a system- 
»lic set of experimental results to (a) gain insight 
about the characteristics of nucleon-nucleus inter¬ 
actions at intermediate energies, (b) test various 
exiHting models, and (c) compare results from pro- 
ton-induced reactions with those for other projec¬ 
tiles. In particular, the earlier measurements*"'' 
had highlighted the following results: (a) Nuclei 
which are an integral number of alpha particles re¬ 
moved from the target nucleus were produced with 
relatively larger cross section, and (b) the average 
number of nucleons removed from the target by 
IHons did not vary over an incident pion energy 
range of 0 to 200 MeV. The first result had strong 
implications concerning the extent to which corre¬ 
lated clusters of nucleons either exist in nuclei or 
are dynamically formed in the course of an inter¬ 
action. The second result begged lor similar pro¬ 
ton data at intermediate energy, with the hope that 
cnniparlson of the results would point out similar¬ 
ities and differences in the reaction mechanism of 
these two types of projectiles. Other relevant 
questions regarding the reaction mechanism of 
medium energy nucleons with nuclei are: (a) In the 
pre-equilibrium phase, what are the relative roles 
of direct knockout, inelastic scattering, charge 
exchange and intranuclear cascade processes? (b) 
How many interactions or emissions take place in 
pre-equilibrium (or fast) phase prior to attain- 
“tent of equilibrium? (c) How is the incident en¬ 
ergy shared between the fast emissions and the 
residual energy of the equilibrated system? (d) 

What are the relative roles of emission of different 
types of particles (/), h, d, t, *He, a, etc.) in the 
P''e-equilibrium and evaporation phases? (e) How 


does the interaction vary with bombarding energy? 
(f) How are the measured quantities affected by 
the characteristics of the target nucleus, e.g., its 
neutron excess (g) In what respects do the 

current models need to be extended to better ac¬ 
count for the experimental results ? (h) Are any 
physical quantities determined as a result of the 
comparisons with models? 

The nucleon-nucleus interaction is envisaged as 
first proceeding through a pre-equilibrium phase 
in which the incident nucleon scatters off the tar¬ 
get nucleons with the struck nucleon and the inci¬ 
dent nucleon undergoing further scatterings or es¬ 
caping from the nucleus. At the end of this phase 
the residual nucleus deexcltes through the evapora¬ 
tion process. From the present data an estimate 
of the number of nucleons emitted In the pre-equi¬ 
librium phase can be made. The situation is most 
transparent in the case of as here a large 
fraction of the observed cross section, ~48%atl00 
MeV and 50% at 136 MeV, goes into producing 
lighter nickel isotopes. Therefore, about half of 
the time only one proton is able to escape from the 
**Ni plus incident proton system during the pre- 
equilibrium phase. Noting that neutrons and pro¬ 
tons should behave similarly in the pre-equilibrium 
phase, emission of one fast neutron is also quite 
likely. Thus, for **Ni In -50% of the cases only 
one or two fast nucleons appear to be emitted, 
leaving the residual nuclei of **Cu, ‘'Ni, and *’Ni 
in a broad range of excitation from which the evap¬ 
oration subsequently drives the production towards 
the lighter nickel isotopes lying near the line of 
stability. The rapid convergence toward the line 
of stability observed for all cases indicates that 
the number of pre-equilibrium nucleons emitted is 
of the same order for all targets. This constitutes 
the first time' that such a conclusion has been ex¬ 
plicitly drawn from experimentally determined 
quantities and is one of the major results of Ihis 
study. 

The increase in (Ai4) of 1 to 1.4 mass units from 
80 to 164 MeV bombarding energy (see Fig. 4) 
shows that almost all the additional energy above 
80 MeV is dissipated in the pre-equilibrium phase 
of the reaction. In the evaporation phase only 
about 10 MeV is needed for the emission of an add¬ 
itional nucleon. If all of the increase in (aA) in 
going from 80 to 164 MeV were due to extra nu¬ 
cleons emitted in the evaporation phase, one would 
conclude that the average excitation energy ol the 
residual equilibrated nuclei increased by 10-15 
MeV. This number is an upper limit in the ab¬ 
sence, as yet, of a direct measurement of the In¬ 
crease in the average energy of the particles in the 
fast phase. However, in terms of model calcula¬ 
tions it appears that the pre-equilibrium emissions 
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are responsible lor about ball of this increase, 
i.e., the average number of pre-equilibrium par¬ 
ticles emitted at 164 MeV is about 0.7 more than 
those at 80 MeV. Thus, It is likely that the aver¬ 
age excitation energy of the equilibrated nuclei in¬ 
creases less than 10 MeV for the above mentioned 
range of Incident energies. Given the fact that at 
164 MeV the toUl (AA) is about S.S and of this 
about two nucleons are emitted in the fast phase; 
then about 3.5 nucleons are emitted in the evapora¬ 
tion phase. This number corresponds to an aver¬ 
age excitation of the system in equilibrium of about 
45 MeV (the residual nucleus after evaporation may 
have about 10 MeV excitation energy). Thus, on an 
average about J of the Incident energy is taken 
away by pre-equilibrium emissions at 164 MeV. 
Similar arguments lead to the result that this frac¬ 
tion decreases to about a at 80 MeV, which, in 
turn, confirms that (a) the average excitation en¬ 
ergy following the pre-equilibrium phase does not 
increase rapidly with bombarding energy, and (b) 
its magnitude Is about 40-45 MeV for the proton 
energy range of 80-164 MeV. However, the fact 
that one observes production of nuclei as much as 
14 (10) mass units removed from the target mass 
with proton bombarding energy of 164 (80) MeV im¬ 
plies that the range of nuclear excitation over 
which nuclei are left after the pre-equilibrium 
emissions is rather broad, extending to within 10 
MeV of the bombarding energy. 

Relatively large cross sections with which “lot" 
{2h, 2p) removed nuclei are produced with ‘*Ki and 
'^1 targets (12% and 11% of the total observed 
cross section, respectively) are believed to be a 
consequence of the fact that for these targets the 
lor nuclei lie close to the line of stability where 
the cross sections lor nuclei of a given Z are ob¬ 
served to peak, in general. In contrast, for ‘*Ni 
and the la removed nuclei lie relatively far 
from the lino of stability and therefore the pro¬ 
duction cross sections (or these nuclei are small. 
Since the nucleon removal through evaporation 
tends to drive the system toward the line of stabil¬ 
ity. the above results are not surprising and there 
is no reason, as yet, to postulate enhanced alpha 
removal for these reactions. 

Extensive comparisons of experimental results 
with the cascade and hybrid models have been made 
in this work. Overall, the cascade model (VEGAS) 
exhibits better agreement with the observed re¬ 
sults. Inclusion of surface effects in the multiple 
pre-equilibrium emission version of the hybrid 
model (EVAHYI^ IS shown to be necessary in order 
to obtain an equivalent accounting of the experi¬ 
mental cross sections. While there are significant 
differences between calculated and observed pro¬ 
duction cross sections, the overall capability of 


the models to predict the observed cross sections 
for the different targets and energy range covered 
here is convincing evidence that the dominant fea- 
hires of the mechanism for these reactions are in¬ 
corporated in the calculations. In particular, the 
(act that calculated range In mass of products nu¬ 
clei and the associated cross sections agree with 
those observed (see Figs. 4-6) implies that the 
models, eqiectally VEQAS, are predicting the 
range of nuclear excitations (and the correspondin; 
cross sections) left after the pre-equilibrium enus 
sions essentially correctly. A sizeable discrep¬ 
ancy in this respect would have led to either under 
or overpredlctlon In the range of masses of the 
product nuclei. 

Emission of high energy clusters (e.g., d, t, 
’He, and a) in the pre-equilibrium phase is not in¬ 
cluded in the hybrid and cascade models but is ob¬ 
served^’” with proton bombardment. Also, inter¬ 
actions which excite collective modes of various 
multipoles In the target nucleus through inelastic 
scattering are not included. However, there are 
Indications that contributions from such processei 
may be significant; for example, the sharp rise ir 
the angular distribution of the emitted protons in 
the forward direction in contrast to the prediction 
of the cascade model which predicts a peak at 
about 20° (Fig. 10). 

A study of the model calculations (see Ref. 12 fi 
details) reveal a few interesting results worthy oi 
brief notice here. (1) Of a total of about five nu¬ 
cleons that are emitted on an average from vano< 
nickel targets, e.g., at 136 MeV, the models pre 
diet (see Fig. 11) that about two are emitted in tb 
pre-equilibrium phase and the remaining three u 
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FK}. 11. Partitioning of nuclaoi removed between tt 
pre-equlltbrtum and equilibrium phases as predicted t 
the oasoade model for 0 protoii energy of 136 MeV. 
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emitted In the etiuilibrium phase; of the latter, two 
are emitted as nucleons and the third is emitted in 
the form of clusters such as d, t, ’He, and ’He. 

(2) All of the models predict that beyond 100 MeV 
bombarding energy the fraction of the initial inter¬ 
actions which leads to emission of at least one fast 
nucleon is essentially 100%. At 50 MeV this frac¬ 
tion is still large, 60-80 %, although actual values 
vary with the type of model calculation. (3) The 
energy dependence of the average number of nu¬ 
cleons emitted in the pre-equilibrium phase as 
predicted by the cascade model, shown in Fig. 12, 
has a slope of 0.007 nucleons per MeV. When com¬ 
pared to the observed value of 0.015 nucleons per 
MeV one can conclude that there is a small in¬ 
crease in the number of nucleons emitted in the 
evaporation phase with energy or, in other words, 
the average excitation energy of the equilibrium 
phase slightly (~5 MeV) increases over 80- 160 
MeV incident proton energy. (4) Calculations re¬ 
veal that the range of excitation energy that a nu¬ 
cleus Is left in after pre-equilibrium emission Is 
very broad, with noticeably greater probability 
for lower excitations; for example, lor the case 
(see Fig. 13) of 136 MeV protons on ’*Ni, A =58 
nuclei are left excited over a range of 0-130 MeV, 
A =57 nuclei are left with 0-120 MeV excitation, 
and so on. An e'perimental study of this phenome¬ 
non through particle-gamma coincidence studies 
may provide a stringent test of the models and may 
reveal their limitation a little more explicitly. (5) 
The average energy of nucleons emitted in the pre- 
equilibrium phase is calculated to decrease pre¬ 
cipitously after the first emission, e.g., at 136 
MeV the first nucleon is emitted with an average 
energy of about 50 MeV, but with two or more en¬ 
counters this value drops to between 10-20 MeV. 

A particle multiplicity measurement may provide 
a good test for this aspect of the model dynamics. 


a 

u 



FIG, 12, Average nundwr of nucleons emitted In the 
Pre-equUibrhun phase predlotad by the cascade model 
ss s fuaoticD of the incident proton mergy for "Ml. 



ITG. 1.1. The excitation energy range ofnuclet which 
are one nucleon removed from the “Mi target nucleua 
predicted by the cascade model for Incident proton ener¬ 
gy of 136 MeV. 

Some recent arguments in the literature per¬ 
taining to mean free paths (A) of nucleons in nuclear 
matter are also worthy of some attention. In 
searching for answers to phenomena pertaining to 
the equilibrium process, Gadioli et present¬ 

ed arguments that a mean free path for 20 to 100 
MeV nucleons in nuclear matter of the order of 
16.7 fm, instead of the value of about 4.2 fm ob¬ 
tained from using the free nucleon interaction cross 
sections in a Fermi gas model calculation, gives 
a better account of the energy spectra of emitted 
protons. On the other hand, Blann” claimed that 
an error in the lormulaUon of Gadioli's exciton 
model necessitates an increase in the assumed 
mean free path. 

The qualitatively good agreement of the calcula¬ 
tions In terms of the hybrid model with the present 
results Indicates that large modification of the cal¬ 
culated mean free path Is not necessary, at least 
not by a factor of 4. The factor of 2 used in most 
EVAHYB calculations was found to be necessaiy to 
simulate the effects of the nuclear surface on the 
emission process. Even this factor of 2 was not 
found to be necessary at 80 MeV when the results 
OS. the geometry-dependent-hyhrld (GDH) model. 
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which incorporates surface effects, were compared 
with experiment. It is significant, though, that a 
drastic (factor of 2) increase in the assumed mean 
free path is required to change (AA) by approxi¬ 
mately the same amount that GDH changes this 
quantity in comparison to the simpte hybrid model 
at BO MeV. It is plausible that much of the Increase 
in the mean free path in Refs. 24 and 35 is necess¬ 
itated by the non-inclusion of these surface effects. 

As noted above, similar studies of nuclide pro¬ 
duction have been made for medium energy pions, 

£, « 200 MeV, interacting with nickel isotopes. One 
of the Important differences between the proton- 
induced and pion-lnduced reactions is that whereas 
with pions, e.g., on a ”Ni target, the product mass 
spectrum peaks’'^ at A -54—56, with protons after 
the initial increase the production cross sections 
fall off more or less smoothly as the number of 
nucleons removed increases. In particular vegas 
plus evaporation calculations show‘‘ important 
qualitative deviations from the observed pion-in- 
duced mass spectra. The fact that this model sat¬ 
isfactorily reproduces the proton-induced spectra 
indicates that there Is some extra physics in the 
pion-nucleus reaction that is not embodied in the 
VEGAS code. 

In closing it is sufficient to say that systematic 
data of other kinds such as energy spectra of emit¬ 
ted particles, the particle multiplicities, and par¬ 
ticle-gamma coincidence are needed in order to 
answer .some of the questions that are raised here. 
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APPENDIX. INPUT PARAMETERS FOR MODEL 
t Al.CULATlONS 

There are several possible combinations of in¬ 
put parameters that can be used for ALICE, 

EVAHYB. VEGAS , and DFFMH . The ones used m 
this work are given below. 

/. Hybrid modr! nteulattons 

For single pre-equilibrium model calculations 
the GDH model in Alice was used. All default in¬ 
put parameters were used, except the following: 

(a) Experimental masses were used to determine 
the binding energies Instead of the mass formula. 
Pairing was removed from the calculated binding 


eneigleB in the same way that would be done 11 the 
option for shell corrected masBee, aero pairli% 
were used (default option). 

(b) Inverse cross sections lor "Co were used. 
These were calculated from the optical model by 
ALICE subroutines using the parameters given by 
Percy and Percy. 

(c) Reaction cross sections from VEGAS (see Ta¬ 
ble VI) were used so that all calculations would be 
normalized to the same total cross section. 

(d) Welsakopf evaporation was used. 

(e) Initial exclton number >3.0. Initial excited 
neutron number >0.6. Initial excited proton num¬ 
ber-1.2. 

(f) Nucleon-nucleon mean free paths were used. 
The mean free path multiplier was 1.0. 

For multipte pre-equilibrium calculations the 
computer code EVAHYB was used. Some modifi¬ 
cations were introduced into the code. These in¬ 
cluded extension of the dimensions to obtain cross 
sections for nuclei farther away from the target, 
separate accumulations of the pre.equllibrium and 
evaporation particle spectra, plotting routines, 
and output options. All default parameters were 
used, with the exception of: 

(a) Reaction cross sections from VEGAS were 
used (Table VI). 

(b) Initial exclton number-3.0. Initial excited 
neutron number-O.B. Initial excited proton num¬ 
ber-1.2. 

(c) Mean free paths derived from free nucleon- 
nucleon scattering were used. A mean free path 
multiplier of 1.0 or 2.0 was used and is so denote 
when an evahyb calculation is referenced. 

(d) The same inverse cross sections as de¬ 
scribed above with GDH were used. These were 
also used in the VEGAS plus ALICE calculations di 
scribed below. 

2. Cacade model adcideHom 

The computer code VEGAS was used for the pr 
equilibrium cascade model calculations. The ni 
ber of cascades run was 8000-10000 for each 
case. Relevant input parameters tor the calculi 
tions presented in this work are: 

(a) The cutoff energies for neutrons and proto 
respectively, were the binding energy of the lai 
neutron in the target and the binding energy of' 
last proton phis the Coulmnb energy. Nucleons 
with energies below these values are consldere 
to be captured. The actual values of these cute 
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vere In (MeV); 


Target 

“N1 

"Ni 

•’Nl 

“Ni 

Neutron 

12.2 

11.4 

10.6 

9.7 

Proton 

14.2 

15.6 

17.4 

19.0 


(b) No reflection or refraction waa included at 
the potential boundaries. This option was chosen 
since in previous work inclusion of reflection and 
refraction resulted in poorer comparisons with 
the data, indicating that this effect is overestimat¬ 
ed in the calculation. 

(c) No restriction on the distance between suc¬ 
cessive collision sites was used. 

The input parameters lor dffmh followed the 
suggested options. The maximum of six particles 
s, p, d, t, ’He, and a were allowed in the evap¬ 
oration phase. The parameter a in the level den¬ 
sity expression p(U)ae’‘‘' was taken to be A/20 
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from a evaporating system for all targets. 
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ences between the cross sections for formation of 
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fect that changes the emission probabilities of all 
particles in the same direction and roughly pre¬ 
serves the relative probability of evaporating a 
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the same as given above. 
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Lireiimes hive been meuured by direct liming for the IS82 keV, 3/2~ level of ^'K(r<38 pi) and the 2010 
keV, 3/2' level of “Cifr » 730± 18 pt). Theie levelt arc memben of clocely ipaced parity doublet!. The 
sensitivity of measurements to determine the parity mixing srithin these doublets is diicusaed. 

(nuclear reactions *‘K(p,py), E,«1G«2 keV, moumired t; "Ca(</,py), e] 

I >2010 keV, measured T. Direct timing. J 


I. INTRODUCTION 

The Weinberg-Salam unified model of the weak 
and elcctromagnetlr interacUone' is in excellent 
agreement with the results of a variety of recent 
hlghenergy experiments involving lepton-lepton 
and lepton-quark interactions.’’ Measurements of 
parity violation in nuclear systems can test the 
predictions of this unified model for weak nucleon- 
nucleon (and hence quark-quark) interactions, and 
considerable experimental and theoretical effort 
has been devoted to this subject.'' 

Although measurements of parity violation in 
few-nucleon systems such as fi t-f> and deuterium'*'* 
are easiest to relate theoretically to the basic weak 
nucleon-nucleon interaction, the size of parity 
violating effects is extremely small (--I x lO**'?,). 
Therefore, a number of experiments have been 
performed to search for parity mixing in energy 
levels of heavier nuclei, particularly in those 
cases where nuclear structure effects result in 
large enhancements in the parity violating observ¬ 
ables. Initial exiieriroents'' in a number of cases 
In heavy nuclei produced definite results which 
were of the order of magnitude expected for parity 
violation according to the basic weak Interaction 
models. 

More recently, experimental results have been 
obtained*'" fur a few cases in light nuclei where 
the parity mixing occurs predominantly between 
two closely spaced nuclear energy levels, for 
which the wave functions are quite well described 
by nuclear shell models. In these cases, experi¬ 
mental results can be related to the basic weak 
nucleon-nucleon interaction and the predictions of 
various weak interaction models may be tested. 

The particular cases studied to date are also fav¬ 
ored experimentally because of large Inhibitions 
in electromagnetic transition rates, resulting In 
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relatively large parity violating observables. 

The present paper described lifetime measure¬ 
ments for gamma decay of the long lifetime mem¬ 
bers of closely spaced parity doublets in '“K and 
'*‘Ca. The energy spacing in these cases is suf¬ 
ficiently small so that parity mixing with other 
nuclear levels can probably be neglected. In addl 
tion, the proximity of these nuclei to the doubly 
magic nucleus *“Ca and the low excitation energy 
of the levels, implies that shell model calculation 
of their wave functions should be quite accurate. 
The purpose of the present work is to determine 
the electromagnetic transition rates and hence 
the sensitivity of possible experiments searching 
for parity mixing of these levels. 

The low-lytng energy levels of *‘K and *‘Ca are 
shown in Fig. 1. The doublets of interest In the 
present work are the ,P = 1', f' pairs at 1582 and 
1560 keV in *'K, and at 1943 and 2010 keV in *'Ca 
The lifetimes of the short-lived | levels have bee 
measured to be about 600 fs (see Table I). Prior 
to the present measurement, only a lower limit w 
known for the lifetime of the 1582 keV, level of 
■“K and the lifetime of the 2010 keV, J* level of 
*‘Ca was known to be about 800 ps. 

The next section describes the measurements c 
the Uletimes of the long-lived | levels in '“K and 
*'Ca by electronic timing, Sec. Ill lists the resul' 
and in Sec. IV the results are discussed in terms 
of possible parity violation measurements. 

II. EXPERIMENTS 

The 1582 keV level in *‘K was populated via thi 
*'K(p,h'y)*‘K reaction at £,»3.22 MeV with the 
pulsed beam facility of the Chalk River Nuclear 
Laboratories (CRNL) MP tandem accelerator. . 
beam burst duration of ~0.5 ns was used with an 
interval of 600 ns between successive bursts an 
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FIG. 1. low-lying energy levels of **Ca and tfrom 
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an average beam intensity of 20 oA. The target 
was a 1300 ng ctn'‘ layer of *‘K1 (enriched to 
'•94%) evaporated onto a thick gold backing. 

Gamma-ray levels were detected at 0° to the in¬ 
cident beam direction in an 86 cm’ coaxial Ge(Li) 
detector placed with its front face 3. S cm from the 
target 

The 2010 keV level in '"Ca was populated via the 
*'Ca{rf,/>y)^‘Ca reaction at - 3.0 MeV with the 
pulsed beam facility of the Queen’s University 4 
MV Van de Craaff accelerator. A beam burst 
duration of si ns was used with an Interval of 50 
ns between successive bursts and an average beam 
intensity of 23 nA. The target consisted of a 100 
Mg cm’’ layer of natural calcium evaporated onto a 
thick gold backing. Oxygen buildup on the target 
was inhibited by evaporating a 100 pg cm*’ encap¬ 
sulating layer of gold over the front face. Gamma 
rays were detected in a 48.3 cm’ coaxial Ge(Ll) 
crystal placed 10 cm from the target at 135° to the 
Incident beam direction. At this angle the 2010 
keV V ray was well separated from the Doppler- 
shifted 2001 keV y ray from the 3944 keV level 
(see Fig. 2). 

In both experiments, signals from the Cie(Li) 
crystals were used to obtain timing as well ap 
energy information. Gamma-ray timing signals 
’*nre extracted by a timing filter amplifier and 



Ey (keV) 


FIG. 2. Gamma-ray apoctnim from the **Ca(d,p‘y)*‘Ca 
reaction at £^-3.0 MeV. At 6,-136’ the 2001 keV y ray 
is clearly separated from the 2010 keV y ray. 

constant fraction discriminator, and provided the 
start signal for a time-to-amplitude convertor. 

The stop signal was derived from the beam pulsing 
system. The time and energy were stored In an 
event mode format for subsequent off-line analy¬ 
sis. Calibration of the time spectra was carried 
out with standard delay cables and a Tennelec 
TCB50 time calibrator. 

The performance of the constant fraction dis¬ 
criminator is characterized by a residual correla¬ 
tion between detection time and y-ray energy, 
which depends explicitly on the Individual setup of 
the discriminators. It is therefore necessary to 
determine this characteristic response under the 
conditions encountered in the actual timing experi¬ 
ment and in the appropriate y-ray energy region. 
The prompt calibration was therefore obtained by 
simultaneously accumulating the time spectra for 
several "prompt” (t< 1 ps) y rays produced in the 
same reaction and in the same energy region as the 
y ray of interest. Accordingly, the time spectrum 
corresponding to the photopeaks of the 661, 728, 
1039, 1485, 1943, 2010, 2575, and 2605 keV y 
rays in "Ca, and the 1560, 1582, and 1594 keV y 
rays in °'K were simultaneously accumulated, and 
the centroid position of each time peak determined. 

In addition to the systematic energy dependence, 
it is necessary to account for the fact that the 
photopeak and the underlying background arise 
from different production and detection mechan- 
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Isms, and can have a significantly different time 
characteristic. The contribution of underlying 
background to the relevant photopeaks was ac¬ 
counted for by generating the time spectrum from 
the background under the photopeak and subtracting 
It from the photopeak time spectrum. The back¬ 
ground spectra were produced by taking the time 
spectra of an equal number of background channels 
Immediately adjacent to the relevant photopeak. 
This correction was carried out both by using 
background channels higher than the photopeak and 
two sets with half the number of channels placed 
symmetrically about the peak. Differences be¬ 
tween the two methods of background subtraction 
were significantly smaller than the statistical er¬ 
rors. 


III. RESULTS 

The 1560 and 1594 keV y rays from '“K were 
used to generate the prompt calibration line for 
the 1582 keV ground-state decay v ray, and a 
comparison of the 1582 keV y-ray decay time and 
the prompt calibration curve, shown in Fig. 3, 
shows no measurable time centroid shift for that 
y ray. This limits the lifetime of the '"K 1582 
keV level to t ^ 38 pa. 

The prompt y rays from "Ca were used to pro¬ 
vide a calibration curve for the 2010 keV ground- 
state decay. In this case, a significant time cen¬ 
troid shift Is observed, as can be seen in Fig. 4, 
and leads to t - 730i 18 ps tor the lifetime of the 
2010 keV level in '"Ca. This value is in good 
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FIG. 3, Tlnw controldn of the full energy peak as a 
function of r-ray energy for die reaction 

nt Kp-a.22 MeV. 
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FIG. 4. Time centroids of the full energy peak as a 
function of y-ray energy for the **Ca(if,py)*‘Ca reaction 
at F^»3.0 MeV. The dashed curve Is a least squares fit 
of a polynomial for the prompt (ts, 1 pa) y rays. The 
time apectra for the IS44 and 2010 keV y rays (Inset) 
clearly ahow ihe centroid shift for the latter transition. 
The delayed 871 keV y ray is produced by the '^0{d,py)- 
reaction on the oxide layer on the target. 

agreement with, and more accurate than, the 
earlier measurements of t -800* 200 ps, obtained 
by the electronic timing technique,“ and 
T = 670 i 70 ps obtained by the recoil distance tech¬ 
nique.” 

An Independent check of the direct timing method 
was carried out by measuring the known lifetime 
of the 871 keV level in ’’O produced by the 
‘"OW, t>yyO reaction on the oxygen surface layer 
on the Ca targeL The centroid shift of the 871 keV 
r ray was used to determine a lifetime of t = 

258± 14 ps. In excellent agreement with the aver¬ 
age of previous measurements, t-258*4 ps. 

IV. DISCUSSION 

The parity mixing between these pairs of levels 
could be determined by measuring the circular 
polarization of the gamma-ray transition from the 
longer lifetime (unpolarized) | level to the ground 
states. Alternatively, this | level could be polar¬ 
ized (such as by polarization transfer from a po¬ 
larized beam) and the asymmetry relative to the 
direction of polarization could be measured. IFo 
a discussion, see Ref. IS.) 

For either measurement, the parity violating 
observable Is almost directly proportional to the 
ratio 

(1560 keV, i'lmilO, i’) 

(1582 keV, 

in ^‘K or 
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matrix elements compare favorably to the sensiti- 
vitlet of cases previously InvesUBated*'* In '*F 

|P,(1082 keV - 0) = 4.9 X KT’ eV* (O* [ H* | O') | 
and "F 

(A,(110 keV-0)=. 1.8x10-* eV-''l-[H*( 1*>1 

but are less favorable than the very sensitive case^° 
in ’*Ne 

(1^,(2789 keV-0) = 9.5x10-’ eV-‘:i-|«»li*)l. 

The practicability of possible measurements of 
larlty mixing In *‘K and *‘Ca is obviously dependent 
on details of the reaction used to populate the lev¬ 
els and on the apparatus used. This Is emphasized 
by the fact that the least sensitive case, “F, is 
the only one for which a statistically significant 
result has been obtained.* 

However, if the parity mixing matrix elements 
in *'K and *'Ca were as large as those measured* 
for J*) - -0.33 t 0.18 eV), then the ex¬ 

pected circular polarizations would be 

1582 keV)=2 x lO”* 
and 

P,(*'Ca., 2010 keV)*4 x 10-*. 

These may be compared with those attained 
recently In accelerator based experiments: 

‘"F; P,20)xl0-* (Ret. 8) 
and 

“Ne: R, = (9*51) X 10'* (Ref. 10). 

This sensitivity, and the possibltity of accurate 
shell model calculations for these levels, suggests 
that these cases should be included In the short 
list of experiments that could provide quantitative 
information on the weak nucleon-nucleon interac¬ 
tion. 

The *'K case is of particular interest because 
the parity mixing occurs between two T -I levels 
and therefore Involves matrix elements in which 
the Isospin changes by 0, 1, or 2 units. There has 
jeen some interest In isotensor i.^T = 2) parity 
violating matrix elements because of the result* 
obtained for the circular polarization of gamma 


rays following the capture of thermal neutrons in 
hydrogen [R, = (1.60 ± 0.45) x 10-*]. The circular 
polarization In this case depends on mixing matrix 
elements with = 0 and 2, but the size of the 
AT = 0 matrix element is constrained by a mea- 
airement" in '*0 (AT = 0). The observed circular 
polarization in the n*p~d*y case could be ex¬ 
plained by a relatively large Isotensor matrix ele¬ 
ment,” but this is not predicted** by basic calcula¬ 
tions of the weak nucleon-nucleon interaction. Al¬ 
though the dependence of parity mixing on the 
AT = 2 matrix element has yet to be determined in 
the **K case, a measurement in this case might 
provide an additional determination of the size of 
isotensor parity mixing. 

The **Ca case involves parity mixing of two Isu- 
spin ^ levels, and hence Involves AT = 0, 1 matrix 
elements. If the Welnberg-Salam model of weak 
Interactions is valid for quark-quark interactions, 
then T = 1 matrix elements maybe enhanced** by 
a factor as large as 20 over the size predicted by 
the previously accepted Cablbbo model without neu¬ 
tral currents. A measurement of parity mixing 
in *‘Ca could provide an additional test for the 
enhancement of AT = 1 matrix elements in a case 
of two state mixing with well defined wave func¬ 
tions. 

The complete determination of the weak two- 
nucleon interactions responsible for the at = 0, 1, 

2 parity mixing matrix elements requires mea¬ 
surements for a number of cases with different 
iBospln combinations. The experimental informa¬ 
tion available to date has been parametrized in 
terms of weak two-nucleon matrix elements” or 
weak meson-nucleon-nucleon vertices.” However, 
the present experimental uncertainties and theo¬ 
retical nuclear structure difficulties are too large 
to define a possible enhancement of at = 1 matrix 
elements arising from the Welnberg-Salam model. 

To date, the number of experiments contributing 
to this information is small, and most provide onl 
upper limits. More accurate measurements and 
results for new cases with well defined nuclear 
structure are required. Parity mixing measure¬ 
ments for the doid)lets discussed In the present 
work could provide valuable additional Informa¬ 
tion. 


*S. Weinberg, Ftiys. Rev. Lett.^, 1264 (1967); A. Sa- 
Um, In Elemeniary ParUcl* Theory. RetaHiiitNc 
Gnmpt antt Amlyticity Qiobel Symposium No. S), edited 
by N. Svartholm (Alqvlst and WIksell, Stockholm, 

1968), p. 367. 

*0. BalUy, Phya. Rep. 48, 167 (1979). 

'£. O. Adelbergor, In Vnifieatiom of Etsmentary Forces 


and Gauge Theories, edited by O, B. Cline and F. C. 
MUla (Harwood, Landca, 1979), p. 197; D. Tadic, 
0M., p. 246. 

*D. E. Na^, see Ref. 3, p. 301. 

*V. M. Lobasbov, D. M. Kaminher, O. I. Kharevich, 
V. A. UitasliDV, N. A. Lozovoy, V. A. Nazarenk, L. 
Sayenko, L. H. atnotritsky, and A. L Yegorov, NucI 




31 


GAMMA-RAY LIFETIMES FOR PARITY... 


2327 


Pbja. A197. 241 a972). 

<j, F. Cavalgnac, B. VtgnoD, and B. Wilson, Fbjra. Lott. 
67B . 148 0877). 

’For a review see M. Garl, Fhys. Bep. 6C, 40 0 973). 

IC. A. Barnes, M. M. Lowry, J. M. Davidson, R. E. 
Msrrs, F. B. MorIntBO, E. G. Adelberger, and H. E. 
Swanson, Phya.Rev. Lett. M, 840 0878). 

>E. a. Adelberger, H. E. SwmBoo, M, D, Cooper, J, W. 
Tape, and T. A, Tratnor, Fhys. Rev. Lett. 34, 402 
0975): E. Q. Adelberger, In VnlfteaHm cf Ssmsstety 
Forets and Gauge Theories, edited by D. B. Cline and 
F. E. MIUb (Harwood, London, 1978), p. 198. 

“IC. A. Shover, B. Von LIntIg, E. Q. Adelberger, H. E. 
Swanson, T. A. Tratnor, A. B. McDonald, E. D. Earle, 
and C. A. Barnes, Phys. Lett. jO, 145 0 978). 

"K. Nei4iec)c, H. Schober, and H. WaBler, Fbya. Rev. 

C 10, 320 0974). 

”1). E. Holland and F. J, Lynch, Phya. Rev. C 2, 1365 
0970). 

"j. Kelnonen, R. Raacher, M. Uhomacher, N. Wiist, 
and K. P. Lleb, Phys. Rev. C lU, 160 0976). 

“Tah/e Isotopes, Tth Edition, edited by C. Michael 
Lederer and Virginia S. Shirley (Wtloy-lnteraclencc, 
New York, 1979), p. 23. 


"D. J. MlUener, E, K. Warburton, K. A. Hiover, R. Von 
Lintlg, and P. O. Otossl, Phys. Rev. C 18, 1878 0978). 
*'H. j. Rose and D. M. Brink, Rev. Mod. Fhys. 39, 306 
0867). ~ 

”p. M. Endt and C. Van Der Leun, Nucl. Phya. A310 . 1 
0878). 

"C. J. Lister, A. J. Brown, L. L. Green, A. N. James, 
P, J. Nolan, and J. F. Sharpey-Schafer, J. Fhys. G 2, 
677 0876); C. J. Lister, A. M. Al-Naser, A. H. Beh- 
bebanl, L. L. Green, P. J. NOUn, and J. F, Sharpey- 
Sohaier, ibid.*, 907 0978). 

’’j. C. Merdtnger, A. Cbevalller, L. Courdiear, 

B. Haas, J. 9lycsen, and P. Taras, Nuol. Phys. A260 , 
307 0978). 

t°M. A, Box, A. J. Gabrto, K. R. Lassey, and B. H. J. 

McKellar, J. Phys. G 2, 407 0976). 

“B. DesplanqueB, J. F. Donoghue, and B. Holstein, Ann. 
Fhys. (N.Y.) (to be published). 

Desplanques and J, Misalmer, Nucl. Phys. A300 . 

286 (1978). 

’V. D. Bowman, B. F. Gibson, P. Herezeg, and £. M. 
Henley, Los Alamos Report No. LA-UR-79-ia83 (dn- 
publlshcd). 



PHYSICAL REVIEW C 


VOLUME 21, NUMBER 6 


JUNE 198 


PhotoD-abmrptioii cron nctlitts betweea 3 and 30 MeV 

N. K. Sherman, C. K. Roaa, and K. H. Lokan* 

Divaiait itf Phyaks. Nathnit Reteank Council Ottaua, Ontario KIA OR6. Canada 
(Received 3 October 197*i reviled miniucript received 19 November 1979) 

Photon ibtorption by Al, Ta, and Bi between 3 and 30 MeV waa measured using as a photon 
spectrometer a pholoneutron ttfneKir*flight detector and a liquid deuterium target. The atomic croas sections 
of Ta and Bi at the lowest energies (and of Al at higher energiea) agree with calculated values appearing in 
published tabulatioot but exceed them at 2S MeV by about 29b in Ta and 39b in Bi. Calculations by otbeii 
using empirical Coulomb corrections and improved screening corrections to the cron section for pair 
production by the nucleus agree with experiment to within (0.S±0.4)9b. Best experimental values of the 
combined correction for Bi are given. 


NUCLEAR REACTIONS *^Al, **^Ta, ***B1; measured total photon absorption 
(Ty (£)i observed GOR; deduced electron pair produetton Of^E); £-3.0 to 30.0 
MeV; resolution 500 keV; deduced experimental values for BI of the combined 
Coulomb and screening correction; ’H(y,») LDi/TOF spectrometer. 


INTRODUCTION 

By time^of-fllght detection of photoneutrona from 
liquid deuterium we have measured the transmis¬ 
sion of 3 to 30 MeV r rays through At, Ta, and Bi. 
We find that the atomic absorption croas sections 
exceed calculated values listed in well-known tab¬ 
ulations by amounts which increase with the photon 
energy and the atomic number of the absorber. 
Experimental evidence has accumulated*’’ showing 
that the photon absorption cross sections of heavy 
elements at intermediate energies have been un¬ 
derestimated in the tables.’"* The dominant ccxi- 
trlbution to the total cross section o (or energies 
above a few MeV is the cross section for produc¬ 
tion of electron pairs in the Coulomb field of the 
nucleus <7,. The nuclear pair cross section as a 
(unction of photon energy w has recently been cal¬ 
culated* using improved empirical Coulomb cor¬ 
rections’ to the plane wave aniroximatlon and 
relativistic atomic form (actors in the screening 
corrections. From our measured total cross sec¬ 
tions which agree within experimental error with 
those measured at Mainz*'" (or in the case of Bi, 
with Pb measurements .suitably scaled up) we have 
extracted values of a,(u)) which agree very closely 
with the improved calculated values.' 

METHOD 

The present experiment is the first one using 
the "{{(y.n) reaction which is able to furnish high 
quality total absorption data, although use of the 
deuteron to measure y-ray energy goes back 40 
years." Our innovations are the use of a liquid 
deuterium (LO,) target with a time-of-flight (TOF) 
detector, and rapid cycling of absorbers in and 


out of the y beam for precise time periods. 

The Ottawa spectrometer is described schemat 
cally in Fig. 1. The experiment consists In mea¬ 
suring as a function of oi the ratio of F, the photo 
flux transmitted by an absorber of known mass 
per unit area, to the flux £„ incident on it. Then . 
is obtained from the relation 

=Eo(i«>)expl-n 0 (u>)], (1) 

where n is the number of atoms/cm’ in the ab¬ 
sorber. Whereas other y spectrometers detect 
electrons amidst a high electron background, in 
the TOF method neutrons are detected after the 
beam pulse at a remote quiet location. The thin- 
walled plastic LD, holder we use, which has been 
described before," adds little background and the 
spectrum is free of nuclear structure present in 
earlier TOF measurements using the 'H(y,n) 
method—the first’ using a deuterated polyethylene 
target, the second in our laboratory*" based on 
(0,0-H,0) differences. Cycling the absorbers 
avoids normalization to a second spectrometer 
(as was done at Mainz** with Compton spectro¬ 
meters). A continuous energy range is covered 
(an advantage over nuclear resonance absorptinn 
experiments* which can be performed only al ccr- 
talndiscrete energies) without changing magnet set¬ 
tings as one does with pair* or Compton* spectrome¬ 
ters. At 6 MeV our energy resolution Aoi is 30 ke V, 
comparable to that of Ge(Ll) detectors which, more¬ 
over, cannot operate in a high intensity y beam. At 2 
MeV A<u is 340 keV, still better than for Nal (Tl) 
In common with all ratio measurements of total 
cross section, experimental factors such as in¬ 
cident y spectrum, neutron detector efficiency, 
photon absorption in the target chamber wails, 
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fig. 1. Schematic diagram of the LDj-TOF apectrometer. Three absoihers and a blank are mounted oa a wheel 
ahead of the liquid deuterium (U)]) target which Is viewed by a TOF photnneutren detector. In the figure, e* denotes 
the Incident electron beam, y the collimated photon beam, and a a photoneutron. The deuterium target Is Indicated by 
the label liquid ^H, the standard Ion chamber of Natl. Bur. Stand. (U.S.) design by P2. the bismuth y-flnsh filter by Bl, 
and the plastic scintillator by NE 102. In the boxes representing electronic circuitry, the letters PM stand for photo¬ 
multiplier tube, INT for current integrator, DISCR for discriminator, VOTER for majority-logic coincidence unit, 
COINC for coincidence unit, TOC for time digitizer, TAC for time-to-nmplitude converter, and PILA for pulse height 
analyzer. The CAMAC Interface permits computer-cantrolled cycling of the absorbers and alternatloa of the full tar¬ 
get with an emp9 target. For background runa the vacuum tank 9>ut shown) containing the XJ)} target Is moved later¬ 
ally and the dummy t rget descends Into the photon beam. The pulse monitor Is actually located on the flight pipe axis 
behind the neutron detector to record the average duration of the Incident photon bursts. Photoneutron events (coln- 
olilcnt pulses from 3 out the 4 photomuUlpllera) are stored In time channels according to the Interval between START 
and STOP pulses. The flight time reveals the neutron energy, so giving the photon energy. 


and neutron absorption in the target or flight pipe 
windows cancel in the extraction of the experiment¬ 
al cross section OcipCui). 

A deuteron absorbing a photon of energy greater 
than the binding energy B (2.2246 MeV) disinte¬ 
grates into a neutron and a proton with kinetic 
energies T, and T, uniquely related—so we need 
measure only T,. If the photon is of low energy 
and a neutron moving perpendicular to the photon 
direction is detected, the simple relationship 

■*)=2r„+B (2) 

gives the photon energy. In the present experi¬ 
ment, however, neutrons with energies of up to 
20 MeV were detected requiring use of a relativis¬ 
tic version of (2). The flight time f of a neutron 
traversing a distance i, represented by r in re¬ 
duced units, is 

l-U/ch, (3) 

vhere c is the speed of light. The kinetic energy 
the neutron is 

r, = mJ(l-T-»)->/»-l], (4) 

’'here m, is the mass energy of the neutron. The 


photon energy is given by“ 


(5) 


where is the mass energy of the proton and 9 
is the laboratory angle between the photon beam 
direction and the direction of emission of the 
neutron. 


EXPERIMENTAL PROCEDURE 

The exjierimental arrangement is depicted in 
Fig. 1. Pulsed 42 MeV bremsstrahlung from the 
National Research Council of Canada (NRC) elec¬ 
tron Llnac irradiated the LD, target (47 mm dlam., 
IS cm long) axially. The y beam was produced by 
3A, 720 Hz electron pulses of 8 ns duration strik¬ 
ing a 0.5 mm Ta radiator. The LD, target was 
suspended in a large vacuum tank at a distance 
of 2.5 m from the radiator. Halfway between was 
a 4-armed wheel carrying three 54 mm dlam. 
absorbers whose physical characteristics are 
listed in Table I. The fourth position was empty. 
Two Pb collimators each 5 cm thick placed ahead 
of the wheel restricted the photons to a pencil 
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TABLE I. Physical oharacterlBtloa of the abaorbere, iDcludlnfi atomic cumber 2, purity by 
weight, and maas per unit area m. The measured densities i3 are compared with reference 
densities 


Element 

z 

Purity (wt ')i)) 

m (g/cm*) 

()(g/om^ 

Pitf (g/cm*) 

Al 

13 

99.995* 

47.86 lO.10 

2.68010.008 

2.6985'' 

la 

73 

> 99 . 9 '' 

30.25 10.06 

16.640:10.050 

16.6 

B1 

83 

> 99 '' 

19.58 lO.M 

9.74510.029 

9.747 


‘ Matrix of large single crystals: Mg(12 ppm),Sl(10 ppm), PeflO ppm), Cu(30 ppm). 

’’ Vacuum cast: principal Impurity Nb(Z-’41). 

'' Vacuum cast: CKl ppm). Fed ppm),Nld ppm),Cu(l ppm), Ag(4 ppm), Sb(2 ppm), Pb(3 ppm), 
<1% As (2-33). 

Average of CRC Handbook value and Mainz (Ref. 3) value. 


falling on the end of the LD, holder to prevent In- 
acattering by those portions of the absorbers not 
directly shadowing the target. An empty holder 
suspended in the same vacuum tank as the LD, 
target was made to descend into the y beam when 
the tank moved sideways to remove the LO, from 
the beam. This permitted background runs to 
be performed. The wheel, tank, and holder were 
moved by stepping motors controlled by a compu¬ 
ter which also accumulated eight (v,«) TOF spec¬ 
tra sequentially during each 6-min cycle; 1 min 
for each absorber position with full LD, target 
and 20 s for each position with empty holder. 

Data were rejected and the position remeasured 
if the beam intensity (measured by the first ion 
chamber) fell below about 85% of a set value during 
a cycle or if neutron events did not occur. Since the 
beam intensity changed with a lime constant of the 
order of an hour, often several hours, varia¬ 
tions were averaged over all target and absorber 
combinations. The number of beam pulses per 
cycle was constant to better than 1 in 43200. The 
integrated current from the ion chamber between 
the collimators was independent of wheel position 
to within 0.03%. 

Neutrons emitted at 90" were detected at the 
end of a 38.3 m evacuated flight path in a conven¬ 
tional recoil detector. A pulse from the detector 
signifying the arrival of a neutron stopped the 
rundown of a 1000-channel (4 ns/ch) time-to- 
dlgital converter (TDC) started by the photon 
pulse which produced the neutron. In this way 
the neutron flight time was measured. Figure 1 
summarizes the detector electronics. No signifi¬ 
cant variations in neutron detector efficiency from 
cycle to cycle (monitored by the Individual photo¬ 
multiplier counting rates), or from run to run 
(monitored by the neutron detection threshold) were 
observed. Periodically, by inserting 7.62 cm of 
graphite in the TOF path, the TDC was calibrated 
against the 5 strongest and sharpest features in 
the **C(n,«') absorption spectrum. These are 


listed in Table II. The TDC calibration obtained 
from a linear least squares fit was then used to 
calculate the neutron energies for 8 features in 
the absorption spectrum (including the 5 used in 
the fit), given the time channel in which each fea¬ 
ture was observed. Table n lists the photon energ] 
which would be assigned to each of these time 
channels if the fitted calibration curve were used 
without further correction. The systematic error 
in all cases would be less than 60 keV between 6 
and 18 MeV. In this energy region the photon 
energies have been further corrected by linear in¬ 
terpolation between the calibrating features, so the 
systematic error is estimated to be less than 30 
keV. Above 18 MeV the possible systematic error 
is estimated to be 60 keV. 

The observed full width at half maximum of the 
2077 keV absorption line was 2 channels (8.8 ns) 
indicating that the time resolution of the TOF 
system was 0.23 ns/m. The photon energy reso¬ 
lution was therefore 38 keV at 6.3 MeV, worsen¬ 
ing to 280 keV at 18 MeV and 484 keV at 25 MeV. 

In presenting the data in Tables QI-V and Figs. 2 
and 3, sufficient time channels have been added 
together to form energy bins of width approximate¬ 
ly equal to 500 keV (2 time channels at 26 MeV). 

The 2077 keV line was visible in all the neutron 
TOF spectra, due to neutron absorption by in 
the plastic scintillator of the TOF detector. The 
sharpness of the minimum provided a continuous 
check on the time stability of the TOF system. 

No drift was observed at any time. The threshold 
energy tor neutron detection was 400 keV. This 
imposed a lower limit of 3 MeV on the photon 
energy which could be measured. 

The elements studied were chosen because they 
are monoisotopic, span a fairly wide range of 
atomic number Z, can be obtained in very pure 
form, possess good dimensional stability, and 
have a well-defined, uniform density. The masses 
of the absorbers were measured to a precision of 
0.1 mg (about 2 parts in 10') on a standards 
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TABLE n. FMturai Id the abeorptloD oroes aeotlon need to oellbrate the ttme-of- 

fllght ■yetam. The oeutFoo ktaetlo eoergy T, at whtch a feature appeara and the oeutroa flight 
time t over a dlstaaoe of 38.3 m are oompared with T/ and f/, the kinetic energy and time ob¬ 
tained from the fitted calibration ourve. The photon energy u aaaigned to photoneutrona emit¬ 
ted by deuterium at 90* and detected In a given channel la ayatematloally In error by iui when 
T/ dlffera from T^. Photon energlea In the other tablea have been adjuated by Unear Interpola¬ 
tion to correct for this. 


Channel 

No. 

r, (keV) * 

t (ns) 

f/ (na) 

T, (keV) 

u (MeV) 

Out (MeV) 

180 

7768 *6*’ 

1000 

1000 

7770 

17.766 

+0.024 

205 

6293 *6*’ 

1100 

1109 

6295 

14.815 

+0.004 

226 

5366 *6 

1200 

1202 

5356 

12.936 

-0.020 

259.6 

4260*20 

1346 

1349 

4247 

10.718 

-0.026 

289 

3600 * 50 

1464 

1478 

3533 

9.290 

-0.054 

316 

3010*2*’"' 

1600 

1597 

3025 

8.275 

+0.031 

322 

2950 * 2*’ 

1616 

1623 

2922 

8.069 

-0.0B6 

391 

2077*2*’ 

1925 

1926 

2076 

6.278 

-0.001 


* 8. F. Mughabghab and D. 1. Garber, BNL 325, 3rd ed. (Brookhaven National Laboratory, 

U. 8. Dept, of Commerce, Springfield, Virginia, 19731, p. 6-1. 

Uaed in beat fit 0.999 967, compared to 1.00 for a perfect fit), giving 4.388 25 na/ohan- 
nel. 

‘ R. B. Schwartz, R. A. Schraok, and H. T. Heaton, NBS Monograph 138 (Nattonal Bureau of 
Standarda, U. 8. Dept, of Commerce, Waablngton D. C., 1974), pp. 26, 27. 

Reaonant minimum In the “C(a,a') croaa aectlon. 


balance. For Al the accuracy was limited to 4 
parts in 10* by uncertainty in the correction to 
the mass (or air displacement. The absorber 
diameters were measured by micrometer to an 
accuracy o( 0,1%. The mass per unit area was 
therefore uncertain to ±0.2%. As a check on the 
presence of appreciable voids which if distributed 
nununiformly throughout the absorber volume 



lie. 2. The measured Bt photon abaorptloo cross 
KUon la plotted (solid circles) against photon energy. 
^ bars represent statlstloal error. The hstobed 
the total (y,a) cross seotloa (Refs. 14 and IS), 
’(’’'’i^tinateB the total pbotonuelear abaorptlon. The 
tosses ff) represent 8ie oaloulated (Ref. 6) atomic 
'^8 aecttco of Hi aotled up to E • 83. Previoua oal- 
uattooa (Ref. 6) axe danoted by (JC). 


(not all of which was traversed by photons) could 
lead to an error in the mass per unit area, the 
absorber lengths were measured by caliper to 
0.1%. The densities obtained are compared in 
Table 1 with reference values. There is no rea¬ 
son to suspect that the Ta and Bi absorbers, 
which were vacuum east, contain voids. Our mea¬ 
sured density for Al is slightly smaller than the 
mean of the Mainz* and Chemical Rubber Company 
(CRC) handbook values (by about 0.6% which is 
only about twice our estimated measurement er¬ 
ror). The Mainz sample, having been sawn up, 
is known to have been free of voids. Our sam- 


NSCC 



FIQ. 3. The measured Al absorption cross eeetlon 
(solid oirclM) compered to the new (Ref. 6) (oroeses) 
and old (Ref. 5) (opm otioles) Ibeory. Hie aacees above 
IS MeV la pbotoBuoleer. 
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TABLE ni. Meiaured raluea i7.,f(Ta) of the absorption cross seotton of tantalum and the! 
etatlsttoal errors £„ are listed against photon energy u along with the atomic cross section 
o^lTa) and nuclear pair crass sections 0 |^(T 8 ) obtained from them. Values of Oj Interpolab 
from messurements made at Mainz' are shown for comparison. The amounts doj and 6a, | 
which 0 {(Ta) and <r,(TB) exceed the oaloulaled*’ ralues ajlcalc) and a,(calc) are also given. 


IA> 

(MpV) 

<'e«p(Ta) 

(b) 

(mb) 

<rz<Ta) ■■ 
(b) 

6a, 

(mb) 

0x1 Mainz) 
(b) 

a,(Ta) 

(b) 

a,(calc) 

(b) 

(b) 

3.869 

12.126 

166 

12.123 

-57 


4.47 

4.45 

+0.02 

4.337 

12.128 

30.5 

12.124 

-66 


5.04 

5.05 

-0.01 

4.830 

12.258 

23.5 

12.252 

-*8 


5.82 

S.67 

+0.1S 

5.333 

12.394 

21 

12.386 

-4 


6.26 

6.23 

+6.03 


/al 

5.837 

12.561 

20.5 

12.551 

0 


6.80 

6.75 

+0.05 


6.348 

12.781) 

21.5 

12.777 

•GO 


7..35 

7.27 

*0.08 

SCI 

6.870 

12.990 

21.5 

12.974 

+70 


7.84 

7.77 

+ 0.07 

dir 

7.404 

1.1.171 

22.5 

13.149 

+40 


8.26 

8.24 

+0.02 

sui 

7.936 

13.391 

24.5 

13.365 

+40 


8.69 

8.66 

*0.03 

tar 

8.382 

13.601 

26.5 

13.564 

'll 


9.11 

9.07 

+0.04 

the 

8,936 

13.854 

28.5 

13.807 

+70 


9.55 

9.46 

+0.09 

the 

9.47C 

14.079 

30 

14.019 

*70 


9.92 

9.84 

*0.08 

be 

9.992 

14.318 

.12 

14.240 

+ 70 

14.19 

10.30 

10.22 

•0.08 

OIQ' 

10.514 

14.507 

34 

14.405 

*30 

14.40 

10.61 

10.56 

+0,05 

vs 

11.039 

14.775 

36.5 

14.635 

+60 

14..58 

10.98 

10.90 

• 0.08 

ler 

11.557 

16.056 

40 

14.828 

*40 

14.79 

11.30 

11.23 

+0.07 

tra 

12.088 

15.380 

41.5 

15.052 

+60 

14.98 

11.63 

11.58 

*0,05 

for 

12,629 

16.562 

46 

15.194 

0 

15.17 

11.88 

11.88 

0.00 

and 

13.174 

15.730 

47,5 

15.386 

-20 


12.18 

12.18 

0.00 

Dat 

13,715 

15.947 

54 

15.605 

-20 


12.48 

12.46 

1^0.02 

Utl 

14.253 

16.124 

56.5 

15.764 

-GO 

15.81 

12.70 

12.76 

-0.06 

cha 

14.780 

10.303 

63 

15.921 

-80 

16.02 

12.93 

13.02 

-0,09 

acj 

15.293 

10,522 

04.5 

16.137 

-50 

16.23 

13.21 

13.27 

-0.06 

15.840 

16.083 

67.5 

18.333 

-40 

16.40 

13.48 

13.50 

-0.02 

bea 

16.422 

16.841 

68.5 

16.541 

-10 

10.57 

13.76 

13.77 

-0.01 

ord 

16,977 

16.924 

78 

16.684 

-30 


13.97 

14.00 

-0.03 

tior 

17.500 

17.093 

82.5 

16.895 

•20 


14.25 

14.22 

+0.03 

con 

18.078 

17.188 

84 

17.026 

-30 


14.44 

14.46 

-0.02 

eye 

18.065 

17.324 

86.5 

17.188 

-20 

17.25 

14.72'' 

14.66 

+0.06 

inte 

19.286 

17.412 

±90 

17.294 

-100 

17.4.5 

14.96'' 

14.90 

*0.06 

the 

19.856 

17,920 

112 

17.816 

+ 260 

n.62 

15.17'' 

15.11 

+0.06 

20.370 

17.850 

112 

17.758 

+ 70 

17.75 

15.36'’ 

15.28 

+0.07 

to V 

20.907 

17.808 

115 

17.785 

-50 

17.88 

16.53'' 

15.47 

*0.06 

N‘ 

21.408 

17.903 

117.5 

17.828 

-140 





end 

22,055 

18.316 

124 

18.252 

+130 





tion 

22.670 

18.362 

127.5 

18.306 

+50 





aigr 

23.314 

18.380 

131 

18. .333 

-90 





run. 

23.9HU 

18.791 

136.5 

18.751 

+170 





/i i ct% 

24.697 

18.514 

137.5 

18.480 

-250 





Qigl 

25.312 

18.709 

176 

18.679 

-190 





pule 

25.825 

18.658 

177.5 

18.6.32 

-300 





the 

26.355 

19.156 

187.5 

18.132 

• 30 





SUIT 

2G.903 

19.300 

195.5 

19.277 

+ 50 





earn 

27.470 

19,408 

206.5 

10.387 

+-30 






cycl 

mul 

(mo 

obsi 

eraj 

aga; 

the 


' J. Ahrens et of. (Ref. 3). Numerical values are given In Ref. 6. 

Calculated atomic cross section values a,(oalo) were obtained by Interpolation of tables 
compiled by J. H. Hubbell, H. A. GImm, and L Qfverb^ (private communication). 

'' Obtained by subtracting the total photoneutron cross section measured (Ref. 17) by R. Bar 
gere c( of. from o„piTa). See also Ref. 16, 

Using the Interpolated Malms (Ref. 6) value. 
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pie (eoosioUng ol 3 shorter cylinders) was cut 
irom an Ingot of soch high purity that it con- 
sited of a uniform mosaic of large single crys¬ 
tals. No voids were encountered on the cuts, 
or during the machining of the cylinders. Further 
evidence for uniformity of the A1 density is that 
the measured density ol each cylinder differs from 
the mean value by no more than 0.12%. 

DATA AND DISCUSSION 

The TOF spectrum for each target-absorber 
combination was corrected for counting losses as 
described in Appendix A and normalized to the 
number of Llnac pulses which produced it. Then 
the empty target spectrum with or without absor¬ 
ber was subtracted from the corresponding full 
target spectrum. 

For a given absorber havings atoms/cm’experi¬ 
mental values of the cross sectlonare obtained 
from the subtracted TOF spectra: The time bin 
corresponding to photon energy u [see (4) and (S)| 
gives, using (1), 

={lnIjVo(iv)/N(w)l}/« , (6) 

where N and No are the corrected, normalized 
numbers of events In this bin (two or more time 
channels added together, as mentioned earlier) 
with and without the absorber in the beam. 

The measured cross section values and their 
statistical errors e„ are listed in Tables III, IV, 
and V. Where necessary the cross section value 
given by (6) was corrected for in-scattering and 
air displacement. The combined correction 
amounted to an increase of 0.2% for Al, and was 
negligible for Ta and Bl. In-scattering is dis¬ 
cussed In more detail in Appendix B. Displace¬ 
ment of air by the absorber prevents complete 
cancellation in the ratio in Eq, (6) of the effect 
of photon absorption in the air path between radia¬ 
tor and LD, target. The apparent reduction In 
cross section is easily calculated to be 0.08% at 
3 MeV for the Al absorber, decreasing to 0.04% 
at higher energy. 

In the case of a heavy element the total photo- 
neutron cross section a, at a given energy Is ex¬ 
pected to be a good approximation to Cj,, the total 
nuclear absorption cross section at the same 
energy. Since 

<J.»p=o*+o», (7) 

where Oj is the sum of all the atomic cross sec- 
tions, we can write in the case of Ta and Bl, at 
each energy, 

-o,. (8) 

The mesmured values of Oj obtained from (8) are 
eompared to the new calculations* In the tables. 


The Ta results are compared to measurements*'* 
made at Mainz. The Bi results are compared to 
Pb results from Mainz scaled up by the ratio of 
Of (Bi) to Of (Pb) calculated by Gimm and Hubbell.' 
Figure 2 shows that for Bi agrees around 3 
MeV with the tabulation by Storm and Israel* 

(which they produced by interpolating in Z and ui 
from Hubbell's calculations*). Agreement at low 
energy between measurements and these calcula¬ 
ted values has been observed previously.*’ How¬ 
ever, as UI increases our measured rises 
above the old calculated curves. The “scaled up 
Pb” points in the figure were obtained by multi¬ 
plying the Rayleigh, photoelectric, Compton, 
triplet, and nuclear pair cross sections calcula¬ 
ted* by Gimm and Hubbell for Pb by the appropriate 
powers of (83/82) and plotting their sum. The cal¬ 
culated values listed in the tables have been inter¬ 
polated from an unpublished compilation by Hub¬ 
bell, Gimm, and 0verbt^ which includes the case 
of Z-83. The hatched area in Fig. 2 represents 
<r, which has been measured by two groups. 

It should be noted that the data from Young’s 
thesis** has been used in the tables. The Liver¬ 
more (r,n) cross section** is systematically 
smaller by several percent. This difference would 
be visible in Fig. 2 only In the vicinity of the giant 
dipole resonance (where it would be about the width 
ol the solid lines). In the case of Bi also, two 
measurements of o, have been reported.**>''* Again, 
we have used the larger*’ values to obtain otj. 

The Al data is shown in Fig. 3, and the absorp¬ 
tion cross section below the piiotonudear giant 
resonance is compared to calculations in Table V. 
The table shows that o,,,, for Al, corrected up¬ 
wards by 0.2% for in-scattering and air displace¬ 
ment, lies on the average about 0.35% or approxi¬ 
mately one standard deviation (Imposed by uncer¬ 
tainty in the absorber area) below the calculated 
values in the energy interval 7 to 13 MeV. and 
about 1% below them between 4 and 7 MeV. The 
discrepancy appears to decrease systematically 
from 1.9% below 4 MeV to about zero at 13 MeV. 
The theoretical uncertainty is believed to be less 
than 0.2% for low-Z elements. Nevertheless the 
discrepancy appears to be real below 9 MeV. In 
support of this we note that Moreh and Wand* ob¬ 
tained (1147±3) mb for the total Al cross section 
at 6.418 MeV, compared to (1152 ±2) mb obtained 
by interpolation of our results—a discrepancy of 
only (5± 5) mb, or 0.4%, between the two experi¬ 
ments. Above 9 MeV, however, the agreement is 
very good between the calculated cross sections 
and our measurement modified by small in-scat¬ 
tering corrections. This gives us confidence in 
the soundness of the Ta and Bi measurements 
where the corrections are smaller still. We are 
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TABLE III, Measured values u„p(Ta) of the absorption cross section of tantalum and their 
statistical errors are listed against photon energy u along with the atomic cross sections 
OjiTa) and nuclear pair cross secUona Cjp(Ta) obtained from them. Values of Interpolated 
from measurements made at Mainz* are shown for comparison. The amounts 6ag and 6a^ by 
which ojiTa) and o^Ta) exceed the calculated** values e^(calc) and a,(calc) are also given. 


u.' 

(MeV) 

■^..ptTa) 

(h) 

(mb) 

(r*(Ta) ‘ 
(b) 

6ax 

(mb) 

Mainz) 

<h) 

o-,(Ta) 

(b) 

(b) 

da-g 

(b) 

3.B6» 

12.126 

^56 

12.123 

-57 


4.47 

4.45 

+0.02 

-1.327 

12.128 

30.5 

12.124 

-66 


5.04 

5.05 

-0.01 

4.830 

12.258 

23.5 

12,252 

+8 


6.82 

5,67 

+0,15 

5.333 

12.394 

21 

12.386 

-4 


6.26 

6.23 

*0.03 

5.337 

32.561 

20.5 

12.551 

0 


6.SO 

6.75 

+0.05 

n.343 

12.789 

21.5 

12,777 

^60 


7.35 

7.27 

*0.08 

6.W70 

12.990 

21.5 

12.974 

*70 


7.84 

7.77 

+0.07 

7.404 

13.171 

22.5 

13.149 

•40 


8.26 

8.24 

+0.02 

7.H36 

13.391 

24,5 

13.365 

MO 


B.6B 

B.66 

+0.03 

H.3R2 

13.601 

26.5 

13.5G4 

ni 


9.11 

9.07 

+0.04 

8.»36 

13.854 

29.5 

13.807 

+ 70 


9.55 

9.46 

^0.09 

fl 476 

14.079 

30 

14.019 

+70 


9.92 

9.84 

+0.08 

9.992 

14..118 

32 

14.240 

f70 

14.19 

10.30 

10.22 

+0.08 

1U.S14 

14.507 

34 

14.405 

t30 

14.40 

10.61 

10.56 

+0.05 

11.03!) 

14.775 

36.5 

14.635 

+60 

14.58 

10.98 

10.90 

+0.08 

11..157 

15.0.16 

40 

14.929 

*40 

14.79 

11..10 

11.23 

*0.07 

13,088 

15.380 

41 „5 

15.052 

+60 

14.98 

11.63 

11.58 

+0.05 

13.029 

15.562 

46 

15.194 

0 

15.17 

11.88 

11.88 

0.00 

13.174 

15.7.10 

47.5 

15.396 

-20 


12.18 

12.18 

0.00 

13.710 

15.947 

54 

15.605 

-20 


12.48 

12.46 

+0.02 

14.253 

16.124 

56,5 

15.764 

-50 

15.81 

12.70 

12.76 

-0.06 

14.780 

16..303 

63 

15.921 

-90 

16.02 

12.93 

13.02 

-0.09 

15.293 

16„122 

64.5 

16.137 

-50 

16.23 

13.21 

13.27 

-0.06 

10.940 

16.683 

67.5 

16.333 

-40 

16.40 

13.48 

13.50 

-0.02 

16.422 

16.841 

68.5 

16.541 

-10 

16.67 

13.76 

13.77 

-0.01 

16.077 

16.024 

78 

16.684 

-30 


13.97 

14.00 

-0.03 

17,500 

17.093 

82.5 

16.H9G 

*20 


14.25 

14.22 

*0.03 

18.078 

17.188 

84 

17.026 

-30 


14.44 

14.46 

-0.02 

18.665 

17.324 

86.5 

17.188 

-20 

17.25 

14.72'’ 

14.66 

'0.06 

19.286 

17.412 

J.90 

17.294 

-100 

17.45 

14.96 

14.90 

*0.06 

10.806 

17.020 

112 

17.816 

*260 

17.62 

15.17'’ 

15.11 

+0.00 

20.370 

17.850 

112 

17.758 

+70 

17.75 

15.35'’ 

16.28 

*0.07 

20,5*07 

17.8HH 

115 

17.785 

-50 

17.88 

15.53'’ 

16.47 

+ 0.06 

21.4K8 

17.903 

117.5 

17.829 

-140 





22.055 

13.316 

124 

18.252 

*130 





32.ti70 

18.362 

127.5 

18.306 

•.GO 





23.314 

18.380 

131 

18.,133 

-90 





23.5)89 

18.791 

136.5 

19.751 

tI70 





24.607 

19.514 

137.5 

19.490 

-2.10 





25.312 

1H.70S 

176 

18.679 

-190 





25.823 

IN.659 

177.5 

18.632 

-360 





26.355 

19.156 

197.5 

19.132 

+30 





26.003 

19.300 

195.5 

19.277 

+50 





27.470 

19.408 

206.5 

19.387 

*30 






* J. Ahrens et al. (Ref. 3). Numerical values are given In Ref. 6, 

** Calculated atomic cross section values c^loalc) were obtained by interpolation of tables 
compiled by J. H. Hubbell, H. A. Gimm, and L (faerW (private communication). 

‘Obtained by subtracting the total photoneutron cross section measured (Ref. 17) by R. Ber- 
gere etal. from (r„p(Ta). See also Ref. 16. 

‘ Using the interpolated Mainz (Ref. S) value. 
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pie (coosUting of 3 shorter cylinders) WRS cut 
from an ingot of such high purity that it con- 
sited of a uniform mosaic of large single crys¬ 
tals. No voids were encountered on the cuts, 
or during the machining of the cylinders. Further 
evidence for uniformity of the Al density is that 
the measured density of each cylinder differs from 
the mean value by no more than 0.12%. 

DATA AND DISCUSSION 

The TOF spectrum for each target-absorber 
combination was corrected for counting losses as 
described in Appendix A and normalized to the 
number of Llnac pulses which produced it. Then 
the empty target spectrum with or without absor¬ 
ber was subtracted from the corresponding full 
target spectrum. 

For a given absorber havingn atoms/cm’ esqieri- 
mental values a„p of the cross sectLonare obtained 
from the subtracted TOF spectra: The time bln 
corresponding to photon energy u [see (4) and (5)] 
gives, using (1), 

<'c«p(“) = {ln[No((u)/V(ii))]}/«, (6) 

where N and No are the corrected, normalized 
numbers of events in this bln (two or more time 
channels added together, as mentioned earlier) 
with and without the absorber in the beam. 

The measured cross section values and their 
statistical errors €„ are listed in Tables m, IV, 
and V. Where necessary the cross section value 
given by (6) was corrected for in-scattering and 
air displacement. The combined correction 
amounted to an increase of 0.2% for Al, and was 
negligible for Ta and Bl. In-scattering is dis¬ 
cussed in more detail in Ai^ndix B. Displace¬ 
ment of air by the absorber prevents complete 
cancellation in the ratio in Eq. (6) of the effect 
of photon absorption in the air path between radia¬ 
tor and LD^ target. The apparent reduction in 
cross section is easily calculated to be 0.08% at 
3 MeV for the Al absorber, decreasing to 0.04% 
at higher energy. 

In the case of a heavy element the total photo¬ 
neutron cross section a, at a given energy is ex¬ 
pected to be a good approximation to the total 
nuclear absorption cross section at the same 
energy. Since 

<'mp'P*+<Tv. (7) 

*here Og is the sum of all the atomic cross sec- 
inns, we can write In the case of Ta and Bi, at 
>ach energy, 

( 8 ) 

The measured values of Og obtained from (8) are 
Compared to the new calculations* in the tables. 


The Ta results are compared to measurements* ■* 
made at Mainz. The Bi results are compared to 
Pb results from Mainz scaled up by the ratio of 
Ug (Bi) to Og (Pb) calculated by Gimm and Hubbell.* 
Figure 2 shows that Og for Bi agrees around 3 
MeV with the tabulation by Storm and Israel* 

(which they produced by interpolating in Z and ui 
from Hubbell’s calculations*). Agreement at low 
energy between measurements and these calcula¬ 
ted values has been c^iserved previously.** How¬ 
ever, as <i) increases our measured Og rises 
above the old calculated curves. The “scaled up 
Pb" points in the figure were obtained by multi¬ 
plying the Rayleigh, photoelectric, Compton, 
triplet, and nuclear pair cross sections calcula¬ 
ted* by Gimm and Hubbell for Fb by the appropriate 
powers of (83/82) and plotting their sum. The cal¬ 
culated values listed in the tables have been inter¬ 
polated from an unpublished compilation by Hub¬ 
bell, Gimm, and 0verb^ which includes the case 
of Z = 83. The hatched area in Fig. 2 represents 
a, which has been measured by two groups.**'** 

It should be noted that the data trom Young's 
thesis*' has been used in the tables. The Liver¬ 
more (r.n) cross section** is systematically 
smaller by several percent. This difference would 
be visible in Fig. 2 only in the vicinity of the giant 
dipole resonance (where it would be about the width 
of the solid lines). In the case oi Bi also, two 
measurements of o, have been reported.**"** Again, 
we have used the laxger** values to obtain Og. 

The AI data is shown in Fig. 3, and the absorp¬ 
tion cross section below the photonuclear giant 
resonance is compared to calculations in Table V. 
The table shows that (7„p for Al, corrected up¬ 
wards by 0.2% for in-scattering and air displace¬ 
ment, lies on the average about 0.35% or approxi¬ 
mately one standard deviation (imposed by uncer¬ 
tainty in the absorber area) below the calculated 
values in the energy Interval 7 to 13 MeV, and 
about 1% below them between 4 and 7 MeV. The 
discrepancy appears to decrease systematically 
from 1.9% below 4 MeV to about zero at 13 MeV. 
The theoretical uncertainty is believed to be less 
than 0.2% for low-2 elements. Nevertheless the 
discrepancy appears to be real below 9 MeV. In 
support of this we note that Moreh and Wand* ob¬ 
tained (1147 1 3) mb for the total Al cross section 
at 6.418 MeV, compared to (11S2±2) mb obtained 
by interpolation of our results—a discrepancy of 
only (5^5) mb, or 0.4%, between the two experi¬ 
ments. Above 9 MeV, however, the agreement is 
very good between the calculated cross sections 
and our measurement modified by small in-scat¬ 
tering corrections. This gives us confidence in 
the soundness of the Ta and Bl measurements 
where the corrections are smaller still. We are 
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table rv. Measured values <Vp(Bl) of the absorption eroaa aeotlou of blsuintfa and their 
stattsUcal errors Cg are listed against photon energy u along with the atomic cross sections 
(TzlBl) and nuclear pair cross sections Ox(Bl) obtained from them. The amounts 6og and iOg 
by which OjlBl) and o^Bl) exceed the calculated* values Oj(calc) and oylcalc) are also given. 


u> 

(MCV) 

(b) 

(mb) 

UslBl)'’ 

(b) 

6az 

(mb) 

<r*(Bl) 

(b) 

<rj((oalo) 

(b) 

dc, 

(b) 

3.869 

14.846 

±76.6 

14.841 

+103 

5.864 

5.80 

+0.05 

4.,327 

14.781 

44.5 

14.776 

-25 

6.500 

6.52 

-0.02 

4.830 

14.927 

33.5 

14.919 

-6 

7.282 

7.30 

-0,02 

5.333 

15.091 

30.5 

15,081 

-64 

7.961 

8.00 

-0.04 

5.837 

15.324 

29.5 

15.311 

-39 

8.649 

8.70 

-0.06 

6.348 

15.624 

31 

15.606 

+36 

9.311 

9.28 

t0.03 

6.870 

15.878 

32 

15.856 

+44 

9.919 

9.85 

+ 0.07 

7.404 

16.100 

33.6 

16.072 

-16 

10.422 

10.42 

0 

7.936 

16.412 

37 

18.377 

427 

10.987 

10.96 

+0. 03 

8.382 

16.R10 

39 

16.763 

•158 

11.613 

11.48 

*0.13 

8.936 

17.013 

42.5 

16.953 

+63 

12.028 

11.96 

(^0.07 

9,476 

17.402 

45 

17.324 

+174 

12.574 

12.42 

+0.15 

9.992 

17.673 

47.6 

17.671 

aB6 

13.004 

12.92 

+0.06 

10.514 

17.MS 

50 

17.807 

^1S2 

13.407 

13.30 

*0.11 

11.039 

18.293 

54 

18.105 

+145 

13.880 

13.75 

*0.13 

11.557 

18.583 

58.5 

18.316 

+91 

14.229 

14.12 

+0.11 

12.088 

19.137 

60.5 

18.770 

+283 

14.803 

14.55 

+0.25 

12.029 

19.244 

66 

18.744 

-6 

14.919 

14.92 

0 

13.174 

19.669 

68.5 

19.049 

*49 

16.334 

15.33 

0 

13.715 

19.861 

76.5 

19.219 

-46 

15.619 

15.66 

-0.04 

14.253 

20.095 

80.5 

19.575 

440 

16.088 

16.02 

+0.07 

14.780 

20.105 

89 

19.695 

-90 

16.280 

16.32 

-0.04 

15.293 

20.299 

90.5 

19.922 

-90 

16.585 

16.64 

-0. 06 

15.840 

20.428 

93 

20.143 

-92 

16.893 

16.95 

-0.06 

16.422 

20,738 

94.5 

20.523 

• 58 

17.343 

17.24 

+0.10 

16.977 

21.082 

108.5 

20.910 

+223 

17.806 

17.56 

+0.24 

17.500 

20.972 

112 

20.830 

-70 

17.786 

17.85 

-0.10 

18.078 

21.532 

lie 

21.413 

1303 

18,438 

18.14 

+0.30 

18.685 

21.395 

118 

21.295 

-SO 

18.385 

18.41 

*0.03 

19.286 

21.S13 

122 

21.428 

-117 

18.678 

16.69 

-o.n 

19.856 

21.905 

146.5 

21.833 

+78 

19.033 

18.96 

+0. 07 

20.370 

22.147 

148.5 

22.086 

•156 

19.341 

19.17 

+0.17 

20.007 

22.286 

154 

22.232 

<122 

19.532 

19.41 

*0.12 

21,468 

22.247 

157 

22.188 

-87 

19.553 

19.62 

+0. 07 

22.055 

22.580 

161 

22.544 

+57 

19.944 

19.87 

+0.07 

22,670 

22.862 

167.5 

22.822 

+157 

20.277 

20.08 

+0.20 

23.314 

22.90G 

170.6 

22.871 

44 

20.384 

20.34 

+0,04 

23.989 

23.098 

173 

23.067 

• 2 

20.630 

20.60 

+0.03 

24.697 

2.3.348 

182 

23.318 

+48 

20.923 

20.85 

+0.07 

25.312 

23.604 

229.5 

23.476 

+26 

21.126 

21,08 

+0.05 

25.825 

24.074 

239.5 

24.049 

*462 

21.724 

21.27 

+0.45 

26.355 

24.281 

242 

24.268 

+621 

21.968 

21.45 

+0.60 

26.903 

23.603 

247 

23.782 

-108 

21.502 

21.62 

-0.12 

27.470 

24.142 

251 

24.122 

+62 

21.852 

31.80 

+0.05 


^ Calculated atomic cross section values Cafcalo) were obtained by Interpolation of tables 
compiled by J. H. Hubbell, H. A. GImm, and I. 0verb^ (private oommunloatloo). 

Obtained by subtraoting the total photoneutron cross section measured (Ref. 15) by L. M. 

Voung from <r„p(Bi). See also Ref. 14, 

on firm ground for asserting that discrepancies with 0 ( (calc) obtained by interpolation of values 

between measurement and the earlier tabulations found in Ref. 6. The discrepancy S<Tf is listed, 

for large Z and w arise from assumptions made where 

in the calculations. 

Tables ni and IV compare o, for Ta and Bi 


0O( >9, -a,(calc). 


(9) 
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TABLE V. Valna* and a> of the AI aboorption croaa aeotloa cAitaliied from different data 
aeta A and B for photon energlea u below the photonuolear giant reaonance. Data aet A waa 
accumulated In al^t one-quarter the time required for data aet B, at an average counting rate 
about 4% higher. The difference d^uo between the two meaauremente la Hated, aa are o,ta(Al) 
obtained by atatlatloally weighting both data aeta, Interpolated from a table * of calculated 
valuea, and do the dlfferenoe between Oaic and the experimental valuea o„p(Al) obtained from 
by correcting for In-acattering and atr dlaplacement. 


u (MeV) 

O’, 

(b) 

(b) 

(mb) 

»a«(A1) 

(b) 

“ixpCAD 

(b) 

Ucfc (Al) 
(b) 

Str 

(mb) 

3.873 

1.398^0.0075 

1.38610.007 

+13 

1.388 ±0.007 

1.391 

1.418 

27 

4,327 

1.33810.0075 

1.323 1 0.0035 

•16 

1.32610.004 

1.329 

1.364 

25 

4.830 

1.272 i 0.005 

1.272 1 0.0026 

0 

1.272 1 0.003 

1.274 

1.293 

19 

5,333 

1.233^0.004 

1.22610.002 

+7 

1.22810.002 

1.230 

1.244 

14 

5.837 

1.187 i: 0.0035 

1.186 1 0.002 

+1 

1.186 1 0.002 

1.188 

1.202 

14 

6.348 

1.150 ± 0.0035 

1.154 ±0.002 

-4 

1.163 1 0.002 

1.156 

1.167 

12 

6.870 

1.126 ±0,0036 

1.130 ±0.002 

-4 

1.129 ±0.002 

1.131 

1.139 

8 

7.404 

1.106±0.004 

1.107 ±0.002 

-1 

1.107 1 0.002 

1.109 

1.115 

6 

7.936 

1.086:1:0.004 

1.089 1 0.002 

-4 

1.0S8± 0.002 

1.090 

1.097 

7 

8.382 

1.068 1 0.0045 

1.067 ±0.002 

+1 

1.067 1 0.002 

1.069 

1.079 

10 

8.936 

1.069 ± 0,0045 

1.058 ± 0.0025 

±1 

1.068 1 0.002 

1.060 

1.062 

2 

9.476 

1.046 10.006 

1.038 1 0.0026 

+7 

1.040 1 0.002 

1.042 

1.051 

9 

9.992 

1.03610.006 

1.03510.003 


1.036 1 0.003 

1.037 

1.040 

3 

10.al4 

1.02210.006 

1.023 1 0.0026 

-1 

1.023 1 0.003 

1.025 

1.029 

4 

11.038 

1.01810.00SS 

1.01510.003 

+4 

1.01610.003 

1.018 

1.018 

0 

11.667 

1.008 1 0.006 

1.00410.003 

i4 

1.005 ±0.003 

1.007 

1.009 

2 

12.088 

0.985±0.006 

1.003 ±0.003 

-18 

0.999 i0.003 

1.001 

1.001 

0 

12.629 

0.996 ± 0.0065 

0.965 ± 0.0035 

0 

0.995±0.DO4 

0.997 

0.995 

-2 


* J. Hubbell, H. Glmm, and I, Olverb^ (private communlcatlonl. 


At Mainz Oj haa been meaaured for Ta over three 
intervals of photon energy tying within the energy 
range studied in this experiment. Interpolation 
of the data of Ahrens ef al. (given in Ref. 6) pro¬ 
vides values of Oj which agree very well with the 
present data, as TRble III shows. 

Similarly If the values of the total absorption 
cross section for Fb measured at Mainz are 
scaled up according to the ratio of calculated* 
atomic cross sections (a factor of 1.020 applies 
over most of the photon energy range) they agree 
closely with our measured values where the two 
data sets overlap. 

A set of experimental values of o,, the cross 
section for electron pair production on the nucleus, 
was obtained by subtracting from <t, the aum of 
the calculated atomic cross sections (photoelec- 
tric, Compton, Rayleigh, and trlidet); 

The cross sections In the parentheses In (10) have 
been recalculated by RUbbell, filmm, and CSrerbdl* 
The new values do not differ materially from 
older ones and are preaumed to be accurate to 
better than 0,3%. The measured nuclear pair 
cross section o, is compared is Tables in and 
"f with q,(calc) obtained by Hubbell ef aU using 

ilatlvlstlc atomic form factors In the screening 


correction as well as the Qlverb^ estimate of the 
Coulomb correction. The discrepancy bo, is tabu¬ 
lated, where 

6a, =cr,-a,(calc). (11) 

Table VI compares for Bi the average 9, of the 
Ottawa and "Mainz" (rescaled) values of a, with 
a,(calc). The unscreened, point nucleus. Born 
approximation prediction of the nuclear pair 
cross section at intermediate energies is” 

-f{Z)V^ - 218/27 +AAI}+AC' +AS)/„, , 

( 12 ) 

where the curly-bracket term is the Davies-Bethe- 
Maxlmon croes section Ocm ■ ITie fine structure 
constant a and the classical radius of the electron 
r, are contained in 

Oo'Z'oro*, (13) 

and the photon energy, expressed in terms of the 
electron mass energy m as 

A*ii)/m, (14) 

enters logarithmically via 

A>ln2ik. (15) 

The correction term AM added to the Bethe-Heltler 
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TABLE IV. Measured raluss of the absorption cross seottoo of blsmutb sod their 

atattsUcal errors £„ are listed against photon energy u along with the atomlo cross sections 
ojfBl) and nuclear pair cross secUons o^Bt) obtained from them. The amounts 4a, and 4a, 
by which a,(Brt and a,(BU exceed the calculated* values a,(calc) and a,(calc) are also given. 


u> 

(MeV> 

a„p(Bl) 

(fa) 

*o 

(mb) 

<^,(Bl>‘' 

(fa) 

6ag 

<mb) 

(TgfBO 

(fa) 

aj^calo) 

(fa) 

5a, 

(b) 

3.869 

14.846 

i76.5 

14.841 

+103 

5.854 

5.80 

+0.05 

4.327 

14.781 

44.5 

14.775 

-25 

6.500 

6.52 

-0.02 

4.B30 

14.927 

33.6 

14.919 

-6 

7.282 

7.30 

-0.02 

5.333 

15.091 

30.5 

15.081 

-64 

7.061 

8.00 

-0.04 

5.837 

15.324 

29.5 

15.311 

-39 

8.649 

8.70 

-0.05 

6.348 

15.624 

31 

15.606 

436 

9.311 

9.28 

+0.03 

6.870 

15.878 

32 

15.856 

+44 

9.919 

9.85 

+0. 07 

7.404 

16.100 

33.5 

16.072 

-16 

10.422 

10.42 

0 

7.936 

16.412 

37 

18.377 

+27 

10.987 

10.96 

+0.03 

8.382 

16.810 

39 

16.763 

+158 

11.613 

11.46 

+ 0.13 

8.936 

17.013 

42.5 

16.963 

+63 

12.028 

11.96 

+0.07 

9.476 

17.402 

45 

17.324 

+174 

12.574 

12.42 

+0.15 

B.992 

17.673 

47.5 

17.671 

+166 

13.004 

12.92 

+0.08 

J0.514 

J7.94S 

50 

17.807 

+132 

13.407 

13.30 

+0.11 

11.039 

18.293 

54 

18.105 

^145 

13.860 

13.75 

+0.13 

11.657 

18.583 

58.5 

18.316 

+91 

14.229 

14.12 

+0.11 

12.088 

19.137 

60.5 

18.770 

<283 

14.803 

14.55 

+0.25 

12.629 

19.244 

66 

18,744 

-6 

14.919 

14.92 

0 

13.174 

19.669 

68.5 

19.049 

+49 

15.334 

15.33 

0 

13.715 

19.861 

76.5 

19.2X9 

-46 

15.619 

15.66 

-0. w 

14.263 

20.09S 

60.5 

19.676 

<40 

16.088 

16.02 

+0.07 

14.780 

20.165 

89 

19.695 

-90 

16.280 

16.32 

-0.04 

15.293 

20.299 

90.5 

19.922 

-90 

16.685 

16.64 

-0.06 

15.840 

20.428 

93 

20.143 

-92 

16.803 

16.95 

-0.06 

16.422 

20.738 

94.5 

20.523 

+68 

17.343 

17.24 

fO. 10 

16.977 

21.082 

106,5 

20.910 

■223 

17.806 

17.56 

*0,24 

17.500 

20.972 

112 

20.830 

-70 

17.785 

17,85 

-O.IO 

18.078 

21.532 

116 

21.413 

♦303 

18.438 

18.14 

+0.30 

18.665 

21.395 

118 

21.295 

-30 

18.385 

18.41 

+0.03 

19.286 

21.513 

122 

21.428 

-117 

18.678 

18.69 

-0,11 

19.856 

21.905 

146.6 

21.833 

*78 

19.033 

18.96 

+0.07 

20.370 

22.147 

146.5 

22.086 

+156 

19.341 

19.17 

+0.17 

20.907 

22.286 

154 

22.232 

+ 122 

19.532 

19.41 

+0.12 

21.488 

22.247 

157 

22.198 

-87 

19.553 

19.62 

+0. 07 

22.055 

22.589 

161 

22.544 

<57 

19.944 

19.87 

+0. 07 

22.670 

22.862 

167.5 

22.622 

+157 

20.277 

20.08 

+0.20 

23.314 

22.006 

170.5 

22.871 

+4 

20.384 

20.34 

• 0.04 

23.989 

23.098 

173 

23.067 

+2 

20.630 

20.60 

+0.03 

24.697 

23.348 

182 

23.318 

+48 

20.923 

20.85 

+0.07 

25.312 

23.504 

229.5 

23.476 

+26 

21.126 

21.08 

+0.05 

26.625 

24.074 

239.5 

24.049 

+462 

21.724 

21.27 

+0.45 

26.355 

24.281 

242 

24.258 

+621 

21.958 

21.45 

+0.60 

26.903 

23.803 

247 

23.782 

-108 

21.602 

21.62 

-0.12 

27.470 

24.142 

251 

24.122 

+62 

21.862 

21.80 

+0.05 


•“ Caloulaiod atomic cross section values a,<oalo) were obtained by Interpolation of tables 
compiled by J. H. Hubbell, H. A. Gimm, and I. Qfverb^ (private oonrimunloation). 

° Obtained by aubtracUng the total photoneutron cross section measured (Ref. 16) fay L. M. 
Young from a„p(Bi). Bee also Ref. 14. 


firm ground for asserting that discrepancies 
tween measurement and the earlier tabulations 
r large Z and w arise from assumptions made 
the calculations. 

Tables m and IV compare o, for Ta and B1 


with a, (calc) obtained by Interpolation of values 
found In Rel. 6. The discrepancy So, is listed, 
where 

(«) 


6a,»a,-o,(calc). 
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TABLE V. Valuea and Og of the Al absorption oroas aaetlon obtained from different data 
sets A and B for photon energies u below die photonuolear giant resonance. Data set A was 
aoonmulated In about one-quarter the time required for data set B, at an average counting rate 
about 4% higher. The dlfferenoe S^ga between the two measurements Is listed, as are u^(Al) 
obtained by statistloally weighting bodi data sets, <r~^ Interpolated from a table * of oaloulated 
values, and 6a the di^renoe between o —i- and the experimental values Oe„p(Al) obtained from 
<'as(Al) by oorreotlng for In-acattering and air displacement. 


ta (MeV) 

Vjl 

(b) 

"a 

(b) 

^AS® 

(mb) 

Vab(A1 ) 

(b) 

v„p(Al) 

(b) 

Vafc (Al) 
(b) 

iff 

(mb) 

3.873 

1.396 :t0.0G7S 

1.386 ±0.007 

+13 

1.388 ±0.007 

1.391 

1.418 

27 

4,327 

1.338 ±0.0075 

1.323 ± 0.0035 

+15 

1.326 ±0.004 

1.329 

1.364 

26 

4.830 

1.272 10.006 

1.272 ± 0.0025 

0 

1.27210.003 

1.274 

1.293 

19 

5.333 

1.233-1:0.004 

1.226 ±0.002 

+7 

1.228 ±0.002 

1.230 

1.244 

14 

5.837 

1.187 ±0.0035 

1.186 ±0.002 

n 

1.186 ±0.002 

1.188 

1.202 

14 

6.348 

1.150 ± 0.0035 

1.154 ±0.002 

-4 

1.153 ±0.002 

1.155 

1.167 

12 

6.870 

1.126 ±0.0036 

1.130 ±0.002 

-4 

1.129 ±0.002 

1.131 

1.139 

8 

7.404 

1.106± 0.004 

1.107 ±0.002 

-1 

1.107 ±0.002 

1.109 

1.115 

6 

7.936 

1.085 ±0.004 

1.089 ±0.002 

-4 

1.088 ±0.002 

1.090 

1.097 

7 

8.382 

1.068 ± 0.0045 

1.067 ±0.002 

+l 

1.06710.002 

1.069 

1.079 

10 

8.936 

1.059 ± 0.0045 

1.068 ±0.0025 

+1 

1.068 ±0.002 

1.060 

1.062 

2 

9.476 

1.045 ±0.005 

1.038 ± 0.0025 

*7 

1.04010.002 

1.042 

1.051 

9 

9.992 

1.036 ±0.005 

1.035 ±0.003 

a 

1.035 ±0.003 

1.037 

1.040 

3 

10.U14 

1.022 ±0.005 

1.023 ± 0.0025 


1.023 ±0.003 

1.025 

1.029 

4 

11.039 

1.019 ± 0.0055 

1.015 ±0.003 

^4 

1.01610.003 

1.018 

1.018 

0 

11.557 

1.008 ±0.006 

1.004 ±0.003 

+4 

1.005 ±0.003 

1.007 

1.009 

2 

12.088 

0.985 ±0.006 

1.003 ±0.003 

-18 

0.999 ±0.003 

1.001 

1.001 

0 

12.629 

0.995 ± 0.0065 

0.995 ±0.0035 

0 

0.905 ±0.004 

0.997 

0.995 

-2 


* J. Hubbell, H. Glmm, and I, dvertW (private communication). 


At Maine Og has been measured (or Ta over three 
intervals of photon energy lying within the energy 
range studied In this experiment. Interpolation 
of the data of Ahrens et al. (given In Ref. 6) pro¬ 
vides values of Oj which agree very well with the 
present data, as lUile in shows. 

Similarly If the values of the total absorption 
cross section (or Pb measured at Mainz are 
scaled up according to the ratio of calculated* 
atomic cross sections (a factor of 1.020 applies 
over most of the photon energy range) they agree 
closely with our measured values where the two 
data sets overlap. 

A set of experimental values of th* cross 
section for electron pair production on the nucleus, 
was obtained by subtracting from o, sum of 
the calculated atomic cross sections (photoelec¬ 
tric, Compton, Rayleigh, and trl]det): 

• Ux - (off. *<fc+ag +a,). (10) 

The cross sections In the parentheses In (10) have 
been recalculated by Hubbell, dmm, and OtveibiiL* 
The new values do not differ materially from 
older ones and are presumed to be accurate to 
better than 0.2%. The measured nuclear pair 
oross section Og Is compared in Tables IH and 
^ with ax(calc) obtained by Hubbell et al. using 
lelatlvlatic atomic form factors In the screening 


correction as well as the (}verbi^ estimate of the 
Coulomb correction. The discrepancy So* is tabu¬ 
lated, where 

Oo, -Ojr(calc). (11) 

Table VI compares for Bi the average 9g of the 
Ottawa and "Mainz” (rescaled) values of a, with 
o,r(oalc). The unscreened, point nucleus. Born 
approximation prediction of the nuclear pair 
cross section at Intermediate energies Is** 

Og *(o„{28[x -/(Z)]/9 - 218/27 + AM) + AC' + AS)/,^ , 

( 12 ) 

where the curly-brachet term is the Davles-Bethe- 
Maxlmon cross section Oosm • The fine structure 
constant a and the classical radius of the electron 
Tg are contained in 

Og^Z^arg*, (IS) 

and the photon energy, expressed in terms of the 
electron mass energy m as 

A«w/m, (14) 

enters logarithmically via 

X-In2A. (15) 

The correction term aM added to the Bethe-Heltler 
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TABLE V7. The moMawred nluea (Tg d IhfB elaetroa pair oroaa aeoSou oa die St aaotaaa 
(above B.s UeV, the mean of Ottawa valma for Bt, and Maiaa ralaea tor Pb reaaatedaad la- 
tarpolated) are compared witii Cgtoalc} obtataed (Sbf. 6) by Sabbell, Otmm, aad Overbdat 
each pbotoD energy u>. Alao dated are the Davtea-Betbe-Mtxtmoa oroaa aeottoa dg 
divided by the radiative oorrectioD/,^, the experimental values of the oomUaed oorreottoa 
(AC' ■^AS^ for the energy dependent part of the Coulomb oorreottoa plaa tbe soreeatag oorreo- 
tlon, and the oombined oorrectlon expressed as a fraottoa of tbe Betbe-Beltler oroaa aeotloa 
‘'bh- 


(a) 

(MeV) 

(T, 

(b) 

e^oalc) 

(b) 

"raii! 

(b) 

Ogffm 

(b) 

(AC' +AS) 

(b) 

(AC' +ASi 

"bh 

3.869 

5.854 

5.80 

0.9556 

5.742 

4.786 

3.151 

4.327 

6.500 

6.52 

1.768S 

6.338 

4.570 

1.571 

4.830 

7.282 

7.30 

2.5791 

7.171 

4.592 

1.074 

5.333 

7.961 

8.00 

3.3111 

7.855 

4.544 

0.8255 

6.837 

8.649 

8.70 

3.9740 

8.536 

4.562 

0.6885 

6.348 

9.311 

9.38 

4.5825 

9.191 

4.608 

0.6010 

6.870 

9.919 

9.85 

5.14S9 

9.793 

4.647 

0.4746 

7.404 

10.422 

10.42 

5.6690 

10.291 

4.622 

0.4825 

7.936 

10.987 

10.96 

6.3021 

10.950 

4.548 

0.4366 

6.382 

11.613 

]1.48 

6.9274 

11.470 

4.543 

0.4119 

8.936 

12.028 

11.96 

7.8452 

11.881 

4.036 

0.3387 

9.476 

12.536 

12.42 

8.6986 

12.384 

3.785 

0.2994 

9.902 

12.956 

12.92 

9.2748 

12.800 

3.525 

0.2650 

10.514 

13.410 

13.30 

9.9206 

13.248 

3.327 

0.2368 

11.039 

13.871 

13.75 

10.5358 

13.704 

3.168 

0.2179 

11.S57 

14.238 

14.12 

11.1125 

14.067 

2.954 

0.1955 

12.088 

14.726 

14.S5 

11.6755 

14.549 

2.874 

0.1834 

12.629 

14.935 

14.92 

12.2226 

14.758 

2.535 

0.1564 

13.174 

15.312 

15.33 

12.7493 

15.132 

2.383 

0.1424 

13.715 

15.769 

15.86 

13.2500 

15.496 

2.246 

0.1303 

14.253 

16.126 

16.02 

13.7277 

16.940 

2.212 

0.1249 

14.780 

16.343 

16.32 

14.1778 

16.155 

1.977 

0.1089 

15.393 

16.636 

16.64 

14.6003 

16.445 

1.845 

0.0992 

15.640 

16.939 

16.95 

15.0350 

16.746 

1.710 

0.0899 

16.422 

17.324 

17.24 

15.4808 

17.126 

1.645 

0.0845 

16.977 

17.704 

17.58 

16.8910 

17.603 

1.612 

0.0811 

17.600 

17.829 

17.85 

16.2654 

17.627 

1.362 

0.0672 

18.078 

18.302 

18.14 

16.6659 

18.095 

1.429 

0.0692 

18.665 

18.403 

18.41 

17.0597 

18.196 

1.136 

0.0539 

19.286 

18.642 

18.69 

17.4827 

18.432 

0.969 

0.0451 

19.856 

18.993 

18.96 

17.8212 

18.780 

0.959 

0.0439 

20.370 

19.258 

19.17 

18.1358 

19.042 

0.906 

0.0409 

20.907 

19.469 

19.41 

18.4559 

19.252 

0.796 

0.0354 

21,468 

19.605 

19.62 

18.7816 

19.386 

0.604 

0.0265 

22.055 

19.925 

19.87 

19.1134 

19.703 

0.590 

0.0255 

22.670 

20.209 

20.08 

19.4515 

19.984 

0.532 

0.0227 

23.314 

20.400 

20.34 

19,7959 

20.174 

0.378 

0.0159 

23.989 

20.656 

20.60 

20.1467 

20.427 

0.280 

0.0116 

24.697 

20.934 

20.85 

20.5042 

20.703 

0.199 

0.0081 

25.312 

21.144 

21.08 

20.8066 

10.911 

0.104 

0.0042 

25.825 

21.531 

21.27 

21.0532 

21.294 

0.241 

0.0096 

26.355 

21.736 

21.45 

21.3029 

21.497 

0.194 

0.0077 

26.903 

21.594 

21.62 

21.5559 

21.356 

-0.200 

-0.0078 

27.470 

21.856 

21.80 

21.8122 

21.616 

-0.196 

-0.0076 

axaBsssssssssssssss 


terms of aciM Is due to Maximon**; 

AM =KA-K^B-I^C, 
where 

*■=( 2 /*)* , 


(18) 


and the coefficients of (16) are 

A"(!)X‘-X*-(»V3-6)X 

+»*/6-J+2f(S), 


(17) 


(18a) 
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B-(3/1«)X+*, (18b) 

C «(29/2S04)X - (77/13 824), (18c) 

and C(3) 1.2020560. In (12), AS Is the screen¬ 

ing correction. The Coulomb correction AC con¬ 
tributes two terms to (12) and is given by 

AC = -(28/9)ao/(Z) + AC' , (19) 

where AC* vanishes in the extreme relativistic 
limit, and 

/(Z)«a*g[l/»(n>+a*)l (20) 

with 

a^Za. ( 21 ) 

The radiative correction in (12) is given by‘ 

/,^=l+0.0093(ln2*- 1.58)/(ln2*-2.08). (22) 

Table VI lists the experimental average cross 
section 5, for B1 alongside the values calculated 
by Hubbell, Gimm, and Qhrerbd. The agreement 
IS excellent However, the AC used in the calcu¬ 
lations is empirical, and is uncertain by about 10% 
according to Maximon and Gimm."’ It is difficult 
to calculate it exactly. We can usefully, there- 
lore, obtain from 9, a list of experimental values 
of the sum of the screening correction plus the 
energy-dependent Coulomb correction. This sum 
of corrections is obtained from the experimental 
data by means of 

(AC + as) *= (0|r/y,id — Op0n). (23) 

Its values are listed in Table VI. It has also been 
expressed as a fraction of the Bethe-Heltler cross 
section Omt where 

a,„«Oo(28x/9-218/27), (24) 

in the last column of the table. 

It should be noted that we have used one of 
Maximon’s expansions, 

a/= (2*/3)o„I(fc- 2)/hHl +€/2 +23eV40 

+ 37eV210(25) 

where 

€=(Ii-2)/(* + 2), (26) 

to calculate odsm at small values of k using 

ODBM=ff/-28ff,/(Z)/9. (27) 

The expansion (25) Is supposed to be good for 
values of k less than 4. We have used it up to 
'^'404 MeV in order to obtain a smooth transition 
to values of ai,,„calcuUted using the term con¬ 
tained in curly brackets in (12). 

As can be seen from Table VI, the measured 


and measured mean values of for Bi differ 
from o,(calc) by less than the statistical errors. 
Indeed, up to 14 MeV the average discrepancy 
over 2 MeV intervals fluctuates between about 
+0.02% and -0.02%. Between 14 and 28 MeV it 
fluctuates between about +0.2% and -0.3%. Since 
the gum of the cross sections contained within the 
parentheses of (10) (which is about one-third as 
large as Og) is uncertain to about 0.2% (possible 
systematic error) this agreement may be fortuitous. 
Combining the experimental statistical errors of 
about 0.6% we estimate an uncertainty of 0.4% in 
the mean measured values. The various sources 
of uncertainty are summarized in Table vn. We 
conclude that o,((calc) and Og agree to within about 
(0.5± 0.4)% over the range of photon energies 
studied in this experiment. In the region of the 
giant dipole resonance the uncertainty in the dis¬ 
crepancy increases to about +0.6% because of a 
possible 10% uncertainty in the nuclear absorption 
cross section. Some of the local deviations from 
Oj[(calc) may be significant, however. If we com¬ 
pare values of the pair cross section Og measured 
only in the present experiment with o,(calc), we 
see from Tables in and IV that between 6 and 13 
MeV Og is systematically the larger in both Ta 
and Bi. The average discrepancy is about +2S, 
where E is the standard deviation in a single mea¬ 
surement, and so is significant. For Ta between 
13 and 17 MeV the average discrepancy in the 
cross section changes sign and decreases In mag¬ 
nitude to about -O.OE. However, the Mainz mea¬ 
surements for Ta are larger than Oi(calc) by 
about the same amount, so above 13 MeV an 
average Sg of the Ottawa and Mainz cross sections 
agrees very well with the values of Hubbell et aL*, 
as mentioned earlier. At 6.418 MeV Moreh and 
Wand' obtained (12 777 ± 12) mb tor the total cross 
section of Ta and (15 487± 15) mb for Bi. Corres¬ 
ponding values interpolated from our data are 
U2 819 + 22) mb and (15 662 ±32) mb. For Ta, 
the value of Og deduced from the Negev measure¬ 
ments lies 33 mb above Or(calc) while ours lies 
75 mb above, whereas for BI the Negev value lies 
125 mb below o,(calc) and ours lies 50 mb above. 
Hence the resonance absorption results corrobor¬ 
ate our measurement of Og for Ta, the mean of 
the two measured values being 0.42% larger than 
o'j((caIc) at 6.418 MeV. For Bi at this energy the 
mean of Ottawa and Negev measured values is 
0.24% less than 0 ((calc). Indeed, all of our mea¬ 
sured OjT between 4.3 and 5.8 MeV are smaller 
than Or (calc). 

SUMMARY AND CONCLUSIONS 
To summarize, the experimental evidence Is 
that Of (calc) for Al, overestlmatsd by nearly 
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TABLE Vn. Summary of unoertaintlea in meaaurod qaantitiee caused by factors which do 
tiot caacel In the ratio of absorbed to transmitted Intensity. The photon ener^ Is denoted Igr 
ui, the total absorption cross section by o, the atomic cross section by and the pair cross 


Measured 

quantity 

Uncertainty 

Cause 

Hemarks 

w 

iO.5% at C MeV 

Umlog 

data were lamped Into 


at 26 MeV 

resolution 

600 keV bins, however 


.1(0.5 1 0.2)% 

energy 

calibration 

includes possible 
drift 

a 

*0.2% at 6 MeV 

counting 

includes background 


*1.0% at 26 MeV 

statistics 

uncertainty 

IT 

^0.os'll or less 

photon flux 
normalization 

dependence on absorber 
poslUon 

a 

>0.1% or lose 

photon flux 
variation 


a 

*0.2% 

mass/unit area 
of absorber 


G 

-O.IS'I, for AI 

photon 

correction applied 


-0.08% (or BI 

In scattering 

correction not applied 

a 

-0.04% to -0.08% for Al 

air displacemont 
by absorber 

oorrecUoo applied 


±0.2% near GDR 

10 % uncertainty 
in photonuolear 
cross section 

additional to 
uncertainties in n 

°K 

*0.1% or loaa 

0 .2% uncertainty 
ln(o„ + 

additional to 
uncertainties in Oz 


2%at4MeV, reachesagreementwlththedataby 13 
MeV; thatorjr(calc)for Ta is on the average about 0.8%. 
too small between 6 and 13 MeV, and is correct 
at higher energies; and that for Bi, ocCculc) is 
about 0.3% too large between 4 and 6 MeV, about 
0.7% too small between 6 and 13 MeV, and is 
correct at higher energies. It should be noted that 
for Ta between 11 and 17 MeV a possible over¬ 
estimate of 10% in the total nuclear absorption 
cross section o, causes an overestimate of about 
0.2% in Ox (and so in a,) and fur Bi an overesti¬ 
mate ranging (rum 0.1 to 0.3% (because of its 
narrower giant dipole resonance). If o, were in 
(act 10% smaller than believed, the conclusion 
that Ox (calc) is too small would not be changed. 
Presumably the empirical Coulomb correction is 
the cause of these discrepancies, and since it 
contributes about 10% to the total cross section at 
intermediate energies it may be as much as 8% 
too small between 6 and 13 MeV for Ta and 7% (or 
Bi. 

Until calculations for are performed for heavy 
elements using exact Coulomb corrections between 
5 and 50 MeV, values of o, accurate to better than 1% 
will only be obtained by experiment. Nevertheless we 
conclude that the improved calculations* of the 
e*-e~ pair cross sections give impressive agree¬ 
ment with experiment, albeit using an empirical 


Coulomb correction. The improved screening 
and Coulomb corrections used in these calcula¬ 
tions are necessary to remove discrepancies as 
large as 3% in the older calculations of the pair 
cross section. In view of the close similarity of 
the matrix element for bremsstrahlung to that to 
pair production, we expect that bremsstrahlung 
cross sections of heavy elements will also requii 
revision. 
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APPENDIX A: COUNTING LOSS CORRECTIONS 

The counting system shown schematically in 
Fig. 1 permits one neutron event to be recorde< 
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after each Llnac beam pulse. An early event 
stopping the time-to-digital converter (TDC) pre- 
irents observation of any later event produced by 
the same beam pulse. With the Llnac operating 
at 720-Ha typically about 6000 events were recor¬ 
ded during each 1-min period when the full LD, 
target was Irradiated without absorber (133 events/ 
s). Total counting losses in this (worst) case were 
3.4%, distributed over 1000 time channels. The 
greatest fractional counting loss (about 16%) oc¬ 
curred in the last channel, whereas the loss in the 
early channels was negligible. The TOF spectra 
were roughly bell shaped with a broad maximum in 
the counting rate per time channel occurring at a 
neutron energy of about 3 MeV. The region of in¬ 
terest corresponding to high energy neutrons lay 
mainly on the early side of the maximum. Count- 
inglosses in these channels were lower than at 3 
MeV where the average losses were about 9% 
without absorber and 3% with absorber. If no 
ead-time correction were applied these losses 
'Quid cause the absorption, ccoes section at a bho- 
m energy of 8 MeV to appear to be about 5% too 
)w (assuming 33% of the 8 MeV photons are 
ransmitted by the absorber). 

The observed count O, in the ith time channel 

O, =Sexp^- (C,/S)exp(-C,/S). (Al) 

'here S is the total number of beam pulses used in 
le experiment. The first exponential term ex- 
resses the reduced probability of the TDC reach- 
ig the ith channel because of the cumulative prob- 
bility than an event will occur in an earlier jth 
hannel. Rewriting (A 1) gives 

C,exp(-Ci/S) = 0,exp^^(C</S)^ . (A2) 

he present TOF data were corrected for dead- 
me channel by channel starting from the earliest, 
ssumlng that exp(-C(/S) had the value unity, ne- 
lecting self-losses in the ith channel. This ap- 
roximation causes a negligible systematic error 
hlch can be determined from the first-order ap- 
roximatlon. Substituting (1 - C|/S) for exp(-C,/S) 
nd F, for the term on the right-hand side, (A2) 
ecomes 

C,-C,Vs-y,. ■ (A3) 

^ere differs little from C<, it can replace C| 

1 the quadratic term, so that 

C,.r,(l+r,/S). (A4) 

1 the maximum point in the TOF spectrum in the 
wstcase, y,/S was about 8x10'*. Including 
le self-loss correction increases the count per 


channel without absorber by 0.08% and the count 
with absorber by 0.03% which (because the absor¬ 
ber cross section Is proportional to the logarithm 
of the ratio of the two counts) represents a 0.05% 
Increase in the cross section at low energy. 

The data presented here were accumulated in 
13 separate runs. All the runs were added together 
and then corrected for counting losses. This pro¬ 
cedure was Justified by the observation that fluc¬ 
tuations from the average counting rate during a 
single run were similar to the fluctuation in aver¬ 
age rate from run to run. For the full LO, target 
without absorber the weighted sum, (8236± 1221) 
events/min, of the average counting rates during 
the individual runs in the Al data set (each indivi¬ 
dual rate weighted by the ratio of the number of 
counting cycles in the run to the total number of 
cycles in the complete data set) differed from the 
mean of all the observations of the rate during all 
the runs, (8013±866) events/min, by less than 3%. 
For this analysis the average counting rate during 
an. individual run. was determined from a secies 
of separate readings taken at random times. 

To estimate the ixissible systematic error intro¬ 
duced by a global dead-time correction, we have 
compared the cross section for Al at low energy 
computed from an additional run of 885 cycles 
duration (about 88.5 beam hours) with the cross 
section obtained from the sum of the present set 
of runs with Al absorber, amounting to 3047 cy¬ 
cles, as shown in Table V. 

An increase by 20% in the observed counting 
rate from the average rate requires dead-time 
corrections of 11% at the maximum of the TOF 
spectrum of LD, without absorber and 4% at the 
maximum of the spectrum with absorber, com¬ 
pared to 7% and 2^ fur a counting rate 20% be¬ 
low average. The same given ratio of “absorber- 
in” to “absorber-out” counts in the maximum 
channel, corrected for dead time according to 
these two different rates, would give values of the 
cross section differing by about ±1.5%. This fig¬ 
ure is an upper limit to the possible error since 
a dead-time correction based on the average 
counting rate will be quite appropriate for about 
half of the data. 

In the B85-cycIe run the average neutron count¬ 
ing rate was (8460 ± 858) events/min where the 
quoted error is the average of the absolute values 
of the deviations from the mean of 51 readings 
recorded at different times during the run. This 
is 4% higher than the average rate of (8172 
± 947) events/min for the remaining Al runs. The 
absorption cross sections for Al extracted from the 
two different data sets are compared in Table V 
at low energies. We see for example that at 7.936 
MeV the two values (1.085 ± 0.004) b and (1.089 
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±0.002) b differ by no more than 0.4%, which is 
less than the statistical uncertainty. One might 
therefore estimate that at energies as low as 8 
MeV the possible error resulting from ai^lying 
the dead-time correction globally to all the data 
could be about ±0.2%. However, the average 
difference between the two sets of measured 
cross sections over the photon energy interval 
3.87 to 12.6 MeV is only ±0.0013 b, which Is 
a discrepancy of only 0.1%. 


APPENDIX B: SCATTERING CORRECTIONS 

At low energy the Compton scattering cross 
section Oc is a large fraction of the total photon 
cross section a. As the Incident photon energy 
Increases the fractional contribution of Oq de¬ 
creases. For Al, Of. contributes 94.5% of o at 3 
MeV, and 52.5% at 15 MeV; while for Bl, Oq Is 
64.3% of o at 3 MeV, and 15.8% at IS MeV. Some 
Compton-scattered photons, reduced in energy, 
remain within the detection solid angle causing an 
apparent reduction in the measured cross section 
at a lower energy. We can show, however, that 
the effect is quite small for Al, and negligible lor 
Bl. 

Because the solid angle subtended by the LD, 
target at the absorber was small, the energy ui' 
of photons scattered by the absorber through an 
angle f>, into the target differed by only a small 
amount Ais from the energy ui of the incident 
photon; 

Au) =u)(l+/f”*tl - cosfl ,)"‘]*‘1 (Bl) 

where Au; = (ai-a)'), k-u/m, and m is the mass 
energy of the electron. The bremsstrahlung enter¬ 
ing the absorber was collimated into a cone whose 
apex half angle (0.55°) was slightly less than the 
angle subtended at the radiator by the exit end of 
the LD, target. The radiator was 1.34 m from the 
front face of the absorber and 2.49 m from the 
front face of the LD, target. For the Ta and Bl 
absorbers, each about 2.5 cm long, the maximum 
possible in-scattering angle fl“‘was 2.5°. For the 
Al absorber (about 18 cm long) 9J“was 2.9°. Be¬ 
tween the mid plane of the Al absorber and the 
center of the LD, target. 8, could be no larger 
than 2.5°. The average solid angle for In-scatter¬ 
ing was about 1.84 msr for the Al absorber. 

Scattering by 2.5° reduces the energy of 10 MeV 
photons by 183 keV, of 20 MeV photons by 718 keV, 


and of 30 MeV photons by 1588 keV. The cross 
section for attenuation of a photon varies slowly 
with u) and is essentially the same before and 
after a small-angle scattering. The path length 
in the absorber traversed by a detected photon is 
very nearly the same whether or not scattering 
has occurred. 

The differential cross section for scattering of 
unpolarlzed (diotons by electrons according to 
Klein and Nishina is 

' (ro'/2)(<D'/<D)’(u)/ui' ±w'/w - sin’s,), (B2) 

where r. Is the classical radius of the electron. 
For 8,-2°, so that 8ln8,-10"’, (B2) can be written 
as 

^^^^e«r„’(a)'/t*>)(l-Aci)/u)) (B3) 

and hence as 

r„’(l - Au)/(i))(l - 2 a<u/u) . (B4) 

At 10 MeV, dOc/dn can fall to about 0.94 r,’, and 
at 30 MeV it can fall to about 0.84 r,’, when cr^ is 
as large as 2.5°. It is a slight overestimate there¬ 
fore, for an absorber of atomic number Z, to use 
Z times the zero-angle differential scattering 
cross section for hydrogen (r,’ = 79.41 mb) as the 
forward-scattering differential cross section aver 
aged over the detection solid angle: 

The effect of In-scattering thought of as a (nega¬ 
tive) cross section "a,” can therefore be expressed 
as a fraction of o(w) by 

(•V,’7o(u;)). - . (B5) 

For Al at 10 MeV, where a is 1.037 b, the effect 
is smaller than 0.18%. In the case of Bl at 10 
MeV, in-scattering can reduce the cross section 
observed in this experiment by no more than 0 . 08 %, 
and by lesser amounts at higher energies. Even 
at 10 MeV this correction Is three times smaller 
than the statistical error In the experimental value, 
and is an even smaller fraction of It at lower or 
higher energies. Hence no correction has been 
aH>Ued to the Ta and Bl cross sections. 
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It i* shown that the basic quantity of the abrasioa-ablatioo model of nucleua-nucleui ooUiaions, namdy 
the probability of extracting a nucleon fnjm the pnyectile, it a quati-univetial quantity. It can be given a 
form which does not depend upon the target and which depends weakly upon the projectile. It is shown 
how this property is related to the weak factorization of the croas sections. 


p4UC!.EAR REACTIONS Fragmentation In relattvtatlc heavy Ion colllalons 
L Factorization of the croaa section. 


It has been observed for a few years'*’ that the 
inclusive fragmentation cross sections in the rela¬ 
tivistic nucleus-nucleus collisions can be factor¬ 
ized according to the formula 

tr<F,P,T)=<rjT„, (1) 

where F, P, and T stand for the fragment, the 
projectile, and the target, respectively. Form 
(1) can be called weak factorization as apposed to 
the strong factorization form which reads 

o(F,P,T) = <rJyT- (2) 

The present experimental data do not allow one to 
draw conclusions about the validity of relation (2). 

It has been shown recently’ that the abrasion- 
ablation model'*'^ of relativistic heavy Ion colli¬ 
sions predicts that weak factorization Is at^roxi- 
mately valid while strong factorization is violated. 
In this paper, our aim is to bring to light the ex¬ 
act relation between the abrastoa-ablatlon model 
and the factorization and to comment about some 
properties of the model. 

Let us call o„(P, T) the abrasion cross section 
for removing » nucleons from the projectile. It is 
clear that the factorization of a,(P, T) implies the 
one of the abrasion-ablation cross section (see 
Ref. 5). Otoe has the basic retatians' 

(3) 

where the probability function Pf^(b) is defined by 
■Ppt(*')= Jd’fd>p(r)expl^T<r„0T(1+6)] (4) 

with 

dep,(T,z), f=P,T. (5) 

In the above equations, or„„ is the nucleon-nu- 
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Cleon cross section and p is the nuclear density, 

(1, z) are cylindrical coordinates with z along the 
Incident direction and B is the Impact parameter. 

We recall that Eqs. (3)-(5) are obtained by usini; 
the nonrelativlstlc Glauber multiple scattering 
theory* as applied"’"*’' to a composite projectile 
and target. It is interesting to note that the trivial 
relativistic extension, namely the introduction of 
liOrentz contracted objects, does not change the 
value of Pp^(b) since the function is not af¬ 
fected by a Lorentz contraction. 

We have computed the quantities o„(P, T) and 
Pft(b) for a large number ot colliding pairs. Our 
results confirm those of Ref. 3. Moreover, we 
observed that the probability function Pftib) can 
be written 

PptW -«T>. 

where the function/p(x) only d^ends upon the pro¬ 
jectile P. In other words, the quantity Pffib) only 
depends on the target T by a translation of the co¬ 
ordinate. More remarkable perhaps is the fact 
that the amplitude of the translation does not 
depend upon the projectile (see Table I). We show 
In Fig. 1 how the relation (6) is fulfilled for the 
’■■Al and ""Ag projectiles. The discrepancy for 
x= b — if smaller than 5 Im which arises for light 
targets only can be disregarded in practice since 


TABLE 1. The translation amplitude { (In fm) ot Eq- 
(6) for different projectiles (P) and targets (T). It 
appears that { Is a function of T only. 


t 

'to 

»A1 

T 

«Cu 

"”Ag 

JMpb 

‘to 

-2.1 

-IJ 

0 

1.1 

2.6 

»'A1 

-2 

-1.3 

0 

1 

2.5 

P “Cu 

-2.1 

-1.3 

0 

1 

2.5 

lOTAg 

-2.1 

-1.3 

0 

1.1 

2.6 

“•Pb 

-2.x 

-1.3 

0 

1.1 

2,6 
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FIO. 1. The universal functlon/plx) for the ^'Al and 
'•lAg projectiles. /p(x) Is the probability function P„(x} 
tor the '^u target. The filled (a) and open p) dots, the 
crosses (x) and the triangles correspond to the 
translated probability functions of the *'0, ^lAl, ‘*^Ag, 
and ’“Ft targets, respectively. For x greater than S 
fm, they all fall on the universal curve and are not 
shown. The computations were done at an energy of 2 
GeV/nucleon with a Woods-Saxon density distribution for 
the targets and projectiles. 


the main contribution to the integral in Eq. (3) 
comes from higher values of x [see Eq. (7) below}. 
We have set equal to zero for the *’Cu target. 

Let us now show how the above mentioned quasi- 
unlversallty guarantees the weak factorization 
property of the cross sections. By making use of 
(6) Eq. (3) can be written 

o-,(P,T)=('^'’) f dx(x+ij.) 

\ n ' •'*«T 

(7) 

where the lower limit of Integration can be put e- 
qual to zero since this introduces at most a one 
percent error even in the less favorable cases. 

We write 


'',(P,T) = 



«*ap)+ 


P » 


( 8 ) 


where JV,p is the normalization constant relative to 
the distribution [1 -/p(x)]"[/p(*)f**’'" «nd where 
Is the corresponding x average. 

The ratio 





(9) 


should be Independent of T If weak factorization is 
ralld. This Is Indeed the case for either (x,p)" 
^.'p) or (x,p} and <g',p) tp as can be seen from 


TABLE n. The average <x,p) (see text) for the ’'a 1 
and Bie '*'Ag proJectQes for dlHerent valnea of die nun- 
ber a of abraded nuoleona. 


p* 

H 

"A1 

(*«p> 

P = 

n 

= '»'Ag 

<*.p> 

1 

8.4 

X 

11 

2 

7.8 

2 

10.7 

3 

7.4 

3 

10.3 

4 

7.0 

4 

10 

6 

6.7 

5 

B.6 

6 

6.4 

6 

0.3 


Tables I and n. It appears that weak factorization 
holds within 10-15% on an average. In the least 
favorable case (n very different from n' and 7= **0) 
the weak factorization is broken by some 20%. 

We also loidced at the ratio 


g.p.T) (X,p>-t-ST 
<A.(P, T') <*,p>-t-4T- 


( 10 ) 


which should not depend upon n If weak factoriza¬ 
tion is valid. This Is realized if <x,p> is much 
larger than ^ whatever n and T are. Tables I and 
II and Fig. 1 Indicate that, once again, Eq. (10) 
is satisfied by 10% on an average, but this percen¬ 
tage becomes larger for the "O projectile when T 
Is very different from T'. 

Equation (10) and our tables tell that strong fac¬ 
torization is not so well satisfied as the weak one. 
Indeed the range of variation of (x.p) becomes 
rather large when both n and P are allowed to vary 
while It is much smaller when n is varied with P 
kept fixed [notice that relation (9) does not tell 
anything about the strong factorization property]. 

The weak and simple dependence of the fragmen- 
t^lon cross sections upon the details of the target 
can be traced back to the Interjday between the ex¬ 
ponential form of Eki. (4) and the relatively high 
value of Opp. Hence the projectile only "sees" tbe 
outer fringes of the target and one may consider 
that In the last resort the factorlzatiim arises 
from the relatively short mean free path of the 
high-energy nucleons In nuclear matter. 
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The puticle-pwlicle inguler correlation method ii applied to the reaction ‘'C(*Lirf/)'‘0 -a + ”C. 

Dcuterons were detected at = lOT. Information on the reaction mechanism is obtained by analyzing the 
shape and the angular shift of the esperimental data. A dominant direct transfer mechanism is found for 
the primary reaction. The ratios snd the a-reduced widths are deduced. 


Nucu; 

iviOj.n, 


[nucu:AH REACTIONS “c(®Ll.rf)*®0-*a+ *^C. Eg, 
); confirmed J* for levels. Evaluated 


and HF analysts. 


• 34 MeV; measured 
fi/rairi'y.j. EFR-DWBA 


I. INTRODUCTION 

It has been shown' ^ that the measurement of the 
particle-particle angular correlation X{a,h)Y*, 

Z gives Information on the properties of the 
residual nucleus levels and on the mechanism of 
the primary reaction X{a,h)Yj,, 

The sensitivity of the correlation curve to the 
reaction mechanism Is particululy evident when 
the ejectlle ft is detected at an angle d. different 
from zero. The evolution of the correlation curve 
with increasing 0^ has been recently discussed 
under different hypotheses on the primary reac¬ 
tion mechanism.For small 8. values the 
shape of the whole correlation Is similar to that 
obtained at 0^ = 0“, the curve being only shifted 
by an angular amount S that depends on the rela¬ 
tive population of the magnetic substates In 
general, different reaction mechanisms produce 
different values of the populations F.,, and, in 
turn, different angular shifts. 

In a recent work^ we measured the angular 
distrlbutlonB of the deuterons emitted In the 
'’C(°Li,d)“0 reaction at Incident energies of 28 
and 34 MeV. The analysis of the data has shown 
that this reaction can be understood as due mainly 
to a direct a-transfer mechanism for the transi¬ 
tions leading to the "O states belonging to the ro- 
taUonal band X* = 0* 16.05 MeV(O’), 6.92 MeV (2*), 
10.35 MeV (4*), and 16.3 MeV (6*)] and to the 
T.ll MeV (r) and the 6.13 MeV (3‘) “O levels. 

I'his result agrees with that found in two slmllar 
investigationa: the first one on the same reac¬ 
tion done at higher incident energy^ and the other 
on the '*C(*U,f)'*0 at 38 MeV.* 

We have also recently measured* the '*C(“l4l,d)“0 

It 


- a -4- '*c angular correlation between deuterons 
and a particles at e, = 0“ and at £s^j = 34 MeV. In 
this selected geometry the correlation curve is 
symmetric with respect to 90*,' allowing an ac¬ 
curate determination of the spin and parity of the 
involved level. This method has been also ap¬ 
plied to the '*C(’*C,*Be)'*0-o + '*C reaction suc¬ 
cessfully .' However, as mentioned before, in¬ 
formation on the reaction mechanism Is better 
gained if a noncollinear geometry Is adopted. 
Then, In the present work, we have extended the 
previous measurements of the '*C(*Li,d)'*0 

— a -h '*C reaction by detecting the emitted deu¬ 
terons at 0f - 10*. Data on this reaction have 
been carried out previously by Artemov el al? 
at lower energy, reporting only the high energy 
'*0 states. 

We have analyzed our experimental results In 
terms of exact finite range-distorted wave Bom 
approximation (EFR-DWBA) anch compound nu¬ 
cleus mechanism. 

Section n of the present work concerns the ex¬ 
perimental procedure. Section in Is devoted to 
the analysis of the data In terms of the forma¬ 
lism developed by Da Silveira.' Some conclu¬ 
sions are drawn In Sec. IV. 

II. EXPERIMENTAL PROCEDURE AND RESULTS 

A 34 MeV *1,1*** beam was produced by the 
CEN-Saclay FN tandem Van de Graaff with inten¬ 
sity of the order of 65 nA. The target used was 
a sell-suKX>rtlng natural C foil, ISOz: 20 Mg/cm* 
thick. 

The emitted deuterons and the a particles in 
coincidence were detected by means of two &£-£ 

2345 


® 1910 The Americas Phyded Society 



counts 


2346 


A. CUN80L0 et •!. 


31 


silicon counter telescopes: A£^ = 20fl um, 

= 3000 iim\ A£a = 13.8 Mm, £, = 300 pm. The 
particles were Identified by an analogical pro¬ 
cessing ol the £ and A£ signals. The elementary 
information corresponding to identification, total 
energy, and time were stored on magnetic tape 
for off-line analysis. The overall deuteron 
energy resolution [full width at half maximum 
(FWHM)] was about 100 keV, the time resolution 
about 8 ns. 

The deuterons were detected at $^ = 10* (0^ = 0 
azimuthal angle) and angular correlations were 
obtained in the angular range 35* 6 ^ 05* (0^ = ir 
azimuthal angle) in steps of 2.5°. 

A single deuteron spectrum is displayed In 
Fig. 1; the arrows indicate the ‘*0 levels for 
which the d-a correlation measurements were 
carried out. 

Figure 2 shows a two-dimensional energy spec¬ 
trum of d-a coincidences obtained at 6'“’= 65*. 

An interesting feature of this spectrum Is the 
presence of a strong component due to the parti¬ 
cles corresponding to the first excited 4.43 MeV 
(2°) and to the 9.6 MeV (3') '^C levels. 

Figure 3 shows the deuteron energy spectra 
in coincidence with Og particles and with the 
o, particles. It can be observed from Figs. 2 and 
3 that an important contribution to the broad struc¬ 
ture observed in the single deuteron spectrum 
cornea from deuterons associated with alpha 
particles corresponding to excited states of the 
final nucleus. Then, as already proposed in 
Ref. 9, the continuous deuteron spectrum cannot 
be interpreted as due only to a °Li breakup mech¬ 
anism leaving the target nucleus in its ground 
state. 

The experimental d-a angular correlations 
for a particles corresponding to the decay to the 
g.s. are shown in Fig. 5. 



FIQ. 1. Deuteron energy spectrum from the 'Ll in¬ 
duced reaction on 



10 20 30 

Ed(MeV) 


FIG. 2. Two-dimeosionnl energy spectrum of d-a co. 
Incidences from the **C(*Ll,d)"o—a+**0 reaction. 
Note that a large amount of d-a coincidence events are 
distributed along kinematic bands corresponding to the 
excited 4.43 MoV (2*), 9.6 MeV O') ”c levete. 



100 200 300 400 

CHANNELS 


FIG, 3. Coincidence spectra from the **C^Ll,d)'' 
— a+^*C reaction obtained ftxnn projecting the even 
distributed In the ground state loous or In the 4A3 I 
12*) locus onto the dauteron miergy axis. 
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lU. ANALYSIS OF THE DATA 
A. Reaction mechaniim 


The theoretical expreseion of the correlation 
function, when the formation of a well-defined 
state is assumed, is' 


( 1 ) 

where nO,} and T'iCls) are the transition ampli¬ 
tudes of the primary reaction and of the disinte¬ 
gration process, respectively. For other notations 
see Refs. 1 and 2. 

In the channel spin representation and in the 
case of the ‘*C(*Li,</)'®0 — a + '*C reaction (7=0 
then s — /, i“ = 0 then s" = t“) the expansions in 
partial waves lor the reaction and disintegration 
amplitudes are' 

jii' 

"/•i* 

><■(,1' a'm ,an |•\Jm ' ni 

xsi,,y;7'(n,) 

<1 

and 


B'(n„n2)=N 


E 

■<■/ 




••Sf. 

where the information on the reaction and disinte¬ 
gration mechanism is contained in the matrix ele¬ 
ments and sy,,., respectively. 

The normalization condition H'(n,,Sl 2 )<fR 2 = l 
defines 

^"=5, 

Then, expression (1) becomes 



■ji,. 

■/> 


r“' W 


sy:,. 


The decay amplitude Sfl.,. is related to the total 
level width r'* and to the partial width F^. for 
the decay into the channel (VlT) by 

Thus the differential cross section for the se¬ 
quential process can be expressed in the form 


Er'- 

d^g(n,.n,) 

rffiidOj “ dfi, r'* 


win„n,). 


(3) 


We calculated the amplitudes ,(Ri) in the 
framework of the EFR-DWBA using /he code 
SATURN-MARS-I of Tamura and Low,^° assuming 
that the primary process is a direct a transfer 
without spin-orbit interaction. These amplitudes 
have also been calculated, in the hypothesis of a 
compound nucleus statistical mechanism, using 
the Hauser-Feshbach (HF) formalism. 

The optical model parameters for DWBA and 
HF calculations reported in Tables I and II, res¬ 
pectively, are the same as those in Ref. 4. Fin¬ 
ally, the complete calculation of expression 12) 
has been carried out, for both the assumed reac¬ 
tion mechanisms, using the CORHKIA code of Da 
Silvelra.'* 

As an example, the theoretical DWBA and HF 
correlation curves for the 21.8 MeV 16') "O level 
are shown together with the experimental data in 
Fig. 4 as solid and dashed lines, respectively. 

We note that the angular shift and the positions of 
the maxima and minima predicted by both the HF 
and DWBA calculations reproduce the data. How¬ 
ever, the strongly oscillating behavior of the ex¬ 
perimental angular correlation is very well ac¬ 
counted for by the DWBA curve. This finding and 
the very smooth behavior of the HF curve indi¬ 
cate that the contribution from the statistical 
mechanism is negligible. Similar results have 
been found for all the transitions investigated in 
this work. 

Therefore only the DWBA calculations are 
shown, as solid lines, in Fig. 5 together with the 
experimental data. The spins and parities of 
'^O levels at 10.35 MeV 14‘), 16.3 MeV l6’), 14.5 


TABLE I. Optical model paramotera for EFR-DWBA calrulatlona. 


Channel 

V‘ 

F, 

. «. 

W 


«« 


Ref. 

‘Ll + '^C 

2S0 

1.364 

0.65 

30" 

1.354 

0.65 

2.0 

17.18 

d + '‘b 

96 

1.127 

0.8 

lO" 

1.332 

0.8 

2.0 


d-a 


1.645' 

0.66 




1.545' 

17 

»C-a 


1.26' 

0.66 




1.25' 



* Form faotor; Woods-Saxon. 

Fora factor: Woods-Saxon dertvattve. 
'A- 
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TABLE n. Optical modd panmetera for HF calculations. Potential depSiB are in MeV, 
lengths In fm, and the ladll depeodonee Is For the epin-orblt potential the same 

radius and dlfftiseness were used as in the real part. 


Channel 

V* 


o» 

W 


6. 


V ^ 

^ to 

Kef. 

•li+"c 

241 

1.75 

0.55 

14.5* 

2.27 

0.23 

2.B 


19 

n + "f 

c 

i.ao9 

0.66 

b.e 

1.26 

0.48 

1.309 


20 

/> + "o 

d 

1.25 

0.65 

7.70'’ 

1.25 

0.47 

1.25 

7.5 

21 

if+ ‘tc 

101.4 

1.0 

0.717 

8.75" 

1.589 

0.625 

1.3 


22 

< + ‘Sq 

146.B 

1.4 

0.551 

18.4* 

1.4 

0.551 

1.3 


23 

a + **N 

195 

1.26 

0.654 

21* 

1.2fi 

0.654 

1.3 

___ 

24 


* Form factors: Raxon-Woods. 

’’ Form factors: Saxoa-Woods derivative. 

' Energy dependence: F(£) = 47.01—0.267 £' — 0.00118 E*. 
'* Energy dependence: V(£) - 86.1-0.55 E. 

' Energy dependence: IF(E) -■ 9.52 -0.53 £. 


MeV (5'), 20.9 MeV (T), and 21.8 MeV (6*), pre¬ 
viously assigned,^'are confirmed. We note that 
both the shapes and the angular shifts are well 
reproduced, definitively confirming that all the 
above levels arc populated mainly through a di¬ 
rect a transfer. 

These levels, except the 21.8 MeV, have been 
also analyzed in Ref. 8, in which the '^Cl'*C,*Be>''0 
— 01 + ‘^C reaction was studied. A good consis¬ 
tency is generally found between the two results. 

In effect, the energy resolutions obtained in the 
two cases are quite dllferenl (FWHM - 400 keV 
in that reaction) and hamper any detailed com¬ 
parison, particularly at high excitation energy. 
However, some important differences can be re¬ 
marked. In the '■C('^C,*Bea)'^C reaction the 
11.09 MeV 14*) level Is only noticeable and the 
21.8 MeV (6*) level Is only seen in the a, decay. 

On the other hand, a possible 8* state is reported 
at 22.S±0.S MeV, for which, up to now, no clear 
evidence is found in our case. These differences 
probably originate from the different selectivltles 
shown by the two ("Li,!!), l'*C,'Be) primary reac¬ 
tions in the population of the a-decaying states. 

In IHg. 4 a comparison for the 21.8 MeV level is 
made between the present results and the pre¬ 
vious ones obtained at 5^ = 0*.^ It is evident that 
the correlation curve has the shape substantially 
unchanged but it Is only shifted. 

We note that, for small values, the angular 
shift has the following simplified expression': 


5 


/' VPotO.) ) 


\n 

coni. 


where t Is the relative phase between the ampli¬ 
tudes corresponding to m = 0 and m = l, and 



FIG. 4. Comparison of the and 10* resu 

of die d-a oorrelatloo function for the 213 MeV (6* 
level. Solid lines are the results of EFR-DWBA ca 
Hons. The dashed lines are the HF prediottons, ar 
trarly normalised. 0} is the a-perttole angle defln 
the reootl nucleus oenter-ot-mass (Came, but with 
sped to the baem dlreoUcm. 
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''C(*Li,d)'‘Cf-a»“CBs 
&^^=34MeV efilCf 



0,(deq) 

KIG. 5. d-a correlation functions for the a reaction. Solid and dashed curves arc as In Fig. 

4. For the dot-dashed curve see text. 


filSli) are the populations of the magnetic sub- 
states m/,=0 and »n/<=l, respectively; 

.w=i: 

e values of , and 5 deduced from ERF-DWBA 
1 HF caiculattons are listed In Table in for the 
estlgated ‘*0 levels. From Fig. 5 and Table 
it appears that an overall agreement between 
'BA calculations and experimental data is found 
' the considered cases, except for the a decay 
'm the 11.09 MeV (4*) level. For this transi¬ 


tion in Fig. 5 the HF prediction is also reported 
as a dashed curve. The clear disagreement 
existing between both the theoretical predictions 
and data, indicates that the reaction mechanism 
involved in the population of this level cannot be 
explained in terms of one-step direct a transfer 
or of a statistical compound nucleus. However 
Isee the dot-dashed curve in Fig. 5), a good fit 
to the data Is obtained by shifting the DWBA curve 
12°. A possible explanation for this "anomalous" 
shift, previously observed,’ relies on the hypothe¬ 
sis that the primary reaction proceeds through a 
two-step direct mechanism. This would be also 


TABLE in. Angular shifts and magnetic substates populations from EFH-nWBA and HF. 
Level ifvp* 4 iiwha .Fdfii) i’lW *hi I’oW PtW ^3(%) 


21.8 

6* 

10* 

11.36* 


7‘ 

11* 

9.B* 

16.3 

6° 

14* 

13.6* 

14.6 

6* 

16* 

16.89* 

mm 

4° 

5* 

17.47* 


4° 

19* 

17.8* 


36.6 

29.5 

1.6 

41.1 

27.2 

2.2 

26.1 

33.6 

3.7 

20.1 

37,1 

2.9 

29.8 

32.9 

2.1 

28.4 

33.1 

2.6 


8.6* 

30.8 

21.9 

9.7 

7.4* 

30.0 

21.5 

10.1 

10.7* 

26.3 

21.1 

10.8 

13.9* 

24.9 

20.9 


19.0* 

23.1 

20.4 

11.6 

19.3* 

20.4 

18.1 



An lodetermlMtloD of ±0.6 for a.., I« expected from the applied chl-s«sisre procedure. 
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TABLK IV. Decay propertias of mme “O leveta. 


£ (MeV) 

V” 

r,,„.(keV)* 

P," 

Fao/r 

rao/r* 

21.8 

6* 

55 

0.966 

0.6T±20% 


20.9 

7' 

650 » 76 

0.727 

1.13 ±30% 


16.3 

6* 

370 ±40 

0.455 

1.07i 10% 

0.90 ±0.10 

14.5 

5' 

560 ±76 

0.S83 

1.03 ± 10% 

0.75^0.15 

11.09 

4* 

0.28±0.0S 

0.127 

0.31 ±10% 


10.35 

4* 

27±4 

0.033 

0.86 ±10% 

0.90 ±0.10 


* Reference 25. 
'’Reference 26, 
' Reference S. 


in agreement with the suggestions'*' that this le¬ 
vel has an Important core excited [‘’C^<8”Na,,] 
structure. 

B. Decay prapertiea 

From the expressions 13) and (2), the ratio 
r«|,/r corresponding to the o decay to the ground 
state of the '^C nucleus can be deduced. The re¬ 
sults are summsirlzed in Table IV. This ratio, 
which is consistent with the results obtained in 
Ref. 8, for the 10,35, 14.5, 16.3, and 20.9 MeV 
levels, results close to unity, confirming the a 
structure of these levels. 

A more quantitative information about the 
structure of these '"O levels is contained in the 
a-reduced widths which are related, in the ap¬ 
proximations discussed in Refs. 15 and 16, to 

r.o by 

Figure 6 shows the values, for each level, 
compared with the respective penetrabilities P,. 
The existing proportionality in the case of the 
above levels indicates that the y,, vaiues are con¬ 
stant. A similar result was found in Ref. 13 in 
agreement with the classification of these levels 
into positive K^:=0* and K' = 0' a-rotational bands. 

IV. CONCLUSIONS 

The present work extends previous evidence on 
the sensitivity of the particle-particle angular 



"t) levels 

F1Q. 6. and P/ values for different "o a^eca; 
levels, 

correlation method to the reaction mechanism 
the first-step process. In particular, we have 
shown that the EFR-DWBA reproduces the shli 
and the shape of the experimental data in the 
cases in which a direct a transfer Is predomli 
antly expected. The previously found* small c 
tributlon of the compound nucleus mechanism 
not significantly change the position of maxim 
and minima of the correlation curves. When 
more complicated reaction mechanism contri 
butes, as in the 11.09 MeV 14*) case, the corr 
tion data are a more sensitive tool than the s: 
pie angular distiibutios.*'' Finally an additio 
su^iort to the a-structure of some levels 
derived from the extracted ratios and . 
reduced widths y.,. 
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Total Alston cross section for the *Be+^i system 
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The total ruiion cron (ections Tor the ayatem *80 + ’'Si have been meaaured in the 'Be bombarding energy 
range 30-40 MeV by the detection of evaporation rcaiduea in a HE-E ionization-chainber aarface-barrier 
detector tdeacope. Ahhough the meaaured *Be + ’*S1 hiaion citns ae ct io n a are similar to those in which a 
similar compound system is formed by heavy-km (A 2 12) intenctioii, the ratio of the meaaured hision 
cross section to the total reaction cross section is much smaller than that observed for other aysteita and is 
attributed to the structure of 'Be and the ease with which it breaks up into smaller fragments. This view is 
consistent with the anomalous 'Be + ’Si elastic scattering results. 


NUCLEAR REACTIONS *Be+ ’^1 fiieion E“30—60 MeV, measured fusion pro-" 
iliict angular dlstributlcms and total Aislon cross sections, calculated total reac¬ 
tion cross section using optical model, compared fusion cross section with total 
reaction cross section and with histon cross section systematlcs. 


Elastic scattering measurements'"’ and analy¬ 
sis' of the 'Be +”S1 system In the 'Be bombarding 
energy range 14 -200 MeV have Indicated that the 
interaction of 'Be with "Si is different in some 
aspects from that for both lighter projectiles such 
as a particles, and heavier projectiles such as 
''C and ''O. In particular, the double folding 
model*'* using a realistic nucleon-nucleon Inter¬ 
action, which la successful in describing the elas¬ 
tic a and heavy-lon scattering from such nuclei 
as "SI and "Ca, Is not successful In describing 
the elastic scattering for 'Be -•■"SI unless the real 
double folding potential la reduced by a factor 
-0.4. Furthermore, the optical model using 
either the calculated double folding potential or 
one of Woods-Saxon shape and classical con¬ 
siderations, Indicates that the Interaction separa¬ 
tion for 'Be la larger than for o and heavy-lon 
interactions with the same target nucleus, and 
that the Imaginary potential necessary to describe 
'Be scattering is more diffuse than for a or 
heavy-lon (A 12) scattering.'"’ 

In order to obtain a better understanding of the 
'Be ■•■"SI Interaction, we have measured the total 
fusion cross sections for 'Be ■•"SI In the 'Be 
bombarding energy range 30-60 MeV. Many 
fusion studies conducted on similar nuclei In this 
mass range have Investigated possible resonant 
structures In the fusion cross sections. The goal 
of the present study, on the other hand, was to 
Investigate the average behavior ot the fusion 
cross section in order to better understand the 
absorption processes for the 'Be ■v"Sl system. 

For most systems the fusion cross section Is 
-90-100% of the total reaction cross section at 
low energies, while at higher energies the fusion 
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cross section falls well below the total reaction 
cross section.’ These effects have been explained 
in terms of critical angular momenta and critical 
radii tor fusion.* In general, whether fusion takes 
place or not for a particular partial wave depends 
critically on whether the total potential (nuclear 
-vCoulomb -f centrifugal) Is attractive at the critical 
distance for fusion. The double folding potential 
which Is necessary to fit 'Be ■v"Sl scattering must 
be reduced by a factor -0.4 from what Is calcu¬ 
lated using the same realistic nucleon-nucleon 
Interaction that yields a suitable folding potential 
fit to "C ••■"SI and '*0 ■•■"SI scattering cross sec¬ 
tions, with no reduction In the calculated poten¬ 
tial.' This reduced attractiveness of the 'Be ■•■"SI 
potential may have an effect on the fusion cross 
section for this system. 

The fusion cross sections for the 'Be ■f"Sl 
system were measured using a ^£-£ lonizatlon- 
chamber surface-barrier detector system* by 
detecting the evaporation residues (^e details 
of the nneasurements will be reported elsewhere). 
The target consisted of an 80 pg/cm’ self-sup¬ 
porting foil of "SI. The contamination cf ‘*0 
was less than 3%. The 'Be beam was extracted 
from a sputter source and accelerated by the 
Australian Natimial University 14UD tandem 
accelerator. The detector window consisted of a 
30 pg/cm* VYNS film’"" and was operated using 
Isobutane as the counting gas at a pressure be¬ 
tween 14-18 mm of Hg depending on the Incident 
'Be energy. The data were recorded In an event 
mode in which each event consisted of a A£ sig¬ 
nal, the £ signal fed through an amplifier with 
high gain, and the same £ signal fed through an 
amplifier with low gain, so as to allow the elastk 
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scattering cross sectlmi to be measured simul¬ 
taneously with the total fusion cross section. The 
gains of the two E signal amplifiers were scaled 
with energy so as to maintain the same relattve 
threshold. The high gain energy spectrum and the 
low odrygen contamination in the target allowed 
a low energy threshold to be set. There were 
some events for which there was a A£ signal and 
no £ signal. These events can arise from either 
extremely low energy fusion products or from 
multiple scattering In the detector gas and/or 
window. The contribution of these events to the 
fusion cross section Is in all cases less than or 
equal to ~12%, and represents one of the largest 
sources of error In the reported measurements. 
Complete angular distributions were measured 
at 30, 48, and 60 MeV and are shown in Fig. 1. 

All residues with Z ^ 14 were summed to obtain 
the final yield. Because of the forward angle of 
e A£-£ telescope, only "SI recoils from very 
.cfcward scattered ‘Be projectiles, where the 
astic scattering cross section is negligible, 
luld enter the detector. At 40, 50, and 55 MeV, 

I angular distribution around the maximum was 
easured and the total fusion cross section was 
itlmated by the simple scaling relation^** 

«^]3? = 0.345-g(e„,„). 


lere 


de 


=>2Tsln8 


do fws 
da ’ 


(1) 


lere all quantities are in the laboratory system, 
was found from the three complete angular dls- 
ibutions that Eq. (1) was accurate to better than 



®CM' (deyeas) 

nc. 1 , Angular distrlbutlose fur the evaporation reeu 
the * 80 + “81 system at £*-30, 46, and 60 MeV. 
U products wldi £>14 have bean summed. da/dB is in 
'* t<b system of coordinates. 


5%. The relative normalisation was obtained us¬ 
ing a fixed monitor counter, and the absolute 
cross sections were determined by normalizing 
to elastic scattering cross sections, which were 
measured simultaneously with the fusion mea¬ 
surements. Because the elastic scattering Is not 
pure Rutherford for the angles at which the maxi¬ 
ma occur, optical model calculations using the 
parameter sets which fitted the elastic scattering 
angular distributions were used for normalisa¬ 
tion. This procedure introduces an error ct 
about 8% in the fusion cross section determina¬ 
tion. The error obtained by combining the above 
errors and tiie error from counting statistics 
(typically 2%) leads to an error In the fusion 
cross section measurements of the order of 20%. 
This error is considerably larger than those re¬ 
ported In similar experiments, however, because 
of the lower energy of the recoiling fusion prod¬ 
ucts, and the Inability to normalize to Rutherford 
scattering In the present caae; errors of this 
magnitude are not unexpected and are an accurate 
estimate of the precision of the reported mea¬ 
surements. The measured fusion cross sections 
are shown in Fig. 2 as a function cf l/Ecjn 
total fusion cross sections decrease in a fairly 
linear fashion with Increasing 1/E,j^ from a value 
of 0 ^ -1100 mb at l/£c„. -0.022(£* =60 MeV) 
to o^s -480 mb at l/£c«. =0.044 (£* -30 MeV). 
There is an indication of possible structure In the 
fusion cross sections at !/£,.„,. =0.033, but more 



FIQ. 2. Total fiialon cross secttons in bams tor the 
*Be+^l system as a functton of (MaV*). The 

solid cnrve is the total reaction cross section oalcnlMed 
ustiv the optical model parameters which fitted the elaa- 
tic scatterUig angular dlatributtana taee text!. 
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measurements would be required before any con¬ 
clusions could be drawn regarding this point. 

Hiey are similar In shape but smaller In magni¬ 
tude than those observed for other systems In 
which a similar compound system la formed. The 
total reaction cross section, vdilch is calculated 
from the optical model with Woods-Sai.on form 
factor using the parameter sets which fitted the 
elastic scattering at 45 and 60 MeV (Le., V >10.0 
MeV, rj = 1.388, o,'0.6067, IT =23,4, r, = 1.277, 
Uv =0.6090, and r,, = 1.3S; see Ref. 2 for details) 
is also shown. The calculated reaction cross 
sections agree within 10% to those obtained from 
the folding potential fits and those calculated us¬ 
ing the energy independent potential for ‘Be +“81 
scattering of Balzer el al.' In all cases In which 
the (^Ical model gives reasonable fits to the 
elastic scattering cross sections, the calculated 
reaction cross sections are Insensitive to the 
particular parametrlzatlon utilized. 

Fitting the relationship 

to the cross section data of Fig. 2 yields values 
of V'i*22±4 MeV and tViu = 1.5 ±0.2, where 
^rns =*',.,^,(9^''*+28''^). TTie reaction radius fi* 

Is related to the fusion radius by 

Ok _ Hk^ _ i jj* 

‘’ms ^ms* ’ills* 

Since 

*2,5-3 

lor the energy range Investigated here, >-*=2.4- 
2.6. The fusion radius parameter )>, the fusion 
barrier Kg, and the saturation value of the fusion 
cross section are similar to what one would expect 
from fusion systematica. The total reaction cross 
section, however, is much greater than the mea¬ 
sured fusion cross sections even at the lowest 
energies where systematica" based on studies 
of such systems as '’C +"A1, ‘*C +’‘Mg, ‘*0 +*'A1, 
etc., would predict that o* = U|,.y 5 up to values of 
!/£,.„ -0.02. In order for two nuclei to fuse, 
they must penetrate to a critical radius,' which 
for die energy range considered here Is Ra 
• +Ap'^), where rge^l.d. In die case of 

‘Be +**Si, the ‘Be has a high probability of break¬ 
ing up into two a particles and a neutron, which 
gives rise to a large reaction cross section with¬ 
out particularly affecting the fusion cross sec¬ 
tions, This picture Is consistent with the elastic 
scattering results obtained at 45 and 80 MeV 
bombarding energy shown In Fig. 3, where o/o^ 

Is plotted as a function of d,'* where 


D = 




Also shown for comparison are heavy-lcn ±"8l 
scattering elastic cross sections* at various en¬ 
ergies and the "Si +"*Pb elastic scattering cross 
section measured at £c.,„ =145 MeV. In order to 
avoid confusion, the cross section data for these 
latter cases are shown by solid lines, as they all 
lie on the same curve (CNO curve) for the case 
of **C, *‘N, "O, and "O projectiles at the ener¬ 
gies reported here. For large distances of 
closest approach (l,e., large d) (he "SI 
cross section falls below the CNO curve, but then 
merges with it again at smaller values of d. The 
difference at large d In the "Si ±"'Pb cross sec¬ 
tion is due to a strong reduction in the elastic 
scattering cross section due to the strong long- 
range Coulomb excitation of the 1.78 MeV state 
In "Si, The ‘Be +”S1 elastic scattering cross 
sections at 45 and 60 MeV He considerably lower 
than both the CNO curve and the "SI +"'Pb curve 
at large d. This discrepancy cannot be explained 
by Coulomb excitation, but Is meet likely due to 
the fact that 'Be is loosely bound and has a large 
spatial extent; thereby direct reactions cause the 
‘Be to break up even at large separation dis¬ 
tances." Indeed, the reaction radius parameter 
calculated above, rg =2.4-2.6, Is consistent with 
what one would estimate from Inspection of Fig. 



d [fm] 

FIG. 3. Plot of o/oji as a function of the reduced dte 
tance of oloaeat approach, d, for 'Be + "8i at 5 
MeV (solid dots), and at £«,'*46 HeV (open trianglef 
The daabed curve la tr/cj, for •••pb+"Sl at 165 

MeV, and the solid curve ia e/ag tor assortodheavy 
ions (A»13> Inoidmit on "Sl target* plotted as a funot 
old. 


and 
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3. (1^., for *Be scattering at ><f «2.5, 
reactions are taking place causing a decrease In 
a/oji frona 1). For the ease of “C +"Si and **0 
■f^Sl, Die much stronger binding of and ‘*0 
prevents any substantial breakup, and the fall 
from Rutherford does not occur until the nuclei 
are within the critical distance for fusion. It is 
postulated, therefore, that one of the essential 
differences between the heavy-icm (A ^ 12) scat¬ 
tering and the 'Be scattering from ”S1 Is due to 
the fact that the main reaction channel for the 
heavy-ion Interactions is compound nucleus for¬ 
mation (l.e., fusion) which Is well localized, while 
for 'Be Interactions It Is the direct breakup of the 
projectile by the strong nuclear and Coulomb 
fields at large separation distances before fusion 
can occur. The fact that the calculated double 
folding potential for 'Be +"S1 must be reduced 
by a factor of 0.4 In order to fit the measured 
cross sections may be related to a strong coupling 
between elastic and breakup channels.' 


In summary, the fusion cross sections for 
'Be 4*HH have been measured In the range £CBe) 

= 30-60 MeV. The fiulon cross sections are 
considerably lower than the total reaction cross 
section over the whole energy range, while for 
systems which have similar compound nuclei such 
as‘'0+'*Mg, ‘'0+*'Al, "C+^Mg, “C+*'A1, 

the lowest energies. These differences 
can be qualitatively reconciled with each other 
and with the anomalous elastic scattering results 
for 'Be 'f"Sl by assuming that there is a large 
possibility for 'Be breakup at large 'Be and "SI 
separation distances. The 'Be 4"Sl system Is an 
interesting cme to study, as apparently the nuclear 
structure of 'Be Is Important in determining the 
details of the fusion reaction and elastic scatter¬ 
ing cross sections, even at low energies. 
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A piiramctnziilion baied on the dutorted-wavc Bom-approximation (DWBA) rormaliam, uamg the 
diflractional model, is given in order to fit angular diatributiona and continuum energy apectra of direct 
tranafer reactiona induced by heavy knu populating continuum states at incident energy well above the 
Coulomb barrier. Experimental data analysis of two-proton and alpha-tranafer reactions on I/-2p shell 
nuclei are successful at low incident energies. On the other hand, at high incident energy, alpha stripping 
induced by '*0 beam on '"*Pb cannot be described by this direct surface reaction model. It turns out that 
fragmentation i.v the most likely process. 

TfUCLEAH HEACTICNS DWBA and dlffractlonal model applied to direct reac¬ 
tions Induced by heavy Iona—continuum states. Analysis of **Fe(**0, **C)*N1, 
“Ni('*0,‘'C)“2n, ’'Gcr'D.*‘C)’*Se. *"Pb(“0, “N)*"’Bi, 
*“Pb(‘*0,”C)’”Po. and’*Pb('*0,‘’B)"*At reactions. 


I INTRODUCTION 

The populations uf the first few discrete levels 
in heavy ion transfer reactions are rather well 
described by the distorted wave method formalisms 
such as the distorted wave Born approximation 
(DWBA) and/or the coupled channel Born approxi¬ 
mation (CCBA) for two-step processes Involving 
core excitation of target and residual nucleus and/ 
or projectile-ejectile system.' 

Furthermore, for heavy ion reactions occurring 
well above Che Coulomb barrier, continuum states 
are also strongly populated and some authors, 
using the previous formalism used for discrete 
transitions, but with large simplifications, have 
already succeeded in explaining the energy spec¬ 
tra as well as the angular distributions of the con¬ 
tinuum states.'' 

We want to present here a similar but more 
simple model assuming that the reactions proceed 
mainly by one-step processes. The DWBA transi¬ 
tion matrix element is calculated on the basis of 
the diffractional model of Austern and Blair.’ The 
DWBA parametrization is thus extremely simple 
and allows very fast computation. The second in¬ 
gredient of the calculations for the population of 
the continuum states is the level density of the re¬ 
sidual nucleus. This level density can be assumed 
to be similar to the usual statistical level density. 

The main Interest of this new formalism is to 
allow us to distinguish for a surface reaction be¬ 
tween a quaslelastlc transfer process and a pro¬ 
cess where a large number of degrees of freedom 
of the projectile and target system are severely 
relaxed as occurs, for instance, In deep inelastic 
collisions.'* In the distorted wave method formal¬ 
ism, these deep Inelastic collisions would be 


treated as multistep processes. 

Various examples of analysis with this model 
for several nucleon transfer reactions Induced 
by on various targets at different incident 
energies will be presented in order to illustrate 
the previous point of view. 

n. DIFFRACTIONAL MODEL 
For a zero spin system, the DWBA cross sectiim 
for a given transfer angular momentum can be 
written as 




with 


i,r 




where the indices i and/ refer, respectively, to 
the initial and final channels, p is the reduced 
mass and E the wave number, and I and I' are, 
respectively, the partial wave angular momentum 
in the entrance and exit channels. The value r, 

Is the “transfer parameter.” The o, are the 
Coulomb phase shift 

a,= argr(f + l+f«), (2) 

where n is the Sommerfeld parameter In entrance 
or exit channel, 

eZe* 

n=-^ . 

Ilv 

The two brackets are the usual Clebscb-Gordan 
coefficients. 

In the no-recoil approximation and for quasi- 
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elastic transfers, the reduced matrU elements 
Pji, of Eq, (1) are proportional to the product of 
the derivatives of the reflection coefficient rj,, re¬ 
spectively, in the entrance and exit channels: 




(3) 


where £, and are, respectively, the center of 
mass energy in the entrance and exit channels. 

This formula Is just an extension of the Austem- 
Blair theory for inelastic excitation,^ As expected, 
the /},,, are then peaked at the nuclear surface. 

The Frabn and Venter semlclasslcal parametri- 
zation’ is used to describe the coefficient of re¬ 
flection T], in the strong absorption model; 


7?,“{l + exp((f,-/)/A]}-‘, (4) 

where the grazing wave 1, and the width a are 
given by the following semiclassical relationships; 



11/2 

1 ’ 

(5) 


i[‘-sr. 

(6) 


where n is the Sommerfeld parameter and k the 
wave number. The values R and dare, respec¬ 
tively, the radius and the dUfuseness parameters, 
i These parameters are related to those determined 
from phase shift analysis of the elastic scattering 
in the entrance and exit channels. The grazing 
wave 2, and width A are obviously different In the 
. entrance and exit channels. 

The parametrizatlon of the OWBA cross sections 
^L) of formula (1) can be drastically im¬ 
proved by modifying the Coulomb phase shifts cj 
and . Effectively, the two parameters ft and 
il which allow the calculations of the p,,, through 
formulas (3)-(6) do not give the possibility of 
reproducing the shape of the transfer reaction 
angular distributions. These parameters R and 
it have to be strongly modified In order to focus the 
calculated angular distribution to the forward 
^les where the experimental cross section is 
peaked. This procedure is similar to the one 
which consists of modifying the optical model 
parameters in the entrance and exit channels in 
the usual DWBA analysis. Even with a strong 
modification of the radius R, it is, in most of the 
• cases, impossible to obtain the correct shape of 
the angular distributions. Thus, in order to pro- 
duce the necessary shift of the calculated angular 
dtatrlbutlon to the forward angle, we have Intro¬ 
duced a nuclear rainbow in the pure Coulomb de- 
tlectlon function for a charged point; 

®i“2Brctanj. (7) 


The new phase shift 6/'', used in formula (1), is 
then parametrized as 

d, = iT,|l+exp(^|^t^J . (8) 

The nuclear plus Coulomb deflection function is 
now 



= 2arctanj-2a-^ |l + exp^^-^^^J . (9) 

The value of the nuclear rainbow angle is then 

f,.,^ = 2arctanj-^. (10) 

This is illustrated in Fig. 1 for the elastic scat¬ 
tering of “O on “Fe at 46MeV incident energy. 
The quantity AO written on Fig. 1 is Just aO 
=-a/2A. The local minimum (nuclear rainbow) 
around the grazing wave 2, = 17 produces the ne¬ 
cessary sfiift to forward angle of the calculated 
cross section with formula (1). The cross sec¬ 
tion is then depending only on three parameters; 
the radius A =roC4}''’+/lJ''’), the diffuslvity d, and 
the phase angle aO, The radius r„ is determined 
from the elastic scattering—for instance, using 
the quarter point method of J. S. Blair'—and is 
usually 1.55 fm. 

The DWBA cross section = L) is maxi¬ 

mum for an f. 3 0 transfer when the grazing waves 
are equal in the entrance and exit channels. This 
allows us to determine the Rvalue of the reaction 
for which this condition is fulfilled by eliminating 
the grazing wave /, between the center oi mass 
energy equations of the entrance and exit clianaels; 



FIG, 1. Deflection function of "o elaetlc eoattertng oo 
**Fe target (see formula (9) in the text); AS--a/2 A 

--2r. 
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and 


( 11 ) 


Th« cross section a{6,Ef, </e0) is then maximuni 
for the following Q value: 

Vf“‘). (12) 

This quantity is very different from the usual 
optimum ^ value quoted in the literature.'’ The 
behavior of the cross sections following the ex¬ 
citation energy in the final nucleus is plotted on 
Fig. 2 for the “Fe(“0,**C) ‘*Ni four nucleons 
stripping reaction and for three different values 
of transfer angular momentum L. The calcula¬ 
tions were performed at 56 MeV “’O incident en¬ 
ergy. As expected, the cross sections decrease 
as the excitation energy Increases. 


Hi. POPULATION OF THE CONTINUUM STATES 
For the quasielastic transfer reactions to the 
continuum states, the double differential cross 
aectlai in the center of mass system is given by 

5^= (13) 

where p{J,E*) is the level density including the o* 
spin cutoff term of the residual nucleus: 



FIQ. 2. Theorettoal orosi aeotloo of tbe '*Fb(‘'o,’’C)- 
"NI reaction at the graatng angfe for various t angular 
momenmin transfer at 56 MeV '*0 incident energy. 


where p(0,E*) is the density of spin 0 level given, 
for instance, by the relationships of Gilbert and 
Cameron*; 


p<0,£*) = 


exp(2i/ay) 1 

mVSo* • 


(15) 


The various parameters involved in formulas 
(14) and (15) can be calculated, for instance, by 
using the table of shell correction energies and 
pairing energies given in Ref. 8. The quantity V 
is the excitation energy alter subtraction of tbe 
proton and neutron pairing energies and a is the 
level density parameter which is roughly equal to 
A/8 outside the magic nucleus regions where 
strong deviations are observed.* Let us note that 
the spin law distribution [formula (14)] is bell 
shaped and that the most abundant spin at a given 
excitation energy iBj = (r. 

For the sake of simplicity, in our experimental 
data analysis, a more simple form was preferred 
for the spin zero level density*: 


p(0,B) = p„exp(fCV7'), (16) 

where pg is a constant and T is the nuclear tem¬ 
perature. 

In formula (14) we can consider that the spin 
cutoff is equal to 



(H) 


where a is the efflctlve moment of inertia of the 
nucleus. It is well known that this moment of 
inertia increases with the excitation energy up 
to the rigid body value. 

Writing formula (13), we have implicitly as¬ 
sumed that the excitation energy of tbe ejectile 
can be neglected and that the fragmentation of the 
projectile does not compete seriously with the 
transfer mechanism leading to continuum states of 
the residual nucleus. Furthermore, it la also 
assumed that the one-step process is the dominani 
mechanism. Multistep process calculations will 
lead to description of deep inelastic phenomena 
and are not presently taken into account. 

The double differential cross section d’n/dRdEy 
can be rewritten also as 


^^=p(0,B*) + (1»> 

The numerical calculations show that the summa¬ 
tion over Jis a hinction exponentially decreasing 
with tbe excitation energy while the level density 
p(Q,JB*) is exponentially increasing but moat of 
the time with a lower rapidity. That explains tbe 
bell-shaped energy spectrum of the heavy ion re- 
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actioos. The rapidity of the exponential decrease 
of the summation over J Is Inversely proportional 
to the value of the dlffuslvlty parameter of the nu- 
I del. 

From formula (18) It can be seen that as the ex¬ 
citation energy increases, more higher spin states 
can be populated. Nevertheless, there is a window 
spin due to the spin cutoff term. Furthermore, 
a{Ef,J) decreases as the excitation energy in¬ 
creases (see, for instance. Fig. 2). 

From the behavior of the level density p(iJ,E*) 
with spin and excitation energy and from the be¬ 
havior of the DWBA reduced cross section, form¬ 
ula (1), with respect to the Q maximum value, it 
turns out that in few nucleon stripping reactions, 
bell'shaped energy spectra are obtained which 
correspond to population of high spin states for 
high excitation energy in the final nucleus. Large 
transfers of nucleons are inhibited due to the Q 
value mismatch with respect to the Q maximum, 
formula (12). Furthermore, for these last reac¬ 
tions, the ground states are not populated, because 
high angular momentum transfers L are required 
to assure the balance between the entrance chan- 
I nel- and exit channel-grazing waves. The weak 
point of this transfer reaction model are the trans¬ 
fer parameters which presently cannot be the¬ 
oretically calculated. For fitting purposes, 
has to be assumed constant and independent of the 
L transfer for the overall range of excitation en¬ 
ergy. Thi s quantity r^, in average, is a very 
. small number since we are populating only a given 
class of states; in fact, the states which have 
configurations made with the transferred nucleons 
coupled to the target nucleus on its ground state. 

We can hope that this class of states has, at high 
excitation energy, the same kind of spectroscopic 
factors in average and that their level density is 
similar to the statistical level density. 

IV. RESULTS AND DISCUSSIONS 

In all the present analyses the dilfractional mo¬ 
del parameters—radius R{r„), dlffuslvlty d, and 
phase angle A e —have been fixed by analyzing the 
experimental angpilar distributions of the heavy 
ion transfer reactions. The radius was kept 
constant to 1.55 fm, the usual value for heavy ion 
elastic scattering.*'’ These parameters are the 
Same in the entrance and exit channels. 

We shall present first the analysis of the angu¬ 
lar dlstribidiaaB of the discrete states of various 
. energy spectra. It Is Important to show how pow¬ 
erful and accurate Is the dilfractional model lor 
Well known states. This sualysls on discrete 
efstes allows us to determine the dilfractional 
■liodel parameters used later on in the analysis 


of the continuum spectra. The free parameters 
for this second analysis being pg, o’, and T in 
formula (13). 

A small computer code named FAST has been 
written to calculate the reduced differential cross 
sections for different L transfer and final energies 
which are stored on magnetic disc and used in a 
second step by an automatic search code FITS to 
determine the level density parameters po, T, and 
0 * which allow us to reproduce the experimental 
shape of excitation energy spectra. 

A. The four-nucleon strippbig reaction: ^Fe<’^,l’C>f*Ni 

For the reaction ”Fe(‘\),“0)'‘*Ni the angular 
distributions for the discrete levels and the en¬ 
ergy spectrum have been measured, respectively, 
at 46 and 56 MeV '*0 incident energy.*' All the 
angular distributions have the same bell-shaped 
pattern independently of the final level reached 
by the transfer reaction. In Fig. 3 the 1.45 MeV 
2* state angular distribution of the '**Ni final nu¬ 
cleus is presented. This fit has been obtained 
with formula (1). The dlffractlonal parameters 
are given in Table I: family U. The phase angle 
was adjusted in order to reproduce the experi¬ 
mental points: A 6=:-0.450 rad (or >26“). The 
diffusivity parameter d is responsible for the width 
of the experimental angular distribution. The 



FIQ. 3. AnguUr dtstrtbuttoo of die '*FB(*‘0.**C)'*Ni 
reaction of die Drst 2* level of *M1 measured at 46 UeV 
"O Incident energy. The theoretical curve hae bee n ob¬ 
tained with the dUfraoticnal model (formula (1)]. 
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FIG. 6. Angular distributions of the ’*Cie(**0, **C)™3 b 
reaction for the first few eitcited levels of "Se. The 
curves are obtained from the dlffrsctlonal model (see 
teat). 



FIG. 7. Ground state angular distributions of the 
t'*pb(‘*0, **N)*“*BI one-proton transfer reaction mea¬ 
sured at several *‘0 Incident energies. 


^ )* . 

where N is the numher of experimental polios 
which define the average shape of the energy spec¬ 
trum. The Is given In arbitrary units. 

The quality of both fits is presently similar. 

The level density parameters T, S/H*, or a’ ex¬ 
tracted from this automatic search analysis are 
given in Table m. The level densities are not 
determined in all these analyses in absolute val¬ 
ues since the transfer parameter is unknown 
and assumed constant and independent of the L 
transfer. There is a certain ambiguity between 
the temperature T and the spin cutoff term o* or 
the moment of inertiaJ/(cr’Equally good 
fits can be obtained with different combinations 
of these two parameters. In Table in, the quan¬ 
tity labeled is the statistical level density 
temperature calculated at the centroid energy of 
the spectrum according to the systematlcs of Gil¬ 
bert and Cameron’ and also of Baba,'” the quan¬ 
tity 3a is the rigid body moment of Inertia for a 
spherical nucleus, and a* is the spin cutoff para¬ 
meter for the statistical level density according 
to the systematlcs of Gilbert and Cameron.’ Since 
the temperature T determined in the present anal¬ 
ysis is higher than the one of the statistical level 
density, the moment of inertiaol is then much 
lower than the rigid body value ^g, which is any 
way an upper limit. On the other hand, the quan¬ 
tity n’ is of the same order of magnitude as the 
oj of Gilbert and Cameron* (statistical level den¬ 
sity). 


TABLE n. Transfer parameter for ’**Pb('*0,“N)’*’Bl (Ag/j-, g.a.). 
tacident energy (MeV) 104 140 216.6 312 

Tt’-5 


0J.14 


0.0909 


0U)562 


0.0375 
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Excifation energy (MeV) 



FIG. 8. Energy speotrum of the ‘•fb(‘* 0, '*C)“NI re- 
actlco meaaured at 56 MeV **0 Incident energy and 40* 
lab. The two curves were obtained with the dlffractlonal 
model for two different sets of parameters. The dashed 
curve corresponds to modified Coulomb phase shifts 
(see formula (9)]. 

Figure 9 presents the energy spectrum of 
the **Ca(’‘0/*C)“Ti two-praton transfer reaction 
measured at 59.5 MeV escltatlon energy and at 17° 
laboratory angle,*’ The lit Is excellent and the 
corresponding parameters of the level density are 
given in Table IH. The drawn curve has a x’ = 40. 
In this analysis the temperature is also higher than 
the one of the statistical level density, 

A similar example is given for the Q*0/*C) two- 
proton transfer reaction on '"Ge target nucleus 
measured at 56 MeV “O Incident energy and 20° 
laboratory angle,** The best fit, solid curve of 



FIG. 9. Energy spectrum of the **Cs{**0, ‘*C)**Tl re¬ 
action measured at 17° lab and 59.5 MeV *'o Incident 
energy. The solid line Is a result of a best fit using 
the dtffraottonal model. 


Fig. 10, corresponds to the use of pure Coulomb 
phase shift In the DWBA calculstlons, family n 
of Table I. The dashed curve, on the other hand, 
corresponds to family I for the dlffractlonal modiel 
parameters (x’ = 262). The nuclear phase shift 
is then taken into account. As In the previous an¬ 
alysis, the temperature T Is much higher than the 
statistical one Tp. 

The "C and **B spectra'* obtained by bombarding 
the "“Pb target with an 140 MeV **0 beam were 
analyzed in the same vein. Figure 11 presents 
the '’C and "B spectra measured at the grazing 
angle; 40° lab. The dlffractlonal model para- 


TABLE in. Level density parsmetere. 


Nucleua 

T 

(MeV) 

(MeV*) 


Spectrum centroid 
energy 
(MeV) 

n 

(MeV) 

■?! 

(MeV-*) 

"P* 

X* 

a.u. 

D.M. 

family 

“ni 

1.752 

5.50 

9.64 

11 

1.253 

11.90 

9.06 

316 

n 


1.766 

5.60 

9.72 





72 

I 


1B31 

6.50 

11.90 





74 

I 

“ti 

2.782 

4,10 

11.41 

9 

0.929 

9.29 

7.56 

64 

t 


3471 

6.50 

17.44 





40 

1 

'•Se 

1.434 

6.50 

942 

7 

0.663 

19.50 

11.50 

263 

I 


1.612 

8 40 

13.70 





262 

I 


1.366 

8.50 

11.53 





121 

n 

"’Pb 

4432 

15.96 

65.94 

25 

1.631 

10346 

62.85 

504 

n 

(140 MsV) 











3.062 

1044 

31.66 





636 

n 











<312 MeV) 

8.788 

142 

1647 





59 

n 

’“At 

3.126 

18.0 

44.89 

25 

1.569 

104.07 

67,67 

812 

D 

(140 MeV) 











3J20 

20.0 

66.4 





483 

n 


3420 

2340 

79.02 





361 

D 
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FIG. 10. Experimental energy spectrum of the ™Go- 
(“o, '^)™Sc reaction measured at G6 MeV '®0 Incident 
energy and 20‘ lob. The solid curve corresponds to 
pure Coulomb phase shift In the dlffractlonal model 
while for the dashed curve nuclear phase shifts were 
taken Into account. 

meters are those of family n of Table I. They 
were obtained by analyzing the one-proton trans¬ 
fer reactions on the ’“Pb target tor highly ex¬ 
cited states of ’“Bl.” The corresponding level 
density parameters are given in Table III. The 
drawn curves are for a y’ of 504 for the “C case 
and for a y‘ of 483 for the case. The temper¬ 
ature T is still too high by a factor of 2 with re¬ 
spect to the statistical one 7'„. On the other hand, 
the spin cutoff parameter o' is very close to the 
statistical limit as in the previous examples. 



?5 50 75 100 125 


FIG. 11. Experimental energy spectra ot the (‘'Oi'k!) 
and (**o, “B) reactions on "•pb target nueleuB measured 
at 140 MeV **0 Incident energy. The solid curve Is a 
best fit obtained from the dlffiraotlonal model. 


The Bpectra oMaJoed at high incident eoeigy, 
namely 312 MeV ot “O, cannot be fitted with 
reasonable parameters. The temperature T and 
spin cutoff term o’ are, respectively, 8,8 MeV 
and 17. The best fit obtained with these para¬ 
meters Is presented in Fig. 12. It has been shown 
that at 20 MeV/nucleon the reaction mechanism 
is not any more of a quaslelastlc tyt>e but more 
likely a fragmentation process.It Is probably 
for this reason that we have obtained the level 
density parameters corresponding to a very light 
nucleus. Lukyanov and Titov*' had established 
that the Integrated cross section on energy for a 
fragmentation process is roughly proportional 
to the level density of the ejectUe multiplied by 
a dynamical factor taking into account the Q 
matching of the fragmentation reaction. 

V. SUMMARY 

It has turned out that the dlffractlonal model, 
using modified Coulomb phase shift, is very suc¬ 
cessful In accounting for the transfer reaction 
angular distributions of discrete levels. As ex¬ 
pected, for levels populated mainly by two-step 
processes the dlffusivtty parameter has to be 
much smaller than In case of a one-step process 
and the phase angle has to be also much larger, 
which means that the deflection function is more 
peaked at forward angles. 

As far as continuum states are concerned, very 
reasonable fits can be obtained; nevertheless, a 
serious discrepancy is present concerning the 
level density temperature. The temperatures 
found in this analysis axe different from the stat¬ 
istical one but are of the same order of magnitude 
than the ones given by a Volkov plot for a 
systematlcs.*' On the other hand, the spin cutoff 
values cr' agree rather well with the systematics 
of Gilbert and Cameron for statistical level den¬ 
sities.' 

The complete failure of the model at very high 
‘•O Incident energy on "*Pb target is due to the 



Eiab 


FIG. 12. Experimental energy speotnim ot the 
("O, '*C) reaction on "'I’b target nucleus measured at 
312 MeV "O tnetdent energy. The solid ourve Is t best 
fit nalng the dllfraotianal model. 
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{act ttkat -we are dealing with Iragmentatlon pro¬ 
cesses ol tbe proJectUe Instead of pure direct 
transter reaction. 

The lact that some spectra can be fitted up to 
the Coulomb barrier of the electile is In favor of 
the wide excitation energy range of quasielastic 
transfer reactions. On the other hand, it would 
be impossible, with this one-step model of direct 
surface reaction, to reproduce the second bump 


observed In some spectrum In the vicinity of the 
Coulomb barrier of the ejectile.* This second 
bump corresponds effectively to deep Inelastic 
collisions or, in other words, to multistep pro¬ 
cesses. 

Sincere thanks are due to Dr. B. T. Kim and Dr. 
J. Raynal lor useful discussions concerning the 
coding of the formulas contained In this article. 
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High-spin states in ‘^F.r have been studied by using the '’^d{‘'0.4A‘y) and ‘^Dy(a,4fi'y) reactions and by 
multiple Coulomb excitation with ’’^e ions. Several positive-parity bands are excited* and two negative- 
panty bands have been identified. The previously reported backbending behavior of the yrast sequence is 
demoftstnited to result from the intersectiofi of the ground band (seen to spin 22*^) with an even-spin 
**superband" observed from spins 12 * to 24'*’. The odd-spin ymt superband and the iccand lowest even-spin 
superhand also have been observed. All the superbands have moments of inertia appreciably larger than the 
ground hand. The observed intersection of these multiple superbands with the y band produces difTerent 
backbending behavior and a staggering of the energies of the odd- and even-spin memben of the y hand. 
B{E2) values for transiticms below and through the band intersection regions of both the ground band and 
y bands have been deduced from multiple Coulomb excitation yields. In addition, lifetimes have been 
measured for the ground band by the Oofqder-broadened line-shape technique. The level energies and B(£2) 
values are consistent with weak interaction matrix elements < s; 45 keV) betweei the intersecting bands. The 
B(E2) values of (he unperturbed band are found to obey the simple rigid-rotor relationship. The 7 negative- 
parity band exhibits a normal rotatimial sequence, while the 5~ band exhibits a large odd-even staggering 
and a larger moment of inertia. Two-quasiparticle-plus-rotor model calculatiofu indicate strong roUtton- 
alignmcni and repnxluce the observed properties of the high-spin states for both the positive- and negative- 
panty hands in ‘*^Er 


NUCLEAR REACTIONS ‘”Nd(‘"0,4i0'>, fi-69.6MeV, ‘•‘Dy(a,4By), £-51Mc*V, 
E -547, til2, 620 MeV; measured yy coin, Doppler- 

hruodcntHl line Hhapes, multiple Coulomb excitation probabilities; deduced lev¬ 
els, J, t, T, il(£3) values (rom lifetimes and yields, compared levels and 

B (E2)'s to theory. J 


I. INTRODUCTION 

The observed anomalous behavior of the moment 
of Inertia at high spin in nuclear rotational bands 
(commonly referred to as backbending) Is gen¬ 
erally believed to be a result of the Intersection of 
the ground-state rotational band with a second 
rotational band, i.e., the so-called yrast super¬ 
band. The structure of this yrast superband, 

21 


which has a moment of Inertia close to the rigid- 
body value, has been interpreted primarily In 
terms of the rotation-alignment model'*’ or the 
Coriolis antlpalring model.' The rotation-align¬ 
ment model attributes the structure of this super- 
band lo two high-J quaslparticles which are 
aligned with respect to the rotating core by the 
Coriolis force, while In the Coriolis antlpalring 
formalism this band results (rom the collapse of 
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pairing. 

Recent etudlee of the properties o( both even- 
and odd-masB nuclei In the erbium region have 
provided an abundance of data which are In agree¬ 
ment with the predictions of the rotation-align¬ 
ment model. Studies*** of level energies and 
B{E2) values of ***Er through the backbend show 
behavior in reasonable agreement with the predic¬ 
tions of this model. The generalized calculations 
(rf Flaum and Cline’ within the framework of the 
two-quasipartlcle-plus-rotor model*'* predict not 
only the lowest sui>erband, rMponsible for back- 
bending, but also additional rotation-aligned bands 
of both positive and negative parity with similar 
moments of inertia at slightly higher excitation 
energies than the yrast superband. Eiqierlmental 
data relating to these additional bands and to the 
extension of known bands are, therefore, impor¬ 
tant to an understanding of high-spin nuclear 
structure. Data in the band-crossing region are 
particularly crucial, since they specify the inter¬ 
action between the ground and y bands with the 
superbands and hence, give information on the 
structure of the superband. 

This paper details our previous studies*** of 
’**Er by the ('*0.4«v), (a,4nv), and multiple 
Coulomb excitation reactions and presents new 
information on the £3 properties of the ground 
band and y band derived from the Coulomb excita¬ 
tion data and new Dialer-broadened line-shape 
measurements. The advantages of such a com¬ 
bined set of measurements is apparent, if a truly 
extensive characterization tii the high-spin states 
is sought. The determination of reduced transition 
probabilities from multiple Coulomb excitation, 
which selectively excites collective bands strongly 
coupled to the ground state, and from lifetimes 
measured by the Doppler-broadened line-shape 
method is important, because these quantities 
provide rigorous tests of nuclear models. The 
observed properties of the high-spin states in 
"*Er are compared with the rotation-alignment 
model. We point out that our results are in quite 
good agreement with the recent study of ***Er by 
Kistner, Sunyar, and der Mateoslan.' 

II. EXPERfMENTAL PROCEDURES AND RESULTS 
A. In-besin Y-ny mesuitmenti 

Gamma-ray measurements were performed at 
the Lawrence Berkeley Laboratory with the •**Dy 
(o, 4iiy)‘**Er reaction and at Oak Ridge National 
Uboratory with the *‘*Nd("0,4»v)‘**Er reaction. 
^Ue the results from the (a, 4«y) reaction were 
Instrumental in establishing the level structure In 
the backbendlng region of ‘**Er, the more exten¬ 


sive (**0,4sv) measurements were used primarily 
In constructing the level scheme shown in Fig. 1 
and will be described in greater detail. 

A 2.8 mg/cm* self-supporting enriched neo- 
dynlum foil (96% “°Nd) was bombarded with 10-20 
nA beams of 69.6-Mev "O ions from the Oak Ridge 
Isochronous Cyclotron (ORIC). Two large-volume 
(10% and 18% efficient for a 1.33-MeV y ray rela¬ 
tive to a 7.6 X 7.6 cm Nai(Tl) detector at 25 cm 
distance) Ge(Li) detectors having resolutions of 
2.1 and 3.4 keV, respectively, were placed at 90° 
to the beam direction. Absorbers consisting of 
0.28 mm of copper and 0.15 mm of tin were 
placed between the target and the detectors to 
reduce the number of x rays detected. The target 
to detector distance was 5 cm for the smaller 
detector and 7 cm for the larger detector. 

Both y-ray singles and y-y-tlme coincidence 
data (total of 3.5 x 10’ coincidence events) were 
recorded simultaneously using a Tennecomp 
TP-5000 data acquisition system. The three- 
parameter coincidence data were stored serially 
on magnetic tape and prompt coincidences were 
later sorted using the same data system. Figure 
2 shows a portion of the y-ray singles spectrum, 
while Figs. 3 and 4 display some of the yy co¬ 
incidence spectra which are important in making 
level placements in the positive-parity bands. 
Gamma rays resulting from the Coulomb excita¬ 
tion of the ”*Nd target and, to a much lesser 
degree, from the production of **’Er by the 
(“0,5ny) reaction are also present in the singles 
spectrum. Table I gives the energies, intensities, 
and placements of transitions which have been 
attributed to *'*Er. in many cases where the 
y-ray singles spectrum was complex, energies 
and intensities were obtained from the coincidence 
spectra. 

Analysis of the y-ray spectra was performed 
with the interactive peak fitting codes PKFT(Ref. 

9) and liza (Ref. 10) at Oak Ridge National 
Laboratory. The level scheme shown in Fig. 1 
was constructed from our y-ray measurements. 

The established spin assignments are based 
primarily on previous measurements,**"*'* while 
most levels with spins shown in parentheses are 
assigned on the basis of our coincidence informa¬ 
tion and y-ray intensity values. 

Recently, Kistner el «/.' published their study of 
'**Er from the ’•*Gd(*Be, 5sy) reaction which in¬ 
cludes angular distribution and linear polariza¬ 
tion measurements. Our level schemes are In 
quite good agreement; and, where discrepancies 
exist, they will be noted in the description which 
follows. Moreover, to first order it can be as¬ 
sumed that a similar degree of alignment is 
achieved in both the (**0, 4 n) and ('Be, Se) reac- 
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tions. This is verified by the fact that the rela¬ 
tive intensities fur the high-spin states are simi¬ 
lar from the two reactions and, hence, the maxi¬ 
mum angular momenta imparted in the two reac¬ 
tions are comparable. Thus, the y-ray intensities 
listed in Table I include a %30% correction for 
the angular distribution, which was calculated 
using the angular distribution data of Klstner et 
(d* 

I. The gro$uid-Mtite band 

Using in-beam y-ray measurements, Jett and 
Lind" studied the levels of "*Er populated by four 
different reactions and proposed levels in the 
ground-state rotational band to spin 14* on the 
basis of the agreement of observed with calculated 
y-ray energies. Their assignments were con¬ 
firmed by Banaschik et alj* who used the (o,4ity) 
reaction and by Davidson et at}* who employed not 


only the (a,4ny) reaction but also the (‘*C>4ny) re¬ 
action for population of *'*Er levels. The coinci¬ 
dence and angular distribution measurements of 
the latter two studies"'*^ clearly showed that the 
levels up to the backbend in the ground- state band of 
Fig. 1 are connected by stretched Et transitions. 

Evidence for placement of the spin 16* and 18* 
members of the ground-state band came first 
from our *’'Xe Induced Coulomb excitation data 
reported earlier.* The yield of the 709-keV ffOS.f 
and 710.0 kev from our latest measurements) self 
coincident doublet, which was placed as feeding 
the 14* state at 2703 keV, was observed to have 
1.5 times the calculated yield for Coulomb ex¬ 
citation of the 16* state of the ground-state band. 
However, the predicted sum of the yields of the 
18’— 16* and 16* —14’ transitions is in excellent 
agreement with the observed yield of this doublet, 
if rigid-rotor B(Ei) values are assumed. All the 
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FIG. 2. Spectrum o( y raja obaerved following the 
'**Nd(*'0,4<i)’*‘Er reaction. Some of the more prominent 
peiika In the spectrum are labeled. Coulex refers to the 
Coulomb excitation of the 'I’Nd target. 


available evidence, Including our coincidence 
measurements (see Fig. 3), supports the pro¬ 
posed assignment. 

The coincidence spectra also show transitions 
of 747.2 and 783.1 kev to be In coincidence with 
the 709-keV doublet. The energies and intensities 
of these y rays suggest that they deezeite the next 
two members of the ground-state rotational band 
of ’*<Er. 

2. The yma mptrbmid 

The backbendlng ctf the yrast sequence in "^Er 
vas first observed by Banaschik et ol.t* who 
. placed the hBO.S-keV transition from the 10* state 
>n the even-spin yrast superband to the 14* ground- 
band state. The yrast superband was extended to 
the 18* member at 3768.6 keV by Davidson et of.'* 
^od, on the basis of our ("o,4n'}') coincidence mea¬ 
surements, the 30* and 22' levels have been as- 
si^ed. Kistner et al.' have suggested that the 
M* level Is deexcited by a 729-keV y-ray transi¬ 
tion. This placement appears to be In agreement 
vith our coincidence results, although the counting 
statistics of our coincidence data are only suffl- 
'-lent for ns to make a tentative assignment. 



ENERGY (keV) 

FIG. 3. Coincidence spectra from the 505-, 560-, and 
7]D-keV gating transitions. Some of the more prominent 
peaks in the spectra are labeled. 


The spin 14* level in the yrast superband was 
established on the basis of the observed coinci¬ 
dence of the 792-keV y ray with the S65-keV y ray 
a2*- 10’) in the ground-state band, the 386-792 
keV y-ray coincidence, and the excellent energy 
summation to the 3262.1-keV state via both decay 
paths. The branching ratio from the 16* yrast 
state is a sensitive measure of the interaction 
matrix element between the superband and ground- 
state band. Since the 388-keV region Is complex 
in our singles spectrum, the Intensity of the 388- 
keV y ray was extracted from the coincidence 
spectra. The 388/560-keV y-ray intensity ratio 
from our work, 0.22± 0.07, is not In good agree- 
meut with the value of 0.40 obtained from the study 
by Klstner et of.,' although no uncertainties are 
assigned to their y-ray intensities. 

The level at 2519 kev, which is placed from the 
observed coincidence with y rays deexeitlng the 
13* ground-band state, the 10* member o( the y- 
vibrational band (aee next subeection), and the 14* 
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FIG. A. Coincidenff spectra from the 502- and 534- 
keV ShlioK transitions. These data are from only one 
deleetor and have not been smoothed or aumme<i. Some 
of the more prominent peaks In the sinctra are labeled. 


member of (he yrast superband, is interpreted as 
the 12‘ member of the yrast superband. This as¬ 
signment is in agreement with Kistner et al.^ and, 
In addition, they report a 1001-keV >■ ray which 
deexcitcs this state to the 10* ground-band state. 

A r ray of this energy is clearly evident in our 
7 ~ray singles spectrum, but its placement could 
not be made from our coincidence data. For this 
reason the transition from the 12' yrast super¬ 
band state to the 10' member of the ground-state 
band is nut included in our level scheme. 

J. The TvUinfloiMl band 

The y-vibrational band of *"^Er has been 
established to spin 8* from studies of the p decay 
of the '*‘Tm isomers” and from the in-beam spec¬ 
troscopic work of Graetzer et of.” and West et 
al.*^ CXir data are in agreement with these as¬ 
signments. Although only weak evidence exists 
for population of the states having spins less than 
5*, these levels are well known and, for complete¬ 
ness, are shown in the level scheme. The even- 
spin members of the y band are clearly seen in 
the Coulomb excitation data described in Sec. □ B. 
The higher-spin levels shown in Fig. 1 were 
placed on the basis of our coincidence information 
and y-ray intensity values. 

When the backbending phenomenon was ob¬ 
served* in this 7 -vibration band, considerable 
effort was expended in extending this band as far 
as possible. To this end, the coincidence gates 


TABLE I. Energies, intensities, and assignments of 
y rsys observed in the ‘“Nd(*'o, 4»7')“*Er reaction. 


Energy* 

(keV) 

Relative Intensity*’* 
Exp.' Corrected'* 

Transition* 
^•itis ■*'^us 

91.37 (6) 

26 (2) 


2* — 0* 

11B.7 (2) 

1.4 (6) 


8- ^ 7- 

139.5 (2) 

1.6 (5) 


7- - 7- 

162.70 (12) 

0.9 (2) 

0.8 (3) 

10- — 9- 

178.48 (6) 

3.8 (2) 

3.4 (2) 

8“' — 7-' 

199.75 (9) 

3.5 (3) 

3.3 (3) 

9-'— 8-' 

208.10 (6) 

100 

100 

4* — 2’ 

219.9 (2) 

2.0 (8) 


8“ — 6* 

220.1 (2) 

2.5 (6) 


t t 

10- — 9‘ 

239.0 (3) 

1.8 (4) 

1.7 (4) 

t f 

11- -^10‘ 

240.5 (1) 

4.8 (3) 

4.4 (3) 

7- ^ 6- 

251.2 

<0.5 


(s; — 3 ;) 

258.8 (4) 

o.r> 

0.6 (3) 

12- 

290.93 (7) 

4.7 (3) 

4.7 (3) 

10- — 8- 

300.3 

<0.5 


(o; - 4,*) 

314,95 (7) 

88 (5) 

88 (5) 

6* - 4* 

330.2 (2) 

1.3 (2) 


10 -* 8 

.334.4 (4) 

2.2 (9) 


12*' - 10 ; 

347.2 (2) 

2.2 (3) 


7 ; - 5 ; 

355.7 (4) 

0.7 (3) 


14*’ - 12*' 

389.90 (6) 

4.4 (2) 

4.6 (3) 

12- -10- 

379.32 (7) 

2.2 (2) 

2.2 (2) 

12 —10 

3KG.G (41 

2-‘i (9) 

2.3 (9) 

b; -g; 

388.4 (3) 

1.1 Cl) 

1.1 (3) 

16*' -14*’ 

407.1 (4) 

1.3 (7) 

1.3 (7) 

13- —11- 

410.22 (7) 

65 (5) 

67 (5) 

8* — 6* 

419.9 (6) 

0.2 (2) 


do-' - 8 ') 

431.95 (7) 

4.7 (3) 

4.9 (4) 

9 ; - 7 ; 

435.4 (3) 

3.2 (S) 

3.3 (5) 

14 - — 12 - 

43G.5 (5) 

2.6 (4) 

2.7 (4) 

12*' —12* 

439.43 (8) 

2.6 (3) 

2.6 (3) 

10 ; - s; 

443.9 (2) 

2.9 (3) 


14 -12 

10 — 9 ; 

458.5 (4) 

1.7 (9) 


11-'- 9 - 

485.6 (1) 

2.1 (2) 

2.1 (2) 

15 - -w 

491.4 (4) 

1.4 (6) 


15? - 13 ; 

493.0 (3) 

IJ (4) 


16" —14' 

493.46 (10) 

52 0) 

54 (3) 

10* - 8* 

499.2 (4) 

1.1 (8) 

1.1 (6) 

( 17 ; -15? 
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TABUE I. iContintitd.) 


TABLET. (CmNiiiwd.) 


Energy^ 

(keV) 

Relative iDtenslty *'* 
Exp." Corrected^ 

Traaoltion* 

502.33 (6) 

3.2 (2) 

3.3 (2) 

ii; - 9; 

505.60 (6) 

4.7 (3) 

4.8 (4) 

18*' —16*^ 

515.7 (3) 

1.1 (4) 

1.1 (4) 

16 -*14 

523.9 (4) 

3.8 ao) 

3.9 (11) 

17- -15- 

529.7 (4) 

0.9 (5) 


(13-' - 11-') 

033.7 (3) 

2.9 (2) 


16; -14; 
14; -12; 

536.9 (3) 

1.8 (8) 


le; -w** 

546.0 (5) 

1.0 (4) 


18- —18- 

546.0 (5) 

1.6 (6) 


8—7; 

547.2 (4) 

5.1 (13) 


6- — 5; 

547.8 (4) 

2.2 (9) 


13; -11; 

549.0 (4) 

2.3 (8) 

2.3 (8) 

12; —10; 

560.50 (11) 

4.9 (5) 

5.1 (5) 

le' —14* 

563.6 (5) 

1.7 (9) 


is; —is; 

.564.73 (6) 

32 (2) 

33 (2) 

12* —10* 

572.2 (2) 

1.1 (6) 


(19; -1?;) 

577.1 (3) 

1.9 (5) 

2.0 (S) 

20*^ —18*' 

578.4 (6) 

1.2 (6) 

1.0 (6) 

IS* —14* 

580.0 (2) 

2.3 (6) 

2.3 (7) 

19- —17- 

583.2 (2) 

2.1 (3) 


s; - 8 * 

584.4 (4) 

1.0 (3) 


18 —16 

596.4 (3) 

0.7 (3) 

0.7 (3) 

20" —18* 

019.76 (11) 

16 (2) 

17 (2) 

14* —12* 

633.3 (4) 

1.7 (9) 

1.7 (9) 

21* —19- 

640.5 (4) 

1.1 (6) 


(21; — 19p 

647.9 (4) 

0.7 (3) 


22’ -20" 

6.54.4 (4) 

1.6 (2) 

1.6 (3) 

22*' — 20*' 

666.2 (2) 

1.6 ao) 


10; —10* 

685.9 (8) 

1.7 (9) 


23- -21* 

708.6 (3) 

2.7 (6) 

2.8 (6) 

16* —14* 

710.0 (3) 

2.5 (5) 

2.6 (6) 

18* —16* 

720.1 (2) 

2.3 ao) 

1.8 (9) 

s; — 8* 

729.0 (5) 

0.4 (2) 


(24*' — ^2*') 

732.4 (1) 

3.4 (4) 

2.6 (4) 

13- —12* 

744.2 (3) 

4.4 a5) 

3.6 US) 

e; — 6* 

747.2 (4) 

lA (4) 


20* -18* 

783.1 (4) 

OA (3) 


22* —20* 

791.98 (7) 

3.0 (8) 

3.1 (3) 

14*'-12* 


Energy* 

(keV) 

Relative Intensity*'*’ 
Exp.' Corrected^ 

Transition* 

Vliittai 

820,6 (2) 

1.6 (3) 


7- 

- 8* 

890,12 (11) 

3.5 (3) 

2.7 (3) 

11- 

-10* 

898.14 (6) 

7.6 (4) 

6.4 (4) 

5; 

- 4* 

930.8 (4) 

4.4 (14) 

3.4 (11) 

7; 

— 6* 

952.60 (7) 

33 (3) 

2.5 (3) 

9 ; 

— 8* 

1040.3 (9) 

1.0 (2) 

0.9 (2) 

6- 

- 6* 

1083.95 (9) 

2.1 (2) 

1.7 (2) 

9 - 

- 8* 

1231.10 (7) 

5.0 (3) 

4.2 (3) 

7- 

— 6* 

1364.6 (3) 

33 (5) 

3.3 (5) 

6- 

- 4* 


*UDcertaliitlee in the least significant figures are in¬ 
dicated in parentheses. 

" btensltles are normalized to 100 for dte 208.10-keV 
y ray. 

‘’Experimental singles values with Gc(Ii) detector lo¬ 
cated at 90* with respect to the beam direction. 

''The intensities have been corrected for the angular 
distribution effect using the experimental angular distri¬ 
bution coeHiclents of Kistner et al. (Ref. 8). 

* The symbols used in transition piacements can readi¬ 
ly be understood by a comparison with (he band struc¬ 
tures shown in Fig. 1. Tentative y-ray transition place¬ 
ments arc Indicated in parentheses. 


providing information on this band were scanned 
with gates set on the first detector, and spectra 
were stored for the second detector. The gating 
was then done on the second detector, and spectra 
were recorded for the first detector. After the 
spectra were normalized for energy, they were 
summed. As a final aid in making decisions on 
the weak coincidences, the data were smoothed. 

It is convenient to discuss the even-spin levels 
s^wrately from the odd-spin levels, since there 
are no intraband transitions between these sets of 
levels. The even-spin sequence was extended to 
spin 16*. The 534-keV y-ray peak in the spectrum 
is a selfcoincident doublet and was assigned as 
the transitions deexcitlng the 16’ and 14’ levels of 
the y-vlbratlonal band on the basis of Intensity. 

The observed 537-keV transition from the 16’ 
state to the 16’ yrast superband state lends further 
support to these placements. No even-spin states 
higher than the proposed 18’ state at 4363.6 kev 
could be extracted from our data. 

As a result of the complexity of the y-ray spec¬ 
tra, the SOS-keV (li; -s;) transition is the 
highest-lying y ray which can reliably be used 
as a gating transition in the odd-spin sequence. 
This coincidence spectrum shows the 548-keV and 
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the 401-keV y rays In coincidence as well as y 
rays at 4B9, 572, and 641 keV which have a co¬ 
incidence Intensity of ‘*’80% of that of the 491-keV 
y ray. We have suggested* that the latter three y 
rays form a cascade Into the 15' level. The level 
order Is based on level systematics in the back- 
bending region where abrupt changes have not 
been observed. Any order other than that shown 
produced a severe discontinuity In the backbendlng 
plot. Since these placements are tentative, the. 
are shown as dashed in the level scheme. Kistner 
et at* showed that the 4BB.2-keV (17* - 15J) tran¬ 
sition has the angular distribution of a stretched 
E2 transition, and they also observed a 571-keV 
y ray, which they assigned as the (19’ - 17*) tran¬ 
sition. 

4. ThrK'-yhani 

The first three members of the rotational band 
built on the ft~ state at 1664.2 keV hare been as¬ 
signed from the decay of ***Tm* by de Boer et al.t^ 
The 80-kcV y ray which depopulates the 6 " state 
has been reported'^ but was not seen in our mea¬ 
surements because of its large internal conver¬ 
sion coefficlenl and high probability of absorption. 
The coincidence data suggest, however, that this 
transition must exist. We also did not observe 
the 101-keV (7'— 6 ") transition. The additional 
members of this band shown in rig. 1 were 
established from the coincidence results, 

Kistner et at," have observed this band to spin 
24. Our level scheme is in excellent agreement 
with theirs, but we have not been able to substan¬ 
tiate their placement of the highest state (24”). 

5. The A’ ” 7 hand 

The 7" state at 1985.1 keV has been assigned^’ 
as the {I ’[404] IT; !■[ 523) ff},- state because of the 
observed allowed unhindered electron capture 
decay to this level from the 6 ~ isomeric state of 
'**Tm. The y rays from the levels of the rota¬ 
tional band built on this state are observed by 
gating on the 240-keV y ray which most strongly 
deexcites the 7~ state into the aforementioned /' 

- 5" negative-parity band. The regular rotational 
sequence of level energies and the observation of 
both cascade and cross-over transitions leaves 
little doubt as to the identity of the band up to 
spin 12", The 13* level is placed solely on the 
basis of the coincidence of the 530-keV y ray with 
the 23B-keV y ray and the energy systematics. 
Kistner et at.* also report a 273-keV y ray from 
this level, but this transition could not be con¬ 
firmed by our spectral measurements. 


6. The mtational bead baaed OH 2090.9 keV 

A series of states which form a band of unknown 
parity was placed by Kistner et of,* who suggested 
that the lowest observed level at 2091.3 keV had a 
spin of 8 . Our work substantiates these place¬ 
ments up through the sixth member (7=^18) of this 
band and their arguments about this band appear 
to be well based. 

B. Mulcipk Cbulomb excitation mewiieflienn! 

The nucleus ‘**Er is one of the few stable nuclei 
which is known to exhibit backbendlng behavior. 
With very heavy ions such as '*'Xe it is possible 
to Coulomb excite '**Er into the high angular mo¬ 
mentum states of the backbendlng region with ap¬ 
preciable cross section. This is quite advan¬ 
tageous because Coulomb excitation selectively 
populates collective bands strongly coupled to the 
ground state as opposed to the >~decay pattern 
following (Hl,^s) reactions which is often con¬ 
strained to follow the yrast sequence. Conse¬ 
quently, Coulomb excitation leads to much less 
complicated 7 -ray spectra than those obtained 
using nuclear reactions. In addition, the ‘y-ray 
transition yields following Coulomb excitation can 
be used to establish the B (£ 2 ) values. 

The target used in the multiple Coulomb excita¬ 
tion measurements was a 1.34 mg/cm* isotopicall 
enriched (73.6% '**Er) metallic self-supporting 
erbium foil. This target was bombarded with 
547- and 612-MeV '**Xe ions from the i,awrence 
Berkeley Laboratory SuperHlLAC, and the de- 
excitation y rays were detected by a 50-cm’ 

Ge(Li) detector. Silicon detectors were used to 
detect scattered Xe ions at angles of 65°, 77°, ar 
90° (three detectors at each angle) in coincidence 
with y rays observed in the Ge(Ll) detector at 
- 30° to the incident beam. By placing the Ge(Li) 
detector in the average recoil direction, where 
the Doppler shift is maximum ( 8 %) and the 
Doppler broadening is minimum, and by correct! 
for the different recoil velocities occurring at dii 
ferent scattering angles, y-ray energy resolutior 
of «1% full width at half maximum (FWHM) was 
achieved. A multiplicity filter consisting of four 
7.6 X 7.6 cm Nal(Tl) detectors was used to deter¬ 
mine the nnultipliclty of each y-ray transition ob¬ 
served in the Ge(Li) spectrum in coincidence wit 
scattered ions. The dependence of the y-ray yiel 
on ( 1 ) the multiplicity distribution, ( 2 ) the bom¬ 
barding energy, and (3) the projectile scattering 
angle, provided three independent measures of tl 
location of each deexciting y-ray transition in th‘ 
nuclear decay scheme. These confirmed the dec 
scheme derived from the (‘* 0 ,4ny) reaction shes 
in Fig. 1. 
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A fpectrum of y rays In coincidence with scat¬ 
tered "‘Xe Iona is shown in Fig. 5. A striking 
feature of this spectrum is that Coulomb excitation 
preferentially populates the extension of the 
ground band atxnre the intersection with the 
lowest auperband. Observed y-ray transitions 
Involving levels in both the ground-state band and 
y band are indicated. Unmarked peaks are from 
Coulomb excitation of "*Er or *'*Er contaminants 
or from excited target nuclei which recoil into the 
silicon detectors and exhibit a small Doppler shift. 
The yields for each y-ray transition were ob¬ 
tained using an interactive peak fitting routine 
HT.*' 

The Winther-de Boer'^ computer program, which 
assumes semiclasslcal Coulomb excitation theory, 
was used to calculate the y-ray yields. The sym¬ 
metric rotor model was used to calculate the £2 
matrix elements with (0||Af(£2)||2,) =^2.341 eb, 
which is taken from o-partlcle Coulomb excita¬ 
tion measurements.'* Fbr simplicity we have 
used the rigid-triaxlal-rotor model with y-=12.7° 
for the y band. The matrix elements calculated 
with this Small value for the asymmetry param¬ 
eter should closely approximate those of rotation- 
vibration calculations. The two-band mixing 
model, using a 45-keV Interaction strength, was 
used to estimate the fi(£2) values coupling the 
ground band and yrast even-spin superbands. The 
weak8(£2;2;-2*), £(£2;8;-8’), andB(£2;lo; 

~ 10*) matrix elements were adjusted slightly to 
ensure that the ejqierimental branching ratios 
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were obtained. The calculations also included 
£4 matrix elements derived assuming that 
<0(|3f(£4)||4,) = -t-0.12 cb* and assuming that only 
the Qj, Intrinsic £4 moment is nonzero. The in¬ 
clusion of £4 excitation produced e 2% changes in 
the calculated y-ray yields. The calculations of 
the y-ray yields Included (1) Ml transition matrix 
elements derived from known £2/Ml mixing 
ratios'* and systematica; (2) the deorientation 
tffect (< 20% effect), calculated using the two- 
state model of Brenn et (3) the finite size of 
the Ge(Li) and summing effects in the GefLi) 

(o' 1% correction); and (4) internal conversion. 
These corrections are predicted reliably and ac¬ 
curately and are smaller than the uncertainties 
Involved in obtaining the yields from the y-ray 
spectra. The only important systematic error 
occurs for a bombarding energy of 612 MeV where 
we expect a small Coulomb-nuclear interference 
effect.** This slightly excessive bombarding 
energy was chosen in order to maximize the ex¬ 
citation probabilities through the band intersection 
region which was not fully explored when these 
Coulomb excitation data were reported.* it is 
estimated that the Coulomb-nuclear interference 
will produce £ S% uncertainty in the B(£2) values 
extracted from the data taken at 612 MeV and is a 
negligible correction tor the 547-MeV data. 

A comparison of the experimental and calculated 
sums of y-ray yields deexclting each level is 
shown in FTg. 6. The sum of the 18' — 16' and 16' 
—14' unresolved doublet and also the sum of the 



• 6. Coincidence y-rsy apectnim for the Coulomb excitation of '"Er hy 612-MeV '**Xe tons. Transitions In '“Er 
ibeled. 
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FIG. 6. Comparlscm of the totnl yield of y raye from 
multiple Coulomb excitation of by 612-MeV ’^Xe 
tone with Coulomb excitation calculations. The measured 
and calculated yield of the 16" state was corrected to 
tnelude the known branching ratio. 


16* —14* and 14* —12* unresolved doublet are 
compared with the sum of the calculated yields of 
the unresolved transitions in Fig. 6. Destructive 
interference occurs for multiple Coulomb excita¬ 
tion of the odd-spin members ai the y band with 
the result that they are calculated to be populated 
~20 times weaker than the adjacent even-spin y 
band states. The population these odd-spin 
states is not shown in Fig. 6, since they are too 
weakly excited to be observed In the present work. 
Unfortunately, the even-spin yrast superband was 
difficult to observe because the 16' — 14' transi¬ 


tion, which is the strongest branch from the 16* 
superband state, is not resolved from the strong 
12* —10* ground-band transition. The overall 
agreement between experiment and calculation Is 
satisfactory for all three bands indicating that the 
assumed £2 properties are consistent with the 
data. 

The extraction of individual B(£2) values from 
the above comparison is somewhat complicated, 
since most states were populated by multistep 
excitation and thus the yield of a given state 
depends on several matrix elements. However, a 
Urge part of this complexity is removed by com¬ 
paring the experimental and calculated ratios of 
y-ray yields of successive levels connected by 
large H(£2) values, i.e., for the ground band, the 
ratio fij= Yf/Y ,.2 where F, is the yield of y rays 
deexciting the spin / state. The sensitivtty of R, 
to the B(£2;2 — f) can be esqpressed as 







B(£2;;-2-/)^-B(£2;/-2-/)^.1 


It can be shown” that the sensitivity parameter 
a,ail-A^ The Coulomb excitation code” was 
used to calculate the coefficient The final 
B(£2) values were obtained by an Iterative pro¬ 
cedure where the above relation was used to cor¬ 
rect the B(£2) values used in the initial calcuU- 
tions. 

For the ground-band states up to spin 14*, the 
ei^erimental value of B, is equal, within the 
5-10% sUtistlcs, to the theoretical value of B, 


(or 
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FIG. 7. BIG2) values extracted for the Coulomb exc 
tatlon yields (solid circles), Ooppler-broadcned line 
shape (open squares), and results from previous work 
ftriaagles). The solid line corresponds to the JBIB2) 
values derived from the B(£2i0* —2*) assuming the 
rlgld-spberoldal-rotor relation. The dashed line cor- 
reeponda to the B(B2) values derived assuming a 45-k 
Interaction matrix element between the Intersecting 
bands and assuming Identical intrinsic quadrupele mo 
ments for both bands. The open circles for the super 
band correqxmd to the S(g2) values derived from the 
measured brsnchlng ralio assuming that the superban 
has a constant and aimllar Intrinsic quadrupele moini 
to that of the ground band. 
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evaluated using the spheroidal rigid-rotor relation 
for the £(£2) values. Although this implies that 
on the average the experimental B{E2) values are 
close to the values derived from the known 
B(£2;0*-'2*) assuming the rigid-rotor relation, 
it does not prove that the Individual B (£2) values 
obey this relation. Typically, a, Is less than 0.3 
for transitions between ground-b^d states below 
/' = 12*. Consequently, the B (£2) value derived 
from a given A, has a fractional error magnified 
by a factor of more than three compared with the 
fractional error in Rj. Multiple Coulomb excita¬ 
tion data obtained with lower bombarding energies 
or with lighter projectiles would provide reliable 
B(£2) values for ground-band states below spin 
10 '. 

The ground-band B (£2) values extracted from the 
present multiple Coulomb excitation data are 
shown in Fig. 7 and listed in Table II. The in¬ 
dividual ground-band B(£2) values are consistent 
with the rigid-rotor relation (solid curve) 
amended to include band mixing (dashed curve). 

The ground to superband B(£2) values are poorly 
determined by the Coulomb excitation data because, 
as mentioned earlier, the strongest branch from 
the 16*' state was masked by the (12* — 10’) ground- 
band transition. The dashed line corresponds to 
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the B(£3) values used in the Coulomb excitation 
calculations. 

The B(£2) values involving the y band used in the 
Coulomb excitation calculations are indicated by 
the dashed lines in Fig. 8. The values are those 
given by the rigid-triaxial-rotor model except that 
the B(£2; 2; -2*), B(£2;8;-8*), andB(£2;10; 

—10*) values were slightly adjusted to obtain 
better agreement with the known branching ratios. 
Both the intraband and interband B(£2) values 
strongly influence the population of states in the 
y band. This complication, coupled with the weak 
and uniform population of y-band states up to spin 
10*, makes it possible to extract reliable B(£2) 
values only for the unresolved (16* — 14*) and 
(14^ —12^) doublet and the (12* — lop transition. 
Within the very large error, these Individual B(£2) 
values are consistent with the model values. 

C. Ufetimes from Dopplei-bcoMlcned linc-iliape inalyiis 

Heavy-ion Coulomb excitation is ideal for mea¬ 
suring lifetimes of excited states by the Doppler- 
broadened line-shape technique, because the re¬ 
coil velocities are large and the population of states 
is well understood. The large recoil velocity 
(r'/cn0.08) imparted by Xe projectiles makes this 


TABI£ n. Lifetimoa and B(£2) values for states In ***Er. 


TconBltton 

Don)ler.broadened line shape 
MeanUfe B(£2; f- «-2)l 

(ps) (eb)* 

Multiple Coulomb 
excitation 

Bl£2; f-tf-2)l 
(eb)= 

Previous work 
BIE2; / — 

(cb)' 

Rigid rotor 

BIE2: I- V-2\) 
(eb)= 

Ground band 
4*- 2* 




1.39 ±0.14* 

1.57 

G*-* 4* 





1.73 

8*— 6* 

3.69 i O.IH 

1.86 ±0.09 


1.78 iO.lS* 

1.81 

10*— 8* 

1.46 i0.09 

1.91 ± 0.12 

1.70 t 0,16 

1.96 ±0.12“ 

1.85 

12* —10* 

0,8 fcO.06 

1.75 ±0.13 

1.89 + 0.19 

1.19.0.09“ 

1.89 

14* —12* 



2.33 ± 0.32 


1.91 

16*-14* 



1.521:0.28' 


1.93 

Superband 

16*' —14* 






Gamma baad 

12*-lo; 



1.5 ±0.7 


1.59 

uj-w; 



1.9 ±0.9“ 


1.62 


‘Raferenoe 47—lifetime measuremeot by a microwave tedinique. 

‘Referenoe 29—Ooppler-broadened line-shape measurement. 

Gamma ray unresolved troaa weaker transition between next two higher members of the ooUeetive bend. This 
3ted J3(B2) value was extracted aaeumlng that the weaker transltlan from the higher transition was oorreotly oalcu- 
ed using a B(£2) value given fay the rotational model. 
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FIG. S. The Ji(S^> values for the y band derived from 
the Coulomb excitation data. The dashed line corre¬ 
sponds to the values used in the calculation and was 
derived using the rlgid-trlaxlal-rotor model as described 
in the text. The open circle for the B(fi2:8* — 8J) was 
derived from the branching ratio assuming that the Intra¬ 
band transitions were given by the rotor model. 


technique a aensUlve method for studying the shor 
lifetimes characteristic of high-spin states. This 
method complements the multiple Coulomb excita¬ 
tion method for extracting B(£2) values, because 
the present multiple Coulomb excitation yields arc 
insensitive to the B(£2)’s of those lower-spin 
states which are most easily studied by Doppler- 
broadened line-shape analysis. In addition, com¬ 
plications involving the complex feeding patterns 
and feeding times, which make it difficult to mea¬ 
sure lifetimes of states populated following 
(HI,rn) reactions, are avoided. Using this tech¬ 
nique, wc have performed lifetime measurements 
irf the 8*, 10*, and 12* ground-band states in ‘‘*Er 

A thick “30 mg/cm* metallic ‘**Er target was 
bombarded by a beam of 620-MeV ions from 
the Lawrence Berkeley Laboratory SuperHILAC. 
This target was of sufficient thickness to stc^ the 
beam and the recoiling target nuclei. The 
deexettatioD y rays following Coulomb excitation 
were detected in a 50-cm’ Ge(Li) detector placed 
at 0° to the beam. As can be seen in Fig. 9, the 
y rays emitted during deceleration of the recoilin 
nuclei in the target are Doppler broadened. The 
lifetime of the state can be extracted from the 
shape of the y-ray peak and a knowledge of the 
slowing-down time. The lineshapes of the y rays 
from the 8*-6*. 10*-8*, and 12*-10* transltio 
were analyzed using the computer code DOpco.'^ 
In this code the recoil velocity and angular dis¬ 
tribution of the target nucleus are taken together 
with the stopping power, and the expected line- 
shape for a given lifetime is calculated. 

The angular distribution and the excitation func 
tlon of the coulomb excitation process were cal¬ 
culated using the program of Wlnther and de 



imsotsl data and the solid lines are the calculated fits from the program Dcno (Ref. 23). 
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Boer." The £2 and £4 matrix elements de¬ 
scribed In the previous section were used. Gam¬ 
ma-ray yields and angular distributions were cal¬ 
culated for center-(rf-mass particle scattering 
angles ranging from 20° to 180° in 20° steps at 
energies from 80 to 620 MeV in five steps to ac¬ 
count for energy loss in the thick target. 

The electronic stopping powers, taken from the 
table of Northcllffe and Schilling,** were corrected 
at low energies for medium dependences using the 
table of Ziegler and Chu*‘ according to the usual 
procedure." The maximum correction was found 
to be about 8%. The theory of Llndhard ef of.*’ 
was used for the nuclear stopping powers, and 
the large-angle scattering effect was taken into 
account using the Blaugrund** prescription. 

Lifetimes were obtained from a least squares 
fit of the calculated line shapes to the experimen¬ 
tal data and are listed in Table n. The uncer¬ 
tainties include statistical contributions from the 
data, errors in background subtraction, and un¬ 
certainties in the stopping powers. The state of 
highest spin (12') was analyzed first; heuce, the 
y-ray feeding to the next lower state is treated 
properly by using the eiqierlmentally determined 
lifetime. Feeding from 14', 16', and 18' states 
were also Included by assuming rotational life¬ 
times for these states. 

The best fits to the y-ray transitions depopu¬ 
lating the 8', 10', and 12' states are shown in Fig. 
9. The region o( the line shape just above the 
stopped component of the peak from the 12' -* 10' 
transition is not well reproduced by the calcula¬ 
tion. This may indicate that the values of the 
stopping power at low velocity (0/0-0.004) arc 
not correct in our calculations. However, the 
extracted lifetime is not very sensitive to this 
deviation because this region represents only a 
small traction of the total counts. As a check of 
the integrity of our calculations, an analysis of 
this data was performed with a different com¬ 
puter code." The results of these calculations 
were in excellent agreement with those presented 
in Table n. 

The £(£2) values derived from the measured 
lifetimes are in excellent agreement with the 
rigid-rotor relation and the values extracted from 
the multiple Coulomb excitation data. Kearns el 
of.*’ have also measured the lifetimes of rota¬ 
tional states in "*Er by the Doppler-broadened 
line-shape technique using Coulomb excitation 
with "pe and "Kr projectiles. They found the 
B(£ 3 ) values for decay ct the 8' and 10' states to 
^ in good agreement with rotational values, but 
their vaUie for the £(£2; 12* -»10*) level is more 
than 32% lower than the rotational prediction and 
Our values derived from both Doppler-broadened 


line shape and multiple Coulomb excitation yield 
measurements. 

111. DISCUSSION 
A. RoUtbul-aligniiient model 

Since the rotation-alignment model' will be 
used extensively in interpreting the high-spin 
level structure of '"Er, it is appropriate that we 
examine the qualitative predictions of this model. 

A characteristic feature of the rotation-alignment 
model is that it predicts a series of rotation- 
aligned bands similar to the superbands observed 
in "*Er. Calculations within the rotation-align¬ 
ment model*’' predict that the wave functions of 
the low-lying positive-parity two-quasiparticle 
bands in nuclei such as "*Er are dominated by a 
single K component at low spin (/e4) and one 
rotation-aligned structure for/°> 16*. The lowest 
yrast even-spin rotation-aligned band has only 
even-spin members and evolves from n K' = O' 
structure (at spin zero) to a structure at 7 16 

which is mainly two i,,,,, quasineutrons coupled to 
J=12 and aligned with the rotation of the core. 

This is presumed to be the superband observed to 
Intersect the ground-state band at /’ = 16* in "*Er, 
producing the well-known backbend in the yrast 
sequence. The next two lowest bands are predicted 
to start out as a single K’ = i' band which evolves 
into the lowest odd-spin (yrast odd) and the second- 
lowest even-spin (yrare even) rotation-aligned 
bands. The largest components of the wave func¬ 
tions of these two bands for 1' '■ 16* have a rota¬ 
tion-aligned structure with two f,,/, neutrons 
coupled to ,7-12 and ,7=10 for the odd- and even- 
spin bands, respectively. The odd-even splitting 
for the yrast superbands occurs because both R 
(the core rotation) and J (spin of the two coupled 
neutrons) are only even, whereas the total spin 
T= R -tJ can be both even or odd; thus the rota¬ 
tional energy of an odd-spin state is similar to the 
next higher even-spin state. The yrare even-spin 
Buperband is predicted to be slightly above the 
yrast odd-spin aligned band, and it has a structure 
for which roughly half of the wave function corre- 
.sponds to the two neutrons coupled to J=10 
with maximum alignment along the rotation axis. 

In the extreme limit of the rotation-alignment 
model, the yrast even-spin (7), yrast odd-spin 
(7- 1), and yrare even-spin (7- 2) states would 
have the same rotational energy, because they 
have the same value of R. 

The structure of these rotation-aligned super- 
bands can be probed by studying the interaction of 
these bands with the ground-state band and with 
the and y-vibrational bands. The interaction of 

the lowest superband with the ground and ft bands 
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has been observed previously.The interac¬ 
tion matrix elements between the ground-state 
band and this superband lie between 8 and 80 keV, 
which is one to two orders of magnitude smaller 
than typical Coriolis matrix elements at this 
spin.” The interaction between the d band and 
the lowest superband is known to be weak; that is, 
it is around 30 keV and 55 key for and “*Dy, 
respectively,”’’’*’* at the band intersections. The 
y band would appear to serve as a better probe of 
the superbands, since one can study the interac¬ 
tions with both even- and odd-spin states of the 
superbands, if the necessary intersections of these 
bands with the v band can be observed. On the 
other hand, the ground-state and d bands can only 
probe the even-spin states. Prior to our previous 
publication* in which we presented evidence for the 
discovery of the yrast odd- and yrare even-spin 
superbands, only the lowest superband (yrast 
even-spin) had been observed and the intersection 
of superbands with the >> band had never been ob¬ 
served. 

B. B«ckbmdins of poiilive-pirity bands 

The plot of the experimental energies versus 
spin [ Fig. 10(a)) clearly shows that several inter¬ 
secting bands exist in '*’&r. These results can be 
understood when compared with the predictions of 
the rotation-alignment model.‘ A sample calcula¬ 
tion was performed within this model to illustrate 
the general features predicted by the model, but 
no attempt was made to fit the calculation to the 
e^ierimcntal data. Both zero and two-quasineu- 
tron configurations within the complete orbit 
were included. The Fermi level was taken to be 
between the W -1 and | orbitals with the pairing 
parameter A ~ 1 McV. A common moment of in¬ 
ertia parameter 2 s/a’- 78.1 MeV~' was used 
throughout the calculations except that the ground- 
band energies were allowed to follow a typical 
VHI (Ref. 39) behavior. The excitation energies 
predicted by this calculation are compared with 
the experimental results in Pig. 10. The y band 
was not explicitly included in the calculations; 
however, a line corresponding to the expected 
position of the y-vibrational band in ‘”Er has been 
added to Fig. 10 for illustration. The overall sim¬ 
ilarity between the experimental data and the cal¬ 
culation la striking. The lowest two-neutron band 
is expected to intersect the y band between spin 
IZ' and 14* and the ground band near spin 16*. The 
yrare even-spin and yrast odd-spin two-neutron 
bands are expected to intersect the y band around 
spin 15*. The yrast odd-spin two-quaslneutron 
band is predicted to be about 0.5 MeV above the 
yrast even-spin rotation-aligned band and it also 
is predicted to fall slightly below the yrare even- 



FIG. 10. Plot of the level excitation energies for var¬ 
ious bonds in '“Kr from (a) experiment and (b) the ro¬ 
tation-alignment model. The solid circles correspond 
to even-apln states and the open circles to odd-sptn 
states. 


spin rotation-aligned band. 

All of the predicted features appear to be ex¬ 
hibited by the data. The calculation predicts that 
the ground-state band will intersect the yrare 
even-spin band and an extrapolation of the eiqieri 
mental third 16* and 18* states to higher spin Bug 
gests such an intersection with the ground band 
will occur experimentally near spin 24*. A more 
detailed comparison shows that the calculations 
are inadequate in that the Intersections are pre¬ 
dicted to occur at spina which are slightly too 
high. In addition, even though the calculation pn 
diets small interaction matrix elements between 
the Intersecting bands, the predicted matrix ele¬ 
ments appear to be around a factor of 3 larger 
than experimentally observed. Mtaberger at ei: 
performed a similar calculation in which they 
made a least square fit to the experimental level 
energies to determine four parameters—the 
Fermi level, the pairing gap, and the magnitude 
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utd slope of the mottient-of- inertia dependence of 
rotational frequency. Using reasonable values tor 
these parameters, they oUained excellent flU, 
i.e., a rms deviation of only 4 keV, tor both the 
ground band and the yrast superband. 

The interaction between the intersecting bands 
is most clearly illustrated by a conventional back- 
bending plot as shown in Fig. 11. The backbending 
behavior of the ground-state band of "^Er is very 
similar to that observed^' in the other N -96 iso¬ 
topes ‘•*Yb, ‘**Hf, and ‘'“hv. The yrast superband 
displays about the same moment of inertia and ex¬ 
citation energy in all of these nuclei. Below the 
backbend the moment of inertia characteristically 
increases slightly with increasing spin, pre¬ 
sumably due to the influence of Coriolis anti- 
pairing. If it is assumed that the backbending in 
the yrast even-spin sequence is due to the inter¬ 
section of two bands with an interband interaction 
strength of 45 keV, then the unperturbed ground- 
band states lie on a smooth extension of the lines 
up through the 18* state, and the yrast even-spin 
superband energies vary smoothly as shown by 
the open circles in the left portion of Fig. 11. 
However, the 30* and 22* members of the ground 
band are affected very little by this interaction. 

We note that if we extrapolate the yrare-even 
superband, as shown by the dashed line in Fig. 
10(a), and assume that the interaction between 
these bands is 45 keV, then the upward kink in the 
ground band for the 20* and 22* states is largely 
removed. 

The ratio of the Intraband and Interband B (£2) 
values at the band intersection is sensitive to the 
strength of the Interaction between the intersecting 



PIG. 11. Plot of 20/1^ versus ttwi’ for members of 
the groimd-state band, Y-vibrsUontl bsncl. and super- 
hands in **tEr. The open circles on the ground-state 
•nd even-yrast auperfaanda are correotlana for a 4e-keV 
interaction matrix element. The energies of the 10^ sad 
states were adjusted in accord with this Interaction 
strength. The circles represent even-spin tod the 
nhueres odd-spln states. 


bands. The interaction strength can be deter¬ 
mined from the measured branching ratio, pro¬ 
vided the level energies are known, if it is as¬ 
sumed that only two bands are interacting and that 
the bands have the same intrinsic quadrupole mo¬ 
ments. The y-ray branching ratio 16*'—14*'/ 

16*'-*■ 14* = 0.22:t0.07 implies an interaction 
strength between the ground band and yrast even- 
spin superband of £,= 51:4 Kistner et al.’ 
obtain a value at 0.40 for this branching ratio, 
implying an Interaction strength of 43 keV. These 
values are consistent with the 45-keV Interaction 
strength Implied by the perturbation of the level 
energies. The absolute B(£2) values measured by 
multiple Coulomb excitation also are consistent 
with the 45-keV interaction strength as illustrated 
in Fig. 7. The fl(£2; 14*' —12*) can be inferred 
from the y-ray branching ratio 14*' — 12*/l4*'— 12*' 
assuming that the superband has a constant in¬ 
trinsic quadrupole moment similar to the ground 
band. This B(£2;14*'—12*), shown by an open 
circle in Fig. 7, is in good agreement with the 
value (dashed line) predicted assuming a 45-keV 
Interaction between the intersecting bands. 

Gamma-ray branching ratios at the backbend 
have been measured”’** in two other nuclei, “*Gd 
and '**Dy. Average interaction matrix elements of 
23.5± 1.5 keV for the 16* and 18* states in '**Gd and 
8.5i 1.5 keV for the 16* state in '*'Oy result from 
similar calculations. Band-interaction matrix 
elements of this siae are remarkably small, I.e,, 
they are nearly two orders of magnitude smaller 
than ejected for Coriolis matrix elements at 
these spins, but are consistent with the rotation- 
alignment model. 

Calculations'*^ within the two-quasiparticle-plus- 
rotor model show that the aligned two neutron 
eigenfunctions for the yrast states become local¬ 
ized around ,7=12 and B-/-12 with Increasing 
spin. On the other hand, the zero-quasiparticle 
ground band has [- R for a fully paired state. The 
Coriolis force does not couple states with dif¬ 
fering core rotation R, and thus the two bands 
interact only via the overly of weak components 
in the wave functions. This overlap becomes pro¬ 
gressively smaller with increasing spin due to the 
increased localization in R space of the aligned 
states. Calculations'*'*' within this model suggest 
that the Interaction is < 140 keV and is nearly con¬ 
stant for 10 </<22. Although these calculations 
predict small Interaction matrix elements, they 
are still more than a factor of 2 or 3 larger than 
experimental values. This implies that the as- 
Bumptims made in these calculations may not be 
completely adequate. A more complete Hartree- 
Fbck- Bogollubov calculation by Mang” also pre¬ 
dicts small interaction strengths. 
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A backbendtng plot {or the transitions In the y- 
vibratlonal band of "*Er Is shown on the right side 
of Fig. II. The rotation-alignment model suggests 
that the interaction between the lowest rotation- 
aligned two-neutron bands and the ground-state, 
fi and 7 - bands will be weak and of comparable 
strength, As a first approximation, we assumed 
that the three superbands have the same interac¬ 
tion strength of 45 kcV with both the ground-state 
and y bands. Furthermore, we assumed that we 
could estimate the positions of unobserved states 
by making the extrapolations shown by dashed 
lines In Fig. 10. The positions of the unperturbed 
levels were then calculated and are plotted as 
open circles in Pig. 11. Tliis procedure produces 
a 25-keV shift in the 10^ level energy and equal 
but opposite shifts in the 10' —8^ and 12,'— 10’ 
transition energies. The obvious discontinuities 
In the backbending plot for the even-/ members 
of the y band are removed if the unperturbed 
values arc used. The odd-spin state energies in 
the y band are smooth in this spin region without 
t such a shift. The behavior of the odd-spin se¬ 
quence provides direct evidence that the odd-spin 
states in the yrast superband lie considerably 
higher than the even-spin states. 

The abrupt backbends of both the even- and odd- 
spin sequences of the y band are apparent around 
spins 13 and 14. Even without the placements of 
the tentative 17* and higher-spin states, it is also 
apparent that a marked reversal in the odd-even 
staggering occurs through the backbend region. 

This behavior becomes more obvious when the 
states of the y band (and the superband continua¬ 
tion) are displayed as in Fig. 12, where it is clear 
that the odd-spin states lie low relative to the 
even-spin ones below the backbend and high after 
the backbend. There is also the possibility that 
the behavior in the (true) y band below the back¬ 
bend is caused by the interaction with the 8 band 
which lies 400 kev above the y band. An interac¬ 
tion of about 100 keV between these bands could 
reproduce the observed odd-even staggering just 
below the backbend. However, the higher-spin 
states of the y band give the best insight into this 
situation. Above the backbend the rotation-align¬ 
ment model predicts both the behavior in the odd- 
even staggering and the relative moments of Iner¬ 
tia of the yrare even- / and yrast odd- / superbands 
(89 and 96%, respectively, of the yrast even-/ 
superband moment of inertia at similar spin 
values). The observed reversal in the staggering 
is the strongest evidence that these higher super- 
bands correspond to the higher bands coupled 
to the ground band. 

The y-ray branching ratios at the band intersec¬ 
tions with the y band also can be used to determine 



FIG. 12. Plot of versus /(f+ i) for the 

y-vibratlonal band In '“Er. The odd-even staggering 
as well as a ehange in this effect at higher spins Is 
clearly shown. 


the interaction strength. The absence of observed 
superband states below the intersection with the 
y band can be understood if the interaction matrix 
element is 45 keV. Ootb the yrast and yrare cven- 
/ superbands are then predicted to decay 85%. into 
the y band at the intersection, while the odd-/ 
superband is calculated to have a 77% branch into 
the y band. Thus in all three cases the lower 
superband branch would be too weak to be ob¬ 
served in «>r work. The B(£2;lDi^ — 12') and 
B(E2; 12,' — 14,') values will be attenuate by about 
50% assuming band mixing with a 45-keV interac¬ 
tion strength. The experimental B{E2) values 
shown in Fig. B are of insufficient accuracy to 
determine whether this attenuation occurs. 

The energy separation between the y and ground 
bands is similar to the separation between the 
upper two Buperbands and the lowest superband. 
This suggests a second possible explanatlon*'^^^^ 
for the structure of the two upper superbands, 
t.e., they could be composed of the lowest t'l,/: 
yrast superband coupled to the y band. However, 
it Is not apparent to us that this model can explai 
the change in the odd-even staggering observed 
at the backbend. 

The calculations show that the splitting betweei 
the yrast even-spin (/), the yrast odd-spin (/- 1) 
and the yrare even-spin (/- 3) two-quaslpartlcle 
bands is proportional to / at low spin, where a 
given K value dominates the wave function and 
then becomes constant whan a rotation-aligned 
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;onfiguration dominates. If it is assumed that the 
^hree observed superbands are indeed two-quasi- 
artlcle rotation-aligned bands, as suggested by 
;he present data, then the spin at which these 
splittings become approximately constant with / 

:an be used as a check on the Coriolis matrix 
ilements. Almberger et of used these data to 
determine if a Coriolis attenuation factor is re¬ 
quired in two-quaslparticle-plus-rotor calcula- 
ions. They determined the attenuation factor to 
je 0.97, l.e., essentially no attentuation, in 
igreement with the earlier conclusions of flaum 
ind Cline.’ This result is to be compared with 
.ralues from 0.60 to 0.70 required in one-quasl- 
larticle-plus-rotor descriptions of positive-parity 
states in neighboring odd-neutron nuclei.^^^* 

C. Negative-parity banda 

The yrast (5”) and yrare (7") negative-parity 
sands have been interpreted’^ as rotational bands 
jullt on the {5 -[ 523li>;i’[642] v}s- and {J*[404lv; 
^~[523l)r),. two-quasiparticlc configurations. 

The moments of inertia for these bands derived 
rom the B,- Ky..j level spacing arc plotted versus 
'(/+ 1) in Fig. 13. The 5" band exhibits (1) an odd- 
iven staggering which reverses sign at spin 21*, 

.2) a moment of inertia comparable to those of the 
iusitlve-parity superbands, i.e., close to the 
'igid body value, (3) a moment of inertia which 
decreases with increasing spin at low-spin values, 

:4) intraband y-decay paths which separate into an 
xid-spin sequence and an even-spin sequence, and 
;5) B1 transitions from the odd-spin states to the 
ground band which occur with inhibition factors 
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of ~10* relative to the Weisskopf estimate. These 
features suggest that rotation alignment is im¬ 
portant for this band. Similar features have been 
observed*” in negative-parity bands in 
In contrast, the 7* band exhibits a moment of 
inertia which increases smoothly from 60% to 
64% of the rigid-body value as the spin increases 
from 8' to IS* and £1 transitions are inhibited by 
factors of "5 X 10* relative to the Weisskopf esti¬ 
mate. These are characteristic of a deformation- 
aligned band with a relatively good K quantum 
number. 

The behavior observed in these negative-parity 
bands was predicted by the two-quasiparticle- 
plus-rotor model calculations of Flaum and 
Cline.’ These calculations, which were made for 
both positive- and negative-parity bands in '**Er, 
showed that the structure of the yrast negative- 
parity band above spin 11* was characterized by 
the = 11* rotation-aligned two- 

quaslparticle configuration. States with /''s 11~ 
were strongly influenced by collective 3*, 5*, etc. 
correlations because the residual two-quasipar¬ 
ticle interaction is comparable to the Coriolis in¬ 
teraction for these low-spin values. The rotation- 
aligned band was predicted’ to exhibit a large odd- 
even staggering in excitation energy. The reason 
for this behavior is that the angular momentum of 
the core, A, has only even-spin values for axial 
symmetry. Consequently, since the total spin 
I=R+T V is the angular momentum of the two 
quaslparticles), it follows that for J odd (even) the 
odd (even) spin, |/| - |a| -i- \j\ (fully aligned) and 
I’-1-I (partially aligned) states will have the 
same value of R and hence the same rotational 
energy. Thus, since the 
two-quasiparticle configuration is predicted to 
dominate the structure of the yrast negative- 
parity band, then the and - 1 states will 
be nearly degenerate in excitation energy when 
rotation alignment is complete. Flaum and Cline’ 
predicted that at high-spin values the [ 

= two-quasiparticle configurations 
will start to dominate the wave function and then 
the 7;;^ states will be depressed in energy rela¬ 
tive to the states. That is, a reversal in the 
odd-even staggering should occur at high spin. 

The rotation-aligned configurations are pre¬ 
dicted to dominate the wave function ol the yrast 
negative-parity band in ‘””Er because the Fermi 
level is close to the (i = ^ orbitals baaed on W,,,,, 
and spherical shell model configurations. 
Two-quasipartlcle-plus-rotor model calculations 
were not performed for the negative-parity states 
in “^Er, but what will occur in “”Er is clear by 
reference to the calculations’ for '*”Er. The 
Fermi level in "*Er is close to the n orbitals 
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based on and kA,/, spherical shell model 
configurations; consequently, the rotation align¬ 
ment should be appreciably less complete than 
for "*Er, This is what is observed. The 
states are depressed in energy relative to the 
states, bat the effect is appreciably smaller 
tbain predicted for ''“Er. The data also exhibit the 
large moments of inertia and the reversal in odd- 
even staggering at /' = 21~, both of which are ex¬ 
pected for rotation-aligned two-quaslpartlcle con¬ 
figurations. 

The calculations' (or ‘‘^Er show that rotation 
alignment Is unimportant (or the lowest two- 
proton negative-parity band because d they and 
high (1 of the Important configurations (i.e., 
■j*[4(M] and5331). Consequently, this band 
should have a smaller moment of Inertia and no 
noticeable odd-even staggering at lower-spin 
values. This is exactly what is observed (or the 
7* band in “^Er. Since if is a good quantum num¬ 
ber, the £l decay to the ground band will be 
strongly inhibited as is observed. 

Bengtsson and Frauendorf^* have also performed 
a detailed theoretical analysis of the observed 
bands in “^r. They analyze the energies of the 
bands in the rotating frame of the nucleus and 
compare these to the results of cranking model 
calculations. This comparison leads to quast- 
partiele assignments for the yrast (S~) and yrare 
(7~) negative-parity bands identical, at least at 
lower spins, to those indicated by the rotation- 
alignment calculations discussed in the present 
paper. Furthermore, Bengtsson and Frauendorf** 
suggest the {V'(505|v; |*l642]i/},. interpretation 
for the band beginning with 1= 6 at 3090.9 keV, an 
assignment which our rotation alignment calcula¬ 
tions indicate may become important in the com¬ 
position of the S~ band at higher spins, as dis¬ 
cussed above. 

IV. SUMMARY 

A relatively complete description of the high- 
spin states of ‘'*Er has emerged from the present 
work. Several positive-parity and two negative- 
parity bands have been identified. The previously 
reported backbending behavior of the positive- 
parity yrast sequence is demonstrated to result 
from the intersection o( the ground band, seen to 
spin 33*, with an even-spin "superband,** having a 
large moment of inertia, which is observed from 
spins 13* to 24*. The observed interaction be¬ 
tween this yrast superband and the y band demon¬ 
strates that this band possesses only even-spin 
members for 1 »12*. We have found additional 
even-spin (yrare even) and odd-spin (yrast odd) 
superbands possessing large moments of Inertia 
which lie about O.S MeV above the lowest super- 


band. The interaction of these bands with the y 
band was observed. Although the evidence is weak, 
the data also imply that the ground-state and yrare 
even-spin bands Intersect at f « 24. The observed 
level energies and y-ray branchings are consistent 
with the three superbands having a constant 45 kev 
interaction matrix element with the ground-state 
and y bands. These Interaction matrix elements 
are more than an order oi magnitude smaller than 
typical Coriolis matrix elements at these spin 
values. The level energies of the two negative- 
parity bands are observed to behave differently; 
the T~ band behaves like a good rotor while the 5~ 
band eidiiblts an odd-even staggering character¬ 
istic of a rotation-aligned band.'*' 

The Coulomb excitation and lifetime data are 
all consistent with a picture of Interacting rota¬ 
tional bands with an interaction matrix element 
«45 keV. In particular, the B(£2) values tor the 
unperturbed ground band are In agreement with 
the rigid-rotor relation, i.e., with a constant in¬ 
trinsic quadrupole moment, while the excitation 
of the y band Is consistent with the prediction of 
the rigid-triaxial-rotor model with asymmetry 
y=12.7°. 

The rotation-alignment model successfully ex¬ 
plains the available data and correctly predicts 
the occurrence and relative energies of the super 
bands when typical collective model parameters 
are assumed. Moreover, it gives approximately 
the correct spin for the intersection of these thre 
bands with the ground-state and y bands. This 
model predicts the relative moments of inertia of 
all the Intersecting bands and, in particular, cor- 
reclly accounts (or the reversal In the odd-even 
staggering at the backbend In the y band. The 
model also reproduces the very different moment 
of inertia and odd- even staggering behavior of the 
5~ and 7~ bands. This model is consistent with 
the observed £2 properties. The rotation-align¬ 
ment model also predicts very small Interaction 
matrix elements between the Intersecting bands 
although not quite as small as the observed 
values. All of the evidence strongly supports the 
rotation-alignment model description of the stnic 
ture of the superbands in ''*Er. 

It should be pointed out that, although the rota¬ 
tion alignment and cradcing models take somewha 
different approaches to eiqplain the backbending 
phenomenon, they both predict very similar band 
crossing properties and represent the same under 
lying physics. 
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Tlme-dopendent Hartree-Fock calcnlatlon for ^*N+ “n and ”K+ ’*K. 


I. INTRODUCTION 

The possible existence of pion condensation at 
densities of the order of magnitude of nuclear 
densities''* raises a number of challenging ques¬ 
tions and novel possibilities in nuclear physics 
and astrophysics. Most theoretical effort to date 
has concentrated on equilibrated cold matter at 
uniform proton and neutron density relevant to 
neutron stars.'''* Although the occurrence of pion 
condensation in such equilibrated dense matter 
would have exceedingly interesting astrophyslcal 
implications for the structure and cooling of neu¬ 
tron stars, direct inferences concerning the quan¬ 
titative behavior of pion condensation from exis¬ 
ting data are highly ambiguous."''* Hence it is 
important also to consider the possibility of ter¬ 
restrial production of condensates in high-energy 
heavy-lon collisions. 

The main qualitative features of pion condensa¬ 
tion near threshold in equilibrated nuciear matter 
have been understood in terms of the random phase 
approximation (RPA) contribution to the density- 
density correlation function.'’'* As the density 
increases, a collective state of particle-hole and 
n-hole excitations with the quantum numbers of 
the pion and Hnite waveiength decreases in energy 
until it becomes a self-sustaining zero frequency 
mode at the critical density . Whereas the bare 
vNN p-wave driving term alone would create a 
condensate below nuclear density, estimates of 
the combined effects of pion S-wave interactions, 
a propagation, N-N correlations, and &-N cor¬ 
relations suggest that the onset occurs somewhere 
in the region of twice nuclear density. 

A. non condemition in the itiUc limit 

An essential observation for this present woik 
is the tact that near threshold, all the many-body 
physics in terms of propagation of pions and Iso- 
hara may be equally well described in terms of 
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an Instantaneous effective nucleon-nucleon inter¬ 
action. At threshold, where one is dealing with 
a zero frequency mode, the static reduction of the 
pion propagator is exact. But even well away frmn 
the threshold cu p, so that the static approxi¬ 
mation should be quite adequate. Isobar propaga¬ 
tion and correlation corrections are also included, 
of course, by taking the static limit of the corres¬ 
ponding effective operators. 

In this language, as has also been emphasized 
In Ref. 15, the physics of pion condensation is 
completely described in terms of spin-isospin 
fluctuations. As the density increases, spin- 
isospin modes of positive, neutral, and negative 
charge become softer and at a critical density 
become self-sustaining, at which point the ground 
state acquires spin-lsospln oscillations. The an¬ 
alog of the finite expectation value of the pion 
field, or order parameter, in the condensed phase 
becomes the finite expectation value of the pion 
source term v • (a r>. [The pion Held is Just the 
coivolutlon of this source term with a Yukawa 
potential as seen in Eq. (2.14).] If one neglects 
the charge-changing components of the interaction 
and works in a space in which only wave functions 
of a single charge are included, only the neutral 
mode, corresponding to a v* condensate, exists 
and has a real order parameter. In the full space 
of all charge states and Including the charge- 
changing components, one has charged modes cor¬ 
responding to x* condensates with complex order 
parameter. Although the x' mode is relevant to 
the neutron rich matter in neutron stars, in heavy- 
ion collisions we will consider essentially equal 
neutron and proton densities for which all three 
modes are degenerate and we will thus restricX 
our attenticm to the technically simpler calculation 
of neutral condensation. 

The static description is extremely Impoitant 
both in understanding the physics of condensation 
and in implementing practical calculations. Any 
careful nuclear structure calculation with an el- 
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TABLE I. Panuneters of the energy lUnoUaoal, nu¬ 
clear matter properties, and landau parametera. 


Ip (MeVlm*) 

-497.73 

kr (fm"‘) 

1.29 


1.464 

E/A (MeV) 

-15.43 

/g (MeVfm*) 

17 270 

K(MeV) 

369 

Vj, (MeV) 

-338.84 

Or (MeV) 

26.0 

Vu (MeV) 

-378.41 

ke (fm"‘) 

1.50 

a (fm) 

0.469 79 

qc (fm"') 

1.99 

tf (MeVfm*) 

280 

/p (MeVfm*) 

242 

I, (MeVfm*) 

150 

jp' (MeVlm*) 

194 

(/■*M (MeVlm*) 

28 

/Jo (MeVfm^ 

280 

(I, (fm) 

1.41 


ISO 


and the indices .s and q denote spin and isospin, 
respectively. 

The values of the phenomenological force con¬ 
stants are shown in Table 1 and were selected as 
follows. To obtain the correct gross behavior of 
the shape and density of the nuclei throughout the 
collision, the values «, and i(V'i + V',) were 

taken from Hef, 17. Condensation is governed by 
the spin-isospin dependent interaction 

V„{q) = t^a-a'T'T’ 

where /j and ft* represent effective renormal¬ 
ized coefficients incorporating the average effect 
of Lorentz-Lorenz, d-holc, and other corrections 


The values of these coefficients were therefore 
acijUBted to reproduce typical values of the critical 
density and critical momentum arising from com¬ 
plete pion condensation calculations. The value 
of Pc'l.S po was selected from the lower end of 
the range of possible condensation densities so 
as to enhance our chance of seeing anything at all 
in the very light collisions calculated in this work. 
From Fig. 8 of Ref. 21, for example, one sees 
that for Pat pp para¬ 

meters are In fact consistent with the result of 
a full calculation. The conventional Landau para¬ 
meter g;,.,,., = 2m^j/v’ gi = 0.95 should not 

be compared directly with values 1.1 ob¬ 

tained in the Fb region," since the present analy¬ 
sis explicitly Includes the OPEP. It also cannot 
be directly compared with the values of Ref. 21, 
since correction factors of the form [l-v'((A)] 
have simply been lumped into the overall con¬ 
stants f, and f’/ ti‘. Note that our value of the 
driving term /*/p* =28 MeV fm’ is in fact not re¬ 
normalized very much from the value 31 MeV fm’ 
obtained with the bare plon-nucleon coupling con¬ 
stant. 

All other spin-isospln channels were regarded 
as inessential and thus only constrained so as to 
avoid completely unphystcal behavior. Thus, Xp 
and (V^- Vq} were simply constrained to produce 
a sensible symmetry energy coefficient a, and a 
stable Landau parameterup to 2p^, and tp was 
defined to avoid instabilities arising from the 
Landau parameter gp. 

In a translationally invariant system, our energy 
functional yields the following RPA effective In¬ 
teraction: 


r„(q) = 


/jO ■ ir'T • T' 

l-f,4llp(q) 


4nif^/ p*)o»q(T' • qr- T' 


+ m “)|1 - l,4n„(<?) I j 1 - , 


(2.5) 


where H„(q) denotes the zero frequency Lindhardt function and the factors of 4 arise from spin-isospln 
sums. In the special case of nuclear matter with a Fermi momentum kf, the zero frequency Lindhardt 
function is 


l'o(4.*r) 1“ ^ ~ i (?/*,)’] In I 


( 2 . 6 ) 


In nuclear matter, the Fermi momentum corre¬ 
sponding to the critical density, k,, and critical 
momentum transfer q,, for pion condensation are 
determined by the double pole of the effective in¬ 
teraction; 


^(9..*.)' 1 - [f. - 


-0 


(2.7) 


and 
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9q 




( 2 . 8 ) 


The resulting v&lues are shown in Table I together 
with the Landau parameters 


/o* 

/o' 








4»o* 

1 + oV’ 

-Vt, 4 b 
2 


(2.9) 


#0“^ > 
and 


The nuclear matter properties were derived from 
the equation of state 

__I 


( 2 . 10 ) 

The static H F equations are obtained by variation 
of (2.1): 

fd^t*(rK.{r)yo ( 2 . 11 ) 

which yields 

- — V*(/i„(f)+|.V',(r)+/., ( V(r)) •?+/, <oT,(f),) - or, 
-V*0(r)mrJ(/'Jr) = <>„*„(r). (2.12) 

where 


(',(?)» ifo(l -^o)P.(r)+j/o(2 + *o)P-.(r)+ i(jt2p,(r)p.,(r)+ pi^(r)J 

/ a^r~r*l/« r 


(2.13) 


'!>(r)=-(£i'^ (crr^ir’)) . (2.14) 

and i/si: 1 denotes the two nucleon isospin states. 
The equation of motion is obtained by replacing the 
right-hand side of Eq. (2.12) by iIlt84i^(r,/)/8/J. 

In order to render the computation practical, 
axially symmetric wave hinctions 

(t.Vr.r, 0)= ^ (2-«) 

VtM V 2l 

with ffi-i/j"»«„/,+ 1 were used where s denotes 
the spin state. Among the various symmetries 
used in previous calculations, time-reversal In- 
, variance of the HF determinant can no longer be 
used. A time-reversal invariant determinant has 
a vanishing spin density and thus, the symmetry 
conservation of the TDK F equations would prevent 
the building up of any fluctuations of the spin dens¬ 
ity. In order to bypass this difficulty, the present 

formalism will be applied to odd-mass nuclei.. 

The initial TDHF wave function consists of two 
^atlally separated Hartree-Fock determinants, 
moving towards each other with a given initial, 
velocity. (July head-on collisions were considered. 
Reactions with the spins Of the original nuclei both 
aligned and antlaligned were investigated. 

^art from the total density p(r,f), the observ- 
alile quantities are the different spin and isospin 


densities (T,(r,f)). (5(r,f)). and {5T.j{f,t)). A phase 
transition is signaled by the growth of fluctuations 
of the spin-isospin density (^,(r./)). Since this is 
a vector quantity, it is more convenient to look at 
the pseudoscalar source term ^ of the one- 
pion exchange pcAential. 

The actual calculation is based on a discretized 
equation of motion derived by varying the dis¬ 
cretized energy functional. This method, as com¬ 
pared to discertizlng Eq. (2.12), has the advantage 
of yielding manifestly Hermitian matrix equations. 
The details are presented in the Appendix. 

The discretization error arises mainly from the 
discretized spatial derivatives occurring in the 
kinetic energy and pion source term. In previous 
investigations it was shown that mesh sizes up to 
Cici tm gave stable results.'"'” In the present 
calculation, additional numerical noise originates 
from the source term of the one-pion exchange 
potential. A seven-point differentiation formula 
was used In order to reduce the discretization 
error to the order A". In order to test the influ¬ 
ence of the discretization error, the uniform trans¬ 
lation of a single nucleus was investigated. Al¬ 
though the total energy was strictly conserved, the 
expectation value of the OPEP was oscillating in 
time with an amplitude proportional to A". A 
mesh size of A> 0.4 fm was required in order to 
reduce the amplitude of this oscillation below 
10% of the OPEP expectation value at the time t 0. 
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FIG. 1. to) nunnlty p (left port) und the divergence of flw Bpln-iacspin dend^ (5tj) (right p«rt) for a head-on 
> ‘‘N collision at a cm energy of 20 MeV/nu<^on. Tbe density and the divergence ot (he spln-lsoapin denslly are 
idotted vertically above the plane. The i axle ts In the beam dlreotloo. The length goals Is given In fm, the 

time scale In sec. At 1 = 0, the rl^t nucleus Is given by a JC = 3/2 ground state, the left one has K = —3/2, The 
arrows indicate the positions of the centers of mass of nutdei movliig with the given Initial speed, (b) Similar to (a), 
except at later times, (c) Similar to (a), except at later times. (d> Similar to (a), except at later Umes, 


III. RESULTS AND DISCUSSION 

Figures l(a)-l(d) show plots of the nucleon dens¬ 
ity p(r,f) and of the divergence of the spin-isospin 
density 9 •(^,(r,f)) for a head-on “N-f "N reaction 
at a center-of-mass bombarding energy per nucle¬ 
on £/A> 20 MeV, corresponding to £ui>° 1-20 
GeV. The beam dJreetion is parallel to the i axis. 


The markers indicate the positions of the centers 
of two nuclei moving with the initial velocity. The 
central density in the ground state (f > Ox 10*“ sec) I 
isp-O.lSfm'’. 

The spln-isospln density of the ground state is 
mainly determined by the unpaired nucleon. For 
the right nucleus which has an angular momentum 
projection along the beam axis, the spln-uP 
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TIME >009375 




FIG. 1. (ContimedJ 


component of the corresponding wave function is 
apprcKimately given by a p (m = IJ harmonic oscil¬ 
lator wave function while the spin-down component 
18 close to zero. Therefore the largest component 
of the spln-isoepln vector density Is the one in the 
c direction, a toroidai distribution around the beam 
®*i8. The divergence of the spln-lsospln density 
18 mainly determined by the z derivative of this 
Component which results in the dipole-like struc- 
^re in the right part of the figure. 

The left nucleus has angular momentum projec- 
The ions clutch at fai0.04 N10*” sec. 
^ density in the ceifter of the compound system 


now builds up rapidly. By the time / = 0.075x lO**’ 
sec [rig. l(b)J the central density has reached a 
value of p= 0.200 fm*’. The divergence of the spin- 
isospin density has slightly increased in the inter¬ 
ior. After this time, the central density does no 
longer increase significantly. The region of high 
density now spreads mainly in the direction or¬ 
thogonal to the beam axis, while the divergence of 
the spln-isospin density continues to grow until it 
reaches its maximum of 0.026 fm** at / > 0.004 
X lO**’ sec. 

By the time f bO.I x 10*” sec, only a very small 
region of high density (p^ 0.2 fm*") has remained 
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FIG. 1. (Continuti^ 


at a distance of - 1 fm orthogonal to the beam axis 
and the growth of the spln-lsospin structure has 
stopped. At f = 0.15x lO"” sec [Fig. 1(d)], individ¬ 
ual fragments appear which Anally separate. 

The collision of a A = | nucleon with a A' -j 
nucleon yields a particularly clean Indication of 
the nonlinear growth of a spin-isospin instability. 
Whereas linear superposition of the two initial 
wave ftinctions would yield a vanishing source 
term at maximum overlap, one observes in Fig. 
1(c) a source term at /> 0.1125 somewhat larger 
than that existing originally in either the target or 
projectile. 


Nevertheless, the growth of the spin-isospin 
density falls far behind the factor of 10-20 one 
might have expected from the RPA estimates of 
Ref. 16. The lack of growth may arise from any 
combination of the factors that the time interval 
during which a high density region existed was too 
short, the spatial region was too small, the driving 
term was too weak, or the fluctuation geometry of 
concentric cylinders forced by axial symmetry is 
less favorable than that of plane layers permitted 
by three-dimensional geometry. 

One may attempt to increase the time interval 
by lowering the energy. However, at a e.m. energT 



CREATION AND OBSERVATION OF A PION CONDENSATE IN... 


2393 



time -ditw 



FK:. 1. 





10 Mev/A, each Fermi sphere la displaced b; 
■Rhly kf so that some of the advantage of the 
lancement of the Lindhardt function for two in- 
Penetrating streams is lost. Rather than in-- 
iase the time interval at the expense of the 
ength of the driving term, a much more promls- 
: possibility is to Increase both the slxe of the 
h density region and the overlap time by collid- 
' heavier nuclei. Hence we have also InvesU- 
ed the largest computationally feasible system 
et a c jn. energy of S/A m 20 MeV. 

?lEure 2 displays the results of a »N+ "N colU- 


sion at 10 MeV/A and a collision at 

20 MeV/A. In the upper part, the time dependence 
of the energy of the or channel [the contribution to 
Eq. (2.1) proportional to /, and^J is given. In the 
middle portion, the density in the center of the 
compound system is shown as a function of time. 

In the lower part, the fragment separation distance 

R= /dV|*lp(f,f) (3.1) 

is displayed. For the A ■ 15 reaction, it Is found 
that the plonlc mode is more strongly excited in 
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the case ot the higher bombarding energy. A com¬ 
parison of both reactions shows that the energy in 
the or channel stops growing very soon after the 
maximum density has been reached. By the time 
at which the two original nuclei overlap, given 
appraximately by the minimum of fi(f), it has al¬ 
ready siibstantiaily decreased. We have to con¬ 
clude that a pionlc instability is favored only during 
a small fraction of the total collision time. Al¬ 
though we were unable to evolve the A > 39 reaction 
tor corresponding time intervals, the early portion 
Of the reaction shown in Fig. 2 does not indicate 
substantially greater growth of an instability for 
this larger system. 


IV. CONCLUSION 

Evaluation of the one-body density matrix in the 
time-dependent mean-field approximation appears 
to provide a reasonable framework for investiga¬ 
tion of the growth of spln-lsospln instabilities in 
the nonequilibrium conditions encountered in 
heavy-ion reactions at c.m. energies of the order 
of 20 MeV/A. In contrast to the restrictive as¬ 
sumption of local equilibrium implicit in the use of 
an equation of state, the one-body density matrix 
is sufficiently general to Include the strong en¬ 
hancement of the Lindhart function for two inter¬ 
penetrating streams of matter. At 20 MeV/A, the 
energy is sufficiently high that most of the advan¬ 
tage of the enhanced two-stream driving term is 
obtained and yet not so high as to invalidate a 
mean-field description of the reaction. 

Nonlinear growth of a spln-isospin mode has 
been demonstrated even tor the very light systems 
and the nonoptimal axially symmetric geometry 
considered in this work. Although we deliberately 
selected initial coixlitlons in which linear super¬ 
position of the source term in the target and pro¬ 
jectile at maximum overlap would have produced 
zero field, in tact the source term at maximum 
overlap was comparable to or larger than that in 
the original target or projectile. Although the 
growth observed in these small systems was far 
from dramatic, it is an open question as to what 
would occur in this theory for a full three-dimen¬ 
sional calculation of Pb+ Pb, where the larger 
overlap time, larger spatial extent, and possibility 
of planar rather than cylindrical fluctuations are 
all much more conducive to the growth of an in¬ 
stability. 

A key question to be addressed in any subse¬ 
quent investigation is the observable consequeace 
of a significant condensate, or spln-lsospin In¬ 
stability. Although in principle two-nucleon coin¬ 
cidence measurements are sensitive to spin- 
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TIME no^^s] 

FIG. 2, Comparison of three different reBOtJans. Tlie 
energy In the (rr dinnnel IcontributtonB proportioniil to f' 
end IQ Eq. (Z.l)| as t funcUoo of time le displayed in 
the unier part for the reactions '‘N, E/A^20 McV 
(solid), “N+'^N, E/A-lOMeV (dashed-dotted), and 
£/A >20 MeV (dashed). The oorrespondlng 
densities In the origin of the center-of-mass ayatem are 
given In the middle pert of the figure, while the dlatance 
between the two nuclei defined by Eq. (3.1) la shown in 
the lower pert. 


isospin correlations in the decaying compeund 
system, it is difficult to quantitatively isolate the 
role of final state interactions from the structure 
of the decaying system. Since the condensate 
tends to anticorrelate neutrons and protons of likr 
spin, one might naively hope to see a decrease u> 
the ratio of deuterons produced to alpha particles 
produced, but again a quantitative calculation of 
the effect appears exceedingly difficult. 

Pion emission is not a particularly promlslne 
candidate, since at least one bard collision witb* 
nucleon in the two interpenetrating streams is 
required to knock a condensed plon on shell, 
thereby destroying most or all of any simple s‘f' 
natures associated with the perpendicular orien¬ 
tation of the condensate. Even should such an 
^hemeral state exist with pronounced spin-ist- 
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spin correlations, the fact that It is not accessible 
to external probes such as electrons, photons, or 
pions renders It a nontrivial problem to unarn- 
bigouslv verify Its existence. Present theory, at 
least, appears far more suited to calculating such 
a state's existence than identifying its signature. 
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APPENDIX: COMPUTATIONAL TECHNIQUES 


The calculations were performed in cylindrical coordinates (r, z, v) assuming axial symmetry. Using the 
mesh 

r, = (i - l/2)Ar; 
z^ = (j-l)Aa; 

the discretized energy functional reads 

ED=^2it(Ar)(Az)^^ I ) 

X (1 - jfi*,,) +’ 122 I I 


+-2 I +S,(i,; ) | +2 | 

+ r,^(io(«,7 +*) -io(i,y - lr)>|(l - 


^ +*r,y) + S.,(i +fe,.;)) -^{S,(i - k,j) + S.,(i - k,j)\ 


(Al> 


I'*, = 1 foryd and a z-symmetric mesh and =0 elsewhere. 

and <ii(f 7 ) denote the Yukawa foldings of the nuclear density p, and the divergence of the spin 
Ity V-(5 t^. The quantities S, stand for the following components of the spin density (ot^ : 


¥ 

¥ 


(A2) 

(A3) 


5 .1=Sf where 
(l proton 


)-l neutron 


and So: < 


(A4) 


1 spin up 
-1 spin down, 

»',=}, = IF, 

e discretized Hamiltonian is obtained by varying (Al) with respect to the single-particle wave function 
ij). OeHning 


(AS) 
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wr/ =+ wr,’ + (Cf)'rr . 

where Inside the mesh and along the outer edges 

WTj’ = +2^ AT”*. 


(A6) 

(A7) 

(A8) 


(t 


’if)"' " ^A4l^.>(*>)+ ^.(«J)1+ - §,.,(ij)l <• i - *) “ 1 + fe)l|+(l - n. - 


with 


t4|2p,(iV)p.,(/;) + /i:,(/7)l + !’/,>',(»;)+ 


and 


and H, - Hj ■ t. For »■ I one has, using the axial symmetry, 

-(Sf' B^ 


(AlOl 


(Alii 


(At 


The static HF calculation uses real wave func¬ 
tions. Since the single-particle wave (unctions 
(2.15) are reflection symmetric through the plane 
r 0. the numerical calculation can be confined to 
the region ^ •’ 0. For a wave function with positive 
^ parity, (A7) is modified as follows: 


(A.vKi' ■■ -2 


2n/ 

^A':?:. • 


(A7') 


The pion field <f> is real, invariant under a rota¬ 
tion along the i axis, and has a negative i parity. 
In the time-dependent calculation, the single-par¬ 
ticle wave functions are complex because of the 
velocity-dependent phase factor. In a collision 
with aligned initial spins, the initial TOHF wave 
function consists of the following two HF ground 
states: 


“(v,1 ""A 


and 


^ c“'-‘<'’Vv(>', a), 1 *1 A A. 

In order to antialign the initial spins, the left 
nucleus was taken to be the time-reversed static 


P- 

solutions 

- c' r), 

1 • c A , 

where t„ denotes the complex conjugation operati 
Using the reflection symmetry through the plan 
r-0, the numerical work can be reduced to evoli 
ing A single-particle wave functions on a mesh 
of the minimal slae (A,, 4JV,). The number of wav 
functions to be evolved is larger than that in cloh 
shell nuclei’*"'” by a factor of 4, because now spii 
up and spin-down components have to be evolved 
and orbits with iJ, are no longer degenerate. Thi 
exact evolution operator exp(-flf’Af//) was appro.' 
mated by 



This approximate evolution operator agrees with 
the exact one and is unitary through order (Af)'- 
The potentials Involve the density at the tiroes 
which were obtained by evolving the wave 
functions with a time step ^A;. This double step- 
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ping method provides a more reliable evolution of 
gradients of the density than the averaging 

in Ref. 18. 

In any subsequent investigations, one should ser¬ 
iously consider the alternative of using a finite 


number of terms in the Taylor series of the exact 
evolution operator. Though unstable for aibltrari- 
ly large <11, the deviation from unltarlty should be 
negligible for time steps of the order used in the 
present investigation. 
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The elastic scattering of ’Be -I- "Si has been measured at laboratory energies of 121.0 and 201.6 MeV. 
These dau have been combined with esisting lower energy *36 4 "Si data in order to carry out a global 
optical model analysis. Calculalinna employing Woods-Sason potentials yield good fits to the data without 
requiring explicitly energy-dependent parameters. In contrast, using a proximity form for the real potential 
requires an explicitly energy-dependent Woods-Saxon imaginary potential in onder to achieve comparable 
quality fits Notch perturbahon calculations have been utilized to locate the radial region of the potential to 
which the scattering is sensitive. At all energies the imaginary potential is stronger than the real potential at 
the radius of maximum sensitivity. This dominance of the absorptive potential greatly limits the amount of 
information which can be gained about the real potential. Comparison of the ’Be -t- ^’Si system with other 
light heavy ion system: such as “Li f "Si. ‘-'C -t- "Si, and "O + "Si suggcsU that the weak binding of *80 
may he responsible for the stnuig absorpuon in this case. 


NUCLEAH REACTIONS **SI(’ne.*Be), £i,-121,0 and 201,6 MeV, moanured 
do/dfl; optical model anaylnle; deduced Wooda-Saxon and proximity model optl- 
it.nl pnrnmcitcra, V/w ratios, fusion barriers. Comparison with ‘l,l-f”si and 
“0+“Sl behavior. 


I. INTRODUCTION 

In recent years we have been involved in a syalc- 
niatlc study*'^ of the elastic scattering of various 
light heavy ion projectiles from ’^i. Our goal is to 
gain a better understanding of this relatively 
simple heavy Ion interaction process. For ex¬ 
ample, we wish to learn about the energy de¬ 
pendence of the optical potentials, the sensitivity 
to the real or imaginary well depths, the “pro¬ 
jectile dependence” of the Interaction, and 
whether heavy ions show evidence for nuclear 
“rainbow" scattering (as Is found* for light Ion 
projectiles). 

The ansatz for this study will be the same as 
that used in previous work: We combine our high 
energy measurements with existing lower energy 
data’*" in order to perform global optical model 
searches. In addition, we begin with a simple 
assumption about the interaction—that it can be 
described by a potential having no explicit energy 
dependence. The neglect of the energy dependence 
of the real potential (due to nonlocality of the 
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nucleon-nucleon force) is expected to be a good 
approximation for heavy ion projectiles, since 
the nonlocality effects decrease as \/Af7 As 
regards the Imaginary potential, the situation 
is less clear. Our view Is that, insofar as it is 
possible to describe data over a large energy 
range without explicit energy dependence, the 
approach Is a reasonable one. If the data do not 
allow such a treatment, then more complicated 
parametrizatlons must be sought. We will see 
below that the question of whether or not the 
imaginary potential need be explicitly energy 
dependent depends quite strongly on the choice 
of the real potential. In particular, using a nun- 
Woods-Saxon (WS) shape, such as a folded or 
proximity real potential, seems to require a 
marked energy dependence In the imaginary 
potential. 

Based on our previous work,*’* we have been 
able to separate the characteristics of the pro¬ 
jectiles investigated Into two classifications, 
which we refer to as “light Ion” and "heavy ion" 
behavior. In the case of light Ion behavior, 
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e.g., ^e, it is t(xn<f that (a) nuclear rainbow 
scattering is observed at high energies; (b) the 
fitted potentlats are dominated by the real po¬ 
tential, that is V/iF~5 (in the central region); 
and (c) the fitted potentials are energy dependent. 

In contrast, for heavy ions, e.g., ^*0, we find'*' 

(a) no evidence for nuclear rainbow scattering; 

(b) the fitted potentials have V/W~l (in the nu¬ 
clear surface); and (c) it is possible to find 
energy-independent potentials which fit data over 
a very large energy range, provided a shallow 
real well (Fg-lO MeV) is chosen. 

In Ref. 2 It was shown that the elastic scatter¬ 
ing of ‘’C +’*S1 exhibits heavy ion behavior very 
similar to the '*0-t-*'Si system.' In contrast, the 
"Li +’"81 system* behaves in a qualitatively dif¬ 
ferent fashion. In particular, the *Li data at 
= 135.1 MeV do exhibit the characteristic ex¬ 
ponential falloff of nuclear rainbow scattering. 

As is true for a-partlcle elastic scattering,* 
a reasonable fit to the high energy data requires 
a real well depth 100 MeV. Furthermore, 
it has not been possible to fit ‘Li +“3i data over 
a large energy range with an energy Independent 
WS potential. For these reasons we classify 
the ‘Li +**81 system as one which exhibits light 
ion behavior. 

Because the character of the elastic scattering 
from a ’“Si target changes markedly from ‘Li 
to ‘*C projectiles, we have undertaken a study of 
the Intermediate ‘Be +“Sl system in order to map 
out the transition region. In addition, *80 shares 
a number of properties in common with °Ll, 
namely, both have ground states which are not 
spin zero and both are quite weakly bound com¬ 
pared with other projectiles studied. Compar¬ 
ison of the ‘Li and *Be behavior might therefore 
be expected to shed some light on the question of 
whether or not the differences between ‘Li and 
"C elastic scattering are related to these 
"ropertles of ‘Li. 

II. EXPERMENTAL 

The elastic scattering of "Be +”Sl has been 
bidled at laboratory energies of 121.0 and 
01.6 MeV using *86(3+) and *86(4+) beams from 
le LBL 88-inch cyclotron. Data were measured 
Uh an array of four 2.5 mm thick Sl(Li) de- 
-ctors mounted in a 91 cm diameter scattering 
*>amber. The beam spot slse at the target was 
Iwut 1.5 X 3 mm; the calculated divergence is 
°“ghly 0.5®. The individual counters in the array 
so an angular acceptance of 0.25° and a spacing 
^ 2°; each had a solid angle of 0.13 msr. Mea- 
orements were made in 0.5° steps at forward 
ogles and 1° steps at backward angles. The 
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angular range covered was 3° to 22° at 201.6 
MeV and 3° to 34° at 121.0 MeV. 

Absolute angles were determined by making 
comparative measurements on both sides of the 
beam axis. Fluctuations in the beam direction 
were monitored and corrected for in the analysis 
by means of s suitably placed monitor detector. 
The monitor angle was chosen to correspond to 
a rapidly changing region of the oscillatory for¬ 
ward angle elastic angular distribution. Since 
the inelastic angular distribution of the ”81(2’) 
state at 1.78 MeV excitation is oscillating out of 
phase with the elastic, the 0*/2’ ratio is an ex¬ 
tremely sensitive measure of the scattering angle. 
Using this ratio easily allows detection of beam 
angle changes as small as ±0.05°. 

The thickness of the self-supporting, enriched 
“Si target was 380 pg/cm*. It was determined 
by comparing the elastic cross section to that of 
a "°'S1 target which was later weighed. Relative 
errors were Obtained for each point by adding in 
quadrature the error due to angular uncertainty 
and the statistical error. The former error 
dominates at the forward angles and is essen¬ 
tially negligible thereafter. Absolute cross 
sections measured here are estimated to have 
an uncertainty of ±10%. 

The data were stored in an analyzer based on 
a TI-96QA computer and transferred to a 
ModComp rV/25 computer where they were 
written on tape for subsequent analysis. 

III. RESULTS AND DISCUSSION 
A. Woodi'Saxon polentixJi 

As mentioned earlier, we begin by looking for 
a potential which requires no explicit energy 
dependence. We use a WS shape for both the 


real and imaginary potentials; 

V(r) = -Vo{l+exp[(r-Rj,)/ag]}‘*, (i) 

W(r) = -jWJi +exp[(r- R,)/b, J}'*, (2) 

where 

fl*=»'*(4,‘’’»+A,‘^), (3a) 

(3b) 

For the Coulomb potential we use the standard 
form 

ir>Rc) (4a) 

where 

flc +A|*^). 


(4c) 
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Global optical model searches were carried out 
using the code CKNOA.' Generally the input 
data consisted of *Be -i-^l elastic scattering 
cross sections at 13 MeV (Ref. 5) along with the 
121.0 and 201,6 MeV cross sections measured 
here. Representative examples of the quality of 
fits obtained are shown in Fig. 1. Parameters 





Scji. 

FIG. 1. elastic aoatterlng angular diatrlbu- 

tloos at >13, 121.0, and 201.6 MeV. The curves are 
representative optical model fits using two of the WS 
potentials listed in Table I, Values of x ’/Af for potential 
095 1092) are 13 MeV, 1.4 (2.5); 121.0 MeV, 2.6 (5.1); 
201.5 MeV, 2.7 (2.8). 


for the optical potentials shown In Fig. 1, along 
with those for other potentials which lead to 
comparable quality fits, are listed in Table I. 

It is apparent from Table I that a wide range 
of real well depths is allowed by the data, even 
with the additional constraint of demanding an 
energy-independent potential. For example, the 
two potentials shown In Fig. 1, G92 and G9S, 
have very similar imaginary wells and yet 
differ by an order of magnitude in the real well 
depth. The close similarity of the predicted 
angular distributions at all three energies demon¬ 
strates clearly that In the absence of additional 
knowledge It will not be possible to extract In¬ 
formation about the real well depth In this sys¬ 
tem. At first glance this does not seem sur¬ 
prising-heavy ions are usually assumed to be¬ 
have this way. However, our previous results^'- 
with ^‘O and do not show the same lack of 
sensitivity to the real well. In order to fit 
'“0 + '*Sl data over a wide energy range with an 
energy independent potential, It was found that 
only a shallow real well (set E18 In Table II) gave 
acceptable results. The ‘“C +““Si system led to 
a similar conclusion (set H12 in Table II). 

The sensitivity to the real well In the case of 
'"•'C and “O scattering Is related to the pre¬ 
dicted existence of nuclear rainbow scattering 
for deep real potentials having moderate ab¬ 
sorption. This Is illustrated In Fig. 2 where pre¬ 
dictions for ‘°0+“’Si elastic scattering at 215 
MeV are compared for two choices of real well 
depth, V„ = 10 MeV and = 100 MeV. The latter 
potential, which fits low energy ‘•0 + ”Si elastic 
data (£|,b =33-81 MeV) as well as does the 
shallow potential, is totally incompatible with the 
high energy data. (We note that it Is possible, 
if one relaxes the requirement of energy In¬ 
dependence, to rectify this discrepancy.*) How¬ 
ever, we emphasize that In the *Be +*‘Sl system 
there is no need to make the imaginary potential 
energy dependent in order to achieve reasonable 
agreement with the data. Independent of the depth 
of the real potential. 

There is some problem with most of the po¬ 
tentials listed in Table I in reproducing the trend 
of the larger angle data (ditn ~25‘’) in the 201.6 
MeV angular distribution. This defect is Im¬ 
proved, as shown in Fig. 3, by using a potential 
such as G3B. (Although the parameters of po¬ 
tential G38 are somewhat unusual, It will be 
seen below that this potential Is not very different 
from the other potentials used here In the im¬ 
portant radial region around 5-10 fm.) 

We found empirically that the fitting procedure 
we used tended to overemphasize the high en¬ 
ergy data sets. Recently there have appeared* 


i 
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TABLE I. *86 + 

“Si optical potentials.* 



Sot 

<MeV) 

V >> 

VR 

(ftn) 

«a 

(fm) 

% 

(MeV) 

(fm) 

ffm) 

(deg) 

G90 

300.0 

0.S87 

0.942 

41.1 

1.054 

0.782 

-81 

GB2 

160.0 

0.703 

0.044 

27.6 

1.150 

0.753 

-46 

G8D 

100.0 

0.767 

0.960 

23.1 

1.191 

0.736 

-31 

084 

75.0 

0.776 

1.012 

29.8 

1.143 

0.744 

-22 

G95 

15.0 

1.149 

0.914 

24.4 

1.185 

0.701 

-2 

G3B 

13.8 

1.344 

0.6S2 

503.2 

0.617 

0.825 

-3 

cos'* 

13.8 

1.232 

0.729 

16.9 

1.232 

0.729 

-3 

BOl' 

10.0 

1.162 

0.820 

20.4 

1.162 

0.820 

0 

POl' 


0.059t 

0.078'' 

17.8 

1.241 

0.7145* 

(1.20X10‘3) 

-17 


*WS form, except as noted. The Coulomb radius, Eq. (4), is 1.0 fm unless noted 
otherwiRo. 

'’See Eq. (3). 

° Value of calculated rainbow angle for the real potential at - 201.6 MeV. 

'* Four parameter fit with r, t- and a^. 

“ Taken from Ref. 0. - 0.71 fm. 

^Proxlmi^ real potential, see Eqs. <B)— (12) in Sec. ni B2. 
lvalue of AR in Eq. (10). 

'•Valne of AO in Eq. (11). 

‘ Energy-dependent imaglnaiy diffusonesa, a-a^+ ttt^ )E^. The value of a, is shown in 
parentheses. 


TABLE 11. ‘LI, '^C. and'*0 +“si optical potonUaU.* 





r b 

"a 


r/ 

»/ 

Ion 

Set 

(MeV) 

(fm) 

(fm) 

(MeV) 

(fm) 

(fm) 

•li 

R22 

150.0 

0.727 

0.877 

44.4 

0.904 

1.060 


R27 

150.0 

0.682 

0.828 

38.8 

1.020 

0.889 


sol 

150.0 

0.725 

0.874 

34.2 

1.019 

0.904 


802 

150.0 

0.725 

0.874 

J 51.0' 
}(-0.l8) 

1.112 

0.742 


S22 

150.0 

0.577 

0.770 

44.4 

0.904 

1.060 


823 

150.0 

0.727 

0.877 

50.B 

1.113 

0.743 


PlO'* 


0.107' 

0.048* 

45.5 

0.90C 

1.029 







/ 0.7620* 


Pll'* 


0.107' 

0.048* 

45.5 

0.906 

^ (6.3x10"*) 








(l-3.2xlO'M 


P12<* 


-0.045* 

-0.081* 

45.5 

0.906 

1.029 


PIS'* 


0.107* 

0.048* 

36.9 

1.088 

0.770 


Z6 

10.0 

1.340 

0.809 

82.1 

0.955 

0.727 


H12 

10.0 

1.320 

0.617 

30.3 

1.160 

0.609 

*«o 

E18 

10.0 

1.350 

0.618 

23.4 

1.230 

0.552 


A23 

100.0 

0.932 

0.797 

L65.0 

0.890 

0.764 


S75 

100.0 

1.060 

0.640 

42.0 

1.060 

0.G40 


-A-typo** 

100.0 

0.967 

0.746 

44.1 

14)73 

J 0.605* 
)(1.14X10"*) 

*WS form, except 

as noted. 

The Coulomb 

radius. 

Eq. (4), Is rc 

= 1.0 fm unless noted 


ofiierwlBe. Fotenttals £18, A23, and S76 are from Ref. 1 and potentials R22, R27, ZB, 
and H12 are from Ref. 2. 

•’See Eq. (3). 

= IP, = m + (ip,) E^. The vnhio of IF, Is shown in parentliesea. 

^Proximity real potential, see Eqs, (S)—(12) hi Sec. ID B2. 

'Value of AR In Eq. (10). 

' Value of Akin Eq. (11). 

8Energy-dependent imaglnaiy dlffuseuess, o-a,* 

From Ref. 9, with r^, ° 1.3 fm. 
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FIG. !1. '‘o+’*si elnHtic HcattcrlOfl angular distribu¬ 
tion at A'i-aiS.Z MpV (taken from Ref. 1). Tlie solid 
curve Is a fit witli a shallow W.S potential, E18, and the 
dashed curve (h n prediction using (he deeper lutcntial 
875 of Table [], Although the deep potential predicts a 
substantial enhancement of the back angle cross soc- 
tiiios due to the oxiatonce of nuclear rainbow scatter¬ 
ing, the data show no such effect. 


some high quality "Be scattering data at 
low energies; it Is instructive to see whether 
or not our potentials can reproduce these data. 
Figure 4 shows predictions from two of our po¬ 
tentials, G92 and G38, compared with the data 
and one of the "universal” potentials from 
Balzer et al.‘ (set BOl in Table 1), It can be 
seen that potential G92 does not do a completely 
adequate job at the low energies. (This deficiency 
is already in evidence, albeit not too visibly, in 
Fig. 1.) On the other hand, the fits using poten¬ 
tial G38 are quite comparable to those using po¬ 
tential BOl. In contrast. Fig. 5 shows that the 
potential derived from the low energy data alone 
does not extrapolate well to the high energy data 
sets measured in this work. 

One question we hope to answer in this study 
concerns the existence of nuclear rainbow scat¬ 
tering in the high energy angular distributions. 

We know^'’ that high energy light ions, up to 
*Li, do show behavior which Is dominated by 
nuclear rainbow scattering, while “C and '‘O 
projectiles (see Fig. 2) do not.*'* The *Be+’*Si 
potentials listed in Table I have predicted rain¬ 
bow angles fi* ranging from -81° to -2°. Thus, 
one would expect to see evidence for rainbow 
scattering in the data if V, is greater than about 



O 20 40 ^ 80 100 ' EO MO'' GO «() 





KICi. 3. elastic scattering angular distrllxi- 

tiona at £^=13, IZl.O, and 201.6 MeV. The solid cun 
la a tit to all three energiea using potential G38. 
Values of X Vn for potential Q38 are 13 MeV, 1.2; 
121.Q MoV, 10.2; 201.0 MoV, 1.8. 

75 MeV, provided the absorption is not too 
strong. This Is demonstrated in Fig. 6 which 
shows the behavior of potential G92 as the imaf;' 
inary strength Is reduced toward zero. Al¬ 
though the predicted value of Sj, Is -46°, there i« 
nonetheless an Increase in cross section of 
almost two orders of magnitude In tiie region 
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^cmWeg) 

FIQ. 4. elBBttc scattering angular dlstrlbu- 

tlms at Ex.'^U, 0.^, and 1% MeN. Oata am trtnn &t4. 

U. Predicted angular dUtrOntlonB are ahown tor poten¬ 
tials G38 and G92 Iram this work, along with one of 
the "unlveraal” potentials from Ref. 6, BOl. Values 
of jfVv for potential G38 (G92) iQOll are 12 MeV, 0.6 
(5.0)[0.21: 20 MeV, 2.0 (2B.6)r2.7li 26 MeV, 1.9 02.7) 
ll.S). 

Where data exist. We conclude from this that the 
absorption required to lit the data is sulllcient 
I to remove the observable effects of rainbow scat- 
I tering In the calculated angular distributions, 
ilthough the calculation involving potential G38 



6. Comparison between predicted and experl- 
•wtal anguUr dlstrlbutloos tor *86+"si eUetlc scatteiv 
at 121.0 and 201,6 MsV. Ibe universal potential BOl 
Hef. 6 does not do a good Job of reproving the high 

aergjrdata. 



FIG- 6. Predicted angular distributions for 'Be+**3 
elastic Bcattcrlng at £^ = 201.6 MeV, using the deep po¬ 
tential G92 with various Imaginary well depths. As the 
Imaginary strength decreases, a large enhancement In 
the back angle cross sections due to nuclear rainbow 
scattering becomes clearly visible. 


(Fig. 3) does show some flattening out at back 
angles, this is not related to rainbow effects. 

It can be seen in Fig. 7 that for this potential a 
reduction of the imaginary strength by a factor 
of lOO (to IF = 5 MeV) makes essentially no change 
in the magnitude of the predicted cross sections, 
although the phase of the oscillations shifts 
markedly. 



FIG - 7. Predicted angular distributions for 'Be+ "Sl 
elastic scattering, using the shallow potential G3S with 
two dlffevsnt Imaginary well depths. In this case no evi¬ 
dence for a cross ssctlon enhancement dne to nuclear 
rainbow scstterlng Is seen because the rainbow etteett 
are so far forward in angle they are dominated by the 
buge Coulomb rainbow. 
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Based on the classifications outlined in Sec. I, 
the above results clearly indicate that %e be¬ 
haves as a “heavy ion" projectile. 

B. Other potentiil shapa 
/. FoUIng model 

Satchler'° has performed an extensive analysis 
of our high energy "Be + ”Si data and also the low 
energy data of Balzer et al* utilizing a double¬ 
folding model for the real part of the optical 
potential and a WS imaginary potential. As was 
true for the ‘'0 + ’"Sl system analyzed earlier,* 
the folding model fits are similar In quality to 
those obtained with a WS real potential. However, 
for the *Be+”Si system the folding-model results 
are anomalous in the sense that a substantial 
renormalization (/V~0.5) is required. In other 
words, the predicted strength of the real poten¬ 
tial must be reduced a factor of 2 from the folding 
model estimate in order to fit the data. Although 
a substantial number of projectile+target combina¬ 
tions have been studied,“ only “Be and “Li (Ref. 

12) appear to require such a large reduction in 
the predicted strength of the folding-model real 
potential. 

In the folding-model analysis of the “O +**Si 
data," a global approach was employed. In order 
to get agreement with the data, however, it was 
essential to use a WS imaginary potential having 
an explicit energy dependence of the dtffuseness 
parameter. Satchler also showed that the same 
sort of parametrlzatlun of the imaginary potential 
allowed a fit to the ‘“O data with a deep WS real 
well, something which was not possible with an 
energy-independent imaginary potential. Unfor¬ 
tunately, no global analysis was performed'" 
for the *Be+"“Si system so no systematic be¬ 
havior of the imaginary potential is available. 


2. Prvxlmiiy poieitikl 


In recent years, it has become more common 
to analyze heavy ion elastic scattering'" and also 
fusion data'"'*’ by means of the proximity potential 
formulation. In the proKlmity model, the real 
ion-ion potential is given by'“ 

V(i)=AdY^b<p[C), (5) 


where the dimensionless distance parameter is 
t={r~C,~C,)/b. (6) 

In Eq, (5), 


C, + C,’ 


(7) 


( 8 ) 

In this paper we will use for the universal prox¬ 
imity function the analytic approximation given 
by Blocki et at.,'* 

4>{t) = -0.5(£ - 2.54)* - 0.0852(£ - 2.54)*, 

£*1.2511 (9a) 

^(f) =-3.437 exp(-£/0.75), £»1.2511. (9b) 

Following Vaz and Alexander,*’ we use sug¬ 
gested values'* for most of the parameters but 
allow for some deviation from the standard prox¬ 
imity formulas: 

R, = 1.28A,** - 0.76 +0.8A/** + AR , 

6 = I.0+A6, 

y =0.9517^1 -1.7826 • 

In Eqs. (10) and (11), AR and Ah give us the 
ability to modify the potential slightly. For 
simplicity, the same AR value will be used for 
both target and projectile radii. 

Satchler* employed a slightly different param- 
etrization of the proximity potential in his study 
of the *“0'f*’Sl system. He found that it was 
possible to get fits comparable in quality to those 
employing a folding-model or WS real potential, 
again using an energy-dependent imaginary 
diffuseness. 

Our results, using proximity potential POl in 
Table I to fit the "Be +’*Sl data, are shown In 
Figs. 8 and 9. We found, as did Satchler," that 
it was not possible to obtain agreement with the 
data if an energy-independent imaginary potential 
is used. However, as can be seen In Figs. 8 and 
9, the agreement with the data is quite good 
when an energy-dependent imaginary diffuseness 
is employed. Other possibilities for the energy 
dependence (e.g., an energy-dependent value of 
Wp) were not investigated. In the *“0 +*"81 sys¬ 
tem,* even a quadratic energy dependence of H'g 
was unsuccessful compared to the approach 
utilized here. 

The optimum values for AR and A6 In Eqs. (tO) 
and (11) are 0.059 and 0.078 fm, respectively. 

In the important radial region, these correspond 
to increasing the real potential by about 25-50% 
compared with the standard proximity potential 
(AR =Ab =0). (Note that this modification Is In 0*' 
opposite sense to that required for the folding- 
model potential discussed earlier.) In Fig. 10 «« 
compare the best WS real potential G38 with the 
folding-model potential iff i>0.5) and the proximW 
potential POl. It is evident that the data define 


( 10 ) 

( 11 ) 

( 12 ) 


With 
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FIG. 8 . Flta to hl^ energy *Be + ’’SI data uaing the 
proxtmlty model (potential POl In Table I). The flta are 
similar In qnall^ to the WS potential flta shoiwn In Figs. 
1 and 3. Valnea of y Vai for potential POl are 121.0 
McV, 4.9i 201.6 MeV, 3.1. 



'•9. Flta to low energy * 80+**81 data nalng the 
mlly model (potential POl In Table I). Ibe flta 
imllar In quality to the WS potratlal flta abown tn 
t. Vatuea of x Vm for potenttal FOl are 12 MeV. 
*0 MeV, 4.9i 26 MeV, 0.9. 


ABSORPTION IN ♦B« + **Si... 



FIG. 10. ComperlBon of WS (G38), proximity (POl) 
and folding model (Ref. 10, mcthodfi, W^O.S) real 
potentlala which fit * 80 + "SI elaatlc scattering. The 
data appear to define the potential reasonably well tn 
the radial region around 6-9 fm. 


the value of the real potential, at least to some 
extent, In the radial region around 6-9 fm. 

C. Compulson with other projectiles 

In order to understand why “Be behaves dif¬ 
ferently from the other projectiles, it Is instruc¬ 
tive to examine the potentials which fit the var¬ 
ious systems. Figure 11 shows the radial form 
of the WS potentials for 'Ll, * 66 , and ^*0 elastic 
scattering from "Si. (The behavior and the best- 
fit potential for ‘‘C are so similar to **0 that the 
latter projectile can be considered representa¬ 
tive of both ions.) Potential parameters may be 
found in Table I for ’Be and in Table n lor the 
other projectiles. We see In Fig. 11 that there Is 
evidence for a transition in behavior in going from 
’Ll to “O. For 'Li, the imaginary potential ex¬ 
ceeds the real potential at large radii (or low en¬ 
ergies), while for “O the real potential is strong¬ 
er at large radii. The behavior of %e is inter¬ 
mediate between these extremes. In this case the 
real and Imaginary potentials are comparable 
throughout the tail region, with the imaginary 
potential somewhat stronger than the real. 
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■’Be+“Si 
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SAhCV 893456789 10 
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FIG. 11. Radial form of WS potentials which fit the 
'*0, *De, and ‘Li + ®.SI systems. *Be potentials are 
listed in Table I; those for the other projectiles are 
listed in Table U. The "sensitive region’’ for each po¬ 
tential Is obtained from a notch perturbation oalouU- 
tlon and la shown separately for the real (solid lines) 
and Imaginary (dashed lines) well unless the two regions 
coincide. 


The sensitive regions shown In Fig. 11 were 
obtained from “notch perturbation” calculations.^'' 
As shown schematically in Fig. 12, this tech¬ 
nique involves scanning a radial perturbation 
across the potential. In radial regions where there 
is no sensitivity, the x‘ value of the fit remains 
unchanged, while in sensitive regions x’ worsens 
dramatically. Figure 13 shows the results of 
such a scan for the “Be +”S1 system at 201 MeV 
with potential G38. It can be seen that in this 
case the sensitive region Is about r = S-9 fm 
and that the radius of maximum sensitivity (lor 
the real potential) Is 6.7 fm. For this 
particular case the real and Imaginary poten¬ 
tials have essentially the same region of sensi¬ 
tivity, In the other cases shown in Fig. 11, the 
sensitive regions for the real and imaginary 
potentials are indicated separately. For each 
projectile, the sensitive region shown in Fig. 11 
is evaluated for the highest energy data set 
available, that is 135.1 MeV 'Ll, 201.6 MeV 
•Be, and 215.2 MeV “O. 

Although the potentials we have used have no 



0 2 4 6 B 10 12 I 

r(fm) 


FIG. 12. Example of a WS potential which has been 
modified by addition of a localized radial perturbation. 
Varying the position of the perturbation Rp produces 
a sensitivity function such as that shown In Fig. 13. 



FIG, 13. Sensitivity hmotica for a radlsl pertuiba- 
ttoo such ss that In Fig. 12. Tbe “baseline’’ oorres- 
ponds to the unperturbed x' value. Radii of the real 
and Imaginary wells along with the taming point of the 
grazing partial wave (Ti-O.S) are Indicated for com- 
psrlson. la this case, the soattorlng ta aenitttve to > 
reglco Irom about 6-9 tm, and the "radtaia of maxi¬ 
mum senalUvtty” A, Is about B.7 fm. hi gsiiaral, A. 
decraaaes as the energy Increaaea and tends to be in¬ 
side of the etrong absorption tadina (0i/t) used by 
Satehler (Befa. 9-12). 


i 
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explicit energy dependence, the different real 
and Im a gin ary well geometries nonetheless give 
rise to an Implicit energy dependence. This Is 
demonstrated for the “0+“*Sl system In Fig. 14, 
where we show the ratio of V/W (evaluated at the 
radius of maximum sensitivity from the notch 
perturbation calculations) as a function of energy. 
We see that for a potential which fits the data, 
such as £18, the ratio sieves downward as the 
energy Increases, signifying a gradual increase 
in the strength of the imaginary compared with 
the real potential. The behavior of Satcher’s 
“A-type” WS potential* is also shown In Fig. 14. 
This potential has a deep real well but has an 
imaginary diffuseness which Increases with en¬ 
ergy; It does about as well as potential E18 In 
fitting the data. Although not shown In Fig. 14, 
the proximity model fit to the “O +*‘81 data ob¬ 
tained by Satchler* behaves very similarly to the 
"Satehler” curve. Thus, It Is clear that the trend 



I'TO. 14. Ratio of real to Imaginary strength for 
**rioua '*0+**Sl potentials. The curve marked "Satoh- 
ler" refers to the A-type W8 potential from Hof. 9 
(Me Table II). At eaoh energy the ratio Is evaluated at 
the radius of maximum senalttvlty (for the real 
jf^tlal) from a notch perturbation calculation. For 
("(s system, the real potential Is stronger at low 
ooergies and ttie Imsglnaiy potential becomes more Im¬ 
portant as the energy Increases. 


shown In Fig. 14 for potential E18 is more or less 
characteristic of all potentials which fit the 
**0+’‘Sl data over the whole energy range. It Is 
worth commenting that the overall trend displayed 
here for the ‘*0 +**S1 system has also been re¬ 
ported for other systems involving this projectile, 
such as “O+^Ca (Ref. 18) and ‘•O+Nl (Ref. 19). 
For comparison, we also show in Fig. 14 the be¬ 
havior of potential A23 from Ref. 1. This poten¬ 
tial is energy independent and has a deep real 
well similar to the A-type potential above; it was 
“adjusted" to fit the high energy data by Increasing 
the imaginary strength. (Such an increase has the 
effect of absorbing away the trajectories which 
give rise to the large rainbow cross sections 
generated with the deep real potential. When a 
shallow real potential such as E18 is used, the 
rainbow angle moves toward 0° and the effect gets 
lost In the more familiar Coulomb rainbow re¬ 
gion.) Looking at the V/W ratios in Fig. 14, we 
see that potential A23 behaves very differently 
than E18 at low energies. We might expect, 
therefore, that potential A23 will work less well 
than E18 in this energy range, as is indeed the 
case. 

As shown In Fig. 15, for 'Li+’*S1 just the 
opposite trend Is observed, with the V/W ratio 
increasing as the energy Increases. In the case 
of "Li, It was not possible to find an energy-in¬ 
dependent potential which fits the high and low 
energy data sets simultaneously*; the curve 
marked “fits" is obtained from somewhat dif¬ 
ferent potentials at each energy. We have at¬ 
tempted to improve this situation by including 
various energy-dependent parametrlzatlons ol 
both the real and imaginary potential. Thus far 
it has turned out to be difficult to fit the high 
and low energy data sets together. This is demon¬ 
strated In Fig. 16, where we show WS potential 
fits to ’Ll data at a number ol energies. The 
solid curve in Fig. 16 is representative of a 
six-parameter WS fit to all three energies using 
potential SOI of Table n. Compared with a po¬ 
tential such as R22 ol Ref. 2, this compromise 
fit causes the }^/N value at 135.1 MeV to worsen 
by a factor of 2; In spite of this the fit at the low¬ 
est energy Is quite poor. By allowing an explicitly 
energy-dependent Imaginary well depth ({loten- 
tial S02), it Is possible to Improve the fit to the 
low energy data set with some additional worsen¬ 
ing of the high energy fit. Unfortunately, such 
Improvement corresponds to a substantial wor¬ 
sening of the fit at 46 MeV. We note that for a 
WS shape, an optimum energy-dependent fit leads 
to a negative energy dependence, that Is, W 
decreases with Increasing energy. This aspect 
is couslstent with the trend evidenced in Fig. IS 
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marked ‘‘tlta" refers to somewhat different potentials 
at each energy (see text). Potential parameters are 
given in Table n. For this system, the Imaginary 
potential is stronger at low energies and the real 
potential becomes more Important as the energy in¬ 
creases. 


but is very unusual from a phcnonienological 
point of view.'° This point will be discussed 
further below. 

Recently Tabor el al.’' attempted to apply the 
proximity formalism to the scattering of light 
ions. They found that, while the formalism it¬ 
self appeared to work, certain discrepancies 
were apparent. Firstly, the effective projectile 
radius required by the data was larger than the 
model prediction" (in agreement with the present 
results) and secondly, the effective ion-ion inter¬ 
action <t>U) was determined to be more steeply 
rising in both the surface and tail regions than 
that given by Ref. 16. It is therefore of interest 
to see how well a proximity potential can do on 
the *Li data sets we have studied here. Figure 17 
shows results of using proximity potential PIO. 

As with the WS potentials, the fit to the lowest 
energy data set is quite poor. In contrast to the 
WS potentials, however, we find that no better 
agreement with the 135.1 MeV data set is ob¬ 
tained even when it Is fitted alone. The eombina- 


fiWdeg) (13 MeV) 



Fig. 16. Fits to elastic scattering at 13 

MeV I data from J. E. Poling, E. Norbeck, andB. B. 
CarlBon, Phys. Rev. C 13. M8 a976)), 46 MeV (Bef. 
5), and 135.1 MeV (Ref. 2) using an energy-independent 
WS potential (801) and an energy-dependent WS potential 
(802). The difficulty In fitting 'Ll data over a wide en¬ 
ergy range la apparent (see text). Potential parame¬ 
ters are listed In Table 11. Values of xVn for potentt.il 
SOI (302) are 13 MeV, 21.1 (1.7)s 46 MeV, 16.0 (119.5); 
136.1 MeV, 5.4 (10.3). Mote the different angle scales 
for the high and low energy data. 


tion of a proximity real potential and a WS Imag¬ 
inary potential has difficulty reproducing the 
smooth back angle rainbow falloff. This is con¬ 
sistent with the results of Tabor et in 
essence affirming the Inadequate deflecting 
force represented by the conventional proximity 
potential of Ref. 16. For the *LI+"S1 system, 
the "trick" of using an energy-dependent imag¬ 
inary dlffuseness to obtain global fits does not 
help much. As was true with a WS potential 
(see Fig. 16) improving the 13 MeV fit comes at 
the expense of the 46 MeV fit. Even the extreme 
of allowing Independently optimized values of s; 
at each energy did little to Improve things. The 
resulting values of at can be parametrized with 
a quadratic energy dependence (potential PlD- 
This is basically an exercise In parameter juggU”* 
and Is unlikely to have any predictive power; 
nonetheless, the corresponding fits are si 
the dashed curves In Fig. 17. 
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flc„(deg) (l3MeV) 



B^Jdeg) (46andl35l M^) 

FIG, 17. Fits to *LI+ ’’si elastic scattering using the 
proximity model. Parameters are listed In Table n. 

In contrast to the results of Ref. 2 or Ref. 12, which 
employed WS and folded potentials, respectively, the 
'omblnatloi of a proximity real potential and a WS 
maglnaiy potential does not properly reproduce the 
imoolh falloff of the data In the rainbow region. Values 
>f xVhf for potential PIO (Pll) are 13 MeV, 18.0 (B.O); 
18 MeV, 14.9 00.9); 135.1 MoV, 6.1 (64). Note the dlf- 
crent angle scales for the high and low energy data. 


The basic problem with fitting the ’Ll +’*Si 
lata over the whole energy range can be dis¬ 
cerned by looking at Fig. 15. The low energy data 
sot requires a very different value of the V /W 
ratio than do higher energy data sets. In fact, 
the ratio appears to change almost discontlnuously 
It low energies; the high energy data sets are In 
lair agreement with an energy-independent po¬ 
tential. (This statement is confirmed by compar¬ 
ing the potentials discussed here with existing 
99 MeV *L1 +**Si data.") Unfortunately, at low 
energies the real and imaginary wells are 
complementary to each other to a large extent. 

ve compare the potentials which fit the IS MeV 
tlata with those which fit the higher energy data, 

•e find that there are two different types of mod- 
Iffcatlon of the high energy potentials which are 
aiccesatul in achieving a fit at 13 MeV. Either 
^ roal potential can be decreased by a factor of 
^'•Ehly S, with the Imaginary potential kept the 
••“e (e.g., 822 or P12 in Table H), or the 


imaginary potential can be adjusted to have a 
steeper falloff at large radtl with the real poten¬ 
tial fixed (e.g., S23 or (P13). Obviously some 
combination of these techniques (e.g., R27) also 
works. In any case, it seems unambiguous that 
the 'Ll +’“81 optical potential is very different 
at IS MeV than it is at energies above 46 MeV. 
Possible reasons for this behavior will be dis¬ 
cussed below. 

Returning now to the ‘Be+"Si system, we see 
in Fig. 18 that the overall trend of V/W is quite 
flat as a function of energy, with the Imaginary 
potential always being stronger than the real. 

If we stretch our faith In a representation of this 
type, we can Infer that for this particular system 
a four-parameter WS potential (that Is, rj| =r/, 
ag =a,) might be adequate over the whole energy 
range. Figures 19 and 20 show the results of 
using the four-parameter potential G05 (see Table 
I) to fit the data. As eiqiected, the fits are nearly 
the same quality as those from the six-param¬ 
eter potentials. On the other hand, using the fold¬ 
ing-model potential with a "complex normaliza¬ 
tion constant" does not yield good fits to the high 
energy "Be data," although the optimum V/W 
ratio 0.77 Is in good agreement with what wc 



Ec^WteV) 


FIQ. 18. Same as Fig, 14, but for *864"SI. For 
this lystem the Imaginary potential la atroDger than the 
real potential at all anergiea. 
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Sew (deg) 

FiC. 19. Fits to the h4(h energy ^e+ ^Sl date ualng 
a four-parameter WS potential G05 (see Table Q. Values 
of xVa* lor potential GOS are 121.0 MeV, 4.1; 201.6 MoV, 
3.5. 


find using WS potentials. (The pre/ereooo for a 
phenomenological WS shape over a folded shape 
for the Imaginary potential seems to hold for alt 
of the systems studied up to now.“) Although 



Sew (deg) 


FIG. 20. Fits to the low energy 'Be4’**Sl data using 
a four-parameter WS potential QOS (see Table Q. Values 
of X VN for potential GOS are 12 MeV, 0.6; 20 MeV, 

4 .6; 26 MeV, l.». 


there is no theoretical Justification for doing so, 
as an exercise we tried a proximity form for 
the Imaginary as well as the real potential. We 
found, as for the folding model, that the optimum 
ratio of V/W was about 0.75, but the fits were 
rather poor for the high energy data sets 
increased by a factor of 5). Thus, for the *Be 
+’'81 system, an optical potential having a com¬ 
mon geometry for the real and imaginary well is 
only successful If a WS form Is used, 

D. Projectile spin eflecti 

As mentioned earlier, one difference between 
the ‘Li and *66 projectiles and the other projec¬ 
tiles we have studied is that both the former have 
nonzero ground state spins (/' = !* and I' for ‘Li 
and "Be, respectively). In principle, this means 
that a spln-orblt potential, which we have not 
considered in our analysis, must contribute 
to the scattering. One must therefore ask whether 
ignoring the spin-orbit term leads to incorrect 
values of the central potential parameters. Al¬ 
though there is no Information on this point for 
‘Be elastic scattering, the spln-orblt effects In 
*L1 have been Investigated previously both ex- 
perlmentally”’” and theoretically." The exis¬ 
tence of a spin-orbit term in the Interaction po¬ 
tential was demonstrated" in a study of ‘Li 
elastic scattering at 20 and 22.8 MeV using a 
vector polarized ‘Li beam on a number of targets, 
including "SI. It was shown in this work that the 
observed asymmetries were consistent with a 
folding-model estimate" of the spln-orblt po¬ 
tential. On the other hand, it was also pointed 
out that a "reasonable’’ spln-orblt potential has 
almost no effect on the predicted angular distribu¬ 
tions. Chua e{ al.“ made a study of unpolarized 
‘Li elastic scattering on a variety of targets, 
but not "Si, at a higher energy of 50.6 MeV. Their 
conclusion, based on a standard derivative form 
for the spin-orbit potential, was that the data gave 
no unambiguous evidence for spin-orbit effects. 
Here, too, the addition of the spln-orblt term 
had very little observable effect on the angular 
distributions, the main one being a slight in¬ 
crease in the predicted structure at large angles. 
(Even this effect could be compensated by slight 
changes in the imaginary potential.) From these 
studies"'" we conclude that, in terms of angular 
distributions, the spln-orblt influence Is likely 
to be negligible. Thus, the potentials we ex¬ 
tracted from our angular distributions would not 
be significantly different If a spln-orblt term 
were explicitly considered. Similar conclusions 
were reached by Satchler and Love." 

Althou^ there are no data from which one can 
get information on the qpin-oiblt potential In the 



21 


DOMINANCK OF STRONG ABSORFTION IN ‘Be + ^Sl... 


2411 


case of *Be elastic scattering, we can use the 
folding model to estimate the mass dependence of 
the effect. Amakawa and Kubo** have shown that 
the result of folding the q>ln-ortilt potential over 
the prpjeetlle volume Is that the radial form of 
the sptn-orfalt term changes from Its original 
derivative form to a volume form, and that the 
mass dependence Is Ap'^. In this case the apln- 
orblt effects In *Be elastic scattering would be 
even smaller than for *L1 and would not be ex¬ 
pected to influence our optical model analysis. 
(Clearly the effect of the spin-orbit potential will 
increase at high energies and heavier projectile 
masses due to the larger value of the grazing 
angular momentum. However, since the centri¬ 
fugal potential Increases much more rapidly with 
energy than the spln-orblt potential, even at 
high energies the spin-orbit effects are ex¬ 
pected" to be small.) 

In addition to possible spin-orbit effects, 'Ll 
and ^Be might also be Influenced by quadrupole 
terms In the optical potentials. Satchler and 
Fulmer^’' have shown that, In a simple coupling 
model, the (Incoherent) contribution from the 
quadrupole term leads to an additional elastic 
cross section which Is proportional to the cross 
section for inelastic scattering to the T state in 
the core. Because the 2* cross section is gen¬ 
erally out of phase with the elastic, the practical 
fleet of this term is to damp out the structure 
1 the back angle elastic scattering angular dls- 
ribution (where o,i and Ouai are more or less 
omparable In magnitude). Evidence for this 
ort of behavior has been seen In heavy ion sys- 
Dms similar to the ones studied here by Parks 
•I al.,’* who Investigated the elastic scattering 
f ‘°B and “B from ”A1 at 50 MeV. They find 
lat for ^*’B-t'''Al there is substantial damping of 
ie cross sections in the angular region beyond 
r.in = 50° compared with a standard optical model 
redictlon. In the case of “B, the effect Is less 
cvere, but some filling In of the minima is vis¬ 
ile. Parks el al. were able to reproduce these 
rends by adding the quadrupole cross section, 
alculated with a double-folding model, to the 
pherical optical model cross section. The Im- 
ortance of the quadrupole term was found" to 
cale roughly as the quadrupole moment of the 
rolectlle. 

If We try to apply these results to our situa- 
lon, the following points emerge. Since ‘Li 
** * very small quadrupole moment (-0.8 c mb) (Kef. 
9) compared with that for or “B (80 and 40 emb, 

eapectlvely)," It Is unlikely that the quadrupole 
wm is significant In this case. On the other 
the *Be quadrupole moment (65 smb) 

Ref. 29) Is comparable to thoae In the boron 


projectiles. It aeema possible, therefore, that 
the larger angle ’Be data, particularly at 201.6 
MeV (Figs. 1, 3, and 8), could contain a contribu¬ 
tion from this effect. If this Is the case, it calls 
Into question to some extent a potential such as 
G38 (Fig. 3), which more or less reproduces the 
lack of back angle structure in the high energy 
‘Be angular distribution. However, the fact that 
a potential such as G38 is capable of fitting data 
over such a large energy range argues at the very 
least that it Is possible to successfully incor¬ 
porate quadrupole effects. If present, tnto an 
optical potential. Although calculations such as 
those reported by Parks ei al.” are beyond the 
scope of this paper, they would clearly be very 
interesting to perform for the “Be +"St system. 

(It Is unfortunate that our experiment does not 
allow us to observe the ‘Be projectile excitation, 
since the approach of Satchler and Fulmer" 
would then yield a direct estimate of the quadru¬ 
pole contribution to the elastic scattering.) 

E. Breakup 

If we look at the trenda for the various pro¬ 
jectiles Indicated In Figs. 14, 15, and 18, we see 
that "O behaves in a rather Intuitive way, that 
is, the imaginary potential gets more important 
as the energy Increases. On the other hand, ’Li 
behaves in the opposite fashion and ’Be shows a 
stronger Imaginary potential at all energies. 
Because the binding energies of ’Ll and ’Be 
(1.47 and 1,67 MeV, respectively) are very low 
compared with other light heavy Ions, It Is 
tempting, particularly In the case of 'Ll, to 
ascribe the low energy behavior to breakup in the 
Coulomb field of the target. 

The Coulomb breakup mechanism for 'Ll has 
already been demonstrated”’” at near-barrler 
energies on a variety of targets. (Even very near 
the barrier, however, it has been shown” that 
the nuclear potential plays a role In the breakup 
process.) In addition, it was shown” that the 
majority of the ’Ll— or+d cross section comes 
from a sequential mechanism in which ‘Li is 
first inelastically excited to its 2.18 MeV, 3* 
level. At high energies, on the other hand, there 
is evidence" that the breakup changes to a direct 
(presumably nuclear) process which does not 
proceed through the ‘Li 2.18 MeV state. 

If we assume a Coulomb excitation mechanism 
is dominant at low energies, it Is possible to 
estimate what effect it might have on the *L1 
optical potential. Love ei al.” have shown that 
the main effect shows up In the Imaginary poten¬ 
tial, which has a long range tall added to It 
characterized by a strength 
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uZ ® 

1E,=0,016 76^i^B(£2)^, MeVImS (13) 

where )i is the reduced mass (In amu), k is the 
wave number, g, la a tabulated adiabatlcity factor 
and the B(£2), taken from Ref. 36, ia In units of 
e’fm^. Compared with the cases listed in Ref. 35, 
however, the strength appropriate to *Ll+”Si Is 
more than two orders of magnitude weaker; near 
the sensitive radius at 13 MeV the polarization 
potential Is a few keV, compared with an imag¬ 
inary strength of about 1 MeV. Thus, It is not 
clear that (sequential) Coulomb breakup Is respon¬ 
sible for the low energy behavior. 

If one considers instead a breakup process 
Initiated by nuclear inelastic scattering, the 
conclusion’’ is that the imaginary potential 
should still be more strongly modified than the 
real potential. In the nuclear case, no simple 
expression for the polarization potential is 
available. Although our experimental technique 
does not allow us to measure the cross section 
for projectile excitation of the ‘Ll(3*) state at 
2,18 MeV, It is known from light ion Inelastic 
scattering” that this excited state is populated 
very strongly. In fact, with a particles, the 
integrated cross section for Inelastic scattering 
la twice that of the elastic. It is in just this 
situation that channel coupling may be most 
important.’* Assuming the projectile excitation 
in low energy "Li +”Si scattering has a similar 
strength, it seems clear that either a full coupled- 
channels calculation, or al least an approximate 
calculation such as proposed by Love et ul.” 
should be carried out. It is interesting that, for 
a fixed real potential, the change required in the 
imaginary potential at higher energies is that the 
tall inci^ases (aj Increases). Qualitatively, this 
is Just the sort of behavior which would be ex¬ 
pected due to the addition of a polarization po¬ 
tential” at the higher energies. The rapid change 
in the imaginary potential as the energy in¬ 
creases might be related to a change in the 
strength of the coupling to the elastic channel 
when the breakup mechanism changes from a 
sequential to a direct one.” Of course, depend¬ 
ing on the strength of the direct process, in the 
higher energy regime it may be inappropriate 
to ignore the explicit channel coupling in ob¬ 
taining optical potentials. Unfortunately, there is 
not enough information presently available to 
answer this question. (As mentioned earlier, the 
low energy data are equally consistent with a 
fixed imaginary potential and a markedly weaker 
real potential. This could conceivably be viewed 
as symptomatic of the same problem that causes 
the folding-model real potential to require” a 


substantial reduction for "Li projectiles. If this 
were true, one might expect that a "global” 
folding-model fit to the 13 MeV data would re¬ 
quire an even larger renormalization than do the 
higher energy fits.) 

In the "Be case. Fig. 18 does not indicate 
any anomaly in the low energy region, although 
there is some preference here too lor the 
imaginary to increase relative to the real poten¬ 
tial at low energies. There are certain dif¬ 
ferences in the "Be breakup compared with "Li 
breakup which might explain this fact. Although 
"Li breakup at low energies goes mainly through 
a single state, which is populated predominantly 
via Coulomb excitation, the "Be breakup"* goes 
through a number of low-lying states. One of 
these states is reached by an £2 transition with 
a B{£2) similar** to that for the "Li excited state, 
but the others are not reached by £2 transitions 
and are probably excited predominantly by nu¬ 
clear inelastic scattering. Depending on which 
states dominate the breakup process at a given 
energy, it is conceivable that the Y/W ratio for 
"Be does not change much near the barrier. At 
higher energies, Stahel ei al.*° have shown that 
there is a sizable direct breakup cross section 
in the ("Be, "Be) reaction at 50 MeV. How, or if, 
the breakup mechanism changes between the 
Coulomb barrier and 50 MeV is presently un¬ 
known. 

F. Finion 

Certain groups”'” have recently attempted to 
fit both elastic and fusion cross sections with a 
single interaction potential, rather than treating 
the two types of data independently. Although 
there Is not much information on *Be +*"St 
fusion available, some data have recently been 
measured"’ which make It worthwhile to compare 
with predictions from our elastic scattering 
potentials. 

In order to predict fusion cross sections, we 
must employ a model of the fusion process. 

Moat models”’**'® agree that, at low energies, 
the fusion barrier is determined by the maximum 
in the real (S-wave) potential: 

Va=»VlHa)=V,lRa) + Vc(R,) + V„„, (f,fl*), (!' 

where the barrier radius Rg is defined by 

= 0 . (15 

In addition, there is a maximum in the fusion 
cross section at an energy which in some 
models”'” Is related to the disappearance of the 
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“pocket” In the real potential for I > I'S" and in 
other models** Is related to reaching a critical 
distance R„. The fusion cross section is given 
by 

o, = *k* + (16) 

Tso 

where Pi is the fusion probability for partial 
wave 1. In a sharp cutoff (SCO) model, 

f',=l (na) 

= 0 (/>/a) (17b) 

and k, is the highest partial vave for which the 
barrier maximum is below £)m.' Alternatively, 
the Pi values can be calculated allowing trans¬ 
mission through, as well as passage over, the 
barrier.'* Insofar as using an SCO model, i.e., 
using Eq. (17), predicts essentially the same 
fusion cross sections except at energies very 
near the barrier, we have used the simpler ap¬ 
proach. The SCO cross sections are then given by 

o, = j**(f„+!)• (£«£U.J (18a) 

»***(C' + l)“ (£>£,„.). (18b) 

In the critical radius picture of Glas and 
Mosel (GM),** the fusion probability Pi Is cal¬ 
culated for transmission through a parabolic 
harrier. If the approximations of constant bar¬ 
rier curvature and constant barrier radius arc 
made, this model leads to an analytic expression 
for Of in terms of the I =0 barrier (see Eqs. (14) 
and (15)] and the potential at the "critical” radius 
fur fusion; 

li.. (19) 

l^(H.,) = V'„(R„)4V'c(R,,), (20) 

where empirically** the value for rS' is about 
1-0 fm. 

igure 21 shows calculations based on both the 
1 and GM models compared with data from 
• 41. The various parameters needed for the 
Mlations were taken from either potential 
) (solid curves) or the proximity potential 
shed curves) and are listed in Table III. It 
ears that the data are most consistent with 
OM calculation based on potential G38. This 
iomewhat surprising since in other system^, 
h as ‘'0+**Sl, a GM calculation based on a 
How WS potential such as £18 predicts cross 
lions much lower than are observed ex- 
imentally,'* An SCO calculation with a deep 
real potential, such as GB2, would look fairly 
Ular to the proximity potential calculation 
la Fig. 21. Although a real WS well depth 
*'een 13.8 and about 100 MeV is capable of 



FIG. 21. Predicted complete fusion cross sections 
for ‘Bc4'*'s'I. based on parameters extracted from 
potentials which fit the elastic scattering. The solid 
lines correspond to potential G38 and the dashed lines 
to proximity potential POl. Both sharp cutoff (SCO! and 
Glas-jViosel (GM) calculations (see Sec. BIF) are shown 
for each potential. (Predictions using a deep WS po¬ 
tential such as G92 would look similar to the dashed 
lines). Data points arc from Bel. 41 and the relevant 
barrier parameters are summarized In Table III. Note 
the Increased cross sections predicted in Uie GM model 
compared with the SCO model at low energies due to 
the consideration of barrier penetrability In tlio former 
case. 


TABLE 111. Predicted ’Dc^ ”sl fusion barriers. 


Set 

«s 

(fm) 

(MeV) 

IU,‘ 

(fm) 

i'(«c,)* 

(MeV) 

G3S 

8.145 

9.056 

5.63 

3.90 

GOB 

8.215 

8.681 

5.63 

4.44 

G92 

8.1B3 

8.699 

5.6x3 

-1.30 

POl 

8.165 

8.S97 

5.63 

-4.26 

box'* 

T.444 

9.447 

5.63 

8.37 

Folded' 

8.066 

9.080 

5.63 

-2.67 

syst." 

8.248 

8.874 




‘Values of critical radius and erltleal potential, Eqs. 
(ID) and (20), required (or Glae-Moeel calculations. A 
barrier curvature fci >-■ 5 MoV was also used. 

* From Ref. 6. This potential does not reproduce the 
Ugh energy data sets measured in this work. 

* From Ref. 10, using method B and Af 0.5. 

* From Eqs. (21) and (22), based on Ref. 14. 
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roughly matching the magnitude of the experi¬ 
mental cross sections, the SCO model must pro¬ 
duce a downward sloping curve at high energies, 
in afqiarent contradiction with the experimental 
results/' 

We note that our potentials suggest that the 
fusion data measured in Ref. 41 are high energy 
data, in the sense of being beyond the "bend" in 
the predicted fusion cross sections (see Fig. 21). 
In the analysis of Ref. 41, the data are assumed 
to be In the low energy regime of fusion cross 
sections. This assumption leads*' to values for 
the radius and height of the fusion barrier of 
A««7.68± 1.02 fm and Vj, ^22i4 MeV. Although 
the radius extracted from the data is in reason¬ 
able agreement with systematlcs,''* the barrier 
height is not and will lead to very different fusion 
cross sections at near-barrier energies. In 
spite of there being no low energy data available 
with which to compare, the values for Rg and 
Vg obtained from potentials which fit the elastic 
data (Table m) may be compared with the re¬ 
sults of Vaz and Alexander,'* who made a sys¬ 
tematic study of fusion barrier parameters over 
a very wide range of nuclei. Their parametriza- 


tion of the barrier is'* 



(21a) 

rg = 2.0337 - 0.2412 log,„(i:^,), 

(21b) 

.. 

(22a) 

r, =2.301 - 0.3003 log,o(if,/f,). 

(22b) 


For "Be +*''81, this leads to the values Rg = 8.248 
fm and Vg =8.874 MeV. Agreement with the val¬ 
ues obtained in Table III is very good and gives 
some hope that the potentials we have extracted 
from the elastic scattering will be capable of 
also reproducing low energy fusion cross sec¬ 
tions. Clearly the combination of high-quality 
fusion data along with the available elastic data 
over a wide energy range will provide an im¬ 
portant test of whether or not it is possible to 
fit both types of data together with a common 
potential. 

One word of caution regarding the CM calcula¬ 
tions is clearly in order. It is not implausible 
that the elastic scattering potential can give 
information regarding the outer 5-wave barrier, 
but it is much less clear" that the optical po¬ 
tential Is still “operative" at the smaller sep¬ 
arations corresponding to A„ . There is some 
hope in our case that the optical model Vc, is 
reasonable, however, since the high energy 
elastic data do have sensitivity into small enough 
radii to correq^oad at least roughly to the R„ 


values. 

In the *Li-i-”Sl system, there Is an ambiguity 
at the lowest energy about whether the required 
change in the fit potential should be ascribed to 
the real or the Imaginary well. Although hardly 
a definitive test. It Is Instructive to compare the 
predicted fusion barriers of the various real 
potentials to the Vaz and Alexander system- 
atlcB.'* The results given In Table IV show that 
the real potentials obtained from the high energy 
data lead to fusion barriers consistent with sys- 
temattes, while the real potentials adjusted to fit 
the low energy data do not. If we make the as¬ 
sumption that low energy "Li i-'"Si fusion data do 
not show any unusual behavior compared with 
systematic predictions—a fact not presently 
verified—we would conclude that the change in 
optical potential from low to high energies is 
most likely related to a change in the tail of the 
imaginary potential (possibly due to strong cou¬ 
pling to other channels). 

IV. SUMMARY 

We have measured the elastic scattering of 
"Be 4-^i at 121.0 and 201.6 MeV and. In com¬ 
bination with other data, have performed a globa 
optical model analysis in the energy range from 
12 to 201,6 MeV. In contrast to earlier studies,' 
we find that it is possible to obtain a number of 
energy independent WS potentials, spanning a 
wide range of real well depths, which fit the data 
rather well. Optical model calculations employ¬ 
ing a proximity form for the real potential have 
also been performed. Good fits to the data can bi 
obtained provided the parameters of the prox¬ 
imity potential are modified somewhat from theii 
suggested values. In this case it Is necessary Id 
employ a WS imaginary potential having an ex¬ 
plicit energy dependence In order to reproduce Ui 
data. At the highest energy, an examination of It 
various potentials Indicates that there are no 
visible effects due to nuclear rainbow scatterlnt;. 


table IV. Predicted *L1 + “Sl fusion barriers. 


Set 

Rm 

(fm) 

v» 

(MeV) 

R22* 

8.0 09 

6.864 

SOI* 

8.071 

0.677 

PIO* 

8.018 

6.803 

R27'' 

7.558 

7.120 

P12'* 

7.314 

7.489 

Syst.' 

7.971 

6.871 


* Preferred for high energy data seta. 

** Preferred for 13 MeV data aet. 

°From Eqs. (21) and (22), based on Ref. 14. 
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However, the data at 201.6 MeV are suggestive 
of the Influence of quadrupole terms In the Inter¬ 
action potential. A calculation of this effect would 
be very Informative to see if this is the case. 

Notch perturbation calculations have been per¬ 
formed for the *80 -t-^Si potentials obtained here 
as well as the 'Ll and ‘“O potentials 
studied earlier.^'’ The sensitive region In °Be 
elastic scattering extends from about 5-10 fm, 
and shows that the imaginary potential Is stronger 
than the real potential throughout. In the case of 
"111 elastic scattering, the data Indicate that the 
imaginary potential exceeds the real potential at 
low energies with the real potential becoming 
increasingly Important at higher energies, while 
for "O the reverse is true. For alt systems at 
all energies we have shown that the ratio of V fW 
evaluated at the radius of maximum sensitivity 
is nearly the same for all potentials which fit the 
data. However, this ratio Is not sufficient by It¬ 
self to map out the potential, probably because 
Ihc V /W ratio aamples the potential at only one 
point while the scattering itself Is sensitive to a 
fairly large region at any given energy. 

Possible explanations of why the low energy ‘Li 
data, and to some extent the *Be data, are 
dominated by strong absorption have been con¬ 
sidered. One possibility is related to either 
Coulomb or nuclear breakup at low energies. How¬ 
ever simple estimates of this effect Indicate that 


the expected Coulomb excitation contribution Is too 
small to have a major influence on the 'Ll +‘*81 
elastic scattering. It may be that the strength of 
the coupling to the direct breakup channel is suf¬ 
ficiently large that a Aill coupled-channels ap¬ 
proach will be required; this aspect should be 
Investigated by calculations. 

Using two simple models of the fusion process, 
we have compared our potentials to existing fusion 
reaction cross sections. The S-wave barrier 
radii and heights extracted from the various po¬ 
tentials agree very well with predictions from 
fusiem systematica. It will be Interesting to see 
how these barrier parameters compare with low 
energy "Be fusion data. 
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Diiect-reictioii olcuUtioiii for heavy iom require ipecial computational techniques that take advantage of 
the physical peculiaritiea of heavy-ion systema. This paper is the first of a series on quantum-mechanical 
coupled-channels cakulationa (or heavy ions. It deals with the proUems posed by the long range of the 
CoiUomb coupling interaction. Our approach is to use the Alder-Pauli factorization whereby the channel 
wave functions are expretaed aa products of Couloinb functions and modulating amphtudes. The equattoat 
for the modulating amplitudes are used to integrate inwards from infinity to a nuclear matching mdius 
(20 fm). To adequate accuracy, (he equations for the amplitudes can be reduced to first order and solved 
in first Bom approzimation. The use of the Born approximatiofi leads to rapid recursion rdstioiis for the 
solutions of the Alder-Pauli equations and hence to a great reduction in computatiofial labor. The leaulting 
couplol-clianDela Coulontb functions can then be matched in the usual way to solutions of the coupled 
radial equations in the interior region of r space Numerical studies demonstrate the reliability of the 
various techniques introduced. 

[nuclear reactions hi coupled-ehannol Inelastic senttering. Treatment oil 
u long-range Coulomb potential. 


I. INTRODUCTION 

Models of nuclear direct reactions are based 
on the IdentlficaUon of a few privileged reaction 
channels, usually the elastic channel and those 
particularly strongly coupled to it. The Schro- 
dinger eiiuation is then sdved in the model space 
spanned by these privileged channels. The in¬ 
fluence of channels excluded from the model 
space is either taken into account statistically or 
expressed by absorptive components in the ef- 
lecUve interaction potentials that act within the 
truncated model space. In a partial-wave con- 
figuration-space representation, reaction models 
oI the sort under consideration lead to sets of 
coupled Integro-differential equations for radial 
wave functions. The number of coupled equations 
(iV) for a given total angular momentum and parity 
U, z) is usually several times as large as the 
number of channels in the model space because 
there are usually several distinct ways to couple 
the internal nuclear spins and the orbital angular 
momentum of the relative motion to a given total 
nngular momentum. 

The numerical complexity of coupled-channels 
calculations has severely inhibited the study of 
nuclear direct reactions. The standard procedure 
m to solve the N coupled radial equattons N times 
vith linearly independent regular starting values- 
The equations are integrated from the origin to 
k joining radius A. at which all nuclear and 
'mipllng interactions have become insignificant. 

A single linear combination with the appropriate 
^ymptotic behavior (incoming and outgoing 

zi 


waves in the elastic channel, outgoing waves in 
all others) is then constructed; in the process 
the desired S-matrix elements are found. This 
method is satisfactory for light-ion reactions but 
is particularly inefficient for heavy-ion reactions. 
The long range of the Coulomb coupling inter¬ 
action, the small step size necessitated by the 
short wavelength, and the large number of partial 
waves that contribute significantly have restricted 
fully quantum-mechanical coupled-channels cal¬ 
culations for heavy ions to at most three or four 
reaction channels—clearly inadequate to address 
the key physical questions in the field. 

Many-channel calculations have been possible 
only within the semiclassical framework pio¬ 
neered by Alder and Winther* for multiple Coulomb 
excitation. This approach has a number of limi¬ 
tations. Its accuracy decreases steadily as the 
excitation energy of the reaction channels in¬ 
creases. Its accuracy for particle-transfer re¬ 
actions is largely untested. At energies sig¬ 
nificantly above the Coulomb barrier the com¬ 
putational complexity of accurate semiclassical 
calculations increases rapidly; alternatively, the 
accuracy of the simplest sort of semiclassical 
calculation rapidly decreases. Thus, although 
semiclassical methods are indispensable within 
their natural bailiwick, their limitations are such 
that a fully quantum-mechanical alternative that 
cizn cope with more than three or four reaction 
channels is worth seeking. 

This paper is the first of a series that will de¬ 
scribe numerical methods for quantiun-mechanlcal 
coupled-channels calculations for heavy loos. 
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The methods to be presented In this series differ 
from those conventionally used In light-ion stud¬ 
ies in three significant respects. 

(1) Exploitation of the semlclasslcal aspects 
of Coulomb excitation. In light-ion coupled- 
channels calculations, the solutions of the coupled 
equations in the interior region (the region where¬ 
in nuclear and coupling potentials are significant) 
are Joined to Coulomb functions at a joining radius 
A. (~20 fm for light ions) characteristic of the 
outer limit of nuclear and coupling interactions. 

In heavy-ion reactions the effects of Coulomb 
excitation are often large and produce significant 
channel-coupling effects out to distances oi 
hundreds or even thousands of fm. Extension of 
the boundary of tlie interior region to the outer 
limit of Coulomb excitatlan is catastrophically 
inefficient. If the coupled equations for Coulomb 
excitation are integrated inwards from infinity 

to the nuclear joining radius R the channel 
wave functions are found to be Coulomb functions 
modulated by factors that vary slowly with r. As 
first shown by Alder and Pauli,’ the coupled equa¬ 
tions for the modulating amplitudes can be in¬ 
tegrated to adequate accuracy more rapidly by 
an order of magnitude than Che original equations. 
The resulting coupled-channels Coulomb func¬ 
tions are then matched to the interior solutions 
at the nuclear joining radius R„. The time taken 
to calculate the effects of Coulomb excitation is 
then at worst comparable to the time needed to 
generate the internal solutions. 

(2) Iterative solutions of the coupled equations 
within the range of nuclear interactions. The 
wasteful conventional strategy, whereby the 
coupled equations are solved N times to produce 
the one desired solution, can be avoided either 
by expansion of the channel wave function in 
terms of a fixed basis’ or by iterative techniques.* 
We find that the sequential-iteration method of 
Raynal,* with l^adfi approximants to accelerate 
convergence of the .S-matrlx elements, is Ideally 
suited to our present purposes. In all cases con¬ 
sidered, it yields ^'-matrix elements accurate 

to 1 or 2% in about four iterations. (This number 
is the average over all contributing partial waves. 
Five or six iterations may be needed in grazing 
partial waves, only two or three In others.) 

(3) Ehetensive use of partial-wave interpolation 
and extrapolation. Huge numbers of partial waves 
typically contribute significantly to heavy-ion 
cross sections. On the other hand, the underlying 
semiclassical features of heavy-ion Interactions 
result in S matrices that are smooth functions 

of the total angular momentum. It is therefore 
possible to calculate S-matrix elements directly 
at rather widely spaced angular momenta and to 


supplement these calculated matrix elements by 
interpolatioo and extrapolation. For example, 
in computing cross sectians for the elastic scat¬ 
tering of 800 MeV “*Xe ions on "“Pb and for the 
inelastic excitation of the first 2* excited state 
of Xe, 2000 partial waves contribute significantly, 
but only 25 need be treated explicitly to produce 
cross sections accurate to 1 or 2%. The neces¬ 
sary Interpolation techniques have already been 
used’ extensively in distorted-wave Born ap¬ 
proximation (DWBA) studies of heavy-ion in¬ 
duced inelastic scattering and transfer reactions. 

We believe that these techniques—the Alder- 
Pauli method for multiide Coulomb excitation, 
iterative solution of coupled equations in the in¬ 
terior region, and partial-wave interpolaticm 
and extrapolation—will combine to accelerate 
heavy-ion coupled-channels calculations by fac¬ 
tors of 10 to 100 over the previous state-of-the- 
art. In this paper we are concerned with the first 
of the above aspects, the semiclassical nature of 
Coulomb excitation. The other two aspects of 
heavy-ion coupled-channels equations will be 
discussed in subsequent papers. 

In Sec. II the notation to be used in this series 
is described, and the structure of the coupled 
equations for the radial functions is discussed. 
Section ID presents the Alder-Pauli factorization 
of the radial wave functions tor multiple Coulomb 
excitation; coupled equations are derived for 
the slowly-varying factors that modulate the 
asymptotic Coulomb functions. We show that 
under certain commonly satisfied conditions it 
is possible to solve these equations in first Born 
approximation, using integrals similar to those 
encountered in the DWBA for inelastic scatterinf;. 
Section IV presents numerical studies of the 
methods developed in Sec. ID, and Sec. V con¬ 
tains our conclusions. 


II. COUPLED EQUATIONS FOR INELASTIC SCATTERlNb 

We consider inelastic collisions between nuclei 
a and A and Ignore all processes that can occur 
other than elastic scattering or inelastic excita¬ 
tion. Let r be the relative position vector of the 
centers of mass of projectile a and target A and 
let X. and Xji be internal nuclear coordinates. 

We assume that the Hamiltonian of the system 
has the form 

tf-fl;(x,) + /fx(*A)+r + Vff,x„xJ, (2.1) 

where are the internal Hamlltimians of 

Jlirojectlle and target and T is the relative kinetic 
energy (g>erator. The interaction potential V cdo* 
tains the nuclear and Coulomb components I 
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Vgir), Vc(r) ol the optical potential and the nu¬ 
clear and Coulomb transition potentials 

that couple internal ex¬ 
citations of a,A with the relative motion: 

V(t,x„Xj,) = V„(r) + Vj(r) + V,(r,r„ x*) 

+ V.(?,x.,xx). (2.2) 

Next we construct a complete set ol channel 
eigenstates of definite angular momentum J and 
parity v. The internal states of a and >4 are eigen¬ 
states of the internal Hamiltonians H, and Ha: 

(2.3) 

(ffA-«i‘)*i*‘(xJ = 0, 

where a, A distinguish different internal states of 
given angular momentum and the energies are 
excitation energies referred to the respective 
ground states. 

The space corresponding to a pair (oJ^AJa) 
of internal states of projectile and target will be 
referred to as a “channel.” The states in this 
channel have a (1/, + 1)(2Ja + l)-fold spin de¬ 
generacy; we introduce eigenstates 

(x.,x..)= t*“*(x.)x*'‘^*(x..))l. (2.4) 

of the channel spin S= J, + where we have ig¬ 
nored the effects of antisymmetry between pro- 
lectile and target nucleons. A basis state a for 
given J, t Is specified by a definite channel, a 
definite channel spin, and a definite relative orbi¬ 
tal angular momentum la- Solutions of the 
Schrodinger equation can then be expressed in 
terms of the basis states a in the form 

=7 E lia(r)^aAf^,x.,XA), (2.5) 

' a 

Where 

. in practice, only a few channels can be included 
in the expansion (2.5). IMthin the truncated model 
space so defined, the Schrodinger equation for 
, each value of J, w reduces to a finite set of coupled 
radial equations’: 

N 

( 2 . 6 ) 

vliere the coupling matrix Is 

‘^o((»')=-^ f <»*<fx.cix,ii(ii'(F,x.,XA) 

X [Vjf(r,x„Xx) + 

X4'V(^*..Xa), (2.7) 


and is 2Ma/A’ times the optical potential. 

Here ff is the number of coupled equations for 
angular momentum (f,v), and the channel wave 
number is given by 

= (2-8) 

In these formulas, E Is the center-of-mass en¬ 
ergy in the incident channel, and p„ is the re¬ 
duced mass in channel a. 

Solutions of the set (2.6) of coupled differential 
equations are required that are regular at the 
origin l/i„(0) = 0] and have the asymptotic form 

(r) \ |/a„(>')«Ba„ “ iiiouOa ('')j , 

(2.9) 

where Oq 1b the incident channel and la,Og are 
incoming and outgoing Coulomb functions. If the 
channel spin for the incident channel is nonzero, 
there will be several basis states Oo with incom¬ 
ing components; we ignore this minor complica¬ 
tion here. There are H linearly Independent regu¬ 
lar solutions of Eqs. (2.6); the asymptotic con¬ 
dition (2.9) uniquely defines tlie desired element 
of the N-dimensional vector space that they span, 
including normalization. Conventional techniques 
for the solution of the coupled equations involve 
explicit construction of a complete set of N regu¬ 
lar solutions, each with a linearly independent 
choice of starting conditions (dftn/dr at r = 0). 

The coefficients of the linear combination of these 
solutions that has the asymptotic form (2.9) are 
determined, together with the N S-matrix ele¬ 
ments , by matching at a radius r=R^ suf¬ 
ficiently large that all the potentials except V^(r) 
in Eq. (2.2) are negligible. The main point of 
Iterative solutions of Eqs. (2.6) is to eliminate 
the need to solve the coupled equations N times 
in order to construct a complete set of regular 
solutions. 

Complete specification of the coupling matrix 
t/„*(r) requires the Introduction of a detailed 
model for the internal nuclear states involved 
and specific assumptions about the nuclear inter¬ 
action potential V„. No general discussion of this 
complex task wlU be attempUd here. We are 
concerned with techniques for the solution of the 
coupled equations (2.6). To test and compare 
various methods, we consider collisions between 
nuclei with 0* ground states and allow one of the 
nuclei to be excited to a single state of natural 
parity. We believe that the concluslans drawn 
from these two-channel test cases have a wide 
range of validity. 

The nuclear part of the optical potentials wUl 
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be taken to be ol complex Woods-Saxon form, 
with the Coulomb part given by the interaction 
potential ol a point charge with a uniform spherical 
charge distribution. The couplings [/a«(r) are 
calculated from the deformed <H)tical model, with 
rotational eigenstates lor the nuclear wave func¬ 
tions and the transition potential V(r,Ar,,Xx) 
carried to first order in the deformation. Because 
the tmexcited nucleus has spin 0, the quantity S 
defined in Eq. (2.4) has the value J,i (or target 
excitaticni or J, for projectile excitation, and the 
Cfxipling potential can be expressed as a 

sum over multipoles A in the form 

^ ‘l)Kx W , 


/’(„ A1„US„ l^j\ 

\0 OoJ\la Sj Af' 


lh(r) = - . 


( 2 . 10 ) 


Here the symbol 5 stands for Viti + i; pf, fl„, 
^x, and Jic are the deformation parameters and 
radii (nuclear and Coulomb) of the excited nu¬ 
cleus, and A' is the Coulomb radius of the op¬ 
tical potential (the sum of the projectile and 
target Coulomb radii). 


Ill. TREATMENT OE COULOMB EXCITATION 

Two distinct radii that play an important part 
in all subsequent discussions have been intro¬ 
duced. The first is the outer limit ol all nu¬ 
clear interactions. The second is the asymptotic 
radius A. beyond which only point-Coulomb in¬ 
teractions survive. Three regions are then to be 
distinguished: 

(i) The interior region 0<r<fij„ to which nu¬ 
clear Interactions are restricted, 

(ii) the Intermediate regionin 
which only the Coulomb components of optical- 
model and coupling potentials survive, 

(ill) the true asymptotic region r>R^, in which 
the wave function in each channel reduces to a 
combination [Eq. (2.9)] of pure Coulomb func¬ 
tions. We will find tiiat in actual calculations It 


Is possible to let so that region (iil) Is 

eliminated. 

For r the coupled equations (2.6) reduce 
to the equations that describe multiple Coulomb 
excitation^: 

(3.1) 

where is the usual Sommerfeld parameter, 
and from Eqs. (2.10) the Coulomb coupling po¬ 
tential is given by 



(3.2) 

In writing Eq. (3.2) we have assumed that Rn 
has been chosen such that Rj,>Ri. 

Solutions of Eqs. (3.1) in the region [Ajr,*] are 
Coulomb functions modulated by slowly varying 
amplitudes that reflect the influence of the 
coupling potentials (3.2). Following Alder and 
Pauli* and Alder, Roesel, and Morf,* we solve 
directly for the modulating amplitudes—a much 
easier procedure than direct integration of the 
original radial equations (3.1). Our procedure, 
in fact, is to extend the Coulomb functions Oa,l„ 
for each basis state inwards from «> to R^; the 
resulting outgoing and incoming solutions ol the 
coupled Coulomb-excitation equations (3.1) are 
then matched at r=R^ to iterative solutions of the 
original equations (2.6) in the interior region. 
The gain in efficiency over straightforward inte¬ 
gration of the coupled equations (2.6) from 0 to 
R„ is enormous. 


A. Intruducdon of modubtins funcdoH 

In the Intermediate region Ajy<r<°o, the 
coupled equations (3.1) have N independent nit- 
going and N incoming solutions. We define 0 ,[r) 
(a vector whose N components are labeled by 
basis states or) to be that outgoing solution ob¬ 
tained by starting at r=«> with an outgoing wave 
in basis state s, zero in all other chan¬ 
nels, and integrating inwards to R^. The in¬ 
coming sc^ution Sj(r) Is defined In similar fashion. 
Clearly, 0,(r) (s = 1, 2,. , Ai) Is a complete set 

of outgoing BolutioaB andSj(r) (s = 1,2,... ,A0 n 
complete set of incoming solutloiis of Eqs. (3.1)- 
The^^r-RuiU* represeniatloa of the solu¬ 
tions 0 „$, Is 
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Oj.bW * ^ • «.*.o(»')Oo(*ar), 

•o;.a W/o(*o»') . 


where Oa is the Coulomb phase shift. Outside the 
Coulomb turning point, £„ is a very slowly vary¬ 
ing functicm of r that increases moootonically 
towards its asymptotic value of unity 


where 0 „,/b are uncoupled Coulomb functions and 
e,_a designates the ath component of 0 ,. The 
modulating functions (which are also N-com- 
ponent vectors) have the asymptotic behavior 


U = 1. (3.10) 

r-*«» 

The Wronskian relation for Coulomb functions 
reduces to 


S* , a (r) - VSn * Oaj • 




(3.4) 


J-4>b = *»£»• (3.11) 

In this representation, the coefficients in the 
coupled equations (3.6) become 


In terms of the coupled-channels Coulomb wave 
functions just introduced, the asymptotic form 
(2.9) of the radial wave functions is 

(3.5) 


The advantage of Eq. (3.5) is that it becomes 
valid at r instead of the much larger radius 
N. at which Elq. (2.9) becomes valid. 

The uncoupled Coulomb functions fa and O, are 
solutions of the homogeneous part of Eqs. (3.1). 
Substitution of Eqs. (3.3) in Eqs. (3.1) then yields 
a set of coupled second-order equations for the 
outgoing amplitudes: 


iL * 


1.A 

* O, dr 




1/3 

■?&-) «■« 

It is also seen that the incoming solution S,(r) is 
the complex conjugate of the outgoing solution 

k{r), 


l(r) = 0*(r), 


(3.7) 


so that only the equations for the outgoing solu¬ 
tions need be considered explicitly. 


B. Appraxlmitiom for the modulating functioiu 

By a sequence of approximationB, Eqs. (3.6) 
can be considerably simplified. To state the ap- 
ProKimatioaB involved, we use the phase-ampli¬ 
tude representation,* 



the Coulomb functions. The asymptotic phase 
given by 

'Pv " *or-qaln2*or+0o-'^^ > 


Oa d> 



~ 2*a dr 


■t 




(3.13) 

(3.13) 


Two approximations can now be made to exploit 
the fact that the various amplitudes involved vary 
slowly with r. (i) Because a^,a(r) varies slowly 
with r, 



•5C 


dr‘ 


“ dr 


(3.14) 


and the second-derivative terms in Eqs. (3.6) 
may be dropped. (11) Because the amplitude C„ 
of the Coulomb functions varies very slowly with 
*■. 


dr 


r£n<^*c,to 


(3.16) 


and (d/d}')ta may be neglected in Eq. (3.12), 
whence 


1 dtfg 
0„ dr 


— ihC Si • 


(3.16) 


With these approximations, the coupled equa¬ 
tions (3.6) for the modulating amplitudes reduce 
to the first-order matrix equation 


^i:ir) = sm(r)a:(r), 


(3.17) 


where the matrix illt is defined by 


(3.18) 

Equations (3.17) and (3.18) are identical to those 
derived by Alder, Morf, and Roesel'' from the 
integral equivalent of the coupled equations (3.1); 
the differential derivation given here has the 
merit of exhibiting the two underlying approofima- 
tions more eiqjlicitly. 

Note that from Eq. (3.8) we can express the ele¬ 
ments of 3R as 
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a (*„£a*rf#)''* • 


Because from Eq. (3.9), 


«(><. - 0e~ (*o - *8)»' = A*a«r, 


. . where Y and X designate Coulomb fonctians 

^ ^ (F, G, I, or O). The lower limit of the Integral 

may be zero if both T and X are regular Coulomb 
functions. We will use the standard^ Coulomb 
(3.20) recursion relaticns: 


it follows that the coupling matrix elements in 
Eq. (3.17) are slowly varying functions of r modu¬ 
lated by oscillatory functions of wavelength 
2n/{Akae). Thus while the quadrature step length 
in the original coupled equations (3.1) is propor¬ 
tional to some average of that in the first- 
order amplitude equations is proportional to the 
minimum (AA^g)''. For heavy-ion reactions, 
(aA/A)'‘ is typically of the order 10 or greater. 
The original set of second-order equations has 
thus been replaced by a first-order set that can be 
integrated with a much larger step length. 

Yet another major simplification is possible. 

For the values of r of interest here 
the deviations of S.tr) from a,(<>>) are small 
enough to permit solution of the amplitude equa¬ 
tion (3.17) by the first term of a Born-Neumann 
series; 

a,‘'"'(r)“ai‘''*’(>') + J int(>'')ai”''’(>'')dr', 

(3.21) 

where the initial guess to be used is 

0.22) 

The first iteration of Eq. (3.21) gives the DWBA 
contribution to Coulomb excitation from r to «: 

{r) = Wa («„, - f 3n„,(r')d>") . (3.23) 

C. Rccunion relafiuiis 

Efficient techniques for the numerical evalua¬ 
tion of the integral appearing in Eq. (3.23) have 
been used for several years in the program 
Ptolemy'' for the DWBA evaluation of inelastic 
scattering. Following the suggestion of Belling,* 
we can evaluate the integral as an asymptotic 
series in the lower limit r. The use of this 
asymptotic series makes it unnecessary to intro¬ 
duce the asymptotic radius ft. into the calcula¬ 
tion. Furthermore, simple recursion relations 
(in terras of the orbital angular momenta la and 
{,) can be derived for the Integrals. The use* of 
these recursion relattons greatly accelerates 
the calculation. We derive the recursion rela¬ 
tions in this subsection; similar relations have 
recently” been derived Independently. 

We consider Integrals of the form 

I • J dr ^ Y,. (7)', igrlX, (t). Hr), (3.24) 


II(i +1)» - (21 + 1)^7, 

+ (l + l)ll''-i-i}*]‘/»X,.i = 0, (3.25) 
and 


Equation (3.26) may be used to eliminate 
from Eq. (3.25): 


1 + 1 


1 + ] 

[(i + i)»+n»J‘'* 

0 + 1 

to- 



(3.27) 


This may be substituted in Eq. (3.24) fo^//^’,,J 
to yield 


/IP, -I - ^ ^ r<^> I 


(3.28) 


The derivative in the last integral in Eq. (3.28) 
may be moved to K,. by integration by parts. 
Then using Eq. (3.26) to eliminate [d/dr)Y,-, we 
obtain 




~ 11 


I 


+ (A + l' + l)//.Vi^, (3-28) 


where 

^I'P(»!'. lt'R)X,{n, kR ). (3.30) 

If we substitute Eq. (3.29) in Eq. (3.28) snd use 
Eq. (3.25) to expressin terms of 
/^|V„ and we obtain an expression for 

in terms of/‘,V , „ j<V„ and 

»• This may be solved for to yield 

the recursion relation: 
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+/' -f A + !)[(/ + +1) **' /' 


By symmetry we can interchange / with I', t] with 
Tj', and k with k' in Eq. (3.31) to yield a recursion 
relation for in terms of the same quanti¬ 

ties that appear in Eq. (3.31). 

Consider even X. If we have for 

6 = -X/2 + l, -x/2 + 2,...,x/2 and7‘i*'2,.i.j for 
fi - - A/2, ..., x/2, then the two recursion rela¬ 
tions may be used to generate first for 

8 = - X/2 + 1,..., X/2 and thenfor 
0 - - x/2,..., x/2. These may then be used to go 
on to Z. -i-2, and so forth. A similar scheme may 
be used for odd X. Thus we need only 2X +1 
initial values of , to generate all of the re¬ 
quired fhese initial values may be computed 

by numerical quadrature of Eq. (3.24) or, as 
previously mentioned, from an asymptotic ex¬ 
pansion in Jl. 

■ We have tested the stability of these recursion 
; relations for many cases. Unless 72 = 0, the up¬ 
ward recursion relations are only slightly un- 
' stable for all combinations of Coulomb (unctions; 

, one or two decimal places may be lost in 1000 
Iterations. Downward recursion relations 
analogous to Eq. (3.31) may be developed for 
, j'drF,F,./r‘''“; we shall not give the results 
. here. 

I). AiymptoOc exparahms for cnupled-ctiannci Coulomb 
functiom 

. Asymptotic series eiqiansions In powers of l/r 
have been given“ for the coupled-channels Cou¬ 
lomb (unctions and In the adiabatic 
bmit, the coupled-channels asymptotic series 
-are straightforward matrix generalizations of the 
single-channel series. The coefficients are given 
l*y three-term recursion formulas. Ten-figure 
.Accuracy can stlU be achieved from these series 
it distances less than twice the turning-point 
'adius. Inclusion of the effects of nonadiabaticity 
'gnificantly complicates matters. The three- 
srm recursion relations for the expansion coef- 


Channels 


(3.31) 

I -- 

ficients are replaced by tour-term recursion re¬ 
lations whose leading terms are proportional to 
the energy differences between channels. 
Such recursion formulas are numerically ill- 
conditioned; for extensive use it would probably 
be necessary to develop some form of perturba- 
ti(m expansion in A£ based on the adiabatic limit 
as unperturbed solution. The numerical effort 
involved for all necessary J values is in any case 
considerably greater than that involved in evalu¬ 
ating the Alder-Bauli amplitudes by the tech¬ 
niques described above. This comparison depends 
an the accuracy of the first-order reduction of 
the equations for the modulating amplitudes and 
of the Born solution of the first-order equations. 

In case of failure of the Bom solution of the re¬ 
duced first-order equations, it would be neces¬ 
sary to reassess the merits of direct use of the 
asymptotic expansions for the coupled-channels 
Coulomb functions. 


rV, NUMERIC AL STUDIES OF THE MODULATING 
FUNCTIONS 

A. Accuracy uF •ppnKimalinni For the imidulallng Funcriuiia 

We now discuss the accuracy of the three ap- 
proximabons introduced in the previous section 
for the modulabng functions: (1) Neglect of the 
second-derivative terms in the Eq. (3.6), resulting 
in a set of first-order equations for the ampli¬ 
tudes a,; (2) neglect of the derivatives {d/dr)ia 
of the amplitudes at the single-channel Coulomb 
functions in computing the coupling terms in the 
first-order equations; and (3) use of the Born 
approximation to integrate the first-order equa¬ 
tions inwards from r = «> to distances >' of the 
order of the outer limit of the “nuclear” in¬ 
terior region. 

The following coupled channels are considered 



Elastic 

Excited 


n 

(a) 


F*o+ ‘«W(2% O.Ill MeV) 

90 

41.7 

(b) 

“*Xe + “*Pb 

“•Xe(3*, 0.668 MeV) t^Pb 

800 

283.2 

(0 

“O+’^Ca 

"0+“Ca(2‘, 1.156 MeV) 

60 

13.0 
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where the projectile is listed first and the values 
of T) refer to the elastic channel. Cptical-model 
and deformatian parameters lor the calculations 
to be reported are given in the appropriate figure 
captions. In all of the calculations reported in 
this section, reorientation effects (couplings with¬ 
in the excited channel) have been ignored; we 
have verified that their inclusion does not affect 
our conclusions. 

To simplify notation for the modulating ampli¬ 
tudes and S-matrix elements, we use the follow¬ 
ing labeling for the four reaction channels for 
given angular momentum J (>2) in the reactions 
involving 2' excitation: 

a = 1; 0\ 

a-2;r,l-J-2 
a = 3; 2\ l=J 
a = 4; 2\ I--J + 2. 

Reaction (a), ‘"O +‘“W at = 90 MeV. Figure 
1 shows the modulus of the amplitude = SO) 
in the critical partial wave; is the amplitude 
in chamiel 3 of the outgoing-wave solution of Ek)s. 
(3.6) that tends asymptotically to an outgoing wave 
in channel 1. For comparative purposes the amp¬ 
litudes have been divided by In this reaction, 
the main source of error is neglect of Ihe second- 
derivative terms in Eqs. (3.6); the relative error 
in a,,, is around 2% all the way in to Ih fm (the 
turning point for (= 50 is at 13.5 fm). The ad¬ 
ditional approximations—neglect of (d/drjf and 
Bom approximation solution of the first-order 
equations—introduce negligible errors less than 
0.1'ti for r ■> 15 fm. Figure 1 also shows the modu- 



FIG. 1 A compnrlson of the modulus of the amplitude 
ar.itd^BO) calculated using the full second-order equa¬ 
tion (3.6) and the Bom approximation (3.23). The modu¬ 
lus of the error in the Bom amplitude | a |, )(Bom) 

—ai,}(exaot) I is also shown. The ampUtudM have been 
divided by VT). The Coulomb ooupHng had 0.234. 


lus of the error in the Born amplitude |ei,,(Bom) 
-Cj,,(exact)!; this error is of the order of 1% of 
the magnitude of the amplitude 0 ^,^ [the one that 
according to Eqs. (3.4) approaches as 
Reactions (bU “’Xe-f”*Pb at £(^ = 800 MeV. 
This reaction may be treated semlclassically with 
high accuracy. The first-order reduction of the 
amplitude equations Introduces negligible errors; 
for J =■ too, neglect of second-derivative terms 
in Eq. (3.6) results in a relative error in 
<> 1.1 ot 0.16% at r = 25 fm. The Bom ap¬ 

proximation is the dominant source of error, 
yielding a 10% error in at 25 fm, 1% at 40 
fm. 


Reaction (c), “0-i'“Ca at £ub = 60 MeV. This 
reaction does not lend itself to a semiclassical 
treatment, and the neglect of the second-deriva¬ 
tive term introduces the largest error—2% in 
»i.s^ = 4) at 20 fm. Neglect of (4/dr)i introduces 
an additional relative error of 0.06%, and the 
Born approximation 0.2% at 20 fm. However, the 
departures of the a’a from their asymptotic val¬ 
ues are quite small [la(»' = 20)-a(r=‘»)|~0.02) 
so that these percentage errors represent negli¬ 
gible absolute errors. 

These results illustrate our conclusions, drawn 
from studies of a wide variety of reactions. For 
very strong Coulomb fields (large V), errors due 
to the first-order reduction of the amplitude 
equations are small, the amplitudes themselves 
deviate strongly from their asymptotic values 
[Eqs. (3.4)1 and the dominant source of error is 
the Born approximation. For reactions with small 
values of q, the main source of error is the 
neglect of second derivatives in Eqs. (3.6); the 
modulating amplitudes for r do not deviate 
strongly from their asymptotic values [Eqs. (3.4jJ, 
and the errors due to the Bom ^proximation are 
negligible. In such cases, because the deviations 
from the asymptotic values are small, the 
moderately large relative errors introduced by Die 
neglect of the second-derivative terms result in 
very small errors in S-matrix elements and cross | 
sections. In general, the Born approximation 
(3.23) to the solution of the approximate first- 
order equation (3.17) permits calculation of the 
modulating amplitudes a,‘(r) in Eqs. (3.3) inwards 
from to typical nuclear matching radii, 

R/,~ 20 to 30 fm, with errors of a few percent. 


B. Seraitivity of S-matrix elonenti and croM mrtioai to enoo | 
in the modolatinf functioiM 

It remains to be seen whether “few percent" 
errors In the modulating amplitudes lead to 
significant errors in computed S-matrix elementij 
and cross sections. The modulating amplitudes 
are used tiirougfa Eqs. (3.3) to construct a com- 
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plete set of outgoiiig solutions 0, and an incoming 
solution of the coufiled equations (3.1) for 
Coulomb excitation. These coupled Coulomb func¬ 
tions are then matched at the Joining radius 
to solutions of the original coupled Eqs. (2.6) in 
the interior region. The techniques used to pro¬ 
duce interior solutions will be discussed in the 
second paper (rf this series. 

Figure 3 shows the S-matrix elements (elas¬ 
tic) andSji (inelastic), in the 60 partial wave 
tor reaction (a), obtained from matching pro¬ 
cedures of the sort described using a'a computed 
by the Bom approximation. The magnitudes of 
the S-matrix elements obtained by matching at 
a variety of values R,, from 75 to around 20 fm 
are compared with exact values. It is clear that 
the modified matching procedure yields 5-matrlx 
elements of satisfactory accuracy. Figure 2 also 
shows the S-matrix elements obtained by match¬ 
ing at Rs to sin^e-channel Coulomb functions (the 
traditional matching procedure). Accurate re¬ 
sults are not obtained until A;,>75 fm, with large 
discrepancies at values of Rj, of practical Interest 
('--30 fm). The ehfferential cross sections lor re- 
I action (a) obtained using Bom a’a at various 
matching radii are compared in Fig. 3 with each 
other and with what is obtained by matching to 
single-channel Coulomb functions. The Bom a’a 



‘siching to single channel Coulomb functions at various 
*<111 r. The dashed lines represent the converged re- 
ults, and the open clrclee show the values obtained ue- 
‘K ihe Bom approximation to the amplitude function 
htk the matching equation (3.6). All oaloulattans were 
■rtormed using complex Woods-Saxon potentials of 
geometry with the parameters V-40, IV-25, r| 
a»0.B08, r^-1.3, pf»0.148, andflJ-0.234. 


COUrLED.CHANNF.LS... . I.... 



FIG. 3. A comparison of the Inelastic cross sections 
calculated using S-matrix elementa derived from the 
matching equations (2.9) and (3 5) at various matching 
radii r. The results using £q. (3.5) are iodletingulah- 
able (or matching radii i 20 fm The croes sections for 
< 16‘ are Inaccurate because of the orbital angular 
momentum truncation (1,1' «1000). The potential para¬ 
meters are the same as for Fig. 2. 

yield the cross section accurately for matching 
radii R^ as small as 20 fm; the errors in the 
cross sections obtained by matching to single¬ 
channel Coulomb functions are large. 

The main conclusions, confirmed by the results 
of many other calculations, are (i) Coulomb¬ 
coupling effects in the intermediate region 
{R^<r<.R^) have a large influence on 5-matrix 
elements and cross sections; and (ii) these ef¬ 
fects are accounted for accurately and efficiently 
on the basis of the Alder-Pauli factorization (3.3) 
of the solutions of the coupled equations for Cou¬ 
lomb excitation, with the first Bom approxtma- 
tion lor the modulating amplitudes. 

V. QUAUTATIVE ASPECTS OF THE ALDER-PAUU 
PROCEDURE 

The procedure established above lor dealing 
with intermediate-range effects of Coulomb ex¬ 
citation involves matching interior solutions of 
the coupled equations to combinations of incoming 
and outgoing solutions e, of the coupled equa¬ 
tions for Coulomb excitation. The matching radii 
R^ can then be taken to be of “nuclear” size (20 
to 30 fin). The coupled-channels Coulomb func¬ 
tions take over the role of ordinary Coulomb 
functions Ia,Oa in the matching procedures of 
conventional optical-model and coupled-channels 
calculations. For this modified matching pro¬ 
cedure to be computationally feasible it is essen¬ 
tial that the coupled-channels Coulomb binctions 
be computsd efficiently. Direct integration of the 
original ccuided equations from A. to R„ ie out 
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of the question; indeed It was the extreme Inef¬ 
ficiency of such integrations across the inter¬ 
mediate region of r space that triggered the search 
for modified procedures. The Alder-RuUi fac¬ 
torization (3.3) is the basis of our technique for 
construction of the coupled-channels Coulomb 
functions. Its great efficiency depends on the 
validity of three approximations for the modulating 
functions. 

(1) Neglect of second derivatives in the coupled 
equations (3.8) for the modulating functions. This 
first-order reduction greatly enhances the value 
of the Alder-Pauli transformation. Direct nu¬ 
merical integration of the second-order equations 
(3.6) is a difficult numerical task, in spite dL the 
fact that the modulating amplitudes vary slowly 
with r, because second-order equations that are 
approximately of first order are numerically 
awkward. 

(2) Neglect of the derivatives (d/dr)£o of the 
amplitudes of the single-channel Coulomb func¬ 
tions. It is this approximation that permits the 
Born solution (3.23) to be written in terms of the 
DWBA matrix elements for Coulomb excitation. 
These integrals satisfy simple recursion formulas 
that enormously reduce the numerical labor in¬ 
volved in evaluating the coupled-channel Coulomb 
functions. Errors due to neglect of (d/elr)ia are 
always negligible relative to those involved in 


the first-order reduction of Eqs. (3.0). 

(3) Use of the first Born approximation (3.23) 
to solve the first-order equations for a,. The 
accuracy of this appraximatlon depends on the 
fact that for distances of interest (r ^ 20 fm) in a 
large class of reactions, the modulating ampli¬ 
tudes deviate in magnitude by O.i/Ta or less from 
their asymptotic values (3.4). When the Bom 
approximation is reasonable, the errors involved 
should be of the order of the second-order cor¬ 
rection and hence proportional to 
Thus the magnitudes of the Born amplitudes 
can be used as an error indicator; U any of 
the quantities |a,,Bl*/*a at R„ exceed 

some desired accuracy, consideration should be 
given to increasing the matching radius. (Note 
that in the Born ai^roximation .) 

By using these techniques, one can compute 
heavy-ion coupled-channels scattering amplitudes 
involving strong Coulomb excitation in much the 
same Ume ^ if there were no long-range com¬ 
ponent to the Coulomb coupling. 
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Measuiements of the cron section for fusion of '*0 with have been made in the nnge 

^73 MeV. Evaporation leaiduet trapped in a carbon catcher foil were observed off line by means of 
the K \ rays emitted by radioactive Yb nuclei and their daughteia. Absolute craai sections varying in 
magnitude from 0.1 to 400 mb were determined with an uncertainty of 3 )^ 10 %. The cross sections for 
individual x -n channels were also determined. At high energies, the fusion cross sections for all isotopes are 
similar, whereas at lower bombarding energies the cross sections for the more deformed targets are larger 
than those for the spherical targets. 

t tUCL EAR REACTIONS Measured for l«o+'“•“"•'‘“'‘"Sm, -60-75 

MeV. Observation of x rays from radtoactlvr evaporation residues. 


I. INTRODUCTION 

The study of subtle effects such as nuclear de¬ 
formation on the cross section for fusion of com¬ 
plex nuclei requires experimental data of high 
' precision at low bombarding energies, where 
penetrability effects are Important.'’’ We present 
. here an experimental study of the fusion of '°0 
with the even-even isotopes of samarium, 

. nH.iso.iss.iMg^^ whichundergoalransitlonfroma 
spherical to adeformed equilibrium shape as the 
' neutron number increases. This report considers the 
experimental techniques and methods of analysis 
leading to values of the cross section for fusion. 

The attainment of high precision is emphasized. 

The Interpretation of these experimental results, 

;as well as a discussion of related experimental 
and theoretical work, will appear in a subsequent 
article. A short account of this work has been 
lubllshed,’ 


II. EXPERIMENTAL CRITERIA 


The choice of projectile and targets was governed 
■y three factors, (i) The Interpretation of the 
■esults is simplified if only one of the colliding 
nclel is deformed; thus '"O was chosen as the 
roJectUe. (il) The Sm Isotopes offer a variation 

C dear deformation without an accompanying 
e in atomic number. Thus the relatively 
irge changes in the interaction barrier associ- 
«d with a change of nuclear charge are elimi- 
-ted. The equilibrium deformations for these 
otopes are well known.’ (Ill) The isotopes of 


Yb formed by the fusion of '“O + Sm at energies 
below 70 VleV c.m. should have a negligible fission 
width.’ The entire fusion cross section is thus 
concentrated in the yield of evaporation residues. 

A number of direct experimental methods can 
be used to measure the cross section for produc¬ 
tion of evaporation residues. These include direct 
identification by AE - £ energy loss,' time of 
flight,’ and track detectors.” Of these three meth¬ 
ods, the first is unsuitable because the energy 
of the Yb compound nuclei (•. 7 MeV) is too low. 
Both the first and the second methods require 
measurement and integration of an angular dis¬ 
tribution which is strongly forward peaked. The 
residues must be detected in the presence of in¬ 
tense elastic scattering. The third method would 
not easily distinguish evaporation residues (A -170) 
from elastically scattered or Coulomb-excited 
target recoils (A -154). 

Indirect methods involve the detection of some 
characteristic radiation emitted by the evapora¬ 
tion residue along its path back to the valley of 
stability. In-beam measurements of discrete 
r-ray transitions following x-n reactions are 
effective at higher energies” but have a poor 
slgnal-to-nolse ratio at low bombarding energies 
because of Coulomb excitation of the target and 
reactions with light contaminants, e.g., **C, ‘H>, 
in the target. The detection of delayed y rays 
from the radioactive nuclei formed following 
prompt neutron emission Improves the slgnal- 
to-noise ratio, but requires (In addition to an 
unstable residue) an absolute normalization for 
the intensity of transitions in the decay scheme, 
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i.e., the number of transitions per 100 decays. 
Such information is often available provided a 
detailed study of y-ray and conversion electron 
spectra has been made. 

The detection of delayed x-ray emission offers 
the highest signal-to-noise ratio of all the tech¬ 
niques which we considered. Because proton rich 
nuclei In the rare earth region decay predom¬ 
inantly by electron capture, and because there 
are many highly converted electromagnetic tran¬ 
sitions, the yield of x rays per decay often exceeds 
unity, whereas for a given y ray this yield is usually 
substantially smaller. As is the case with delayed 
y rays, a knowledge of the absolute intensity of 
x-ray emission per decay is required. However, 
the large and rather regular contribution by elec¬ 
tron capture to the number of K vacancies tends 
to reduce the relative uncertainty in the total in¬ 
tensity. A disadvantage, however. Is that isotopic 
Identification of a residue no longer follows di¬ 
rectly from the energy of the radiation, but is 
only possible through an analysis of the time de¬ 
pendence of the decay. 

IVe chose the detection of x rays for the present 
experiments primarily because it would enable 
us to measure small cross sections at the low 
bombarding energies where the relative effects 
of nuclear deformation are expected to be largest. 

III. THE EXPERIMENTAL CONFIGURATION AND 
PROCEDURE 

The essential features of (he experiment are 
centered around the collection of the evaporation 
residues in a catcher foil and the subsequent off¬ 
line measurement of the x rays. Beams of ‘"O 
produced by the I4-UD Pelletron accelerator at the 
Weizmann Institute were used to bombard thin, 
isotopically enriched targets of Sm. The catcher 
foil, made of carbon, was located approximately 
2 mm behind the target. The beam emerged from 
the target and catcher foil and was stopped in a 
magnetically suppressed Faraday cup. Two sur¬ 
face barrier detectors were used to monitor the 
elastic scattering from the target. Following a 
bombardment of typically one-half to one hour, 
the catcher foil was removed from the scattering 
chamber and placed before a Ge spectrometer. 
X-ray spectra were then recorded at various 
time intervals until further activity could no longer 
be detected. We consider in more detail now each 
of Ihe above elements of the experiment. 

A. The beem 

Energies between 60 MeV and 75 MeV were 
used. The energy of the beam was determined 
by calibrating the 90° analyzing magnet of the 


newly operational 14-UD FeUetron with the an¬ 
alyzing magnet associated with the Institute’s EN 
Van de Craaff. This was done by comparing di¬ 
rectly in an elastic scattering experiment the en¬ 
ergy of beams produced by each of these accel¬ 
erators. This procedure resulted in an estimated 
uncertainty of 1 0.15% on the absolute energy of 
the '“O beam. 

B. The taigeti 

The targets were prepared by vacuum evaporatiun 
of samarium oxide enriched to the following per¬ 
centage In the main Isotope tor each of the four 
targets: CA,%), (148,95), (150,95), (152,98), 
and (154,99). The target material was backed by 
a carbon film having a thickness typically of 20 
fxg/cm‘. The samarium oxide was first mixed 
with tantalum, and thus was reduced to elemental 
form during the evaporation. An amount of tan¬ 
talum varying up to 20% of the total number of 
target nuclei was deposited on the carbon foil us 
a result of this procedure, however. This amount I 
was measured for each target by using a surface- 1 
barrier detector to observe the relative number I 
of '"O nuclei scattered at 60° from Sm and from I 
Ta. This was an important correction insofar- I 
as the elastic scattering from the Ta impurity I 
was not resolved by the surface-barrier detectors I 
during an actual irradiation. In this case, the I 
monitor detectors were at a more forward angle I 
(40°) and viewed the target through the carbon I 
catcher foil. Otherwise, the Ta impurity bad I 
no effect on the experiment, since the “O energi I 
was too low to initiate nuclear reactions. I 

The thicknesses of the targets varied between I 
100 and 200 pg/cm’ and were determined using I 
the measured elastic scattering, the Integrated I 
charge at the Faraday cup, and the known Rutter-1 
ford cross section. These measurements of tlie I 
target thickness also showed that no detectable I 
amount of Sm was lost from the target, even at I 
the highest beam intensities. The target thicknesV 
thus determined had an uncertainty of about 5'i I 
and was used only for estimating the energy loss I 
of the beam in the target; it did not enter dircctl'l 
into the determination of the cross section (se< I 
Sec. HID below). I 

C. The catcher foRc I 

Carbon, rather than alumlmim, was chosen as I 
the material for the catcher foil since the com- I 
pound nuclei formed in the reaction of ‘“ 0 +“C I 
have a high velocity and are not stopped in tbe I 
catcher fotl. It is this fact which is laugely I 
sponsible for the low biudcground and resulting I 
high sensitivity of this measurement. Indivldusll 
carbon foils of thickness ~ 250 pg/cm* were ?>*■ 
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pared by vacuum evaporation. Three to lour of 
these loUa were then combined on a single target 
frame to form a catcher foil. A thlnlUmof organic 
material, amyl acetate, was used between each 
carbon foil as a clamping agent. Foils so made 
varied in thickness from 700 to 1000 pg/cm'. 

Upon a first exposure to an intense beam, some 
of the foils “exploded, ” presumably because of 
the presence of the organic film sandwiched be¬ 
tween the carbon foils. Those foils which were 
nut damaged Initially (raising the beam current 
gradually Increased the survival rate) were able 
to withstand particle-current densities of up to ~30 
nh/mta’ with no deterioration. Attempts to 
detect activity remaining in the target and in an 
additional carbon foil placed behind the catcher 
foil demonstrated that all of the evaporation 
residues were indeed stopped in the catcher foil. 
Measurements made with varying beam inten¬ 
sities showed that activity was not lost from the 
catcher foil because of beam heating. 

The catcher foils developed a dimple where the 
beam intersected the foil. The effective displace¬ 
ment of the foil due to this dimple was measured 
for each foil with a microscope and was used to 
correct the efficiency for the detection of x rays 
from each catcher foil. The magnitude of this 
correction was usually less than 4%. 

D. The monllor lystcm 

Surface-barrier detectors placed at i40‘ and 
ai 25 cm distance from the target were used to 
monitor the scattering from the Sm. These events 
(elastic scattering plus Coulomb excitation) were 
well resolved from reaction products produced by 
light contaminants in the target (carbon and oxygen) 
and by the carbon catcher foil. Since the solid 
angle of these detectors and the scattering angle 
could be measured with high precision, and since 
the sum of the scattered particles in the two 
detectors was insensitive to small variations in 
the angle of the beam with respect to the chamber 
axis, an absolute measure of the product of the 
; time-integrated number of beam particles and 
target atoms could be obtained with high pre¬ 
cision. Checks using (i) optical model calculations 
4nd (11) the measured ratio of the elastic scat- 
tering at 40° and 60° showed that the summed 
cross section for elastic and inelastic scattering 
at 40° i8 given by the Rutherford formula to within 
* (’•2% and 0.7%, respectively. The accuracy of the 
techniques is estimated at 1% for systematic 
errors and 2% for random errors. The random 
errors were estimated by an analysis of runs at 
61ffereiR energies using the same target. 

’^he intensity of the beam as a function of time 


during the Irradiation was recorded by multi- 
scaling, in one-minute intervals, the number of 
elastic events in Ihe monitor counters. 

E. The Ge qwetrometer 

The x-ray detector'° consisted of 1.5 cm’ of 
intrinsically pure Ge and employed an optically 
coupled feed-back loop in the preamplifier. A 
resolution of 350 eV (FWHM) was obtained at 50 
keV. The catcher foil was positioned in front 
of the detector such that the photopeak efficiency 
in the range of 30-60 keV was 5.5%. This effi¬ 
ciency was determined using a variety of cali¬ 
brated point sources (“'Am, '"Cs, ’'Co, '”Eu) 
mounted on frames identical to those holding the 
catcher foil. An empirical function’* was then 
used to fit these calibration points and to deter¬ 
mine the photopeak efficiency at any energy In the 
range from 20 to 150 keV to an accuracy of ± 3%. 
The total efficiency was also measured and used, 
together with the known decay schemes, to esti¬ 
mate sum corrections for the calibrated sources. 
The spectrometer was shielded by 10 cm of lead. 

IV. analysis of the X-RAY SPECTRA 

The X rays and > rays from the catcher foils 
were measured in the range from 10-250 keV. 
The portion of the spectrum including the x rays 
associated with (he decay of Yb, Tm, and Er 
nuclei is shown in Figs. 1 and 2. Figure 1 pres¬ 
ents a spectrum obtained In 5 min of counting just 
after a 28.min bombardment of ’’“Sm with 70- 



CHMSa NMOCR 


FIG. 1. Fboton spectrum covering the range from 4S 
to 63 keV. The Tm and x rays are prothiced 
by the electron-capture decay of Yb and subsequent 
Intemsl conversion in the Tm daughter. The ftdl mrve 
Is a fit to the data in which each ooraponait la appcoxl- 
DuUed by a Gauasian. The cross section (or fUsleo In 
this case la 343 mb and the counting Interval wan 5 mbi. 
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FIG. 2. Same as FIk. 1| except that the bombarding 
energy la lower and the fusion croaa aection la only 
0,47 nib. The bombardment time was 1 h and the count¬ 
ing interval was 10 mb. 

MeV ’"O Ions. Individual and lines from 
all the decay products are resolved. The full curve 
is a least-squares fit of Gaussian peak shapes in 
which the widths, relative energy spacings, and 
intensity ratios are fixed quantities. The 
portion of the curve shown as a dashed line Indi¬ 
cates a region of data excluded from the fit be¬ 
cause of pile-yp distortion. (Inclusion of this 
region has a sizable effect on but a negligible 
effect on the peak areas.) 

A spectrum obtained at the lowest bombarding 
energy, 60 MeV. for which the fusion cross sec¬ 
tion is much smaller, is shown in Fig. 2. This 
spectrum was obtained in 10 min of counting after 
a 45-min bombardment. The signal-to-noise ratio 
in this case was still high. Thus, the statistical 
uncertainty In the peak area was a negligible source 
of error in the determination of the cross section, 
even at the lowest bombarding energies. In cases 
where a y-ray transition occurred In the K x-ray 
energy region, the y-ray peak was analyzed sim¬ 
ultaneously with the X rays. The K, x rays were 
not analyzed. Electronic dead time was measured 
by evaluating the area of a peak from an electronic 
pulscr. 


V. DETERMINATION OF THE ABSOLUTE CROSS 
SECTION 

Evaluation of the absolute cross section depends 
directly on the Rutherford cross section, the 
number of counts in the monitor, the measured 
intensity of the x rays, and the absolute inten¬ 
sity, in photons per decay, of the various radio¬ 
active products in the catcher foil. All but the 
last quantity have been discussed so far. 


A. Abwilutc K x-ny totenritfax 

Given a decay scheme with an absolute nor¬ 
malisation, it is possible to calculate the number 
of K vacancies formed per 100 decays. Since the 
lifetime of a A vacancy (~10'^'’ sec) Is short com¬ 
pared to typical nuclear decay times, electron 
capture and the internal conversion of transi¬ 
tions In a cascade are independent, additive sources 
of A X rays. 

In evaluating the K vacancies produced by elec¬ 
tron capture to each level of a daughter nucleus 
and A vacancies produced subsequently by each 
individual nuclear transition in the decay scheme, 
use was made of the quantities /,//, from Ref. 

12, tjt from Ref. 13, and Of/ot,, from Ref. 14. 
The total number of A, x rays was then obtained 
using the fluorescence yield Wf and A,/A, inten¬ 
sity ratios from Ref. 13. Decay schemes from 
the Nuclear Data Sheets^* were used. In some 
cases normalized decay schemes were not avail¬ 
able from this source but had appeared in the 
literature subsequent to the last evaluation. An 
effort was made to use the most recent sources 
of information. For a number of nuclei with 
shorter half-lives and located relatively far from 
stability, an educated guess at the x-ray inten¬ 
sity was necessary. These cases, however, had a 
rather small influence on the overall determination 
of the cross section. The results of the above eval¬ 
uation are given In Table 1. 

It is difficult to assess an error for each absolute 
intensity. In the few cases where an error is 
given in the literature for an absolute normali¬ 
zation, the error is of the order of 10% or less. 

We have therefore assumed an error of 10% for 
each intensity unless it is known to be larger. 

Since a given decay chain has at least two and 
sometiraee up to four members before stability is 
reached, an internal check on the relative accuracy 
of the members in a given chain is possible. This 
check indicates that the choice of 10% for the typical 
error is a reasonable one. 

In one case it was clear, from a lack of Internal 
consistency in fitting the data, that an evaluated 
absolute intensity was in error. Examination of 
the decay schemes indicated a probable source 
of the error and led to a 15% increase in the cal¬ 
culated absolute intensity for the decay of “’Yb. 
With this modification. Internal consistency was 
obtained and the maximum effect on the deduced 
cross section was less than 7%. 

Since the sources (catcher foils) are used in a 
high efficiency geometry, corrections for the 
simultaneous detection of more than one photon 
(summing) were applied. These were evaluated 
for each level scheme and were typically 5%, but 
did not exceed 13%. 
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TABLE I. Moan lUattmes and x-ray Intenaltlea (EC denotes electron capture; IC de¬ 
note* Internal conversion). 


Parent 

nucleus 

(min) 

K vacaocies/lOO decays 

EC IC 

+ A.: Intensity 
(photons/lOO decays) 

‘••vb 

2 .0* 



75* 

‘‘•rm 

17.3 



7S* 

“•Er 

51.0 



75* 

“»Ho 

47.6 

83 

76 

118 

“»Yb 

6.9 



76* 

“•Tm 

13 J 

71 

23 

70 

“‘Er 

2474.0 

83 

17 

75 

““Ho 

36.0 

H3 

18 

75 

“‘Yb 

6.1 

73 

25 

72" 

‘•‘Tm 

54.8 

7fi 

138 

159 

“‘Er 

280.2 

83 

17 

74 

“‘HO 

216.6 

83 

17 

74 

“»Yb 

27J 

8.3 

8 

69 = 


31.3 

75 

25 

74 ‘ 

“>Yh 

16.0 

73 

24 

72 • 

““Tm 

15G.7 

82 

55 

102 

‘“Er 

108.2 

84 

0 

63 

‘“Yb 

109.4 

84 

1 

83" 

‘“Tm 

2.0 

51 

9 

45® 

““Yb 

14.3 

75 

51 

94 

““Tm 

2 602.0 

84 

17 

75 

“‘Er 

896.8 

81 

0 

60 

““Yb 

4 908.0 

73 

70 

106 

““Tm 

067.0 

S3 

24 

80 

“'Yb 

25.2 

84 

118 

149 

“'Tm 

19195.0 

82 

21 

77 


‘The value Is a Kuess, based on systematlcs, and Is not crucial for this analysis. 
'’Assumes the decay of "'Yb la similar to the decay of “’Yb. 

‘An average of an experimental value and the value calculated from the level scheme. 
‘An experimental value. 

‘Assumes no appreciable capture to the ground state. The decay scheme assumed 32'^ 
capture to die ground state, but this led to an Inconsistency In fitting the data. 



no, 3 , x-ray count rate as a ftaiotlon of time. 
The length of the bombardment was 28 min. The tbll 
'hrves are Ota to the data tnoorporatlng known half- 
lives and absolute x-ray IntanalUea. 


B. Ajialyas of the tanr dependence of ihe x-ny intensity 
Several isotopes, each with a different half- 
life, can contribute to the intensity of a given 
X ray. Thus, the time dependence of the intensity 
is complicated. Figure 3 illustrates a typical 
case. The growth and decay patterns associated 
with a parent, daughter, and granddaughter are 
seen, respectively, in the Tm, Er, and Ho x-ray 
intensities. Using the known hall-lives and abso¬ 
lute x-ray intensities and assuming a parent- 
daughter relationship, it is possible to deter¬ 
mine quite accurately the relative amounts of each 
isotope. The procedure was to fit all of the ex- 
perimental data shown in Fig. 3 simultaneously, 
with the only unknowns being the activity present 
in each Yb Isotope at the end of the bombardment. 
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The effect of variations in beam intensity during 
the irradiation and of the variation in source 
strength during a counting interval were treated 
exactly in the computer program used to fit the 
measured time dependence of the x-ray intensities. 

Elementary statistical considerations for neutron 
evaporation usually limited to three the number of 
mass chains which needed to be included in a fit. 
Detailed Btatisttcal model calculations'* showed 
that charged-particle emisdon is strongly hindered 
relative to neutron emission for the reactions and 
bombarding energies studied here. The emission 
of two protons, which leads to stable isotopes of 
Er, was predicted to be negligible. Nevertheless, 
it seems possible in some cases to detect charged- 
particle emission through a detailed examination 
of the time dependence of the daughter activities. 
The fitted yield of Ho x rays is increased from the 
dashed line to the full line in Fig. 3 by the Inclusion 
of -1% of 2p-ln emission from the compound 
nucleus. Deduced yields of charged-particle emis¬ 
sion were largest for '"0+ '■"Sm, but even in this 
case did not exceed 15%. The total fusion cross 
section was independent to within ~l-2% of 
whether or not the possibility of charged-particle 
emission was included in the fit. 

The full curves in Fig. 3 are the result of a 
simultaneous (it of all the data shown in the figure. 
Figures 4 and 5 show the Intensities for the parent 
decay and daughter decay, respectively. The 
contributions of the various isotopes (labeled by 
the number of mass units emitted from the com¬ 
pound nucleus) are shown. It may be seen from 
these two figures how the different half-lives 
associated with the different isotopes enable a 
determination of their relative contributions, 
provided the sources arc counted over a suffi¬ 
ciently long time span. 

The relative amounts of the various evaporation 
residues are listed in Table II and presented in 



FIG. 4. The time dependence of the parent activity 
with ttie deduced oontrlbutlons of the in, 3ti, and 4ii 
aottvltiee to the total. Note toat measurements at later 
times eSeottvely determine the 2m poitloo. 



hi this case the later times determine the 3s portion. 


TABLE n. r-n distributions (%). 



Target 

Is* 

Zn 

Sff 

4ff 

5n 

75.0 

148 


5(7)* 

84(4) 

11(8) 



150 


2(1) 

43(2) 

55(2) 



152 



15(2) 

81(2) 

4(1) 


154 




66(2) 

34(2) 

70.0 

143 


14(1) 

81(2) 

5(3) 



150 


2(1) 

72(2) 

26(1) 



152 



37(1) 

62(1) 

1(1) 


154 



8(1) 

82(2) 

9(1) 

67.5 

148 


21(1) 

78(1) 

1(1) 



ISO 


5(1) 

81(1) 

14(3) 



154 



18(2) 

82(4) 


65.0 

148 


39(1) 

59(1) 

2(2) 



1.50 


8(2) 

86(2) 

6(2) 



152 


2(1) 

73(2) 

26(1) 



154 



32(1) 

68(2) 


€3.75 

148 

2(21 

49(2) 

49(2) 




150 


10(1) 

81(2) 

9(2) 



152 


1(5) 

83(2) 

16(1) 



154 



45(2) 

65(2) 


62.5 

148 

3(1) 

62(2) 

36(2) 




ISO 


13(2) 

80(2) 

7(2) 



152 


2(1) 

90(3) 

8(2) 



164 



51(2) 

49(2) 


61.26 

148 

12(6) 

73(4) 

16(4) 




150 


16(4) 

71(3) 

13(1) 



152 


5(2) 

92(3) 

3(1) 



154 



68(2) 

32(5) 


60.0 

148 

9(5) 

91(7) 





150 


24(3) 

67(4) 

9(4) 



152 


7(3) 

93(3) 




154 



80(2) 

_20^ 

■ — 


*The value of s denotes the number of atomic mass 
units evaporated from the compound nucleus. For '“sm 
and 65 MeV, charged-particle emission up to 
~15% of the total Is Included. In all other oasea, s Is 
toe number of neutrons evaporated to a very good ap¬ 
proximation. 

*Tha number In parendieaea ta the uncertainty on tbe 
last digit. 
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Fig. 6 . The full curres in Fig. 6 are only to guide 
the eye. The value of n denotes the number of 
atomic mass units removed from the compound 
nucleus; since charged-particle emission is small, 
ff approximates the number of neutrons evaporated. 
The cross section for fusion, which is the sum of 
the various x-n channels and charged-particle 
emission is listed in Table HI and shown in Fig. 


X-n DISTRIBUTIONS 




6 , ^0 distribution of the ovsporstioo residues 
a a tunotton of bombsrtRng energy for the four systems 
The value of ■ d eee*ee the number of mass 
-S evaporated by the compound nucleus. The yields 
sxpreased as a pecoeotage of the total hjslon cross 
alien. The lines are osily to guide the eye. 


7. The laboratory bombarding energies given in 
Table m correspond to the energy at the center 
of the target. (The stO|q>lng powers of Northcllfle 
and Schilling*'' were used to estimate the energy 
loss in the target.) Figure 7 shows that the cross 
sections obtained for the different Isotopes are 
nearly identical at the highest bombarding energy. 
As the bombarding energy is reduced, however, 

"»«• exhibits a systematic variation, with the more 
deformed isotopes exhibiting progressively larger 
cross sections relative to the less deformed iso¬ 
topes. A quantitative analysis of these data in 
terms of the deformation of the target nucleus 
will be given in a subsequent paper. 

VI. DISCUSSION OF ERRORS 

The sources of error in the present ejqterlment 
can be divided into several categories. Purely 
systematic errors consist only of the absolute 
Ge-detector efficiency (i 3%) and the solid angle 
of the monitor detectors (i I'D. Purely random 
errors include the number of counts In the monitor 
detector and the reproducibility of the monitor 
system in different runs. Experimental checks 
show that these contribute an error of ± 2 % to the 
cross section. An additional source of random 
error involves the accuracy of the correction 
applied to the efficiency of the Ge detector due 
to variations in the position of the source (t 2 %). 

The large value of x* sometimes obtained from 
fitting the time decay of the sources Indicated that 
errors other than random errors on the peak 
areas were present. The main additional source of 
error most likely was the absolute x-ray inten¬ 
sities. This is indicated by the fact that values 
of x^/a of the order of unity were routinely ob¬ 
tained when only a parent decay or only a daughter 
decay curve was fit. Nevertheless, a straightfor¬ 
ward evaluation of the error on the total fusion 
cross section for a simultaneous fit of all members 
of the decay chains, obtained by multiplying the 
internal error with ( 2 xVa)‘'*, yielded errors of 
typically 2% and never more than 7%. 

Sources of error which are partly random and 
partly systematic in nature include the errors on 
the absolute x-ray intensities and the corrections 
for summing of coincidental radiations (± 3%). We 
have assumed that each absolute intensity is known 
to ± 109L and that two independent absolute inten¬ 
sities (a parent and a daughter) contribute to each 
cross section. Thus a net contribution of ± 7% 
to the total error is associated with the uncer¬ 
tainty in the absolute Intensities. This Is a con¬ 
servative estimate since there is often a grand¬ 
daughter activity present. Also, more than one 
mass chain contributes to the x-ray yield, which 
further randomizes the error from the absolute 
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TABLE in. Fusion cross sections for “o + • 


(MeV) 

“•sm 

(mb) 

‘"Sm 

(mb) 

(MeV) 

‘“sm 

(mb) 

(MeV) 

«*Sm 

(mb) 

75,02 

404.0 

440.0 

74.95 

482.0 

75.06 

430.0 

70,01 

183.0 

243.0 

09.94 

213,0 

70.05 

235.0 

67.51 

89.4 

117.0 



67.54 

134.0 

A5.00 

27.0 

38.4 

64.93 

43.9 

65.04 

56.8 

83.75 

10.7 

20.2 

63.68 

24.4 

63.78 

29.4 

62.49 

3.13 

7.75 

62.42 

11.7 

62.53 

15.3 

61.24 

0.721 

2.22 

61.17 

4.40 

61.28 

6.24 

59.98 

0.115 

0.472 

59.92 

1.06 

60.03 

2.21 


‘The uncertainty on the fusion cross sections Is ^10%. The uncertainty on the beam energy 
Is rO.15%, 


intensities. 

Since the x-h distributions, expressed as a per¬ 
centage of the fusion cross section, vary slowly 
with bombarding energy (see Fig. 6) it was pos¬ 
sible to extrapolate accurately the relative 
amoimts of In, 2n, and 3n emission at the lowest 
bombarding energy. Fixing these relative amounts 
in the fit greatly reduced the error In the cross 
section at the lowest bombarding energy where a 
low yield prohibited observing the x rays over a 
long time Interval. 

A summation in quadrature of random and par¬ 
tially random errors yields a standard deviation 
of 8.4'^. The corresponding value for purely 



FIG. 7. The fusion cross sections as a function of 
bombarding energy. The total error on each polot is 
il0%. The fusion cross sections, similsr at energies 
well abovB the (Usion barrier, vary markedljr at low en- 
ergtes with tile more deformed isotopes having ttte larger 
cross sections. The lines sre to guide the eye. 


systematic errors Is 3.29 d. If all errors are added 
in quadrature, a value of 9% Is obtained. We have 
therefore adopted an error of ± 10% for each cross 
section listed in Table HI. 

The reproducibility of the experimental method 
was checked by repeating selected measurements 
on different runs and using different targets and 
catcher foils. The maximum discrepancy en¬ 
countered was 5.5%. In one case (70 MeV ’*0 
+ “*Sm), the y rays were analyzed to deduce cross 
sections tor the individual mass chains. These 
cross sections agreed within a few percent with j 
those deduced from the analysis of the x-ray 
yields. 

Vll. DISCUSSION AND SUMMARY 

The smallest cross section measured in this 
study Is 0.1 mb and was doie with only a one-hour- 
long bombardment. It appears to us that cross 
sections a factor three smaller could be measured 
by simply extending the length of the bombardmem 
and increasing the beam Intensity. Further in¬ 
creases in sensitivity could be obtained bystudyut 
the sources of background and taking steps toreduo 
them. In the case of “O-t- '“‘Sm, the 2n evaporahd 
leads to a stable nucleus and thus a small correc¬ 
tion would have to be aj^lied for this unobserved 
yield at bombarding energies much below 60 Mel- 

It does not appear possible for the momeni le 
improve significantly on the precision of the 
method, since the largest source of error is eur- 
rently associated with the absolute x-ray inten¬ 
sities, Computer-based calculations of the absda* 
intensity from the evaluated level schemes, 
can be performed by the Nuclear Data Projeci s 
Oak Ridge National Laboratory, would be desif* 

In that they would both eliminate a lot of wort 
reduce the possibility of error In the evaluatin“ 
of the absolute intensities from the level schei^ 

It might well turn out that we have overestijn®* 
the uncertainty on these values. 
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The above errors on the fusion cross section do 
lot include any contribution from the uncertainty 
u the beam energy. For 60 MeV **0+*'‘'Sm, 
rfa/n) • \/dB Is -15% per 100 keV. An uncertainty 
H ^.15% in the beam energy thus results In a 
-15% uncertainity in the cross section at this 
•nergy. However, this error on the beam energy 
s systematic and common to all bombardments. 

Since the determination of the fusion cross sec- 
ion has been the goal of this study, a detailed 
jtatlstical model analysis of the x-n distribution 
las not been undertaken. Some evaporation cal¬ 
culations'* confirmed our expectation that the 
systematic behavior shown in Fig. 6 is reasonable 
md that charged-particle emission is generally 
small. Nevertheless, a careful analysis of the 
results presented here would be worthwhile, 
especially since the prediction of the x-n dis- 
ributions is rather sensitive to the strength of 
.he r-ray competition. The latter quantity is of 
current Interest in predicting the y-ray multl- 
iliclty. Thus, the present data might be useful 
in calibrating statistical model calculations. 

In summary, fusion cross sections for the 
reaction of “0 + *"’‘”''“'''*‘Sm have been measured 
]y observing the delayed x rays from evaporation 
residues trailed in a catcher (oil. This technique 


has enabled the determination of cross sections 
as small as 0.1 mb to a precision of a 10%. The 
yields of individual isotopes could be determined 
from an analysis of the time dependence of the 
x-ray yield. The principle source of error in this 
technique has been the absolute intensities of the 
X rays emitted by the radioactive evsqwration 
residues and their daughter activities. The fusion 
cross sections were found to be similar at en¬ 
ergies well above the fusion barrier, but to differ 
markedly at energies well below the barrier. 
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II. Iterative Bolution of the conpled radial eqaadons 
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(Received 26 November 1979) 

This paper, (he second in a leriet on techniquet for heavy-ioa coupled-channela calculationa, comparei 
varioiu iterative methodi for the solution of the coupled radial equationa in the interior region of 
configuration space. We consider the Bom-Neumann series, sequential iteration, the method of moments, 
and Austem's modification of the Sasakawa method. The use of Padi approsimants is shown to eliminate 
convergence problems with Born and sequential iteration. We conclude that sequential iteration with Fade 
acceleration is the most rapidly conveigent and most efficient way of carrying out coupled-channeb 
calculations for heavy-ion inelutic scalteringj Q.i% accuracy in cross sections can be achieved with three or 
four iterations in each partial wave. 

( NUCLEAR REACTIONS HI coupled-channela inelastic scattering. Iterative so¬ 
lution of radial equations. 


i. INTRODUCTION 

Coupled-channels calculations for the inelastic 
scattering of heavy ions have been severely re¬ 
stricted by their computational complexity. Major 
souces of difficulty include (1) the long range of 
the Coulomb coupling potential, (2) the large num¬ 
ber of channels that must be considered, and (3) 
the large number of partial waves that contribute 
significantly. The efficient treatment of Coulomb 
coupling was discussed in the first paper' of this 
series. It was shown that the Alder- Pauli’ de¬ 
composition of Che coupled-channels Coulomb 
wave functions allows efficient computation of in¬ 
coming and outgoing solutions of the coupled radi¬ 
al equations in the region r.* where is a 
radius at which nuclear potentials are no longer 
important (Nj, - 20-30 fm). These coupled-chan¬ 
nels coulomb functions replace the standard 
Coulomb functions in the process of extracting 
5-matrix elements. Thus it is possible to stop the 
outward integration of the interior radial equations 
at Nj, Instead of the several-hundred-fm radius 
that would be necessary if the Coulomb coupling 
were not explicitly treated. 

In the present paper we discuss methods for 
solving the coupled equations in the region r<R,„ 
i.e., where both nuclear and Coulomb forces are 
Important. For Coulomb-dominated reactions it is 
possible to avoid explicit treatment of an interior 
region by use of the Alder-Pauli’ approach for all 
significant r values. However, In the presence of 
strong nuclear interactions most of the approxima¬ 
tions used to simplify the equations of the Alder- 
Pauli method break down; we ther^ore prefer to 
solve the original radial equations directly. 

» 


The traditional method is to solve the N coupled 
equations, {romr»0tor=fij,, N times with linearly 
independent starting values. A linear combination 
of the resulting N sets of regular solutions may 
then be found that has the desired boundary condi¬ 
tions as r — » (incoming and outgoing waves in the 
elastic channel, outgoing waves in all other chan¬ 
nels). In this process the complete NxN S ma¬ 
trix can be extracted even though only one column 
Is needed to compute the desired cross sections. 

This procedure is reasonable for light-ion cal- 
culations where the number ot coupled equations is 
usually moderate (/VS20). In heavy-ton studies 
much larger systems of coupled equations are en¬ 
countered and it Is no longer feasible to solve the 
^coupled equations N times (thus computing jV’ 
radial wave functions) in order to extract the singlt 
desired column of the 5 matrix. 

A number of Iterative procedures have been in¬ 
troduced in attempts to reduce the amount of com¬ 
putational labor. All Involve recursive solution lor 
a single set d radial wave functions that are con¬ 
strained to have the desired boundary conditions. 
The aim is to construct a converged solution in a 
reasonable number of Iterations. In this paper 
compare several of these schemes and discuss 
their efficiency for heavy-lon reactions. 

The most obvious scheme is to generate the 
Born-Neumann series for the wave functions 
and S matrices. We r^er to this as "block llers' 
tion” since the wave functions In all channels are 
treated together In a block. Raynal’ has sugge: 
a variant cf this method in which the radial equ 
tlons are treated one at a time in a definite se¬ 
quence rather than as a block; Improvements ir 
the solutions of the equations that occur earlier 
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the seqaeoce are then incorporated in the equations 
to be solved later In the sequence. This is re¬ 
ferred to as “sequential iteration." We find that 
it has substantially better convergence properties 
than block iteration. 

Both of these methods build up the wave functions 
and S matrices as power series in the coupling po¬ 
tential and both can diverge for physically rea¬ 
sonable potentials. As was suggested by Raynal’ 
one can use Pad6 approximants to accelerate the 
convergence of the S matrices for both schemes. 
The Pad^ approximants to these power series are 
rational functions that have a larger radius of con¬ 
vergence and may converge when the original 
series diverges. Furthermore, if block iteration 
is used, the Pad^ approximants yield the S-matrix 
elements as rational functions of the overall cou¬ 
pling strength. This permits the coupling strength 
to be fitted to data in about the same time as It 
takes to do a calculation for a single coupling 
strength. 

eXher Iterative techniques have been proposed 
that also express the S-matrix elements as ra- 
.ional functions of the coupling strength. One Is 
.he method of moments, recently studied for proton 
neiastic scattering by Griffin and Koshel.^ It has 
seen proved to converge for a wide class of poten- 
:ial8—certainly wide enough to Include any poten- 
■tal likely to be encountered in heavy-ion studies, 
ffe find that for heavy-ion inelastic scattering, the 
moment method converges markedly more slowly 
:han sequential Iteration with Pad! acceleration. 

Wealsoconsider a variant, proposed by Austern,^ 

X the Sasakawa*'’method. The modified procedure 
Tas no guaranteed convergence properties and fails 
.0 converge in some of our tests. While it is more 
reliable than straightforward block iteration, it is 
significantly slower than either block or sequential 
iteration with Pad6 acceleration. The multichannel 
implementation’ of the original Sasakawa method, 
which does have proved convergence properties,' 
involves much more computational labor than the 
hrute force solution of the original coupled equa¬ 
tions and is therefore not practical. 

In Sec. n we describe in more detail the methods 
^ iteration outlined above, numerical comparisons 
nf the techniques are presented in Sec. ni; itera¬ 
tive solution of the Alder-Pauli equations for all 
’'’lues of r is discussed in Sec. IV; and our con- 
itlusions are summarised in Sec. V. 


n ITERATtVE TECHNIQUES FOR THE COUPLED RADIAL 
EQUATIONS 

The radial equations to be solved, in the notation 
**^lishod In iNq;>er I* of this series, are 


= (0 = 1.2 . N ), 

( 2 . 1 ) 

where 

-uy(r)-i->.’. (2.2) 

These equations refer to a single value (J, v) of 
the total angular momentum and parity at the sys¬ 
tem; we suppress the labels (J, v). The solutions 
A, of Eq. (2.1) are to be regular at the origin and 
have the asymptotic form 

R.(r)=,i [/.„(r)8..^-(^) , 

(2.3) 

where I„ and O. are incoming and outgoing 
Coulomb functions and are the desired 5- 
matrlx elements. The channel with an incoming 
wave is indicated by a^. 

Use of the asymptotic form (2.3) requires inte¬ 
gration of the radial equations out to distances 
beyond which Coulomb coupling terms are neg¬ 
ligible-several hundred fm for numy heavy-ion 
reactions. As discussed in paper I, use of the 
modified asymptotic form 

«.(’’> ,=.5 [ * s - 

(2.4) 

where Sg,, and Oj,, are incoming and outgoing 
coupled-channels Coulomb functions, permits 
matching to the Interior solutions at the much- 
smaller nuclear matching radius R^,. 

We shall make frequent use of the regular solu¬ 
tions /. of the homogeneous parts of Eqs. (2.1). 
These regular or optical-model solutions sallsfy 

D,{r)f,tr) = 0, (2,5) 

with 

- S.O.(r)J , (2.8) 

where S, is the optical-model S-matrix element 
in channel a. The solutions A,(r) of the coupled 
equations (2.1), the optical-model solutions/,(r) 
atxi the S-matrix elements 5,,^ and satisfy an 
integral identity, 

(2.7) 

which will be used in our discussion of some of the 
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iterative techniques. 

In this section we discuss a number ot iterative 
techniques (or the solution of Eqs. (2.1), All o( 
them involve replacement ot the system (2.1) Ot 
coupled equations by sets of uncoupled inhomo¬ 
geneous equations 

D^R,{r) = it>Jr) (a = l,2,...,N), (2.8) 

with driving terms specified by the known functions 
The numerical solution of these equations 
proceeds in the following fashion. Let 2 ^ be a 
particular solution obtained by numerical integra¬ 
tion starting with 2 ^ 0 at r - 0 (or at some finite 
value of r at which 2, is negligibly small) and an 
arbitrary choice for {d/dr)z„. The moat general 
regular solution in channel a is obtained by addii^ 
an arbitrary multiple of the regular solution at 
the homogeneous equation 

fl.(r)-2.{r) + c,/.(r). (2.9) 

Substitution of Eq. (2.9) in the matching equations 
[Eqs. (2.4) and their r derivatives] yields a set of 
2N Inhomogeneous linear equations for the coeffi¬ 
cients c, and the 5-matrix elements 5^^^. 

A. Block and lequentiil iteralion 

We first consider the most straightforward of 
iterative methods for the solution of Eqs. (2.1). 
Suppose that * - 1 iterative steps have been com¬ 
pleted, yielding a set of radial solutions Ri*”‘’(r). 
These radial (unctions are used to construct the 
Ath approximation to the solutions by solving the 
set of N uncoupled inhomogeneous equations 

(2-10) 

a 

using the numerical procedure outlined above. The 
corresponding S-matrix elements are obtained 

by solution of the matching equations. The new 
radial wave functions are then substituted in 
the right-hand side of Eqs. (2.10) and the proce¬ 
dure iterated until convergence to a certain pre¬ 
assigned accuracy is achieved. As a criterion for 
convergence, we demand that the maximum (over 
channels o) of the magnitudes be 

less than some pre-asslgned absolute error. 
Various initial estimates R may be used to start 
the Iterative procedure. We have found that the 
precise choice of starting estimate is rather un- 
Innportant and therefore use the optical-model 
solution in the incoming channel; 

This iterative procedure, wherein at each stage 
all channels are treated in the same way and at the 
same level ot ^iproximation, we refer to as 


"block iteration.** Each iteration generates one 
more term of the Born series for the S matrix 
and the wave functions. Because of this it is par¬ 
ticularly ill suited for reactions In which a high- 
spin state can be reached only by a sequence of 
excitations of low multipolarity. For example in 
considering the population of a ,f' = 30* state by 
successive 2* excitations, the desired .^-matrix 
element will be zero for the first nine iterations 
of the block method. 

Raynal’ has proposed that the iterative scheme 
outlined above be carried out sequentially. The 
basic idea of sequential Iteration is to solve the 
N inhomogeneous equations (2.10) in some d^lnitc 
order; each Improved solution R^'ix) is im¬ 
mediately inserted in the Inhomogeneous term of 
subsequent equations. 

Each step ot sequential iteration incorporates 
many effects absent in block Iteration. Suppose 
that the channels a are ordered in some fashion 
with the elastic channel first, channels most 
strongly coupled to a, next, and so on, with 
channels that are strongly coupled grouped close 
to each other. The equations to be solved, in 
order, are then 

'D.R.** = V„R?' + U,»R,* , (2.12) 

tor a = 2,3,..., V, and for the elastic channel 
(£»o = l) 

= ^ ffisR?'. (2-13I 

As the Iteration progresses through the channels, 
the initial guesses R. are gradually replaced 
in the Inhomogeneous terms by improved solutions 
r“’. It is clear that higher-order corrections are 
thereby Introduced that are absent from the cor¬ 
responding stage of block iteration. In the ex¬ 
ample mentioned previously, the S-matrix element 
for the 20* state is nonzero in the first iteration 
with the appropriate ordering of channels. 

The matching equations [Eq. (2.4) and Its r 
derivative, with Eq. (2.9)] are also modified, in 
generating the solution R** in channel a, the ex¬ 
pansion coefficients c^* and S-matrix elements 
in all other channels p* a are to be regarded 
as nxed; this yields a pair of simultaneous linear 
equations for c“', Thus the 2S linear equ»' 

tions of block Iteration are replaced In sequential 
Iteration by S successively solved sets ot two 
linear equations. 

B. Fide ■pproxfamnls 

It is found that, for heavy-ton as tor light-ion 
reactions, sequential iteration provides signlft' 
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cantly better convergence than block Iteration; 
this will be shown in Sec. IIL Nevertheless there 
are many interesting heavy-ion reactions for 
which sequential iteration diverges. As was sug¬ 
gested by Raynal,’ the convergence problems of 
either block or sequential iteration can be over¬ 
come with the aid of Pad4 approximants. Suppose 
that an Iterative procedure yields a sequence 

.S“’ (2.14) 


of approximations to a certain S-matrix element 


S= 


«®o‘ 


(2.15) 


We define a set of coefficients b, by the relations 


S'“*, 


(2.16) 


By construction, the bth iterate 5“’ is given by 
the sum of It 4 1 terms of the power series 



evaluated at x = 1; 


(2.17) 


.‘!'‘'=ii»(l). (2.18) 

A Pad^ approximant to the polynomial ^(v) of 
order b is a rational function (ratio of polynomials) 




(i + M-*), 


(2.19) 


'hose coefficients are chosen such that the first b 
erms of its Maclaurin ejqiansion coincide with 

Techniques for evaluating the coefficients in 
\(v) and Qy(x), discussions of the use of [ f./JVf ] 

>8 a more accurate representative of the function 
ipproximated by S,, and analyses of convergence 
'ill be found in textbooks on Pad4 theory.* We 
Be the Wynn** algorithm to generate directly the 
‘Pproxlmants [ L/L] and [L + l/t] for x = l. The 
'Igorithm described by Patry and Gupta" is a 
'casonably stable method of computing the coeffi- 
nents of the polynomials P and Q in Eq. (2.19). 
Numerical studies in Sec. m will show that se- 
[uences of pad£ approximants to Si)(x) such as 

[ 0 / 0 ] [ 1 / 0 ] [ 1 / 1 ] [ 2 / 1 ] [ 2 / 2 ] ... 

(fe=0) (* = 1) (* = 2) (* = 3) (* = 4) ... ’ 

**^8luated of course at x = 1, accelerate the con- 
'ergence of the original sequence (2.14) when it 
:onverges, and continue to converge rapidly under 
’'*oy circumstances in which the original sequence 
''merges, providing that the sequence was gen- 
Wsted by either block or sequential iteration. It 


should be noted, however, that we have obtained 
only converged S-matrix elements; we do not ob¬ 
tain Improved wave functions so our results can¬ 
not be used as input to coupled-channels Born-ap- 
proxlmatlon calculations. 

The Pad6 approximants have a very useful fea¬ 
ture if the original sequence (2,14) was generated 
by block iteration. In this case the successive 
differences b, are proportional to the itth power 
of the coupling potential. If an overall coupling 
parameter A is factored out of the coupling poten¬ 
tial [U~aD in Eq. (2.1)], we can regardx in 
Eqs. (2.17) and (2.19) as 

x^A/A„, (2.21) 

where A, is the value of A for which the sequence 
(2.14) was generated. Evaluating Eqs. (2.17) or 
(2.19) for values of x different from 1 then gives 
the S-matrix element as a function of A. With 
this method the S-matrix elements can easily be 
found for other values ot A once they have been 
calculated for any single value. This could be of 
practical utility if it were desired to determine a 
deformation parameter by fitting computed cross 
sections to data; when the coupling potential is 
derived from a first order collective model of a 
single multipolarity with the equal nuclear and 
Coulomb deformations, the overall coupling pa¬ 
rameter A may be identified as the deformation 
parameter t>. 

As is evident from Eq. (2,12), the successive 
differences b, computed by sequential iteration 
are not proportional to a single power of the cou¬ 
pling potential. Thus in this case we cannot use 
Eq. (2.19) with x ^ 1 to evaluate 5 as a function of 
A. One must therefore choose between the more 
rapid convergence of the sequential iteration 
method and the advantage of being able to compote 
S simultaneously for more than one value of A. 

C. Method of momenti 

The method of moments** is an iterative tech¬ 
nique for the solution of the Integral equivalent 
of the coupled differential equations (2.1); a finite 
set of basis functions is ddined iteratively and at 
each stage the Integral equations are solved In the 
truncated )iasiB constructed up to that point. The 
linearly Independent basis functions used are In 
fact differences of the fuuctlons Ry generated 
by block iteration; the basis functions are dtf Ined 
by 

= ( 2 . 22 ) 

= (» = 1.*). (2.23) 

These basis functions are ddined only on the in¬ 
terval 0« rc Rg, where has previously been 
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defined as the boundary of the Interior region. 
We introduce the integral operator 

K,»lr,r')^D,-Ur,r'W.,(r'), 0<er, r'sfl 


Inserting Eqs. (2.32) in Eq. (2.30) and equating the 
coefficients of each «"*, we obtain 

a, = i-b^Q (2.34) 


(2.24) and 


where l}^~' designates the (outgoing-wave) 
Green’s function associated with the differential 
operator 1)^ of Eq. (2.1). The successive basis 
functions are related by application of the opera¬ 
tor A': 


«»'(r)=. 





(2.25) 


For all potentials of interest here the scalar 
products 

jT" dr[««'(r)]*««’(r) ( 2 . 26 ) 

of the basis functions are finite. is a vector 
with tf components 

We let //**■'* be the space spanned by the k 

vectors .«<*-*• and let p**-** be a 

projection operator onto it. We determine a vec¬ 
tor /?**’ in //**■'* that is the solution of the inte¬ 
gral equivalent of the coupled equations (2.1) re¬ 
stricted to the space If 

( 2 . 21 ) 

where 




(2.28) 


If we express A'*’ as a linear combination of the 
basis functions that span U '* 


1-1 



(2.29) 


and substitute in Eq. (2.27), we obtain a set of 
linear equations for the expansion coefficients; 

* -I t -2 

y'. e, «'"(*■)-«"”(*')+ 2 ^ *'•(»■) 

i “0 < >4 

+ (2.30) 

where we have made use of 

= (f=0.fe-1). (2.31) 


For the last term of Eq. (2.30), we write 
frj 


(2.32) 


where the h,'** satisfy the linear equations 

(,- = 0.fc-1). 


(2.33) 


a, = a,.^-b,/Q (« = 1. *-l), (2.35) 

where 




(2.36) 


The approximation S*’ to the S matrix at the 
ftth Iteration is obtained by substituting the ap¬ 
proximate wave function in the integral identi¬ 
ty (2.7). Equation (2.25) may be rewritten In dif¬ 
ferential form; 


(2.37) 

Substituting the expansion (2.29) in Eq. (2.7) and 
using Eq. (2.37), we find 

p (fc) _■ p_2f_ 

“‘o “0 

(2-381 

Integration by parts and the Wronskian relations 
for the Coulomb functions then give the result 

where is the S-matrix element associated with 
the asymptotic form of i?'*' by Eq. (2.4). Thus it 
is not necessary to evaluate the integral in Eq. 
(2.7) because the S”* are available from the 
coustructlon of the fiy’. 

It should be noted that the Improved wave func¬ 
tions a"’ and the associated 5-matrix elements 
are not used In the next iteration of the 
method of moments. Rather A** '* and are 
generated by block iteration from A^* and the 
coupled integral equations (2.27) solved In the re¬ 
sulting larger space. It has been proved that the 
iterative process of the moment method converges 
for any local potential, regardless of its strength. 

The S-matrix elements obtained from the method 
of moments are rational functions of the coupling 
strength. If we factor out an overall coupling 
strength A from it Is clear that is pro¬ 
portional to A*. Hence, as was the case for block 
iteration with Pad£ acceleration, given the 
for a specific A, it is easy to generate S matrices 
for other values of A. 


D. A dnyllfinl veriint of the SiMlrews method 
The original Saaakawa* Iterative scheme has 
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been shown' to converge for a class of potentials 
that includes all those of interest here: however, 
the multichannel generalization* of the Sasakawa 
method involves too much computational labor per 
iteration to be useful. Austem* and Soper* have 
studied a modification of the Sasakawa method that 
reduces the amount of computation to a reasonable 
level. The modified iteration scheme, however, 
does not have any of the convergence guarantees 
of the original method. 

The basic idea is to modify the coefficient of the 
outgoing part of the radial wave functions obtained 
by solution of the inhomogeneous equations (2.10) 
such that at each iteration the modified radial func¬ 
tions /?“' and 5-matrix elements satisfy the 

Integral (2.7). In block iteration, this relation 
holds only after a converged solution has been 
obtained. Suppose, then, that a set of radial wave 
functions "" has been generated by (k - 1) 
iterative steps. The kth step of the Austern- 
Sasakawa procedure is then carried out as fol¬ 
lows. 

The radial functions are substituted in the 

right-hand side of Eqs. (2.10) and the resulting in¬ 
homogeneous equations solved for a new set of ap¬ 
proximations Aj*’ and ^ . This portion of the 

calculation is identical to the kth step of block 
iteration. Auxiliary functions J ^*' are then de¬ 
fined by 






(2.40) 


Corrected radial wave functions Wj,*' are given by 


where the 5-matrix elements are to be deter¬ 
mined from the integral relation (2.7). Substitution 
of (2.41) In (2.7) yields the set of Inhomogeneous 
linear equations 


/'^*^**/*« 


(2.42) 

for the 5-matrix elements. The solutions then 
determine the modified radial functions with 
the help of Eqs. (2.41). 


E Computer lequiicincBti 

A complete comparison of the relative ^flciency 
of the various methods must Involve not only the 
dumber of iterations needed to achieve a desired 
Accuracy, but also the time and storage requlre- 
*»onta for an Iteration of each technique. Tlie con¬ 


vergence rates of the various iterative schemes 
are compared in Sec. ni. Here we discuss the 
computer time and storage requirements. We 
have Identified those parts of the calculations that 
denuind the most computing time and storage and 
estimated the time and storage that would be 
needed by efficient programs implementing each 
method. The time required to compute Coulomb 
wave functions (or coupled-channels Coulomb wave 
functions) has not been included in these estimates. 

Storage requirements are given in terms of 
floating point (real) numbers or "words." A com¬ 
plex number requires two such words. We have 
fewnd that single precision (32 bits) on IBM 370 
computers is adequate for all of the large arravs 
used in these calculations. Modern large-scale 
computers have the ability to overlap the proces¬ 
sing of several operations such as accessing 
memory, decoding instructions, computing sub¬ 
script quantities and floating-point operations. 

For this reason the execution times of large 
scientific programs depend most heavily on the 
number of floating-point operations (FLOI^ that 
must be made—auxiliary computations such as 
subscript evaluations may be ignored. We present 
timing estimates in terms of the number of 
floating-point operations; in calculations similar 
to the ones described here the CDC 7600 and IBM 
370/105 computers are capable of about 5x 10* 

FIX)P/sec, the CRAY-I computer about 50X10* 
FlXlP/sec. 

in the estimates we assume that the Numerov 
method as described in Ref. 2 is used to generate 
all radial functions R"'. This method computes 
the wave function on a grid of equally spaced co¬ 
ordinate values and requires the potentials on the 
same grid. The integration starts at some value of 
r (not necessarily at r = 0) for which the wave func¬ 
tion is negligible. If the grid contains A/ points, 
then the Numerov method for inhomogeneous 
equations may be executed in 20.V/ floating-point 
operations. 

There are N ' complex potential functions for A’ 
coupled equations and each of these is required at 
M grid points. Clearly it is impractical to store 
such a three-dimensional array for large or M. 
instead we will make the following assumptions 
that seem reasonable for heavy-ion calculations. 
The optical potential is the same for all channels. 

In addition a separate array containing is 
stored to allow rapid computation (rf the centrifugal 
term In the kinetic energy. The coupling potentials 
can be expressed in the form 

X'Jiv,{r), ( 2 . 43 ) 

where is Independent of r and contains all 
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angula r -momentum-coupling factors while t>,(r) 

U independent of the labels a and fs. There are 
separate v, for each distinct function of r (each 
multipolarity and order of coupling) appearing 
in Since there are typically only a few 
separate storage of the X’JJ and the Vf(r) allows 
the potentials to be saved in a reasonable amount 
of core. We use Al, to designate the number of dif¬ 
ferent Vf that must be stored. The X may be 
chosen to be real. In many problems each will 
be coupled to only a few of the N functions Rg and 
may have the form of a band matrix, we use 
Ng to designate the average number of couplings 
per channel basis state. Because the beat way to 
store the matrices X’Jg depends on whether or not 
they are band matrices, we do not include their size 
In the storage estimates that follow. 

Table I presents our estimates of the storage 
and time requirement of the various iterative 
techniques. The first part of the table summarizes 
‘he symbols that are used in the estimates and 
gives their values for two extreme computations. 

The first is a simple two-channel calculation In¬ 
volving ‘*0 and *kJa. The second Is aub-Coulomb 
£2 excitation erf ‘®*Sm by 900 MeV **"Pb Ions In¬ 
cluding states up to J=20' in the ground-state 
rotational band. We have not yet attempted a 
calculation as large as this one. The wavelength 
(or the reaction is 0.1 S6 (m, so the ISOO steps 
(M=1500) indicated in the table correspond to ten 
steps per wavelength starting from 11 fm and going 
out to 35 fm, which is a resonable matching radius 
if the coupled-channels Coulomb functions are 


used. 

The second part of Table 1 presents the core and 
time estimates as functions of the relevant param¬ 
eters and for the two reactions. The time esti¬ 
mates are In terms of FLOP/iteraUoa. It can be 
seen that an iteration of the Austem-Sasakawa 
method is two or three times slower than an itera¬ 
tion of the block method. The method of momenU 
requires less additional time but needs much more 
storage to save the wave functions at each itera¬ 
tion. The last line ot the table shows the require¬ 
ments of the traditional method of solving the 
coupled equations (construction ot N linearly in¬ 
dependent sets of solutions of the AT coupled equa¬ 
tions). Because the time for this method varies as 
iV’, a solution for the second example requires 
the equivalent of 2100 block iterations. 

Griffen and Koehel have suggested expanding the 
Rg in plane waves as a method of solving the in¬ 
homogeneous differential equations. Because It 
takes many fewer es^anslon coefficients than 
values on a coordinate grid to represent each A, 
with adequate accuracy, the plane-wave method 
significantly reduces the storage requirements of 
the method of moments. Both the core and time 
requirements for the plane-wave method depend 
upon the number of plane waves needed to repre¬ 
sent the Rg. Plane-wave matrix elements of the 
potentials and operators such as D, must be com¬ 
puted and stored. The solution of the inhomo¬ 
geneous equation is then reduced to the solution of 
a set of simultaneous equations; the time for this 
is proportional to the cube of the number of plane 


TABLE 1. Core and time estimates for the methods discussed in the text. The first part gives the symbols used sml 
roasonablo values for two calculations. (1) ’'o + *'Ca at 60 MeV using the 0* and 2* states of *^Ca, (2) ***Pb+ "“Sm at 
900 MeV using the 0'^, 2*, , 20* ground-state rotattonsl band of '^Sm with quadrupole coutdlng. Core esUmates are 
in Doatlng-polnt words, time estimates In floating-point operations (FLOP). 


Values 

Symbol Meaning Example 1 Examide 2 


s 

Number of couplod oquatlonn 

4 


121 


M 

Number of Numerov grid polBte 

200 


1500 


N, 

Number of v,(r) 


1 


1 


Nc 

Nundior of couplings per equation 

4 


8 

n 

Number of IteratlonB 

5 


5 




Example 1 

Example 2 


Core 

Tlme/Ite ration 

Coro 

Ume 

Core 

time 

Method 

(Floating words) 

(FLOP) 

10* word# Id* FLOP lO'words 10* FLOT 

Block 

Af (41V 2N, + 3) 

m[30■^N,(4ltg■^a)] 

5d) 

41.6 

0.74 

13.4 

Sequential 

A!(W + 2R,+ S) 

iOH30+Ngf<Ng*e)] 

5.0 

41.8 

0.74 

13.4 

Austem-Sasakawa 

Af(6W+2y,+ 3)+2V» 

AI!V(36-HV,aw,+ 12)1+V’ 

8.2 

84 

1.13 

S3.9 

Momenta 

Ml(2s + 4)iV4 2N, + 3l 

MV (40 + 4e + V,(4V,+ 6)| 

11.4 

66.6 

2.13 

18.9 

Conventional 

Af (2V, + 3) + 121VM+2W*AJJ * 

M(lUr’+4V>)I+eMV]* 

1.6" 

164'’ 

0.19'* 

29000.0'’ 


* Required only If wave fUncUona needed. 
'’Wave Amotion compotatton not Included. 
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waves. We have made a few studies of the number 
of plane waves needed and conclude that for eiam- 
ple I, 30 plane waves are necessary,“ 60 or more 
for example 2. In both cases the plane-wave ex¬ 
pansion technique requires somewhat more 
storage and more than thrice the time than the 
grid method to construct the radial functions 

ni. COMPARISON OF ITERATIVE METHODS 

We have used a rather simple coupled-channels 
problem to assess the convergence rates of the 
iterative techniques described in Sec. n. The two 
coupled channels are “o-t-^^Ca (g.a.) and “o 
-f^^Ca (2‘, 1.156 Mev). Calculations were made 
for a bombarding energy of 60 Mev. The optical 
potential Is of the Woods-Saxon form with identical 
real and Imaginary radial dependencei the poten¬ 
tial parameters are 

V = 110 Mev, 20 Mev, 

r,= l.2fm, a = Q.5fm, (S.U 

r. =1.2 fm, 

•o ’ 

where V and W are respectively the real and 
imaginary well depths, r. Is the radius parameter, 
a is the diffuseness, and is the Coulomb radius 
parameter. The potential radii (both Coulomb and 
nuclear) are related to the radius parameters by 

= -^> 1 */’). ( 3 . 2 ) 

where Ap and Af are the projectile and target 


atomic weights. The rotational model [Eq. (2.10) 
of Ref. 1] was used for In the calculations 
reported here only nuclear coupling was con¬ 
sidered Of=0). This represents a stringent test 
of the methods of solution since the sharply peaked 
nuclear coupling results in significantly distorted 
wave functions. Coulomb coupling reduces the 
distortion and the number of iterations necessary 
to achieve a given accuracy. Nuclear reorientation 
effects and the diagonal elements of are In¬ 
cluded in the calculations. Most of the calculations 
were made for =30 (a near-grazing partial wave) 
for which the elastic S matrix has the magnitude 
SO.O" 1 = 0.46. 

Tables n and in compare the rate of convergence 
of the magnitude of one of the inelastic S-matrix 
elements |) for the various techniques. 

Table n is fur a physically reasonable deformation 
parameter (0=0.25) while Table III Is for a much 
larger value (0 = 0.4), The calculation for this un¬ 
realistic deformation value is of course much 
harder; it is of interest as a simulation of realistic 
calculations involving the strongly deformed rare- 
earth nuclei. 

The tables show the convergence as a function of 
Iteration number Jt; in comparing the different 
techniques we must take into account the time 
estimates given in Table 1. In the Pad^ columns 
the [ iVf/AfJ Pad^ estimate is given tor the even- 
numbered iterations, the[A//A/-l] estimate for 
the odd, as illustrated In sequence (2.17). 

Table n shows that with the possible exception 


TABLE II. Convergence properties of the modulus of Oic Inelastic S-mstrix element , as s function of 

Iteration number*, for die reaction ”ca<‘*0.'^)”Ca(2*1.156 MoVltfLU- 60 MeV The numerical techniques are de¬ 
scribed In Bee. II. The potentials used are given In See- III. The nuclear deformation Is 0 ■ 0.25. 


k Sequential Sequential and Fade Bfock Blodi und Fade Method of momenU Austem-Sasakawa 


1 

0.1269 

0.12 69 

0.16 95 

2 

0.1611 

0.1593 

0.14 72 

3 

0.14 92 

0.14 84 

0.1530 

4 

0.1467 

0.14 81 

0.16 65 

5 

0.14 602 

0.14 793 

0.13 40 

6 

0.L4 806 

0.14 797 

0.1514 

7 

0.14 796 

0.14 7971 

0.1535 

8 

0.14 798 

0.14 7975 

0.13 84 

B 

O.U 7976 

0.14 7975 

0.1549 

10 

0.14 7974 


0.14 7G 

11 

0.14 7975 


0.14 33 

12 

0.14 7975 


0.1546 

13 



0.1436 

14 



0.14 74 

15 



0.15 25 

IS 



0.14 29 

17 



0.1502 

18 



0.14 99 

19 



0.14 39 

20 



0.1514 


0.1695 

0.16 95 

0.12 58 

0.14 87 

O.U 36 

0.14 T8 

0.1594 

0.1611 

0.14 87 

0.1510 

0.14 81 

0.14 74 

0.1475 

0.1501 

0.14 79 

0.14 78 

0.14 79 

0.14 81 

0.14 791 

0.14 7S8 

0.14 790 

0.14 795 

0.14 807 

0.14 798 

0.14 795 

0.14 798 

0.14 792 

0.14 794 

0.14 796 

0.14 797 

0.14 796 

0.14 7976 

0.14 798 

0.14 7971 

0.14 7976 

0.14 793 

0.14 7973 


0.14 796 

0.14 7975 


0.14 796 

0.14 7976 


0.14 796 
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TABLE ni. Convergence properties of the modulus at the inelasUe 5-mstrlx dement for the resotkm sol 

potentlsls of Table TI with ^ 0.4. 


ft 

Sequential 

Sequential and Pade 

Block 

Block and Pade 

Method of moments 

Auatem-Sasakawa 

1 

0.1634 

0.16 32 

0.2713 

0.2713 

0.2713 

0.1561 

2 

0.2006 

0.23 60 

0.2167 

0.2210 

0.2103 

0.2050 

3 

0.2540 

0.20 78 

0.2921 

0.2536 

0.26 21 

0.2067 

4 

0.1448 

0.20 05 

0.3390 

0.22 20 

0.2128 

0.1987 

5 

0.2035 

0.20 81 

0.0222 

0.20 47 

0.2247 

0.207S 

6 

0.2404 

0.20 70 

0.4046 

0.20 41 

0.20 54 

0.2098 

7 

0.2125 

0.20 72 

0.4645 

0.20 58 

0.20 93 

0.2043 

8 

0.1747 

0.20 713 

0.3390 

0.20 63 

0.20 66 

0.2077 

9 

0.2166 

0.20 717 

0.9398 

0.20 63 

0.20 64 

0.2056 

10 

0.2293 

0.20 7173 

0.9914 

0.20 59 

0.20 716 

0.2113 

11 

0.1971 

0.20 7170 

1.481 

0.20 66 

0.20 716 

0.2092 

12 

0.1950 

0.20 7175 

2.501 

0.20 60 

0.20 717 

0.1995 

13 

0.2182 

0.20 7176 

3.296 

0.20 69 

0.20 718 

0.2116 

14 

0.2134 


5.290 

0.20 713 

0.20 717 

0.2080 

15 

0.1980 


8.068 

0.20 717 

0.20 7176 

0.2013 

i« 

0.2054 


11-79 

0.20 719 

0.20 7175 

0.2146 

17 

0.2142 


18.26 

0.20 7170 

0.20 7175 

0.2042 

la 

0.2068 


27.27 

0.20 7175 

0.20 7175 

0.2036 

19 

0.2023 


40.80 

0-20 7176 

0.20 7176 

0.2156 

20 

0.2088 


61.64 

0.20 7176 

0.20 7175 

0.2001 


of the unmodified block method, alt the methods 
converge for 0-0.25. At 0^0.4 (Table III) both the 
block and Austern-Saaakawa methods fail to con¬ 
verge and the sequential method is converging very 
slowly (we have continued the calculations to 40 
iterations to verify these statements). 

Sequential iteration with Pad4 acceleration is 
clearly the most rapidly convergent method for 
p=0.4; it achieves an accuracy of 0.5% in five 
iterations while the method of moments requires 
eight and block iteration with Pad4 acceleration 
requires 11 iterations to achieve the same ac¬ 
curacy. For 0~ 0.25 both sequential iteration with 
Pad£ and Austern-Sasakwa require only three 
iterations to achieve 0.5% accuracy; block itera¬ 
tion with Pad6 and unaccelerated sequential re¬ 
quire five iterations and the method of moments 
needs six iterations. For these cases, and all 
others studied, Pad4 approximants do not increase 
the convergence rates of either the method of mo¬ 
ments or the Austern-Sasakawa method. 

Although the Austern-Sasakawa technique con¬ 
verged rapidly for 0-0.25, the divergence for 
0=0.4 together with the substantial computer 
storage and time requirements suggests that this 
method is not competitive for heavy-ion coupled- 
channels calculations. 

As was described in Sec. n, both block iteration 
with Pad^ acceleration and the method of moments 
allow straightforward evaluation of 5-matrix ele¬ 
ments as a function ot 0, once they are computed 
for a single value at 0. Figures 1 and 2 show the 


resulting curves for block iteration with pad< ac¬ 
celeration and the method of momenta, respective¬ 
ly, The curves are labeled with the number of 
iterations that were used to generate them. In 
both cases the first iteration is Just the first-order 
Born result. For the first nine iterations, the 
block method is clearly superior to the method of 



FIG. 1. The nnodulue of the InelasUc S-matrlx eieitiw'^ 
plotted as a tonotion of the nuclear defornin- 
tlon parameter, for the reaction 

‘‘Ca(‘to,‘V»“Ca(2*, 1.166 MeVi at £^^=-60 MeV. The 
lines represent the results of block Iteration with Fade 
approxlmanta and are labeled by the number of iteratloiis 
ft. The stars represent the values obtained from sequen- 
tlsl iteration and Pid£ approxlmanta for ft>l. The 
crosses give the corresponding results obtained for ft 
ranging from 3 to 11. The potential parameters used la 
this oslculotlon are Itstad in Sac. m. 
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FIG. 2. The modulus of Ihe iOGlaallc S-malrix clement 
shown In Fig. 1, for various numbers of Iterations ob- 
t.tlned by the method of moments. 


moments. However, for 0.6 the convertfence of 
block iteration with Pad4 acceleration significantly 
slows down for Iterations 11 to 17 and the 19th 
ilpration Is only as good as the 11th Iteration of the 
method of moments. This wandering of the Pad4 
accelerant appears to be an intrinsic feature of 
the Pad6 method because several different ways 
of evaluating the Pad£ approximants (the Wynn and 
epsilon algorithms,** Patry and Gupta’s method,*' 
and matrix Inversion*) produce the same results. 
The method of moments does not seem to exhibit 
this phenomenon of a temporary interruption in its 
march towards a fully converged result. 

The points in Fig. 1 show the results of separate 
I’add-accelerated sequential-iteration calculations 
fur five values of It is obvious that if one is not 
interested in results for more than one value of d, 
this method is far more rapidly convergent than 
block iteration with Pad^ or the method of mo¬ 
ments. 

We have also tried these six methods for the 
"O + **Ca reaction for J^IO with similar con¬ 
clusions. The sequential-iteration method with 
Pad6 acceleration has also been used by us (or 
niany other two-channel heavy-ion reactions such 
M '*Xe + **’pb and '"O + '“W. In an attempt to 
simulate a multichannel calculation we considered 
the excitation of a 16' state by a x = 16 transition 
with ^,, = 0.5 for which the Born series rapidly 
bivcrg^; 0.1% accuracy was achieved in only nine 
iterations of the Pad^-accelerated sequential 
method. Except for some extraordinarily large 
“nphysical values of /J, this method has always 
been found to converge, usually to 0.1% accuracy 
in fewer than seven Iterations. 

IV. inwardoutward iteration methods 

In the first paper of this series, we used the 
Alder-Pauli* tranaformation to solve for the 


Coulomb part of heavy-ion inelastic scattering. 

The channel wave functions in the exterior region 
are expressed as products of Coulomb functions 
and modulating amplitudes and the coupled equa¬ 
tions for the modulating amplitudes are reduced 
to first order and shown to be capable of accurate 
solution in first Born approximation; this latter 
step permits the use of recursion relations in 
angular momentum that in turn eliminate the need 
to Integrate explicitly in all but a few partial 
waves. Iterative techniques for solution of the 
radial equations in the interior region are the 
topic of the present study. 

Alder, Roesel, and Morf" and Ichlmura ef a/.** 
have proposed a different strategy. The Alder- 
Pauli transformation is to be used over the entire 
range of r values; the distinction between interior 
and exterior regions disappears. This involves 
finding not only incoming and outgoing solutions, 
but 'Also the S-matrix elements. Alder el of, ap¬ 
proach this combined problem of solving the 
coupled equations and Imposing appropriate 
boundary conditions by an iterative procedure. 

A first estimate of the .S-matrix elements is made 
and the coupled equations are integrated inwards 
from infinity; regularity is imposed at small r 
and the coupled equations integrated outwards to 
obtain an improved estimate of the pertinent S- 
matrix elements. The whole process is iterated 
until adequate accuracy has been achieved in the 
S-matrix elements. Recently Tolsma'* has 
studied a variant of this procedure In which the 
asymptotic Coulomb functions of the Alder-Pauli 
transformation are replaced by Airy functions; the 
coupled equations for the modulating functions are 
solved by Inward-outward Iteration. 

Tolsma considers Coulomb excitation only and 
presents Impressive results. Including a computa¬ 
tion of excitation of rotational bands in deformed 
nuclei up to I- 24"; these are by far the largest 
quantal Coulomb excitation calculations ever car¬ 
ried out. There is, however, one aspect of 
Tolsma’s work on which we wish to comment. He 
compares inward-outward iteration with sequential 
iteration as a method of solution of the equations 
for the modulating amplitudes and finds that se¬ 
quential iteration diverges for some cases of in¬ 
terest. He concludes that Inward-outward integra¬ 
tion is superior. We have shown, however, that 
Pad^ acceleration (which Tolsma does not con¬ 
sider) eliminates convergence problems when 
using sequential iteration to solve the coupled ra¬ 
dial equations In the interior region. It appears 
that Tolsma’s argument as to the relative merits 
of inward-outward and sequential Iteration Is In¬ 
complete. 

we have not made detailed studies of the relative 
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etficiencjr of Inward-outward iteration and the 
methods discussed here. However, Tolsma im¬ 
plies that his method is some SO times faster than 
the conventional method, for example 2 of Table 
I. As can be seen from the table, ten sequential 
iterations with Pad^ acceleration (which should 
be adequate to achieve convergence) should be 
some 200 times faster than the conventional 
method for the same problem. 

V. CONCLUSIONS 

Of the Iterative methods considered, sequential 
iteration with Pad6 acceleration is the most 
reliable and rapidly convergent; typically it gives 
0.5%accuracy in three or tour iterations. In ad¬ 
dition it requires considerably less storage and 
time per iteration than the more complicated 
Austern-Sasakawa and moment methods. Its 
principal defect in the form we have discussed is 
that the Paai approximants are used to improve 
the convergence of the 5-matrix elements only. 

For calculations requiring converged wave func¬ 
tions it would be possible to apply Pad4 approxi¬ 
mants point by point to each set of iterated channel 
wave functions. Although this would substantially 
increase the computer storage required, it will 
usually be possible to avoid storing every iterated 


wave function in each channel; thus even with 
point-by-point Pad£ approximation of the wave 
functions, sequential iteration should in practice 
require considerably less storage than the method 
of moments. Other schemes for computing the 
wave functions once accurate 5-matrlx elements 
are known might also be considered, but it seems 
to us that the Pad£ approximants will prove most 
useful when it is not necessary to obtain the scat¬ 
tering wave functions. 

A hypothetical calculation considered in this 
paper is excitation of the ground-state rotational 
band of “'Sm up to the 20’ level by a BOO MeV 
’"'Pb projectile. We would expect sequential 
Iteration with Pad£ acceleration to complete 
this calculation in about 0.005 of the time re¬ 
quired by the conventional method of solving the 
N equations N times. This tremendous increase 
in speed makes such calculations fully feasible 
on present computers. 
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Angular distributions nnd mnges of heavy products from quasl-elastic transfer reactions 

induced by heavy ions in ^***Bi 
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A. Flcury, F. Hubert, and Y. Llabador 

Centre d'Eiudes Sucliaires de Bordeaux Gradignan. Le Haut Vigneau. 33170 Gradignan. France 
(Reedved 15 November 1979) 

The projected ran^s, angular distributions and range distributions at each laboratory angle have been 
measured for one-, two-, and three-proton transfer reactions induced in ^Bi by various heavy ions from 
to The products observed were ‘‘"Po. ^’*At. and ’"Rn. They were identified by ihcir radioactive 
decay characteristics. Some complementary experiments have been performed using Tl and Au targets. The 
angular and energy distributions have been used to identify the most probable reaction paths leading to (he 
observed isotopes. At low incident energy, these reaction paths appear to be those which correspond to the 
most favorable energetics, for all incident ions At higher energies, more complex reaction channels have a 
tigoincant contribution to the production of the obhcrved isotopes For all incident tims, the position of the 
angular distribution maximum is governed by the value of the ratio E/B of the incident energy to the 
interaction barrier. The variation of versus E/B n very similar to that of the rainbow angle 
corresponding to elastic scattering. This might indicate tliai quasi-elastic transfer and rainbow scattering 
occur for sunilar dtstances of closest af^osch between colliding nuclei. 


NUCLEAR REACTIONS ’“Bl(ni,»)““Po, ^‘At, ”‘Rn, wlthHI='‘N, '“O, ”F. “Ar. 
^®Ca, ®*Fe, and *^Cu. Meaaured ff(tf), recoil rangea. Deduced moat probable 

reaction path. J 


I. INTRODUCTION 

This work Is part ol a systematic study of 
quasi-elastic transfer reactions Induced by heavy 
ions in heavy targets. This study is centered on 
the evolution of the reaction characteristics when 
the incident mass is increased. Absolute cross 
sections, projected ranges (on the beam axis), 
and angular and energy distributions of the heavy 
transfer residues have been determined using re¬ 
coil techniques, associated with off-line activity 
measurements. Such techniques are particularly 
frultlul for this type of study in which large quan¬ 
tities of data must be gathered. The resolution 
obtained for the energy distributions is poorer than 
that associated with light transfer fragments (see 
for example Refs. 1-3 and the review papers'-’), 
so that It is not possible to separate Qnal levels. 
But such a separation is not necessary for deriv- 
ing the gross features of the reaction mechanisms. 
Moreover, the resolution obtained for angular 
distributions is generally sufficient, as these dis- 
j tributions exhibit a single peak for the systems 
' Sod energies concerned here. Finally, the main 
advantage of these techniques is that the final 
product atomic numbers and masses are unam- 
''fguously identified. 

The excitation tuneUons have been measured 
for several products of transfer reactions induced 
*’81 by 10 ions, from ‘*C to •’Kr. These data 
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have been published in Refs. 6-8. The Influence 
of energetics on the threshold of these reactions 
was discussed qualitatively in Ref. 9 and a quan¬ 
titative Interpretation was proposed in Ref. 10. 

The present paper concerns projected ranges, 
angular and energy distributions. Projected 
range distributions have been measured at several 
energies lor’“Po, ’“At, and’“Rn produced 
through transfer reactions Induced In ***81 by '*F , 
■*Ar, "Ca, “Fe, and “Cu. Angular distributions, 
and range distributions at all laboratory angles 
have been measured for the same nuclei produced 
by ”N, '"O, ’’F, ‘"Ar, and '“Ca induced reactions 
in ’”Bi. Similar data concerning “C Induced re¬ 
actions in ”“B1 and ""Au have been already pub¬ 
lished. ‘ 

As several reaction channels may In principle 
lead to the production of a given final nucleus, 
the angular and energy distributions have been 
used to gain better assignment of the transfer re¬ 
actions involved in this production. In order to 
remove some ambiguities which remained after 
this kinematic analysis, a few complementary ex¬ 
periments have been performed. These experi¬ 
ments consisted in measuring the angular distribu¬ 
tions or ranges of transfer products from reaettons 
induced in Au and Tl targets. Moreover, for *Ar 
projectiles, the cross sections and angular dis¬ 
tributions of light transfer residues (’*K, "Ar, 

*Cl, and *S) have been measured and the data 
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relative to **€1 and “S have been compared to 
those cMalned for the complementary heavy pro¬ 
ducts ’‘®Po and *"At. 

The experimental technique Is described In Sec. 
Q and the experimental results are given in Sec. 
in. The identification of the reactions leading to 
the observed nuclei is presented In Sec. IV, and 
the main features of the c.m. angular distributions 
and of the variation of projected ranges with inci¬ 
dent energy are discussed in Sec. V. The experi¬ 
mental angular distributions presented here have 
been used as a basis for a quantitative interpreta¬ 
tion using a formalism derived from the distorted- 
wave Bom approximation (DWBA). This inter¬ 
pretation was published in Ref. 11. 

II. EXPERIMENTAL TECHNIQUES 

The experimental technique consisted of irradia¬ 
tions followed by off-line activity measurements. 

A. Projrctiles and Uisels 

Beams of ‘*N, ‘“O, ‘“F, '“Ar, "Ca, “Fe, and 
"Cu were accelerated by the Orsay Alice facility. 
The incident energy was determined from the cy¬ 
clotron frequency and extraction radius, and a 
small correction was applied to take into account 
the systematic deviation observed^’ between calcu¬ 
lated and measured energies. It has been shown'’’ 
that such a procedure leads to uncertainties of the 
order of *2.5% on the energy. The low-energy 
”F experiments (K 110 MeV) were performed 
using the Orsay Tandem MP Van de Graaff ac¬ 
celerator. For these experiments, the energy 
was measured with an accuracy better than tO. 1% 
using a calibrated magnet. 

Targets of Bi, Au, and natural Ti were pre¬ 
pared by evaporation onto aluminum backings. 

The target thicknesses ranged from 50 (ig/cm’ 

(for the angular distributions corresponding to 
light projectiles) to 1 mg/cra’ (for the projected 
range measurements relative to heavy projectiles). 

B. Expnimcnlal device* 

The projected ranges were measured simultan¬ 
eously with the absolute cross sections published 
in Ref. 8; the target and a stack of A1 catcher foils 
were placed In a Faraday cup [see Fig. 1(a)]. 

After irradiation, the catcher foils were separated 
and tfaelr a activity was measured In it Ionization 
chambers. The projected ranges were deduced 
from these measurements by the method de¬ 
scribed In Ref. IS. The only Improvement rela¬ 
tive to this method concerned the correction for 
a self-absorption in the catcher foils. ID Ref. 13, 
this correction was made under the assumption 



FIG. 1, Experimental set ig>. (a) For projected 
range measuremente; (1) A1 ring holding the stacks of 
foils OB the Cu block. (2) A1 degraders. (3) Target. 

(4) A1 catcher foils. (5) Thick A1 foil to stop aB light 
reaction products. (B) Cu block. (7) Collected charges 
to beam Integrator. (8) Ring shield. |9) Insulator, (b) 
CoUectloB chamber: ft) Target. (2) Stacks of aaBular 
Al catcher tbtla. 


that for each catcher foil, all the activity was con¬ 
centrated in the mid-plane of the foil (l.e., at a 
depth d=ze/i, e being the catcher foil thickness). 
In the present work the distribution of the activity 
along the d axis was taken into account. This dis¬ 
tribution was obtained from an aj^iroxlmate deter¬ 
mination of the range distribution without self- 
absorption correction. However, this improve¬ 
ment led to very small changes in the projected 
ranges. The range straggling p was deduced from 
the full width at half maximum (FWHM) IV of the 
projected range distribution by the relatlcai 


in which Rq average projected range (see 
Ref. 14). 

For angular distribution measurements, the tar¬ 
get was placed in the center of a collection cham¬ 
ber, and the recoil nuclei were stopped in angular . 
catcher foils as indicated in Fig. 1(b). The targd | 
was placed either perpendicular to the 1>eam or at 
45°, according to the expected position of the an¬ 
gular distribution maximum. For light projectiles 
(up to '*F), the experimental ccmdltlons were the 
same as in Ref. 6, while for the heaviest ions 
{*®Ar, **Ca), the conditions were similar to those 
of Ref. 15. 

The technique used for measuring the recoil 
ranges at each laboratory angle depended on the 
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Incident ion. For heavy Drolectlles, l.e., for 
large range values {'>1 mg/cm* of Al), stacks of 
annular catcher foils were placed at each angle £, 
and the range R{6) was determined in the same 
way as the projected ranges. “ For light projec¬ 
tiles, l.e., for low range values, thick annular 
catcher foils were used, and the recoil range (the 
depth of the a-emitting nucleus) was deduced from 
the energy degradation of the emitted » particle. 
This technlQue, also used in Ref. 6, is described 
in Ref. 16. 

Finally, special systems were designed to col¬ 
lect simultaneously the light and heavy products 
of the transfer reactions at incident energies close 
to the interaction barrier. (See Fig. 2.) In Fig. 

2(a) is shown the device which was used to mea¬ 
sure the angular distribution of products for Inel - 
dent energies of 203 and 212 MeV. At the highest 
of these energies, the angular distributions of 
“"Po and ’*‘At were measured from 10 to 60° using 
stacks of Al catcher foils. Simultaneously, the 
dlBtrlbatloiia cl tfie light tretnaler products ’IS, 

™Ci, “Ar, and ‘’K were measured from 60 to 120“ 
using lOp Au catcher foils. The choice of this 
material of high atomic number was made in order 
to reduce the contribution of spurious reactions 
Induced by the scattered beam in the catcher foils. 
At 203 MeV, the angular interval corresponding to 
the heavy product distribution was the same, but 
the light products were collected In the angular 
interval 90-150°, In this experiment, the activity 
I was lower, and the angular distributions could on- 
I ly be measured (with a sufficient accuracy) tor the 
■esidual nuclei ““Po, ’“At, and ’‘Ar. The rela- 
ive yields ol light and heavy products were alsode- 
■Ived from these experiments at 212 and Z03 McV. 
Two other experiments were performed to mea- 
mre the cross sections for these light and heavy 
iroducts. A much smaller collection chamber was 
hen used [see Fig. 2(b)l. The incident energies of 
90 and 194 MeV were such that the heavy transfer 
)roducts were emitted at forward angles and the 
Ight ones at backwaH angles (6,,» ' 
rails ol the collection chamber were covered with 
11 catcher foils In the forward hemisphere and 
dth Au catcher foils In the backward hemisphere. 



3 


PIG. 2. Systems used for slmulUneous oollectton of 
the light anil heavy products, (a) For angular dlstrlbu- 
tlon moaaurenientB. (b) For cross section messure- 
ments. Both systems have cylUidrlcsl syroinetry around 
the beam axis: G) Al sUcks of catcher foUB lor heavy 
products (HP). (2) Au thick catcher tolls for light prod¬ 
ucts (LP), (3) Turget. 

The activity caught by each hemisphere was 
counted as a whole, and the collection yield was 
assumed to be e<iual to lOtFjf. The cross sections 
were thus measured relative to that ol At, as in 
the experiments at 212 and 203 MeV mentioned 
above. For each Incident energy, the absolute 
cross sections for ’"At were measured in separate 


TABLE L Decay chsracterlatloa of the light products of Ar (uduoed transfer reacUcna 


(from Ref. 18). 



13 
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experiments In which the target was placed In the 
Faraday cup, as In Fig. l(a]. 

C. Off.Une meMurementi 

The radionuclides were Identified by their decay 
characterlstlcB. These characteristics are given 
in Ref. 8 for heavy products and In Table 1 for 




duced through **0 reactions at BS and 102 MeV. 

The lines are drawn to guide the eye througd> the exper¬ 
imental points. 



FIG. 3. Angular distributions of *‘‘At, and 

*“Rn produced throng +”*31 reactions at 74 and 99 
MaV. The lines are drawn to guide the eye through the 
eqwrlmental points. 


the light ones. The activity measurements were 
performed using 2v ionization chambers for a 
spectrometry and Ge-Li detectors for y spectro¬ 
metry. The decay curves were analyzed by the 
least square fit method to determine the initial 
activity of each isotope. Details concerning the 
a-decay curve analysts can be found in Ref. 13. 



no, 5. Same as Fig. 4 fbr "F raaotloos at 93 
and 110 MeV. 


I 
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FIG. 6. Same aa Fig. 4 for *“Ar +“*BI reactions at 
203, 212, and 2TB MeV. 

III. EXPERIMENTAL RESULTS 

A. Angular diatilbutlons and rangei of heavy producti 
In the laboratory syatem 

The angular distributions obtained in the labora¬ 
tory system for the nuclides ’‘“Po, ’“At, and ’“Rn 
produced through “N to '*“Ca Induced reactions in 
”"81 are given in Figs. 3-7. Those obtained lor 
the reactions “O + ‘"Au - ""Tl, ’“Tl, *®*B1 at the 
Incident energy £'|„= 112 MeV are given In Fig. 

8. Finally, the angular distribution corresponding 
to the reaction «Ar +"'T1 -* ’“At at 242 MeV is 
given In Fig. 9. 

Two remarks concerning these angular distribu¬ 
tions can be made. 


10 


u 



PIG. 7. Angular distributions of’“Po, “'At, and 
Ra produoad through **Ca +“*B1 at 217 MeV. The 
Hoes are drawn to guide the eye through the eaperlmen- 
talpolats. 


1 

r 

f 

<9 


Ol 

FIG. 8. Angular distributions of “'71. ’"71. and 
*"81 produced through “O +“’au reactions at 112 MeV, 
The llnea are drawn to guide the eye through the exper¬ 
imental pointa. 



First it should be noted that all of them exhibit 
a pronounced side peaking, except for the reac¬ 
tions 


”N + ’“Bi - *"Hn at 74 MeV, 

(2) 

and 


'*0 + *”Au -’“*81 at 112 MeV 

(3) 


for which a forward peaking is observed. Such a 
forward peaking is typical of a compound nucleus 
process."’” 

Therefore, from these angular distributions and 
the known parent-daughter relationships,” one 
can assign the productions of ’“Rn and ’"Bl to the 
following reactions; 

”N + ’“Bl - 4n -1 ’”Th ’”Ra ii5a.’*‘Rn, 

(2') 



FIG. 9. Angular distribution of *”At produced through 
the reaction "Ar+““■17-“‘At at Rn-242 liSV. The 
line is drawn to guide the eye. 
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“O + “"Au - 5n + ’“Fr •“*At ’“Po iS- ’“Bi 

(S') 

(the symbol E.C. denotes electron capture decay). 

The Intermediate nuclei were not observed be¬ 
cause of their short half-lives (““Ra, ’“‘At) or 
small a branching ratio (*“‘Po). 

This assignment is conflrmed by the range mea¬ 
surements, and by the excitation energies calcu¬ 
lated for the compound nuclei ’”Th (E* = 35 MeV) 
and ’*’Fr (£* = 71 MeV) at the energies considered. 
Note that the excitation energy of 71 MeV is also 
consistent with the hypothesis of (a,5n) evapora¬ 
tion. This would lead to the direct production of 
*“*At, which is not excluded by the angular distri¬ 
bution. 

The second remark concerns the angle 6^^ 
which corresponds to the maximum of the angular 
distributions. For a given projectile, this angle 
seems to depend mainly on the Incident energy and 
to be Independent of the transfer reaction. In 
order to compare the data corresponding to dif¬ 
ferent projectiles, the value has been plotted 
versus the ratio E/B of the Incident energy to the 
strong interaction barrier (calculated according 
to Ref. 19). 

This plot, in which the results from Ref. 6 
have been Included, is shown In Fig. 10. The 
data have been divided into two groups according 
to the value of the ratio a/A, of the transferred 
mass to the projectile mass. (The transferred 
mass a is known from the analysis described In 
Sec. rv.) For the data corresponding to a/A, 

'0.2, shown in Fig. 10(a), a strong correlation 
is observed between the value of 0^, and the ratio 
E/B, It will be shown in Sec. IV that this corre¬ 
lation may be related to the rainbow effect; the 
dotted line in Fig. 10(a) represents the variation 
of the rainbow angle, calculated for elastic scat¬ 
tering (See Sec. IV). This curve is Independent 
of the system projectile target. From a phenome¬ 
nological point of view, the correlation shown in 
Fig. 10(a) can be used to predict the position of the 
angular distribution maximum, in the laboratory 
system, for the heavy products of transfer reac¬ 
tions. Such predictions can be useful, either for 
isotope production purposes or for the identifica¬ 
tion of a reaction mechanism. 

When the ratio a/A^ is larger than 0.2, the above 
mentioned correlation if no longer observed, as 
can be seen in Fig. 10(b). Moreover, the devia¬ 
tion from the position predicted by the systematica 
increases with the ratio a/A^; this ratio is Indi¬ 
cated for most of the points In Fig. 10(b). This 
property was used in Ref. 10 to disUnguish be¬ 
tween two-charge and four-charge transfers in¬ 
duced by ”C in ’“'Bi, both of these transfers lead- 



0.9 1.0 l.l 1.2 1.3 14 1.5 1.6 


E/B 

FIG. 10. Variation of the position of the angidar dis¬ 
tribution maximum (laboratory system) versus 
the ratio E/B, The shape of the symbols, which repre¬ 
sent the experimental data, depend on the projeotOe: 
diamonds for ‘*0, squares for “N, “O, ”F, and vlrvlea 
for ‘“Ar and “Ca. Open symbols represent slngle-pro- 
too transfer, black symbols two-charge transfer, and 
the symbols X and + inside oiroles, squares, or dia- 
mends represent, reiq>ectlvely, three- and Ibur-oharge 
transfers. The dotted line represents the variation of 
the rainbow angle, calculated for elastic scattering. 

(a) Fora/A, < 0.2 a strong correlation between 
and E/B is observed, and the angle is close to the 
rainbow an^e. (b) Fora/A, >0.2, the dsviatloo from 
die rainbow angle increases with increasing a/A^. (The 
values of this ratio, when known, are Indicated close 
to each point.) 

ing finally to '“At, This distinction was made by 
a comparison with the angular distributions rela¬ 
tive to the same reactions lor a gold target, which 
produced Tl and Bl Isotopes, respectively. For 
both targets, the values of associated with 
two-charge transfers (o/A^ = 0.25-0.3) were 
about 35°, while those associated with four-charge 
transfers (a/A^= 0.07) were found near 17.6°. 

Note that the angular dlstrlbutloa measured for 
the reaction *“Ar +“*T1 —’“At, wbich correspoah 
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TAB1£ n. Experlmeatal values tor the range and range atraggllng p measured at given 
angles In the laboratory system for ‘Npo recoil nuclei (n Al. The uncertalnttea In p valuee 
are of about ^16%. The recoil energy Eg and energy straggling pa are derived from Eg and p 
as Indicated in text. 


Incident 

ion 

Energy 

IMeV) 

Angle 

&lih 

(degj 

Range 

Eg R straggling 

(mgAjm’l 1 > 

Rocoll 

oDurgy 

Et, (MeV) 

E straggling 

Pa 

“N 

74 

5 

0.79*0.04 

0.17 

13.3*1.2 

<0.05 



15 

0.83*0.04 

0.16 

14.2 11,2 

<0.05 



25 

0.77 *0.04 

0.13 

12.8 i I.l 

^0.05 



35 

0.67:* 0.03 

0.12 

10.8 < 1 

<0.06 



45 

0.57*0.03 

0.18 

9 *-0.8 

<0.05 


93 

17.5 

0.43*0.04 

0.24 

C. 71 O .6 

<0.05 



35 

0.41 *0.04 

0.30 

6.5 > 0.6 

0.17 



45 

0..15*0.04 

0.33 

5.5 > 0,5 

0.22 

■’O 

S3 

5 

1.05 t 0.05 

0.09 

19 ±2 

<0.05 



is 

1.03*0.05 

0.11 

18.5 12 

0.06 



26 

0.96*0.05 

0.09 

17 i 1,7 

<0.0.5 



36 

o.as* 0.05 

0.19 

14 (1.6 

0.19 


102 

17.5 

0.46*0.05 


7,2 I 0.7 




25 

0.64 ±0.06 

0.29 

10 3 1 0.9 

0.14 



35 

0.67*0.06 

0.29 

11 1 1 

0.14 



45 

0.55*0.06 

0.22 

8.7 j o.s 

<0.05 



55 

0.44 10.04 

0.4 

7 *0.6 

0..3 


to a four-charge transfer, exhibits a maximum at 
45’’, in good agreement with the systematlcs of 
Fig. 10(a). This Indicates that the relevant pa¬ 
rameter for this classification is the ratio n/A, 

(or the corresponding charge ratio i/2^), and not 
the absolute number of transferred nucleons 
(charges); here a/Ag = 0.15-0.20. 

The data concerning the range values at each 
angle are summarized In Tables Q and m. In 
these tables, the values measured for the mean 
range R„ and the range straggling parameter p 
Ideflned In Ref. 14 by Eq. (1)1 are given for each 
projectile, energy, and laboratory angle. The 
mean recoil energy also given in Tables n 
»nd m, :8 deduced from R, using a range energy 
relationship, the low-energy part of which is 
represented ta Fig. 11 by the soUd line. This 
curve has been obtained from the experimental 
data**'*'’-** available at low energies, and the cal¬ 
culated values of Northcliffe and Schilling’’ at high 
energy. 

In the last column of Tables U and lU, the energy 
straggling parameter pg Is given. This parameter 
is deduced from p, as In Refs. 8 and 16, by sub¬ 
tracting from the range straggling the contribu¬ 
tions of the straggling due to the slowing down 
process itaelf to the neutron evaporation and to the 
‘Arget tUckness. 

These data (angular distribution, recoil energy. 


and energy straggling) will be used to get the an¬ 
gular and energy distributions in the c.m. system, 
and to discuss the reaction paths leading to the 
observed nuclei (see Sec. IV), 

B. Prnjecltd ranja-N 

The ranges projected on the beam axis and range 
straggling values measured for the reactions In¬ 
duced by “F, "Ar, *°Ca, ’*Fe, and “’Cu are given 
in Tables IV-K. Some of the data relative to “Ar 
projectiles had been already published,” but since 
that time small corrections were applied to the In¬ 
cident energies and to the projected range values, 
as indicated in Sec. U. 

It can be seen from these tables that no signifi¬ 
cant difference Is observed between the ranges 
and range stragglings corresponding to different 
reactions for a given projectile and energy. The 
variation of the projected range R„ of *‘*At versus 
incident energy is shown in Fig. 12 for *Ca pro¬ 
jectiles, as the most significant example. 

The projected range Increases slightly at low 
energy, then decreases sharply at high energy. 

The excitation function from Ref. 8 Is shown on 
the same graph. It can be seen that the projected 
ranges begin to decrease when the cross sectlana 
reach the value corresponding to the plateau. 

This happens for an Incident energy (£,) IS MeV 
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TABUS in. Same ta Table II, but for *‘'At rsooll nuclei. 


Incident 

ion 

Energy 

(MeV) 

Angle 

tub 

(clog) 

Range 

R, 

(mg/Bin’) 

R strAggllog 

P 

Recoil 
energy 
£o (MeV) 

E straggling 

P* 

«N 

74 

6 

0.78 ±0.04 

0.12 

13 * 1.3 

<0.06 



15 

0.78*0.04 

0.14 

13 * 1.3 

<0.06 



25 

0.71*0.04 

0.10 

12 * 1.2 

<0.05 


98 

17.6 

0.34*0.02 

0.31 

6.2* 0.5 

0.24 



25 

0.29±0.02 

0.32 

4.3* 0.4 

0.24 



35 

0.32 1 0.02 

0.41 

5.0* 0.5 

0.37 



45 

0.29 ±0.02 

0.46 

4.3 ± 0.4 

0.40 

1«Q 

83 

5 

1.06*0.06 

0.07 

19.6* 2 

0.06 



15 

1.05*0.06 

0.10 

19.4 * 2 

0.09 



25 

0.93*0.05 

0.11 

16 * 1.7 

0.07 



35 

0.83*0.04 

0.17 

14 * 1.4 

0.15 


102 

7.5 

0.35*0.02 

0.33 

5.3* D.5 

0.22 



17.S 

0.41*0.03 

0.60 

7.2* 0.7 

0.67 



25 

0.64 ^0.04 

0.42 

10 * 1 

0.37 



35 

0.67*0.04 

0.30 

9.4* 0.9 

0.22 



45 

0.49*0.03 

0.28 

7.7* 0.8 

0.16 



55 

0.42 t0.03 

0.30 

6.7* 0.7 

0.21 

"F 

95 

2.6 

1.43*0.1 

0.34 

30 i 3 

0.09 



7.5 

1.26*0.09 

0.15 

25 * 3 

<0.05 



12.5 

1.26 > 0.09 

0.22 

25 * 3 

<0.05 



17.5 

1.20*0.09 


23.5* 2.5 




27.6 

1.17*0.09 

0.29 

22.5* 3 

<0.06 



37.5 

0.84*0.08 

0.17 

15 * 2 

<0.06 



42.5 

0.93*0.08 


17 * 2 



110 

22.5 

0.78*0.12 

0.30 

14 * 3 

0.17 



27.S 

0.89*0.13 

0.14 

16 * 3 

<0,06 



32.5 

0.76*0.12 

0.16 

13 * 2.6 

<0.05 



37.5 

0.76*0.12 

0.18 

13 * 2.6 

<0.06 



42.5 

0.71 *0.10 

0.11 

12.5* 2.5 

<0.06 



47.5 

0.58*0.08 

0.16 

10 * 2 

<0.06 



52.5 

0.56*0.08 

0.21 

9 * 1.8 

<0.06 

«Ar 

203 

7.5 

3.4 *0.3 

0.14 

110 *14 

<0.05 



16 

3.1 *0.3 

0.10 

96 *12 

<0.05 



25 

2.9 *0.3 

0.08 

86 *11 

<0.05 



35 

2.7 *0.3 

0.11 

75 *10 

<0.05 



45 

2.1 ±0,2 

0.15 

53 * 7 

<0.05 


212 

5 

3.1 ±0.3 

0.10 

95 *12 

<0.06 



16 

2.9 *0.3 

0.16 

86 ±10 

<0.05 



25 

2.8 ±0.3 

0.14 

80 ± B 

<0.05 



35 

2.6 *0.3 

0.16 

70 ±14 

<0.06 



45 

2.6 ±0.3 

0.27 

65 *13 

0.1 


275 

45 

1.53*0.08 

0.25 

32 * 4 

0.23 



55 

1.55*0.10 

0.21 

33 * 4 

0.18 



65 

1.59*0.12 

0.24 

34 ± 4 

0.22 

"ca 

Z17 

2.5 

3.4 *0.3 

0.11 

110 * 10 

<0.06 



7.6 

3.1 *0.3 

0.15 

96 *10 

<0.05 



12.5 

2.96*0.3 

0.13 

88 * 9 

<0.06 



17.6 

2.9 *0.3 

0.16 

86 *10 

<0.06 



22.6 

2.95*0.3 

0.17 

88 ±10 

<0.06 
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TABLE m. 

(Casffmicd.l 




Energy 

Angle 



Recoil 


luoldeut 

^bb 

^bb 

fig 

R straggling 

energy 

E straggling 

ion 

(MeV) 

Ideg) 

(mg/fcm’) 

P 

A-g (MeV) 

PS 



27.5 

2.7 iO.3 

0.13 

75 * 8 

<0,05 



35 

2,6 *0.7 

0.30 

70 *20 

0.17 



45 

2.5 *0.8 

0.36 

65 i 25 

0.26 


lower than the strong interaction barrier B, cal¬ 
culated according to Ref. 9, for the “Ca + ’“B1 
reaction. One should note, however, that this en¬ 
ergy fg is approximately equal to the barrier fi, 
which corresponds to the systetnatics of Vaz and 
Alexander’* (l.e., a Coulomb barrier calculated 
with a radius parameter r, equal to 1.43 fm for 
the system considered). This seems to indicate 
that the use of this systematics leads to a better 
estimation of the strong interaction barrier than 
the calculation of Ref. 19 based on the energy 
density formalism. The decreasing behavior of 
projected ranges when plotted against incident en¬ 
ergy has been observed several times** 
and is considered as typical of transfer reactions, 
n differs strongly from the variation expected 
under the assumption of a compound nucleus pro¬ 
cess (curve labeled C.N. In Fig. 12), but the In¬ 
creasing part of the curve R - f (£,„) at low ener- 
gy had never been observed before. This observa¬ 
tion was possible here because of the high cross 
sections observed near the barrier for this reac- 



(hWl 

11 , Range energy relationship fbr nuclei In 
Ihe experimental values are repreeaoted by the 
feUowtng aynibola; triangles (Haf. 30), squaros (Kef. 

(Kef. 22), and Miok otrolee (Hef. 16). 
he dotted line represents the calculated values from 
"•f. 23, end the solid line the rdatlonship adopted here. 


tion. Such high cross sections can be explained 
by a favorable energy balance for the reaction 
*>Ca + ’®Bl-’"At (see Refs. 8 and 9). 

The variation of the projected ranges versus 
A',,, are shown in Fig. 13 lor the Ions “F, *Ar, 
“Fe, and “Cu. These curves are similar to that 
observed for the '‘“Ca induced reaction which is 
presented again in Fig. 13 for comparison, but 
the low-energy increase is less clear. Only a 
constant value of R, is observed at low energy lor 
projectiles other than “Ca. This behavior of the 
projected ranges versus Incident energy will be 
discussed in Sec. V, 

(- Light and hnvy tnnafcr praductu frum Ar indund nactiom 

Angular dixlrihnlioHJt. The laboratory distrlbu- 
Oons of ”S, ”C1, **Ar, and "K produced In the 
reaction “Ar +*®B1 at 212 MeV are given In Fig, 
14, together with that of *'Ar obtained at 203 MeV. 
The heavy product distributions at the same ener¬ 
gies have been given in Sec. Ill A. For A',,gs212 
MeV, one can observe in Fig. 14 that the position 
of the angular distribution maximum Is approxi¬ 
mately the same for the four reactions considered 
(e„, = 88i5°). This property was already out¬ 
lined for the heavy products. The complementary 
aspect of the distributions relative to “S and ”C1 

TABLE I\'. Exporltnental projected ranges and 
range straggling for ’i’Po, and ’^^At produced through 
i»F I *>*p( reactioDH. Tlie uncertaintlea in p valuee are 
of about ^151). 


— 


»»Po 


*'‘At 


•»F 

R|! 


R« 


^'l»b 

iMeV) 

(mg/cm^ AI) 

P 

(Dig/cm^ Al) 

P 

109 

4 0.3 

0.47 *0.02 

0.58 

0.48*0.02 

0.60 

104.5 10.3 

0.70*0.03 

0,44 

0.73 ±0.03 

0.42 

90 

*0.3 

0.70*0.02 

0.42 

0.74*0.03 

0.39 

94 

+ 0.3 

0.91 r 0.04 

0.36 

0.93 *0.04 

0.28 

91.5*0.3 

0.92 ±0.04 

0.32 

0.94 ±0.04 

0.25 

89 

*0.3 

0.97*0.04 

0.28 

0.96 ±0.04 

0.36 

87 

>0.3 

1.02 1 0.04 

0.26 

0.98 ±0.04 

0.21 

64 

*0.3 

0.94 ±0.04 

0.25 

0.94 ±0.04 

0.27 

79 

*0,3 



1.02*0.04 

BHOBB 
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TABLE V. Experimental prelected raogea and range alraggltng p for ‘"Po, ’"At, and 
’"Rn produced throogh ’'Ar->'’°*B1 reaotlona. Tbe uncertainties In p values are of about ±15%. 


«Ar 

Rut tMeV) 

’“Po 

(rogA:m‘ Al) 

P 

‘"At 

Al) 

P 

‘"Rn 

R» 

(mg/cm^ Al) 

P 

294 i 6 



0.89A0.04 

0.49 



286 A 7 

0.7110.04 

0.46 

0.71 *0.04 

0.49 

0.69*0.04 

0.55 

280 t 8 



0.79*0.04 

0.45 



272 * 9 

0.84 10.04 

0.42 

0.83 A 0.04 

0.43 

0.80*0.04 

0.53 

265 a iO 



0.91*0.04 




260 a 7* 



0.89*0.10 

0.44 

0.76*0.10 

0.45 

249 112 



1.09*0.06 

0.37 



2411 9' 



1.07 » 0.10 

0.44 

1.09*0.10 

0.53 

236 1 13 

1.4810.07 

0.26 

1.30*0.07 

0.34 

1.27*0.07 

0.44 

233t 5* 



1.32 *0.10 

0.32 



226 * 11 * 



1.63 A 0.15 

0.26 



223 a 15 



1.7910.09 

0.23 



2211 7* 



1.50 A 0.15 

0.26 

1.3 ±0.2 

0.24 

217J 1C 

2.0 lO.l 

0.23 

1.0 *0.10 

0.21 

2.0 *0.1 

0.31 

215i 4 



1.95*0.10 

0.31 



209A 17 



2.3 *0.10 

0.22 



207 a 5 



2.26*0.11 




206' 9* 



2.15*0.20 

0.27 



203 > 6 



2.6 AO.10 




202 t 4 



2.14*0.11 

0.23 

2.27A0.U 

0.21 

201 A 4 



2.53 *0.12 

0.17 



193 1 5 



2.87 i 0.15 

0.13 



192 < 7 



2.60A0.13 

0.15 



191 119 

2.H410.1S 

0.08 

2,82*0.15 

0.11 



101 A 7^ 



3.10*0.16 




190* 6 



2.78*0.14 

0.19 



186 i- 8 



2.93*0.16 




182 * 9 



2,84*0.14 




181 A 7 



2.94 ±0.15 

0.13 




' Data from Ref. 1,1 after correction (see text/. 


With those of ’"At and ’‘"Po will be discussed in 
Sec. rv. 

Cross spctioHS. The absolute cross sections ob¬ 
tained for the light and heavy reaction products 
at four energies (obtained with the device of Fig. 

2) are given In Table X. The corresponding ex¬ 
citation functions are shown In Fig. IS. It Is clear 
from Table X and Fig. 15 that the complementary 
products ”C1 and ’‘°Po on one hand and ’’S and 
“‘At on the other hand are produced with the same 
cross sections in the energy range which has been 
explored (with a possible exception for ”8 and “‘At 
at low energy for which the difference In the cross 
sections exceeds slightly the calculated uncertain¬ 
ties). 

IV, REACTIONS LEADING TO THE OBSERVED NUCLEI 

As was already stated in previous papers on the 
same subject,*'* ibb Identification of a final residue 
Is not sufficient to specify unambiguously the nu¬ 


clear reaction involved In Its production. This is 
due to two factors: (t) the possible production of 
the observed nucleus from a radioactive parent, 
and (11) the existence of many reaction channels 
leading to a given final product. For example, 
for ’“At production, one may consider the direct 
transfer of two protons from projectile to target 
followed by gamma deexcitation, a process de¬ 
noted (-t-2p, /), the trsmsfer of two protons and one 
neutron followed by one-neutron evaporation, a 
process denoted (+ip + n,n), or more complex 
reaction paths. 

In this section, an attempt will be made to speci¬ 
fy more completely the reaction paths leading to 
the observed nuclei. Firstly, the question of the 
parent-daughter relationship will be studied. 
Secondly, the possible reaction paths will be testeil 
by a kinematic analysis based on the angular and 
energetic distributions of heavy products. FlnaUl’ 
for Ar induced reactions, this stuify will be com¬ 
pleted by using the results of the light product 
measurements. 


1 
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TABLE VL 

Same aa Triile V for “Ca ♦ "’bi reaoUona. 


“Ca 

A|.b (MeV) 

’“Po 

Hu 

(mg/cm’ AI) 

P 

«‘At 

<mg/cin^ At) 

P 

“‘Rn 

■«it 

(mg/cm’ At) 

P 

275 i 5 

1.30x0.06 

0.31 

1.17x0.06 

0.35 

1.14X0.06 

0.38 

249 5 

1.90x0.09 

0.22 

1.66X0.08 

0.31 

1.70x0.08 

0.31 

226 ± 4 

2.35x0.12 

0.20 

2.17x0.10 

0,27 

2.12 X 0.10 

0.19 

225 c 4 

2.50 c 0.12 

0.19 

2.37x0.12 

0.24 

2.52X0.12 

0.17 

218 J.13 

2.8510.14 

0.18 

2.79x0.14 

0.16 

2.47 i 0.13 


214 i: 4 



2.94x0.15 

0.11 

2.87 1 0.15 

0.10 

213 c 4 

2.93x0.15 

0.15 

3.04 10.15 

0.11 

2.95x0.15 

0.15 

211c 4 



2.98 X 0.15 

0.13 

2.97 10.15 

0.11 

205 i 7 

3.06x0.15 

0.13 

2.94 10.15 


2.98i 0.15 


204 c 5 



3.12 cO.16 




204 c 5 



2.91x0.14 




2021 5 



3.04x0.15 




202:1 e 



2.94x0.15 

0.16 



199x11 



3.1BX0.16 

0.16 



198 X 6 



3.06x0.16 

0.15 



197+ 6 



3.00x0.15 

0.15 



196 X 3 

3.20x0.16 

0.L5 

3.24 xo.16 

0.09 



196 X a 

2.93x0.15 

0.09 

3.17x0.16 

U.IO 



196 X 8 

3.00x0.15 

0.13 

2.73x0.14 




195 J 6 



2.80x0.14 




193 c 7 



2.70x0.14 

0,17 



192 c 7 



2.84x0.14 

0.16 



187 c 7 

2.70 to.14 

0.20 

2.69x0.13 

0.21 



186 L 2 

3.1010.16 

0.19 

2.85*0.14 

0.37 



180 c 9 



2.79 c 0.14 

0.21 




A. Decay of radloactlTr pannta 

• The observed nuclei “‘“Po and '“At can either be 
‘ produced directly or can result from the decay of 
radioactive parents, ’*“B1 and *‘®At for ’“’Po, ’“Fr 
.for '“At. [The production of ’“At from the decay 


of ’“Hn (Tj/,- 14.6 h) is known from the decay- 
curve analysis and already subtracted. | For the 
incident ions and energies corresponding to the 
angular distributions measured here, the contribu¬ 
tions of such precursors have been calculated, us¬ 
ing the cross sections measured in Ref. B. The 


TABLE VU. Same as Table V for ‘‘Fe+*”Bt reacUons. 



““Po 


“'At 




“Fe 

Ri, 






(MeV) 

(mg/cm^ Al) 

P 

img/cvn} Al) 

P 

AI) 

P 

396* 8 



1.73*0.05 

0.29 



371 * 12 



1.22 *0.07 


1.34x0.07 


328 * 7 

2.73x0.14 

0.30 

2.80 < 0.14 

0.25 

2.79x0.14 

0.26 

317* 9 

2,93x0.15 

0.20 

3.08*0.15 

0,20 

2.96*0.15 

0.22 

308*10 

3.3 X0.2 

0.26 

3.4 *0.2 

0.18 

3.4 xD,2 

0.19 

304 * 6 

3.5 xO.2 

0.18 

3.5 *0.2 

0.16 

3.5 xO.2 

0.17 

298 * 6 



3.8 iO.2 

0.17 



291* 7 

3.9 xO.2 

0.19 

3.9 *0.2 

0.16 

4.0 xO.2 

0.14 

286* 8 



4.2 *0.2 

0 17 



284*10 

4.2 xO.2 

0.15 

4.t *0.2 

0.10 



282* 9 



4.2 tO.2 




280 * 8 



4.1 *0.2 

0.12 



276* 8 

4.6 xO.2 

0.05 

4.2 *0.2 

0 14 



273*10 



4.2 *0.2 




266*10 



4.1 *0.2 




266* 4 



4,0 ±0.2 

O.IB 



263*11 



4.3 *0.2 
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TABU Vin. Same aa Table V for *’Cu + ”’B1 reaoUona. 


"Cu 

i- iib \MeV) 

’“Po 

Rii 

(mg/cm‘ Al) 

P 

“'At 

*s 

(mg4:m‘ Al) 

P 

“‘Rn 

Ru 

(mg/bm' Al) 

P 

410 ± 9 

2.4.10.1 

0.25 

1.60i:0.08 

0.30 

1.64 ±0.08 

0.29 

377 ± H 

2.9 J^O.l 

0.20 

3.77»0.07 

0.19 

3.6 ±0.2 

0.24 

365 

3.7x0.2 

0.23 

3.8 x:0.2 




345 ± 7 



4.0 xO.2 

0.17 



33H± 7 



4.2 ±0.2 

0.14 

4.3 ±0.2 

0.10 

336-i 8 



4.5 iO.2 

0.12 



328 * 9 



4.5 xO.2 

0.11 



324-1 9 



4.6 ±0.2 

0.12 



321 ±]G 

3.6X 0.2 

0.28 

4.6 ±0.2 

0.11 

4.3 ±0.2 

0.13 

321 tlO 



4.6 ±0.2 

0.10 



317-tlO 



4.8 ±0.2 

0.09 

4.9 ±0.2 

0.09 

3U9 i 12 



4.6 ±0.2 

0.10 



309 > 2 



4.9 ±0.2 

0.15 



305 > a 



4.8 ±0.2 

0.23 



.301 J 13 



4.3 jO.2 

0.21 



29.61- 3 



5.0 ±0.2 

0.12 




ratios oC"'’At)/<T(210), rTf>«'Bi)/a(210), and of^Fr)/ 
cr(211), In which rr(210) and rr(211) denote the cumu¬ 
lative yields for ’‘“Po and ’“At, respectively, are 
given In Table XI. The value n(’*’Fr), which Is the 
cross section for the four-charge transfer reaction 
’“Ar + ’“Bl — ’“Fr, has been taken equal to that for 
the similar reaction ^°Ar + ’'*T1 — ’"At measured 
in Ref. 8. 

It can be seen from Table XI that the contribu¬ 
tions of ’’“Bl and ’'"At, when measured, are al¬ 
ways less than 25'i' of the observed ”'’Po produc¬ 
tion. Therefore, the corresponding reactions 
have not been considered in the kinematic analysis. 
Similarly, the four-charge transfers have been 
neglected In the analysis concerning ’“At produc¬ 
tion through ^’Ar + Bi reactions, but they have been 
considered for the lighter projectiles ‘*N, *"0, *’F. 

As far as the light products from Ar Induced 
reactions are concerned, the accumulation of cross 
sections due to decays can be summarized by 
the following equations in which <j(X) with V=43, 

41, 39, 36 denotes the measured cross sections 
for ■‘■■’K, '"Ar, *01, and ”S, respectively: 


TADIX IX, Experimental projected ranges for ’“At 
produced thr<iugh ”Ar T1 reactions. 


“Ar ± Tl 
tMcV) 

“'At 

Hu 

(mg/cm' Al) 

280 i 8 

0.96 ±0.07 

269 ±7 

1.07 ±0.07 

21S±4 

2.0S±0.12 

194 ±5 

2.5 ±0.1 



FIG. 12. Variation of the projected rangeRt versus 
incident energy tor the reaction ’••Bl+‘*Ca— “'At. Tht 
experimental projected ranges are represoited by the 
dots asBoolated with error bars. Tbe projected ranged 
caloulated under ttie assumption of a compound nucisus 
process are represented by a curve labeledR (C^l- ^ 
excitation ftmotlcn for "‘At production Is represented 
by the curve lebeled ir(‘“Atj. The arrows labdedij^ 
B, indicate the Interaction barriers oalodlsted Record¬ 
ing to Ref. 19 and Ref. 34, respeottvely. 
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nc. 13, Variation of the projected rangeRn of the 
heavy produotfl for reactlona Induced by 
**Fe, and **011 in Hie arrows indicate the calcu¬ 

lated strong interaction barriers as in Fig. 12. The 
solid linos are the ranges calculated for a two-proton 
tratiaCer (see text). The dotted lines represent the 
ranges calculated under the assumption of a compoimd 
lucleuB process. 


ff(43) = o(*^) + g(«Ar) + g(“Cl) + • • • , 
g<41) = q(*^Ar) + (t(«CI) + ars) + • •', 

"(39) = (t(*CI) + a(^) + <t(“P) + ■ ■ • , 

o(38) = n^ + arP)+-'-. 

In these equations, the term or(^X) denotes the 
foas section for direct production of the isotope 
For each line, the term which has been 
^derllned Is assumed to represent the main con- 
■Ibutlon to the observed cross section. This as- 
'^pUoa is made because the corresponding reac- 
* involves the transfer of the smallest number 



®lob 


FIG. 14. Experimental angul.r dletrlbutlcms of ItKbt 
products from the reaction ‘“Ar +“*B1. The lines are 
drawn to guide the eye. 

of nucleons. Moreover, for <i(43) the contribution 
of produced by the transfer of one proton and 
two neutrons towards the projectile has been as¬ 
sumed to be smaller than that of **Ar produced by 
a three -neutron transfer. This hypothesis is based 
on the energetic balance (?„ - A if, which is more 

TAB1.E X. Experimental cross secUons (or heavy and 
light products of Ar induced transfer reactions in 
The complementary products (such as ’"At and ’*5) are 
found un the sanie horizontal line. 


Energy 
f-ub iMeV) 

Heavy product 
Isotope <T tmb) 

Light product 
Isotope a (mb) 

212*5 

’"At 

17 *3 


17 

* 4 


’“At 

12 *3 





“’At 

8 12 





’“Po 

34 *9 

s»C| 

36 

t 7 




"Ar 

icm: 

*15 




"K 

11 

* 2 

203*6 

’"At 

16 tZ 

”8 

13 

* 4 


’“At 

9 t3* 





’“Po 

28 *7 

“ci 

27 

± 9 




^*Ar 

76 

*13 

194*5 

’“At 

7.5*1 

«s 

11 

* 2 


’“At 

2 *0.5 





"’At 

0 .9*0.2 





»“PO 

23 *4 

"ci 

22 

* 6 




"Ar 

57 

± 8 

190 ( 6 

’“At 

1,2*0.16 

“8 

1 . 

9* 0.4 


’“At 

<0,3* 





’“Po 

6.7 ±1.2 

”ci 

5 

± 1 




"Ar 

16 

± 2 


* Estimated value. 


I 
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E|Qb (MeV) 

TIG. 15. Excitation functlonn Cor llg^t and heavy prod- 
ucts from the reai:tton “Ar+”’B1. Open equaros: **Ar; 
open stare; *’C1} black etars; ®“Po; open clrclos: *S; 
black clrcleai ^'At; blaok trlan{;le8: ““At. The lines 
are drawn to tpildc tbe eye. 

favorable to this last reaction (for this concept and 
(or the notations, sec Ref. 9), with these assump¬ 
tions, the observation o( '“Ar, “K, ”Cl,and “S 
correspond, respectively, to reactions In which 
one neutron, or three neutrons, or one proton, or 
two protons are transferred from projectile to tar¬ 
get. R can be seen In Fig. 15 that the cross sec¬ 
tions do decrease when the number of transferred 
particles is Increased. 

B. Kinematic aiulysB 

The kinematic analysis has been performed on 
the basis of the ranges measured at each angle. 


TABLE XI. CoQtributioti of tha decay of radioactive 
parents to the produoUon of the observed nuolel **“Po 
and 


Ion 

cr("'’AtJ 

Energy (MeV) u(210) 

<7("'BI> 

0(210) 

e("“Frl 

<ri211) 

“N 

74 

<0.01 

<0.02 



99 

<0,01 

0.15 


«o 

83 

0.01 

<0.02 



102 

0.2S 

<0.03 


»F 

95 

<0.01 




110 

0.1 



«Ar 

203 

0.20 


~0.I 


212 

0.23 


'-0.1 

ss=«: 

275 

0.25 


-0.1 


as explained in Ref. 6, for all the reactions listed 
In Table xn, except for the reaction “F + Bi 
— “'“Po. For this reaction such ranges have not 
been measured accurately enough. Therefore, 
the analysis was made using the projected ranges, 
with the assumption that all the nuclei are emitted 
at the angle 6^ (known from the angular distribu¬ 
tion). Let us recall that the principle of this 
analysis is to compare the kinetic energy measure 
for a given product to the maximal value which can 
be calculated under the assumption of a given 
mechanism. Such mechanisms are defined by 
specifying the nature and number of the particles 
transferred in the first reaction step and the asso¬ 
ciated excitation energy E*. This energy must be 
such that the correct number of nucleons be evap¬ 
orated In a second step to produce the observed 
nucleus. For example, the production of “'At by 
the process denoted {+2P,y) corresponds to an ex- 


TAHI.K XII. Moat prtilMhle roaotlmi path leading to the observed heavy producta *"’Po. "'At, and "‘Rh. 


Most probable reaction path 


Ion 

Kner^y tMcV) 

K/B 

310 p„ 

"'At 

"'Rn 

«N 

74 

1.01 


(+ap,r) 

t+“N.4B)' 


99 

1.34 


ItEp.r), (t2p+a.B) 

(■*“N,a4a)*,('3p,«l 

"■() 




(«2p ) 2s, 2al 


H3 

1.0 

(<p,rl,i'p <n,nl 

K^3p,y) 


•’F 

202 

J.21 

'n,H> 

(*2p,yMt2p >s,b) 
(^"Be,2B)*',l + “C, a2»)“ 


9.5 

0.99 

[*p,y)A*p •«.») 

(*2p,y) 


'"Ar 

110 

1.15 

's.s) 

(t2p,y),(+2p + B,B) 


203 

1.0 


i+2p.y)'‘ 


"Cn 

275 

1.36 

i‘-p.r),(*p+s.B) 

two-charge transfer 


217 

0.96 


two-oharge transfer 

threo'charge trftoi 


‘ Compound nucleua prooess. 

For the shoulder at 40° isee Fig. 31. 

For the shoulder at 15-20* (see Fig. 4). 

'' From the measurements of light products (See. Ill C). 
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citation energy E$ less than the neutron binding 
energy (8 MeV), while the process denoted (+2/i 
+K,n) Involves an excitation energy £,* of ’"At 
such that 8 Me V<£f <15 MeV. This excitation ener¬ 
gy E* ensures the evaporation ol one neutron. 

The maximum kinetic energy of the residue is 
associated to the lowest limit for E* and corre¬ 
sponds to a cold light reaction product. The pro¬ 
cesses for which this maximum energy is lower 
than the measured value can be excluded without 
ambiguity. 

The most probable reaction paths resulting from 
the analysis are given in Table XU. Several com¬ 
ments can be made relative to these results. 

Firstly, except for ’“Rn production through **N 
induced reactions, which Is due to a compound 
nucleus process at both energies, all the angular 
distributions correspond to transfer reactions. 

Secondly, for 102 MeV "0 ions, the shoulder 
observed at d- 15° In the ’"At angular distribution 
can be explained by a four-charge (or six-charge) 
Lransfer. It is interesting to note that such a 
ransfer of two a particles (or a 'Be nucleus) was 
observed with a much higher probability In "C In- 
luced reactions,' wlille it Is not observed for "N 
ind "F ions. This can be Interpreted as an effect 
of the projectile structure. 

Thirdly, for ’“At production with light ions at 
the barrier energy, the only reaction path which 
is not excluded is the (+2p, y) process, l.c,, the 
least energy consuming. This is due to the drama- 
lie influence of the energetics on the transfer 
orobability, which has been outlined several 
Smes.When the Incident energy is in¬ 
creased, the process (+Zp + n,n), which requires 
more energy, becomes possible. A similar be¬ 
havior seems to be observed, but less clearly, 
for one-charge transfer reactions. These con¬ 
clusions confirm the indications obtained in the 
early work ol Croft el <U,” on the same subject. 

Finally, for “Ar and "Ca Ions, the kinematic 
analysis is not precise enough to determine the 
cumber of neutrons transferred together with one 
croton (for ““Po) or two protons (for ’"At). How- 
-ver, for incident "Ar ions, the production of 
liese Isotopes can be assigned to the processes 
(+A, /) and (+2p, >-), respectively. Such an assign¬ 
ment is made on the basis of the light fragment 
study (similarity of the shape and amplitude of the 
-Wltatlon functions and complementarity of the an- 
^ar distributions for the complementary residues 

Cl and “'Po on one hand and “S and ’"At on the 
i>ther hand). From the above mentioned energetics 
Arguments, one may tMnir that these processes 
'^(*1 y) and (+2p, y) are also predominant for ’*®Po 
^ *”At production, at least at low energy, for 
^ heaviest proJeettUs ''Ca, "Fe, and “Cu. 


V. INTERPRETATION 

A. AnguUr and eiKijeticdistributiom orhesvy midua 
in the cjn. ayatein 


From the laboratory angular dlstributlmis and 
the ranges measured at all angles S,,, for the heavy 
reaction products, it is possible to get tlie angular 
and energetic distributions of these products in the 
c.m. system. This laboratory to c.m. transfor¬ 
mation is made using the method described In Ref. 
28. Examples of the c.m. distributions are given 
in Figs. 16-18 for the reactions 

"N + ’*Bi - ’"At at 74 and 99 MeV, 
and 

“Ar + ’*Bi - ’"At at 212 and 275 MeV. 


In Figs. 16-18 are shown the c.m. angular 
distributions, energy distributions, and the con¬ 
tour plots which represent the variation of the 
double differential cross section versus angle and 
energy. Exce(a. for those relative to Ar induced 
reactions at 275 MeV, all the curves exhibit the 
sliape typical of quasi-elastic transfer, with a 
single peak in the angular and ene£gy distributions, 
and a limited extension in the (Ti,£) plane. The 
position of the peak in the angular distribution is 
always close to the grazing angle, calculated for 
the heavy product using the relation 


arcsln[-- ij (4) 


with >’o= 1.5 fm for "N ions, and 1.45 fm for "Ar 
ions," and Indicated by an arrow in Figs. 16-16. 

In Eq, (4), /I, and Z, denote the target mass and 
charge, and £, is the laboratory projectile energy. 

The distributions relative to "Ar induced reac¬ 
tions at 275 MeV differ from the previous ones 
(see the two-dimensional diagram in Fig. 18). In 
addition to the quasi-elastic peak (7= 110°, E -35 
MeV), they exhibit a tall towards lower energies 
and larger angles. Such a tall is tirplcal of par¬ 
tially damped events in deeply inelastic reac- 
tionB.*'* Therefore, for such high-energy Incident 
Ar ions, the total production of ’“At cannot be as¬ 
signed any more to quasi-elastic processes. One 
should particularly note in Fig. 18 thatjhe most 
probable energy (maximum in the de/dE distribu¬ 
tion) is now different from the quasi-elastic ener¬ 
gy (maximum in the d*<t/dME distribution). 

The kinematic analysis used In Sec. TV to Identi¬ 
fy the reactions leading to the observed isotopes 
can obviously be made in the c. m. system. The 
limits of c. m. energy calculated for three types 
of transfer are Indicated In Figs. 16-18. The 
comparison of these limits with the experimental 
energy distributions leads us to the same conclu- 
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FIG, 16. Angular and otergy distributions of 
produced through reactions (a) at *74 

MeV and (b) at *99 MeV. The scaling relative to 
heavy product anises *9 has been made from the right to 
the left in order to make easier the comparison with 
data concerning li|^t fragm^ts. The igiper scale 9'| 

* 180* — 9* la relative to the aasoclatad ll£^t product. 

Hie contour plots represent lines of equal double dif¬ 
ferential croas soction d^o/dFdP (eiqireeeed In arbitrary 
units by the number written cloao to euoh line). The 
vertical bars labeled (1), (2), (3) represent the calcu¬ 
lated energies for the processes (+2p,y}, (+2p 
and {^2p'^2n,2n), respectively. 

slons as in Sec. IV; for + Bl at 74 MeV, only 
the process (+2p, y) is consistent with the mea- 
snred energy. For the same reaction at 99 MeV, 
the energy distribution is broader and the three 
processes considered are possible. 


10 fo no no ' 



~1TD W 7D » » 300 loo ” no in 

6(111.1 |»/Ilt(|lb/>WI 

FIG. 17. Same as Fly. 16 for *°Ar Induced reactions 
at£,,|,*212 MeV. 

For 212 MeV Ar projectiles, the experimental 
precision is not sufficient to distinguish among the 
three reaction paths considered, all of them being 
inside the FWHM of the distribution. Finally, for 
275 MeV Ar ions, these reaction paths can explain 
the ‘quasi-elastic” peak, but not the tall corre¬ 
sponding to partially damped events. To explain 



«0/4ebib44drt 

FIG. 18. Same as Fig. 16 for **Ar Induced reootlans 
at *275 MeV. 
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the low kinetic energies associated with these 
events, one should invoke reactions in which sub¬ 
stantial amounts of excitation energy would be 
given to both projectile and target, l.e., a large 
number of particles would be evs^wrated. How¬ 
ever, the low cross section measured for the four- 
charge transfer reaction "Ar +“t 1 — ’“At at the 
same energy seems to indicate that moat of the 
’“At production must be assigned to two-charge 
transfer (quasi-elastic + deeply inelastic transfer). 

Each angular distribution can be defined by the 
positiao of its maximum and its full width at 
half maximum. These parameters, which have 
been derived from Gaussian fits to the distribu¬ 
tions, are given in TalHe Xin for all the systems 
studied. The value of 6^ depends mainly on the 
ratio A'/£, and this point will be discussed in 
Sec. VC. The values of 6^, and FWHM have been 
used in Ref. 11 for a quantitative analysis of the 
data. This analysis was made using a formalism 
derived from a general treatment of multlnucloon 
transfer,* in an approach similar to that of Frahn 
and Venter*® for neutron transfer reactions, l.e., 
in the limits of the distorted wave Born approxima¬ 
tion. It led to the determination of the optimal 
distance of closest approach for the transfer reac¬ 
tions considered. The whole set of data was con¬ 
sistent with an interaction distance d = 2,7-3 fm 
between the half-density radii of the colliding nu¬ 
clei. This d value is in good agreement with the 
distances deduced from clastic scattering analysis 
by SchrOder and Hulzenga. *' 

B. Coirriitlon between heavy and light fragment 
dhtiibutkim for ’®Ar induced reactions 

For ■‘“Ar induced reactions, at an incident ener¬ 
gy of 212 MeV, the laboratory angular distributions 
of ”®Po and *“At exhibit a maximum for — 35 


TABLE xni. Parameters and FWHM defining the 
PoaiUon and width of the angular diatributlona in the c.m. 
ayatem. 


Reaction 

Eub (MOV) 

9nux (deg) 

FWHM (deg) 

“n +’®’bi—’“P b 

74 

66 

40 

”n +“*bi—’“A t 

99 

120 

22 

74 

48 

36 

“0 +’*»BI-’“At 

99 

118 

32 

83 

46 

40 

"f +’”Bl-’“At 

102 

105 

22 

95 

44 

36 


110 

96 

20 


203 

50 

32 


212 

76 

17 


276 

217 

120 

46 

14 

32 






± 5°. (See Fig. 6.) If one makes the assumption 
Hiat these nuclei are produced through the proces¬ 
ses (+p,)') and (+2/>,y), respectively, the corre¬ 
sponding light fragments are *C1 and “S. In 
order to satisfy the momentum and energy con¬ 
servation laws, these fragments should be emitted 
at the “complementary" angles 0i„(*'Cl) = 96±lO‘’ 
and 0^,(**S) = 95i 10° in the laboratory system. 
These calculated angles are in fair agreement with 
the experimental maxima observed at 8815° for 
both distributions (see Fig. 14). Moreover, the 
kinetic energy calculated for ’“At under the same 
assumption is equal to 68 3 7 MeV, i.e., very close 
to the measured value 73 3 14 MeV (see Table 
n). These numbers, together with the similari¬ 
ties observed between the excitation functions rela¬ 
tive to complementary products (see Fig. 15), are 
a good confirmation of the inferred mechanisms. 

t'. Influence of the ntio A'/S on the angufair distributioiis 
nnd currelntion with the rainbow angle 

As was already outlined In Sec. HI, for the data 
in the Laboratory system, the angular distributions 
seem to be strongly Influenced by the ratio E/B of 
the incident energy over the Interaction barrier. 
This Is particularly clear in Fig. 19, where the 
angle relative to two-charge transfers has 
been plotted versus t/li, for all the systems 
studied. A otrong correlation is observed between 
and E/B for all projectiles. This property is 
similar to that mentioned by da Silveira* concern¬ 
ing the rainbow angle ?, in elastic scattering. 
Therefore, it is interesting to compare the varia¬ 
tion of and 0, versus E/B. Such a compartscHi 
is shown in Fig. 19. The solid line represents the 
variation Jl,-t {E/B) calculated in Ref. 32 using a 
Woods-Saxon nuclear potential. In order to verily 
that the shaiK of this potential does not influence 
the value of 0,, provided that the height of the in¬ 
teraction barrier is respected, we have calculated 
some values of 0, using a nuclear potential derived 
from the energy density formalism.” These val¬ 
ues are represented by triangles in Fig. 19, and 
one can see that they agree perfectly with the solid 
curve. 

A striking similarity is observed between the 
curves S^,—/{E/B) and H, — f(E/B), the former 
being slightly shifted towards low values of E/B 
relative to the latter. II one remembers that the 
calculated curve was in good agreement with the 
observed maxima lor angular distributions relative 
to neutron transfer,*® the shift observed here 
(which corresponds to a preferential emission of 
the light product at smaller angles) can be at¬ 
tributed to an effect of the charge transfer, which 
decreases the projectile charge by two units, i.e.. 
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FIG. 19. Variation of rainbow anj^e 

if versus the ratio E/B. The ani^e f, is calculated 
with (i) a Wooda-Saxon potential <Ref. 39): solid line; 
(il) a potential derived from the energy density formal¬ 
ism (Ref. 19): trlantdes. The points associated with 
error bars represent the oxpertmontal valuos of 
relative to two-proton transfer for all projectiles but 
^*’Ca. The stars represent the same data for ^^Cn pro¬ 
jectiles. The dotted line has been drawn through the 
experimental points and arbitrarily extrapolated at low 
energy. 


reduces Its deviation by the Coulomb field. (Note 
that this shift would be somewhat reduced by using 
strong interaction barriers from Hef. 24.) The vi¬ 
cinity of the two curves may thus be interpreted as 
an indication that the transfer reactions take place 
for distances of closest approach close to those 
corresponding to the rainbow effect. This is con¬ 
firmed by the quantitative analysis made in Iftef. 

11, and this result is in good agreement with the 
conclusions of Ref. 33. Moreover, the data shown 
in Fig. 19 may be used to predict the position of 
the angular distribution maximum, in the c.m. 
system for one - and two-proton transfer reactions. 

Let us note, finally, that the laboratory rainbow 
angle 6, relative to the heavy partner of the colli¬ 
sion can easily be calculated from the c.m. value 
\ using the well known relation 

e,= »,/2 (5) 

This relation is valid for elastic scattering and for the 
nucleus Initially at rest in the laboratory frame. 
The curve obtained from this transfor¬ 


mation is shown in Fig. 10, and gives an explana¬ 
tion for the correlation observed In Sec. m be¬ 
tween and E/B, for a/A, <0.2. This correla¬ 
tion is the result of the nearly equal values of 6.,, 
and 1,, associated to the quasi-elastic nature of 
the collision, which makes it possible to use the 
relation 9^, ^ ^ui/3i when the ratio e/A, is suf¬ 
ficiently low. When this ratio increases, even if 
e.,, does not deviate strongly from the c. m. 
to laboratory transformation does not correspond 
any more to Eq. (b), and this explains the devla. 
tions observed between and S, lor o/A^ > 0.2 
{see Fig. 10(b)l. 

D. Variation of projected nngea with incident energy 

The general behavior observed In Figs. 12 and 
13 for the variation of projected ranges with inci¬ 
dent energy, can be explained in the following way; 

At low incident energies, fhe distance of closest 
approach of the nuclei is limited by Coulomb re¬ 
pulsion, and only the head-on collisions can lead 
to transfer reactions. This implies that the pro¬ 
jectile residue be emitted backwards, and the tar¬ 
get residue at small angle (in the laboratory sys¬ 
tem), with a velocity well above that which corre¬ 
sponds to total momentum transfer. When t)>e in¬ 
cident energy Is Increased, but remains lower than 
the strong interaction barrier, the nuclei come 
into closer contact and the transfer probability is 
increased. However, the emission angle of the 
heavy fragment remains small, and Its velocity 
increases (effect of the momentum conservation), 
so that the projected range increases. Finally, 
when the incident energy exceeds the strong inter¬ 
action barrier, the head-on colllslonB lead to fu¬ 
sion, or deeply inelastic reactions, and tlie trans¬ 
fer reactions are governed by the well known rule 
of the constant distance of approach. This im¬ 
plies a decrease of the laboratory kinetic energy 
of the heavy residue, associated with an increase 
of its emission angle. Both phenomena lead to the 
decreasing behavior obeerved for the projected 
range at high energy. 

The evolution of the projected ranges with in¬ 
creasing incident energies is consistent with the 
above mentioned variation of versus E/B. 

This can be verified In tlie following w^: For a 
given projectile and energy, the angle is de¬ 
termined using the dotted line in Fig. 19. Thl.s 
line has been drawn through the experimental 
points with an arbitrary extrapolation at low ener¬ 
gy. (The exact position of the curve for these low 
energies has little Influence on the projected range" 
calculated as explained below.) The c.m. energy 
of products £ Is calculated assuming a (+p, r) 
a (-t2p, y) process. From 9^, and E, the 
tory angle fl,,, and energy E can be calculated, aw 
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the laboratory energy is converted Into recoil 
range according to the relation represented 

by the carve in Fig. 11. Then the mean projected 
range R, is calculated by the relation 

, ( 6 ) 

The results of such calculations are represented 
by solid lines in Fig. 2. These curves are sensi¬ 
tive to the value adopted for the barrier B (indi¬ 
cated by arrows in Fig. 13). For example, tor the 
Ca + Bl system, a change of less than 5'K in B 
would remove the difference between the curve and 
the experimental points. Talcing this remark into 
account, the agreement with the experiment is sur¬ 
prisingly good. As far as “Fe and “Cu projectiles 
are concerned, this agreement Is a good Indication 
that the variation of with E/B (for which no di¬ 
rect measurement has been made) can be taken 
from Fig. 19, i.e., is the same as for lighter pro¬ 
jectiles, 

VI. CONCLUSION 

Recoil techniques have been used to measure the 
angular distributions and ranges of *‘°Po, *“At, 
d *“Rn produced through heavy ion reactions with 
Bi. These reactions Involved the transfer of 
e, two, and three protons, respectively. The 
ojectiles ranged from ‘‘‘N to “Cu. The results 
tabled indicate a great unity in the characterls- 
:s of quasi-elastic transfer reactions for aU the 
ojectiles. 

At low Incident energy, the reaction path which 
ads to the formation of the observed nucleus is 


always that which corresponds to the minimal en¬ 
ergy cost. This confirms the strong Influence of 
the reaction energetics on the transfer probability, 
which was previously observed in the study of the 
excitation function thresholds.At higher ener¬ 
gies, more complex reaction channels take tdace 
with significant probabilities. 

The position of the angular distribution maxima, 
in the laboratory and c. m. frames, are strongly 
correlated with the ratio E/B of the incident energy 
to the interaction barrier. The corresponding 
curves are independent of the projectile and of the 
nature of the transferred particles if the ratio of 
the transferred mass a to the projectile mass 
is low enough (a/A^ -'0.2). This property can be 
used to predict the position of the angular distribu¬ 
tion maximum for other transfer reactions. 
Moreover, the correlation appears to be very sim¬ 
ilar to that of the rainbow angle with the ratio E/B. 
This indicates a strong influence of the rainbow ef¬ 
fect on the angular distribution for quasi-elastic 
transfer, and can be taken as an Indication that 
the distances of closest approach corresponding to 
maximal transfer probabilities are not far from 
those corresponding to the rainbow effect. This 
conclusion is In agreement with the quantitative 
analysis of these data," and with the study made 
by Vaz el nf.” on "O + ’^Pb reactions. 

We thank the crews of the Orsay heavy ion ac¬ 
celerators (ALICE and MP Tandem) for their co¬ 
operation, L. de Reiihac for helping in some of 
the experiments, and J. M. Alexander for a criti¬ 
cal reading of the manuscript. 
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A recent experiment by Guct et at. indicatei that the width of the a-particle angular distribution in long- 
range alpha-particle accompanied fusion decreases at the nation-fragment kinetic energy Ef increates 
Emlier trgtectory calculationa yielded wide dittribuUont for initial a-parlicle energy E J and fragment energy 
E p. It it found that the decreated angular width can be repnxluccd by trajernory calculatioiu only if the 
intcrfragmcnt aepaiation at the acitaion point is restricted to be around 20.5 fm. This givet rite to a ictsaian- 
point conOguration charaeterixod by EJ-O.S MeV and 1.2 MeV and explthu all the correlation! 
obterved in the asymptotic values of £„ £., and the angle of the a particle. 


lUCldEAB REACTIONS, FISSION laRA-fission trajectory calculationSs 

scission configuration. J 


I. INTRODUCTION 

The conflgurfl.tlon of a (iBelonlng nucleus at the 
scission j>oJnt is a eontrorerslal problem in 
fission physics. The long-range alpha-particle 
accompanied fission (LRAF) Is believed to be 
capable of providing Information about the scls- 
slon-polnt configuration, that Is, the Initial ki¬ 
netic energies of the three particles and their 
relative positions at the scission point. Several 
attempts have been made to reconstruct the scis¬ 
sion configuration based on trajectory calcula¬ 
tions of LRAF. However, no consistent picture 
has emerged so far. 

Guet el al.'- have recently measured angular 
distribution of alpha particles as a function of the 
total fission-fragment kinetic energy They 
found that Oie average angle of o-particle emis¬ 
sion is nearly constant, whereas the angular 
width decreases with Increasing Ep. The tra¬ 
jectory calculations by Krlshnarajulu and Mehta’ 
indicated broad distributions for the Initial a- 



G. 1. Sobematlc diagram of the Initial parameters of 
ealoulatton. 


particle energy , fragment energy and In- 
tertragment distance D, covering low values as 
predicted by statistical theory as well as high 
values as predicted by dynamical theory. How¬ 
ever, reproducing the experimental an’icorrela- 
tlon between Ep and or-particle energy £„ de¬ 
manded the initial interfragment distance to be 
severely restricted. We have reexamined these 
trajectory calculations in the light of the new re¬ 
sults of Guet ('/ al. The observed correlations 
in the final angle and the energy of a-particle and 
fragment kinetic energy are studied by restricting 
f> within a narrow range at values varying from 
19 to 27 fm. 

II. PROCEDURE 

The detailed procedure of trajectory calcula¬ 
tions Is essentially the same as described ear¬ 
lier.* The scission configuration Is described by 
the following Initial parameters (Fig. t); the 
interfragment distance D, the distance of the a 
particle from the zero-field point Xg, Hie initial 
a-partlcle energy £°, and Hie initial total frag¬ 
ment energy EJ.. The initial distance of the a 
particle from the fission axis, Fg, was assumed 
to be zero and the Initial angle between the di- 


TABLE I. Calculated angular dlstrlbutloos for various 
values of the mass ratio R and kinetic energy of the frag-- 
ments. _ 


Er 

166 ±5 MeV 

17616 MeV 

R 


FWHM 


FWHM 

1.2 

88.9* 

16‘ 

87.4' 

12* 

1.3 

85.B* 

XT 

88.r 

14* 

1.4 

84.3* 

le* 

84.2* 

12* 
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FIG. 2. (a) Variation of the mean kinetic energy of 
fragments Ejr as a function of kinetic energy £, of the 
a particle for mass ratio l..t. (b) Variation of mean en¬ 
ergy of o particle as a function of the fragment kinetic energy 
£^for mass ratio 1.3. (c) Calculated anticorrelation in 
E^and £„ as a function of mass ratio. Also shown arc 
the experimental results of Mehta et al. (Ref. 3). In (a) 
and (b) lines are only visual fits. 


rection of motion of the a particle and the di¬ 
rection of motion of the light fragment, ej, vrae 
allowed an Isotropic variation between 45° and 
135*. Other input parameters were varied over 
a wide range. Each tra]ectory was computed 
using a set of initial values and was assigned a 
weight by using tbe experimental distributions in 
and Ef. In the present calculatlMis, Z> Is re- 



FIG. 3. Variation of the mean kinetic energy of a par¬ 
ticle as a funotioa of die an^e of a-particle emission 
with respect to the light fragment Experimental 
resulta of Tauji el at. (Ref. 4) are also shown. Lines 
are only visual guides. 


Btrlcted within a range of ±0.5 fm at values vary¬ 
ing from 19.5 to 26.5 fm. All other parameters 
were allowed to have their normal statistical dis¬ 
tributions demanded by the experimental £, and 
Eg distributions used for assigning weifdits to the 
trajectories. 

III. RESULTS AND DISCUSSION 

The angular distribution of a particles was 
studied as a function of the fragment kinetic en¬ 
ergy for various mass ratios R of the fragments. 

It is observed that the average angle of emission 
shows the correct experimental behavior for all 
values of D studied. However, Che width of (he 
angular distribution and Its dependence on E, 
tor various values of R was correctly repro¬ 
ducible only by restricting the value of D below 
21 fm. In fact calculations with other D values 
showed that the angular width increases wlQi final 
£, which is in contradiction with the experimental 
results of Guet e( al. Table I gives the calculated 
results for the angular distribution for three val¬ 
ues of mass ratio and two values of £,. Results 
with oOier mass ratios have poor statistics. 

Tbe observed anticorrelation between 
£„ and Its dependence on mass ratios are repro¬ 
duced with D values restricted between 20 and 21 
fm. It was found that If D Is restricted to higher 
values, one gets either a positive correlation or i 
tbe anttcorrelatlon was not reproduced for all ^ 
values of A. The antfcorrelatlon condition Is very 
sensitive to D, and this result alone demands 
value of £> to be restricted to a narrow range 
around 20.5 fm. Figures 2(a) and 3(b) give the 
calculated relatlrnisblps between £, and £a fix' * 
mass ratio of 1.3 and die anticorrelation i'E,! 

8£„ as a function of mass ratio. The observed 
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FIG. 4. (*) Initial distribution of die kinetic energy 
of the fragments. (>) Initial distribution of the kinetic 
energy of die a particle, (o) Distribution of the point of 
emission JCj. The point with Xq lero corresponds to the 
int of zero Coulomb field. The lines drawn on the 
lots are merely to guide the eyes. 


nllnear dependence oi cn Ej, could also be 
produced only with a value of D lying between 
and 21 fm [Fig. 2(c)j. 

The variation of £, as a function of 8ie ai^le 
o-partlcle emission with respect to the ll^t 
igment is also In good agreement with experl- 
tntal results for values of D less than 21 fm 
lg.3). 

used experimental £, and £„ distributions 
'' assigning the weights to the trajectories. As 
-foss cheek for the procedure used, we calcu¬ 


lated final fragment energy and o-particle energy 
distributions with values of D below 21 fm. Mean 
values of £, and £„ were quite accurately re¬ 
produced. The width of the £, distribution agreed 
quite satisfactorily with the one used In assigning 
the weights. However, the width of the a-partl- 
cle energy distribution was low (about 0.6 times 
the width used in assigning the weights). The reason 
for this Is being explored further. It may, par¬ 
tially, be because of using a point-charge ap¬ 
proximation and Ignoring nuclear forces after 
scls.sion. For values of D around 20.5 fm these 
effects may contribute significantly. 

The distributions of initial parameters with 
values of D below 21 fm are shown In Fig. 4. The 
distributions of the initial energies of the a 
particle and the fragments are sharply peaked 
at about 0.5 and 1.2 MeV, respectively, with high- 
energy tails. The distribution in A'g was found 
to be peaked at about 1 fm towards the light frag¬ 
ment from the zero field point with a full width 
at half-maximum (FWHM) of about 5 fm. This 
distribution actually represents distribution of the 
projecticm of the actual emission point on the 
fission axis. 

There is a basic ambiguity In determining the 
scission point configuration using trajectory cal¬ 
culations. During the time evolution of the tra¬ 
jectory, any time along the trajectory can be 
taken as the scission point. However, we find 
that for a typical trajectory characterized by 
Ej =0.5 MeV, £j=1.2MeV, F„ = 0fm, and 
0=20.5 fm, distance of the a particle from the 
fission axis exceeds 3 fm when the fragment 
separation becomes more than 23 fm Davies 
el al.' give an estimate dl the neck radius of about 
2 fm at scission. Taking 3 fm as a limiting value 
of the neck radius at scission, we see that for 
D * 23 fm the configuration of the three partlclea 
is nonphysical for the scission point (assuming 
that LRA emission coincides with the scission 
and occurs In the neck reglm). Considering die 
fact that the scission point parameters can be 
extrapolated to later times which will yield larger 
values for the initial kinetic energies and the 
fragment separation, we can get estimates die 
range of variations In the initial parameters by 
Imposing the condition that K at the scission point 
should be <3 fm. We find under this restric¬ 
tion upper liroit for the possible values of 
£», £», and D to be about 1.4 MeV, 18 MeV, 
and 23 fm, respectively. 
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Nentroii ingnlar and energy distrflmtions from 710-MeV alphas stopping in water, carbon, 
steel, and lead, and 640>MeV alphas stopping in lead 

R. A. Cecil, B. O. Anderson, A. R. Baldwin, and R. Madey 
Department of Phytles. Kent Stair Unirenily, Kent, Ohio 44242 

A. Galontky, P. Miller, and L. Young* 

Cyclotron Laboratory. Michigan State Vnuiersity. East Lanunf^ Michigan 4SH24 

F. M. Waterman* 

Department of Radiology. Vnicersily of Chicago. Chicago, Illinois 60637 
(Received 22 October 1979) 

We measured neutron angular and energy dutnbution& from 710-MeV alphas stopping in targets of water, 
carbon, steel, and lead for neutron energies from 3 MeV to above 300 MeV. We also measured neutron 
spectra from 640-MeV alphas stopping in lead These spectra are similar to the 710-MeV spectra but are 
reduced in magnitude by about 20 percent. The angular distributions are forward peaked and have a broad 
bump at about 120 MeV in the 0- and bKlegree spectra. The 710-McV mtegrated yields above 10 MeV arc 
about 0,3 neutron per incident alpha, independent of the target. The measured spectra from the water tai^ 
are consistent svith the calculations of an intranuclear cascade model at the forward angles, but are larger 
than the calculations at the hackward angles. 


‘NUCLEAR REACTIONS 11,0, C, aleel, Htlo.rrB), £-710 MeV; Pb(o,Ara). E 
■ 640 MeV. Measured unidirectional spectra and yields from thick targets, lie- 
duced total Integrated neutron yields aliove 10 McV. Compared apeelrn with In- 
tranuclcsr-cascadc model. 


I, INTRODUCTION 

We measured unidirectional neutron spectra 
ibove 3 MeV at angles ranging Irom 0 to 150 deg 
iroduced by 710-MeV alpha particles slopping in 
argets of carbon, water, steel, and lead; in ad- 
lition, we report some measurements of neutron 
ipectra produced by 640-MeV alphas stopping in 
cad. These measurements were made at the 
ipace Radiation Effects Laboratory in Newport 
fews, Virginia. They were motivated by the need 
or data to design shielding for the superconduct- 
ng heavy-ion accelerator at Michigan State Um- 
'ersity. These daU for the light targets are of 
merest also for estimating neutron doses pro- 
luced by nuclear Interactions during irradiation 
)f cancerous tumors with alpha beams. The mea- 
tured spectra from the water target are compared 
ftth those calculated from an intranuclear-cascade 

nodel.‘ 

n. EXPERIMENTAL PROCEDURE 

The energy of a neutron produced In the target 
fas measured by the time-of-fUght (TOF) tech- 
diiue. We measured the time difference between 
he detection of an alpha particle In a beam tele- 
''^bpe and the detection of a neutron in one of 
leveral counters located one to five m away from 


the target. The neutron energy was then calculated 
from the TOF of the neutron measured relative to 
the observed prompt gamma peak. Absolute neu¬ 
tron yields were determined from the number of 
incident alphas counted In the beam telescope 
and from the detection efficiency for each neutron 
counter as calculated with the computer code of 
Cecil el al.'‘ 

A. Evprrimcntal airuigement 

Figure 1 shows the experimental arrangement 
and indicates a typical placement of five neutron 
counters. As many as six counters were used 
simultanecmBly during the experimental run. A 
710-MeV alpha beam was extracted from the cy¬ 
clotron and transported to the experimental area 
in an evacuated beam line. During one experi¬ 
mental run a copper degrader was used to reduce 
the 710-MeV beam to 640 MeV. The external 
alpha beam passed through a beam telescope con¬ 
sisting of two 7.6 cm by 7.6 cm by 0.79 mm thick 
NE'102 plastic scintillators shown as SI and S2 
in Fig. 1. Signals from SI and S2 were used in a 
coincidence clrcutt to count the absolute number 
of beam particles incident on the target. The 
duration of the data-taklng runs varied from aboit 
1 to 4 h with a typical flux of 6 x 10* alphas per 
secowl incident on the target. After traversing 
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Flo. 1. The forwnrd-angle experimental arrangement. 
The reference ayatem for the target and detector angles 
discussed In the text Is indicated. 


the beam telescope, an alpha particle stopped in 
the target T. From geometric cross sections, 
we estimate that the alpha beam Incident on the 
target had less than 1 percent contamination 
caused by nuclear reactions of the beam in the 
beam-telescope scintillators and exit window of 
the evacuated beam transport system. The beam 
spot size incident on the target was about 2 cm 
high by 3 cm wide. Neutrons produced In the tar¬ 
get were detected by hydrocarbon scintillation 
counters. The detectors were arranged to equalize 
the counting rates and to provide better energy 
resolutions in the forward directions where there 
are larger yields of high-energy neutrons. The 
neutron flight paths were measured from the cen¬ 
ter of the target to the center of each neutron 
counter. The neutron counters and the target 
were supported by aluminum stands. The beam 
height was 1.5 m above the concrete floor of the 
experimental area. The detector angles are ref¬ 
erenced to a spherical coordinate system with its 
origin at the center of the target and the positive 
z axis along the direction of the beam. All of the 
counters were in the x-z plane parallel to the 
floor except for the 6-deg counter which was posi¬ 
tioned 6 deg above the beam. The NE-102 counters 
were deployed in two arrangements as indicated 
in Table I. A 5.1-cm diam by 5.1-cm thick NE-213 
counter was placed at a flight path of 1 m from the 
target to measure the low-energy portion of the 
neutron spectrum; it was positioned at +45 deg in 
the first experimental arrangement and at either 


TABLE L NE-102 solntillator dimensions and loot- 
tlons. 


Solntillator 


Angle B 
(deg) 

Thlokness 

(cm) 

Diameter 

(cm) 

Flight path 
(m) 

Arrangement 1 

0 

10.2 

12.7 

4.9 

0 (6 up) 

10.2 

12.7 

4.9 

-15 

21.6 

12.7 

5.0 

-SO 

21.6 

12.7 

6.0 

-46 

20.3 

23.9 

s.o 

Arrangement 2 

-BO 

10.2 

12.7 

3.0 

-90 

21.6 

12.7 

3.0 

+120 

21.6 

12.7 

2.0 

+150 

20.3 

20.3 

2.0 


0, -90, or +135 degrees in the second experi¬ 
mental arrangement. The NE-213 liquid scintil¬ 
lator was directly coupled to a 5.1-cm diam 
Amprex 56DVP photomultiplier tube (PMT); each 
Of the 12.7-cm diam NE-102 scintillators was 
mounted directly on a 12.7-cm diam Amperez 
XP2041 PMT. Madey ei al.^ described the 22.9- 
cm diam NE-102 scintillator which was fitted 
with a tapered plexiglass light pipe and mounted 
on a 12.7-cm diam 58AVP PMT. A 6.3-mm thick 
NE-102 plastic scintillation counter was placed 
immediately in front of each neutron counter to 
veto charged particles. In order to minimize 
neutron in-scattering, no local shielding was used 
near the counters. 

B. Target dimenainna and orientationa 

The target thicknesses and orientations are 
presented in Table II. The target orientation is 
described by the angle of the spherical coordi 
nate system In Fig. 1. The carbon, steel, and h 
targets were rectangular blocks: 15.2, 15.4, an 
10.2 cm wide by 12.7, 10.2, and 10.2 cm, respec 
lively. The water target was contained in a 22.9 
cm long by 15.2-cm diam aluminum cylinder will 
a wall thickness of 1.4 mm. The beam entrance 
end of the cylinder was a 0.05 mm aluminum foil 


TABLE n. Target tbioknesaea and orlentattona. 



Carbon 

Water 

Steel 

Lead 

Thlokness 

(g/om*) 

25.13 

22.86 

34.43 

44.65 

(cm) 

14.73 

22.86 

4.446 

3.937 

Orientation 

Of (dsg) 

23.5 

0.0 

23.5 

22.S 
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and the exit end wae a 3.2-mm thick aluminum 
plate. 

C. Data acquhition afectronics 

The data acquisition system included a PDP 11/15 
computer, 12 bit analog-to-digltal converters, 
commerically available electronics, and special¬ 
ized electronics developed at Kent State University 
to provide increased count rate and dynamic range 
capabilities for neutron spectral measurements. 

As many as six neutron counters were operated 
simultaneously. The anode signal from each neu¬ 
tron counter was split into two signals with a 
linear fan-out module. One signal went to a con¬ 
stant-fraction timing discriminator (CFD) and 
the other, to a wide dynamic-range stretcher 
module.* This stretcher enabled reliable pulse- 
height measurements over a 50:1 dynamic range. 
All TOF information was obtained from a single 
timc-to-amplltude converter (TAG). The TAG 
was started by a signal from the output of an OR 
module which received ihe timing signal from each 
-FD. A fast timing signal from the beam tele¬ 
scope stopped the TAG. The output of the stretch- 
3T module and the TAG were processed by sep- 
irate analog-to-digital converters. Pulse-height 
ind TOP information for each counter were re¬ 
corded event by event on magnetic tape by the 
computer; in addition, TOF and pulse-height his¬ 
tograms were accumulated in the computer mem¬ 
ory and displayed on-line to monitor the operation 
jf the detectors and to provide preliminary re¬ 
sults. 

III. DATA ANALYSIS 

The event-by-event list of pulse-height and TOF 
fata recorded on magnetic tape was analyzed off¬ 
line at Kent State University. Since pulse-height 
information was recorded for each TOF event, the 
lata could be reanalyzed at any desired threshold 
»bove the hardware threshold set by the CFD for 
each counter. Alter choosing thresholds, TOF 
spectra were produced and backgrounds were sub¬ 
tracted as described below. The resulting TOF 
spectra were converted to energy spectra to ob¬ 
tain the yields reported here. 

A. Background subtnetion 

*^re 2 is the TOF spectrum from a carbon lar- 
Set with the HE-102 counter at 15 deg. The esti- 
®®ted background, as represented by the dashed 
'txe, decreases from about 25‘lli of the total spec¬ 
trum at 14 MeV (about twice threshold), to 12^i 
34 MeV, to about ifjfc from 68 MeV up to about 
MeV, which energy represents the practical 
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KIg. 2. The ni-utron tlmo-of-fUghl CTOF) speotrum 
at l.S" from 710- MeV alph.as stopping In a carbon target. 
The dashed line represents the background that was sub¬ 
tracted to obtain the neutron yields. The background ts 
a flat e.xtrapolatlon from the obscrvtsl background at the 
left of the TOF spectrum to a point al 1,2 x the moat 
probable flight time and then sloped to the level of the 
background under the gamma peak. See text for dlscus- 
afon. 

limit of our measurement of neutron yield at this 
angle. The spectrum shown in Fig. 2 is typical 
of the spectra obtained in this experiment. Be¬ 
cause the backgrounds are relatively small, we 
estimated them in the following manner; In each 
TOP spectrum, the level of the background in the 
region below the discrimination threshold on the 
slow side of the neutron TOF spectrum was slightly 
higher than that on the fast side of the spectrum 
earlier than the gamma peak. We attributed the 
excess events on the slow side of the spectrum to 
target-induced background from room-scattered 
neutrons. Note that room-sc altered neutron back¬ 
grounds measured by other workers* with shadow 
bars revealed similar (but largeridifferences in the 
background levels on each side of the neutron TOP 
spectra. Also the magnitude of the background levels 
was much larger. A neutron produced in the target and 
scattered from the floor would have a flight time 
at least 1.2 times longer than a direct-path neu¬ 
tron of the same energy. Since such floor-scat¬ 
tered neutrons would dominate the room-scattered 
background, we estimated the background by ex¬ 
trapolating the flat region on the slow side of the 
spectrum up to a point at 1.2 times the flight time 
of the high-energy peak observed in the spectrum; 
then we extrapolated linearly down to the level 
observed on the fast side of the spectrum at the 
center of the prompt gamma-ray peak. We esti¬ 
mate thatthe (~25%) uncertainty in the background 
introduces an uncertainty in the extracted yields of 
typically less than T%. The region of greatest 
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uncertainty In the background is near the assumed 
discontinuity where the background is always the 
smallest fraction (~2%) of the total spectrum. 

The low-energy portions of the spectra were 
measured at a few angles with an NE-213 type 
scintillator. Although the time resolution and 
pulse-shape information for this detector were 
observed to be too poor to permit the use of n-y 
discrimination for neutron spectral analysis, the 
pulse-shape information was used to study the 
y-ray TOF spectrum. The y-ray spectra were 
observed to be flat over the range from threshold 
to flight times corresponding to neutron energies 
greater than 50 MeV. Since the NE-213 detector 
was used to measure the spectrum only below 40 
MeV, the y-ray background was assumed to be 
flat and the background subtraction method des¬ 
cribed above for the NE-102 detectors was adapted 
also for the NE-213 data analysis. Note that y rays 
from the target seen in the spectra at neutron en¬ 
ergies above SO MeV for the NE-213 counter at 
a flight path of 1 m will appear at a neutron energy 
above 200 MeV for an NE-102 counter at 3 m and 
above 500 MeV for an NE'102 counter at 5 m. 

Since the NE-102 counters were placed at flight 
paths of 3 m only for the backward angles where 
the neutron yield is negligible above 200 MeV, 
the y-ray backgrounds for the NE-102 detectors 
would be expected to be flat also; moreover, the 
higher pulse-height thresholds adopted for the 
NE-102 counters (see Sec. UIB below) would 
greatly reduce y-ray backgrounds for these detec¬ 
tors. 

B. Puhr.lwighl thrfvhuldi 

Before and after the experimental run, each 
counter was pulse-height calibrated with a series 
of radioactive gamma sources (viz., ‘^''Cs, '°Co, 
"Na, and *“Th); in addition, at least once every 
12 h during the experimental run, each of the 
counters was calibrated with a ‘^o gamma source. 
The Compton peak in the gamma-ray spectrum 
was used as the calibration point and was asso¬ 
ciated with an equivalent-electron energy (ee) of 
0.95 of the maximum Compton energy." To cal¬ 
ibrate the stretcher module and the analog-to- 
dlgital converter for large pulse heights, we used 
precision attenuators and a fast linear amplifier 
with a measured gain of 10.0 to amplify the anode 
signals produced In each of the neutron counters 
by a ”"Th gamma source (£,« 2.62 MeV). Since 
pulse-height information was recorded for each 
TOP event, the data were analyzed and compared 

at various pulse-heijfbt thresholds. 

YieJd spectra for the NE-lOB counters were 

cotnpared at several pulse-height thresholds 


ranging from 1.5 to 6.0 MeV ee. At a threahold 
of 1.5 MeV ee, spikes of room-scattered gammas 
were observed In the yield spectra. At a thres¬ 
hold of 3.0 MeV ee, the spikes were no longer 
present and the yields were consistent with the 
yields obtained at a 6.0-MeV ee threshold. Yield 
spectra were produced for the NE-213 counter 
over the threshold region from 0.3 MeV ee to 
O.B MeV ee. The analyses produced yield spec¬ 
tra which were the same for thresholds of 0.6 and 
0.8 MeV ee. Pulse-height analysis thresholds for 
the NE-102 counters were set at 3.0 MeV ee 
(=6.8-MeV proton energy'') and at 0.6 MeV ee 
(c2.0-MeV proton energy") for the NE-213 counter 
for the yields reported here. These thresholds 
provide the lowest-energy neutron spectra possible 
while remaining consistent with the neutron yields 
of the higher-threshold analyses. 


C. Energy moUiliiiiit 

For measurements of neutron energies by the 
TOF method, the fractional energy resolution a 7' 
T is given by the expression 

AT (2Mtr)(Af + r) ^^A<y^ 

with 

f-x/Sc . 


Here T is the neutron kinetic energy, Af is the 
neutron rest mass, Ax is the uncertainty in the 
neutron flight path x arising from the finite di¬ 
mensions of the counter, and n is the refractive 
index of the scintillator material. The effective 
thickness of the neutron counter Is reduced from 
the physical thickness Ax by the factor (1 -iiti). 

The finite thickness of the counter contributes to 
the energy resolution only because there exists 
a difference between the neutron speed and the 
speed of light in the scintillator. The time dis¬ 
persion Af was taken as the observed full width 
at half maximum (FWHM) of the prompt gamma 
peak in each neutron TOF spectrum. The observed 
width includes contributions from the beam tele¬ 
scope, the neutron counter, and the thickness ot 
the target. The observed (FWHM) time disper¬ 
sions were O.B ns for the 12.7-cm diam 10 . 2-0111 
thick detectors, 1.0 ns for the 12.7-cm diam 21.d' | 
cm thick detectors, 1.2 ns for the 22.9-cm diam 
20.3-cm thick detector, and 2.3 na for the 
counter. The poor resolution ot the NE-213 emnd" 
er was probably the result of the age of the NE -213 
scintillation liquid. The resolutions calculated 
from Eq. (1) were used to determine the widths 
of the energy bins for the yield spectra report®* 
in Sec. IV. 
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D. ComwnkHi to enotgy ipectn 

The prompt gamma peak in each spectrum pro¬ 
vided a reference point for calculating absolute 
neutron fligfht times. The background-subtracted 
TQF'spectra were converted to energy spectra 
with bin widths equal to integral and fractional 
multiples of the experimental energy resolution. 

The smallest bln widths revealed no rapidly vary¬ 
ing structure as a function of energy; consequent¬ 
ly, the spectra are presented at integral multiples 
of the experimental energy resolutions to increase 
the statistics in each bin. The NE-213 detector 
was binned at the experimental energy resolution. 
For the NE-102 counters at neutron energies be¬ 
low 50 MeV, the energy bins are twice the energy 
resolutions; at neutron energies above SO MeV, the 
multiple is two for the 30, 45, 60, and 90 deg 
spectra and three for the 0 and 6 deg spectra. To 
produce the absolute yields, each energy spec¬ 
trum was divided by the number of alphas inci¬ 
dent on the target, the calculated neutron detector 
efficiency, and the detector solid angle. The mean 
solid angle was calculated from the measured dis¬ 
tance from the center of the target to the center 
of the neutron counter. The solid angles varied 
from about 0.5 msr for a 12.7-cm diam counter 
at 5 m to 2.0 mar for the 5.1-cm diam counter at 
I m. 


E. Neutron detector efficiency calculations 

The neutron detection efficiency of each counter 
was calculated with the Monte Carlo code of Cecil 
el al.’ Calculations with this code provide good 
agreement with many experimental measurements 
of neutron detector efficiencies for neutron ener¬ 
gies from about ] to 300 MeV and for detector 
thresholds from about 0.1 to 22 MeV ee.’ The 
calculated efficiencies used for the different neu¬ 
tron counters of this experiment are plotted in 
Fig. 3. 


F. Cofiectloni 

The Uvstime was measured directly as the ratio 
of the actual number of events recorded by the 
computer data-acquisltlon system to the number 
of scaled neutron events detected by the neutron 
counters. The resultant deadtime correction was 
typically J to 3 percent. 

The number of alphas Incident on the target 
'"*8 measured as the number of beam-telescope 
coincidences. The incident beam rate was kept 
Wow 2 X io> particles per second to keep the cal- 
correction lor the occurrence of two or 
more beam lone per obeerved noicri^pulse below 



NiUTRON I IIEI 0 Y. TCMIV) 



NEUTRON INIROV. TtMRV) 

FIO. 3. Niutron dolector offlcloncleB calculated with 
the Monte Carlo eomputer code’) for fa) a 12.7 cm diam 
by 21,6 cm thick NE-102 counter and a 12.7 cm diam by 
10.2 cm thick NF.-102 counter both with threaholda set 
at 3 MeV equivalent-electron energy, and (b) for a 22.9 
cm diam liy 20.9 cm thick NE-102 counter and a 6.1 cm 
diam by 5.1 cm thick NE-213 counter with thrcsholda 
Bet at 3 and O.B MeV equivalent-electron energlra, re- 
apectlvely. The straight llnea connecting the calculated 
points Indicate Interpolations used In the data analysis. 


two percent. The correction C is 



I -/.(O) 


(2) 


where la the Poisson probability for the ob¬ 
servation of n particles in one micropulse with 
an average probability per micropulse of a. Note 
that the factor (n -1) in Eq. (2) corrects for mis¬ 
counting of alpha particles when the micropulse 
contains more than two alpha particles. The av¬ 
erage probability a is given by the 78 ns period 
between micropulses divided by the mean time be¬ 
tween alpha particles. The stochastic extractor 
in the cylcotron was adjusted to maximise the 
macroscopic duty cycle, which was greater than 
50 percent. Since the probability ot two or more 
alphas per micropulse was always less than 2%, 
the effect on the time resolution was Ignored. 
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TABLE m. Sole unoertalntiea. 


Source Percent uncertalntf 


Number of alphas 

2 


Efficiency 


S 


Background 


7 


Target: 

Steel/lead 

Carbon 

Water 

Solid-angle ‘ 

1(3) 

4(6) 

8(9) 

Total* 

9(9) 

10(11) 

11(13) 


‘Numbers In parentheses are for the NE-213 counter. 


a. Experimental uncertalntin 

The experimental uncertainties have been di¬ 
vided into two categories, those which scale an 
entire spectrum and those which are associated 
with a particular point or energy bin of the yield 
spectra and arc primarily statistical. The sta¬ 
tistical uncertainty is shown as a vertical error 
bar for each point of the reported yield spectra. 
The scale uncertainties are summarized in Table 
ni. The uncertainty in the number of alphas in¬ 
cident on the target is composed entirely of the 
estimated error in the calculated beam plleup of 
particles in the beam telescope. The uncertainty 
la the Monte Carlo calculation of the efficiencies 
Is estimated to be about 4 percent for a well-known 
thresholdAn uncertainty estimated to be about 
3 percent in the pulse-height threshold results in 
an additional uncertainty in the efficiencies of 
about 3 percent at neutron energies near thres¬ 
hold. A net uncertainty of 5 percent in the effi¬ 
ciency results from the quadrature sum of these 
two quantities. As a percentage of the total yield, 
the background decreases typically from about 
25 percent at a low energy (at twice threshold) to 
only about 2 percent at high energies. Since we 
estimate that the uncertainty in the background is 
about 25 percent, this uncertainty produces an 
uncertainty in the extracted yield that is typically 
less than 7 percent. The uncertainty in the solid 
angle is dominated by the uncertainty in the posi¬ 
tion of production of a neutron in the thick tar¬ 
gets. An upper bound on the uncertainty in the 
solid angle is equal to the difference in solid angle 
for a point at the extremity of the target and the 
solid angle for a point at the center of the target. 
One-half of this calculated upper bound on the un¬ 
certainty in the solid angle is taken as the esti¬ 
mated uncertainty in the solid angle. The resulting 
uncertainties in the solid angle for the steel/lead. 
carbon, and water targets are 1, 4, and 6 percent, 
respectively, for the high-energy (NE-102) mea¬ 
surements and 3, 6, and 9 percent, respectively, 
for the low-energy (NE-313) measurements. 


IV. YEILD SPECTRA 

The yield spectra are presented in Tables IV 
through VII. The differential nentron yields from 
710-MeV alphas measured with the NE-102 
counters are presented In Table TV starting at 
about 10 MeV and extending to the highest neutron 
energies observed. Differential neutron yields 
from 710-MeV alphas measured with the NE-213 
counter are presented in Tables V and VI starting 
at about 3 MeV and extending to about 50 MeV. 
The measured neutron yields from 640-MeV al¬ 
phas are presented in Table Vn. The statistical 
uncertainties in the data points are indicated fol¬ 
lowing each datum. The energy corresponding to 
each point is the mean energy of an energy bin 
whose width extends halfway to the nearest neigh¬ 
boring data points. 

The yields reported here Include neutrons pro¬ 
duced in the target by the interactions of primary 
neutrons and secondary charged particles. The 
effects of neutron scattering in the target are in¬ 
cluded also. An accurate separation of these ef¬ 
fects to reveal the primary neutron spectra would 
require a Monte Carlo simulation of the neutron 
and charged particle transport through the target. 
The consequences of these finite-target size ef¬ 
fects are estimated to be large only at low ener¬ 
gies and are not separated in the yields reported 
here. 

Some of the neutron spectra produced by 710- 
MeV incident alphas are plotted in Figs. 4 through 
8. These spectra are distinctly forward peaked 
with the lighter (carbon and water) targets (Figs. 

4 and 5) having a somewhat larger proportion of 
their yield in the forward direction than the 
heavier (steel and lead) targets (Figs. 6, 7, and 
8). For angles less than 30 deg, there is a sig¬ 
nificant yield of neutrons with energies greater 
than the 177 MeV per nucleon of the incident al¬ 
phas. The 0-deg spectra from carbon and water 
have a large bump In their neutron yield spectra 
at about 120 MeV. The 0-deg spectra from the 
steel and lead targets show a somewhat smaller 
bump In the neutron yield at about the same ener¬ 
gy. The 6, IS, and 30-deg spectra for all the tar¬ 
gets show progressively smaller bumps at some¬ 
what lower neutron energies. For angles larger 
than 30 deg, the yield spectra decrease uniformly 
with Increasing neutron energy and angle. Neutron 
yields lor energies down to about 3 MeV, mea¬ 
sured with the single NE-213 counter, are shown 
at 45 deg for cartioa, water, and steel targets 
and at 0, 45, and 90 deg tor the lead target. Be¬ 
cause the targets were placed at an angle to the 
Incoming alpha beam, the neutron attenuation was, 
In general, different for the NE-213 and NE-102 
detector measurements performed at the same 
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TABLE IV. Neutron yields trom 710-HeV slidiss stopping in oarboo, water, steel, and lead 
targets. 


Energy Neutron yield (NeutsAO* alphas MeV sr)'' 

(MeV) Carbon Water Steel lead 


0 deg 


10.0 

2260 

(8.6) 

2430 

(10.0) 

2470 

(16.0) 

3650 

(6.4) 

12.3 

2380 

(6.6) 

2150 

(8.6) 

2430 

(13.0) 

3340 

(4.9) 

16.0 

2480 

(6.5) 

1960 

(7.9) 

2670 

(11.0) 

2940 

(4.6) 

18.5 

2210 

(6.3) 

1860 

(7.2) 

2250 

(10.0) 

2640 

(4.4) 

22.8 

2780 

(4.1) 

2280 

(5.6) 

1840 

(10.0) 

2590 

(4.0) 

28.2 

2740 

(3.4) 

2360 

(4.4) 

1760 

(8.2) 

2030 

(3.7) 

35.2 

2860 

(2.8) 

2560 

(3.6) 

2050 

(6.3) 

2030 

(3.2) 

44.3 

3180 

(2.3) 

2930 

(2.8) 

2070 

(5.3) 

1020 

(2.8) 

56.5 

3920 

(1.8) 

3730 

(2.2) 

2380 

(4.3) 

1900 

(2.5) 

68.6 

4720 

(2.0) 

4780 

(2.4) 

2740 

(5.0) 

2070 

(2.9) 

79.8 

5740 

(1.7) 

6640 

(2.1) 

3150 

(4.3) 

2290 

(2.6) 

93.7 

6340 

(l.S) 

6500 

(1.8) 

3600 

(3.7) 

2430 

(2.3) 

111.0 

7190 

(1.3) 

7110 

(1.6) 

4130 

(3.2) 

2590 

(2.0) 

134.0 

6900 

(1.2) 

6640 

(1.4) 

3860 

(2.9) 

2370 

(1.9) 

166.0 

5260 

(1.2) 

4470 

(1.6) 

3000 

(2.9) 

1890 

(1.8) 

207.0 

2370 

(1.5) 

1930 

(2.0) 

1350 

(3.6) 

B65 

(2.3) 

268.0 

488 

(2.7) 

369 

(3.8) 

242 

(7.2) 

170 

(4.4) 

363.0 

40.2 

(7.9) 

29.5(12.0) 

15.3(27.0) 

14.7(13.0) 


S25.0 2.4(32.0) 


Sdeg 


10.0 

2610 

(7.9) 

3390 

(11.0) 

4850 

(5.0) 

12.3 

2460 

(6.6) 

2770 

(11.0) 

3450 

(5.0) 

16.0 

2470 

(S.B) 

2220 

(11.0) 

3210 

(4.5) 

18.5 

2510 

(6.0) 

2480 

(8.9) 

3030 

(4.1) 

22.8 

2890 

(4.1) 

2700 

(7.6) 

2660 

(4.0) 

28.2 

2620 

(3.5) 

1930 

(7.4) 

2250 

(3.5) 

35.2 

2790 

(2.9) 

1870 

(6.4) 

2040 

(3.2) 

44.3 

2940 

(2.4) 

2100 

(6.1) 

1930 

(2.7) 

56.5 

3300 

(2.0) 

2280 

(4.3) 

1910 

(2.4) 

68.6 

3820 

(2.3) 

2270 

(5.4) 

2020 

(2.9) 

79.8 

4300 

(2.0) 

2630 

(4.7) 

2020 

(2.7) 

93.7 

4450 

(1.8) 

2480 

(4.5) 

2110 

(2.5) 

111.0 

4470 

(1.7) 

2470 

(3.9) 

2080 

(2.3) 

134.0 

4190 

(1.6) 

2540 

(3.6) 

1780 

(2.2) 

1G5.0 

3080 

(1.6) 

1820 

(3.7) 

1350 

(2.2) 

207.0 

1560 

(1.9) 

902 

(4.5) 

637 

(2.7) 

26B.0 

406 

(3.0) 

244 

(7.1) 

165 

(4.4) 

363.0 

50.0 

(7.0) 

30.7(17.0) 

18 

(12.0) 


525.0 2.6(28.0) 


15 deg 


11.4 

2540 

(4.9) 

1720 

(7.4) 

2640 

(8.7) 

4240 

(3.5) 

14.6 

2550 

(3.9) 

1890 

(5.6) 

2610 

(7.4) 

3260 

(3.4) 

18.6 

2510 

(3.6) 

2140 

(4.6) 

2210 

(7.0) 

2520 

(3.5) 

23.6 

2680 

(3.0) 

2070 

(4.1) 

2100 

(6.4) 

2460 

(3.1) 

29.9 

2480 

(2.5) 

1980 

(3.3) 

1880 

(5.2) 

2010 

(2.8) 

37.8 

2450 

(2.2) 

1980 

(2.8) 

1870 

(4.6) 

1820 

(2.6) 

47.6 

2430 

(1.9) 

1990 

(2.6) 

1790 

(4.1) 

1690 

(2.2) 

56.7 

2590 

(2.3) 

.2050 

(3.1) 

1780 

(6.2) 

1640 

(2.8) 

64.3 

2660 

(2.2) 

2190 

(2.8) 

1040 

(4.7) 

1560 

(2.7) 

72.9 

2660 

(2.1) 

2170 

(2.8) 

1770 

(4.8) 

1500 

(2.7) 

83.0 

2480 

(2.1) 

2030 

(2.7) 

1660 

(4.7) 

1360 

(2.7) 

94.9 

2300 

(2.0) 

1870 

(2.6) 

1530 

(4.5) 

1200 

(2.6) 

109.0 

1960 

(2.0) 

1660 

(2.6) 

1330 

(4.5) 

1010 

(2.7) 

126.0 

1580 

(2.1) 

1340 

(2.0) 

088 

(4.8) 

861 

(2.7) 

147.0 

1050 

(2.3) 

925 

(2.9) 

732 

(6.1) 

558 

(3.0) 
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TABLE IV. (ConUmudJ 


Energy Neutron yield <Nout»AO* nlpbas MeV er) * 

<MeV) Carbon Water Steel Lead 


IS dag 


172.0 

678 

(2.9) 

618 

(3.6) 

378 

(6.6) 

317 

(3.7) 

205.0 

271 

(3.7) 

236 

(4.6) 

146 

(9.3) 

133 

(6.2) 

249.0 

91.9 (5.6) 

78.3 (7.2) 

60.6(14.0) 

48.4 (8.1) 

309.0 

11.4 

16.3(12.0) 

2180 (5.6) 

14.3(16.0) 

30 deg 
1860 (7.5) 

3020 

(8.2) 

5.1(30.0) 

4330 (3.6) 

14.6 

2260 

(4.3) 

1560 

(6.7) 

2410 

(7.7) 

2840 

(3.9) 

1H.6 

2100 

(4.0) 

1660 

(5.8) 

2260 

(7.1) 

2320 

(3.9) 

23.6 

2130 

(3.6) 

1690 

(4.8) 

1670 

(7.5) 

2150 

(3.6) 

29.9 

1790 

(3.0) 

1370 

(4.2) 

1510 

(6.2) 

1790 

(3.0) 

37.8 

1590 

(2.7) 

1380 

(3.5) 

1230 

(5.9) 

1360 

(3.0) 

47.6 

1520 

(2.4) 

1230 

(3.3) 

1200 

(4.9) 

1220 

(2.7) 

66.7 

1440 

(3.2) 

1250 

(4.0) 

1050 

(6.9) 

1040 

(3.7) 

64.3 

1480 

(3.0) 

1210 

(3.9) 

985 

(6.8) 

1000 

(3.6) 

72.9 

1340 

(3.0) 

1270 

(3.7) 

891 

(6.9) 

938 

(3.5) 

83.0 

1180 

(3.0) 

1120 

(3.7) 

710 

(7.3) 

767 

(3.6) 

94.9 

911 

(3.3) 

832 

(4.0) 

615 

(7.3) 

B3B 

(3.7) 

100.0 

620 

(3.7) 

589 

(4.S) 

421 

(8.3) 

413 

(4.4) 

126.0 

425 

(4.1) 

366 

(5.1) 

279 

(9.5) 

272 

(6.0) 

147.0 

272 

(4.7) 

236 

(6.0) 

184 

(11.0) 

143 

(6.6) 

172.0 

133 

(6.2) 

126 

(7.6) 

104 

(13.0) 

87.1 

(7.8) 

206.0 

66.3 

(8.8) 

60.1(11.0) 

38.2(21.0) 

33.8(12.0) 

249.0 

11.1 

19.2(14.0) 

16S0 (3.3) 

14.8(21.0) 

45 deg 
1370 (4.7) 

2260 

(5.1) 

3270 

(2.3) 

14.1 

1410 

(3.0) 

1290 

(3.9) 

1590 

(5.2) 

2320 

(2.4) 

17.9 

1.380 

(2.7) 

1250 

(3.5) 

1410 

(5.0) 

1720 

(2.6) 

22,7 

1270 

(2.5) 

1200 

(3.1) 

1280 

(4.7) 

1530 

(2.4) 

2H.6 

1080 

(2.2) 

1020 

(2.7) 

1000 

(4.3) 

1210 

(2.2) 

36.2 

893 

(2.1) 

875 

(2.6) 

842 

(4.0) 

944 

(2.1) 

45.9 

791 

(1.9) 

780 

(2.3) 

696 

(3.8) 

712 

(2.1) 

54.9 

683 

(2.6) 

682 

(3.0) 

549 

(6.4) 

568 

(2.9) 

62.7 

582 

(2.7) 

586 

(3.1) 

573 

(6.0) 

516 

(2.9) 

71.H 

510 

(2.7) 

485 

(3.2) 

460 

(5.3) 

411 

(3.0) 

82.8 

426 

(2.7) 

401 

(3.3) 

326 

(6.0) 

335 

(3.2) 

96.2 

327 

(2.9) 

299 

(3.6) 

276 

(6.0) 

255 

(3.4) 

113.0 

219 

(3.3) 

210 

(4.0) 

162 

(7.4) 

154 

(4.1) 

133.0 

131 

(3.9) 

126 

(4.7) 

99.S 

i (8.7) 

88.9 

(6.1) 

159.0 

59.8 

(5.3) 

62.4 

(6.8) 

40.0(13.0) 

36.1 

(8.0) 

194.0 

22.3 

(7.9) 

21.0(10.0) 

17.3(19.0) 

12.5(14.0) 

239.0 

10.5 

6.1(15.0) 

908 (8.2) 

5.6(20.0) 

60 deg 

819 (8.9) 

1380 

(6.6) 

1930 

(4.9) 

13.0 

765 

(7.4) 

799 

(7.2) 

1230 

(5.6) 

1300 

(6.1) 

1B.2 

777 

(6.6) 

702 

(6.8) 

888 

(6.1) 

999 

(6.3) 

20,3 

699 

(6.2) 

690 

(6.2) 

797 

(5.9) 

789 

(6.5) 

25.5 

584 

(5.9) 

617 

(5.6) 

BOB 

(6.0) 

590 

(5.6) 

32.3 

640 

(5.0) 

560 

(4.8) 

SIB 

(6.2) 

463 

(5.0) 

41,3 

402 

(4.7) 

421 

(4.5) 

376 

(6.0) 

346 

(4.7) 

S3.5 

319 

(4.7) 

311 

(4.6) 

298 

(6.0) 

265 

(4.8) 

65.6 

261 

(6.6) 

213 

(6.9) 

226 

(7.0) 

168 

(7.6) 

77.2 

220 

(6.6) 

174 

(7.3) 

177 

(7.5) 

130 

(8.3) 

91.7 

146 

(7.3) 

107 

(8.5) 

112 

(8.6) 

80.8(10,0) 

110.0 

68.7(10.0) 

74.4 

(9.4) 

89.8(11.0) 

68.6(11.0) 

136.0 

37.4(12.0) 

34.0(13.0) 

28.6(14.0) 

15.9(25.0) 
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TABLE IV. (CoMUmad^ 


Energy 

(MoV) 

Carbon 

Neutron yield <Neute/l0* 
Water 

alphas Me Vsr) * 
Steel 

Lead 

169.0 

217.0 

19.2(15.0) 

4.2(31.0) 

60 deg 

13.1(19.0) 

90 deg 

11.8(21.0) 


13.2 

574 (3.9) 

550 (3.7) 

964 (3.8) 

1160 (2.2) 

17.8 

417 (4.0) 

366 (4.1) 

579 (4.6) 

640 (2.7) 

23.8 

377 (3.7) 

307 (3.9) 

496 (4.4) 

458 (2.8) 

31.R 

250 (3.6) 

168 (4.2) 

319 (4.3) 

262 (2.9) 

<42.3 

143 (3.8) 

110 (4.3) 

173 (4.9) 

155 (3.2) 

56.2 

86.6 (4.4) 

56.9 (5.4) 

111 (5.6) 

87.4 (3.9) 

69.4 

47.0 (7.7) 

34.7 (9.0) 

56.8(10.0) 

49.1 (7.1) 

81.6 

25.6 (9.8) 

20.6(11.0) 

39.8(12.0) 

30.6 (8.7) 

96.7 

12.9(14.0) 

13.5(13.0) 

29.9(13.0) 

17.0(12.0) 

115.0 

139.0 

6.9(18.0) 

6.0(20.0) 

120 deg 

11.9(21.0) 

4.7(33.0) 

9.4(17.0) 

13.2 

393 (4.7) 

330 (4.8) 

792 (3.0) 

1190 (2.1) 

17.8 

283 (4.9) 

234 (5.0) 

420 (3.7) 

622 (2.7) 

23.8 

182 (5.5) 

150 (5.5) 

290 (4.0) 

330 (3.4) 

31.8 

91.1 (6.1i 

68.8 (6.6) 

148 (4.4) 

173 (3.7) 

42.3 

39.6 (8.0) 

32.7 (8.1) 

72.8 (6.3) 

74.6 (5.1) 

56.2 

15.3(12.0) 

11.6(13.0) 

28.2 (7.9) 

33.5 (7.6) 

60.4 

81.6 

11.0(18.0) 

6.0(25.0) 

160 deg 

12.9(16.0) 

6.9(21.0) 

13.1(19.0) 

10.2(20.0) 

12.8 

347 (2.7) 

222 (3..3) 

648 (1.9) 

1080 (1.2) 

17.1 

218 (3.0) 

148 (3.5) 

348 (2.3) 

483 (l.K) 

22.8 

133 (3.6) 

81.3 (4.4) 

192 (2.9) 

255 (2.3) 

30.4 

55.7 (4.4) 

38.5 (5.2) 

83.8 (3.6) 

108 (3.1) 

40.7 

21.7 (6.1) 

15.0 (7.4) 

31.8 (5.1) 

40.9 (4.7) 

64.7 

68.7 

7.6(10.0) 

6.0(11.0) 

9.4 (9.6) 

12.(K10.0) 

4.0<30.0) 


* Peroont uncertainties (In parentheses) are staUstloal only. The yields include neutrons 
produced by the Interactions of primary neutrons and secondary charged particles as well 
aa the effects of neutron scattering in the thick targets (see text). 


angles, but on the apposite sides of the beam line. 
For purposes of comparison the NE-213 spectra 
were adjusted to have the same neutron attenua¬ 
tion in the target ae the corresponding NE-102 
spectra. This adjustment vas approoclmated using 
the inelastic neutron cross sections for each tar- 
get.'>* The reported yields increase at the lower 
energies for all of the targets but most rapidly 
lor the lead target; in addition, the angular dis¬ 
tribution of low-energy neutrons becomes almost 
isotropic lor the lead target. 

The basic characteristics of the spectra are con¬ 
sistent with the simple Idea that the high-energy 
iieutrona are produced primarily by direct-reac¬ 
tion processes and the low-energy neutrons by 
evaporation processes. For the light targets, the 


direct-reaction products are more iikely to escape 
the nucleus without being absorbed to form com- 
pmind nuclei. Thus, the carbon and water spec¬ 
tra at the most forward angles show pronounced 
peaks somewhat below the kinetic energy per nu¬ 
cleon. For the heavier targets of steel and lead, 
this high-energy peak is suppressed. 

Neutron spectra measured at angles of 0, 45,90, 
and 150 deg from 640-MeV alphas stopping in a 
lead target are presented in Fig. 9. These spectra 
are similar to the 710-MeV spectra except that 
they are reduced in magnitude. The spectra are 
forward peaked and there is a bump in the aero- 
degree spectrum at about 120 MeV. The yields 
for angles of 90 deg and larger decrease uniformly 
with increasing neutron energy. 
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TABLE V. Neutron yields at low energies from 710- 
MeV alphas stoniing in a lead target. * 


Energy 

Neutron yield (Neuts/lO* alpluu MeVsr) 

(MeV) 

0 deg 

90 deg 

136 deg 

3.39 

31 600(2.6) 

IT 800(3.2) 

19000 

(2.7) 

3.91 

23 500(2.6) 

13400(3.2) 

15100 

(2.6) 

4.52 

17 600(2.7) 

9100(3.4) 

11300 

(2.7) 

5.27 

13 500(3.8) 

6 670(3.6) 

6120 

(2.8) 

6.18 

10200(3.0) 

4 880(3.9) 

6 780 

(3.1) 

7.32 

7 900(3.1) 

3 590(4.1) 

4030 

(3.4) 

8.79 

5 760(3.7) 

2 490(4.6) 

2 920 

(3.7) 

lo.e 

4 230(3.8) 

1 670(5.2) 

1870 

(4.3) 

13.1 

3470(3.8) 

1180(5.8) 

1210 

(6.1) 

16.3 

2 510(3.8) 

772(6.1) 

709 

(5.7) 

20.9 

2 080(3.3) 

491(6.4) 

399 

(6.4) 

27.3 

1 700(3.2) 

298(7.2) 

206 

(8.0) 

37.1 

1690(2.7) 

230(7.2) 

136 

(8.8) 

S2.9 

1 690(2..3) 

141(8.2) 

80.1(10.0) 


* See Table VI for yields at 45 deg. Percent uncertain¬ 
ties lln parenthesesl are statistical only. The yields 
Include neutrcns produced by the Interactions of primary 
neutrons and secondary charged particles as well as the 
effects of neutron scattering In the thick targets (see 
text). 

V. COMPARISON WfTH INTRANUCLEAR-CASCADE- 
MODEL CALCULATIONS 

The neutron spectra from alpha bombardment 
of a stopping oxygen target were calculated using 
an intranuclear-cascade and evaporation model' 
of the nucleon interactions. The calculation was 
performed as a series of thin-target calculations 
which were then summed to obtain the neutron 
yields from alphas stopping in the thick target. 


The neutron yields from a water target are shown 
compared with these calculations In Fig. 5. The 
calculations are for a range of angles centered 
about the angle of the experimental measurement. 
There Is good agreement between the calculations 
and the measured spectra at the forward angles. 
The 0- to 10-deg calculation falle midway between 
the measured 0- and 15-deg spectra. The agree¬ 
ment of the 30- to 60-deg calculation with the 4S- 
deg measurement is excellent. The spectra mea¬ 
sured at 90 and 120 deg have different shapes from 
the calculated spectra. The 90-deg calculations 
are significantly less than the measured yields. 

The prominent bumps seen in the neutron spec¬ 
tra at forward angles nsar 120 MeV are apparently 
the result of peripheral reactions (with large im¬ 
pact parameters) between the projectile and tar¬ 
get nuclei. These reactions often result in quasi- 
free elastic scattering of the target and projectile 
nucleons. The Intranuclear-cascade calculations 
for a thin target show quasi-free elastic scatter¬ 
ing peaks at the incident beam energy per nucleon 
minus the nuclear binding energy of a neutron. 

For a stopping target, the production contributions 
of several thin targets are added together at in¬ 
creasingly lower energies. The resultant quasi- 
free bump appears at about 120 MeV, in good 
agreement with the measured spectra. 

The high-energy tails of the small-angle neutron 
spectra extend to nearly twice the energy per nu¬ 
cleon of the Incident alphas. The magnitude of 
the high-energy tails of the 0- and O-deg spectra 
are nearly the same. These characteristics of 
the measured spectra at high energies are consis- 


I'ADLE VI. Low-enorgy neutron yields at 45' from 710-MeV alphas stopping in carbon, 
wnter, steel, and lead targets. 


Enerio' Neutron yield (Neuts/lO’alphas MeV sr) * 


(MeV) 

Carbon 

Water 

Steel 

Lead 

3.39 

3040(7.0) 

2420(7.9) 

10100(4.6) 

35 900(2.2) 

3.91 

2960(6.0) 

2320(6.7) 

7200(4.7) 

26 900(2.2) 

4.62 

3120(5.0) 

2060(6.3) 

5 930(4.6) 

21100(2.2) 

5.27 

2370(5.2) 

1880(5.8) 

4600(4.7) 

15600(2.4) 

6.18 

2040(5.2) 

1630(5.8) 

4 040(4.5) 

11 700(2.5) 

7.32 

1810(5.0) 

1400(5.6) 

3 000(4.8) 

8 610(2.7) 

R.79 

1440(5.2) 

1180(5.6) 

2490(4.9) 

5 900(3.0) 

10.60 

1410(4.8) 

1230(6.0) 

2 060(5.0) 

4 670(3.1) 

13.10 

1440(4.4) 

1400(4.3) 

1 620(5.2) 

3350(3.4) 

16.30 

1220(4.0) 

1160(4.0) 

1230(6.0) 

2400(3.4) 

20.00 

974(3.7) 

959(3.6) 

1000(4.5) 

1620(3.4) 

27.30 

866(3.4) 

858(3.3) 

760(4.6) 

1240(3.4) 

37.10 

760(3.2) 

792(3.0) 

694(4.0) 

1090(3.2) 

52.90 

681(3.0) 

658(3.0) 

601(3.8) 

802(3.3) 


' Percent unoertalnaes (In parentlieeei) are statlatloal ooly. The yields Include neutrons 
produced by the interaotloits of primary neutrons and secondary charged psirtloles as well as 
the effects of neutron scattering In the thldt targets (see text). 
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TABLE VIL Neutron yields from 640- MeV alphas stopping in a lead target. 


Bnergy 

(MeV) 

Neutron yield * 

(Neute/lO* nlphae MeVsr) 

Energy 

(MeV) 

Neutron yield ^ 

(Neuta/10* alphas MeV er) 


0 deg 


45 deg 

10.0 

3 630 

(9.4) 

27.30 

655 (5.6) 

12.3 

3500 

(8.0) 

37.10 

505 (5.5) 

15.0 

2 390 

(8.8) 

52.90 

390 (6.6) 

18.5 

1910 

(9.1) 



22.8 

1900 

(8.3) 


90 deg 

28.2 

1900 

(6.7) 

13.2 

681 (5.2) 

35.2 

1520 

(6.4) 

17.8 

381 (5.7) 

44.3 

1540 

(6.4) 

23.8 

257 (6.2) 

56.6 

1530 

(4.8) 

31.8 

141 (6.5) 

68.6 

1530 

(6.0) 

42.3 

94.4 (6.6) 

79.8 

1810 

(6.1) 

56.2 

46.7 (8.6) 

93.7 

1830 

(4.7) 

69.4 

29.5(14.0) 

111.0 

1 770 

(4.3) 

81.6 

10.0(16.0) 

134.0 

1620 

(4.0) 



16S.0 

1040 

(4.4) 


120 deg 

207.0 

332 

(6.7) 

13.2 

953 (3.9) 

268.0 

62.1(13.0) ! 

17.8 

560 (4.5) 



1 

23.6 

273 (B.O) 


45 deg 1 

31.8 

141 (6.5) 

3.39 

18 600 

(3.7) 

42.3 

61.7 (9.5) 

3.91 

12 600 

(3.8) 

56.2 

21.7(14.0) 

4.52 

10 000 

(3.8) 

69.4 

10.3(28.0) 

5.27 

7 270 

(4.1) 



6.18 

5 260 

(4.4) 


luO deg 

7.32 

4 210 

(4.4) 

12.8 

906 (2.2) 

8.79 

2 880 

(5.0) 

17.1 

416 (3.0) 

10.60 

2180 

(5.3) 

22.8 

200 (4.2) 

13.10 

1620 

(6.7) 

30.4 

87.5 (6.1) 

16.30 

1080 

(8.0) 

40.7 

24.6 (9.2) 

20.90 

857 

(5.6) 

54.7 

8.2(17.0) 


* Percent uncertainties (In parentheses) are statlBUcal only. The yields Include neutrons produced by the Interactions 
of primary neutrons "od secondary charged particles as well as the effeote of neutron scattering in the thick targets 
(see text). 


lent with the production mechanism proposed by 
Bertini'° in which a free nucleon from the disso¬ 
ciated incident ion interacts with the tangential 
component of the fermi momentum of a nucleon 
in the target. 

Calculations based on classical equations of 
niotlon*’ suggest that central collisions (with small 
impact parameters) of heavy ions with nuclei re¬ 
mit in an isotropic distribution in the center-of- 
mass system of the emitted particles. Much of 
the initial kinetic energy of the heavy ion is dis¬ 
sipated in the prolific production of particles. 

effect is observed in the measured neutron 
spectra which become more nearly isotropic at 


low energies. 

In Table Vin, we list the total Integrated neutron 
yield above 10 MeV lor each of the targets. There 
are about 0.5 neutrons above 10 MeV per incident 
alpha, relatively independent of the target nu¬ 
cleus, The flux in the backward hemisphere in¬ 
creases as the atomic number of the target in¬ 
creases and is only 10 to 20 percent of the total 
flux. The NE-21S measurements on lead at ang¬ 
les of 0, 45, 90, and 135 deg were used in conjunc¬ 
tion with the NE-103 measurements to obtain the 
angle-integrated neutron yields above 3.0, S.O, 
10.0, 20.0, and 50.0 HeV. These data are shown 
in Fig. 10 and are well represented by the simple 
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1 10 100 1000 

NEUTRON ENERGY. TCMeV) 

EIG. 4. Ni-ulron yield sjjectra at laboratory anglra of 
Ot ISi 4S, 110. and ISO dc^ from 710-McV alphas stop¬ 
ping In a carbon tnrK<'l. The data shown as solid circles 
arc from the NK’-2l.‘l detector. 


power law 

y'l>7’(MeV)H2.35r-‘-“\ (3) 

The total yield of neutrons above 3.0 MeV for the 
lead target is about 1.2 neutrons per Incident 
alpha. 

VI. SUMMARY 

We measured neutron angular and energy distri¬ 
butions produced by 710-MeV alphas sitting in 
targets of water, carbtm, steel, and lead, and 
640-MeV alphas stopping in a lead target. Mea¬ 
surements are presented for neutron energies as 
low as 3 MeV and up to about 300 MeV. The neu¬ 
tron angular distributions are forward peaked with 
a broad bump at about 120 MeV in the 0- and 6- 
deg spectra. Also the 0- and 6-deg neutron spec¬ 
tra have significant yields of neutrons above the 
kinetic energy per nucleon of the incident alpha 
beam. The 640-MeV spectra are similar to the 
710-MeV spectra but the 640-MeV yields are re¬ 
duced in magnitude by about 20 percent. The 
largest source of uncertainty in these measure- 



1 10 100 1000 
NEUTRON ENERGY, TCMeV) 


FIG. 5. Neutron yield spectra at laboratory angles of 
0, 15, 45, 90, and 120 deg from 710-MeV alphas stop¬ 
ping in a water target compared with Monte Carlo Intra- 
nuclear-cascade calculations for alphas interacting In 
an oxygen target. The four calculations shown as the 
solid lines arc averaged over the angular ranges 0-10. 
30-BO, 80—110, and 110-130 deg, respectively. The 
data represented by solid circles are from the NE-213 
counter. 


menu is associated with the contribution of room- 
scattered neutrons to the subtracted backgrounds. 
The overall uncertainty in the absolute normal¬ 
ization of these data Is estimated to vary from 
about 6 to 13 percent. The statistical uncertainty 
of the data is typically 5 percent. 

These measuremenU are Important for the de¬ 
sign of beam dumps and shielding for medium- 
energy heavy-ion accelerators. The neutron spec¬ 
tra from alphas stopping in carbon and water tar¬ 
gets are of interest also for estimating neutron 
background doses in heavy-ion cancer radiother¬ 
apy. The calculations of an intranuclear-cascade 
model for an oxygen target are consistent with the 
measurements for the water target at forward 
angles but are afways smaller than the measured 
yields at backward angles. 
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PIG. 6. Neutron yield spectra al laboratory anKlea of 
0, 15. 45, 90. and ISO dog from 710-McV alphas stop' 
ping In a atecl target. The data shown as solid circles 
arc from the NE-213 counter. 
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FIG. d. Neutron yield spectra ai laboratory angles of 
15. 45. and 150 deg from 710>MeV alphas stopping in a 
lead target. The data shown as circles are from the 
NE-2J3 counter. 
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f. rteutron yield spectra at laboratory angles ot 
0 and 90 dag {rom 710-MeV al{diaa stopping In a lead 

Tfae data abomt a. aquarea and olrolea are from 
the NE-213 ooonter. 


FIG. 9. Neutron yield apectra at laboratory u^es of 
0, 46, 90, and ISO deg from 640'MeV alphaa stopping 
in a lead target. The data shown as oirclea are from the 
NE-213 counter. 
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1 10 100 
NEUTRON ENERGY. T(MeV] 


FIG. 10. Thf anRU'-lnttttralcd neutron ylHda above a 
Rlvun enerKy from 710 MeV alphas slopplnR In a lead 
tnrKcl. 


TABLE Vin. Neutrons above 10 MeV per 100 alphas. 


Target 

Total 

Forward 
(0 < 0 < 90) 

Backward 

(90<S<180) 

Water 

52 

48 

4 

Carbon 

58 

54 

4 

Steel 

51 

44 

7 

Lead 

61 

43 

e 
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DUTerential cron lectioiu have been meatured over a wide range of angles for the well resolved and/or 
strongly excited peaks in the inelastic proton spectre from *Ca, "Ca, and **Fe targets. Inelastic analyzing 
powers were also measured for the ’*Pe transitions Microscopic distorted-wave impulse approsimation 
analyses of the 2^ transitiona in '“Ci and ’*Fe yield values for the ratio 8(iV2)/8(£2). Collective-model 
distorted-wave Boro-appraximation calculations for the bigh-spin levels at 8.85 and 9.24 MeV in *°Ca 
suggest spin and parity assignments of 6* and S', respectively. 

[ NUCLEAR REACTIONS “'**Ca, “Fe(Jt,p'); meanured alt), A(»)i deduced optl 
cal-toodel parameters, BiN2), UWBA analysis. 


I. INTRODUCTION 

One d the primary reaeone for extending pro- 
n-nucleus scattering measurements to inter* 
edlate energies is the hope that unambiguous 
formation about nuclear wave functions can be 
duced from the data. Theoretical descriptions 
Intermediate-energy proton-nucleus scattering 
'e much simpler than their low-energy counter- 
irts.‘ In particular, the effective nucleon-nu- 
eon IN-N) interaction more closely resembles 
e free N-N interaction as the projectile energy 
raised.* 

Although proton-nucleus elastic scattering at 
termediate energies has been extensively stud- 
d for the purpose of extracting ground-state neu- 
on density distributions,*'* this technique has 
ddom been applied to the study of neutron tran- 
tion densities via Inelastic scattering. The fact 
hi proton inelastic scattering is sensitive to the 
■ape d the nuclear transition density will be 
■monstrated from the analysis of new 800-MeV 
',/>') data. Angular distributions for a variety 
transitions in "Ca, “Ca, and ‘*Fe have been 
easured and theoretical analyses based on the 
storted-wave Bom approztmation (DWBA) have 
■en performed. While most of these data are 
ell reproduced by calculations which assume a 
■Uective-model form factor, some transltloas 


require a more microscopic treatment of the tran¬ 
sition density. 

11. EXPERIMENTAL PROCEDURE 

Data were obtained using the high resolution 
spectrometer at the Clinton P. Anderson Meson 
Physics Facility. The beam energy, 800^2 MeV, 
was determined by measuring the kinematic ener¬ 
gy difference resulting from elastic scattering 
from *°Ca and ”0 targets. Differential cross 
sections and analyzing powers (**Fe only) were 
measured out to a maximum momentum transfer 
If of 3.4 fm''. During the analyzing power mea¬ 
surements the transverse beam polarization P 
was continuously monitored by measuring the 

analyzing power, using a thin CH, target 
located upstream from the scattering chamber. 

The average value for P was 76£. 

Measurements were performed at laboratory 
scattering angles from 4° to about 24*. These 
data were sorted into 0.5* scattering angle bins 
(three bins per spectrometer setting) by off-line 
analysis. The relative uncertainty in the scatter¬ 
ing angle points is estimated at ±0.015°. The ab¬ 
solute scattering angle was determined by normal¬ 
izing to published ”C(p,p) data,* resulting in an 
absolute uncertainty of ±0.07*. 

Excitation energies up to at least 15 MeV were 
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FIG. 1. Inelastic proton spectra from *'’Ca(|i,/>'I at 
laboratory gcatterlag ancles of 8° (a) and 13.5* (b). The 
energy scale la approximately 10 koV per channel and 
the excitation energies of some of the strong peaks are 
given In keV. 

meaaured in all three targets. Sample spectra 
are shown In Figs. 1 and 2. Typical energy reso¬ 
lutions for these measurements were 105, 130, and 
140 keV lull width at hall maximum (FWHM) lor 
"Ca, **Ca, and “Fe, respectively. Fixed line- 
shape peak luting programs were used to extract 
peak areas lor excitation energies up to 12.5, 9,0, 
and 6.5 MeV In these respective nuclei. Angular 
distributions will be presented lor those peaks 
that are dominated by a single state, plus the 5.26 
and 6.92 MeV doublets In '”Ca. Cross sections 



no. 2. Inelaatlc proton spectrum from **Fe(p,p't at 
8* Qaboratoiy). This spectrum is composed of the sum 
of both beam polarixadons, with scattering angle bln 
<* l.S*. The energy scale Is approximately 10 keV per 
channel and the excltitlan energies of some of the atrong 
peaks are given in keV. 


lor these transitions were measured relative to 
the count rates in two plastic-scintillator monitor 
telescopes which viewed the target at scattering 
angles of plus and minus 80*. These cross sec¬ 
tions were normalized absolutely to the elastic 
cross sections of Refs. 6 and 7 at laboratory scat¬ 
tering angles •^8*, with relative uncertainties of 
about ±4% in each ease. Adding these errors in 
quadrature with the ten percent uncertainties 
present in the published elastic scattering data”''' 
yields absolute cross section uncertainties of 
*12% lor “Ca and ±11% lor “Ca and ^Fe. 

Excitation energies lor high-lying levels were 
determined relative to several well known levels 
In the same nucleus.*'''’ These calibration levels 
are Indicated by parentheses in Table I. 

Targets of isotoplcally enriched *‘’Ca (^9,9%), 
"Ca (94.5%), and “Fe (97.6%) were used tor the 
present measurements. Target thicknesses were 
48, 101, and 97 mg/cm*, respectively. A 5.3% 
"Ca contamination In the "Ca target was the only 
noteworthy contaminant In any of the targets. 
Substantial contributions from the Sj excitation In 
"Ca were subtracted Irom the "Ca 2,* data. 

III. DATA AND COLLECTIVE MODEL DWBA ANALYSIS 

Figures 3-8 show the differential cross sec¬ 
tions and analyzing powers measured In this ex¬ 
periment. One interesting feature of these data 
is the variety of shapes exhibited in the angular 
distributions lor transitions having the same or¬ 
bital angular momentum transfer, L, The best 
examples are the 3' transitions in "Ca and the 
2* transitions In "Fe. This variety Is not exhibited 
In the "Ca (a, a') data of Rutledge and Hlebert,'' 
probably because the alpha particle is more 
strongly absorbed than an 800-MeV proton. 

The solid curves in Figs. 3 through 8 are the 
resulta oi collective-model DWBA calculations in 
which the form factors are proportional to the de¬ 
rivative of the elastic scattering optical potentials. 
The parameters of these phenomenological optical 
potentials, given In Table H, were fitted to the 
elastic differential cross section and polarization 
data of Refs. 6 and 7. The elastic and inelastic 
analyses used relativistic kinematics," and the 
deformed spin-orbit amplitude was Included in the 
DWBA using the full Thomas form." %)in-orbit 
and central deformation parameters were set 
equal to one another. The Importance of the spin- 
orbit amplitude for 800-MeV protons has been pm- 
viously empbaslsed,''’’'* Program constraints 
limited the number of partial waves used in the 
DWBA calculations to 50. Because of thts limit* 
atlon, only the results for scattering angles less 
than 20* were deemed accurate. This limit was 
determined by calculations with a different pro- 
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TABLE L Deformation leoRtfaa from ooUectlve-model OWBA analyses. 


Nucleus 

J' 

(keV) 

S.<‘ 

flteV) 

(bn) 

(bn) 

‘"Ca 

0 * 

3362 

(3352) 




3- 

3737 

(3737) 

1.39 

1.32 


2 * 

3904 

3915 1 12 

0.52 

0.43 


5- 

4491 

(4491) 

0.76 

0.80 


0 * 

5213 





a* 

6249) 



0.12 




5259 It 10 




4* 

5279/ 



0.13 


4' 

5614 





2 * 

5630 

5031 k 5 

0.15 



1 - 

5903 

5908 113 




2 - 

6026 





3* 

6029 





3- 

6265 

(6285) 

0.38 

0.40 


4* 

6508 



0.17 


4* 

6543 





3- 

6583 

6581 k 10 

0.34 

0.32 


2 - 

6751 

6700 t 42 




2 * 

6009. 


0.49 

0.45 



6927/ 





( 8 *) 

6930> 

6918 * 20 





6938i 





1 - 

6951^ 





4* 

8373 

8363 i 13 

0.3B 

0.33 


( 6 - 8 )* 

8851 

8851* 9 

6g=0.28 

67 := 0.09 


( 6 - 8 )- 

9237 

9244 1 9 

65 *^ 0.23 

67 = 0.06 

*'ca 

2* 

3832 

(3832) 

0.64 

0.70 


0* 

4284 





(4*) 

4503 





3- 

4507 

4518 1 20 

0.87 

0.81 


3- 

5370 

5376 t 25 

0.41 

0.46 


0* 

5461 





5- 

5729 

(6729) 

0.38 

0.46 

“Fe 

2* 

1408 

(1408) 

0.86 

0.75 


4* 

2538 

(2538) 

0.36 



0* 

2561 





6* 

2950 





2* 

2959 

(2959) 


0.67 


2* 

3166 

(3166) 




4* 

3295 





3 

3345 





4* 

3634 

3846 115 

0.43 



(4*) 

4033 





4* 

4047 





3 

4072 





4* 

4263 

4279 119 

0.35 



(0) 

4292 





2* 

45781 

4553 1 36 

0.26 



(2*) 

4655/ 





3- 

4780 

4782 112 

0.47 

0.54 


3- 

6335 

6355* 14 

0.63 

0.67 


‘Excitation energies and •I' values from Refs. 8, 9, and 10. 

‘Present work. For the 800-MeV analysis "St 
°8ee Beta. 11, 12, and 13. 

‘Add these numbers In quadruture for ounparison with the value on the right. 
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FIC3. 3. Angular dlatrlbutloDS for rxcttations In *“Ca. Solid llnoa arc the reauUs of collecttve-model DWBA calcula- 
Uona with Inlloated for each caac. The remaining curves (described In the text) arc the results of mlcroacoplc 
DWIA calculations. 


grain which allowed more partial waves to be in¬ 
cluded but did not have provisions for a spin-orbit 
transition operator. 

The OWBA results, including deformation para¬ 
meters measured rate/calculated rate), are 
given in Figs. 3 through 8. Very good agreement 
was obtained between the shapes of the DWBA pre¬ 
dictions and the measured angular distributions 
for most transitions. Table I summarizes the 
present results and compares them with the low-en¬ 
ergy proton results of Refs .11-13. The deformation 
length was chosen as the most un¬ 

ambiguous parameter lor comparison. For the 
present analysis »r, A*". This comparison 

reveals that the results of the 800-MeV analysis 
are in good agreement with moat of the low-energy 
work. It should be mentioned that considerable 
variation exists In the published deformation 
lengths for the '^Fe transitions."' Our results 
show batter agreement with the resuBs of Fricke 


and co-workers'’ than with those (rf some other 
authors (see the compilation In Ref. 10). 

More interesting than this general confirmation 
of the distorted-wave method are those exceptional 
cases in which the DWBA fails to reproduce the 
data. The best examples are the J\=2l, 4f, 3j, 
and 3; transitions In '“’Ca, with excitation miergies 
of 3.B1, 5.26, 8.28, and 6.58 MeV, respectively. 
The failure in the case of the 2^ state manifests 
itself In predicted cross sections that are too 
oscillatory at large angles. Note also that the 
present deformation length Is considerably larger 
than the value deduced by Gruhn et al,“ Based 
on low-energy proton scattering results," the 
peak at 5.26 MeV Is eiq>ected to have substantial 
contribationa from both the and the 4j states. 

It was not possible to achieve a reasonable fit to 
the present data using a sum of L=Z and L”* dis¬ 
tributions, The presence of a minimum in the 
measured angular distribiitlmi at 13.5* Is partleu- 
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larly restrictive. Since a sum of L = 2 and t = 3 
diatributioas with 0,^0.027 and 0.048 provided 
a much better description of the data, we con¬ 
clude that an anomalous 4* angular distribution Is 
the source of difficulty. As the 2; and 4[ states In 
“Ca are members of a ff'=0" rotational band/* 
it appears likely that the neglect of coupled-chan- 
oela effects may be the-cause of the disagreement 
i*®tween the DWBA and the data for these two tran¬ 
sitions. Previous analyses of inelastic proton 
scattering from ‘*0 (Ref. 20) and “Ni (Ref. 21) 
i>ave demonstrated the Importance of such effects 
tor SOO-kteV protons. The analysis presented in 



FIU. S. Antnular dliitrlbutlODS for the high.spin states 
In The theoretical curves are the best-fit UWBA 

results, with $ 2 , Indicated for each case. 


the next section shows that the discrepancies ob¬ 
served between the DWBA calculations and the 
3, and 3j data are due to the fact that these states 
have wave functions that are quite different from 
those produced by the collective model. 

Other interesting features of the present data 
are the weak excitation of the 2' state at 6.7 MeV 
in '**Ca, and the strong excitation of the levels at 
8.B5 and B.24 MeV (see Figs. 4 and 5). Although 
the 2* peak was nut resolved from the adjacent 
peaks at 6.58 and 6.92 MeV in any of the measured 
spectra, its presence was required at several 
angles in order to obtain good peak fitting results. 
In view of this tact, we assign an absolute cross 
section uncertainty of i50i> to the 2' data. The 
levels at 8.85 and 9.24 MeV are known to have 
high spin; low-energy work suggests L = 7 

tor both of these levels." Spin and parity assign¬ 
ments of 6' have also been suggested by the low- 
energy woik because the (dj,,'*^/,,,) "stretched” 
configuration produces the states with highest 
spin in a l-6u> particle-hole basis. Since the 
corresponding 6' states" are not strongly excited 
by 800-MeV proton scattering from **Mg and 

this assignment is unlikely for these strong 
"Ca excitations. We also observe no measurable 
excitation of the stretched 8' state located at 13.26 
MeV In "Fe.** Figure 5 shows the DWBA results 
for the "Ca transitions. The best agreement be¬ 
tween the DWBA and the data was obtained with 
L = 6 and L = S tor the 8.85 and 9.24 MeV tran¬ 
sitions, respectively. However, an f, = 6 assign¬ 
ment lor the 9.24-MeV state cannot be ruled out. 
In view of these results we suggest that the states 
at 8.85 and 9J14 MeV have natural parity, with 
probable J' assignments of 6' and S', respec- 
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tively. Large-angle (r,r') and (a,a') measure¬ 
ments coupled with the present data would provide 
unambiguous spin, parity, and isospin assign¬ 
ments tor these states. Forthcoming asymmetry 
data should also prove Interesting since, as one 
can see from Fig. 8, the DWBA is able to repro¬ 
duce the analyzing powers for a variety of natural- 
parity transitions rather well.'^ 

IV. DWIA ANALYSIS 

Distorted-wave impulse approximation (DWIA) 
calculations for some natural-parity transitions 
were carried out lolloadng the approach of Hay- 


bron, Johnson, and Metsger.*' Empirical proton 
transition densities p, resulting from fits to in¬ 
elastic electron scattering data were used in these 
calculations. The parameters of the neutron den¬ 
sity p, were either set equal to the proton ones 
(as for "Ca) or adjusted to fit the (p,p') data. 
Although this method has been applied to a num¬ 
ber of lower-energy (p,p’) studies,** It has re¬ 
ceived only limited application in the region of 
1-GeV proton energy.* Similar studies of inter¬ 
mediate-energy proton** and alpha*' inelastic 
scattering have been carried out in the Glauber 
formalism. Exchange effects were included im¬ 
plicitly through the use of a symmetrized N-N 
I matrix,' ■*’* a procedure which is known to be 
valid at high energies.'■*•*•** Contributions from 
the spin-spin parts of the nucleon-nucleon t ma¬ 
trix were neglected,* as were the small S-1 spin- 
orbit amplitudes.'*’** The distorted waves were 
again generated with the optical potentials of Ta¬ 
ble n. 

A. *®Ci 

Analyses*’* of proton elastic scattering data*'*' 
are consistent with the assumption that the ground- 
state neutron and proton distributions of *°Ca are 
approximately equal. Therefore, in the present 
investigation the approximation p,=p^ was deemed 
sufficiently accurate for the low-lying excited 
states of *"Ca as weU. Thus the ’"Ca data will 
provide a test of the DWIA approach which is 
relatively insensitive to nuclear structure un¬ 
certainties. The I matrix was taken from 
the elastic scattering analysis of Ray,* the 
spin-orbit part having been fitted to the 800- 
MeV p * **Ca elastic scattering data, with approp¬ 
riate adjustments for the p* nucleus center-of- 
mass frame,* The empirical charge transition 
densities p^ were also taken from the literature. 
Figure 3 shows the effect of assuming different 
shapes for p^. The dot-dash and dashed curves 
for the 3' and transitions used Tassie** and 
shell-model** shapes, respectively. The dot-dasli 
and dashed curves for the Sj transition show a 
similar comparison using Gaussian** and shell- 
model (« =0 fit in Ref. 33) shapes, respectively. 
Striking differences are observed, particularly >> 
high momentum transfers, between the different 
calculations and between some of the calculations 
and the {p,p') data. The differences between the 
calculations are due to the dlffarencee in the 
shapes of the transition densitieB. These shape 
differences arise primarily from a dependence of 
the electron scattering analyses on the range of 
momentum transfer q spanned by the data. Gen¬ 
erally only the first maximum in the momentum- 
space form factors is well determined. One 
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FIG. t. Some »a FI*. 3. but for “Fe. 


might expect that the (p,p') cUstrlbutlona would 
I act be very sensitive to the hlgh -9 parts of the 
transition densities because the incident and out- 
' going proton waves are strongly distorted by the 
nuclear optical potential. Obviously this is not 
the case for the low-lying states in “Ca. Other 
examples are the and states. The predic¬ 
tions for these transitions, shown as dashed 
earves in Figs. 3 and 4, also used the shell-model 
transition densities of Itoh, Oyamada, and Tori- 
zuka.” In these cases the (p,p') data clearly dem¬ 
onstrate the same distinctive large-^ enhancement 
that Is present in the eleetroa scattecing form 
|»ctora.“ Such features do not ai^ar in the , 

(a, o') angular distributions'* for these excitations, 
^«ter, they can be obaerved in 13h-lrleV 
(Pip't data** and may be dlscemable in the low- 
nnergy proton data of Hef. 11 . 

The remaining DWIA calculations were lor the 
ntates at 5.91 and 6.92 MeV. for these cases 
Pfk had the form 


where C was determined by normalizing to the 
maximum in the (e,e') form factora,” and p was 
the ground-state density of Froscb et al.” Since 
this shape is not well determined at large g, the 
proton calculations were not extended beyond 11 °. 
From Figs. 3 and 4 we ctoserve that these calcn- 
lations are in good agreement with the data, pro¬ 
vided the excitation of both the 2* (6.91 MeV) and 
the 1' (6.95 MeV) states'are accounted for in the 
6.92 MeV peek. Unlike the “O li excitation,'* the 
predicted minimum in the angular distribution for 
the 5.91 MeV state ia present in the data. The 
overall agreemmit between the prcton data and 
those DWIA calculations depicted by dashed 
curves in Figs. 3 and 4 is very eneouraglDg. We 
interpret these results as a confirmation of the 
validity of the DWIA method in its present (ap- 
proximMe) form. 
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FIG. H. Analjrelntt power* for excllatlon* In “Pe. Solid line* are the results of oolleetlvc- model DWBA calculations 
with daxhdd curve la the result of a microscopic DWIA fit to the differential cross sections for the ‘i\ 

transition. 


H <«C. 

Having verified that the ''°Ca data are amenable 
to a DWIA approach, it is then possible to use the 
same method to study those cases for which p„ 
*pf. Such a study has been carried out on a var¬ 
iety of nuclei by Chaumeaua, Layly, and Schaef¬ 
fer'' using 1-GeV proton scattering data/-’* Few 
electron scattering data exist for '’Ca, however, 
Elsenslein ct at.’’' have measured the smaU -7 
form factors of the low-lying states and fitted 
them with a Tassie-model shape. The resulting 
p^ for the 2,* state was used in the DWIA calcu¬ 
lation of the (/’,/>') distribution. 

Two choices for the N-N spin-orbit interaction 
were tried in the DWIA calculations, resulting in 
only minor differences in the predicted cross sec¬ 


tions. Since the structure calculations of Ref. 38a 
and the results of the present analysis suggest 
that the Isospln composition of the 2* state in 
could be very different from that of the ground 
state, the N-N parameters of “solution 1” in Ref. 
3 were chosen over the isospin-averaged interac¬ 
tion of Ref. 6 for the analysis presented below. 
These parameters were fitted to the free N-N 
scattering data. 

The Tassie-model parameters of p, were ad¬ 
justed to reproduce the proton data, with the final 
results depicted in Fig. 6 . Although the overall 
fit to the data is reasonably good, one can ob¬ 
serve interesting discrepancies in the regions of 
the minima. An important quantity which can be 
deduced from this fit is the neutron equivalent of 
the 0(fiZ) value B(N2), where 


TABLE n. Phenomenological optical-model parameter*. The convention followed Is that 
of Percy and Percy (At. Data Nucl. Data Tables^, 293 0974)1. Ho Investigation of possible 
fitting ambiguities was made. 
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Nucleus 

(MeV) 

(MeV) 

(MeV) 

(HeV) 

(to) 

(fm) 

(to) 

(tm) 

(to) 

(to) 

(to) 

‘•ca 

-4.40 

66.6 

0.64 

2.34 

039 

0.69 

1.01 

0.61 

0.98 

0.65 

1.05 

<*Ca 

-2.02 

64.0 

0.74 

1.71 

1.05 

0.S5 

1.03 

0.59 

1.03 

0.57 

1.05 

**Fe 

-3J9 

65.9 

0.73 

1.72 

0.94 

0.69 

1.04 

0.67 

1.01 

0.65 

1.05 
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B(WJ)3(2.^+l)j |“p,r''*'drj». (2) 

This quantity Is proportional to p,‘ at q equal to 
zero. In the fit to the proton data it was most sen¬ 
sitive to the overall magnitude of p,(q) and hence 
to the pedc cross section in the proton angular dis- 
tributloa. The resulting value of B(W2) = 877 c’fm* 
is likely very model dependent. Since the final 
shapes for p„ and p^ are similar, a leas model 
dependentquanOty is B(W2)/B(E2) = 10.2 ± 3.0.”'’ The 
error In this ratio Is composed of a 12% uncertain¬ 
ty In B(B2),” an 18% error in B{N2) for proton 
cross section normalization uncertainty, and a 
20% error in B(N2) due to ambiguities In the fitted 
parameters of p,. One further source of error 
that is difficult to determine is the uncertainty In 
the <7 dependence of p^. The electron scattering 
data” do not span the necessary range of momen¬ 
tum transfer to determine p^ in the region covered 
by the proton data, and this results in a correl¬ 
ated uncertainty in the deduced value of B{N2). 
Because of these uncertainties it is useful to com¬ 
pare pjiq) with Pf(q) near their maxima. Such a 
comparison does not require large extrapolations 
of either the electron or proton fits. Also, multi¬ 
ple scattering effects are minimal near the maxi¬ 
mum In p,.^ In fact, at q *0.8 fm"' the ratio pj/pj 
= 6.7 may be a better estimate of the ratio B(1V^)/ 
B(E2) than the value deduced above. Contributions 
to the error in B(fV2)/B(£2) due to uncertainties 
in the S-N amplitudes and second order transitions 
have been omitted,^ as have contributions due to 
model dependence. 

Both of the above mentioned estimates of B{N2)/ 
are surprisingly large results. They are 
considerably larger than the values deduced by the 
same technique lor the 2,* states In ”Ca, '*''Ca, and 
a variety of N1 Isotopes.* Unfortunately the pres¬ 
ent estimates are Inconsistent with the DWBA an¬ 
alysis presented in Sec. m. Approximately equal 
li, values were deduced for the 2,* transitions in 
both ”Ca and **Ca, and the electron scattering an¬ 
alyses” yield approximately equal B(£2) values 
as well. This implies that B(^2)/B(£2) q-I for 
the ”Ca state. This inconsistency can be removed 
only If the DWBA method of analysis Is shown to 
be Inappropriate for the *°Ca 2^ transition (e.g., 
d coupled channels are Important) or If large 
sources of error remain unaccounted for in the 
^*Ca DWIA analysis. These 2; transitions t^arrant 
further theoretical study, as well as experimental 
Investigation with electron and proton probes. 

C. >*Ft 

Although a significant amount of ”Fe {e,e') data 
has be«i published,” analysis of the proton data 
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is complicated by the absence of phenomenological 
fits to the electron scattering data. An approxi¬ 
mate fit to the 21 charge form factor was obtained 
as follows. A Tassle-model shape with the para- 
metiizatlon 

was assumed. The value for Z was extrapolated 
from the ”Fe value of Ref. 34 using the results of 
their Ca and Ti isotopic analyses, and C and K 
were fitted to the small-q data of Ref. 39 In a 
plane-wave calculation. Thus the resulting values 
ofZ‘0.692fm, Cx3.48fm, and B(£2)xll59 e’fm* 
are not as well determined as one would like. In 
particular, one should note that this B(£2) value is 
about 60% larger than what would have been ob¬ 
tained by normalizing the shell-model form factor 
of Ref. 39 to agree with their data, and is more 
than twice as large as the value determined by 
MorrlscA, Smith, and Amos.‘*° 

Two choices for the N-N spin-orbit interaction’’^ 
were again tried in the OWIA calculations, result¬ 
ing in only small differences In the predicted 
cross sections and hence In the deduced value of 
B(fi2). The isospln-averaged interaction of Ref. 

7 produced inelastic analyzing powers that were 
in better agreement with the 2l data of Fig. 8 than 
those calculated with the solution 1 interaction of 
Ref. 3; therefore, the former was chosen lor the 
analysis presented below. The parameters of this 
interaction were fitted to the 800-MeV ”Fe(p,/>) 
cross section aj»l asymmetry data.' 

In view of the large uncertainties present in the 
parameters of p^ for the 2,* excitation, fitting the 
proton cross section data by varying all of the 
parameters of p„ is not very instructive. Figures 
7 and 8 show the results that were obtained by ad¬ 
justing only the magnitude of p„ assuming the 
same shape for p, and p,. As in the previous case 
the resulting value for B{N2), 985 e‘ fm*, shows 
little sensitivity to small changes In C and Z pro¬ 
vided the maximum value of the (/>,/>') cross sec¬ 
tion is always reproduced. Using the B(E2) value 
given above we obtain the ratio B(M2 )/b(£ 2) xQ.SS 
±0.27. The error is composed of a 10% uncer¬ 
tainty in B(lf2) due to an uncertainty in the peak 
magnitude of the electron scattering form factor, 
15% uncertainties in each of B(N2) and B(F2) due 
to proton and electron fitting ambiguities, re¬ 
spectively, and a 21% error in B(Af2) due to pro¬ 
ton absolute cross section uncertainty. No model 
dependence was included in the error analysis. 

From Fig. 8 one can easily observe that the 
above procedure produces only qualitative agree¬ 
ment between the DWIA prediction and the 2* an¬ 
alysing power data. This suggests that a phwo- 
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menologlcal approach which flts the parameters 
of the spin-orbit t matrix to the inelastic analyz¬ 
ing power, rather than the elastic analyzing power, 
might be more appropriate. 

V. SUMMARY AND CONCLUSIONS 

Angular distributions for 800-MeV proton ex¬ 
citation of many discrete states In *°Ca, '“Ca, and 
'^Fe have been presented. These data show a var¬ 
iety that Is not present in low-energy alpha par¬ 
ticle dlrtrlbutions. While the collective-model 
DWBA provides a good description of moat of the 
data, its failures are not limited to those cases 
in which coupled channels effects are expected 
to be important. DWIA calculations using empir¬ 
ical electron scattering transition densities re¬ 
solve some of these discrepancies and show an 
unexpected sensitivity to the shapes of the tran¬ 
sition densities at large q. Full exploitation of 
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The trtnivene form factor for the S.37 MeV(2^,T ^ I) level of ‘Li it analyzed in terms of a 
phenomenolofical model to give the oonfi|uration amplitudes and trantition density. Radiative pioo capture 
rates for the Is atomic orbital of ‘Li leading to two lowest states of ‘He are estimated using the 
phenomenolofical functions. The radiative pton capture rate to ‘He(f.B.) agrees with experiment, but the 
rate to ‘He(2 ^ .1.8 MeV) is larger than the measured value. It is shown that if the longitudinal form factor is 
small at q m,. the transverse S.37 MeV form factor gives the radiative pion capture matrix elements 
directly. As part this study, the Cl form factor was measured near g — m^, and its implicatioits on the 
wave functions are considered. 


UCI£AR REACTIONS ‘lil^.e'). £=78-141 MeVj »(£;£,.,8). ‘U deduced 
form factors, ware functlone, radiative capture. 


I. INTRODUCTION 

In a recent paper, Renker et at.' presented mea¬ 
surements of the radiative pion capture (RPC) rate 
from the Is atomic orbital in °Li leading to the 
ground and first excited states of ‘He. By elimin¬ 
ating the contribution from the competitive p-state 
capture. Interpretation o( the reaulta becomes 
greatly simplified. For example, the l.v capture, 
rate in the impulse appraximatlon (neglecting nu¬ 
cleon Fermi motion) is primarily determined by 
the nuclear matrix element of between 

*Li and 'He. This operator la related by isospln 
rotation to the spin-dependent part of the (e,e’) in¬ 
teraction leading to the corresponding analog state 
in ‘li. In other words, the same nuclear matrix 
elements occur in 1$ radiative capture and elec¬ 
tron scattering when the final states belong to the 
same isospin multiplet. 

In this work, wc use the information provided 
by the electron scattering form factors for the 
3.56 MeV (0*,r-l) and 5.37 MeV (2*,7'=1) levels 
of ‘Li to estimate the rates to the ground 

(0*,T*1) and 1.80 MeV (2*,7'=1) states of “He. 

The transition to the 2* state is complicated by the 
fact that the transverse form factor for the 5.37 
MeV state does not have a unique multipolarity, 
but can m principle be a mixture of Ml, £2, and 
M3 components. Therefore, we have performed 
a phenomenological analysis of this form factor 
similar to that previously done for the 3.56 MeV 
Ml transition.’'^ From this, we conclude that 
electroexcitation of the 5.37 MeV level is predom¬ 
inantly £2+.V/3 in character, with nearly equal 
contributions from each multipole. 

For excitations involving recoupling within a 
(Ip)* configuration, we show that the convection 
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current matrix element vanishes for M3 transi¬ 
tions, and is negligible for £2 transitions pro¬ 
viding the longitudinal (C2) form factor is small. 
Then only the spin-dependent magnetization density 
contributes, and the (»',/)„ nuclear matrix ele¬ 
ments may be obtained directly from the corres¬ 
ponding £2 or M3 form factors, assuming the 
simple Impulse approximation is valid. 

We have measured the longitudinal form factor 
of the 5.37 MeV state near the mometAam transfer 
appropriate for the radiative capture reaction and 
verified that it is small. The capture rate to 
‘He(2') derived directly from the 5.37 MeV trans¬ 
verse form factor is shown to be in reasonable 
agreement with the result derived from the pheno¬ 
menological functions. 

The l.s capture rate to "Helg-s.) is found to be in 
good agreement with the measurement of Renker 
et al., but the transition to ‘He(2'') is two standard 
deviations above the experimental value. On the 
other hand, our estimate of the ratio of the (v,!!*) 
cross sections to the same states is in accord 
with the result of Audit el at.* 

II MEASUREMENT OF £,,>(«) FOR THE S.J7 MrV 
LEVEL 

As alluded to in the Introduction, the longitudinal 
form factor of the 5.37 MeV level provides a mea¬ 
sure of the convection current contribution to the 
transverse £2 form factor, and also provides a 
constraint on the phenomenological wave functions. 
In this section, we briefly discuss the present 
measurement of this form factor. Unfortunately, 
because of the natural width of this state (r,,, 

•> 0.55 MeV), and its disposition relative to the 
much larger and broader 4.31 MeV (2*,T=0) level. 
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even a crude measurement is extremely difficult 
and time consuming. Furthermore, the 5.37 MeV 
total form factor is known to be predominantly 
transverse in character,*'* so the longitudinal con¬ 
tribution is small even at forward electron scatter¬ 
ing angles. 

This measurement was made at the electron 
scattering facility of the Saskatchewan accelerator 
laboratory. The target was 99% Isotopically en¬ 
riched *L1 metal rolled to a thickness of about 20 
mg/cm*. Incident beam currents were kept below 
2.5uA to avoid target melting. The total momen¬ 
tum resoluticHi, as given by the elastic peak full- 
width at half maximum (FWHM), was about 0.15%. 

The longitudinal and transverse form factors 
are related to the differential cross section by 

= .^■...“( 4 . 9 ). ( 1 ) 

where (j„ is the Mott cross section for a point 
:harge Ze. The form factors were separated in 
ihe usual way by measuring the angular depen- 



FIQ. 1. Electron scattering spectra from'U showing 
ihe 5.37 MeV peak on the flank of the broad 431 MeV 
(2*) resonance. The three spectra do not have a com¬ 
mon scale factor. The solid curve represents the total 
background 'iMter the 537 MeV resonance and the Inset 
’hows the background-subtracted spectra. The Brelt- 
Wigner curves were fit simultaneously with the baok- 
froiiad by a least-squares procedure. The small peak 
7 MeV U the 736 MeV (0*1 state of “C, apparenfly 
tntroihioed during target frbrtcatlon. 



FIG. 2. longitudinal form factors of the S.37 MeV 
state based on the phenomenological denaities and am¬ 
plitudes determined from the experimental transverse 
form factor. The curves are labeled by 6, the ground 
state ip, amplitude. The experimental result at 9«>0.66 
bn** la from die m-eaent work, the othere are from Ref. 
C. 

dence of ^',,,*( 9 . 9) at a fixed momentum transfer 
q. In this experiment, the scattering angles and 
associated incident energies were 59.0° (140.9 
MeV), 90.0° (99.3 MeV), and 140.0° (75.6 MeV), 
corresponding to q= 0.687 fm*'. 

The area of the 5.37 MeV peak was determined 
by simultaneously fitting the {e,e') spectra with a 
series of shape functions describing the inelastic 
peaks, plus a polynomial representing the elastic 
peak radiation tall and the various breakup con- 
tinua.* Breit-Wigner resonances were used for 
the 4.31 and 5.37 MeV peaks. The position of the 
5.37 MeV shape function, having been determined 
from the back-angle data (and previous work), 
was not allowed to vary during the fitting pro¬ 
cedure , and its total natural width was fixed at 
r„, = 0.55 MeV. 

The line-shape fits in the region of the 5.37 MeV 
state are Illustrated in Fig. 1, where the curves 
represent the total “background" under the reso¬ 
nance. When these are subtracted from the data, 
we obtain the spectra shown in the inset. TThe 
Breit-Wigner curves in this figure describe the 
fits to the S.37 MeV peak generated during the 
least-squares spectrum analysis. 

The area of the 5.37 MeV peak was normalized 
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TABLE I, Summary of the preaent experimental 
reaulta for the 5.37 MeV (2*, 7* = 1) atate of 'Ll, Radia¬ 
tive oorreotlona and the elaatic form factor were cal¬ 
culated aa In Ref. 3. The total form factor la defined 
within ±0.55 MeV of the peak center. Errora do not re¬ 
flect uncertalntlea In the poaltloo and width of the atate. 


£o 

(MeV) 

0 

<r(5.37)/u(el) 
(XI o’) 

Fs’hl) 

(oalc.) 

Fi„i ’(«.«) 

(xKh 

140.3 

59.0 

1.12 ±0.20 

0.354 

4.08 ±0.71 

99.3 

90.0 

l.HOiO.32 

0.358 

6.43 1.14 

75.6 

140.0 

8,H3i0.79 

0.3G2 

31.1 ±2.8 


9 

-- 0.687 fm*' 




F 

i*(f7)=(9.7±9.5)xi0"^ 



F 

r’(</) ^ (3.73 ± 0.40) X10*’ 



to the elastic peak, which In turn was evaluated 
by phase shift analysis, and radiative corrections 
were made as discussed elsewhere.'^ The results 
are summarized in Table 1, and as before, the 
form factor represents the strength within 
of the peak maximum. From a least-squares fit 
of 6) vs 3 +tarf‘6/2, we obtain the separate 

form factors given in Table I. The present and 
previous’ measurements of Ft’lq) are displayed 
in Fig. 2. 

111. PIIENOMENOUKIK AL ANALYSIS OF THE 5 J7 
MeV FORM FACTOR 

Our purpose here is twofold. First, we rcHiuire 
wave functions and transition densities to estimate 
the (7',y),, matrix elements. Second, we must 
establish the jMI contribution to the 5.37 MeV 
transverse form factor, since if it is large, one 
cannot expect the (tr',y),, estimate based directly 
on the form factor to be re liable (the M1 form 
factor need not have a negligible convection cur¬ 
rent part). 

We assume a (l/i)‘ model space and LS wave 
functions 



(2) 

*,.„(2M) = GV',-t/i‘L>,, 

(3) 

where’’’ 


11 = 0.924, 3=0.369, 1 =0.102. 

(4) 


The inelastic transverse form factor in general 
contains Ml, E2, and M3 terms, 

jb’W) . (5) 

where the individual form factors are given by 
> )“ t'o , ( 6 ) 



(7) 


(8) 


Here t^p - m,“4.7(I6, m is the nucleon mass, 
and the coefficients Cg, C„ D, and £ are functions 
only of the ground and excited state amplitudes. 
The proton and center of mass form factors, 
and , and the radial matrix elements {jxiqr)) 
are defined in Ref. 3. As before, the radial den¬ 
sity is expanded in a convenient series, with co¬ 
efficients to be determined by the experimental 
data. The only difference from the procedure des¬ 
cribed in Ref. 3 is that here we do not assume the 
radial density lR'(r)R(r)] is normalized to unity. 
The 5.37 MeV level is unbound to two- and three- 
body breakup, so the radial wave function K'(r) 
may be more spread out than the ground state 
function R{r). 

Moat of the experimental results were obtained 
using Brelt-Wigner fits to the spectra, and 
is defined within of the peak center. Con¬ 
sequently , the theoretical form factors must be 
^renormalized downward to account for the strength 
not included within this limit’ 

(9) 

The transverse form factor expressed by Eqs- 
(5)-(8) was fitted by the method of least squares 
to 37 data points from Refs. 3,5,8, some unpub¬ 
lished Saskatoon results, and the present measure¬ 
ment. No corrections were made for Coulomb 
distortion effects, which are usually small for 
very li^t nuclei. Most of the data were obtained 
at large scattering angles, and in view of the up¬ 
per limits on are essentially transverse in 

character. With the ground state configuration 
given by Eq. (4), the fitting procedure was repeat¬ 
ed for various excited state amplitudes (G,H) until 
a minimum in the chi-square per degree of free¬ 
dom, X,’, vas located. One finds two solutions 
for the 5.37 MeV amplitudes (C,//) which give 
comparable x,’, represented by G > 0 and G < 0, 
where ti is considered positive. The G< 0 solution 
is rejected for reasons discussed later. 

When the wave functions and radial density which 
give the best fit are used to evaluate the longitu¬ 
dinal form factor, given by 

£i(,)=(l/vT)t(*)‘'’Gy-f/)3Kj,(,r))V,.,. , (10) 

we obtain the curve in Fig. 2 labeled lix 0.369, the 
ground state 'H, amplitude. Although the experi¬ 
mental errors are large, the discrepancy with 
theory is evident. The source does not likely He 
in the ampUtudes (G,H), since the transverse form 
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factor ia mainly determined by the product aH, 
and Ox 0.9-1.0 for moat theories of 'Ll. We must 
therefore consider the poeslblUty that as given 
in Eq. (4) Is too large. 

In order to find a range of values consistent 
with the transverse and longitudinal form factors, 
the fitting procedure was repeated for a series 
of ground state amplitudes. For a given 0, the 
amplitudes a and r were constrained by the quad- 
rupole moment’ using a 1/)-shell rms radius 

3-46 fm (Ref. 3) (the magnetic moment Is 
somewhat less sensitive to the amplitudes). The 
predicted longitudinal form factors, as a function 
of are summarized in Hg. 2. 

Inspection of Fig. 2 suggests P s 0.20. However, 
since the ground state magnetic moment devlaies 
monotonlcally from the experimental value for 0 
<0.3S9, as a compromise we will adopt 0.200 
as our alternative estimate of this amplitude. The 
respective magnetic moment Is 5% above the ex¬ 
perimental value, not an unreasonable difference 
considering we have ignored configurations higher 
than (Ip)*, as wall as two-body contributions. 

Both sets of amplitudes are presented in Table II 

The normalization of the radial density [R'a], 
also determined by the least-squares fit, is 
slightly less than unity. The transition radius, 
defined as the rms radius of [R'A], la estimated 
to be 3.78 fm. 

The 5.37 MeV transition density parameters 
Ih.d,) for 0.200 and 0*0.460 are as follows; 

* = 2.324 fm, a,*6.641xl0-’fm-‘ 

«,= -3.502X 10-> fm-», a<= 7.427 x lO"* fm^ 

a,= -1.688xl0-'fm-», a,= 2.819 x lO"* fm'“ . (11) 

Since the x,* and corresponding {C,H) are nearly 
independeid of 6, we have arbitrarily used the 
value obtained from the 3.56 MeV form factor an¬ 
alysis.* According to Eq. (9) the a, must be mul¬ 
tiplied by (1.42)*''* to repreaent the entire reso¬ 
nance. 

The fit to the transverse form factor with the 



FIG. 3. Transverse form (actor of the 5.37 MeV etate 
and Its muittpole components compared with the data. 
The oirvee represent the least-squares fit with the 
d =0.200 amplitudes of Table n. The £2 and Af3 form 
factors have the same q dependence (see Eqs. f7) and 
(S)l, differing only In their normalization. The peculiar 
change In elope of the fit above 2 fm'' Is caused by 
the absence of any constraints on the physical form Mo¬ 
tor at high momentum translera, and should not be con¬ 
sidered as realistic. 


0.200 amplitudes of Table II Is shown in Fig. 3, 
along with its multipole components. The £2 and 
M3 contributions are nearly equal, but the Ml 
form factor is suppressed and has a diffraction 
minimum at 9 = 0.75 fm''. Actually, the multipole 
form factors do ncd change significantly between 
the two sets of amplitudes, suggesting the decom¬ 
position shown In Fig. 3 is not strongly model de¬ 
pendent. 

The Ml form factor gives the ground state Ml 
radiative width for the entire 5.37 MeV resonance; 

r„(Ml)«0.27t0.05eV. (12) 

Finally, for completeness, we make a few re- 


TABLE n. ConfigurattoD amplitudes for the ground state and exotted r = l states of 'Ll as 
obtained from the pbenomenologloal analyses. The set labeled C Is preferred If the s.37 UeV 
C2 form factor is ocmaldered an acceptable conetralnt. The L-s wave functions are defined 
by Eqs. (2), (3). and (13). 


Oroond (1*. r=0) 
a $ y 


0.979 0,200 0.041 


6.37 M8V(2*,r = l) 3.66 MeV iO''', r = l) 

C H A B 


0.861*0.018 

-0.473*0.034 

(O 

0.990 * 0.004 

0.087 4 0.039 

(D) 

0.843 * 0.022 

-0.637*0.034 

04) 

1.00 

-0.012*0.041 

(fi) 


0.924 


0.309 0.102 0.360 0.833 
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marks about the 3.50 MeV Ml form factor. The 
L~S wave function for the 3.56 MeV (0*,T>1) state 
in a (1^)’ configuration space is 

(13) 

Previous analyses of this form factor utlllaed the 
wave functions corresponding to 0 = 0.366. Since 
the present work suggests the 0 = 0.20 ground state 
may be more realistic, we have reanalyzed this 
transition and give an alternative set of excited state 
amplitudes which we call sets C and V , to dis¬ 
tinguish them from the former A and B solutions 
(Table n). As before, we use the ground state 
radiative width as a constraint, and the amplitude 
uncertainties reflect the experimental error on 
this quantity. 

The new amplitudes yield a transition density 
virtually indistinguishable from that of Ref. 3. The 
d-decay ft,/, value for "He, and the threshold 
photopion cross section leading to *He(g.8.) have 
been recalculated with the C amplitudes in Table 
II. With the coupling constants employed by Cam- 
marata and Donnelly,^ we obtain/<,/, = 789±23, 
compared with the “experimental" value /,/,= 814 
(Ref. 9). The photopion cross section is 7 ±4% 
higher than our previous estimate.’ 

IV. COMPARISON OF PHENOMENOLOGICAL AND 
THEORETICAL AMPLITUDES 

Since the phenomenological amplitudes were 
generated by fitting various electromagnetic form 
factors with no consideration given to the nuclear 
potentials, residual Interactions, etc., it is worth¬ 
while comparing the present results with the amp¬ 
litudes derived from more fundamental approaches. 
Here, we consider two examples. 

The first example is obtained by diagonalizing 
the Hamiltonian matrix using the Kuo-Brown two- 
body matrix elements in a (Ip)’ model space. The 
single-particle energy difference « -A’(lp,/,) 
-i'(lpj/,) is probably somewhere around 3-5 MeV 
for ‘Li, and indeed as shown in Table in, the theo¬ 
retical and phenomenological amplitudes of the 


U 


ground and 5.37 MeV states compare favorably 
for c = 3-4 MeV. The situation with the 3.56 MeV 
state is not so favorable, the shell model giving 
a smaller L = 1 component than the phenomeno¬ 
logical analysis. Although the predicted 3* - 0* 
separation is 1.76 MeV, in good agreement with 
experiment, the excitation energies relative to 
the ground state are about 1.8 MeV too low. 

For the second example, we consider the cal¬ 
culation by Barker'" which relies on the known ex¬ 
citation energies to determine the exchange mix¬ 
ture in the effective shell model interaction. The 
resulting amplitudes are given in Table m. 

Both calculations give wave functions that are 
more or less consistent with the phenomenological 
results. Note that the theoretical values of G are 
positive, which is the principal reason for re¬ 
jecting the G/C 0 phenomenological solutions. 


V. AP(>UCAT10NTO"U(ir-,y)„‘lle 

The radiative capture rate from the L« atomic 
orbital is given in the impulse approximation by" 




2J,+ 1 


10>,(0)|XAf>’, 


( 14 ) 


where R*'C'^ 1, k is the photon momentum in the 
c.m. system, and m,, M are the plon and nuclear 
masses. The constant A is the elementary dipole 
amplitude £,,(7r*)= (3.26± 0.04) x (Ref, 11). 

The transition matrix element between the states 


J, and Jf is 


(M>"-(4v)-’ E f I«■'••*(?• . 051 

where c„ is the photon polarization (A>±1) and r* 
is the isospln operator defined by T'|p)= |n). The 
operator notation implies a sum over nucleons. 
Since the plon wave function varies slowly over the 
nuclear volume, it has been removed from the nu¬ 
clear matrix element and replaced by the value 


TABLE HI. Comparison of the theoretical and phenomeDologloal ampllbides. The results 
baaed on the Kuo-Brown two-body matrix elements are indicated by e, the slngle-partiole 
Ai/ 2 -pj/i splllUng. 



Ground (1*,T 

-0) 

6.37 MeV(2*,r = l) 

3.66 MeV (0+,T-l) 

Model 

Cl 

0 

r 

c 

a 

A 

B 

€ 3 MeV 

0.904 

0.149 

0.010 

0.452 

0.892 

0.960 

-0.280 

« 4 MeV 

0.977 

0.205 

0.056 

0.539 

0.S43 

0.945 

-0.328 

< 5 MeV 

0.966 

0.269 

0.017 

0.597 

0.802 

0.631 

-0.364 

Barker 

0.992 

0.120 

-0.028 

0.563 

0.833 

0.934 

-0.388 

Phen. model 

0.979 

0.200 

0.041 

0.460 

0.888 

0.881 

-0.473 
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at the nuclear center; 

|0,(O)|*-^(Z«Ix)’. (16) 

Here, ie the pion-nuclear reduced mass, and It 
IS a distortion factor which takes Into account nu¬ 
clear size and strmg Interaction effects. This 
factor was obtained by computing the pion Is 
atomic orbital bound by a Gaussian charge distri- 
txition (r^ > 2.56 fm) and modified by a strong 
potential of the form 

2MK,(r)«-4»(l + m,/wi)6op(r). (17) 

Nonlocal and absorptive terms have been ignored 
in V,(r), while the Isovector (b,) term vanishes 
If, as we assume, the proton and neutron distri¬ 
butions are 'identical. The density p(r) was also 
assumed to be a Gausslan-type distribution.** We 


find 

fi«0.64 lor 6o=-0.030m,-*. (18) 

The multipole decomposition of Eq. (15) is ac¬ 
complished by expanding (o- Ci)e-**‘^ in vector 
spherical harmonics [see e.g.. Ref. 13 Eq. 13.30)], 
and with the Wigner-Eckart theorem one obtains 

(M>*. |J,)1> 

+ p|(J,||VxSS„-?r-||,/,>|*j. (19) 

In the notation of deforest and Walecka,** 

( 20 ) 

and 






( 21 ) 


The states in *He and the 1 levels of *Li 
are presumably members of the same isospin 
multiplet, in which case the matrix elements in 
Eq. (19) and those for the analog states In ‘Li are 
related by a Clebsch-Gordan coefficient in iso¬ 
spin space. For T, • 0,Tf’- 1 we have 

|<J,||«?T-|p,)|*-2|<J,||i(?T,||J,>|*, (22) 

where V is the appropriate multipole operator. 

The right side of Eq. (22) was evaluated using the 
phenomenological 'Ll wave functions and transi¬ 
tion densities. 

The Is radiative capture rates to the ground and 


TABLE IV. Radiative plon capture rates from the Is 
atomio orbital of 'Ll based on tto phenomenological L-S 
implltudea and transition densities. 



•u— •» (g.B..0*) 



B 

<M>* 

A,(l») (eec"*) 

0.200 

-0.473 

4.77X10"* 

1.39x10“ 

0.369 

-0.637 

4.48X10"* 

1.30X10*' 


Exp. value: 

(1.39±0.16)X1(] 

1“ (Ref. 1) 


'Ll-hie (1.8 MeV, 2*) 

P 

G 



0.300 

0.460 

1.96X10"* 

5 . 64 x 10 “ 

0.369 

0.360 

1.99X10"* 

6 . 70 x 10 “ 

-_ 

Exp. valne: 

(a.S±1.9)xiO*^ 

(Ref. 1) 


I-- 

first excited states of ‘He are summarized in 
Table IV. The ground state translticxi rate is in 
good agreement with the experimental results of 
Renker et al.,' but the capture rate to the l.B MeV 
(2*) state is about 70%, or two standard devia¬ 
tions above the experimental value. For the ex¬ 
cited state transition the multipolc contributions 
are estimated to be In the ratio Afl/£2/Af 3 
-0.095/0.93/1.0. 

VI THEHj-»‘Hell.8MeV.2*)TRANSmON: 

MODEL INDEPENDENT CONSIDERATIONS 

The difference between the predicted and ex¬ 
perimental capture rates to the 1.8 MeV (2-) state 
of 'He is puzzling In view of the good agreement 
achieved for the ground state transition. There¬ 
fore, we will consider an alternative approach to 
the former transition, and show under what cir¬ 
cumstances the nuclear matrix elements may be 
obtained directly from the experimental form fac¬ 
tor. 

In general, transverse form factors have con¬ 
tributions from both the convection and magneti¬ 
zation currents, while only the latter are relevant, 
via Eq. (22), to the radiative capture process. H 
the convection terms are negligible at g-h, then 
the electron scattering form factor gives (M)* di¬ 
rectly: 

(M)*-f(a/. + i) fg M*) 


(23) 



ssoz 


J. C. BERGSTROM 


21 


where Z Is the charge ol the target nucleus and 
the other symbols have their previous meaning. 

The 5.37 MeV transverse form Ihctor has Ml, 
£2, and M3 components, and all the amplitudes 
and transition densities considered here produce 
a minimum in /’'«,'(«) in the region 0.7-0.9 fm*‘. 
(This minimum has also been suggested by oth¬ 
ers.*) Therefore it seems likely that ^,*( 4 ) is 
dominated by the £2 and M3 terms near q’^k 
>0.67 fm*', the momentum transfer appropriate 
for capture to *He (2*). 

In Appendix A we show that the convection cur¬ 
rent makes no contribution to M3 transitions in 
a (1/))* space, and in Appendix B we show that the 
convection contribution to is negligible 

even when the initial and final state radial func¬ 
tions differ slightly providing Fct(,k) is small. 
Then, since the Ml term is suppressed, the ex¬ 
perimental 5.37 MeV form factor provides a lower 
limit for the sum in Eq. (19). From the experi¬ 
mental form factor (renormalised upward by 1.42) 
and Eq. (23) we obtain 

(M)*-1.89x10-*, 

A^ls)-5.42x lO"* sec'*, 

which are not appreciably different from the re¬ 
sults in Table IV. 

Although we have assumed the configuration 
space is (Ip)* (but not necessarily harmonic os¬ 
cillator functions), the preceding arguments are 
a bit more general. The convection current port 
of F^*{q) vanishes if we expand the basis to in¬ 
clude any s- or p-orbltal components. Similarly, 
the remarks about Fg^iq) are valid lor any £2 
transition that only involves angular momentum 
recoupUng. 

VU. PION PHOTOPROnUCnON NEAR THRESHOLD 

Our estimate for the ratio of radiative capture 
rates to the 2 * and 0 * states of *116 is larger than 
the experimental ratio. Since the pion photopro¬ 
duction cross sections near threshold leading to 
the same states in ‘He depend essentially m the 
same nuclear matrix elements, evaluated at nearly 
the same momentum transfer, one would expect 
a similar behavior for the ratio of photopion cross 
sections if the source of disagreement lies in the 
nuclear wave functions. The predicted *Ll(r,v*) 
*He(0*) cross section has already been shown to 
be in reasonable accord with experiment.* Unfor¬ 
tunately, the *Li —*He(2*) experimental data are 
complicated by the underlying tx + 2 m continuum. 

Tim photopion results are usually expressed in 
terms of the quantities a(t—/), defined in Ref. 4, 
which are proportional to the matrix elements 
(M>*, Eq. (19), at the appropriate momentum 


transfers (0.72-0.73 fm**). We will not deal here 
with the complications introduced by the distorted 
pion wave functions; this is discussed, for ex¬ 
ample, in Refs. 7 and 2. Our estimate of the ra¬ 
tio, and the experimental value, are 


af‘Ll-*He(2*) 

fl[*Li-*He(0*) 


(phen. model) 


■ 0.70:fc0.24 lexpt.-. Ref. 4). 


Although well within the quoted error, the theo¬ 
retical ratio la lower than experiment, in con¬ 
trast to the radiative capture situation. 

Note that the excited state cross section may 
contain a contribution from the a + 2 n background, 
which we have not included in our calculation. 

This would serve to Increase the experimental ra¬ 
tio above the theoretical value. 


Vm. DISCUSSION 

The ‘Ll(2*,5.37 MeV) form factor has been used 
both directly and indirectly to estimate the RPC 
rate to *He(2'), and the results are consistently 
about 7C% above the experimental value of Ren- 
ker et al. 

Since our prediction is relatively model inde¬ 
pendent, the origin of the discrepancy likely lies 
elsewhere. Contamination of the experimental 
cross section by the nearby a.f 2 n continuum is 
not the problem, since the theoretical value is 
already too large. It can be argued that we are 
pushing the model too far in the sense that the 
2 *,r>l states are not true analogs, that is, they 
may not have identical radial functions as we as¬ 
sumed in applying Eq. (22). The 2* states have 
different natural widths and dispositions with 
respect to the two- and three-body thres¬ 
holds, so some difference in the radial structure 
is expected, but it would have to be unreasonably 
large to resolve the discrepancy, and furthermore 
would destroy the bivorable agreement we achieve 
with the photopion cross sections. 

To summarize, the (e,e'), (x',y)„, and (y.v*) 
cross sections to the 0 *,r> 1 levels are consis¬ 
tent, but a marked disagreement of unknown origin 
exists apicxig the transitions to the 2*,7> 1 states. 

This work was supported by the Natural Sciences 
and Engineering Research Council of Canada. 

APPENDIX A 

In this appendbc, we show that in a (Ip)* model 
space, the convection part of the nuclear transi¬ 
tion current density does not contribute to M3 
transitions. 

The MX matrix element is 
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(/| <>• / df J/i ■ [j»(?»')YIu(n)l, (Al) 

where la the transition current density, and 
here we are concerned only with the convection 
part of ^f,. In the apprcncimation that 77 ^ is a 
one-body operator, Eq. (Al) may be expanded in 
terms of single-particle matrix elements between 
states 01 and 0 ,, where 

<t>,‘R'(r,)Y,^^{a,). (A2) 

The single-particle current, symmetrized to sat¬ 
isfy the continuity equation, is 

?/i(fy)= (^')l0;V0, - (V0,)»0,1, (A3) 

where e^» [l + 'r,(j)J/2 is the charge of the particle. 


For Simplicity, the particle label will be sup¬ 
pressed in the following. Combining Eqs. (A3) and 
(Al), we obtain the general single-particle term 

= (^)(«'I,m,l;j(9r)YJ„(«) • . (A4) 

Using the definition of the rector spherical har¬ 
monics, 

Y!1,(»)-]C (A5) 

and the closure property of the spherical harmon¬ 
ics, Eq. (A4) may be written 


{R'l,m,\T^q)\Rlim,) = ^-~^ ^ (Avlq|XlX/i)(V^ yj„(n)|fOT>(/»//{')>4(9r)7,|Ef,w,>. 

The sum over the projections is facilitated by the Wigner-Eckart theorem, giving 


(A6) 




which vanishes if X>f,-f In other words, the 
convection part of is a tensor operator of 
rank X in the orbital angular momentum space. 
Thus, the convection current does not contribute 
to the M3 transition in a model space restricted 
to s- and p-wave orbitals. 

APPENDIX B 

We wish to show that the convection current 
makes a negligible contribution to the 5.37 MeV 
transverse E2 form factor at momentum trans¬ 
fers corresponding to the radiative pion capture, 
?'‘0.67 fm**. Actually, the argument is more gen¬ 
eral and applies to any £2 form factor involving 
recoupling within a (Ip)* configuration, If the 
longitudinal (C2) form factor is known to be small. 

The £X matrix element is 

</|3’£(4)|»>-J / drJfi [;.(<r)Y?u(n)], 

(Bl) 

where as before we retain only the convection part 
7/1. Using various integral identities and the 
continuity equation, Eq. (Bl) becomes 


^ h\ ('/ ^ 

' \nif -M -m, J I 1 / X j 
x<fi'l||;»((p')v||£l,>. 




lA7) 


X /<frp„y»„(n)|ji(qr)-^-^^jj..( 9 rj 

- Tx(x;^l)F» (B2) 


where p,, Is the transition charge density, uif, 
=Ef-E, is the excitation energy, and 

(B3) 

The first term in Eq. (B2), without the ji,i{qr) 
part. Is the longitudinal (Coulomb) matrix element 
reduced by the factor (-u),|/q)[(x+D/x]*'*, which 
is much less than unity. For £2 transitions in a 
harmonic oscillator (Ip)" configuration, the j,^( 4 r) 
part reduces the first term even further providing 
(qhg)*/ 6 <l, and this is satisfied for 0.67 fm'*. 
Finally, we have shown that E\*(q)<2x lO"* for 
the 5.37 MeV state, so the contribution of the first 
term in Eq. (B2) to Eg^iq) tB less than 5 x 10^ and 
completely negligible. Therefore, we have 
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/ dTM,J.3„. (B4) 

Combining Eqs. (A3) and (B4), we obtain the 
sihgle-partlcle matrix element 

{R’l,mf\Tl'j(i)\Rl,n,,) 

“ fe) ixidiirJ ^ - 

(B5) 

For transitions involving angular momentum re- 
coupling within the Ip shell, Eq. (B5) vanishes If 
<p, and 4>f have Identical radial functions, such as 
in the usual harmonic oscillator model. We may 
obtain an order of magnitude estimate of the form 
factor when the radial functions are not the same, 
by considering oscillator functions with different 
oscillator parameters in the initial and final l/> 
orbitals. If and b’ are, respectively, the initial 


and final oscillator parameters, the convection 
current part of the £2 form factor which follows 
from Eq. (B5), relative to the total longitudinal 
C2 form factor, is given by 

where and 



(This expression is independent of the j-j config¬ 
uration amplitudes.) Then, with 4^0.67 fm'‘, 
7J=1.2 and £ci*( 9 )‘^ 2x lO"*, Eq. (B6) yields 
[/'S’,*'(q)|*<3x 10"’. This is the same order as the 
result generated by the first term of Eq. (B2), and 
even if both contributions add constructively, the 
total form factor (squared) is 2 x lO** and there¬ 
fore negligible. 
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The thcoieticsj bui* is given for s class of mathematically well defined NNv models. They are designed 
to describe nucleon-nucleon scattering, pion-nucleon scattering, pkm-deuteron scattering, pion production, 
and absorption. The deroenlary degrees of freedom of the models are the nucleon, the A isobar, and the 
pkm. The models are relativistic and do not require renormaliiation. 
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I. INTRODUCTION 

Traditional nuclear theory assumes that nuclei 
can be treated as a collection of nucleons with the 
eUects of the other degrees of freedom absorbed 
In the phenomenological Hamiltonian. For a 
treatment of plon-nucleus reactions it is desirable 
to extend this scheme so that pions and A isobars 
can play an eiqtliclt role.'*’ A relativistic treat¬ 
ment Is indicated because of the small pion mass. 

Relativistic quantum mechanics requires a un¬ 
itary representation of the Poincard group on the 
Hilbert space of states. Relativistic field theories 
satisfy the requirement; they realize the gener¬ 
ators of the infinitesimal transformations by 
space integrals over the energy-momentum ten¬ 
sor.^ Inevitably there are then infinitely many 
degrees of freedom and the one-nucleon problem 
is Intractable. Truncation of a relativistic field 
theory to states with a finite number of particles 
necessarily destroys the relativistic invariance. 
This lack of invariance may imply the lack of 
“cluster separability”*'’; specifically, the pion- 
nucleon scattering in the channel with a dis¬ 
tant nucleon spectator is not the same as the 
pion-nucleon scattering in the aAT channel, unless 
special precautions are taken. It is reasonable 
in most cases to assume that real baryons move 
with nonrelatlvlstlc velocities, but renormaliz¬ 
ation problems and problems of internal consis¬ 
tency persist in this approximation. There are 
many models of the NNv system based on trun¬ 
cated field theories.* 

The pimpose of this paper is to construct rela¬ 
tivistic models ot the NNv system in which tr, N, 
and A are the elementary degrees of freedom; the 
pion can be absorbed and no renormalization is 
required. The underlying theory is not new.* 
Relativistic quantum mechanics need not be a field 
R'cory. It Is possible to construct representations 
of the Polncard group for interacting particles by 
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modifying the mass operator Af of a system of 
free particles.''* 

The formal structure, which is not unlike that 
of nonrelativistic quantum mechanics, is based on 
the following remark. The ten generators of the 
Poincard group (?, H for space and time transla¬ 
tions, J for rotations, and K for Lorentz boosts) 
can be constructed as functions of operators P, 

X, j, and M defined such that the total momentum 
Pand the c.m.positionX satisfy canonical com¬ 
mutation relations and commute with the spin 
operator J and the mass Af. The mass operator 
must also commute with J. 

Conversely^^ *■*'' generators are 

known, then P, X, j, and Af are defined as func¬ 
tions of these generators and satisfy the commu¬ 
tation relations specified above as a consequence 
of the Lie algebra of the Poincard group. For 
noninteracting particles the Poincard generators 
are well determined. Phenomenological interac¬ 
tions can be introduced by retaining the curators 
P, X, and r of the noninteracting system and 
modifying only the mass operator Af; 

Af=Af“+V, (1) 

where Af° is the niminteracting mass operator and 
V commutes with P, X, and J. For two particles, 
the construction of V is simple.*'" For three 
particles, it is an essential requirement that the 
right two-body scattering is recovered if one of 
the particles is far away." 

In Sec. n we construct a model of the NNir sys¬ 
tem along the following lines. LetSC^, X„ and 
be one-particle Hilbert spaces of a nucleon, 
a pion, and a A isobar. We begin with a descrip¬ 
tion of nucleon-nucleon scattering in the space 

Kww = <2) 

with the mass operator 
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The Interaction is fitted to S-N scattering 
data and to the properties of the deuteron. 

Similarly, we have a description of the vN sys¬ 
tem in the space 

= , (4) 

with the mass operator 

. (5) 

The operator includes two-body Interactions 
In as well as a vertex For a large 

class of; models the properties of and v^, as¬ 
sure the existence and completeness of MflUer 
wave operators.*“ 

As an Intermediate step we proceed to an equi¬ 
valent description of the NM system In the pre¬ 
sence of a spectator pion, and a description of 
the Nn system in the presence of a spectator nu¬ 
cleon. The Hilbert space of states is then 

= , ( 6 ) 

and the interacting mass operator is a function of 
Vfiif and v^,. If both NN and IVv interactions are 
present it is possible to construct the Interacting 
mass operator M°* V' In such a manner that, if 
one of the three particles is moved away, the re¬ 
maining particles scatter correctly. 

For the full model, the Hilbert space of states 
Is !K:=1C'(D1 C^W;v, with a mass operator of the 
form (1) with 

F^Fu+V'+F", (7) 

where V' vanishes on states in The oper¬ 

ator V„ is a phenomenological baryon-baryon in¬ 
teraction defined on the states in K;»X>3C„®3C;y553C4. 
By definition Fp vanishes on states in^SSC^^JC,. 
The operator V" is defined as a three-body In¬ 
teraction on states in with possible 

off-diagonal elements to states in It van¬ 

ishes If any one of the particles is moved away. 

The model is designed to allow pion production 
and absorption and the parameters of Fp are to 
be determined by fits to S-N scattering data both 
above and below the pion threshold. Since the 
model does not allow inelastic N-N scattering 
when a pion is present, the cluster separability 
can be satisfied only to the extent that Inelastic 
S-N scattering is negligible In the NNit channel. 

The scheme outlined above meets our specific¬ 
ations. (1) It is relatlvlstically invariant, (li) If 
all stable particles are distant from each other, 
then M->Af ” and thus no renormalization Is called 
for. (Ill) True pion absorption is included by the 
mechanism Nv-^^, NSSN, as well as the off- 
diagonal part of f". To the extent that pion pro¬ 
duction Is dominated by the A resonance, It Is 
reasonable to consider models In which V’"=0. 


In Sec. m, the multichannel scattering theory 
for the NNt system Is summarized and the ex¬ 
pressions for the scattering and reaction ampli¬ 
tudes are brought Into a form which reflects the 
strategy for numerical computation that will be 
used In a subsequent paper." The relevant pro¬ 
perties of the Polncard generators are listed in 
the Appendix. 

n. CONSTRUCTION OF THE AWr MODEL 

We begin with a representation for two Interact¬ 
ing nucleons on States |^>e 3()fj^can be repre¬ 
sented by functions ifi(Pp,p^, where p, and p^ are 
the nucleon momenta. We suppress the spin var¬ 
iables to simplify the notation. They are not Im¬ 
portant for the general structure of the model. 
Alternatively we may represent |i/>>by functions 
where 

<8) 

The vector k, is defined by 

= ( 8 ) 

where k, and p, are four-vectors and Z.(^ is the 
Lwentz transformation that transforms!^, (i 
+§’)*'*)■ into {0,0,0,1}. The vector Is a 
center-of-mass velocity defined by 

• (10) 

In this representation the mass operator (3) has 
the kernel 

(11) 

where 

(^.'(^Ajj^.)=2w(£,)8^,'-K.)+(E.'(^^|I.) (12) 

and 

u>(it) = (E>+mS)*/» . (13) 

It follows from Eq. (11) and the definition of the 
Mflller wave operators O,, 

0*(W,Af'’) = s-lim , (H) 

that I^ =n,(H^.iH^) has matrix elements of the 
form 

(15) 

From Eq. (14) and the definition 

T=t) 0. , (1«) 

It follows that the Lippmann-Schwlnger equation 
for the nucleon-nuclemi T matrix Is 
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dE'|fJ£)«(S'|5j£) 

•4(t) 2L<ij(E-w(E'")+ij:] ’ 


(17) 


follows from p' = p, and = f if and only if 
lKll=|k.|.) Since 

Af‘'»(5+JMS,»)>'>+(5+m;)''“ , (27) 


where the limit G- + 0 is implied. 

If there Is a pion present, the space of states is 
.K^X; and the operator defined as A^jySl on this 
tensor product will be denoted again by Its 

kernel In the representation (11) is 

(5»> Pj*# > Pj*/f >P») 

-(jr;|jii^|k.)8(p^-]^^8(p:-p.). (18) 

Similarly, 

^P»» 

= (f; |k.)8(?;«- Pv*a8(p: - p,) . (19) 

The three-body Hamiltonian and the three-body 
boost operator are additive in this representa¬ 
tion if the pion does not interact with the nucie- 
ons; 



(20) 

J 

II 

(21) 


it follows from 

~ ^AW» (2®) 

that 

where 

m^m.= (5+M;iv)'^”+(£+»«;)■'’. (so) 

We may therefore expect the desirable result 
n*(MN/v...Al“)=n*tMvN-"w) • (31) 


A proof of (31) uses the Birman-Kato invariance 
principle'^'” and Lebesgue’s bounded convergence 
theorem.'* 

The Hamiltonian 


Neither the mass operator (18) nor the wave 
operator (19) commute with the center-of-mass 
position defined by (A7) for the noninteracting 
system. To implement the construction outlined 
in the Introduction we need a scattering equiva¬ 
lent mass operator that commutes with the 
noninteracting X. 

Let ^ be defined by 

q, = X,(P/ilfJ,)p, . (22) 

It is possible to represent states 
by functions i|i(P,i^, ^). We define the mass op¬ 
erator by its kernel in this representation 

(q:,P',ki|Mjk„P,q,) 

= (£' |j0;v^|k.)8(p' - P)8(5; - q,) . (23) 

Manifestly, the wave operators 

(24) 

exist and are complete. From Eqs. (23) and (24) 
it follows that the matrix elements of are 

(5l.5',i^|fl*i,|ic.,P,q,) 

= |k.)6(P'-P)8(q;- i) . (25) 

It is clear from (19) and (28) that and 
differ. But the S matrices are identical, 

because S commutes with Af”. (Note that ^^q. 


is not additive as in (20). The two-body inter¬ 
action term 

= (?,+M“vv)''“-(?r+<vy'' (33) 

depends parametrically on the spectator momen¬ 
tum q,. 

The treatment of the two-body xAT problem is 
similar to that of N-N scattering described above 
except that the masses are not equal and vN is 
coupled to a virtual A channel. Any state |ili> in 
has a component in Xf, represented by a 
function i)Vr(PsT> K) s”d a component in repre¬ 

sented by a function i^^fP^,), where P^, denotes 
the total momentum and 1^ is defined by 

*, = i(P^,/AfJ ,)p, . (34) 

The mass operator has matrix elements pro¬ 
portional to^6(^',-P^,) as in (11) and the restric¬ 
ted matrix Af^, is of the form 

(k;|AJ^,|k,) = »(k)8(i^-k,)+(ki|i>^,|k,) , (35) 

where 

W(k)= (S' + mj)‘ '» + (i? + wj)‘, (SB) 

(AlA^,|A)=m4 , 


(37) 
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(A|A#^,|k;)=(A|5^,|k,) . (38) 

The parameters are such that has no point 
spectrum. The T matrix for vN scattering sat¬ 
isfies the Lippmann-Schvinger equation 

(f'|tr|k) = (C'|V(C)|C) 

(39) 

where the effective potential 0(k) is defined by 

(EOlfyCOlK") =(k'|t;„.|k'') 

( 40 ) 

The wave operators are known to exist and 
to be complete.'" 

The plon-nucleon interaction in the three-body 
space can be defined by the same procedure that 
led to Eq. (33). The result is 

, (41) 

where a labels the nucleon that interacts with the 
plon and b labels the spectator. 

The fully interacting mass operator is then of 
the form (1) with (7) and 

(42) 

The Hamiltonian// = (i^+M^)''" does not become 
additive when a particle is moved away, but the 
wave operators 


n.= .s-llmc"" 

T-»*^ 

(43) 

satisfy the cluster relations’ 


lim II (n,-n,».) (^>11 = 0 , 

idH* 

(44) 

11 m II (n.-H„.) |i; >ii = o , 

iSi— 

(45) 


where 40.11’,. The S operator has there- 


tore the required cluster properties, 


lim li (S-S,,«l) c'va ||(,>|1 = 0 

IJI— 

(46) 

and 


lim II (S-A’„4f l)e'V*k>ll = 0 . 

(47) 


Thls completes the proirf that the models con¬ 


structed above satisfy the conditions stated In the 
Introduction. In any concrete realization, a con¬ 
venient form is assumed for the two-body Inter¬ 
actions Vi,^, v„,, and V^. The mass operator is 
then of the form (1) and (7) with V' given by (42). 
This mass operator together with the operators 
P, X, and J of the noninteracting system can be 
used to obtain the Polncarfi generators using 
(A13)-(A15). 

Contact with experiment requires equations for 
the relevant scattering amplitudes. The deriva¬ 
tion of these equations from the general theory 
Is sketched in the Sec. HI. 

m. SCATTERING THEORY 

The complete scattering theory of the NNv sys¬ 
tem must consider the channels NS, NNv, and 
ltd. Since a bound state—the deuteron—is invol¬ 
ved, it is most convenient to use a two-Hilbert- 
space formulation.**'’'’^ The initial and final 
state are described in the Hilbert space Kf, 

= . (48) 

The Poincare generators in 3C^ are those for free 
particles in the three channels NN, NNv, and vd. 
A time dependent scattering state satis¬ 

fies the initial condition 

Urn lWf)-4*X(f)|| = 0 , (49) 

where x(f) ie a state of noninteracting particles 
in .TC^ and the operator ♦ from Xf into X maps 
and3(^j,, identically intolCw/v andlC^„,. It 
maps X'^ into X^g, according to 

(p;, p„«, kj* (p,, p,)=e(?;-f,)e(5,- ?„)<(.,(iT), 

(50) 

where (t>^(k) is the momentum space deuteron 
wave function. The wave operators are then de¬ 
fined by 


n, = s-Ilm . 

From the definition of 4 it follows that 

(511 

♦llf'|a> =Af'’*|a> 

(52) 

it |a> exju or |a) and that 


♦Af'|6) = (M'’+V^„,,)*|6> 

(53) 

If |8>eKj^ . 

An off-shell T operator in x/ can be defined by" 

r(*)=*»w+v»^v , 

(54) 



21 


PHENOMENOLOGICAL RELATIVISTIC QHANTIIM MECHANICS... 


251)9 


where V is by definition 


(55) 

It follows from Eqs. (51) and (54) and the defini¬ 
tion of 


s=ri\a.. 

(56) 

that 


<ie' 1S jw) = 6(w' - Ml )[1 - 2tri(»' | Tl w) | 

»)], (57) 

where mis an eigenvalue oiM*. From the defini¬ 
tion of V together with (52) and (53) It follows that 

v(a> =F4> ja ) 

(58) 

and 


V|8) =V^*|6) , 

(59) 

where 


v*=v-v^„„. 

(60) 

It IS therefore posstbe to express the channel pro¬ 
jections of the operator T(t) in the form **T(z)* 
where TCe) la a different operator for different 
channel projections. We have 

<^|r(z)|a)=(^|*'r(*)4.|a), 

(61) 

with 



(62) 

if |a > and |0> are in the AW channel or 
S'Ntt channel. If |fi> and |fi'> are in the 
nel we have 

in the 
nd chan- 

(a|r(z)|8> = <o|4.'r/z)*|fl) , 

(63) 

(8'|r(z)|e>=<5'|*V*,(e)*l«) , 

(64) 

where 


and 

(65) 


(66) 


For purposes of calculations it will be conven- 
'ent to project out the three-body space 
L«t (P be the projection operator that projects 
onto and ?=!-«». We use the following 

“iefinltlons: 


«(*) = («-M)-‘ , 

(67) 

S(t)=(*_?jM0?)->y , 

(68) 

M(*)=6'Jlf(I>+(PVB(*)V* , 

(60) 


E(») = [*-JW(a)]-‘ . (70) 

Because of the A —Afir vertex, ^(z) does not go to 
Af if the nucleon In the space is moved to 

infinity. Let Vj,(z) be the surviving & self-inter¬ 
action, 

Vj(z)= Urn <P ,4 c-'V* 

I d 

= Ilm e'V" «’l'5(z)V<Pe-'V' . (71) 

jJt— 

and define 

V(z)=M(*)-Af‘>(z)=Vo + a‘VSV<I’-Vo(*) , (72) 

where 

M°{t) = <PM'‘<y*Vo{z) . (73) 

The following relations are simple consequences 
of these definitions and the identities 


z-A-B t-A* E ~A ^ z-A-B 


- * + * B ^ 

z -A z - A - B z -A 

(74) 

which hold for any z. A, and B. 


R(f) = 9R{z)9, 

(75) 

fl(z) = ll fS(z)F)E(z)lFfl(z)+ 1 ]+:R(z) . 

(76) 

From (65) and (74) it follows that 


r(z) = £/(z)+f/(z)fl(z)l7(z) , 

(77) 

r/z) = li+i;(z)ft(z)K(z), 

(78) 

and 


T^^z)=U„(;c)^■Ul{z*)R(z)U,^z) , 

(79) 

wliere 


£/(z) = F+F]?(z)F-F», 

(80) 

f/,(z) = [l+VS(z)]V-, , 

(81) 

and 


Ut,{z)-V,+ Vt1t{*)V, . 

(82) 

Further reductions Involve the identities 


B(a) = ft„(*)+S„(*)f(z)Ho(*) , 

(83) 

where 


«„(*)= [*-Jtifo(*)]‘‘ 

(84) 

and 


f(*) = r(z)+f(f)/l(*)V(*) 


=V{fi)*V(fi)RJiz)t{z) . 

(85) 
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Since 



(A3) 

<PC((s)a>= f (s), 

(86) 

r 


we have 



(A4) 

(W(*)(P=f(«) 

(87) 

= J, , 

f 

(A5) 

and 



(A6) 

<S|T(s)|a) = (8|*‘f(*)*|a) 

(88) 

The Newton WIgner position operator” 

X Is de- 


11 |a > and |d> are In the NN channel. 

In practice, the parameters of v^, are deter¬ 
mined from n-N elastic scattering data using (39) 
and (40). The parameters of are obtained 
from (17) by fits to N-N elastic scattering data 
In the energy region where Inelasticity is neglig¬ 
ible. The parameters of are then determined 
from N-N elastic scattering data both above and 
below the plan production threshold. This Involves 
using (88) and (8S). The study of other pro¬ 
cesses then provides tests of the validity of the 
model as well as means of removing any remain¬ 
ing ambiguity In the interactions. The numerical 
Implementation of this scheme will be reported 
elsewhere." 


fined by 



(A7) 

and the canonical spin 7 is 


7=J-XxP . 

(A8) 

It follows from (A1)-(A8) that 


[x„x.] = o, 

(A9) 


(AlO) 

and 



(All) 


Since M commutes with all the generators, It 
follows that 


We wish to thank T.-S. H. Lee for helpful dis¬ 
cussions. This work was performed under the 
auspices of the U.S. Dept, of Energy. 


lAl,T| = [Af,X] = [Af,P] = 0 . (A12) 

Conversely If X, P, J, andJW satisfy (A1)-(A12), 
then the generators H, J, K defined by 


APPENDIX 

The Polncarfi generators ?, H, J, K satisfy the 
commutation relations 



(Al) 


(A2) 



(A13) 

J = }Cxp+7, 

(Alt) 

K = s (tfX+5«)-Tx5(M + H)-' 

(A15) 


satisfy the commutation relations (A1)-(A6). 
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Anfular diitribatioiu of “Sc", “Sc. "Sc, and “Sc enutted in the intenction of '“U with 0.8. 3 0. 11.5. and 
400 OeV protooa have been measnied The angular diitributiona peak at forward angles at 0 8 and 3 GeV 
but are sideward-peaked at 11.3 and 400 OeV. At 400 QeV, fewer fragments are emitted at forward than at 
backward angles. Isotopic difTerencca were found to be small. The data were fitted with the function 
“ 1 + AiCOsOi 4-Ajcoa’di and were also analyzed in terms of the two^tep model. The values of 4, 
peak at 3 OeV, go through zero at 11.5 OeV, and become negative at 400 OeV. The values of Aj are zero 
at 0.8 OeV and become increasingly negative with increasing proton energy. A qualitative explanation in 
terms of a possible change in the nature of proton-nucleus interactions at high energies is presented. 

[ NUCLEAR REACTIONS “Ul^.*) “Sc". “Sc, *’Sc, “Sc. 0.8, O.O, 11.5, 1 
400 GcV. Measured angular dlstrlbuHonn. J 


1. INTRODUCTION 

Considerable evidence has accumulated In recent 
years indicating that a profound change in the me¬ 
chanism for the formation of light fragments and 
deep spallation products from the interaction of 
heavy elements with high-energy protons occurs 
at energies below 10 GeV. Beg and Porile* thus 
discovered that the ratio of forward>to-backward 
emission (F/B) of several deep spallation products 
from the Interaction of with protons peaked 
sharply in the vicinity of 3 GeV while the ranges 
decreased by about a (actor of 2 between 1 and 4 
GeV. Similar results were later reported for a 
broad range of products from the Interaction of 
both uranium and gold with protons.*'* These re¬ 
sults have been interpreted*'* in terms of a change 
in the initial proton-nucleus interaction from an 
intranuclear cascade to a coherent interaction with 
part of the nucleus.* 

Angular distribution measurements also reveal 
a striking change in the production of these nu¬ 
clides at multi-GeV energies. Remsbeig and 
Perry* measured the angular distributions of light 
fragments emitted in the interaction of heavy ele¬ 
ments with 28 GeV protons. Sideward peaking was 
observed (or fragments such as sodium in contrast 
to the forward peaking previously observed at 2.9 
GeV." Porile et a/.'* similarly observed that the 
angular distributions of deep spallation products 
resulting from the interaction of "'u with 11.5 
GeV protons peaked at sideward angles. By con¬ 
trast, forward peaking had been observed for 
these products at a bombarding energy of 2.2 
GeV."'" In a recent report Porile et al}* mea¬ 
sured the angular distributions of a number of 
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products rosulting from 400 GeV proton bombard¬ 
ment of uranium. In addition to sideward peaking, 
these authors also observed several Instances of 
a novel effect, namely, preferential emission at 
backward angles. This result indicates that mea¬ 
surements at the highest available energies are 
of special interest. 

The present work is one of a series of studies 
of the variation with proton energy between 0.8 
and 400 GeV of the properties of scandium frag¬ 
ments emitted in the breakup of uranium. These 
products are apparently formed in near-central 
collisions and a study of their properties may be 
used to probe nuclear matter under fairly extreme 
conditions. Previous papers in this series have 
dealt with the excitation functions and thick-target 
recoil properties,* and with the differential ranges 
of fragments emitted at 90° to the beam.'* The 
excitation functions were found to rise steeply 
with energy up to -10 GeV and the recoil proper¬ 
ties exhibited the behavior described above. The 
spectra derived from the differential ranges broad¬ 
ened with increasing proton energy while the peaks 
shifted to lower values suggesting that extensive 
mass dissipation occurred prior to breakup for 
proton energies of 10 GeV and above. We report 
here the results of angular distribution measure¬ 
ments on **Sc", ** 80 , **Sc, and **Sc performed at 
0.8, 3.0, 11.5, and 400 GeV. The first three of 
these energies span the region of the peak in F/B 
as well as the sharp dropoff in range, while the 
400 GeV experiments focus on the unusual en¬ 
hancement at backward angles." The existence of 
four measurable isotopes makes it possible to Inves- 
tigatetheeffectof fragment composition. Prelimi¬ 
nary reports of this work have been published.*^** 
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II. EXPERIMENTAL 

The experimental procedure has been described 
la detail in previous reports from our labora- 
tory^o.is emphasize here only those details 
unique to the present work. 

The experiments at 400 GeV were performed In 
the Neutrino Hall beam line at FermUab, those at 
11.5 and 3.0 GeV in the Internal beam of the zero- 
gradient synchroton (ZGS), and those at 0.8 GeV 
in line B of LAMPF. The experiments Involved 
the irradiation in vacuum of thin UF^ targets and 
the collection of the emitted fragments in alumin¬ 
um. The targets consisted of 0.1-0.3 mg/cm’ 

UFf evaporated onto hlgh-purlty aluminum 
(99,999%) and were inclined at 30" and 150° (ZGS) 
or 45" and 135° to the beam. The catchers con¬ 
sisted of 50 pm thick 99.999% pure aluminum and 
were sufficiently thick to stop all the Sc fragments. 
An additional 25 pm foil backed up the catchers in 
order to protect them from the possibility of con¬ 
tamination by recoils originating in the catcher 
holder. The catchers intercepted the angular 
range of 15"-105" and 75°-165° relative to the 
beam direction (5°-105“and 75°-175°at Fermilab). 
In a single ZGS Irradiation either the forward or 
backward half of the angular distribution could be 
determined. By contrast, at LAMPF and Fermilab 
measurements over the entire angular range could 
be performed in a single exposure. This was ac¬ 
complished by placing two targets back to back 
with enough aluminum between them to prevent 
any cross contamination of recoils. 

The catcher foils were cut into 15" wide strips 
(a 10 ° wide strip was cut at the most forward and 
backward angles at Fermilab). Because of the 
low counting rates, the catcher foils subtended a 
large fraction of the available solid angle. The 
resulting mismatch between the spherical reaction 
coordinates and the cylindrical catcher angles 
dictated that the foils be cut along curves of con¬ 
stant recoil angle for a point source of recoils." 
The solid angle subtended by each catcher as well 
as the average recoil angle were evaluated with 
a code" which, in addition to the target-catcher 
geometry, took into account the beam profile at 
the target location. This profile was determined 
from the distribution of the ’^a activity in the 
target backing. The beam spot varied in full width, 
at half-maximum fram ~0.3 cm at Fermilab to 1.0 
><2.2 cm at LAMPF. The solid angles subtended 
by the catcher segments were approximately 0.3 
sr at all energies. This value applies with rela¬ 
tively little variation over most of the angular 
range excepting the most forward and backward 
angles, for which much smaller solid angles were 
available. 


The irradiations were performed for periods 
ranging from -1 hr (ZGS) to -1 wedt (Fermilab). 
Following bombardment, the A1 foils were cut and 
dissolved and scandium separated by a previously 
described* radiochemical procedure. The samples 
were assayed with Ge(Li) detectors and results 
obtained for "sc”, *'Sc, *'Sc, and **30 on the basis 
of the y rays emitted by these nuclides.’ The an¬ 
gular distributions were obtained by extrapolation 
of the counting rates to end of bombardment and 
correction for chemical yield and solid angle. 

The forward and backward halves of each angular 
distribution were combined by normalizing them 
to each other at their common intervals. 

As a check on the forward-backward normaliza¬ 
tion a number of experiments were performed 
with the catcher foils in a 2ir geometry. The target 
stack in these experiments consisted of two A1 
foils in contact, with one foil having -0.3 mg/cm’ 
UF 4 evaporated onto it. Two such sets of foils, 
with the target facing forward and backward, re¬ 
spectively, were irradiated in a single experi¬ 
ment. This combination permitted a correction to 
be made for the small (1-3 %) amount of Sc activ¬ 
ity retained In the target. 

In order to ensure the validity of the results, 
two subsidiary types of experiments were per¬ 
formed. The possible contribution to the Sc activ¬ 
ities from extraneous sources was investigated 
in blank experiments performed at each acceler¬ 
ator and upper limits of 1 % were placed in all 
cases. In a different experiment, the effect of 
target thickness on the angular distribution was 
investigated at 11.5 GeV. The results obtained 
for 100 pg/cm* and 300 pg/cm* thick targets 
yielded essentially identical results indicating that 
scattering effects could be neglected at these 
thicknesses. 

UI. RESULTS 

The angular distributions of "Sc”, "Sc, and "Sc 
are displayed in Figs. 1-3, respectively. The re¬ 
sults for *^c are very similar to those obtained 
for the other Isotopes but, due to the long half-Ule 
of this nuclide, are subject to greater statistical 
uncertainty. Either two or three complete angular 
distributions were measured at each energy and 
the separate results are displayed. The plotted 
points are the differential cross sections at the 
average laboratory angle 04 , normalized to unity at 
90°. Typical error bars are shown; these are 
based on the statistical uncertainties in the count¬ 
ing rates (1-5 %), estimated errors In the deter¬ 
mination of solid angles and their dispersion due 
to finite target size (2-5%), uncertainty in for¬ 
ward-backward normalization ( 2 %), and error in 




Al (deg) Q\. (deg) 


FIG. I. Ai^ubir dlstribatloiifi of ^So" from ttie inter- 
actioD of wltb 0.8-400 GeV protons. Hie varioon 
points at each ang^e represent the results of reifllcate 
experiments. Tbe solid points at U.5 GeV show the re¬ 
sults obtained fbr a '*thln** (100 target. Typical 

error bars are shown at each energy. The curves con- 
Htltute a least-squares fit of Eq. (1). T 71 S differential 
cross seotloas are normalized to unity at 90*. 

chemical yield determination (2%). 

In order to systematize the rather large body of ' 
data obtained in this study it is useful to lit the 
laboratory angular distributions with some simple 
function containing relatively few parameters. It 
was found that the following two-parameter equa¬ 
tion gave a reasonable fit to the data: 

■Pi(9i) = l+AlCOBfli+i4,COs’9i. (1) 

Similar functions, Including forms with additional 
terms in the series, were also tried and found to 
less satisfactory. The curves in Figs. 1-3 
represent least-squares fits ol Eq. (1) to the data 
points. The resulting values of i4| and Aj are 
summarised in Table I. It Is seen that the points « 


FIG. 2. Angular distributions of ”Sc. Suo Fig. 1 for 
details. 


generally scatter about the curves in a fairly ran¬ 
dom way. Note, however, that at 400 GeV, where 
the greatest precision was obtained, the curves 
appear to systematically overestimate the values 
of the differential cross sections in the vicinity ol 
120° by somewhat more than one standard devia¬ 
tion. The significance, if any, of this discrepancy 
is unclear at this time. 

A useful measure of the asymmetry in the angu¬ 
lar distribution is the ratio of forward-to-back- 
ward emission, (F/B),^. This quantity may be 
conveniently obtained by Integrating the fitted an¬ 
gular distributions over the forward and backward 
hemispheres, i.e., 




//2 siXiB idBi 


(*) 


The resulting values are summarized In Table 1. 

As indicated above, several eKperiments In 
which the catchers were in a 2ii geometry were 
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FIG. Aniculnr dlotrlbutlonn of **So. Soi- Fig. 1 
for dotollB. 


performed to check on the fonrard-backward nor¬ 
malization and recoil retention In the target. 
These experiments may be used to derive values 
of the forward-to-backward emission ratio, des¬ 
ignated {F/B)i,, by use of the relation 

(F/B)t,=R^R, + l)ARB+l), ( 3 ) 

where Rg and R^ are the experimental lOrward- 
to-backward ratios obtained with the target ma¬ 
terial evaporated onto the backward and forward 
catchers, respectively. A single experiment of 
this type was performed at 3 GeV and replicates 
were run at ll.S and 400 GeV. The results are 
summarized in Table I. It is seen that both types 
of F/B determinations yield essentially the same 
values, confirming the validity of the forward- 
backward normalization. In particular, the values 
of (F/B)i, obtained at 400 GeV are significantly 
less than unity confirming the rather unusual re¬ 
sult derived from the angular distributions at this 
energy. 

IV. DISCUSSION 

A. Virtotion of ingulif distiibutioni with proton eneigy 
and product compoaltlon 

The results displayed in Figs. 1-3 clearly shon' 
that some unusual changes in the nature of highly 
inelastic Interactions occur at multl-GeV energies. 
The angular distributions thus are forward peaked 
at O.B and 3 GeV, with the asymmetry Increasing 
with proton energy in this regime. This trend is 
indicative of Increasing forward momentum trans¬ 
fer to the struck nucleus, consistent with the high 
excitation energy transfer implied by the steeply 
rising excitation functions.’’"'” Between 3 and 


TABLE I. Purometrlzatlon of the angular distribution of Sc fragments from the Interaction 
of with protons. 


(GeV) 

Nuclide 


A2 

IF/B),^ 

IF/Bh. 

0,8 

*<Sc" 

0.17B i 0.035 

-0.010 *0.045 

1.20*0.04 



"Sc 

0.126 t 0.044 

-0.024 * 0.064 

1.14*0.05 



*'Sc 

0a72 t 0.018 

-0.010 * 0.020 

1.19*0.02 



*'Sc 

0.152 t 0.014 

0.020*0.017 

1.16*0.02 


3.0 

^Sc** 

0.324 ^ 0.023 

-0.062 * 0.026 

1.40*0.03 

1.40 *0.10 


”Sc 

0.220 1:0.035 

-0.152 * 0.039 

1.26*0.04 



”Sc 

0.243 10.015 

-0.059 * 0.018 

1.28*0.02 

1.46*0.03 


*»Sc 

0.202 t 0.018 

-0.046 * 0.020 

1.23*0.02 

1.16 *0.04 

11.5 

“Sc" 

-0.013^0.019 

-0.310*0.026 

0.99 * 0.02 

1.00 *0d)l 


«Sc 

-O.Ml t 0.011 

-0.239 *0.017 

0.96 * 0.01 

0.96 * 0.01 


‘'Sc 

-0.033 i: 0.027 

-0.307 * 0.037 

0.06 * 0.03 

1.00*03)1 


"Sc 

-0.003:1:0.029 

-0.300 * 0.039 

1.00*0.03 

1 .01*0.01 

400 

Mjjc" 

-0 J.00 t 0.007 

-0.411*0.010 

0.89*0.01 

0.91 ±0.01 


"Sc 

-0.0&6Ji0dlll 

-0J56*0J)12 

0.94*0.01 

0.95*03)2 


«Sc 

-0.072:10.006 

-0.377 ±0.011 

0.92 * 0.01 

0.95*0.01 


"Sc 

-0.064 ^0.011 

-0J74* 0.014 

0.93*0.01 

0.95*0.01 
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11^ GeV the angular distributions undergo a major 
chaise: Forward peaking gives way to sideward 
peaking and the angular distributions become sym¬ 
metric about 90° in the laboratory. This may be 
indicative of a process in which the energy and 
momentum of the incident proton are carried off 
by an ensemble of participant nucleons, with the 
Iragments being formed from the spectator rem- 
nai^.*’’ At 400 GeV, the angular distributions re¬ 
tain the prominent peak at 00° but, in addition, 
show that emission at backward angles is more 
likely than that at forward angles.** 

A somewhat different perspective on these trends 
is provided in Fig. 4, which shows the energy de¬ 
pendence of the parameters A| and Aj, as well as 
that of the forward-to-backward ratio, lor each 
of the Sc fragments. The parameter A|, which la 
a measure of the forward-backward asymmetry, 
initially Increases with proton energy, peaks at 
3 GeV, and becomes negative at 400 GeV. There 
is a small but significant difference between the 
value of A| tor neutron-deficient and those 
for the three neutrqn-excess fragments. The 
former thus is larger than the latter up to 3 GeV 
indicating that the angular distribution is more 
forward peaked. On the other hand, for 
is more negative at 400 GeV, reflecting the great¬ 
er degree of backward enhancement for this frag- 



Tp(GeV) 

^G. 4. Energy d s pe ndene e of an giiier distribution 
j;p«“wters A,, A„ and F/B for **So" (O), “So U), 

% i*), and Is). The ourves show the trends in 
the data. 


ment. The parameter A, is a measure of the an¬ 
isotropy and decreases monotonically with bom¬ 
barding energy, reflecting the Increaalng impor¬ 
tance of sideward relative to forward-backward 
emission. Within the limits of error, there is no 
Isotope effect in Aj. 

The energy dependence of F/B is similar to that 
previously obtained In thick-target experiments’ 
but the present values are uniformly lower. This 
difference is a consequence of the fact that the 
thick-target values are range weighted while the 
present results are independent of range. As is 
already apparent in the angular distribution plots, 
the F/B ratios are less than unity at 4fX) GeV. The 
difference in A| values between ’’Sc” and the other 
isotopes results in a corresponding difference in 
F/B, as indicated. 

The previously measured excitation functions 
for the formation of Sc nucUdes from ”*11 (Ref. 3) 
may be used to convert the angular distributions 
to dllferentlal cross sections (mb/sr). As an ex¬ 
ample of this procedure we display the values of 
da/dil for ”Sc in Fig. 5. It is apparent that the 
transition from forward to sideward peaking oc¬ 
curs only once the production cross section is 
close to its maximum value. In order to compare 
the changes in shape in detail It is more convenient 
to normalize the differential crose sections to the 
same value of the integrated cross section at all 
energies. The results obtained in this fashion for 
*’Sc are displayed In Fig. 5. It is of interest to 
note that the angular distributions at backward 
angles are similar in shape, particularly at the 
higher energies. The large change in the shapes 
occurs at forward angles, where the normalized 
differential cross sectloos decrease sharply be¬ 
tween 3 and 11.5 GeV. The decrease la F/B to 



FTC. 5. Difterenttal cross sections hnb/sr) of ”8c 
at die indicated proton energies. 
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dL(deq) 

FIG. 6. nUfcrontlBl cross socttons of *'Sc normsllzed 
to fiio same value of the integrated cross section, llte 
numbers near the curves represent the bombarding en¬ 
ergies. 

below unity at 400 GeV may thus be viewed as a 
natural continuation of this trend. The differential 
ranges of Sc fragments'^ indicate that an increas¬ 
ing amount of mass dissipation occurs with in¬ 
creasing proton energy. Recent coincidence ex¬ 
periments performed on fragments emitted in the 
interaction of with 11.5 GeV protons also show 
that extensive mass loss occurs prior to fragment 
emission.’ An explanation of the backward en¬ 
hancement may thus be sought in a possible con¬ 
nection between these two trends. If the loss of 
close to half the mass of the target at 400 GeV 
(Ref. IS) occurs primarily at forward angles, the 
nuclear density in the forward cone will be sharp¬ 
ly reduced. Furthermore, if fragment emission 
occurs prior to either equilibration or rotation, 
the occurrence of such a process at forward angles 


AND N. T. PORILE 

must be hindered, thereby leading to the observed 
relative enhancement at backward angles. 

B. Twoetep vector model anilydi 

The angular distributions may be analyzed in 
terms of the two-step vector model commonly 
used to Interpret high-energy nuclear reactions. 
Although the general validity of this model above 
3 GeV is questionable, it is nonetheless of interest 
to examine the dependence on energy and isotopic 
mass of the parameters in the model in view of 
the large body of data that has been analyzed in 
this fashion. 

Let V be the velocity acquired by the struck nu¬ 
cleus as a result of the Initial interaction. The 
components of v along and at right angles to the 
beam direction are designated v, and respec¬ 
tively. The effect of on the angular distributions 
is small and unduly complicates the analysis."'” 
We have therefore not incorporated this variable 
in the present version of the two-step model. The 
mean velocity acquired by the fragment in the 
breakup step is denoted as V and its angular dis¬ 
tribution in the moving frame obeys the relation 

where b/a is the anisotropy parameter. Note that 
the angular distribution is symmetric about 90“ as 
required by the temporal separation between the 
two steps. The ratio n„=v„/V is a measure of the 
relative velocity imparted in the two steps and is 
one of the Important parameters derived from the 
analysis. The laboratory angular distribution may 
be expressed in terms of rj, and b/a by the equa- 


TABLE II. Two-step model parameters derived from angular dlatrlbuttons of Sc fragments. 


(GeV) 

Nuclide 

n,, 

b/a 

10008, 


**Sc" 

0.Q89 t 0.0X6 

-0.023 ±0.040 

6.8 ±1.2 


*'.Sc 

0.063 i: 0.024 

-0.026 ±0.054 

3.9 ± 1.4 


*’Sc 

0.086 ±0.008 

-0.019 ±0.022 

5.4 ±0.6 


*»Sc 

0.076 i 0,007 

0,010 ±0.017 

4.7 ±0.5 

3.0 

"Sc" 

0.1«1± 0.010 

-0.115 ±0.028 

10.2 ±03 


"Sc 

0.111 ± 0.015 

-0.214 ±0.046 

6.6 ±1.0 


*‘Sc 

0.123 ± 0.007 

-0.087 ± 0.018 

7.4 ± 0.6 


«Sc 

0.102 ± 0.008 

-0.060 ±0.021 

6.0 ± 0.6 

ll.B 


-0.003 ± 0.012 

-0.311 ± 0.026 

-0.2 ±0.7 


"Sc 

-0.021 ± 0.008 

-0.240 ±0.014 

-1.1 ±03 


"Sc 

-0.0X3 0.0X5 

-0.308 ± 0.038 

-0.7 ±0,8 


"Sc 

0.002 ±0.014 

-0.301 ± 0.036 

0.1 ± 0.7 

400 

"Sc" 

-0.057 ± 0.008 

-0.421 ± 0.016 

-3.0 ± 0.4 


"Sc 

-O.OSO± 0.007 

-0.365 ±0.013 

-1.6 ±0.4 


"Sc 

-0.040 ± 0.008 

.0.383 ± 0.014 

-2.0 ±03 


“Sc 

-0,036 i 0,006 

-0.378 ± 0.016 

-d.8 ± 0.4 






21 


ANGULAR DISTRIBUTIONS OF 8e FRACMKNTS FROM THE... 


2517 


Uon” 

, H-(6/g)co8^[9j + 8ln~'(T;„atne,.)| 

1+6/30 

xL’^ n irPg.Ot T (5) 

This equation aesumes that n„« 1 not only on the 
average, but lor each Interutlon. The ellect ol 
overlapping distributions of and V has been dis¬ 
cussed elsewhere” and does not affect the present 
analysis. 

The parameters obtained from a least-squares 
fit of Eq. (5) to the data are summarized in Table 
n. The resulting angular distributions are virtu¬ 
ally indistinguishable from the curves in Figs. 1-3 
provided that the same normalization is used. This 
is not surprising since for r),i«l Eq. (S) reduces 
to Eq. (1) with Aj o' 2q, and A^^b/a. Table II also 
lists the mean values ol o,, (designated and ex¬ 
pressed in units of c) obtained by combining the 
values of >]„ with the mean velocities derived from 
the 90° differential range spectra lor the same re¬ 
actions.” This procedure assumes that the veloc¬ 
ities derived from these spectra can be exclusively 
associated with the breakup step, an assumption 
that is approximately valid lor small iu. 

The energy dependence of b/a and 0„ is displayed 
in Fig. 7. The values of b/a show that, withbi the 
context of the two-step model, the angular distri¬ 
butions are isotropic in the moving system at 0.8 
GeV and become Increasingly sideward peaked at 
higher energies. Within the limits of error, all 
the Sc fragments display the same values ol h/a. 



fig. 7. Energy dependence of two-step model psrsm- 

St end b/a for So fragments. See Fig. 4 for eymboU. 


The values of increase between 0.8 and 3 
GeV, drop sharply to zero at 11.5 GeV, and be¬ 
come negative at 400 GeV. According to the two- 
step model, the residual nucleus resulting from 
the initial proton-nucleus interaction thus is at 
rest in the laboratory for a proton energy of 11.5 
GeV, and actually recoils backward when the bom¬ 
barding energy is increased to 400 GeV. These 
observations are difficult to reconcile with the 
high excitation energies that appear to be required 
to form Sc fragments from uranium’’” and suggest 
that the two-step model may not be applicable in 
these cases. A comparison of the energy spectra 
of fragments emitted at forward and backward 
tingles would provide a more rigorous lest of the 
consistency of the angular distributions with the 
two-step model.” 

V. CONCLUSIONS 

The angular distributions of Sc fragments emit¬ 
ted in the interaction of “*U with 0.8-400 GeV 
protons have been measured. The distributions 
become increasingly forward peaked between 0.8 
and 3 GeV. This trend does not continue at higher 
energies; instead, the 11.5 GeV curves are side¬ 
ward peaked and symmetric about 90°. At 400 
GeV, the peaking at sideward angles becomes 
even more pronounced and, in addition, emission 
at forward angles is less probable than that at 
backward angles. These features are displayed by 
both neutron-excess and neutron-deficient frag¬ 
ments. 

The results appear to be consistent with a model 
advanced to explain some related high-energy re¬ 
sults.’’’ In a near-central collision at highly rel¬ 
ativistic energies, the Lorenlz contraction re¬ 
sults in a coherent interaction between the incident 
proton and the nucleons lying in its path.' Owing 
to relativistic time dilation the resulting multi- 
particle state is ejected from the nucleus in the 
forward direction prior to decay. Additional mass 
loss occurs from the zone adjacent to the ejected 
tube due to final state Interactions, frictional ef¬ 
fects, etc. The resulting nucleus is highly un¬ 
stable and rapidly breaks apart. The fast time 
scale of the process, which is attested to by the 
anomalous results obtained from an analysis based 
on the two-step model, leads to preferential emis¬ 
sion at 90° to the beam. Since practically all the 
momentum of the proton is carried off by the 
ejected participants, the spectator fragments show 
little evidence of momentum transfer and so dis¬ 
play a forward-to-backward ratio close to unity. 

A quantitive formulation of this model has been 
recently publlsbed.” The backward enhancement 
observed at 400 GeV can be explained as a cotwe- 
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quence of the very extensive msss dlsslpatton ob¬ 
served at this energy." If this process primarily 
depletes a cone-shaped region of the nucleus open¬ 
ing at forward angles, a rapid breakup wlU inhibit 
the emission of fragments at these angles. Since 
the back side of the nucleus is not depleted, back¬ 
ward emission is not reduced and so is enhanced 
relative to emission at forward angles. By con¬ 
trast, the forward peaking seen up to 3 GeV is 
understandable as the result of the transfer of 
both momentum and excitation energy to the struck 
nucleus by the intranuclear cascade. 
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Low-energy abaorptioii of pions on niielei and the real pHr) potential 
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A Wick-formtliem treatment of the cr -f ai model dyoamics is used to obtain the real and imaginary pant 
of the w-nucleua optical reaulttag l¥ofn the true absorption of “s-wave'* ptotia. Good agreement la obtained 
with the empirical value of the imagirury potential at threshold. The corresponding (dispersive) real 
potential ia attractive. All paramcteri are taken from other experiments. 

NUCLEAR REACTIONS imaginary part of ff-A optical potential caU 

culatad in fr+ cj model ualog Ferml-gaa wave Motions, Off^ahell absorptive 
amplitude used to calculate correspondliig real part from unsubtracted dispersion 

relation. 


The a + ui model Is a jelativistic quantum field 
theory ol Interacting ptons and nuclaona (aa well 
as the a and u mesons) which is renormallzable, 
satislles PCAC, and gives a good description of 
low-energy tN, and tv dynamics. Various 
aspects of the dynamics ol pions interacting with 
nuclei have recently been explored within the 
Iramework of this model, Including near-threshold 
pion production and low-energy elastic scattering 
of pions.*'* 

In this paper we investigate the predictions of 
iho cr + (0 model for "true” pion absorption. This 
process Is usually represented by a term of the 
phenomenological plon-nucleus optical potential 
which is quadratic in the nuclear density (because 
true absorption is dominated by the emission of 
tu'u nucleons): 

2*!'*t) = -4Tnm(B,)pV)' 

The folklore of absorption rate calculations has 
been that the amplitude is dominated by terms rep¬ 
resenting off-shell elastic scattering of the inci¬ 
dent pion from one active nucleon, followed by lls 
absorption on a second nucleon, as illustrated In 
Fig. 1.* In order to calcuUte this diagram, one 
needs the oll-sheU tJV scattering matrix, the vNN 
absorption vertex, and the initial and final nu¬ 
cleonic wave functions. Several authors have re¬ 
cently calculated true pion absorption in this man¬ 
ner, using phenomenological models of varying 
sophlsticatioo to represent the kN scattering ma- 
tru.*** These calculations have been unable to 
account for more than about 70—75% of the low- 
eoergy absorptive cross section. Our calculation 
ot the absorptive amplitude differs from those of 
other authors primarily in that It Is based on eval- 
oation of the leading terms In the o + w model 
ihrough third order in the coupling constant. Wc 
find that the missing strength Is provided by 


short-range terms arising from the exchange of 
the heavy mesons included in this theory. (Ihere 
are also some differences In technical details of 
the handling of Fermi-gas wave functions and the 
avoidance of unitarity-vlolallng unphyslcal singu¬ 
larities.) 

In addition to the imaginary part of the plon- 
nucleus potential arising from true pion absorp¬ 
tion, Eq. (1), we expect a real conlrlbullon to 
arising from dispersion. The expected analytic 
properties of the amplitudes imply that He(B,) 
satisfies a dispersion relation; the expected rapid 
decrease with energy of the imaginary part, for 
large energy, Implies that the dispersion relation 
will be unsubtracled. Thus, the algebraic sign of 
the real part near threshold is determined by the 
energy dependence of the Imaginary part. AU 
microscopic calculations of the absorptive part 
have found it to be peaked at energies weU above 
threshold, so that the resulting dispersive real 
part is attractive. Our calculation is no exception, 

We now describe our calculation. The elastic T 
matrix for v'-nucleus scattering is given exactly 
by the Wick formalism in the o + a' model 


i Tr“. it; 

/■ 

✓ 

✓ 

TT” ^ 

r 

✓ 

FIG, 1. Rescatterlag model of Ai^,NN)B remcUoiii. 
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rr-r(<'“)= + -Td)] +8xT.^)ir.(*)||g.8.> 


(2) 


where 8xM^/G^ =m,* -m*. At is the nucleon mass, 
o(x) and ?(x) are the nuclear o-meson and pion 
Uelds, and J( Is the Fourier transform of the 
source term in the Klein-Gordon equation 

-m’ -^)ir.(x)=J(x), 


X |i6'N’(x>)<V^T.N(x) +'^^<r<x)it.(x) 


+ 4A»r.(x)[(T’(x) + ri(\) •if(x)|(3) 

As noted in Ref. 2, the field operators in (3) in¬ 
clude interactions, hence include terms of all or¬ 
ders in G. Here we shall concentrate on terms 
through O(G’), which arise in the expansion of the 
N^N and am terms. The xa{o^ + v^) term isO(G*) (at 
least), so is dropped. 

The first term of Eq. (2) contains the effects of 
pion Interactions with the fluctuating meson fields 
of the target nucleus. The next two terms arc 
handled by using those states containing zero or 
one asymptotic mesons to spectrally represent the 
energy denominators In which H appears. The 
zero meson states of low energy give a contribu¬ 
tion which is the sum over nucleons of the driving 
terms of the (free) ir-nucleon Low equation, and 
which leads to the impulse contribution to the op¬ 
tical potential.’ The zero-meson states of higher 
energies (2p-2h states not reached by matrix ele¬ 
ments of Jf Involving single nucleons only) lead to 
an imaginary part of T (true pion absorption) 
which is physically distinct from that arising from 
elastic and inelastic unitarlty. This absorptive 
part is given by the imaginary parts of the terms 
of Eq. (2) involving J’b, in which the intermediate 
states have no free pions. In fact, we know from 
experiment that the dominant process in low-en¬ 
ergy pion absorption is the emission of two high- 
energy nucleons, so we shall write 


Im[r?'.r(fr'’)]--ir E <2p-2h|./r.|g.8.>* 

x<2p-2hj^r|g.s.) 
xffl(£.-fe») + 6(£.+ *•)], 


I-- 

where is the energy difference between the 2p- 
2h and ground states, and where we have assumed 
N=Z. Note that Eq. (4) is strictly correct only 
for Jt’aim,. At such low energies, neither plon- 
nucleus inelastic scattering nor meson production 
can occur. At higher energies both inelastic scat¬ 
tering and meson production represent an impor¬ 
tant part of Im(T) which is omitted deliberately 
from Eq. (4). Note that the spectral function [neg¬ 
ative imaginary part of Tf.^ from Eq. (2)| is a 
positive operator in the sense that, for arbitrary 
functions t', 

fdk' Jdki(.*(k')[-Im(Tt,r(«:'’)]i/i(k)s 0. 


(It is this property which guarantees that the im¬ 
aginary part of the optical potential is absorptive, 
rather than emissive, even when it Is nonlocal.) 

We are interested in calculating the optical po¬ 
tential V, but Eqs. (2) and (4) involve T(k^). Liu 
and Shakln” have shown that in order to obtain 
formal expressions for v from those involving 
r(it’), one need merely remove from T(fe’) all 
terms involving intermediate v-nuclear eigen¬ 
states, in which the nucleus remains in its ground 
state. Clearly, no terms involving the pion plus 
nuclear ground state appear in the right-hand side 
of Eq. (4). Thus we may write, ignoring nonlocal¬ 
ity which is clearly present in Eq. (4), 

Iml7-F.r(*'’)I=-Im (5) 

[It will be reasonable to Ignore nonlocal effects 
since they have a range smaller than '-(2m,)'*, and 
for low-energy pions, T.c 50 MeV, both k and i' 

< m,.] 

To simplify the calculation we treat the nucleus 
as a Fermi gas and Ignore surface effects. Then 
for small momenta and k', 

Im[V(t')l=.-i^2I )<2p-2h|.I,)g.8.>|» 


x[e(B„-*«) + «(£. + *")] (61 

and 


Re[V(*'')l = 



(It) 


or 

Re[V(*’)]=fi>j[’^j;^f^(-InilV{»')l), (7b) 


(4) 
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where V(.v)=v(x=0,v) and O is the nuclear volume. 
In obtaining Eq. (6) we have repiaced the left-hand 
side of Eq. (S) bp Eq. (4) and then taken an Inverse 
Fourier transform. The result, (7a), is essen¬ 
tially the dispersive part of Eq. (2)—Eq. (7b) is 
obtained from (7a) via Eq. (6) (crossing symmetry 
for a 7* = 0 target). Thus, -lmV(i') defined in (6) 
approximates the spectral function of the true ab¬ 
sorption contribution to the plon-nucleus scattering 
amplitude. 

The off-shell dynamics specified by the Low 
equation are exhibited in Eqs. (6) and (7). To cal¬ 
culate V(k^) one must first obtain the absorptive 
transition matrix lor incident plons of four-mo¬ 
mentum it»(h’,5). Contributions to ReV(h°) occur 
for values of v ranging from 0 to «>, so the incident 
pious are, in general, far off the mass-shell 
= This specification has not been 

used by previous authors. 

An Important difference between this calculation 
and that of Hachenberg and Pirner^ is that our 
spectral function, Eq. (6), is positive defimte, 
whereas theirs is of indefinite sign. [This would 
remain true even had we kept the nonlocal part of 
the optical potential (arising from the nuclear sur- 
hice), in the sense that the spectral function would 
be a positive-definite integral kernel.) 

The matrix elements (2p-2h |<f,|g.8.) are obtained 
from covariant perturbation theory, and the dia¬ 
grams of lowest order (g’) in the a + u model are 
displayed in Fig. 2. To this order no terms in¬ 
volving the pion plus nuclear ground state appear. 
The single nucleon term, proportional to 0 | ‘k, is 
expected to provide negligible contributions here, 

BO is not Included. 

The approximate evaluation of the diagrams of 
Fig. 2 leads to the following two-nucleon absorp- 


cr 




TT" O- 


I I 




It It 


iTG. 2. The leading aontrlbutiaas [ 0 (G^)I to Air",NN)B 

In the o + Cl model. 


tion operator 



x{-c, •qA-o, -[52 + 51' +iojX(pi-P j)1B 


with 


A = 


’■ 3 ( 2 )(o, -?,) -qC} 




T-y ——T 

q + g +m 


—I —“—2 —C , 


„ Gj 


( 8 ) 


(9) 


1 G* t" 

~2 g* +»!,’ 2Af + *" • 

and where q = 52 - Pi- Our convention is always 
that the proton absorbing the negative charge is 
labeled “1", and the other nucleon is labeled "2”. 
(See Fig. 2.) The meson-nucleon vertex function 
u(^) is taken to be 

«(q*) = (l-tqVAf*)‘^. (10) 

For simplicity we have assumed that the vertex 
function is the same for all meson-nucleon cou¬ 
plings. (Although the dispersion integral would 
converge with point vertex functions, as in other 
calculations extended vertices are required to cut 
off the integral at a physically reasonable energy, 
since what happens above v~l CeV clearly cannot 
influence the threshold pion-nucleus scattering 
significantly.) In our evaluations of Eqs. (8) and 
(0) we use empirically determined values 
=^14.2, G„V4v = 12.9, and w,=r70O MeV." 

To obtain lm| V(lf’)], we square the matrix ele¬ 
ment of i/g (between the ground and 2p-2h states) 
and perform the sum over all such intermediate 
states. We assume incommonwithotherauthors*'* 
that the sum is dominated by those terms in which 
each final nucleon has energy k°/2. For fc’ - m, 
the momentum of each final nucleon is much great¬ 
er than the momenta of the initial nucleons in the 
ground state. Hence, we neglect in (8) the mo¬ 
menta of the initial nucleons. This approximation, 
made also in Refs. 4-B, gives the simple result 
g^—Mk'‘, In order to obtain ReV(lf'’) we need 
lm| V(i')] for small values of v for which the pre¬ 
ceding approximation fails. However, -Im[V(t')] 
peaks at (as we shall show. Fig. 3) •'>250 MeV, 
so that our approximation is quite good for the 
energy interval which dominates the integral rep¬ 
resentation of BeV{k*). 

With the use of the above approximations, the 
evaluation of (2p-2h |J, |g.s.) is straightforward 
except for the consequences of the antisymmetry 
of the ground and 2p-2h wave functions. U the 
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FIG. 3. The ImaKlosry s-wave part of ttie pion-oucleoe 
optical potential arlainK from true pton alisorption, Fig. 
2. (See text for details.) 


intermediate state contains two neutrons, this 
state must be antisymmetrized. U the interme¬ 
diate state contains a neutron-proton pair, the 
ground state contains a proton-proton pair which 


must be antisymmetrized. Using Eqs. (8)-(10) to 
evaluate Eq. (6), we find 


lm[ VC*")] = 

x[(A+B)* + (>l+3B)’ + 4C*]. (11) 

In £q. (11) p is the density of nuclear matter 
(0.166 Im'^), k, is the Fermi momentum, and F is 
a factor which results from the requirements that 
the two initial momenta lie within, and the two in¬ 
termediate momenta lie outside, the Fermi sphere. 
The function F is displayed in Fig. 4 and given by 


tip.' jdPt Jdft9(/>t ->>rWPi - fer)e(fe, -p,)6(k, 


The numerical evaluation of Eq. (11) is displayed 
in Fig. 3. The low-energy cutoff is provided by the 
function F, since the phase space for producing a 
2p-2h excitation by absorbing energy **' decreases 
rapidly as k" approaches zero. At threshold, 

ImlV] = - 8.0 MeV, in excellent agreement with 
the experimental value.*’ (This value of Im[V] 
corresponds to Im[B,| =0.042w,'*.) In the energy 
region of current interest for v-nuclear scattering 
(m,'' k" < 3m,) tm(V(it“)| is relatively constant in 
magnitude, never deviating by more than 10% 
from its mean value of about 9 MeV. About one- 
third of Im[ V(fr’)| arises from the inclusion of 
heavy meson exchange. 

The function -lm[ V(p)| peaks at about 250 MeV 
and falls off slowly at high energies. This falloff 
results both from the large-? behavior of the 
mesonlc propagators appearing in Eq. (9), as well 
as from the meson-nucleon vertex functions. 



y (M*V) 

FIG. 4. The phase-space factor for 2p-2h exoltationB 
of energy luing Fermi-gas wavs funotioas, relative 
to its asymptotic Oarge k*) form. 


r- 

Given Im[V(p)l Irom Fig. 3 and Eq. (7), we ex¬ 
pect ReV(k*) to be negative (attractive) near 
threshold and to decrease with increasing energy. 
This behavior is shown in Fig. 5. The real poten¬ 
tial has the value -12 MeV at threshold and de¬ 
creases monotonically to -4 MeV at 310 MeV. 

Our attractive potential (at threshold) is about 
60% smaller than that obtained in Ref. 5. Pionic 
atom data have required a real repulsiiie term 
about equal in magnitude to the imaginary poten- 
jmlH.ij jjjg present work yields an attractive dis¬ 
persive potential in qualitative agreement with all 



FIO. 6. The dispersive real part of the i-wave pion 
Buclaus opUoal, arising tnm the aubatltutian of Im V(.') 
(from Fig. 3) into Eq. (fb). 
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Other microscopic calculations of the dispersive 
real part, and In disagreement both with the early 
woifc of BTueckner** and of Thouless,'* aa well as 
with the more recent discussion of HDfner.** In 
other words, the dispersive real part of £g cannot 
account for the definitely repulsive effect required 
by experiment. 

Finally, we note that Mizutanl and Koltun," and 
Hliiat" have proposed formalisms alternative to 
Eq. (2)ff, based on amalgamating multiple scat¬ 


tering theory and field theory. We feel that the 
application of the o -i w model is more transparent¬ 
ly expressed in terms of Eq. (2), however. 

This work was supported in part by DOE and by 
NSF. One of us (J. V. N.) wishes to thank the 
Physics Department of the University of Washing¬ 
ton lor its hospitality during the 197B-79 academic 
year. 


•Present address: Department of Physics, University 
of Virginia, CharlottesvlUe, Va. 22901. 

'j.V. Noble, Fhys. Rev. Lett.», 100 aB79). 

V. Noble. Phys. Rev. C 20 . 226 (1979). 

’d. S. Koltun and A. Reltan, Miol. Riys. ^ 629 (1968). 
*a. F. Bertsch and D. O. Rlslia, Phys. Rev. C U, 317 
(1978). 

*F. Hachenberg and H, J. Plmer, Ann. Phys, (N.Y.) 112 , 
401 0978). 

’j. Chal and D. O. Risks, Phys. Rev. C 19, 1425 a979); 

Duel. Phys. A329 . 429 (1979), 

'c. B. Dover, J. C. Ballot, and R, H, l^emmer, Lett, 
Nuovo Clmento 2, 71S 0971). 

'n.Beder, Nucl.lliys. B14 . 586 (1969). 

’G. a. Miller, Phys. Rev. C W, 2326 (1977). 

'“L. C. Uu and C. M. Shakln, Phye. Rev. C 19, 129 


(1979). 

“m. M. Nagels. J. J. de Swart. 11. Nletoon, G. r, Oades. 
J. L. Paterson, B. Tromborg, G. Guetafson, A« C. 
Irving, C.JarlBkog, W. Pfiel, H, Pitkuhn, F. Stetner, 
and L, Tauscher, Nuol. Phya. B109 , 1 (1976). 

dicker, H. McManus, and J. A. Carr, Phya. Rev, 

C 1^, 928 (1978). 

**J. Hufner, Phya. Rep. 21C. 1 (1975). 

“k. Brueckner, Pliys. Rev.^, 769 (1966). 

J. Thouless, Proc. R. Phys. Soc. London 69. 280 
ttSSB). 

«T. Mlautanl and D. S. Koltun. Ann. Phys. (N.Y.) 109, 1 
(1977). 

'’a. Rinat, Ann. Phys. (N.Y.) (to be published), and 
Welzmann Institute of Science Report Mo. WIB-78/46 
Ph, 



PHYSICAL REVIEW C 


VOLUME 21, NUMBER 6 


JUNE 198 


Products of stopped'pion inteructions with Cu and Ta 
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Yields of radioactive products from the interactions of stopped ir' with Cu and Ta have been measimd. 
Absolute yields of products ranging down to 10 ’ per stop svere determined. The experimental yields are 
compared svith yields calculated with a model that svas developed in this work for the stopped-ir 
interaction The calculations give excellent agreement with measured total mass yields for Ta, but some 
discrepancies exist for the independent yields of Hf, Er, and Tm isotopes; in the case of Cu, most 
independent yields, except for Co and Sc, are in good agreement. Measurements sveie also made with both 
stopped St and 20-MeV ir' on Cu and Ee to determine the shift in the centroids of the isotopic yields with 
pion charge. 


NUCLEAK HEACTIONS Stopped-ncgBtlve~plon Interactions with Cu and Ta. 
Measured yields of residual radioactive products. Cnlculatud yields from mode] 
for the Interactions. 


I. INTROIHICTION 

The process of stnpped-plon absorption begins 
with the capture of a low-kinetlc-energy x" by the 
Coulombic potential of the nucleus. The capturing 
Bohr orbit Is presumed to have a large principal 
quantum number nof about 20.' The resultant 
pionlc atom deexcltes by x-ray and Auger-elec¬ 
tron emission until It reaches a lower n state with 
sufficient overlap of its wave function with the nu¬ 
clear volume so that the nucleus captures the pion, 
due to the strong plon-nucleon interaction. In 
order to conserve momentum and energy the pion 
Is presumed to be absorbed on at least a correla¬ 
ted pair of pit or ii/> nucleons. 

Absorption of the ir* converts a proton into a 
neutron, and the pion imparts its 140-MeV rest 
mass into kinetic energy of the absorbing pair, 
each nucleon of the pair recoiling in the center- 
of-mass system with about 70 MeV plus the ori¬ 
ginal kinetic energy of the pair of nucleons. De¬ 
pending on the point of absorption and the direc¬ 
tion of motion of these recoiling nucleons, they 
can either escape without interaction or undergo 
collisions with other nucleons In the nucleus and 
thereby initiate an Intranuclear cascade. 

Early studies of the yields of radioactive prod¬ 
ucts from the interactions of tr' with N, O, Zn, 

As, Br, I, and Hg targets have been reported by 
investigators at the University of Chicago.**^ Neg¬ 
ative pions with initial kinetic energies of 30 to 
70 MeV were stopped in very thick targets 1~30 g/ 
cm^). Following irradiation, the different ele- 
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mental products were chemically separated from 
the target material and the radioactivities were 
measured. 

Gadioli and Gadloli-Erba" used an exciton 
model with fair success to fit the data of the Chi¬ 
cago authors. In this treatment the two nucleons 
that share the pion rest mass are assumed to give 
rise to two (parallel) intranuclear cascades, each 
characterized by a one-particle-one-hole initial 
configuration. 

A rather sophisticated treatment of the stopiied 
n- process Is reported by Iljfnov, Nazanik, and 
Chigrinov.’ These authors assume a Gaussian 
form for the probability density of pion absorptnm 
with the nuclear radius corresponding to the cen¬ 
ter of the Gaussian as a variable parameter. The 
resultant intranuclear cascade is treated by a 
Monte Carlo method developed by Bertinl"' and 
the subsequent evaporation on the part of the ex¬ 
cited nucleus Is calculated by the method dev¬ 
eloped by Dostrovsky ct al. '* These authors’ arc 
able to duplicate the residual yields reported by 
the Chicago group^'^ rather well. In addition, 
they reproduced measured neutron and charged- 
particle spectra. 

A team at Dubna has measured the residual 
products from stopped-ir- interactions with some 
heavy targets ranging from Ta to Bl.**'” These 
researchers stress their observation of the prod¬ 
uction of high-spln products; however, most of 
their yields are reported on a quaUtattve basis. 

A group at CERN has recently measured 
from stopped-pion reactions in ’Be, *’b, “O, J”’ 
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Co, and '*Nb. Also, a team at SIN has reported'* 
on measurements of residual product yields usli^ 
in-beam spectroscopy and activation methods on 
targets of *’Co, ’*As, ‘’’Au, and 

Another recent investigation relevant to our 
study has been reported by a group'* working at 
CERN on absolute yield measurements of hlgh- 
spin states in Hf and Fb nuclei following pion cap¬ 
ture in ‘**Ta and ““Pb. They measured prompt 
and delayed y rays following the Interaction and 
give absolute yields for quadrupoie transitions In 
the even-even Hf isotopes from A = 166 to 178 
with nuclear spins of the initial states as high as 
16. 

A primary aim of the present study was to pro¬ 
vide information about the average depth of ab¬ 
sorption of the pion and, possibly, about the 
mechanism of absorption, such as preference for 
absorption on pp, np, or either of these in clus¬ 
ters. We did this by measuring the yields of rad¬ 
ioactive products from the Interaction of stopped 
n- with Cu and Ta targets and by comparing these 
data with model calculations. We measured 
about two dozen yields from each target, ranging 
from 10 to 10'* percent per pion stop, thereby 
providing a rather stringent test of the calcula¬ 
tions. In the model, the radial location of ab¬ 
sorption is established by wave mechanical cas¬ 
cade calculations through use of an optical po¬ 
tential obtained from plonic x-ray measurements. 
To first order, the probability of absorption on 
np to pp pairs Is equal to 2N/(7-l). Upon ab¬ 
sorption, the resulting Intranuclear cascade Is 
treated with the Monte Carlo code vegas"''". 

The deexcitation of the residual nucleus following 
the cascade Is calculated with the Dostrovsky, 
Fraeidiel and Frledlander (OFF) evaporation 
code.'* 

n. EXPERIMENTAL 

Stopped-v- target exposures were performed at 
the low-energy pion channel (LEP) of the Clinton 
P. Anderson Los Alamos Meson Physics Facility 
(LAMPF). The channel was tuned for 170 MeV/ 
c (80 MeV) V- and the reeultant beam composition, 
determined by dE/dx measurements, was 60% 

»-> 36% e', and ~4% m'. The plons were slowed 
down to stop In the targets by degrading their 
energy with graphite plates. The exact .thick¬ 
ness of graphite required to establish the max¬ 
imum number of etope in the target foUe wae 
achieved by using a three-element (125) scint¬ 
illator teleacope coupled to conventional fast elec¬ 
tronics. The dlflerential range curves showed 
^idth at hall maxUnum (FWHM) = 2.4 g/cm* 
aphlta at any momentum bite A /»/p between 


0.2 and 2% due to pion straggle in traversing the 
~12-cm thickness of degraders. 

The targets were 3.8-cra dlam disks of thin Cu 
or Ta stacked to a total thickness of -1 g/cm*. 

By using multiple-disk targets, we could appor¬ 
tion certain foils for various chemical procedures 
and direct cotmUng, and by gross y counting of 
each foil, we could also confirm the exact loca¬ 
tion of maximum pion stops per unit density. All 
counting was done In a low-background environ¬ 
ment. The Cu targets were counted directly, 
while for the Ta targets, both direct counting and 
radiochemical separations before counting were 
performed. In the latter, Hf and four rare earth 
fractions (Er, Tm, Yb, and Lu) were separated. 
Most of the products emit y rays which were mea¬ 
sured with one of three different GefLi) detector 
systems. Photopeak Intensities of the ; rays In 
the spectra were determined with the GAMANAl'* 
computer code. Spectra were measured over a 
period of six months. The photopeak efficienclee 
of the detectors were determined with National 
Bureau of Standards "'Am, "*Tb, and multiple- 
species sources. Two p-emlttlng products from 
Ta, '“’Er, and "“Tm, were measured In a low- 
background proportional counter. 

The absolute yields (atums/plon stop) of several 
high-yield "monitor products” were determined 
for Cu and Tafrom short-duration, low-intensity 
irradiations. The Intensity was reduced by clos¬ 
ing the momentum slits to Ap/p~o.l% and the 
number of pion stops in each target was estab¬ 
lished by the use of the throe-element (123) scint¬ 
illator telescope. Under these conditions and with 
225 mA on the 3-cm thick graphite pion production 
target, the stop rate was 7xl0“ sec''. In sub¬ 
sequent high-iutenslty pion irradiations, product 
yields down to 10'*% were determined; the rel¬ 
ative yields were converted to absolute values by 
normalization to the monitor products. 

The contributions to product yields from sec¬ 
ondary nucleon reactions (chiefly from neutrons) 
were estimated from measurements on secondary 
targets placed downstream of the primary 
targets. To ensure that the secondary target was 
beyond the range of the plons, a graphite ab¬ 
sorber, 2 cm thick, was interposed between the 
primary and secondary targets. 

Stopped muons can also contribute to the yields 
of products near the target via (p', xn) and to a 
lesser extent via (p', pxa) reactions. On the bas¬ 
is of reported stopped muon yields,**'*' the larger 
range of muons than plons, and the 4% muon con¬ 
tamination in our pion beam, we estimate the 
muon contributions to “•■•'Co from Cu, and ‘”H1* 
and '**Lu from Ta to be less than 5% of the re¬ 
ported yields. 



2S26 


C. J. ORTH et Ml. 


21 


III. MODEL DESCRIPTION 

The model used for calculating the yields of 
reBldual'Spallation-product nuclei, resulting when 
stopped negative pions are absorbed In a target 
nucleus, has three steps. The Initial step as¬ 
sumes that the pion Is absorbed on two nucleons, 
thus transferring the plon rest energy to the two 
nucleons. In the next step these two recoiling 
nucleons can either escape or scatter from other 
nucleons and thereby transfer excitation energy 
to the nucleus. The third step Involves particle 
eviHioration from the heated nucleus, which yields 
the observed residual products. 

The location of the plon absorption in the nu¬ 
cleus is calculated from plonlc-atom data. The 
wave function for each plonic orbit is determined 
by solving the Kleln-Gordon equation with a pion- 
nuclear optical potential. This plon optical po¬ 
tential’^ has an Imaginary part which la propor¬ 
tional to the square of the nuclear density due to 
the plon absorption on two nucleons. The strength 
of this absorptive potential Is determined by fit¬ 
ting plonic x-ray transition strengths. The nu¬ 
clear densities used in the plonic optical potential 
are taken from electron scattering. ” 

The resulting pion wave function has the form 

a) 

where <^, Is the radial wave function, E ls the com¬ 
plex pion energy, and / is the time coordinate. 

The probability for absorption of the plon from 
each orbit Is then calculated from the equation of 
continuity which determines that the plon Is ab¬ 
sorbed In a volume element, tiV— Avr^tlr, where r 
Is the distance from the center of the nucleus. 

We define the differential probability dP,/dr for 
absorption of the pion from an orbit I along the 
radius r as 

where h Is Planck’s constant, ? is the gradient 
operator, and J, is the plon current defined as 

In order to calculate the total plon absorption 
probability, the relative weight W,, with which 
a particular orbit I will be populated in the plonlc- 
atom cascade must be estimated. This weight¬ 
ing was calculated by assuming that the plon was 
Coulomb captured In the atom with some initial 
distribution In angular momentum fo wkI a 
Monte Carlo technique was used to follow the 
plon down through the plonic levels In order to 
determine the population of the final orbits. ” Two 
simple distributions of inittal angular momenta 



NUCLEAR RAOtUS llin) 

FIG. 1. The mass density for '’Cu (solid line, left- 
hand scale) In units of the oentral density p| versus die 
nuclear radius. The mass density Is from Ref. 24 and 
oorreBpands to a Fermi distribution wldi half radius - 
4.2 fm and to a dlffuaeness =0.59 fm. The absorption 
probability la plotted (right-hand scale) versus dw radi¬ 
us. 


were used, a uniform distribution and one pro¬ 
portional to the angular momentum degeneracy, 
2fo +1. The total differential probability is then 
given by 

dP/dr=^W,dP,/dr. (4) 

In Figs. 1 and 2, the absorption probability dP/ 
dr Is plotted for and "'Ta for the initial dis¬ 
tribution proportional to 21^+ V, the uniform Initial 
distribution gives almost idenUcal results. The 
capture probability shows a rapid rise from the 



fig. 2, The mass density for ’’’tb (scdld line, left- 
hand scale) In units of die oentrsl density po versus the 
uucleBr rsdlus. The mass density Is from Ref. 24 sod 
oorreeponds to a Fermi dlstr&ratlon with half radius 
-6.4 (m and to a diffttsenass =0.64 fm. The absorpthm 
probability, oalcnlated from tbe plonlo-atom oasoadc 
oode Is shown dashed (p/p» = 0.5), white an arbitrarily 
chosen absorption dlatrOnUon that peaks doser to the 
nudear surface (p/po=0.25) Is diownby the daah-dot 
ourve. 
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edge of the nucleua, reaches a maximum at the 
baU-ceiitral-deiiBlty radius of the nucleus, and 
then slowly decreases to zero Inside the nucleus. 
An arbitrarily chosen distribution for "‘Ta 
centered at the quafter-central-density radius Is 
also shown in Fig. 2. This distribution is used 
to test the senslttvlty of the model to the location 
ot the pion absorption. 

The negaUve pion can be absorbed on either a 
neutron-proton pair or a proton-proton pair. The 
probability that it will absorb on the neutron- 
proton pair will be proportional to the number of 
neutron-proton pairs In the nucleus NZ. The 
probability that It will absorb on a proton-proton 
pair will be proportional to the number of proton- 
proton pairs, Z(Z-l)/2. We define the ratio of 
these probabilltleB as the quantity R which then 
will be 


R=2k 


NZ 

Z{Z-1) 


=ft. 


N 


(5) 


where k is the proportionality constant. For con¬ 
venience we have defined Rf, as 

fto = 2fe (6) 

30 that R toT N = Z nuclei. From Eq. (5) we 
see that for absorption that is equally probable 


on neutron-proton pairs as well as on proton- 
proton pairs, l> = lor/fo = 2. 

The value of R^ depends on the details of the 
pion absorption mechanism. For delta dom¬ 
inance, that is, absorption through a plon- 
nucleon isospln J partial wave only, Eq has a 
imlque value of 5, Independent of the magnitude 
of the absorption. For absorption throu^ a 
plon-nucleon partial wave with isospln j, R^ 
can vary between 0 and 2. When both partial 
waves are contributing, there are no a priori 
bounds on Ag. 

The quantity R^ has a direct physical signifi¬ 
cance in that it represents the extent to which 
neutron-neutron pairs are ejected from the nu¬ 
cleus compared to neutron-proton pairs. As Ag 
increases, v absorption will tend to produce 
more neutron-deficient Isotopes because n-n 
out will result in a lower N/Z than for n-p out. 

However, Ag is not very well known. The ex¬ 
perimental ratio of neutron-neutron pairs to 
neutron-proton pairs ejected from the nucleus, 
which we deni>te by A„ has been measured lor a 
number of nuclei.^' If there were no charge- 
exchange scattering of the two nucleons as they 
leave the nucleus, R, would be identical to A. 
However, charge-exchange scattering of the 


TABLE I. Yields of products from stoppod-»' interaction with Cu. 


Nuclide 

Yield 

type 

A, (keV) 

•y/dis 

Measured 
yield {%) 

Calculsted 
yield m 

6.1 -d 

S'Nl 

/ 

761 

0.474 

0.007410.0030 

0.00810,008 

36-h 

‘’NI 

J ■ 

1377 

0.78 

0.119 10.014 

0.232 ±0.068 

17.9-h 

“Co 

C 

831 

0.73 

0.115 10.014 

0.156 + 0.056 

78.6-d 

“Co 

c 

847 

1.00 

1.41 to.12 

1,46 +0.17 

271.4-d 

“Co 

c 

\22 

0.659 

6.80 tO.75 

4.58 +0.30 

7l.3-d 

“Co 

/ 

811 

l.OO 

11.3 +1.2 

7.90 ±0.40 

5.26-y 

■co 

/ 

1173/1332 

1.00/1.00 

6.35 +0.85 

5.55 +0.33 

1.66-h 

•Co 

c 

87 

0.90 

2.71 ±0.40 

2.B9 ±0.24 

8.3-h 

“Fe 

c 

168 

1.00 

0.0028± 0.0004 

0.002*0.002 

44.6-d 

“Fe 

c 

1096/1292 

0.562/0.432 

1.37 t0.15 

2.19 *0.21 

5.63-d 

«Mn 

1 

1434 

1.00 

0.42 t0.05 

0.34 ±0.08 

313-d 

“Mn 

I 

835 

1.00 

4.41 +0.60 

3.24 10.25 

2.58-h 

“Mn 

c 

847 

1.00 

I.B6 +0.20 

2.23 *0.21 

21.6-h 

«Cr 

c 

308 

0.99 

0.0011 + 0.0003 

1 

42-min 

«Cr 

c 

91 

0.539 

0.023 ^0.004 

0.002*0.002 

27.7-d 

“Cr 

c 

320 

0.098 

1.23 tu.ie 

0.46 +0.10 

16.0-d 

“V 

c 

983 

1.00 

0.087 ±0.010 

0.01 1 0.01 

3.93-h 

“Sc 

I 

1157 

1.00 

0.0062 + 0.0008 

a 

68.6-h 

“Sc- 

1 

1157 

1.07 



83.8-d 

“So 

I 

889 

1.00 

0.056 0.009 

0.004 * 0.004 

3.35-d 

“Sc 

I 

159 

0.73 

0.041 *0.006 

0.018*0.018 

43.7-h 

<*Sc 

£ 

1037 

1.00 

0.020 ±0.004 

0.028+0.024 

22.2-h 


c 

373 

0.87 

0.0029*0.0006 

a 

1.83-h 

“Ar 

c 

1294 

0.99 

0.0006 

a 

15.0-h 

“Ns 

c 

1369 

1.00 

0.0037*0.0020 

a 


* No events occurred for these products in the oslculatlonB. 
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emergiiig nucleons will decrease this ratio*' so 
that R, <H. The experimental errors are large 
and can accommodate any value of Ag ranging 
from 1.6 to 3.4. This uncertainty, coupled with 
R,< H, does not fix Ag very well. In this work, 
we have used predominantly the value Ag = 2, 
which corresponds to absorption being equally 
probable on neutron-proton pairs as on proton- 
proton pairs. 

In the present calculations, the two nucleons 
which absorb the pion are distributed uniformly 
In a momentum sphere with the Fermi momen¬ 
tum determined by the local density. The plon 
energy is transferred to the center of mass of 
the two nucleons, and the subsequent escape or 
collisions of the two nucleons with other nucleons 
Is determined by the VEGAS Intranuclear cascade 
model. After the original two nucleons plus 
the subsequently struck nucleons escape or are 
captured by the average nucleon potential, a 


heated nucleus remains. This excited nucleus 
evaporates off neutrons, protons, deuterons, tri¬ 
tons, ’He, and a particles, and the residual nu¬ 
clei are the observed spallation products. The 
evaporation stage la calculated with the DFF (Ref. 
11) evaporation code. Angular momentum effects 
are Ignored in the evaporation calculation. 

IV. RESULTS 

The absolute yields of residual products from 
the Interactions of stopped with Cu and Ta are 
given in Tables I and n. The relative yields 
from the high-intensity target exposures were 
put on an absolute basis by normalization to sev¬ 
eral high-yield, nearly saturated, monitor prod¬ 
ucts. For Cu, the monitors were “Co, “Mn, 
and ”Cr, and for Ta they were ”°Hf, '’‘Hf, and 
'”Lu. The photopeak energies, branching ratios, 
and the half-lives of the radioactive products, 


TABLE n. Yields of products from stopped-ir' Interaction widi Ta. 


Nuclide 

Yield 

type 

A, (keV) 

T/dis 

Measured 
yield (%) 

C&lculatod 
ylftld (%) 

Ifi-h 

ITOjIf 

1 

165/621 

0.35/0.23 

4.2 

10.7 

0.98 ±0.14 

l2.2-h 


I 

662 

0.15 

5.1 

*0.7 

2.48 ±0.22 


"’Ilf 

I 

log.'i 

0.55 

6.9 

^0.6 

4.76 ±0.31 

2a,6-h 

‘«llf 

i 

124 

0.995 

9.0 

*1.5 

6.62 *0.36 

70-d 

lT6|(f 

t 

343 

0.82 

n 

*0.7 

8.50 *0.41 

r)2-raln 

'"nr 

[ 

277 

0.93 

0.068 

*0.020 


29-d 

'"Ilf 

/ 

363/454 

0.39/0.67 

0.31 

>0.06 

<3.6 

.■Sb-min 

'«'Lu 

I 

230 

0.12 

0.028 

10.009 

0.026 ±0^)23 

1.-I2-<1 

'*Lu 

c 

960 

0.2;i7 

3.0 

±0.3 

1.10 ±0.16 

2.02-d 

"»I.U 

i 

987 

0.067 

2.3 

* 0.25 

2.60 t-0.23 

8.22-d 

'"l,u 

I 

741 

0.527 

3.26 

*0.31 

3.98 *0.28 


'«Lu 

J 

1093 

0.65 

3.33 

±0.36 

5.2B ±0.32 

512-d 

‘”l,u 

1 

271 

0.22 

3.6 

^0.35 

5.10 ±0.32 

112-(i 

‘"Lu" 

I 

G7.1 

0.16 

3.7 

i 0.4 

5.11 ±0.32 

l2U4-li 

'”Lu' 

I 

76.5 





.7,69-h 

1 

1 

88.4 

0.087 

1.2 

±0.2 

3.1 

fl.Bl-d 


I 

20H 

0.0994 


a n no 



'”Lu" 

1 

208 

0.04 


^ ■ 



"•Lu" 

I 

•120 

0.95 

0.27 

±0,11 

1.3 

4.6^h 

'"Lu 

1 

214 

0.123 

0.28 

J 0.04 

0.36 ±0.08 

56.7-h 

'“Yb 

C 

82 

0.15 

0.45 

±U.L2 

0.0584 0.034 

:ji-d 

'“Yb 

c 

198 

0.36 

4.4 

±0.5 

2.28 *0.30 

■t.2l-d 

‘’‘Yb 

t 

396 

0.065 

0.34 

+ 0.04 

0.33 *0.08 

1.9-h 

'"Yb 

I 

150 

0.22 

0.018 

>0.003 

0.076 ±0.039 


'“Tm 

c 

243 

0.433 

O.ll 

±0.013 

0.026 ±0.023 

7.70-h 

'“Tm 

J 

77S 

0.20 

0.079 

* 0.018 

0.144*0.064 

9.29-d 

■"Ttn 

c 

209 

0.403 

l.l 

*0.1 

0.77 *0.21 

93-d 

'“Tm 

I 

BI6 

0.482 

0.13 

±0.02 

O.SO ±0.10 

126-d 

**Tm 


/*■ 


0.10 

*0.01 

0.39 *0.09 

63.6-h 

*"Tm 


1093 

0.060 

0.028 

*0.004 

0.13 ±0.05 

8.24-h 

>”Tro 


399 

0.806 

0.013 

i:O.00S 

0.096 ±0.044 

fl.3-d 

‘•Er 


r 


0.0043 >0.0006 

0.040 *0d>28 

7.62-h 

'"Er 

~y 

.308 

0.658 

0d>012 a 0.0002 

0.012±0d)12 
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used in the yield calculatlonB, are Included in 
the tables. Cumulative or Independent yields are 
denoted by C or /. 

The experimental errors quoted in the tables 
are due chiefly to uncertainties in photopeak in¬ 
tensity measurements. Smaller error contrib¬ 
utions arise from corrections for photon absorp¬ 
tion in the target foil, extended source geometry, 
and detector pbotopeak efficiency. The quoted 
errors do not include a possible systematic un- 
certainity, estimated to be less than due 

to the determination of plon stops in the absolute 
yield measurements. In the calculations, 5000 
stops wore followed and the errors are statistical, 
ranging from for yields of about 10% to 
±50% for yields near 0.1%. 

The experimental Independent yields of prod¬ 
ucts from Cu are plotted in Fig. 3 and compared 
with calculations; smooth curves are drawn 
through calculated yields to guide the eye. 

For Ta, measured independent yields are com¬ 
pared with calculations in Figs. 4 and 5. Smooth 
curves have been drawn through the calculated 
points to guide the eye. In the case of Ta, we 
were able to measure about two thirds of the total 
mass yields, compared to about 38% of the total 
fur Cu. We have estimated the missing Ta yields 
(mainly the stable isotopes) by applying the com¬ 
puter code RUDSTAM” to our measured data. 

This code was developed at Brookhaven to cal¬ 
culate missing spallation product yields, using 



FIG. 3. Independent yields of residual spallation prod¬ 
ucts from stopped-v- interactions with Cu. Experimental 
aluee are ahown as points and smooth curves are drawn 
vough the oaloulatsd points (not shown). The solid and 
uabed carves are for Rg - 2 and 5, respectively, where 
j la the ratio of the probabllttlBS for absorption on an 
~P pair to absorption on a p-p pair. 


Rudstam’s original empirical formulation.'* The 
resultant total mass yields for Ta are compared 
with the stopped-plon model calculations in Fig. 

6 . 

Contributions to the observed yields due to 
secondary reactions can be estimated by mea¬ 
suring Z (Cu) and Z + 1 (Zn) radioactivities in the 
Cu target foils and in secondary target foils 
placed downstream behind sufficient absorber so 
they are beyond the range of the plons. The Z 
and Z+1 products are unique to secondary reac¬ 
tions because a- absorption leads to species with 
Z- 29. These statements sqiply equally well to 
the Ta targets. 

The results of measurements of secondary re¬ 
action products are given in Table m. In Cu, 
(P,xn), (.n,xrt), (»,p), and (n, spall) products were 
detected, while in Ta only (n , m ) and (v, f>) prod¬ 
ucts were observed. Products due to re¬ 
actions (Z - 2) were not observed in the secon¬ 
dary targets; however, contributions from this 



FTC, 4, Independent yields for residual Hf, Yb, and 
Er products from the interaction of stopped a- wltii Ta. 
The measured yields ore ahown as clrdes (HD, triangles 
(Yb), and squares (Er). Curves are establlahed from the 
calculated yields. Solid and dashed curves are for Ag = 2 
and 5, respectively. The dash-dot curves are for Rg>2, 
but wHh on absorption probabaity aibltrarlly peaked 
cloeer to the nuclear surface (see Fig. 2). The mea¬ 
sured yield for '"Hf represents a lower limit buoauae 
only tbs hlgh-spln Isomer was detectable. 
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FIG. 5. Independent yields for regldunl Lu and Tm 
producta from the tntsractlon of stopped ir with Ta. 

The measured yields are shown as trlanitles (Lu) and 
esroBses (Tm). Curves are established from the calcul¬ 
ated yields. Solid and dashed curves ore for 2 and 
5, respectively. The dnsh-dot curves are for ■ 2. but 
with the absorption probability arbitrarily peaked closer 
to Oie nuclear surface (sec Fig. 2). 

reaction were estimated by comparing published 
6), a) cross sections with (n, 2n)or (n,/>) excitation 
functions in the 8- to 20-Me V region. In Table III the 
yield per pion stop of “Cofrom the bi, a) reaction is 
estimated tobe 0.1% which is to be compared with a 
total measured “*Co yield of 7.05%per pion stop; this 
Is about a l.S'o contribution from the secondary 
reaction. Presumably, about the same amount 



FIG. 6. Total mass yields (or residual products from 
the Interaction of stopped ir* with Ta. The points arc 
the sums of experimentally determined yields with esti¬ 
mates of missing yields from the semi-emplrlcal fitting 
routine described In Sec, IV. The smoeth curves arc 
established from the calculated yields. The solid and 
dashed curves are for Rj-2 and 5, respectively. The 
dash-dot curve is (or 2, but with the absorption 
probability peaked closer to the nuclear surface (sec 
Fig. 2). The /t 179 yield is shown as a lower limit 
bucause only the hlgh-spln iaomer of ' '*llf was detectable 


of in, a) contribution occurs in Ta adding to the 
'”Lu yield. 

Due to the combination of low reaction cross 
sections and poor geometry, the only ^ v 29 prod¬ 
uct we detected in the secondary Cu target foils 
was ^^Mn, presumably due to high-energy nu¬ 
cleon-induced spallation. The other 21 29 spec¬ 
ies observed from the stopped a- interactions 
must also be made to some extent by the high- 
energy secondary nucleons, but our measure- 


'I'ADLF III. Yields of products from secoDdary reactions. 


Product 

Cu target 
yield 

(% per »■ stop) 

Predomioant 

reaction 

Product 

Ta Target 
Yield 

(% per »■ stop) 

Predominant 

reaction 

“Zn 

O.OU 

*’Cu(P,2s) 

ITIto* 

0.22 

(s,4s) 

“Zn 

O.OS2 

‘■'CutP.M) 

n«Ta 

0.14 

(s,6s) 

®Cu 

0.23 

•’Cuts. 3») 

'“Hf 

0.040 

(mj)) 

“Cu 

0.64 

•cu(s.2») 

'”Lu 

0.012 (est) 

(n.a) 

“N1 

0.047 

“Cu(«,p) 




»Co 

0.10 (eat) 

'’Cu(s,a) 




®Co 

0.05 (ost) 

*Cu(»,a) 




“Mn 

0.016 

Cats, spall} 
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tnents indicate that these contributions amount to 
about 1% and, therefore, are negligible lor the 
-1 g/cm* targets. 

During the course of this work several mea- 
aurements were made with Fe and Cu targets in 
order to determine the difference in residual 
product dtstrlbutlons when the charge on the in¬ 
coming pion was changed from minus to plus. Of 
course, a positively charged pion cannot be 
Coulomb captured by a nucleus and must have su¬ 
fficient kinetic energy to overcome the Coulomb 
barrier. For these measurements the v’ were 
degraded with 4.45-cm-thlck griqihlte plates, 
from an Incident energy of 50 MeV down to about 
20 MeV at the center of the target foil. Since 
the interaction cross section for v* drops rapidly 
with decreasing energy, below 100 MeV, we 
adopted a v* energy of 20 MeV for this compari¬ 
son, although this energy is considerably higher 
than the Coulomb barrier. At 20 MeV, the ir* 
interaction Is predominantly absorption and Inelas¬ 
tic scattering is relatively unimportant. The 
small amoimt of kinetic energy which can add to 
the pion rest-mass energy (140 MeV) upon ab¬ 
sorption should not alter the v* yield distributions 
to any measurable degree. 



*■10. 7. Relative yields of Co and Mn spallation pro- 
®*®ts from stopped »■ (solid points) and 20 -MeV i* 
'open points) iaddent on Cu. The ootiroids are nor- 
•nallted to unity fop easier comparison. 


Tlte Mn and Co yields from Cu are shown in Fig. 
7. For Co the shift is about 1.2 mass units. 
However, for Mn the shift is only about one hall 
this amount; the reason for this smaller shift 
is not obvious. 

In order to utilize the set of five measurable Sc 
isotopes to determine the extent of the shift ex¬ 
pected due to changing the charge of the incoming 
pion, Fe was selected lor the target material. 

Cu was not as suitable a target since the expected 
“Cu product from secondary nucleon reactions 
would preclude a determination of the ^^c yield. 
This is because ^'Cu lias a strong y transition 
in its decay which is identical in energy to the 
373-keV y ray of ^^c. The Sc yields from Fe, 
shown in Fig. 8, Illustrate the shift in yield dis¬ 
tributions between absorption of v* and v-; here 
the shift in the centroids is again about 1.2 mass 
units. Although not shown here, measurements 
from a 20-MeV v* Irradiation of Cu, compared 
with stopped-x' results, Indicate that from those 
Sc isotope yields that could be determined un¬ 
ambiguously, a shift of about 1.2 mass units occurs 
in the estimated centroids. 

The centroid shifts in cross sections of Co, Mn, 
and Sc isotopes from fast r> and r- reactions with 
Cu are, as one would expect, considerably 
smaller. The AA values decrease from 0.6 to 
approximately 0.2 mass units in going from 100 
to 350 MeV.’" 



FIG. 8. Relative ylelde of Sc Isotopes from stopped 
v* (clrdes) and 20-MeV r* (triangles) incident on Fe. 
The centroids are normallxed to unity tor easier coui- 
parlsoD. 
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V. DISCUSSION 

A. Companion of mcaiurad and calculatad yieldt 

For the Independent yields shown In Fig. 3, 
those for cobalt are underestimated by the model. 
The greatest discrepancies, however, are the 
underestlmatlons of the Cr, V, and Sc isotopic 
yields. Increasing the ratio from 2 to 5 does 
not change these results; the model does not 
seem to deposit enough energy In the Cu nucleus. 

The agreement of the calculations with the 
meastired total yields from Ta (Fig. 6) is quite 
good, although the products far removed from the 
target are somewhat underestimated. The ex¬ 
perimental data fur products near the target are 
less complete for comparison purposes. In Figs. 
4 and 5, the individual isotopes are compared and 
we see a different situation than lor copper. Only 
the isotopes of Hf, far removed from the target, 
are underestimated. The Isotopes of Lu and Yb 
are predicted fairly well, but those of Tm and Er 
are severely overestimated. Changing Ao from 
2 to 5 does not significantly affect the calculated 
yields. We have also calculated the products 
with a plon absorption distribution which is peaked 
farther out on the edge of the nucleus, where the 
density la 29'i^ of central density. This distribu¬ 
tion, given In Fig. 2, Improves the results for 
Tm and Er but gives poor results for the remain¬ 
ing isotopes. 

The results on Cu and Ta Indicate that the basic 
absorption mechanism used may not be the only 
mechanism Involved. The neutron-deficient Iso¬ 
topes are being underestimated. The flatness of 
the Hf isotope curve and the low yields of the Tm 
and Er isotopes are difficult to reconcile In a 
simple model of plan absorption. 

U. Coiniwiiwn with prrviuua iludin 

We show in Table IV a comparison of our '"‘Ta 
results with yield data for stopped-ir* absorption 
In "'Ta and nearby heavy nuclei, as reported by 
other Investigators. The mean numbers of 


emitted neutrons and protons ((n) and (/>» that we 
calculate for ""Ta are very similar to those for 
"’Au and *®*B1 reported by Pruys ei al ." Also, 
these authors presentsd systematlcs that showed 
the centroids of the isotopic yield dtstributlons 
(Gaussians) for (r~, xh) products remain constant 
at x» 6 for A = 165 to 209, and the FWHM of all 
Isotopic yield curves increase with target mass 
number. Our data lor "‘Ta fit these systematlcs 
rather well. However, when we compare our 
data with those of Beetz et al. " for "'Ta we find 
rather poor agreement. Why this is so we can¬ 
not say for certain, although, we suspect It may 
be due In part to the complexity of the prompt 
r-ray spectrum In the 200-keV energy region. 
They report" absolute yields (per v- stop) lor the 
4* — 2* V transitions In the ground-state rotational 
bands of the even-even Hf isotopes. We note, 
for example, that the 207.4-keV 
-1' [523] r transition in hlgh-yleld ‘'‘Hf might 
enhance the 206.5-keV pbotopeak from ‘'‘Hf; 
the Table of leotopes lists many y rays In this 
energy region for the odd-mass Hf Isotopes. 

In the case of Cu, where we measured only 38% 
of the mass yield, we find that after correcting 
lor the two isotopes of natural copper, the yield 
dietTlbutions are quite similar to those for “Co 
and '‘As reported by Pruys et al. and the 
FWHM for the Mn and Co isotopic yield dietrlbu- 
tlons (2.8 mass units) fit their systematlcs quite 
well. 

C Angular momentum coraidentions 

The angular momentum brought into the nu¬ 
cleus by the Coulomb captured v- is quite small 
since the plon itself has zero spin and only the 
pionlc orbital momentum can be transferred. A 
large amount of angular momentum, however, 
can be Imparted to the nucleus when a plon Is 
absorbed near the surface and one of the absorb¬ 
ing nucleons escapes without further interaction, 
while the other nucleon, through collleions with 
other nucleons In the nucleus, imparte its kin- 


TATll.K r\'. Comparison of iaotopir yield data for a~ absorpaon In heavy nuclei. 


Target 

Coatrold of 
isotopic yield (4r) 

FWHM of Isotopic 
yield curves (Aw4> 

(»> 

(/>> 

'*110 (Ref. 31) 

6 

6.1 



'”l,u (Ref. 31) 

7 

7.0 



‘"Ta (Ref. 16) 

8 

5.2 



(this work) 

6 

7.3 

6.4^0.5 

0.40*0.16 

"’Au (Bef. 16) 

6 

8.9 

8.6 dt 0.4 

O.S2aO.U 

"*B1 (Hef.15) 

6 

8.8 

0.810.4 

0.371:0.16 

=*B1 (Ref. 16) 

6 

8.0 
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TABXiE V. Isomer ratios for slid from 


Produot 


lOO-HeV protons 

SOO-MeV protons 

stopped ir‘ 

‘«I.u 


O.eSi’O.OB 

0.65 ±0.07 

0.69±0.07 

‘"Lu 

2 ' 2 

0.19:<:0.12 

0.088± 0v030 

0.16±0.04 


etlc energy to the nucleus. This twisting ol the 
nucleus can transfer about 11 A units of angular 
momentum In Cu if the two nucleons recoil per¬ 
pendicularly to a radius vector near the nuclear 
surface. Conversely, if a plon Is absorbed deep 
In the nucleus, on the average, very little angu¬ 
lar momentum will be Imparted by the recoiling 
pair of nucleons, although much larger nuclear 
excitation energy will result compared with sur¬ 
face absorption. 

Several autbore'^’'’ have emphasized the ob¬ 
served production of hlgh-spln Isomers of res¬ 
idual products by the stopped-pion Interaction. 

Our measurements agree with this observation; 
however, we wish to point out the fact that this 
production of high-spin Isomers is about the same 



fig. g. The (Ustrlbutlons of calculated angular mo- 
menta left in realdual-prodnot mmlel after the intranu- 
olaar caioade prooesa for 70-MoV protona (aclld line) 
(dr stoiiped t- (dashed line) Incident on '"Ta. 


as that which would be observed if the target nu¬ 
cleus were Irradiated with ~70-MeV nucleons. 

One can visualize essentially the same impact 
parameters for 70-MeV nucleon-induced reac¬ 
tions and for stopped-r' Interactions near the nu¬ 
clear surface. 

We have determined Isomer ratios in ”*Lu and 
*"lu Irom atopped-i- and 100- and 500-MeV pro¬ 
ton reactions with Ta, and the data arc given Jn 
Table V. The nuclear spin difference In the '’*Lu 
Isomers is not very large and considerable part¬ 
icle evaporation occurs to erode the effect; how¬ 
ever, the spin difference for the '”Lu isomers 
is large, and these isomers lie within a lew mass 
numbers of the '“Ta target. Our measurements 
show, within the rather large uncertainties, that 
the isomer yields from stopped-v reactions with 
Ta are about the same as for fast-proton reac¬ 
tions. The fact that the isomer ratios are about 
the same for both 100- and 500-MeV protons and 
for stopped pions indicates that 70-MeV nucleons 
have essentially saturated the population ol spin 
states with ^ 8. This would probably not be the 
case If A/ were much larger. 

Angular momentum calculations using the 
stopped-plon interaction model and the vlgas 
code lor 70-MeV protons Indicate that the angular 
momentum transfers to '“Ta are very nearly the 
same for both projectiles. The calculated re¬ 
sults are shown in Fig. 9. 

VI. CONCLUSIONS 

The data from this study are consistent with the 
smoothly increasing widths of the Isotopic yield 
distributions with target mass number, and with 
a maximum in the U-, xn) yield distributions at 
X -6 for heavy mass targets, discussed in Ref. 15. 

The 8toiH>ed-plon interaction model discussed 
in Sec. m reproduces the experimental data fair¬ 
ly well. In the case ol the Cu target it appears 
to underestimate the yields below A = 54, sug¬ 
gesting that these calculations put too little ex¬ 
citation energy into the nucleus, and that the ab¬ 
sorption ol the plon occurs deeper, on the aver¬ 
age, in the Cu nucleus than the model predicts. 
Also, when we compare the calculated yields with 
the measured independent yields given in Fig. 5, 
we noUce that the measured yields for Sc Iso- 
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topee peak near A « 45 while the calculations show 
the maximum near Aw47. This may be due to 
a deficiency In the DFF (Ref. 11) evaporation code 
which appears to overreact to the Af = 28 neutron 
shell in both fast-plon and proton reaction stud¬ 
ies. 

Although for Ta the calculated total mass yields 
reproduce the observed yields quite well, there is 
considerable room for improvement in the cal¬ 
culated independent yields shown in Figs. 4 and 
5. A new, more sophisticated evaporation code 
(JUl.lAN) has been written by Hillman and Eyal,” 
and its substitution for the DFF code may im¬ 
prove the agreement in the independent yield 
calculations lor products many mass numbers 
removed from the target mass. 

Comparisons of our experimental and calculated 
spallation-product yields indicate that the latter 
are rather insensitive to Ra, the ratio of plon 
absorption on »-/> to p-p pairs. On the other hand, 
the calculated yields are quite sensitive to the 
radial depth of absorption, with the calculated 
half-central-denslty radius providing the best 
fit in Ta. In the case of Cu a slightly deeper ab¬ 
sorption distribution than calculated would pro¬ 


vide a better fit for the product yields. 

Our measurements indicate that high-spin iso¬ 
mers are produced by v- absorption in "*Ta. 
However, both our measurements of isomer 
ratios in '^'Lu from "^Ta targets irradiated with 
stopped ff- and with last protons and our angular 
momentum calculations with the stopped-pion in¬ 
teraction model and the VEGAS code for 70-MeV 
protons, indicate that the angular momentum 
transfers to ‘‘‘Ta are very nearly the same lor 
both projectiles. 

From the results of the investigation of the in¬ 
fluence of pion charge on the product yield dis- 
trlbutloos from Cu, the “memory” effect is 
clearly exhibited in yields of products from 2 
to at least 8 units of Z from the target. 
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Differential croai aectioni and polarization analyzing powcrz for pruton-dcuteron elastic scattering have 
been measured at 800 MeV incident proton kinetic energy over the range of center*or*mass angles from 
lAl" to 153.6*. The differential cross sectirms arc described by the Glauber theory of impulse 
approximation at forward angles (— r <0.5) and exhibit the exponential dependence on cosO, typical for 
these energies at backward angles (cosO, < —0.5). The ajialyzing power shows considerable structure with 
strong positive peaks at forward and backward angles and a sharp dip at r = — 0.4 typical at intermediate 
energies. There is no evidence for correnpondence of the angular dependence of the analyzing power with 
that for the pp—rdv* reaction. At large momentum lrBn.sfer the data favor calculations baaed on multiple 
scattering with a modiried deuteron form factor rather than N* exchange. 


[nuclear REACTIONS *H(/i,p)’ll, K HOO MeV, measured 0(9) and A,|il).] 


1. INTRODUCTION 

There has been considerable Interest In the 
proton-deuteron Interaction as the simplest pos¬ 
sible between protons and nuclei. Protem-deu- 
teron elastic scattering, moreover, should show 
some correspondence with oBier proton-deuteron 
Interactions such as plon production from die 
Pf)~dir* reaction. We have measured both the 
differential cross section and the polarization 
analyzing power A„ the asymmetry In the scat¬ 
tering of a polarized proton by an unpolarlzed 
target (which equals the polarization P If time 
reversal holds), for the elastic scattering of pro¬ 
tons by deuterons for T, =800 MeV and 14° < 0,.™ 

154°, with emphasis on precision measurements 
of the analyzing power. 

The status of proton-deuteron elastic scatter¬ 
ing at Irtermedlate energies has been reviewed 
recently.' The differential cross section has 
been measured extensively* “• from 316 MeV to 
5.73 GeV, with emphasis on backward angles. 

The analyzing power has been studied over as 
wide an energy rangebut with less pre¬ 
cision. In addition, there have been efforts re¬ 
cently to determine the spin orientation of the 
scattered deuteron" and die tensor analyzing 
power.** 

At forward angles, where the transferred mo¬ 
mentum Is small, the Interaction should be dc-mi- 
nated by the Impulse approzimatlon, and the dif¬ 
ferential cross section Is expected to agree with 
fimt predicted by the theory oi Glauber'*'” and 
'Batson.'* The Incident proton Is considered to 
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scatter successively from one or both of the In¬ 
dividual niKleons In the deuteron with essentially 
a free nucleon-nucleon interaction. Interference 
between single and double scattering should pro¬ 
duce a sharp dip when the four-momentum trans¬ 
fer squared f= -0.4 (GeV/r.'*, The observed smooth¬ 
ing of the dip to the sh^ of a shoulder has been 
ascribed to either differences in the ratios of real 
to imaginary parts of the n-p and />-/> forward 
scattering amplitudes* or to the admbeture of d 
state In the deuteron.''* 

The analyzing power should also be large and 
positive in the forward direction as In free nu¬ 
cleon-nucleon scattering, though the angle at 
which the analyzing power peaks should be smaller 
than that of 6, „ =40° tor p-p scattering'* or 
e,.,„ =30° lorp-H scattering*'' as observed for 
other light nuclei. 

It Is at back angles that we might hope to learn 
more about the details of the deuteron wave func¬ 
tion and its form factor, since they depend on the 
small radial components whose effects can only 
be observed for large momentum transfer.'' Be¬ 
low 300 MeV, l.e., below the threshold for plon 
production, the reaction is well described by one 
nucleon exchange (ONE), There Is a well-defined 
peaking at back angles, which la characteristic 
of nucleon-deuteron scattering from low energies 
to the GeV region.* Such a rise can be obtained 
with a calculation based on single scattering, 
since the cross section (or free nuclerni-nucleon 
scattering also rises at back angles.** At Inter¬ 
mediate energies, however, Bie magnitude ob¬ 
served at back angles Is larger than can be pre- 
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dieted with so simple a calculation. 

Kerman and Klesllnger** proposed a l%-2% 
admixture of excited nucleon state component In 
the ground state ware function, specifically the 
^*(|> D nucleon isobar with an invariant mass of 
1688 MeV. The exchange of these components In 
proton-deuteron scattering would augment neutrisi 
exchange sufficiently to fit the observed yields. 
The mechanism almost entirely responsible for 
elastic scattering is thus fermion transfer (pick¬ 
up), because the momentum transfer required 
at tile deuteron vertex Is much smaller than that 
for single or double impulse collisions." 

Craigle and Wilkin” prt^osed that the reaction 
p/t—dt* should play a significant role, and they 
adapted a calculation of Yao^ which related the 
pp-de* and up -pn reactions. Since the latter 
correspondence held well above resonant energy, 
the correspondence between proton-deuteron 
scattering and the pp~dt* reaction might hold 
above the pronounced resonance in that reaction 
corresponding to the mass of the A(^, ,) at 1236 
MeV In the plon-nucleon system. They charac¬ 
terized the scattering as a two-step process in 
which the virtual reactionpp-'da'* is followed 
by absorption of the plon," calculated from the 
so-called triangular graph which Includes as input 
the PP •* da* amplitude 

Barry" obtained excellent fits to the available 
data with a corrected version of Craigle and 
Wilkin’s calculations. He noted, however, that 
the excited nucleon theory of Kerman and Klss- 
llnger” and the triangle graph of Craigle and 
Wilkin” were both different facets of the same 
one pton exchange (OPE) process. Kolybasov and 
Smordlnskaya" extended the work of Craigle 
and Wilkin and added a smooth background to 
achieve excellent fits. Noble and Weber” found 
no convincing need for either exchange of ex¬ 
cited N* Isobars In the deuteron wave function 
or plon-nucleon exchange contributions beyond 
tile usual ONE. They claimed that Kerman and 
Klssllnger" Incorrectly evaluated their wave 
functions In terms of I A| ^l3'/2 - ^ rather than 
y =t(POne really different 
alternative Is that of Remler and Miller,” who 
took a multiple scattering approach, using know¬ 
ledge of the deuteron structure and the nucleon- 
nuclecm interaction, neglecting exchange terms. 
More recently Gurvltz and Rinat*' have success¬ 
fully fitted back angle pd scattering data above 
1 GeV/c with a calculatim based on single scat¬ 
tering plus neutron exchange, srleldlng a reason¬ 
able form factor for the deuteron, with no S* 
content. 

The observed cross section has passed many 
of the tests of comparison with the pp — dv* re¬ 


action at back angles. The cross section at very 
beck angles falls rapidly with energy except for 
a pronounced bump at about 600 MeV, which 
has been reproduced in calculations.^'** Further¬ 
more, the shapes of the angular distributions have 
been fitted with the various recipes based on OPE, 
except for the lack of a dip at extreme back 
angles.' 

Still, the ultimate test Is to compare the analyz¬ 
ing powers for the two reactions. The reaction 
mechanism in proton-deuteron scattering Is sensi¬ 
tive to the proton polarization.*' We would thus 
expect the asymmetries resulting trom incident 
polarized protons to be the same for both re¬ 
actions at back angles and the same energies. 
Otherwise, If OPE is not dominant, ttie scatter¬ 
ing of polarized protons by deuterons should be 
dominated by three-baryon exchange.” 

One comparison at 425 MeV (Refs. 3 and 27) 
showed little agreement. Anotiier measurement 
at 544 MeV (Refs. 4 and 28) was Inconclusive be¬ 
cause of poor statistics In the analyzing power 
for proton-deuteron scattering. Hence, we felt 
the need for precise measurements of the analyz¬ 
ing power for proton-deuteron elastic scattering 
at the same energy as recent measurements of 
the asymmetry In the pp-dn* reaction,” l.e., 

800 MeV. 

II. EXPERIMENTAL PROCEDURE 

The experimental method has been described 
elsewhere.”’” A floor plan of the experimental 
arrangement is given In Fig. 1. Measurements 
were made with the external proton beam (EPB) 
of the Lob Alamoe Meson Physics Facility 
(LAMPF). The position of the beam was moni¬ 
tored with a profile monitor, and Its Intensity 
(about 20 pA) was determined relatively with an 
Ar-CC^ ion chamber and a Fhraday cup,” with 
absolute normalization obtained by comparison 
of Interspersed measurements of elastic proton- 
protm scattering with earlier highly accurate 
determinations.** The polarization of the incident 
beam was monitored with a polarlmeter,” which 
was normalized absolutely by quenching the 
polarized beam at the source. The polarization 
was typically of the order cf 0.75, reversed every 
three minutes, with an uncertainty of about 0.5't. 

The targets were slabs of CD, ranging from 
18 mg/cm* to 556 mg/cm', wltii corresponding 
slabs of pure C to investigate the coi^tributlons 
from quaslelastlc scattering, and CH, to deter¬ 
mine If CH, contamination gave spurious Infor¬ 
mation. All but the desired data were rejected 
kinematically. Botii the scattered proton and the 
recoil deuteron were detected (tor right and left 
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scattering) with x-y pairs of MWPC’a.’” The 
products of elastic scattering reactions were 
identified by kinematlcal constraints <A the polar 
(0^) and aclmuthal angles with interpolation and 
subtraction of contributions from other sources 
such as quastelastlc scattering from nucleons 
In the carbon nuclei. The backgrounds constituted 
from 25% to 90% with uncertalnttes from 2% to 
4%. The data-acqulsltlon system^ was developed 
to minimize dead time, which was monitored for 
correction of the cross-section measurements; 
typical values of dead time were from 1% to 8%. 
The differential cross sectlcxi was also corrected 
for the finite opening of the MWPC’s with cor¬ 
rections from + 2% to -11% and uncertainties of 


1% to 4%. The only significant uncertainties in 
the analyzing power were those of counting st.i- 
tlstics. 

111. Rt:siILTS 

The observed differential cross sectiondo(8c„ )/ 
(fR for the elastic scattering of 800 MeV protons by 
deuterons is listed in Table I and plotted against 
cosd.n, in Fig, 2. The shape is typical of those 
observed at intermediate energies; The cross 
section decreases by several orders of magnitude 
at very forward angles, then with a sharp break 
it decreases more slowly until at very back 
angles it rises sharply again. 


TABLE I. Differential cross sections and analyzing powers for proton-deutcron elastic scattering at r,= 80<P McV. 
ktuanUtles wlfli an astBiisk are In the center-ot-maas syateni.)_ 


8 O 

du/dQ 

8* n 

cobO 

1 (OeV/r)* 

dn/dl 

{domy 

(Mb/sr) 

» 

A, (9*1 

8.0 


14.1 

0.970 

-0.042 





0..340 1:0.049 

9.4 


16.4 

0.959 

-0.055 





0.450 ^0.023 

10.1 

4920 

17.8 

0.952 

-O.OGG 

67850 

14 900 

t4800 


10.9 


19.2 

0.946 

-0.076 





0.459 i 0.026 

12.4 

2390 

21.7 

0.929 

-0.098 

.32 600 

7160 

* 1500 

0.436 fc 0.006 

14.9 

746 

26.2 

0.696 

-0.141 

9 970 

2190 

t 

260 

0.418 t 0.007 

17.4 

398 

30.3 

0Ji64 

-0.188 

5240 

1150 

k 

90 

0.364 £0.015 

19.9 

114 

34.6 

0.323 

-0.244 

1470 

322 

k 

37 

0.246 £0.013 

22.4 

57,7 

38.7 

0.780 

-0.303 

724 

159 

k 

18 

0.096 £0.032 

24.9 

34.4 

43.0 

0,731 

-0.371 

420 

92.2 

k 

7.4 

0.005 £0.006 

27.4 

34.2 

47,0 

0.682 

-0.439 

406 

89.1 

k 

4.9 

0.056 £0.016 

29.9 

25.9 

51.2 

0.627 

-0.515 

297 

65.3 

k 

4.1 

0.107 £0.023 

35.0 

25.4 

59.2 

0.512 

-0.673 

271 

59.G 

k 

.3.9 

0.225 £0.020 

40.0 

18.5 

S6.9 

0.392 

-0.839 

182 

40.0 

k 

2.9 

0.218 £0.036 

45.0 

17.3 

74.4 

0.269 

-1,009 

156 

34J 

1 

2.4 

0.14910.026 

S5.S 

11.2 

89.0 

0.017 

-1.357 

82.4 

18.1 

k 

1.7 

0.092 10.031 

60.0 

11.8 

94.9 

^.085 

-1.497 

78,8 

17J 

k 


0.066 10.029 

OB .9 


106.7 

-0.271 

-1,764 





-0.076 £0.029 

69.8 

10.4 

106.8 

^.289 

-1.778 

66.0 

12.3 

k 

1.2 

-0.137 ±0.033 

79.9 

8.7 

117.8 

-0.467 

-2.024 

36.9 

8.1 

k 

1.0 

-0.360 ±0.028 

89.9 

11.7 

127.6 

-0.610 

-2.222 

38,7 

B.5 

k 

1.0 

-0.220 £0.030 

99.9 

23.1 

136.2 

-0.722 

-2,376 

59.7 

13.1 

k 

1.3 

0.071 £0.030 

109.9 

47.7 

143.7 

-0.806 

-2.492 

97.6 

21.4 

t 

1.8 

0.217 ±0.021 

119.7 

97.3 

150.3 

-0369 

-2,679 

160 

35.1 

k 

2.9 

0.230 £0.020 


mmm 

163.6 

-0JI95 


200 


1 

4.7 
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FIG. 2. infforeattal cross section vs cost._ 

for T,^K0(l MeV. 


Tho behavior at forward angles Is compared 
In Fig. 3 with other measurements between 400 
and 1000 MeV, plotted against the four-momentum 
transfer squared ( (In GeV’/c*). To the extent 
that the impulse approximation of Glauber theory*’- “ 
holds, die dependence on / should be Independent 
of Incident proton energy. This Is true for 
-f<0,5 GeV’/c*, beyond which the data at dif¬ 
ferent energies begin to diverge. The predicted 
dip at f »-0,4 la barely perceptible as a shoulder. 

For comparison with other measurements be¬ 
tween 400 MeV and 2.6 GeV at beck angles, the 
cross section Is plotted In Fig. 4 vs co89,,m. 

Alder’ noted that over a wide energy range, for 
cosdc.m <-0.5, there was an exponential depen¬ 
dence on cosdc.n., which ml^t result from ex¬ 
ponential dependence oi l = (p-p')'=^c.m’(cos6uii. 
-1), He also noted that the exponential coef¬ 
ficient was s dependent (l.e., varied with Incident 
proton kinetic energy), which could be avoided 
by plotting vs the Fermi momentum of the nucleon 
exchanged I At /2-p\, although the fit is not 
as good. Dubai* also observed a decrease In s 
dependence when the backward cross section 
<r(180*) Is plotted vs A. 

Also plotted In Fig. 4 are the neutron-deuteron 
scattering data of Bonner et at." at 794 MeV; 
the straight line is their fit to an exponential 
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FIG. 3. Comparison of vs -1 at forward angles 

with data of Coleman et oi. {Ref. 7). Boachlte at al. {Ref. 
4), and Booth et al. (Ref. 3). 


dependence on momentum transfer. Indicative 
of particle exchange. The excellent agreement 
verifies the absolute normalization of the id 
scattering data, which in turn support the norma 
llzatlon of the pd data of Dubai et al. ,* under¬ 
mining the justification for Introducing tf* con- 



FIO. 4. Comparison of vs oosf. _ at backws'^ 

angles with data of Dubai at al. {Ref. 8), Boachitz el d- 
{Ref. 4), and Booth at al. (Ret. 3) and with nd data of 
Bonner at at. {Ret. 36). Line la fitted to sd data. 
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PIG. B. Analyzing power va ooafl^^ for T, 

= 800 MeV. 

tent In the deuteron. The measurements of 
Bonner et al.” d nd scattering at 180* raised 
serious doubts about the validity of the triangular 
diagram technique d Cralgle and Wllkln.*‘ The 
shoulder they observed in the excitation function 
has been shown” to overlap that found at 180* 

In scattering when plotted at the same mo¬ 
mentum transfer, which implies that neither the 
triangle diagram nor N* exchange contributes 
significantly to Nd scattering at large momentum 
transfer. 

The polarization analyzing power >4,(Son.) is 
listed In Table I and plotted vs cosdc.m. In Fig. 5. 
The value fluctuates rapidly between +0.5 and 
-0.5. The measurements are compared with those 
at lower energies In Fig. 6, plotted against t to 



FIG. 8. Comparison dAy(e^) vs -f at forward an¬ 
gles with data of Boschltz «t al. (Ret. 4) and Booth et al. 
®Ief. 3 ). Lines are to guide the eye. 



COS fi, „ 

C m 


FIG. 7. ComjmrlsuD of vs cosS^^ at back 

angles with data uf BIcgcrt et at. Olrf. 9) and Booth el 
at. (Ref. 3). Lines are to guide the eye. 

emphasize agreement with the impulse approxi¬ 
mation. As expected, there is a strongly positive 
peak at forward angles, with a maximum value 
of 0.46 at 18* for the 800 MeV data. A sharp 
dip occurs at / = - 0.4 at all energies, much 
sharper than in the cross section at the same 
value of I, hut not so deep at higher energies. 

For - 0 0.5, the data at different energies di¬ 
verge considerably, with those at BOO MeV gen¬ 
erally more positive. 

The back-angle behavior Is compared in Fig. 7, 
plotted vs COB II, m . At intermediate angles the 
behavior Is strikingly different, but the analyzing 
power always manages to reach a positive peak 
with 0.3 before dropping to zero at 180*. 
There Is an apparent tendency for that peak to be 
crowded more towards backward angles at higher 
energies, which is exactly opposite what Ander- 
s(xi'° found below 600 MeV. Curiously enough, 

A, seems to have a minimum just at cosdc.m. 

=0.5, where the cross section also shows a defi¬ 
nite break In shape. 

The wild fluctuations with angle of the analyzing 
power for proton-deuteron elastic scattering are 
in stark contradiction with the always positive, 
smooth, nearly cos’Sen angular variations d the 
analsfzlng power recently measured for the 
pp-’dV reaction.”'** The latter can be described 
best with a Legendre polynomial series containing 
only S-, P-, and d-wave contributions. However, 
die energy dependence d the polynomial coef¬ 
ficients eidilbits Uie same peaking at 600 MeV 
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the cross section.** The only correspondence 
between the angular distributions of the analysing 
powers for the two reactions Is that they are both 
positive at very backward angles, but that com¬ 
parison Is better below’ the resonance energy 
of 600 MeV than at* or equally far above (800 
MeV). 

Gurvitz’* has recently calculated the analyzing 
power for pd scattering for comparison with the 
data of Blegert e/of.* at 7, ^ 1.03 GeV. They 
find excellent agreement with their model of 
noneikonal multiple scattering; at very back 
angles the positive peaking requires the Inclusion 
of neutron pickup. Their calculation yields a 
form factor for the deuteron which Is quite dif¬ 
ferent from that obtained from conventional deu¬ 
teron wave functions. The results appear con¬ 
sistent with our measurements at 800 MeV, but 
may not hold at lower energies. 

It appears ttiat the analyzing power tor/nf scat¬ 
tering at 800 MeV Is best described at large mo¬ 
mentum transfer by multiple scattering plus n 
exchange, and the differential cross section no 


longer justifies considering N* exchange and the 
triangle diagram. But It should be noted that the 
measurements of tensor analyzing power by 
Igo et of.** are In disagreement with both models, 
and It may well be that the calculations suffer 
from Insufficient knowledge of the NN amplitudes, 
which therefore requtres measurements of more 
elastic scattering observables. 
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G. F. de Teramofid, J. PAez, and C. W. Soto Vargai 
Eseueta de Fhka, Unluersidad de Cotta Rica, Sait Joti. Cotia Rka 
(Received 30 November 1979) 

We have reeaamined the multiple icattenng correctiofu to the reaction W +d-^2ii +y hi order to 
extend the validity of previous calculatiom to a larger neutron-neutron rdative momentum interval and to 
determine the eflective range parameter. This extension has been carried out analytically by studying the ofT- 
shell properties and energy dependence of the pion-nucleoo amplitude. The sensitivity of the photon spectral 
curves for various approximations is shown, and the importance of the different effects in the values of the 
neutron-neutron scattering length and effective range is indicated. 

iNUCLEAn REACTIONS x- i d - 2ii t y, analytical treatment of multipl^ 

I scattering. Off-shell extension of ploo-nucleon amplitude. I 


1. INTRODUCTION 

In view of the recent experimental study of the 
reaction 

rr' + rf-2H+y (1) 

by the Lausanne-Munlch-Zurlch (LMZ) group 
prompted by the utilization of meson factories and 
Improved detection techniques to determine the 
^So neutron-neutron scattering length as a test 
of the charge symmetry of the nuclear forces, It 
appears of Interest to examine some approxima¬ 
tions considered in different theoretical models 
used to tuialyze the data; in particular, the off- 
shell nature and energy dependence of the pion- 
nucleon amplitude which has not been included In 
previous theoretical analysis of reaction (1).*'° 

The effect of final-state interactions between the 
outgoing neutrons has been discussed in the frame 
of potential theory* and also in a model-indepen¬ 
dent way using dispersion relations.'-' 

Bander* has calculated multiple scattering cor¬ 
rections where the plon collides elastically with a 
nucleon before being absorbed radiatlvely by the 
second nucleon, as well as elastic proton-neutron 
intermediate-state interactions and corrections to 
the impulse approximation. His calculation showed 
that the dominant correction came from first 
order pion-nucleon rescatterlng processes. Shk- 
lyarevskli later confirmed that the sum of an 
infinite series of diagrams which take into account 
multiple scattering corrections has a negligible 
effect on the first order calculation.' These cal¬ 
culations describe the flV scattering by a constant 
amplitude (effectively the scattering length). Al¬ 
though these calculations showed small rescat¬ 
terlng effects on the normalized energQr spectrum, 
mainly because they considered only S-wave con¬ 
tributions to the final n-u scattering state, there 


is a substantial difference in the spectrum at 
large relative n-n momenta when higher n-n 
partial waves are included. The effect of the re- 
scattering is to modify the S-wave amplitude 
relative to higher waves. 

One of the reasons for reexamining the rescat¬ 
tering problem is to extend the validity of the 
theory to higher neutron-neutron relative momenta 
in order to determine the presently unknown effer- 
ttve range parameter using the very hl^ statix- 
tlcs photon spectrum measured at SIN by the LMZ 
grxmp.' Experimental results are senslttve to the 
extracted value of r„ depending on how the rescat¬ 
terlng effects are treated. In the present work we 
are concerned primarily with the analytical treat¬ 
ment of initial state interactions. We have studied 
the dependence of the spectral shapes on the off- 
shell extension of the vN amplitude, and a closed- 
form solution for the rescatterlng corrections is 
obtained, 

II. THE RESCATTERING AMPUTUDE 

The diagrams of the relevant processes to be 
discussed in reference to reaction (1) are depicted 
in Fig. 1, corresponding to the dominant process 
[Fig. 1(a)], plon rescatterlng [Fig. 1(b)], and proton- 
neutron intermediate-state rescattering [Fig. 1(c) I 
The contribution of the third diagram is of order 
mjnif, with respect to the rescatterlng correction 
shown in the second diagram.*** In Fig, 1(b) we 
neglect the charge exchange process described bf 
the amplitude T(v"/» -«*“) T\nifi ~rty) since to 
leading orders the photoproduction of v* vanishes 
at threshold energies.* The Important rescatterlng 
contribution left Is given by the elastic plon-neu- 
tron and the inverse charged plm photoproduetlno 
amplitudes via the process T(v« -**n)iX»'/’ 

Other Impulse approximation corrections consld- 
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FIC. 1. Diagrams (or the reaction r- i d —2h ty: 

(a) dominant contribution, lb) plon rescatterlng, and (c) 
proton-neutron rescatterlng. 




(6) 


and ia the pion-nucleon amplitude to be dis¬ 
cussed in the next section. In the above expres¬ 
sions t and Jj are, respectively, the photon and 
deuteron polarization vectors. 

Since the pion capture Is at rest, it is Justifiable 
to use nonrelattvlstic kinematics. The relative 
momenta before and after the collision In the ir-N 
center-of-masB system are given in terms of the 
relative N-N momentum Q in the intermediate 
N-N center-of-mas8 system by 


5,= 

and 


»'.9 


(7) 



ered by Bander are of order m,/m^ relative to 
the rescatterlng term. If the terms of order 
mjrrtg with respect to the rescatterlng correction 
are neglected, we are then able to calculate ana¬ 
lytically the rescatterlng contribution to the spec¬ 
trum. 

We will follow the natation used by one of us. 

Ref. 5, henceforth referred to as I. In particular, 
the structure of the deuteron is described by the 
analytical wave function given In the latter refer¬ 
ence and the spin structure of the transitlcm matrix 
is displayed by the rotational invariants listed in 
the same reference. 

In the impulse approximation, the transition 
matrix element corresponding to Figs. 1(a) and 
1(b) is given by 

-Pi)«/-Pi) 

^ r„(p.,-q)0/-q)T„(p„q) ^ . 

^ i (?-Pi*)/2m,-(3-Pi)«/2»i, + « (2v)> 


’ ni^+nin ’ 

thus neglecting corrections of order mj-m^ the 
rescatterlng term T* reduces to the simple form 

where we have not included the state of the deu¬ 
teron, this being a small contribution. 

III. THE PION-NUCLEON AMPLITUDE 

In view of the strong enhancement in the '.S'„ par¬ 
tial wave due to the final-state interaction, we 
limit our rescatterlng calculation to the processes 
that lead to the ‘Sg final state. Under this consid¬ 
eration we are left with the S,, channel lor the xN 
amplitude. Thomas'' has Introduced a separable 
potential which reproduces the xN data up to 300 
MeV, and has the following form: 


The form of the deuteron wave function is 
'^ 4 (® - (2x)‘'« Alx * |«(<jr)S -IJ -t ^ wig) 

(3) 

where the S and D momentum space wave functions 
are 


«(?)-£ 



(4) 


wig). 




T* 


(5) 


P is the asymptotic i> to S ratio. We have 
utilized the parametricatlons of and given in 
The ampiWnHe la the threshold piui photo- 
PxodnctiQn transition matrix 


iKi?)’ 


A B 


( 10 ) 


where the adjustable parameters A,B, u, and b 
are respectively, 28.228, -1.136, 4.4575, and 
1.2584 (in fm'‘). Our values differ from those 
given by Thomas because we use different con¬ 
ventions and nonrelatlvistic kinematics when fit¬ 
ting the data. 

Id the xiV center-of-mass system, the expres¬ 
sion for the half-on-shell amplitude in each par¬ 
tial wave is given by* 

(<f’j7’„(9*)!?>=»'(p'W9)/^(9*). (11) 


where 


dg'^g'vHg') 


( 12 ) 


II being the reduced mass of the pion-nucleon 
system and tr*' ± 1 depending on the attractive (-1) 
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or repulatve (+1) cbarActer ol the interaction (-f 1 
for the 5u channel). 

A useful relation foUows from (11) when the 
amplitude is taken on-shell, 

I>(?’)e‘*‘*’sln8{9)*=- 21 x 91 ^( 9 ) , (13) 

and taking the real and imaginary part of (12),* •ve 
obtain 


tanS(r7) 


1 + ZiiGip) • 


where G(q) is the principal value integral 



(14) 


(15) 


The plon-nucleon scattering length is obtained 
from the above expressions in the limit q-0, 


2uim 


(16) 


and has the value < 7 ,, =-0.096/m,. 

For the separable potential given in Eq, (10), 
G{q) la calculated analytically and has the follow¬ 
ing form: 


-A> («»-</•) B* (h*-,*) 

" 2^ or* a'r * 2h 




Expanding the pion-nucleon amplitude in partial 

_I 


waves and retaining only the channel amplitude 
(11), we obtain alter integration over the angular 
variables 


r* -(o-?K5J-?f)s,.5]c,[/(9.,yoO) -aTst;^ 


+ ^l(9.,yx.5))j I 


where 




■ (q' +<7)’ + (C* 

L(9'-9Vh-^ 


] 


(18) 


=l{q,Y + K,0) 



and 

5, *=5+Jk"Pi. 5.=5-ik=-A- 

The relative n-n momentum is p» - h) and 
^ is the photon momentum. In the above expres- 
simis we have substituted the deuteron wave func¬ 
tion (4) and the expression for a,, (16). To take 
into account the Pauli exclusion principle for the 
two final neutrons, we further decompose £q. (18) 
into the rotational invariants defined in Table I of 
I, thus obtaining 


/i* [A9.,y»,o)±A9. •>'»>°)-a7?7b75*' 

[A 9 . -y »•«) * f(9, ,y».«) 1+ ^ [ 1 ( 9 - ,y „ f>) ± f(9, ,y i, 8) 1^ j. 


( 20 ) 


where the amplitudes /f are scalar functions of the 
kinematic variables as defined in Eq. (2.3) of I. 

In the zero range limit {n,li -°°), the above 
expressions reduce to 

/M = 4irfl„Sc\^^tan-‘^± i-tan-*^^ , (21) 

which correspond to the on-shell constant vff 
amplitude rescattering corrections.*-' B should 
be noted however, that we obtain a different sign 
with respect to Bander’s calculation.* 

IV. FlNAl^STATE INTERACTIONS 

The final-state interactions (FSI) are described 
in a model independent way by studjrlng the analy¬ 
tical structure of the rescattering amplitude in the 
complex p plane, appearing in the dispersion 
Integrals at fixed photon energy k as treated in I. 


The final-state enhancement to a given partial 
wave amplitude T,[p, k) is given by the Muskhelish- 
vill-Omnes equaticm** 


Im p 



FIG. 2. The analytic properttea of the reacatterlnK 
amplitude in the complex piaue, 
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T”,'(p,k)~T,{p,k) 

f,\-P) V p +p*tt P> 

( 22 ) 

where /,(/>) is the Jost function,“ and /> ie the rela¬ 
tive momentum of the two outgoing neutrons. For 
the *S, final state 


/o(/>) 


p-ia ’ 


(23) 


with 


a-P 2 

•*“ a$ ’ a-3 • 

We take the S-wave projection of the rescatterlng 
amplitude (20), thus (ditaining 


rf(/),fe)-^ a„23 C»[s«(ro/>.a *’)-A7?^B75l(^S*(>\+“./>.i*') +|-S*(r»+6,/>,ife))] (24) 


where 


(25) 


S,(r./>.?)=i[(/> + v)tan-‘(^) -(/.-,)tan-‘(^)j !^)« • 

In the complex/) plane, Eq. (24) presents for each term branch points at and ± Jtj-/"". We 

separate the integrand appearing in Eq. (22) in order to avoid the branch cuts as indicated in Fig. 2. The 
result is the following: 

rje. = e'^slnhoE C,jc,(y,.r„/,,ifc) 

-A7^Jb*(^ + P C.(y»+h,y,+ 6,/.,ife)) 

+ cot6o|s,(yt,/),(^^s('>'i*'’>P>ikH-^Sj,(y^*»,p,ikjjJ 
1 i A. 

-C*(yuri+“.0.2*)+^y^g^^jrC,(y»+o,T»+a-ta,0,ife) 

+ ^C,(y,+h,y» + 6 + a,0,i*)j 


(26) 


where 


-4 {(/)+9)ln[')'*+(/’ + '?)’l-(l’~‘?)HT*+(P-<?)*l}-®^(T>/’i?)) (^'^■■) 

with 

In the above expression 
«=0 if y*+/,*-^?0, 

«-l if y*-t/)*-q»<0. 

We have not included the *F-wave enhancement since this effect has been shown to be very small. 

r_ - 

V. RESULTS AND CONCLUSIONS <ilty Of such analysis to large n-n relative mo - 

menta, by including the ofl-shell and energy de- 

We have reexamined the existing rescatterlng pendence of the vN amplitude. The analytical 

'*l««l«a<»s of reaction (1) and extended the vali- formalism developed in this paper allows us to 
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f'ICi. .3. I’hoton f?i]L’rQr spectra as a functloa of the 
relative n-n momentum p for a„-18 fm and r^^2.8 fm; 

-without roBcattcrlng, — — constant riV amplitude. 

■ ■ ■ ■ including off-shell cffecta. 

examine in a very simple and concise form the 
sensitivity of the photon spectrum to the different 
ccHitrlbutlons, euch as the n-» phase shifts, the 
deuteron wave function, and nN parameters. This 
is particularly useful in the analysis of the expe¬ 
rimental data since it avoids extensive numerical 
work. 

The effect of final-state Interactions and diffe¬ 
rent deuteron wave functions were included in I 
and are discussed extensively in a recent work.** 

It should be noted that in this paper we are not 
concerned with final-state Interactions and they 
are treated here in a model independent way. 

The effects of plon-nucleon rescattering are 
shown in Figs. 3 and 4. The different photon 
spectra in these figures correspond to the calcula¬ 
tion without rescatterlng, with a constant nN amp¬ 
litude, and lastly including the off-shell effects. 

In Fig. 4 the spectra has been normalized. We 
notice that the constant amplitude rescattering 



FIG. 4. Normalized photon spectra (curves saimi as 
In Fig. 3). 

gives essentially the correct results. The error 
in the scattering length without including re- 
scattering can be as large as 1 fm at n-n relative 
momenta of the order of 80 MeV/c, whereas the 
constant amplitude rescatterlng reduces this 
error to 0.2 fm (these two errors evaluated with 
respect to the rescatterlng calculation which in¬ 
cludes aff-shell effects). The corresponding 
errors in the effective range are 0.3 fm with¬ 
out rescatterlng and 0.05 fm with a constant irN 
amplitude. 

We hope that the analytical treatment described 
here wUl be useful in the study of nonradlative 
pion capture reactions such as v+d-^N+N, where 
the impulse approximation is no longer valid and 
the off-shell rescatterlng contributions can be 
Important. ■“ 
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Decay of **®Re; Search for octupole states in **®W 
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Study of the decay of 2.45-iniii *“Re teadi to the obiervation of about 90 y laya and a number of new 
levela in **®W. Spun and panties of many of tbe levels observed are detennined using the Ujgft values of 
poaitroii population and/or the y-ray depopulation. The allowed unhindered decay from the {ir5/2*[402l]- 
v7/2'[SUl]),_ ‘“Re ground state indicates fragmentation of the (w5/2-‘^l402t]-ir9/2“[514t])3 
configuration anumg a number of 2 states in '"W. We find tentative observation of tbe A = 1“ and 0“ 
componenta of the octupole vibration. This would establish the excitation energy of all four expected 
octupole components in '“W. 

IrADIOACTIVITY ‘“Rc (from ‘“W(p,3n), natural targets I; measured E^, f^, ■y-J 
L colnc.i deduced logflj '"w deduced levels £. J, ir. J 


I. INTRODUCTION 

In a study cf the hlgh-spln states in ‘*”W from 
the *“Ta(/>,2ityy*'’W reaction,' tse observed both 
the A" and 3~ components of the octupole 
vibration. However, no evidence was found for 
tbe A* n0~ and components. Goudsmit ef oi.* 
have shown that the ground state of the 2.45-mln 
poeitron/electron-capturing activity must 
have the configuration ()r5/2*[402tj- t<7/2"[514fl),- 
because ot its superallowed decay into the X' >2* 
octupole band with an appreciable component of 
the configuration (»5/2*[4024l- »9/21514tl),-. 

This proton configuration also strongly influences 
the P decay, with log/( = 5.0, to a level of 1832 
keV, and it might be expected to Influence the fi 
decay to other 2~ levels. Although Goudsmit 
el al.* failed to identify the IC =0" and 1" octu¬ 
pole components, the large P decay Q value of 
3828 keV suggests that they mlf^t be populated 
from the "°Re decay. Identification of these 
components would allow a study of the inter¬ 
actions among all four of the octupole bands and 
a comparison with the study of Neerg&rd and 
Vogel,’ who have predicted the detailed proper¬ 
ties based on microeccfiic calculations. With 
these purposes in mind, we have reinvestigated 
the decay of ‘“Re. 

U. EXPERIMENTS 

Single detector y-ray spectra were accumulated 
"Sing a 15% coaxial Ge(Ll) detector and a low- 
energy photon (I£P) pure (je detector,' Gamma- 
gamma coincidence spectra were also obtained 
•Mhig two 10% coaxial Ge(Li) detectors. Three- 
parameter coincidence data iE,E, I) were stored 
event by event on magnetic tape. Absorbers of 
0.22-g/cin* Cd and 0.48-g/cm’ Cu were used with 


the ceaxial detectors to reduce the low-energy 
counting rates. Energy resolution was 2,0 to 2.5 
keV full width at half-maximum (FWHM) at 900 
keV for the coaxial detectors and 550 eV at 100 
keV for the LEP detector. 

Sources of '"Re were produced by the 
‘*W(>, 3n)'"Re reaction using 27-MeV protons 
from the Livermore cyclograaff. Target foils 
were natural W metal at 102 mg/cm* (coaxial 
detectors) or 51 mg/cm’ (LEP detector). The 
sources were hand carried from their irradiation 
position in the external beam to the y-ray spec¬ 
troscopy detectors located outside the Irradiation 
area. Longer-lived background activities were 
almost entirely due to other Re isotopes. These 
activities were held to a minimum In the single 
detector y-ray spectrum measurements by using 
a new W foil for each Irradiation. (About 40 
sources were used in accumulating the singles 
spectrum.) Under these conditions, background 
activities in percent of the '"Re activity at the 
start of data accumulation were as follows: 

19-h ‘"Re. 0.3%; ‘“Re, 0.15% (moetly 12.7 h); 
38-d '"Re, 0.02%. 

In the singles y-ray spectrum experiments, 
two 4096-channel spectra, separated in time by 
2.5 to 3.3 min, were accumulated for each source. 
Hie computer code OAUANAL’ was used for analy¬ 
sis of the spectra. Gamma rays which exhibited 
the proper 2.45-mln decay In these spectra were 
assigned to '"Re decay. Our data are meet con¬ 
sistent with a ball-life of 2.38 min for '"Re, 
in good agreement with previously published 
values.’ 

Only one spectrum was accumulated In the co¬ 
incidence experiment. A 180* detector geometry 
was used, with the detectors separated by -5 mm 
of Pb shteUing, and with the sources axially 
located in a 5-mm diameter hole in the shield. 
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llie spectra In coincidence with 50 r-ray energy 
gates were generated by cff-llne sorting at the 
event-mode data; coincidences due to chance 
and to the Compton continuum underlying the v-ray 
peaks were subtracted during the sorting pro¬ 
cess. 

Energy calibrations were based on the y 
rays of 233.98, 744.78, 902.84, 1006.41, 1117.24, 
and 1129.09 keV which were measured in the 
‘'‘T^(/>,2n>') experiments,' and which are promi¬ 
nent in the decay spectrum. We used stan¬ 
dard y-ray sources of “Co, *”Ba, “*£ 0 , and 
'“Ta for energy nonlinearity and efficiency cali¬ 
brations. 

ni. RESULTS 

The r-ray spectra obtained during the first 
count are shown in Fig. 1. The lines at 365.5 
keV and at 1121.4, 1189.2, 1221.5, and 1231.1 
keV are impurities from ‘“Re and ‘**Re, respec¬ 
tively. Spectra in coincidence with the 2*-0* 
transition (103.6 keV) in the ground-state band, 
the 902.8-keV y ray that depopulates the octupoie 
IT »2- level at 1006.4 keV, and the 1013.7- and 
1117.3-keV y rays that depopulate the K' =2* 
level at 1117.2 keV, are shown in Fig, 2. Table I 
summarises the data and shows for comparison 
(on an Independent Intensity scale) the y-ray in¬ 
tensities reported by Goudsmlt et al* 

Using the energy and coincidence data In Table 
I together with existing information about the 
‘*®W levels,’ we have constructed the decay 
scheme shown in Fig. 3 for ‘"W levels peculated 
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FIG. 1. Gamma-riy spectra obtained with a pure Oe 
(LEP) detector (top scale) and a coaxial Ge (Li) detector 
(bottom scale, 0—40M channels overlapped). Qiergy 
calibrations are approximately 0.25 keV/channel (LEP) 
and 1.00 keV/chaioel (coax). 


by '“Re decay. The strongly populated level at 
1831.71 keV was established in the early studies* 
of *“Re decay. None of the other levels above 
1233 keV have been reported previously. 

The three states at 1587.25, 1632.90, snd 
1814.9 keV are the only states we find in the reg¬ 
ion between 1.0 and 2.0 MeV Uiat could possibly 
belong to flie X* cO' or X* el* octupoie bands. 
Aldiough they are only weakly populated In the 
‘“Re decay, these levels are quite firmly es¬ 
tablished by our y-tay energy and coincidence 
data. The 1632.00-keV state cannot be Oie same 
level as the one observed at 1634.58 keV and in¬ 
terpreted as X* =3" in the ‘“Ta(/>,2ny)‘"W study' 
because the decay modes are entirely different. 

There is evidence that all three of Uiese states 
were populated in fte '“Ta(p,2ny))“W reaction.' 
The 1483.6-, 1529.8-, and possibly the 1786.4- 
keV y rays reported in Ref. 1 agree in energy 
wWi y rays which depopulate the levels at 1587, 
1633, and 1815 keV, respectively. Also, the 
808.9-keV y ray which depopulates the 1815-keV 
level appeared in coincidence with the 902.8-keV 
y ray. These data indicate diat the populations 
of the three levels in the *“TaCp,2«y) reaction 
were as follows, relative to the populaticm of the 
X' -2- band head at 1006 keV: 4% (1587-keV 
level), 3% (1633-keV level), and 4% (lB15-keV 
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TIC. 2. Gsnuns-ray spectra in coincidence witb tbrer 
diBerot energy gates, showing y rays which populate 
the ground-state band, the octupoie bond head at 1005 
keV (903.keV gate), and the 2* band head at 1117 keV 
(1014--)’ 1117-ksV gates). The changes which occur (a 
the ordinate scale In the region between ohannels 1500 
and 3000 are by a factor cf 20 In the 903-keV gated 
spectrum and 1^ a factor of 10 in the 103-keV gated 
spectrum. A oonatant at 20 counts per channel has bees 
added to the data from the 903- and 103-keV gates Is 
order to eliminate negative numbers arising from the 
ofasnoe oolncldsnos sufatraattcoa. 




DECAY OF search FOR OCTCPOLE STATES IN l*®* 

TABLE 1. Gaouna rays from decay. 

(keV)‘ 

Goudsmit 

oZ.** This work‘d 

Coittcldenco 7 rays (keV) 

Tranoltlon 
£( E/ 

75.99 

~0.7 

19 (1) 

104.749.903.(1353) 

1082 

1006 

002.61)'* 


(1.7)“ 


1165 

1062 

103.667 

23.0(25) 

2390 (70) 

234.511'', 749,826, 90.3, (970) 

104 

0 




1014.1121,1130,1250,1318. 






(1332), 1353,1409, (1484) 






(1529).1727. (1766), 1877 



131.54 


11.7(5) 




173.91(7) 


10 (2) 

None 



178.74(9) 


7.7(8) 

1250 

1185 

1006 

233.9B3 

0.5(1) 

85 (3) 

104.(551), B69.745. 749, 825 

338 

101 




(847). 895, (1250). (133.3), 






135:1.1477.(1802) 



511^ 



104.511',570,669.826.903, 






1006 



560.52(4) 


18.1(15) 

104. (745), 903 

1633 

1082 

580.8(1) 


12 (2) 

(828), 848. 903. (93.5) 

1587 

1006 

599.0(1) 


16 (2) 

(104),234.1129 

1832 

1233 

626.7(2) 


6.4(23) 


1633 

1006 

668.80(3) 


14 (3) 

234.(749).(825),(133:t), 

1006 

338 




(13S;l),(lS78) 



690.7(2) 


10 (3) 

None 

(2532 

1832) 

714.43(3) 


30(2) 

1014,1117 

1832 

1117 

744.84(4) 

10.7(2)1 

28 (2) 

(04,234, (551), 7.19, (1.353) 

1082 

338 

749.34(1) 

1.4(4) 

120 (4) 

(76).104,234,745,903 

1832 

1082 

782.6(2) 


2.9(10) 


2418 

1633 

808.9(3) 


3.1(6) 


1815 

1000 

825.36(1) 

11.8(5) 

1070 (30) 

104, (234),511''. 903, (971), 

1832 

1000 




1006.1052 



828.5 


4 (2)' 


(2410 

1587) 

847.80(9) 


3 (1) 

581.1484,(1587) 

1185 

338 



4,5(10) 


2435 

1587 

(895.26)“ 


7.g“ 

2.34.(1651) 

1233 

338 

902.838 

100 

9090 (290) 
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2228 
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0.7(2) 
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1117 

0 




1420,1767 



1129.14(2) 

0.6(2) 

48 (2) 

104,599,995.1183,1203 

1233 

104 




(1290), 1651 



1146.4(4) 


1.1(6) 


2228 

1082 

1183.11(5) 


12 (1) 

1129 

2416 

1233 
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1233 
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TABLE I. (ConUmud.) 


Coudsmit 


A/AA) (koV)* 

at.*’ 

This work* 

Colocldence y rays (keV) 



1298.44(2) 

0.47(9) 

37 (1) 

104,1014,1117 

2416 

1117 



«3 


2532 

1233 

1314.2(1) 


4 (1) 


2547 

1233 

1317.85(3) 

0.30(7) 

19 a) 

1014.1117 

2435 

1117 

1333.4(1) 


5.8(6) 

(745) 

2416 

1082 

1352.80(2) 

0.37(8) 

30 (2) 

104,234,903 

2435 

1082 

1405.2(1) 


6.7(7) 


2523 

1117 

1409.40(2) 

1.2(1) 

50 (2) 

104,903 

2416 

1006 

1429.22(4)8 

0.26(8) 

11 (2) 

903,1014,1117 

2547 

1117 



4 a) 


2435 

1006 

1449.2(2) 


1.7(6) 


2532 

1082 

1477.3(3) 


1.4(5) 


1815 

338 

148.3.69(4) 

0.29(6) 

11 a) 

104,848,(935) 

1587 

104 

1516.0(5) 


5 (1) 


2523 

1006 

1525.14(6) 


8.1(5) 

(104), 603 

2532 

1006 

1529.30(6) 

0.32(6) 

8.4(5) 

ao4) 

1633 

104 

1581.0(4) 


0.6(4) 




1587.2(2) 


1.9(4) 


1587 

0 

1595.5(3) 


1.1(4) 




1651.45(6) 


7.1(6) 

104,1129 

2884 

1233 

1678.0(3) 


2.2(6) 


(2910 

1233 

1694.0(4)'' 


1.4(8) 




1711.3(2) 


2.5(4) 


1815 

104 

1727.8(1) 


6.1(8) 

104 

1832 

104 

1766.74(6) 

0.15(4) 

9.2(9) 

1014,1117 

2884 

1117 

1792.3(3) 


1.8(5) 

None 

(2910 

1117) 

1801.75(5) 

0.2(1) 

15.2(10) 

104,903,(745) 

2884 

1082 

1815.6(3) 


1.8(4) 

(903) 



1839.6(2) 


1.8(4) 




1877.70(3) 

0.25(3) 

22.4(10) 

104,903 

2884 

1006 

1903.6(1) 


3.1(4) 

(903) 

(2910 

1006) 

1939.1(2) 


1.1(3) 




1991.1(2) 


2.1(4) 




2027.2(4) 

0.04(2) 

1.4(4) 




2066.9(4) 


1.3(3) 




2073.5(2) 

0.084(30) 

2.5(4) 


2177 

104 

2096.0(2) 


1.3(3) 




2142.2(3) 


1.7(3) 




2153.24(6) 

0.11(2) 

9.2(6) 


2257 

104 

2160.7(4) 


0.4(2) 




2176.9(1) 


3.6(4) 


2177 

0 

2182.3(1) 


2.9(3} 




2196.0(5) 


0.3(2) 




2204.64(4) 

0.13(2) 

15.3(7) 




2232.9(2) 


1.3(3) 




2258.4a) 

0.05(2) 

4.4(4) 




2312.1(2) 


1.9(4) 


2416 

104 

2331.87(6) 

<0.12(2) 

9.1(5) 


2435 

104 

2408.4(3) 

0.02(2) 

0.6(2) 




2475.5(3) 


0.7(2) 




2780.6(2) 


1.4(2) 


2884 

104 

2889.8(2) 


1.8(3) 




3340.7(5) 


0.6(2) 
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TABLE I. (Conttmieri.) 


Errors In the least significant digits are ahown In parentheses. They refleet only the sta- 
UeUcal uncertainties In peak positions. Approximately 30 cV should be added In quadrature 
for y rays below XBOO keV, and 100 eV for y rays above 1500 keV, In order to Include sys¬ 
tematic errors. 

Reference 2. These authors also report y rays which we do not confirm at 1021 9, 1228 
(1646), 1820.6, 1838,4, 1867.4 , 20,73.6, 2241.9, and 2341 keV. 

“intenelUos are the number of y rays per 10 900 Re decays. Errors include our estimate 
of systematic errors. The statistical errors on Intense lines (104 . 825, and 903 keV) are 
nuich smaller than the errors shown. 

Energy and intensify from Ref. 1. 
e" annihilation radiation, 

^ This line was seen marginally only In coincidence data. 

^Complex peak. From coincidence data the y rays to the 1117- and 1006-keV levels have 
miergies of 1429.5(2) and 1428.8(1) keV, respectively. 

*'Thls peak might bo due to the pair effect of the 2204.6-keV y ray with single 511 escape. 


level). The Hauser-Feahbach calculation dis¬ 
cussed In Ref. 1 predicts populations of the A'* 

=0' and bands which agree well with the above 
ebscrvatlons. 

The level at 1814.9 keV agrees very closely 
In energy with a level that Is strongly populated 
in the reaction.' Our coincidence data sup¬ 
port the decay of this level to the 4* and 2 * mem¬ 
bers of tiie ground-state band and also to the 
h" =2* octupole band head at 1006.4 keV. A weak 
y ray of 1815.6 keV suggests that the 1814.9-keV 
level might also decay to the ground state. Be¬ 
cause of the low Intensities, the data are not 
i;ood enough to reject this possibility completely. 
However, both the energy fit, which is off by 2 
standard deviations, and the coincidence data, 
which show weak evidence of coincidences between 
the 1815.6- and 902.8-keV y rays, suggest that the 


1815.6-keV y ray does not depopulate the 1814.9- 
keV state. 

Beta decay intensities shown In Table 11 -were 
determined from a detailed Intensity balance at 
each level. In general, we used theoretical val¬ 
ues of the conversion coefficients'' for each y ray 
based on Its most probable multipolarity. (We 
used the measured conversion coefficient of 
Konljn ef al.* for the 902.8-keV y ray.) Uncer¬ 
tainties In the conversion coefficients had only a 
minor effect on the Intensity balances. The log(f 
values In Table n were obtained from the tables 
of Gove and Martin" using the (i'' -fe "-capture 
Intensities, the |f-decay <r value of 3828x60 keV 
determined by Goudsmlt et al.' and a ‘""Re half- 
life of 2.45 min. We assumed there is no decay 
to the ’“W ground state. If an upper limit of In¬ 
tensity corresponding to logff ^6.0 Is assumed 
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TABLE n. Log/< value* for ‘"Re decay to levela In 
■»W. __ 

P*+K~c»p. 


Level (koV) Intenaily* log/',!'’ 

103.57 730(430) 6.0 

337.65 14(7) 7.6' 

1006.41 8410(200) 4.60 

1082.30 62(20) 6.6' 

1117.21 12(4) 7.3 

1184.01 17(5) 7.1' 

1232.68 -2(4) .^.O** 

1587.25 11(4) 7.2 

1632.00 30(3) 6.7 

1814.9 3.7(11) 7.6 

1831.71 1240(30) 5.0 

2176.73 19(1) 6.6 

2227.83 15(1) 6.7 

2256.81 15(2) 6.7 

2415.74 112(4) 5.7 

2435.17 82(5) 5.8 

2522.52 16(2) 6.5 

2631.55 10(1) 6.7' 

2546.8 17(2) 6.4 

2884.10 65(2) 5.6 

2010.05 7(1) 6.5 


* Errors In the least slgnl/leant digits are shown in 
parentheses. 

'’Uncertainties In log/Cs can bo Inferred from the 
^-decay Intensity errors In column 2. The uncertainty 
In <?s Intioducea an error of 0.02 to 0.04 In log/(. 

'Xboso are at least 2iid forbidden. The log/l dlfier- 
eocos, by ~2o (337-keV level) and ~3o (1082- and 
1185-keV levels) from the large expected values, are 
presumably duo to unplaced weak y rays. 

'* Log/,/ . 

* This log/1 would be 6.4 if the 600.7-keV y ray 
depopulated the 253l.55-keV level. 

{or the ground-state transition, then the log/f’s 
In Table n would Increase by a maximum of 0.1. 

Spins and parities of the levels up to 1232.68 
keV are known from previous work. For the 
other levels we used log// values and y-ray 
branchings to deduce the possible spins and pari¬ 
ties, as shown in Fig. 3. The levels at 1831.71, 
2415.74, 2435.17, and 2884.10 keV are restricted 
to the unique value /’ >2' because of the low 
log// values, Indicating allowed decay'" from 
the 1~ ground state of ""Re, and because they all 
have r-ray branches to the 3' state at 1232.68 
keV. All of the remaining levels have uncertain 
parity based on their log// values, which are 
consistent with either allowed or flrst-forbldden 
0 decay. Several of these levels, at 2227.83, 
2522.52, 2531.55, 2546.8, and 2910.05 keV, are 
rather clearly restricted to 1 *=2 because of r-ray 
branches to 3* and/or 3' levels and the absence 
of observable r branches to the ground-state band. 
If these levels had /^l, we would expect the high 
energy AK-allowed dipole transitions to the ground- 


state band to be the dominant mode of decay. 

The iwesible spins for the other five levels abovi. 
1233 keV are more ambiguous (see Fig. 3). The 
two levels at 1587.25 and 1632.00 are particularly 
interesting because of the possibility that they ma; 
be the f = 1 and 2 members of the A' =1* octupole 
band (see Sec. IV). Both levels decay to the 
ground-state band; the 1587.25-keV level decays 
to both the 0* and the 2'’ members, and the 
1632.90-keV level decays to the 2^ member only. 
This would be consistent with a /f «1 assignment 
for them. However, the other J' possibilities 
shown In Fig. 3 cannot be rejected on the basis 
of the /I- and r-decay properties. 

Since the level at 1814.6 keV decays to the 2' 
and 4'* levels of the ground-state band, but 
probably not to the O'' level, its spin Is most 
likely 3. That Interpretation would conflict with 
the log/f value in Table n, which is too low for 
a 0 decay with A/>1. However, this discrepancy 
could easily lie due to undetected weak r rays 
which populate the 1814.9-keV level, causing 
our measured log// to be too low. 

rV. DISCUSSION 

One Interesting aspect of tee "°Re decay to 
levels in '*"W Is the low log// values to five 2" 
states with energies of 1006, 1832, 2416, 2435, 
and 2884 keV. The log// values to these states 
are 4.5, 5.0, 5,7, 5.8, and 5.6, resfiecttvely. 

It Is clear from the low log// values teat the al¬ 
lowed unhindered decay from the (*5/2''[4021]- 
i'7/Z"[5144l)j. configuration of the ""Re ground 
state to the (ii5/2*L4021i-i9/2'[514»]),- configura¬ 
tion In ""W dominates these decay modes. If 
one makes the simplifying assumption that these 
are the only configurations Involved In tee decay 
to the five 2' states, one can calculate tee frag¬ 
mentation of toe (v5/2*[402t]-i9/2-[514tJ)i- con¬ 
figuration among these five states. Based on the 
measured log// values, tee percentages of this 
crniflguratlon In tee 1006-, 1832-, 2416-, 2435-, 
and 2884-keV states are 66, 21, 4, 3, and 5, 
respectively. It Is Interesting teat such a large 
fraction (approximately 66';6) of the (r5/2''[402t|- 
*9/2"[5141])^. configuration Is In the 1006-keV 
state, which Is the /T' >2~ component ei tee 
octupole vibration. This Is somewhat surprising. 
since the band Is known to be quite collective and 
Is expected therefore to be made up from a large 
number of small contrlbidlons cf tee quasiparticle 
states. Most of tee rest of tee (x5/2''[402t)- 
xO/Z'tSMlDy- configuration (21%) resides In the 
1832-keV state. Smaller tractions (but enough 
to Influence the log// values significantly) reside 
In tee other three 2 * states. 
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States In with possible spin-parity of 1- 
and 2' are observed at 1587.25 and 1632.90 keV, 
respectively. If these two states are assumed to 
be members of the same rotational bend, a ro¬ 
tational constant 8*/23 «11.4 keV is calculated 
in substantial agreement with the value 3*/23 
=12.6 keV calculated from the 2~ and 3~ members 
of the 02' octupole band. It is therefore 
tempting to suggest that the states at 1587.25 and 
1632.90 keV are the 1~ and 2~ members ot the 
K'=1'octupole band. This interpretation re¬ 
ceives suK>ort from the passible observation In 
the and the (p, 2»iy) studies^'* of the 3' 
member of the =1" band. A state observed 
at 1693.6 keV in the (p,2nr) reaction decays to 
the 4'^ member of the ground-state band and cor¬ 
responds closely In energy to the state at 1692 
keV reported In the (f.d') reaction. This energy 
agrees very well with the predicted energy at the 
3" state in our proposed X' =1 * band, especially 
if we allow for some depression d the odd-spin 
energies due to Coriolis-induced mixing with the 
ff'=0-band. 

A state which is observed at 1814.9 keV with 
spin 3‘(2'^) corresponds almost exactly with the 
state observed at 1614 keV in the (^,d') studies 
of GUnther at al* This Is the most strongly 
populated state In the (d,</') reaction above the 3" 
member of the K* >2' band at 1082.39 keV. The 
strength and our observation of y-ray de¬ 
cay to the 2'* and 4'* members of the ground-state 
band would be consistent with an assignment for 
the 1814.9-keV state as the 3' member of the 
IC =0~ octupole band. In that case the y-ray 
branching to the ground-state band members 
might agree reasonably well with the Alaga rules,’* 
because the AA =1 £1 transitions due to any ad¬ 
mixed K =1 components In the 1815-keV level are 
expected to be rather strongly hindered with re- 
spect to the A/f »0 transitions.” The predicted 
ratio of reduced £1 transition probabilities to the 
2* and the 4'* members of the ground band Is 
®.T5, in satisfactory agreement with the observed 
ratio of 1.1 ±0.4. 

The 1814.9-keV level decays to the K' «2" 
octupole band head at 1006,4 keV with an Intensity 
roughly equal to Its decay to the ground-state 
band. This branching requires a hindrance at the 
transitions to die ground bend of "4 xlO* if we 
assume an £2 strength of one single-particle 
'^eiaskopf unit for the A£«2 decay to the £'*■?* 
band head. Such a large hindrance for a Aif *0 
transition weakens the £*,/ =0', 3 assignment,’* 
but it may sufficient cause to reject the 

possibility entirely. In •’•U, for example,’ the 
transltloitt from the 688-keV level to fte ground- 
hand aptwar to be a£<>0 £1’s with hin¬ 


drances exceeding 10*. If the inertial parameter 
A*/2!F in this proposed tC >0' band is the same 
as in the A* ^2~ octupole band, then the K',I 
°0~,1 band head would be at 1688 keV. 

Using random-phase approalmatlon (RPA) cal¬ 
culations with an octupole-octupole force and in¬ 
cluding Coriolis mixing, Neergird and Vogel* 
have been able to reproduce both the approKlmate 
energies of band heads and the £(£3) strengths 
in the 3" members of the A' =0", 1", 2", and 3" 
octupole bands in the rare earth nuclei. In view 
of the previous qualitative success of these cal¬ 
culations, it may be of value to compare their 
calculations with the two previously observed' 
octupole bands (A* =2~ and 3~) and with the 
tentatively assigned A* =0" and 1' bands from the 
present research. Unforttmately, Neerg&rd and 
Vogel did not report calculations on "•W in Ref. 

3. However, the results of a calculation by 
Neergard on ’*°W are reported by GUnther et al.* 
for the A’ *2" and 3“ bands. For the A’ =0* and 
1~ bands, we have extrapolated the Neergird and 
Vogel results on Hf and other W isotopes to ob¬ 
tain approximate predictions of the band head 
energies and the /i(£3) values in ’"’W. The cal¬ 
culated values for the A" »0*, 1", 2*, and 3" 
bands, respectively, are 2000, 1400, 1290, and 
1740 keV for the band head energies, and 1, 0.1, 
12,4, and 3.8, in units of 10** c»b’, for the £(£3) 
values to the ) =3 states. The systematica in this 
nuclide region suggest that the extrapolations 
used for A=0 and 1 might Introduce errors of 
^10% in the energy predictions and of a factor of 
2 or more in the £(£3) predictions. Considering 
the large uncertainties in these predictions and 
the uncertainties in extracting £(£3) values from 
the experiments,' die agreement between 
measured £(£3) values and the predictions seems 
acceptable for our proposed octupole 3* states. 

Recent calculations’ have been carried out for 
’"’W directly. In these calculations the data 
available on the A* =2~ and 3~octupole bands 
from in-beam measurements were used with a 
Coriolis interaction model in an attempt to obtain 
better estimates for the positions at the missing 
A* cO* and 1 ~ octupole band heads. The data 
from the present experiments suggest a disparity 
of several hundred keV in the positions of these 
octupole bands when compared to die results at 
the simple Coriolis Interaction calculation of Ref. 
1. The calculation was repeated and die additional 
experimental data from the present study were 
used to fix the positions of the four octupole band 
heads. No realistic set of Coriolis Interactlcn 
matrix elements could be found which would ac¬ 
curately accommodate both the known energies 
of the octupole bands and die measured rotational 
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■tmclngs In the and 2~ bands. Nevertbe- 

less, a set of reasonable parameters was ob¬ 
tained which give a best fit to all the experimental 
data. The calculated values of the lowest-lying 
states In each octupole band are compared in 
Table m with the experimental data and with the 
calculations of Neergird and Vogel.’ 

With the wave functions derived from these cal¬ 
culations, we can estimate die log/t value for the 
K',l = l~,2 octupole state tentatively assigned 
as the level at 1632.9 keV. The calculated wave 
function for dils state Is 11633,/-2) >0.9962ll~,2) 
- 0.038912 2). If we assume that the/f'=1~ 
octupole band head is essentially unmlxed, then 
we can use the Alaga rules" with the observed 
ft value to the 1587-keV state to determine the 
0-decay matrix element for the II",2) component. 
The/t value for die 12', 2) component Is deter¬ 
mined directly from the observed// value to the 
K' =2~ octupole band head at 1006 keV. Depend¬ 
ing on the undetermined relative signs of the two 
matrix elements, the calculated log// to the 
1C,I’ll',2 state Is 6.6 or 7.2. This result agrees 
well with the observed value of 6.7 for the level 
at 1632.9 keV, and Is dierefore consistent with 
the assignment of the 1587.2- and 1632.9-keV 
levels as the spins 1 and 2 members of die A' =1* 
octupole band. 

V. CONCLUSIONS 

We have Identified 11 (and possibly 2 other) 
new low-spin states In ‘•®W. Low log// values 
to five 2~ states, Including the A’ =2~ octupole 
band head, indicate fragmentation of the 
(v5/2*[402]-ir9/2'l514l),- configuration among the 
five states. Tentative identification of a state at 
1814.9 keV as the 1C,1=0~,3 octupole vibrational 
component is compatible with the r-decay branch¬ 
ing and the previously reported* strength of ex¬ 
citation In the (</,</') reaction. This assignment 
Is a very speculative possibility, however, and 
requires confirmation by Identification of other 
members of the rotational band. Two states at 
1587.25 and 1632.90 keV and a previously reported 


TABLE m. Calculated and tentatively observed ener- 
gles (la keV) of the loveat-lylag states la each octupole 
band la ‘»W. 

Enetgy (keV) 

A’ = 0' A*-l' IC*=2' A*-3' 


Experiment 1814.9* 1587.3 1006.4 1834.6*’ 

Calculation* 1807* 1678 1006.8 1632 

Calculatton* 2100* 1400 1290 1740 


‘This is the energy of the A*, /-o', 3 state. The A', 
/<= o', 1 state has not been observed. 

'’See Ref. 1. 

* Results from a eemiemplrical Coriolis Interaction 
calculation. See text. 

'' Calculations of Neerg&rd and Vogel (Ref. 3) extra¬ 
polated as described la the text. A value of AV 28 = 12.8 
has been assumed for the A* = o' band. 


State at 1693.6 keV'* have r-decay branchings, 
log/f’s from **®Re 0 decay, (d,d') excitation (to 
the 1693.6-keV state), and energy siiaclngs which 
are fully compatible with their assignments as the 
spins 1, 2, and 3 members of the A* =1' octupole 
vibrational band. If these assignments can be 
finally confirmed, dien the energies of all four 
components of the octupole vibration In **®W would 
be quite firmly established. In bat case, our 
extrapolations at the calculations In this nuclide 
region suggest there are significant discrepancies 
between the microscopic calculations and the ob¬ 
served band head energies, particularly for the 
A = 0 and A =2 components. 
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Systenutics of qiuuirotatioiia] states in N =88 nuclei 

D. R. Zolnowski. M. B. Hughes, J. Hunt, and T T. Sugihara 
Cyciotron institute. Texas AAM Vnivenity. Coiltge Statim, Texas 77843 
(Received 3 December 1979) 

The deceyv of 4.2-min '*^Tb, 3.3-mui ”*Ho, ILB-miii ”*Ho. and 82>sec ”*Tm have been studied by y-ray 
and conversion electron spectroscopy using the He-jet technique. High-spin states in '”Gd were also studied 
in the '’‘Sm(a,4iiy) reaction at SO MeV and the '’°Sm(a,2jty) reaction at 28 MeV. The systematic behavior 
of quasirotational bands in N = 88 nuclei has been studied, and observed features ui the location of 0- and 
y-band states arc shown to be explainable from a consideration of available orbitals in a Nilsson diagram. 
Microscopic calculations employing fourth and sixth order versions ctf the boson expansion model of 
Tamura, Kishimoto, and Weeks repnxluce the known low-lying positive parity states in '’°Sm, '”Qd, '’'Oy, 
and '’*Kr. Experimentally observed negative-parity states are explained remarkably well by a quadrupolc- 
octupole coupling model, but a backbending plot suggests a possible change in intrinsic structure above spin 
II. 


RADIOACTIVITY ‘“TV, ‘“Ho">. “‘llb'tt, '"Tm;, f^,, y-y coin. ‘®Gd, 
‘^Dy, '“Er dcrhiced levels, ICC, a; nystomatlcn, compurlson with micros¬ 
copic theory. 

NUCLEAR REACTIONS '“Smlrr.An), E„-50 MeV; '“Sm(o.2a). £.-28 MeV; 
measured £,, , /, (d), fj,, y-y coin. '®Gkl deduced levels, ICC, J, x. En¬ 

riched targets, Go(Lt), Si(I,i> detectors. 


I. INTROnuCnON 

The aystematics of low-lying vibrational bands 
In the N = 88 nuclei are for the most part unknown, 
largely due to the difficulty Involved in studying 
short-lived nuclides such as *“Ho and ‘“Tm. In- 
beam studies*’’ of Af=88 nuclei have provided in¬ 
formation on high-spin backbending phenomena in 
yrast states and have succeeded In locating an odd- 
spin negative-parity band (NPB). bi this bond 
has been Interpreted as having two-quaslneutron 
rotationally-allgned character.’ In '“Gd, how¬ 
ever, where low-spin states are also known, a 
simple quadrupole-octupole coupling (QOC) model 
has been shown to explain remarkably well all 
known negative-parity states.’’* The NPB in the 
QOC picture Is basically octupole vibrational. To 
aid in clarifying this issue, information on low- 
lying negative-parity states in '“Dy and '“*Er 
seemed essential. 

To locate these low-lying negative-parity states 
and to study the systomatics of vibrational bands 
in iV = 88 nuclei, decay studies of 4-min ‘“Tb, 
3.3-min '’*Ho, 11.8-min *“*Ho, and 82-sec ’”Tm 


were undertaken. To add to htgh-spln informatiun, 
an in-beam investigation of ’”Gd was also per¬ 
formed. Parts of the latter results have already 
been reported.’ 

II. EXPERIMENTAL PROCEDURE 
The radioactive nuclides were produced by 
bombardment with a particle or HI beams from 
the Texas A&M variable energy cyclotron. The 
reactions and beam energies are summarized in 
Table I. Through the use of the He-]et technique,' 
reaction products were thermalized in helium iiaB. 
transported approximately 30 m to a low back¬ 
ground area, successively collected on Mylar 
tape, and counted. An exploded view of the He-jel 
reaction chamber is given In Fig. 1. The chamhn 
is modular in design and permits use of additiunai 
capillary bundles if desired. Although the figure 
shows a bundle consisting of three separate cap¬ 
illaries, only a single polyethylene capillary wiifi 
1.7 mm interior diameter was employed. The 
helium gas was bubbled through benzene to in¬ 
crease greatly the transmission of recoiling nurlt'i 
through the capillary. Targets consisted of sep- 


1 ABLE 1. Reaction data. 


Nuclide 

Reaction 

Bombardment energy (MeV) 

‘‘■’Tb H.O min) 

't'Eu(u, 3 b) 

40 

'“Ho (.1.3 min) 

“*Sm(“B,5») 

83 

‘“Ho (11.8 min) 

“*Sm(‘’C,6»)‘“Er i'“Ho 

93 

8ec> 

“•am(“N,6ii) 

109,113,119 
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fig. 1. Exploded view of Ile-Jet target chamber. In 
1C present experiments a single capillary was used to 
-ansport reaction products. 


rated isotopes In oxide form on a 0.635 mm A1 
3il. Bonding to the foil was achieved by forming 
slurry from the oxide and a small amount of 
lear plastic spray. 

Singles spectra were taken with 30 and 55 cm'' 
ie(Li) detectors with respective resolutions of 
.86 and 1.78 keV at 1332 keV. A 1 cm’ Ge(Li) 
ilanar detector [700 eV full width at half maximum 
FWHM) at 122 keV] was also used in some cases, 
rhe energies of stronger transitions were deter- 
oined using standard sources and these subse- 
luently served as internal standards in the singles 
.pectra. Conversion-electron spectra were ob- 
ained with a 3 mmx2 cm’ Sl(Ll) detector with 
'esolution of 2.1 keV at 975 keV. The details of 


conversion-electron spectroscopy of short-lived 
nuclides by use of the He-jet technique have been 
given previously.' Event-by-event Y-V-t coin¬ 
cidence experiments were performed using the 
two large detectors. Resolving times were typi¬ 
cally 12 ns. Energy gates were subsequently set 
on almost every y ray reported in this work. 

In-beam y-ray measurements on “%d were 
made using the 55 cm’ detector. 'lUrgets consist¬ 
ing of self-supporting metal foils of enriched '"Sm 
were bombarded with 50 MeV a particles. Angu¬ 
lar distribution data were taken at 90°, 125°, 145°, 
and 160" at a distance of 29 cm, A pulser trig¬ 
gered by a monitor detector was used to normalise 
the data at the various angles. In-beam conversion- 
electron measurements were made with a broad 
range electron spectrometer consisting of a cooled 
Si(Li) detector and an electron steering magnet. 
Details of the spectrometer have already been 
given elsewhere.'' In-beam y-y coincidence ex¬ 
periments were also performed for the “’Sm(a,4N y) 
and ’'°Sm(a, 2KYi reactions at 40 and 28 MeV, re¬ 
spectively. 

III. EXPERIMENTAL RESULTS 
A. Deciyof4.2-mln '"Tb" 

The 4.2-mIn '“Tb" activity was previously In¬ 
vestigated by Bowman et al.‘ No isomeric transi¬ 
tions in Tb other than the eight reported in that 
investigation were observed. Of 47 transitions in 
Gd reported in the present work, 22 are previously 
unreported in the short-llved-lsomer decay. The 
small contribution from 17.6 h ‘”Tb (Ref. 9) to the 



2 . Gamma-ray (a) m>d oonveralm^lectron (b) .pectra for the decay of A total rf sources 

tore counted for 2 min each (using the 30 cm’ detector) to obtain epectrum (a). Tb obtoln spectrum (b), 375 aouroes 
tore counted tor 28 aeo each hvlto a 3 mmx2 cm’Sl(Li) deteotor.l Shorter coUeetton times were used for ooaveraloe- 
“loctroo measurements to minimize source thickness and thus to Improve resolution. 
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FIG. 3. Levels In populated In the decay o{ 4.2-mlo'‘’Tb. Dots at bottom (top) of transition Indicate placement 
la confirmed by coincidence with succeeding (preceding) tranaltion(B). 


y-ray spectrum was determined from the intensity 
imbalance for the 1282.3 keV level In *“Gd. 

Conversion-electron data permitted multipolarity 
assignments to be made (or 20 transitions. Pre¬ 
liminary results were reported previously.* The 
quality of y-ray and electron data is Indicated in 
Fig. 2, and intensities and energies are summar¬ 


ized in Table IL The y-y-< coincidence data wore 
used to locate the ‘“Gd levels shown In Fig. 3. Of 
the proposed levels, seven were previously unob¬ 
served in this decay. The two possible level 
schemes given by Bowman et al* for the Tb states 
populated In the 4.2-min decay are given in Fig. 4. 
The presence of a 48-keV transition depopulating 



FIG. 4. Possible level acbemea for translUoas in Tb observed in ttie decay of 4.2-inln"‘Tb. 
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'^^Gd 

FIG. 5. Levels In '“(id observed In the '“.Srola, Iny) reaction at GO MoV. 


the 283.2-keV state has also been confirmed in 
spectra taken with the high resolution Ge(Li) plan- 
are detector. 

S is possible that a '*^Gd(/>, 3ny) ‘’’Tb in-beam 
study could be used to determine which of the two 
schemes la correct. Specifically, the In-beam 
relative intensities of the 23S.4-, 277.2-, and 
283.3-keV y rays will be the same as those ob¬ 
served in the 4.2-mtn decay if they depopulate the 
same level. In the alternate scheme, these tran¬ 
sitions de-excite three distinct levels. As a result, 
different relative intensities are expected if the 
reaction succeeds in populating these states in 
S'ays other than through the 4,2-min isomer decay. 

All of the EC +P* decay Intensity of ‘”Tb" ap¬ 
pears to occur to the 7* state at 2394.2 keV, al¬ 
though some states such as the 1860.2-keV (7') 
state may be weakly fed. If one assumes total 
feeding to the 2304.2-keV state, the log/I value 
fPf MeV is 3.9. This allowed unhindered 

'alue can be explained* by interpreting the latter 
state as the two neutron configuration i [532] 

* Y [505] and the 8'^ isomeric state in Tb as 
'r[532] + vV'[505]. 

The Tb Isomeric state decays also via an £3 
transition to a 5' level at 342.2 keV which has a 
measured half-life of 0.96 (i8ec.“ This state may 
he the f |'[5S2] +v|*[642] configuration. In‘^”Eu 
£3 transition Involving the ^ [505] and | [642] 
deutron orbitals ba« also been reported** with a 
"^eisskopf hindrance betor £, = 7.5X10*. In our 
base a similar value, £,=4.5X10* is obtained. 

B. Inbeun ranhi for ***08 

ht'beam y-ray, conversion-electroo, y-y-i 
^Incidence, excitation function, and angular dis¬ 


tribution measurements were performed to study 
high-spin states in ‘**Gd. The observed level 
scheme and proposed band structure is shown in 
Fig. 5. Supportive experimental results are sum¬ 
marized in Table Cl. 

That part of the data relevant to the groimd- 
state and negative-parity bands has been reported 
in a previous publication.* The ground-state band 
(gsb) has been observed to spin 16. In '"Dy. 
"forking" was reported to occur above the 14* 
yrast state,** but similar structure is not observed 
in '**Gd in the present work. The odd-spin neg¬ 
ative-parity band occurring in several Af=88 nu¬ 
clei will be discussed in a subsequent section. 

A new txuid is observed which consists of states 
at 2536.9, 2890.2, and 3346.2 keV. The angular 
distribution results are consistent with quadrupole 
character for the 353.3- and 456.0-keV intraband 
transitions. The conversion coefficient for the 
589.9-keV interband transition indicates £2 char¬ 
acter and confirms positive parity for the band. 

At very similar energies (9*, 2490 keV; 11*, 2904 
keV; 13*, 3385 keV) a band has been reported in 
‘’“Er up to spin 21 (Ref. 1). The *“Gd band is 
most likely this same band. The 9-11-13 spin se¬ 
quence is also consistent with the angular dis¬ 
tribution results for the 586.9- and 790.0-keV 
interband transitions. An attempt to explain this 
band in ”*Er as arising from an Incompletely 
aligned (I u/,)* quasineutron configuration* pro¬ 
duced poor agreement with experiment. An ade¬ 
quate characterization of this band is lacking at 
this time. 

The quasi-beta band has also been (Aeerved in 
the present work up to spin 10. Analysis of some 
transitions within this band was made particularly 
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TABLE n. Tranaitloo data for 4.2-mln '"Tb*' data. 


* £ 

(keV) 

1 om' 

h 

30 cm* 

exp. Uwo.' 

Multlpolarltjr 

PUoement 

Tb 

40.0(2) 

68.9(2) 

«5.0(3) 

106.6(3) 

169.59(10)* 

19.7(15) 

121(9) 

3.1(2) 

5.4(3) 

277(14) 

108(9) 

2.8(61 

4.6(5) 

274(20) 

971(115) 

£3:1140 

£3 

K 

236.4(1) 

71.1(45) 

73.3(52) 

169(13) 

3(1:172 

Ml 


277.2(1) 

142(6) 

140(10) 

106(8) 

tfl:lll 

Ml 


283.2»(&) 

^1000 

31000 

54.1(43) 

£2:56.0 

£2 


Gd 

92.4(2) 

197.4(3) 

220.7(3) 

255.4(3) 

5.3(3) 

4.7(4) 

7..3(.5) 

6.2(4) 

4.9(5) 

4.9(4) 

7.3(6) 

6.1(5) 

96(24) 

J?2:73.0, 

M1,E2 

2394.2— 2301.8 

1668.1 — 1470.4 

2394.2— 2173.2 

2394.2 — 2138.8 

271.0(3) 

303.7(4)'’ 

311.4(4) 

315.2(3) 


1.3(8) 

1.0(5) 

1.3(5) 

2.3(5) 


Afl:125 


615.4 — 344.3 
2301.8 — 1997.8 
1861.6 — 1660.1 
930.5— 615.4 


344.20(7)* 

336(17) 

=31.0 

£2:31.0 

£2 

344.3 — 0 

361.7(1) 

30.5(20) 

.31.0(37) 

£2:29.3 

£2 

1282.2 — 930.5 

385.9(1) 

54.7(30) 

31(12) 

£2:23.5 

£2 

1668.1 — 1282.2 

396.4(3) 

2.2(5) 




2394.2 — 1997.8 

411.1(1) 

304(15) 

20.4(15) 

£2:19.1 

£2 

766.4 — 344.3 

427.6(2) 

15.6(9) 

17(8) 

£2:17.2 

£2 

1861.6-1434.0 

440.3(2) 

12 9(10) 

5.8(29)*' 




1668.1 — 1227.3 
2301,8-1861.6 

441.2(5)*’ 

3(2) 




1650.1-1109,2 

447.7(4) 

1.6(4) 




1997.8-1650.1 

470.7(6) 

7.7(30) 




2138.8 — 1668.1 

471.9(1) 

198(10) 

14.5(12) 

£2:13.2 

£2 

1227.3— 755.4 

519.4(1) 

79.2(57) 

11.4(18) 

£2:10.3 

£2 

1746.7 — 1227.3 

526.8(2) 

27.5(20) 

76.3(84) 

Ml:19.2 

£0't£2 + (Ml) 

1282.2 ' 755.4 

5.32.6(1) 

71.6(38) 

9.9(12) 

£2:9.7 

£2 

2394.2 — 1861.6 

57U.2(.1) 

3.7(3) 




1861.6 — 1282.2 

586.2(2) 

23.0(19) 

23.3(28) 

Ml:14.7 

£ 0*£2 +(Ml) 

930.5 — 344.3 

615.4 ■■ 




£0 

815.4— 0 

634.2(2) 

15.8(12) 




1861.6 — 1227.3 

047.4(2) 

72.3(52) 

10 . 2 ( 12 ) 

Ml:11.4 

Ml+(£2) 

2394.2 — 1746.7 

052.9(3) 

5.7(4) 




1880.2 — 1227.3 

678.6(3) 

3.2(4) 




1434.0 — 756.4 

715.0(2) 

9.8(7) 




1470.4 — 755.4 

720.0(2) 

53.1(27) 

7.7(7) 

Ml: 8.6 

Ml+(£’2) 

2394.2 — 1668.2 

764.6(4)'’ 

0 . 2 ( 2 ) 




1109.2 - 344.3 

770.4(3) 

2.6(4) 




1997.8 — 1227.3 

778.9(3) 

1 . 2 ( 8 ) 




1123.2— 344.3 

794.3(3) 

3.1(5) 




1560.1— 766.4 

930.4(3) 

4.6(4) 




930.6— 0 

946.0(2) 

8 . 0 ( 6 ) 




2173.2 — 1227.3 

1041.0(4) 

2.3(4) 





1052.2(4) 

1 . 2 ( 6 ) 




1807.6— 766.4 

1074.5(2) 

11 . 1 ( 8 ) 




2301.8 — 1227.3 

1089.7(2) 

11.3(8) 




1434.0— 344.3 

1106.2(2) 

46.9(28) 

1.9(9) 

£2:1.9 

£2* (Ml) 

1861.8— 756.4 

1109.3(4)" 

0.5(4) 




1109.2 — 0 

1166.9(2) * 

62.1(35) 

2.5(7) 

Ml .2.8 

Ml 

2394.2 — 1227.3 

1205.9(5) 

1.0(4) 




1550.1— 344.3 

1242.6(4) 

1.7(3) 




1997.8 - 766.4 
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TABLE n. (ConUiaud) 


* Energy adopted from Ref. 8. 

Tentatively aaelgned to the decay. 

Energy taken from Ref. 9. 

‘‘ Intenaity determined from oolncidencc experiment. 

^ Alternate placement ie between 2173.2- and i861.7-keV levela. 
^ Reference 27. 

f For placement of tranaltions In Tb eee Fig. 4. 


TABLE m, IntenalUee, angular dletrlbutlone, and convereton ooeffictenta of y raya In '"Gd 
obeenred In die “*8m(a,4a) reaction at 50 Mev and Y-ray Inteneltlee for the “‘Bm(a,2R) re¬ 
action at 28 MeV. 


keV 

h 

(a,2a) 

125 

(o,4a) 

Aj 

^4 

“jr 

oxp. 

(xlO*) 

tbeo. Vmult. 

Plaoemtint 

271.1 

1.1 






2t-2* 

344.3 

slOO ElOO 

0.22(4) 

-0.08(5) 

^=3.05 

3.05/E2 

2^—0* 

3S1.8 

5.5 

6.5 

0.26(7) 

-0 13(10) 




353.2 

0.9 

2.8 

0.38(11) 

-0.01(16) 



11'-10* 

385.9 

8.1 

7.8 

0.19(4) 

-0.14(6) 



eJ-4S 

411.1 

84.9 

90.6 

0.23(4) 

-0.10(6) 

1.97(17) 

1.94/£;2 

4’-2* 

451.1 

0.9 

3.9 

0.27(4) 

-0.15(6) 



9*—7" 

454.5 


2.8 

-0.21(7) 

0.03(9) 



13'-12*^ 

456.0 


5.0 

0.18(7) 

-0.21(10) 



13* -12* 

470.5 

7.8 

11.3 

0,50(15) 

-0.02(16) 1 



8*e -6i 






1.30(16) 

1.36/B2 


471.8 

60.8 

76,0 

0.21(4) 

-0.13(6) 1 




483.1 

1.8 

6.3 

0.24(4) 

-0.16(6) 



11" —9" 

514.3 

7.8 

11.6 

-0.17(6) 

0.14(8) 



11'-10* 

519.6 

38.8 

65.8 

0.25(3) 

-0.06(4) 

1.05(10) 

1.04/E2 

8* —6* 

523.6 

1.7 

12.1 

0.22(9) 

-0.02(13) 



13'-11" 

526.7 

4.5 

4.1 

-0.34(6) 

-0.09(8) 



4t-4* 

552.4 

1.7 

8.9 

0.54(13) 

-0.12(16) 



lOS-8* 

553.6 

19.6 

47.3 

0.21(4) 

-0.11(4) 



10*—8» 

583.4 

2.2 

20.6 

0.29(8) 

-0.08(10) 



12*—10* 

584.6 

10.3 

14.0 

-0.25(7) 

0.16(10) 



9' —8* 

586.3 

6.1 

3.6 

-0.37(18) 

-0.10(25) 



2S-2* 

589.9 

1.9 

4.5 

0.24(6) 

-0.03(10) 

0.66(19) 

0.75/B2 

11-*—10* 

600.5 


6.7 

0.20(4) 

-0.07(6) 

0.72(11) 

0.73/E2 

16'-13" 

615.4 

1.1 

11.1 

0.23(4) 

-0.09(6) 



14* -12* 

643.6 


4.4 

0.2 J (4) 

-0.07(5) 

0.55(11) 

o.ei/£2 

16*—14* 

652.9 

7.9 

4.8 

-0.31(5) 

0.06(8) 

0.22(4) 

0.23/Bl 

7*—6* 

670.6 


3.4 

0.19(7) 

0.03(10) 

0.41(21) 

0.56/E2 

17" —16' 

716.0 

4.8 

1.9 

-0.27(10) 

0.24(15) 



B"-4* 








S'—2* 

778.9 

1.4 







790.2 

2.9 

2.9 

0.31(7) 

0.11(9) 

- 

-- 

9*—8* 


Referenoe 27. 
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difricnilt due to similarity in energy to gsb tran¬ 
sitions. 

C Decay of 3.3-niin 

Transition data for this decay are given in Table 
IV. or 32 transitions assigned to this decay, 14 
are newly observed and have been incorporated in¬ 
to a decay scheme consisting of 17 levels (Fig. 6). 

A conversion-electron spectrum obtained via the 
He-]et technique (Fig. 7) allowed multipolarity 
assignments to be made tor 16 transitions. 

The data support a probable spin of 7 or 8 for 
the ”^Ho parent, with most of the ZC+p* decay 
occurring with an allowed log/f value («4.6) to a 
1* level at 2472.9 keV in ‘”Dy. The two states 
involved are probably identical in character to 
those observed in the high-spin isomer decay of 
*“Tb where they are interpreted as having the 
configurations (v§'|532l + i/-y"|505j)8' and 
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(i'|‘[6S2] +v^”[505])7*. Unlike‘“Tb, however, 
no isomerle transttions in “^Ro were observed. 

In a previous work,” weak transitions at 156, 
472, and 911 keV were tentatively proposed. Thei 
were not observed in our data and probably are nc 
associated with this decay. The former two tran¬ 
sitions undoubtedly belong to the decay of 4,2-min 
'’*Tb, which is a principal impurity for the reac¬ 
tion chosen. 

Righer-spin members of vibrational bands are 
populated in this decay, with the quasirotational 
beta, gamma, and K = 0 octupole bonds observed 
to the 8*, T, and 7' states, respectively. 

D. Decay of 11.8-inin '^Ho 

The 11.8-mtn ‘“Ho activity was obtained via the 
p decay of ‘“Er produced in the ““Sm{”C, Bn) re¬ 
action. The decay of the O^' ground state of '“Er 
ensures that only the low-spin Isomer of ‘“Ho is 


TABLE rv. Transition data for 3.3-mIn '**110 decay. 


E, ajr(>'10*) 

<keV) fy onp. Iheo." Multipolarity 


380.4 


1.4(2) 


289.4(2) 


6.2(4) 

9.9(9) 

309.6(2) 


4.1(3) 

3.9(4) 

334.6(1) 


-ion 

-36 

346.6(2) 


10.,5(7) 

3,7(9) 

406.8(4) 


3.1 (.5) 1 

4.4(3) 

406.9(1) 


20.2(14)| 

412.4(1) 


84.3(51) 

17.3(10) 

434.7(2) 


2.7(3) 

6.3(4) 

44.3.3(2) 


5.5(4) 

0.8(2) 

477.1(1) 

/ 

08.7(31) 

7.6(10) 

1 

504.7(2) < 

|r>04.8 
(604.8 


10,9(7) 

51.5.6(3) 


2.0(.1) ^ 


523..9(1) 


19.6(11) 

2,2(3) 

570.6(1) 

( 

11.2(6) 

2.3(3) 

587.3(3). 


1.3(2) 1 


661.5(3) 

f 

1.9(0) 

0.2.5(13) 

725.1(1) 


13.3(8) 

0.92(15) 

7.32,8(2) 


3.3(3) 


740.6(2) 


2.5(3) 


798.9(3) 


1.5(3) 


814.1(1) 


15.0(9) 

0.85(14) 

906.2(3) 


1.8(3) 


959.1(3) 


2.6(3) 


068.3(3) 


2.7(3) 


092.9(.3) 


5.3(5) 


999.7(3) 


2.5(3) 


1072.2(4) 


0.3(1) 


1138.5(3) 


1.0(2) 


1248,8(2) 


18.9(10) 

0.60(13) 


19.1(21) 

JMlllO.R 

£0-t(.)fl+£2) 

9.4(11) 

641:9.00 

641 

3.60 

E2:3.60 

£2 

3.6(9) 

E2:3.25 

£2 

1.9(2) 

E2:2.I0 

£2 

2.05(17) 

E2:2.05 

£2 

23(3) 

Afl:3.68 

E2 + £0 ' (641) 

1.5(4) 

E2.T.73 

£2 

1.3{2) 

E2:1.39 

£2 

6.26(52) 

641:2.50 

£2 f£0 + (641) 

1.1(2) 

E2:1.10 

£2 

2.1(3) 

641:1.83 

641,£2 + £0 + (6fl) 


1.3(8) 

0.69(12) 

/•;S;0.62 

641, £2 
641 *^£2 

0.87(10) 

£2:0.39 

641+£2 


0.32(8) Afl.'O.ZS Ml 


Plaoemont 


2472.9 - 2182 f 

2472.9 -21«:i.L 
2472.9-21B;i.i 

334.6-0 

1251.8- nori.2 
1740.0-l.TM..'! 
1U58.8 -12S1 ^ 

747.0- 344.l! 

1658.8- 1224.1 

2183.3 -1740 0 
1224.1— 747.0 

2163.4 —1G58.0 

1261.8- 747 0 
1740.0 -1224.1 

1747.9 ' 1224 1 
905.2— 334.i 

1334.3- 747 0 

2472.9 —lH'i.O.'- 
1885.0 -1224.1 
2472.9 — 1747 

2472.9 — 1740 0 
1964.7-1224.1 

1546.9 - 747 0 

2472.9 —IBS'*' 
905.2 -0 

2183.3- 1224.' 
2192.6-1224.' 
1740.0 - 747 0 

1334.3- 
1819.0- 747.0 
1885.6 - 747 0 

2472.9- 1224.1 


‘ Intensity estimated from spectrum of y rays oolBcldent with 814.1-keV transition. 
*' Reference 27. 
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3.3 min 


2192.5- 

2183.3- 

2163.4- 

1964.7 - 
I8B5.6- 
1619.0- 
1747.9- 
1740.0- 
1656.8- 

1945.9 - 


1354.3 - 
1251.6- 
1224 I - 


909.2- 

747.0- 


▼ — ncjooovflD 




— ( 8 +) 

— 74 

— 8* 


• 5t 


NYllOji 


«Dy»( 


- i- 0* 

It 


e i 
« 2 


6.4 
i B 


- U.l 

- 4. 


log ft 


FIG. 6. Levels In “^Dy observed In the decay of 3.3-nilD “*Ho. Plncenwnts supported by coincidence data are In¬ 
dicated as in Fig. 4. Dashes Indicate alternate placementa. 


obsarred. The energies and intensities of the 64 
assigned transitions are given in Table V and have 
been placed in a decay scheme consisting of 34 
excited states (Table VI). 

The probable parent spin consistent with the 
observed data is 3\ This conclusion is somewhat 
perplexing since an atomic beam measurement in¬ 
dicates spin 1 for the 11.8-mln activity.*’ In con¬ 
tradiction to this, 0’ states appear not to be fed, 
while the 4’ level of the gab is clearly populated In 
the decay. A strong 168-koV transition tentatively 
postulated in a previous work“ to account for the 
intensity imbalance for the 4’ state is not supported 
by our singles or coincidence data. Furthermore, 


the existence of a third isomer with similar half- 
life and spin 1 is mdlkely, since it would have been 
dominantly produced in the ”’Er decay. Conse¬ 
quently, we are forced to the conclusion that the 
atomic beam results are somehow in error. 

Conversion-electron data, summarized in TaUe 
Vn, indicate seven transitions totally or partially 
£0 in character. These data were crucial in locat¬ 
ing the second excited 0’ state at 1057,9 keV. 

E, Decay or82aec **Tm 

Previously, two ‘”Tm isomers were proposed 
from an a-decay study—a lower-spin isomer with 
T,/,°80 sec and a hlgb-spin isomer with T,y,Tl9 



no. 7. ConversloD-eleotroo speotnim for the decay of 3.3-mln'“Ho ualng the He-Jot taohnique. A total of 388 
“orcas Wat cemK-a for 30 oao each. The peak laboled (a) It the A-oonvertlon line the 180 ksV £3 trutltloa 
bi ‘“TV deoty, while that labeled 8>) la die 296 K-convertlon line orlgintting from "Ho decay. 
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TABLE V. Tnmaltlon data for ll.S-min “*Bo decay. 


Hy 

(keV) 


PUoement 

Ey 

(keV) 

h 

PUoement 

162.7(3) 

0.59(10) 

1057.9— 905.2 

876.6(3) 

0.72(10) 

1903.9-1027.1 

1B2.0(4) 

0.76(15) 

1390.4 — 1208.0 

905.2(2) 

2.60(24) 

905.2-0 

244.2(4) 

0.50(15) 

905.2— 660.S 

999.7(2) 

3.86(24) 

1334.3 — 334.6 

326.2(3) 

5.60(90) 

660.8 — 334.6 

1027.1(2) 

6.76(41) 

1027.1-0 

334.6(1) 

lOO" 

334.6 -0 

1055.8(3) 

1.14(14) 

1390.4 — 334.6 

346.6(3) 

1.19(12) 

1251.9 - 905.2 

1058.4(6)* 


1067.9-0 

363.4(4) 

0.42(20) 

1390,4 — 1027.1 

1072.2(3) 

1.18(15) 

1818.9— 747.1 

366.2(3) 

1.27(16) 

1027.1— 660.8 

1085.9(3) 

1.94(17) 

1420.5 — 334.6 

397.3(2) * 


1067.9— 660.8 

1108.0(4) 

0.80(20) 

1442.6 - 334.6 

412.5(1) 

17.8(10) 

747.0— 334.6 

1156.8(4) 

0.57(28) 

1903.8— 747.1 

415.8(4) 

0.47(11) 

1442.6 — 1027.1 

1173.2(2) 

2.11(18) 

1507.6 — 334.6 

429.1(4) 

0.53(13) 

1334.3 — 906.2 

1244.6(3) 

0.40(10) 

2272.2 — 1027.1 

460.9(3) 

1.09(10) 

1208.0— 747.1 

1300.6(2) 

4.48(28) 

1635.2 — 334.6 

480.0(4) 

0.26(10) 

1507.6 — 1027.1 

1390.0(4) 

0.58(13) 

1390.4 -0 

4f]G.n(3) 

0.66(10) 

1390.4— 906.2 

1420.3(3) 

2.41(23) 

1420.5 — 0 

504.9(3) 

1.78(17) 

1261.9— 747.1 

1431.0(3) 

0.67(13) 

2178.2— 747.1 

515.2(4) 

0.48(20) 

1420,5— 905.2 

1447.1(4) 

0.59(13) 

1782.0- 334.6 

.569(1) 1 


1903.8 — 1334.3 

1498.3(3) 

1.68(16) 

1832.9 — 334.6 

570.6(2) ) 


905.2 - 334.6 

1502.5(4) 

0.77(13) 

2249.6— 747.1 

5H7.4(a) 

0.94(10) 

1334.3 — 747.1 

1607.6(4) 

0.89(18) 

1507.6 — 0 

002.9(4) 

0.36(10) 

1507.6— 905.2 

1510.3(3) 

2.21(19) 

1844.9 — 334.6 

610.6(5) 

0.35(16) 

1818.9->1208.0 

1542.7(5) 

1.05(14) 

1877.2 — 334.6 

642.8(4) 

0.54(25) 

1390.4— 747.1 

1611.2(5) 

0.37(15) 

2272.2— 660.8 

660,8(2) ■' 


660.8 — 0 

1623.7(5) 

0.80(15) 

1968.3 — 334.6 

692.5(2) 

6.07(40) 

1027.1— 334,6 

1656.5(3) 

1.65(16) 

1991.1— 334.6 

695.5(3) 

1.28(11) 

1442.0 - 747.1 

1813.8(5) 

0.64(12) 

2148.4 - 334.6 

723.0(5) 

0.2(1) 

1067.9- .334.6 

18.34.1(4) 

1.19(14) 

2168.7 - 334.6 

729.7(.3) 

1.46(12) 

1390,4— 660.8 

1843.8(5) 

0.60(13) 

2178.2 — 334.6 

755.1(.S) 

0.65(13) 

1782.0 — 1027.1 

1849.3(4) 

1.09(14) 

2183.9- 334.6 

799.0(3) 

0.66(10) 

1546.1— 747.1 

1877.1(6) 

0.55(14) 

1877.2-0 

H4G.6(:t) 

1.12(11) 

1507.6— 660.8 

1937.8(5) 

0.73(15) 

2272.2 — 334.6 

873.4(1) 

14.8(10) 

1208.0^ 334.6 

2010.3(6) 

0.62(12) 

2344.9 — 334.6 


' NO transition. Energy determined from conversion-electron data. 


sec." In a heavy-ion reaction, such as the 
*'‘'Sm(*''N, 6w) reaction used by us to produce ‘“Tm, 
the production of the high-spin Isomer should 
dominate. However, several multispectral-scaling 
measurements performed over time-bin ranges of 
5-20 sec showed only the presence of a single 
‘•'Tm activity with 7’, .j = 82 ± 5 sec. This hiilure 
to observe a short-lived component in any of the 
transitions in "'Tm suggests an error was prob¬ 
ably made in assigning the 19-sec a branch to this 
nucleus. 

A total of 37 transitions have been assigned to 
the 82-sec activity. The y-ray and conversion- 
electron cbta are summarized in Tables Vm and 
IX, respectively. The decay scheme Is presented 
in Fig. 8. Based on a consideration of the spin and 
parity of the states populated in the EC decay, 
the probable af * assignment for the '**Tm parent 
is 3^^ and could be explained as the v|^[402] 

-t-vi [060] configuration. 


During the course of our Investigation, a study 
of the decay of the "*Tm was reported in which the 
activity was produced via the Er(p, xn) reaction.'' 
While this work failed to locate the 3^ state at 
1243.0 keV and, consequently, was in error in 
some band assignments (see next section), the 
transition data are in good agreement with ours. 

IV. DISCUSSION 
A. Syitematics 

Since the Mo88 nuclei lie ]ust outside the perm¬ 
anently deformed region which begins at N=90, 
they exhibit transitional character. Although ro¬ 
tational spaclngs are not observed between levels, 
it has been demonstrated that quaslrotational hands 
can be constructed in “*Gd which correspond to 
the rotational bands in “Vld (Ref, 9). The quasi- 
rotatlonal hands for all >f»88 nuclei (Fig. 9) are 
strikingly similar, with the gsb in “*Gd and ‘’*Oy 
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Flo. 8. Levels in '^Er obaorvcd In the decay of 82-sec'’"Tm. Placements confirmed by coincidence data are In¬ 
dicated as in Fig. 4. Note fiiat there are two levels at 9.30.4 kcV. 


being nearby identical. The new information ob¬ 
tained in this investigation for “^d, and 

““Er, together with that known previously for ‘’’’Sm 
(Ref. 1), now permits a discussion of the system- 
atics of Af = 88 nuclei and a clearer picture of the 
effects of increasing proton number on level struc¬ 
ture. 

It is believed that the main trends in the location 
of the vibrational bands in nuclei can be under¬ 
stood from a ctmslderation of available orbitals 
in a NQsson diagram." For each vibrational type, 
selection rules exist for the asymptotic quantum 
numbers Nn^OX, These are given in Table X for 
the beta, gamma, and octupole {K =0) vibrational 
i’ands. The operator associated with each vibra¬ 
tional field is also listed. A discussion of the 
success of these selection rules in accounting tor 
tile observed systematlcs follows. 

Qmat-gmmmt bmd 

systematic behavior of the members of the 
quasi-gamma states in If =‘86 nuclei is shown in 
^8. 10. A bunching of pairs of states is observed 
and can be associated with a ewiaii difference in 
the prolate and dUate well depths (near- y insta- 
bility).** The smooth monotonlc decrease in en- 
with increasing proton number, which is ob- 
aarved for all the bwwi members, can be easily 


understood from a consideration of the Nilsson 
diagram for protons shown in Fig. 11. Applying 
the selection rules given in Table X, one finds 
that only two pairs of states, {|*[413], i*[411]} 
and {■|'^[411j, 5*^[411]}, will lead to large strength 
for y vibrations. Consequently, the lowest-lying 
gamma bands should occur for X = 66 or Z = 68, 
since both orbital pairs are contributing at these 
proton numbers. The ^=88 systematlcs merely 
reflect this, showing a smooth decrease to a min¬ 
imum at Z = 68. ft follows from this argument, 
that the r-vibrational bandhead in ***¥0 (Z = 70) 
when located, should show an i^um in energy. 

The same selection rules, of course, can also be 
applied to neutrons, where the {§ [523],i- [521]} 
and {|'[523],}'[521]} orbital pairs are found to 
be the important ones. Large contributions to y 
vibrations are therefore expected for N=98. The 
combined contributions from protons and neutrons 
are thus expected to produce the lowest-lying y 
bands in "*Dy and '”Er. As seen tn Fig. 12, this 
has been verified experimentally. 

Qtmidtefbmd 

The relative location of the members of the 
quasi-beta bands in hi=88 nuclei Is depicted in 
Fig. 13. The bandheads are observed to ocour at 
rather low energies. This can again be understood 
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TABLE VL 

Decay echeme for 11.8-min ***Ho(3*). 

Level 


AEC+p*) 


Depopulatlag traosltloiui (level fed) ^ 

(keV) 

r 

(%) 

los/f* 

(keV) 

334.6 

2* 

15.27 

6.8 

S34.6(g.8.) 

660.8 

0* 



326.2(334.6). 660.8(K.a.) 

747.1 

4" 

7.29 

7.0 

412.6(334.6) 

905.2 

2* 

10.43 

6.7 

244.2(660.8), 570.6(334.6), 906.2(g.8.) 

1027.1 

2* 

9.69 

6.7 

366.2(660.8), 602.5(334.6), 1027.1(g.s.) 

1057.9 

0* 

1.95' 

7.4 

152.7(906.2). 397.1(660.8), 723.6(334.6), 
10S8.4(e.b.) 

1208.0 

3" 

12.55 

6.5 

460.9(747.1), 873.4(334.6) 

1261.9 

4* 

2.63 

7.2 

346.6(005.2), 504.9(747.1) 

1334.3 

3* 

4.50 

6.9 

429.1(905.2), 587.4(747.1), 099.7(334.6) 

1390.4 

2* 

4.84 

6.9 

182.0(1208.0), 363.4(1027.1),486.3(905.2), 
642.8(747.1), 729.7(660.8), 1065.8(334.6), 
1390.0(e.s.) 

1420.5 

1“ 

4.07 

6.9 

515.2(905.2). 1085.6(334.6). 1420.3(g.s.) 

1442.6 

4*- 

2.21 

7.2 

415.8(1027.1), 695.6(747.1), 1108.0(334.6) 

1507.6 

2* 

3.99 

6.9 

480.0(1027.1). 602.6(905.2). 846.6(660.8). 
1173.2(334.6). 1507.6(e.s.) 

1545.9 

(S') 

0.56 

7.7 

799.0(747.1) 

1635.2 

2’ 

3.80 

6.9 

1300.6(334.6) 

1782.0 

(3») 

1.20 

7.3 

755.1(1027.1), 1447.1(334.6) 

1818.9 

(n 

1.30 

7.3 

610.6(1208.0), 1072.2(747.1) 

1832.9 


1.43 

7.2 

1498.3(334.6) 

J844.9 


1.87 

7.1 

1510.3(334.6) 

1877.2 


1.36 

7 2 

1542.7(334.6), 1877.Kg.a.) 

1903.8 

(3-) 

1.09 

7.3 

569(1334.3), 876.6(1027.1), 1166.8(747.1) 

I9S8.3 


0.68 

7.5 

1623.7(334.6) 

1991.1 


1.40 

7.1 

1656.5(334.6) 

2148.4 


0.54 

7.6 

1813.8(334.6) 

2168.7 


1.01 

7.2 

1834.1(334.6) 

2178.2 


1.08 

7.2 

1431.0(747.1), 1843.8(334.6) 

2183.9 


0.92 

7.2 

1849.3(334.6) 

2249.6 


0.65 

7.4 

1502.6(747.1) 

2272.2 


1.27 

7.1 

1244.6(1027.1), 1611.2(660.8), 1937.8(334.6) 

2344.9 


0.53 

7.4 

2010.3(334.6) 


* Reference 28. la taken as 6.76 MeV. 

Tranaltiona underlined are placed on tbe basis of energy sums and dllTerenoes. All other 
placements are baaed on coincidence experiment results. 

■■The apparent weak populatlun of the 1057.P-keV slate may principally originate 

from an unresolved transition from the 1390.4-keV state. 


TABLE VII. Conversion coefficient data for 11.8>mln “^Ho. 


Transition 

energy 

(keV) 

U 

Ojftxio*) 

exp. theo. * 

Multipolarity 

334.6 

slOOO 

=3.60 

£2:3.60 

£2 

397.3 

362(21) 



£0 

412.5 

108(8) 

2.18(20) 

£2:2.05 

£2 

485.3 

32.3(48) 

17.6(37) 

jm:2.7S 

£0 + (£2) + t541) 

504.9 

38.0(41) 

7.9(12) 

541:2.50 

£0 +(£2)+ 1541) 

570.A 

70.0(57) 

>1.91(15) 

Afl:1.83 

£0 + (£2)+(541) 

660.8 

131(8) 



£0 

692.6 

22.6(60) 

1.34(31) 

541:1.14 

541 

695.5 

4.1(22) 

1.16(58) 

£2:0.56 

541 +(£2) 

873.4 

6.7(28) 

0.14(7) 

£1:0.139 

£1 


(4.9(20) 

1.65(65) 

541:0.41 

£0+ (£2)4(541) 

1058.4 

|8.a(25) 



£0 


Reference 27, 
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TABLE VIII. TranalUon data for 82-iiec '“Toi decay. 


Ey 




Ey 

" 


(keV) 

h 

Placement 

(keVt 

h 

Placement 

290.5(5) * 

0.5(2) 

1220.7- 

930.4 

930.4(1) 

5.9(4) 

930.4 — 0 

312.4(4) * 

0.3(1) 

1243.0- 

930.4 

959.0(1) 

10.8(7) 

1303.5-344.5 

325.8(4) * 

0.4(2) 

' 1546.4 — 

1220.7 

1006.9(2) 

3.6(4) 

1351 2—344.6 

344.5(1) 

&100 

344.5- 

0 

1017.2(3) 

1.3(2) 

1S14.6—797.3 

420.6(3) 

2.1(2) 

1351.2 — 

930.4 

1061.3(4) 

1.0(.3) 

1405.9—344,6 

423.3(3) 

0.7(3) 

1220.7- 

797.3 

1173.4(3) 

0.7(4) 

1517.9 — 344.5 

452.8(1) 

20.5(11) 

797.3- 

344.5 

1202.2(3) 

1.2(2) 

1546.4 - 344.5 

475.0(6) 

0.9(2) 

1405.9- 

930.4 

1220.9(2) 

3.6(4) 

1220.7— 0 

553.9(3) 

1.2(2) 

1351.2 - 

797 3 

1226.1(3) 

1.4(2) 

1570.6 — 344.5 

557.9(4) * 

0.4(2) 

1909.5- 

1351.2 

1286.0(2) 

3.1(4) 

1630.4—344.5 

585.9(1) 

17.3(9) 

930.4 - 

344.5 

1366.0(3) 

1.7(3) 

1710.6 - 344.5 

608.8(3) 

1.8(2) 

1405.9 — 

797.3 

1405.0(5) 

0.5(2) 

1405.9 - 0 

640.2(4) 

0.7(3) 

1570.6 — 

930.4 

1.516.3(0 

1.4(5) 

1860.8—344.5 

699.8(3) 

1.5(2) 

1630.4 — 

930.4 

1518.0(4) 

2.2(5) 

1517.9— 0 

748.9(4) 

1.0(G) 

1546.4 - 

797.3 

1565.0(3) 

1.9(3) 

1909.5 — 344.5 

814.1(6) 

0.7(4) 

1611.4 - 

797.3 

1663.9(4) 

1.3(3) 


866.2(4) 

0.5(2) 

1633.5 — 

797.3 

1669.9(3) 

1.7(3) 

2014.4—344,5 

876.2(2) 

2.8(3) 

1220.7 — 

344..^ 

1H2.S.3(3) 

1.0(2) 

2169.8 — 344.6 

898.5(3) 

1.6(2) 

124.1.0 — 

344.5 





* Tentatively assigned to decay. 


from a consideration of the selection rules in 
Table X. The set of appropriate selection rules 
indicates no change in the asymptotic quantum 
numbers. This means that the relevant quantity 
for a given orbital v is its quadrupole moment 
(f). Enhancement of the beta-vibrational 
mode is therefore expected where two orbitals with 
markedly different quadrupole moments cross. 
Recalling that orbitals with large N and n, values 
have the largest prolate quadrupole moments and 
that those with N large but tt, small are the most 
oblate, one can see that low-lying beta bands should 
occur when a low-(l state from a high-j orbital 
(downsloping, that is, larger-deformation driving) 
crosses a hlgh-Q state from a hlgh-j orbital (up- 
sloping, or, smaller-deformation driving). Pair¬ 
ing correlations result In states which are mixed, 
and the competition between a component favoring 
smaller deformation and another favoring a larger 
deformation enhances the ^-vibrational mode. The 
low-lying ft bands In the .N=88-90 nuclei are, 
therefore, readily explained, resulting from the 
crossing of the V-’t505] and ^[660) neutron or¬ 
bitals as seen in Fig. 14. Similarly, the mmimum 
observed for the beta bindhead at Z = 64 can be 
principally ascribed to crossing of the I [532! 
prolate orbital and the |*|413] wealdy oblate or¬ 
bital at that proton number. 

Second exeUtd 0*tuia 

The second excited 0* states In l/=88 nuclei are 
observed to follow the same systematic trends as 


the |3-band states (Fig. 13) and occur at energies 
1.6 to 1.7 times that of the 6 -band 0'' state. They 
also show a large preference to decay to the one- 
phonon beta-vlbratlonal states, as is evident from 
the ratios of reduced transition probabilities glvmi 
In Table XI, This leads to an interpretation of 
these states as having two-phonon beta-vibratlcmal 
character, 

A consideration of available two-nucleon transfer 
data, however, suggests the situation may be more 
complicated. In deformed nuclei, one would expect 
the two-particle transfer strength to collect in the 
ground state, since these nuclei are generally 
superconducting. In spherical nuclei, however, 
the strength may be shared with an excited 0^ state 
usually considered to be pairing vlbrationaL Data 


TABLE IX. Convorslon-cIeotroD data for g2-aec '“Tm 
riecay. 


TranalUon 

energy 

(ki-V) 

It 

c»r(X10*) 

exp. theo .* 

Multipolarity 

344.5 

==35 

-3.60 

£2:3.50 

£2 

420.6 

0.5(2) 

2.4(10) 

£2:2.05 

£2 

462.8 

3.2(3) 

1.56(17) 

£2:1.70 

£2 

S85.9 

1.3(2) 

0.75(16) 

£2:0.90 

£2 

876.2 

0.9(2) 

3.2(8) 

1:0.75 

£0+£2+(Jin) 

930.4 

0.4(2) 

0.68(34) 

JtnK>.64 

Ml, £2 

969.0 

<0.2 

<0.19 

£1:0.13 

£1 


* Reference 27. 



2M8 


ZOLNOWBKI, HUGHES, HUNT, AND 8UCIHARA 


21 


(«) 


EXPERiUENT 


2- >04 


5,2<ao<» 

2tlT^ ‘ fcJiHW 

4*16421 


5-_IM7.7 
3“ 1071]4 


4*IH 14 

2* I4f7.3 

• II65J 

“7 2* 16460 

4 * TT33 0» 7404 

Z* IM3 


''Sm 


Z*62 


' ft* Iftftftl ft* Ift624 


7« 2301.9 

a* gl 3ft6 

1 V 3 . XM UlSlf 

.MB i- 14704 WU ■ ‘ 

1- 1514? I. I4SO 4 .1»«7J 7* XCM 

4-1173.1 i. IlOU 0.1047. 

r 2* 63 06 - 

4* 7Sft.4 

6164 

2* 340 0 

O* O 

“Gd 

2*64 


6lh ORDER 
BOSON EXfWfSKM 


5*. 6* 

^ a* .6^ 

4. Ji .»•, 

.»♦ 4* O* 

?♦. Al 

’’ 1:. 

6* 0» 

7. '• 

CH 

NOJia. i«ojeB 


3« 6* 

“ 


a 

zl 

r 


.6*_ — 

2* 

♦t 0*. 


‘^06 

(•.760, «*0.9eo 


4th ORDER 
BOSON EXPANSION 

5* 

^ At At 

s* 41 

JU At 

-4i ^ 

.. f> 


'“Sm 

f.0.800, ..QMO 


14 -S? - 

•• 41 

i. _«1 

t 

4. .21 

— ft* 

2* ^ 

0« 

■“Gd 

f* 0.724. |*a9t6 


(b) 


EXPERIMENT 


te-t2l92.6 7*2163.3 6*21^ 

Wikw 7_1?84.7 ^ ^ g 

?■ -iWS-2 2.*.'5P?A Ji 


• 6* 16064 


3* (2060 


Z-66 


' 6* IW4J_ ** ‘SL? 

2* 9062 ' 
'' Or.. 8601 
?♦ 3341 ^ 

Q* _0 


. 7- Z030 


6* »999 


4* 17106 


2-68 


SllOMl 

Ct-llftU.4 2, ^s_7M ^ * 4^10464 - 

(1-11'aTfla 4.1351^ 6., .1540 

3' 13036 ,24io 

«’-^"ft* 7*7.3'^^ 

y P 

^—5466 

0 *_ 0 

■«Er 


6 th 

ORDER 



4th 

ORDER 


BOSON 

EXPANSION 

BOSON 

EXPANSION 

Al .1*. 


B* 

6* 

s* 

ft* 



A* -il 


6* 

4* ' 


5* 

6* 

2* 

*4‘. *5* 

6* 


2* 

ft* 

6* 


Z* 

6* 

4* 

0* 


3* 

iL 

4* 

A.* — 

.0* 

y 


g* 



7 

2* 



4* 

0* 




.01 



z* 

0 




2* ^ 



0? 





0* 



■^Dy 

f*0.B30, g><06a 


_2l 5* 


A*. 

0* 


3r 2^ 

?-*- 4, ^ 

"■ ^ 

Al 

A*. 

'“£r 

1*09179, g-iooea 


’'^Dy 

1*0792. g*a999 


^ Al 

ft* .9j^ i* 

AL 

_3i 41 

2.* A* 

4* Q» 

fi 

0. 

'“Er 

f-a03O, 4.a960 


FIG. 9. (■) CompurimHi of qnaalrotatlooal bands In '**Sin sad '*^Gd with reaults from microscopic fourfli- snd slxtli- 
order boson-expansion cslculatlcns. Data for “*Sm are from Ref. 1. (b) Some sa Fig. 9(a) for and “'Er. 


obtained tor the "^GdCp, /) ‘“Gd and ‘“Sin(^, t) ‘“Sta 
reactions, hovaver, show two excited O'* states, 
accompanied by a decrease in the ground-state 
population strength as compared to that of their 
higher mass isotopes.^* Poor shape overlap be¬ 
tween the A and i4±2 ground states is generally 


invoked to explain the results obtained in the 
88-90 regitm. For example, failure to ob¬ 
serve the 1255-keV 0* state In the ‘**Sm(f 
reactlim led to the proposal that this was a de¬ 
formed state existing In a more or leas spheric*! 
nucleus.** Although one mig^ then sqiect such * 
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table X. Aaymptotto qnttntom number selection rules 
ud (^rators for vlbnUoasl bands. 


Vibration 

Operator 

Selection rules 

d 


AAr=0,Asi^0 
aa^o.ai; -0 

y 


AA-2,AZ -0 

Octupole 


AN-1,Abx-1 

(R=0) 


AA-O.AE -0 


deformed state to be Isomeric, this has not been 
reported. 

A microscopic calculation of the competition 
between the pairing- and beta-vibrational modes 
has been performed by Miko8hlba.*° Interestingly, 
these two states were found in the transition re¬ 
gion around =90 to occur at similar energies 
and to couple significantly. The beta-vibrational 
state would, therefore, contain a certain admix¬ 
ture of the pairing vibration and vice versa. Thus, 
the second excited 0* states in the Jf=88 nuclei 
could be pairing vibrational in character. No def¬ 
initive Interpretatifw of these states, however, 
seems possible at this time on the basis of avail¬ 
able data. 

Netttirrimrity tttin 

bi-beam investigations of N=88 nuclei* had 
previously identified to high spin a negative-parity 




FIG. 11. Portion of Nilsson diagram for protons. 
Bold orbitals are those which are responrlble for low- 
lying y bonds .it Z = 60-68. See text for details. 


odd-spin band of unknown character. The absence 
of even-spin states lead Gono et etl.' to interpret 
the '^r negative-parity band as a K =0 band. 
Flaum and Cline,* however, interpreted the same 



FIG. 12. Syatematics of y-vibratlonal 8* states in 
the region Z = 60—70 and N= 88—04. 
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20f- QUASI-S BANOS(N*88) 



z 


FIG. 13. Syatematios for fl-band membore for aov- 
eral N- 88 nuclei. The second excited 0* states nre also 
Indicated with open squares. 


states as members of a two-quaslparticle aligned 
band composed of and /„j, quasineutrons. For 
‘“Gd, where several additional negative-parity 
states below 2 MeV were also known, it was shown 
by Zolnowski ef al.‘ and Nomura^ that all the known 
negative-parity states in this nucleus could be ex- 



0 0.1 0.2 0.3 


e 

FIG. 14. Portion of Nilsson diagram for neutrons. 
The crossing of the bold j [660) and(505) orbitals la 
respoiisO>le for the low-lying fi bands observed in the 
Af “ 88 - 90 region. 


plained remarkably well in the framework of a 
Bimple quadnipole-octnpole coupling model (QOC). 
The so-called Interacting-boson-approxlmatlon 
model (IBA) of Arlma and lachello” when treating 
negative-parity states is basically similar to the 
QOC model. Owing to a different choice of inter¬ 
action term in the Huniltonian, however, the IBA 
model requires five parameters to describe all the 
negative-parity states In “%d, whereas the QOC 
model requires only (me after gab parametrlzation. 

In this investigation we were successful in locat¬ 
ing the lower-spin negative-parity states in other 
88 nuclei. The data obtained revealed the sys¬ 
tematic trends for negative-parity states as sum¬ 
marized in Fig. 15. The odd-spin states decrease 
In energy with decreasing proton number. The 
tendency of the 1* state to move below the first 3* 
state for lower Z suggests an increase in defor¬ 
mation for these nuclei. The even-spin states and 
the second S' state, however, proved insensitive 
to changes in proton number. All of these system¬ 
atic trends are successfully repitxluced by the QOC 
mcxiel (Fig. 15) and indicate, as one might expect, 
octupole vibrational character for these states. 

The selection rules given in Table X for K =0 
octupole vibrational states do not give, as they did 
for the y- and 0-vibrational bands, a simple ex¬ 
planation of the systematic behavior of the low- 
lying negative-parity states. Upon perusal of the 
Nilsson diagram, the reason for this becomes 
clear. Unlike the situation for the quadrupolc vi¬ 
brational bands, a large number of states satisfy 
the selection rules. Consequently, it is impossible 
to locate visually the regions of maximum effect. 

The high-spin negative-parity states in *'”Sm, 
”%d, and ''^Dy are also remarkably reproduced 
by a QOC calculation. The fit to *’*Dy levels is 
shown in Fig. 16. However, the model produces, 
in comparison, only a fair fit to “*Er (Table xn). 
The reason is not clear since the experimental evi¬ 
dence Indicates that this band has the same char¬ 
acter in all the 88 nuclei. 

A model introduced by Vogel" proposes that 
above a certain critical spin value, the negative- 
parity yrast states should be Interpreted as de¬ 
coupled two-quaslparticle states. He notes that at 
high angular momenta, independent alignment of 
the participating quaslpertlcles along the axis of 
rotation might be energetically favored over cor¬ 
related octupole motion. Thus, the low-lying neg¬ 
ative-parity states would be octupole, but the 
higher ones would be decoupled two-quasipartlclf 
states. A plot of it/K* vs Ifu^, the ordinary 
bending plot, is shown )n Fig. 17 f&r the negative- 
parity band. The mom en t of inertia for the lower 
states of the bond la found to cfaaiige abruptly and 
then assume an approximately constant value. 
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FIG. 15. Syatcmatics of low-lying negative-parity 
atatoa in several Mu 88 nuclei and comparison with re¬ 
sults of a quodrupole-octupolc coupling model (QCXl). 


This may Indicate, as pointed out by Lieder and 
Ryde,” that a fundamental change In the intrinsic 
structure has occurred, lending some support to 
Vogel’s picture. 


EXPERIMENT 

5089 a - 

4206 I6 « 

3986 15 - 
3394 13 - 
2 895 I2 » 2885 II - 
2423 9 


«Dy88 


2306 10 
IW 8 
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IM-Z’ 1904 3- 
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FIG. 16. Comparison of experimental ground-state 
band and negative-parity states In with the rosulta 
obtained using the QOC model. 

B. Microicopic calculationa 

The microscopic code of Tamura, Weeks, and 
Kishimoto’* which describes nuclear collective 
motions in terms of the boson-expansion technique 
was used to calculate the level structure and elec¬ 
tromagnetic properties of the AT=68 nuclei. In the 


T'ABLE XII. Comperlsou of energies (In keV) of experimental negative-parity states In 
'‘"Sm, '^Gd, and “^Er with theoretical values obtained with the quadrupole-ootupole coupling 
model (QOC). 


'“Sm ‘“Gd '“Er 


r 

theo. 

exp. * 

theo. 

exp. 

theo. 

exp.** 

1* 

1161,1668 

1166,1713 

1341,1767 

1316,1756 

1531,1969 

1518 


1053,1960 

1071,1952 

1166*1910 

1123,1915 

1306,1850 

1304,1910 

ft" 

1348,2398 

1368 

1468,2300 

1470 

1612,2283 

1611 

7' 

1760,2899 

1764 

1866,2749 

1880 

2044,2810 

2029 

9' 

2239*3452 

2232 

2317,3245 

2331 

2573,3432 

2489 

11* 

2773,4055 

2744 

2612,3783 

2814 

3197,4147 

2923 

i;r 

3360,4640 

3293 

3348,4363 

3338 

3913,4627 

3431 

IS* 

3998,5121 

3914 

3926,4826 

3938 

4720, 5152 

4035 

17“ 

4686,5659 

4606 

4546,5320 

4609 

5619, 6774 

4712 

2“ 

1610, 2281 

1658 

1618,2054 

1643 

1878, 2080 

1830 

4" 

1831,2621 


1786,2349 

1803 

1797,2278 

1814 

6“ 

2225,3113 


2169,2812 

2173 

2211,2821 


8* 

2699,3658 


2600,3314 


2733.3449 


10“ 

3233,4264 


3091,3866 


3353,4167 


12‘ 

3821,4900 


3627,4438 


4067,4889 


14' 

4462,5595 


4204,5060 


4873,5387 


16' 

5153,6149 


4822,5658 


5771, 5991 



* Reference l. 
Reference 3. 
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FIG. 17. BacUiendlng plot for the negative-parity 
band In ‘"Sm, “*Gd, ‘“Dy, and '"Er. 


theory, the microscopic Hamiltonian is written as 
the siun of a single-particle term, a particle-hole 
quadrupole-quadrupole interaction, and a pairing 
interaction of both monopole and quadrupole types. 
The expansion is carried out to sixth order and 
uses the single-particle states of Klinkenberg.” 

The only parameters of the model are the relative 
strengths of the quadrupole particle-hole and the 
quadrupole-pairing interaction, designated /and^, 
respectively. These quantities are constrained to 
have a value near unity. Their values for these 
calculations are shown in Fig. 9. For the sake of 
comparison, the calculations were also performed 
using the fourth-order boson-expansion code of 
Kishimoto and Tamura.** Klinkenberg single¬ 
particle energies were again used. 

The experimental and theoretical level structure 
for '“Sm, ‘“Gd, ‘“Dy, and ‘”Er is compared in 
Fig. 9. The agreement with experiment is remark¬ 
ably good for both microscopic calculations. The 
sixth-order results, however, are clearly super¬ 
ior, reproducing not only the ground-state band and 
bandhead energies of the ^ and y bands but also 
more subtle features such as the bunching of the 
3* and 4*, 5* and 6^', etc., states in the y band. 
Poorest agreement generally occurred for the 
‘‘‘ter case, which, as can be seen in the fourth- 
order calculation, places the y band at much too 
high on energy. Consequently, the apparent de¬ 
generacy between the bandheads of the P and y 
*>and8 which has been observed experimentally is 
not reproduced. Tbe calculations also, generated 
a potential for *“Br indicating a deformation which 
*>8 too large. To correct this, the An/a states 
»ere arbitrarily raised 1 MeV and the sixth-order 
'aiculatlon repeated. The latter ‘“Er calculation 
la the one presented in this work. A great im¬ 
provement in the fit to the energy levels was ob- 
^Ined. To check If the movement of the hu/j 


states would adversely affect the results for ‘“Dy, 
this calculation also was repeated. A fit to the 
known energy levels as good as the original was 
obtained, indicating the location of the states 
becomes critically important only with ‘^r. 

The ratios of reduced transition probabilities 
are compared with experimental values in Table 
XI. Overall, the agreement is rather good, with 
the largest deviations usually arising where the 
weakest transitions are involved. It ie also in¬ 
teresting to note that both the fourth- and sixth- 
order calculations produce similar results. For 
the ""ISr case, however, it is seen that the move¬ 
ment of the h,i/, shell has produced significant 
changes In the branching ratios, although agree¬ 
ment with experiment is still about as good as the 
fourth-order results. 

The properties of transitional nuclei have proved 
in the past to be extremely difficult to reproduce 
microscopically. This has resulted in use of pure¬ 
ly parametrized models such as the variable mo¬ 
ment of inertia model (VMI) and the interacting- 
bosan-approxlmatlon model (IBA). The success 
with which the boson-expansion calculations repro¬ 
duce the experimental results for the 88 nuclei 
shows the great progress recently made In micro¬ 
scopically describing collective motions. 


V. CONCLUSIONS 

The study of the decays of 4.Z-min *”Tb, 3.3- 
min ‘“Ho, 11.8-min ‘“Ho, and 82-sec '“Tm has 
provided considerable Information on the system- 
atics of quaslrotaticxial states in Af =<88 nuclei. No 
evidence is found for a previously proposed high- 
spin 19-sec isomer in ‘“Tm. The trends Observed 
in the location of the P- and y-vlbrattonal bands 
can be explained from a consideration of available 
Nilsson orbitals. The low-lying positive-parity 
states are reproduced very well by the micro¬ 
scopic boson-expansion model. While all the neg¬ 
ative-parity states can be explained as octupole 
vibrational in character by a simple quadrupole- 
octupole coupling model, some evidence suggests 
a change in intrinsic structure at higher spins. 
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The g facton of the fim excited and 1.094 MeV Hate* of '**Er have been obtained by the lime integral 
and time diflerential perturbed angular correlation metboda uaing two large volume Ce(U) detecton. The 
reaulu are found to be g(2 + )== 0.31 ±0.03 for the firat excited suie and g(4 - ) = 0.24 ±0.01 for the 
1.094 MeV itate. Thcie value* art compared to the experimental mulu reported previoualy and to 
theoretical predicliona. 

r RADIOACTIVITY '**Et level; moaeured yy coin.. yy(9.f), deduced T,^j, 
relaxatfcm Constanta; moanured yy (9 ,i/), yyfd.H.f). TIPAC, TDPAC meth- 
oda. deduced .IT. 


I. INTRODUCTION 

‘“Er 1b one of the typical deformed even-even 
nuclei, and excited states of this nucleus are des¬ 
cribed fairly well by the rotation-vibration model. 

Besides the usual ground-state rotational band, 
three other bands have been identified in the spec¬ 
trum, havingKr* 2+, 4-, and 3-, respectively. 
The 1.094 MeV level has been identified as the 
barkl head al aKta4- rotational band and may be 
represented by a configuration involving two neu¬ 
trons in the Nilsson orbits (633 and (521 I").*'* 
This observation is supported mainly by reaction 
studies,*' * but there Is only one measurement of 
the g factor for this level that has reasonably 
small experimental errors.* Recently, two neu¬ 
tron resonance measurements have been reported, 
but these have large experimental errors.*' ’ 
hi general, the spin rotation method on gamma 
‘ndiation from radioisotope decay can be carried 
It with rather small experimental errors com- 
ired with the results of the neutron resonance 
ethod. However, it is fairly difficult to measure 
e ^factor of the 1.094 MeV level populated in the 
"Tm decay, as the strong 448-198 keV cascade 
IS a very small anisotropy. 

In the present work, two large volume Ge(Li) 
itectors were used, and the time differential spin 
Ration measurement has been performed in HI 
Jlutlon for the 448-830 keV cascade whose aniso- 
■opy was expected to be larger, by about a factor 
; 7 thanthat of the 448-198 keV cascade. The 
me integral rotated angular correlation meature- 
lent for the 816-80 keV cascade has also been 
irried out, and the g factor of the first excited 
■nte was evaluated. 

These results were compared with others ob- 
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tained so far. Furthermore, the results from 
the time differential perturbed angular correlation 
measurement have been examined in order to de¬ 
termine the relaxation time in the HI solution. 

The time integral rotated angular correlation 
and time differential spin rotation measurements 
were carried out at the Research Laboratory of 
Nuclear Science. Tohoku University, while the 
time differential perturbed angular correlation was 
measured at the Faculty of Science, Niigata Univ¬ 
ersity. 

II. EXPERIMENTS 
A. Soun* prcpxration 

A source of about 30 pCi of the 93 day '“"Tm 
isotope was produced by the electron linac at the 
Research Laboratory of Nuclear Science, Tohoku 
University. A Tm target was bombarded with 60 
MeV photons for 48 hours. 

The measurements were carried out about two 
months after irradiation. In order to let the '”Tm 
(T,/a= 8.6 d) activity decay. The source needed 
for the time integral measurement was dissolved 
in HNO, solution, while the source used for the 
time differenltal measurements was dissolved 
in HI solution. The liquid solutions were then 
placed in plastic source holders which had holes 
with 0.4 cm inner diameter and 0.7 cm length. 

The source to detector distance was 6.8 cm. 

B. Experfroentil appsnhu and meaxuremcoli 

Two large volume Ge(Ll) detectors were used 
for the time integral angular correlation and the 
time differential spin rotation measurements. One 
detector was a true coaxial typo, 80 cm’ in vol- 
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uroe, having a resolution of 2.2 keV [ full width at 
half maximum (FWHM) at 1.33 MeV]; the other 
was a single ended coaxial type, 70 cm’ in volume, 
haying a resolution of 2.4 keV (FWHM at 1.33 
MeV). 

Coincidence data were taken with a fast-slow co¬ 
incidence system utilizing constant fraction tim¬ 
ing. The resulting data were corrected (or ac¬ 
cidental coincidence and for finite solid an^e of 
the detectors. The finite solid angle corrections 
were calculated with a high speed computer by 
the Monte Carlo method for each energy and 
source-detector distance. 

An external magnetic field directed either up or 
down with respect to the plane of the gamma rays 
was apiAied to the source, which was placed in 
the gap of the pole pieces of the magnet. 

For the time integral angular correlation mea¬ 
surement, the coincidence counting rates for the 
816-80 keV cascade were accumulated automati¬ 
cally at seven angles from 90-22S"wlth respect 
to the symmetry axis of the two detectors. The 
magnitude of the external magnetic field, 7300 
a 100 Gauss, was maintained constant throughout 
the time period of data accumulation. 

The energy was taken from a timing single 
channel analyzer with a window set at 816 a3 keV, 
and the time to pulse height converter was ad¬ 
justed to provide a resolving time of atxut 60 
nsec. The measurements were carried out in 10 
runs of 8192 sec duration for each angle and for 
each field direction, and about 20 000 counts were 
obtained at 90°. The data were then least square 
fitted to derive A t',, b„, and values 

adiich were defined by equations (1) and (2),‘*"‘'' 

M'{e,B) = l + |j^j2j^^j,ji/j co82(e-A0,) 

tan(JVA9.^)=Bttij,T , (2) 

where Wj and i are the Larmor precession fre¬ 
quency and the mean life of the intermediate state, 
respectively. 

On the other hand, for the time differential spin 
rotation measurements, the two detectors were 
separated by constant angle 135°, and the total 
coincidence counting rates of seven days for each 
field direction were obtained for the 448-830 keV 
cascade. An external magnetic field of 8900 ±100 
G was applied in this case. Let the coincidence 
rates be IF((, B* , 135°), W((, B-, 135°) for the 
up and down directions of the magnetic field, re¬ 
spectively; a ratio C((, B, 135°) was defined the 


usual way be Eq. (3)”' *'*; 


C(t,B, 


2liy(i,B-4-,135°)-iy(i,B-, 135°)1 
W(t , B+, 135°) + IF(t, B-, 135°) 


(3) 

For the two Ge (Li) detectors system, the 
prompt time distribution was measured by taking 
two pairs of energy bands selected with **Na 
source. One pair Involved the two photopeaks of 
the positron annihilation 511 keV r rays and the 
other was taken by selecting the photopeak of the 
positron annihilation 511 keV v ray in the 70 cm’ 
Ge(Li) detector, and the 99.0 ±1.5 keV region of 
its Compton continuum in the 80 cm’ Ge(Li) de¬ 
tector. In the former case, a resolving time of 
9.2±0.2 nsec was obtained, and it was assumed 
to be roughly equal to the resolving time for the 
448-830 keV cascade case. In the latter case, a 
time resolution of 16.2 ±0.5 nsec was obtained. 

For the relaxation time measurement, a 35 cm' 
Ge(Li) detector for the 448 keV transition and a 
3.8 cmxO.64 cm Nal(77) crystal for the 99 keV 
transition were used. 

The coincidence counting rates for the 448-99 
keV cascade were taken at 90° and 180°, with re¬ 
spect to the symmetry axis of the two detectors, 
and the measurements were carried out in 7 runs 
of two days for each angle. Let the coincidence 
rates be W{t, 90°), W{1, 180°) for the 90° and 180' 
angle settings, respectively; a ratloj{'(f) was de¬ 
fined by Eq. (4); 


2|iy((,180°)-iy(t.90°)1 
' W(t,90°) + iF(f,180°) 


(41 


A prompt time distribution was measured with a 
"‘Co source. The resolving time in this case was 
6.0 ±0.5 nsec. 


III. RESULTS 

Figure 1 shows the partial level scheme of 
in which the thick arrows are related to 
several transitions measured in this experiment.' 

The singde spectra measured with the 80 cm’ 
Ge(Li) detector and with the NalCn) crystal are 
shown in Figs. 2 and 3, respectively. Again, onlv 
the energy values which are related to present 
experiments are indicated with arrows. 

The time integral angular correlations are 
shown in Fig. 4. The angular coefficients A„ and 
Am for the 816-80 keV cascade have been mea¬ 
sured by several authors. The values 

A„=<-0.157 ±0.008, 

Am *-0.09 ±0.02 , 
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FIG. 1. Partial level echemo of '“Er taken from 
Table of laotopea (Ref. IS). 


Save been obtained by Behar ei al, recently.*" 
Because the value is not negligibly small, 
it is necessary to take Into account the ii ^ 4 term 
in the polynomial expansion for the data analysis 
and to use exiRicitly Eqs. (1) and (2). The fitted 
iralues for Eq. (1) were as follows: 

ies = 0.195±0.015 rad, 

= 0.176 ± 0.042 rad , 

> 22 - -0.105 ± 0.004 (not corrected for solid angle), 
>« = -0.022 ± 0.005 (not corrected for solid angle). 



'"fi 

I 


i _ ^^ ^ . 

° 200 ■ ' ■ 'abo 600 600 

CHANNEL 

^Kl. 2. Sbigle speotrum of y radiation from "•Xm 
•“ay obtained with the 60 oro’ OcILl) detector. 



CHANNEL 

FIG. 3. Single apectnim of y radiation from ‘"Tm 
decay obtained with an NaKTl) detector of .3.8 cm dia¬ 
meter by 0.64 cm long. 

Using Eq. (2). u)j,t was calculated; 

(c^T - 0.206 ±0.016 rad (from AC,) > 

(iisT«0.21 ±0.05 rad (from AS,) . 

The mean life ^ ° 2.6B nsec was taken from the 
Table of Isotopes.'* A paramagnetic correction 
factor 6.97 (20‘*C) (Ref. 17) was used to obtain the 
g factor of the first excited state; 

y?(2+) = 0.31 ±0.03. 



e 

FIG. 4. Time integral angular correlation tor the 
816-80 keV cascade obtained with two Qe(Li) deteotors. 
The open and closed ciroles Indicate the up and down 
magnetic field directions, reapeotively. No correotlon 
la made tor finite solid angle in this figure. 
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This result is shown In Table I and is compared 
with the measured values by several authors; 
each experimental method Is also indicated. 

Comparing experimentally obtained b„ and 
values with A„ and A.,, values, and taking into 
account the solid angle corrections, the attenua¬ 
tion coenicients G„, G„ and the relaxation con¬ 
stants can be assigned. 

It we adopt the values by Debar ei al. for and 
A*, coelflclents, 

= , G„=0.70tl6, 

X,= (4,3 ±1.6)xl0’ sec'* 
and 

s«c'’ 


are obtained. 

From these results, it is Inferred that the mag¬ 
netic interaction is predominant in the HNOj sol¬ 
ution.* “ 

The prompt distribution curve obtained with the 
two Ge(Ll) detectors system is shown In Fig. 5, 
and the delayed curve of 1.094 MeV level for the 
intense 448-198 keV cascade Is shown In Fig. 6 . 
From this delayed curve, we assign the half-life 
T,,-a= 112.5 * 1.0 nsec, which agrees with previous 
results.'’’ *” 

Sufficiently long relaxation time is needed in 
Older to observe clearly the spin rotation effect 
by the time differential method. Until recently, 
several reports pointed out the long relaxation 
time in the HF solution in which minimum 
extra perturbations are seen.*®'^ So we tried to 
measure with the source In the HF solution, but 


TABLE I. The results of i’-faetor moasuroments for 
the first excited state by several authors end present 
experiments. Expisrlmental methods tor each measure¬ 
ment are shown also. 


Level 

energy 


(keV) 

g factor 

Method 

Rofercoce 


0.31 *0.0.7 

IPAC* 

Present 


0.27 *0.03 

IPAC* 

8 

79.8 

0.333*0.0008 

mb'* 

9 


0.305*0.010 

RIGV' 

10 


0..748* 0.029 

CETD** 

11 


*1PAC: Time-Integral perturbed (rotated) angular 
correlation. 

‘’ME: MSssbaner effect. 

‘’RIGV; Recoil Into gas amVor vacuum. 

** CETD: Tlme-dUfereoUal perturbed angular dis¬ 
tribution of -y raya following Coulomb excltattou. 



FIG. 5. Prompt time dtstrlbutton for the Dll-511 
keV positron annlhilatloa y rays obtained with two 
Ge(Ll) detectors and an '^Na source. 

since HF acid has very small solubility for 
Tm metal, we could not have sufficiently intense 
source activity. 

In several relaxation time measurements tritb 
various kinds ol solutions, we found that the re¬ 
laxation time in the HI stdution, which has a large 
solubility for Tm metal, was as long as in the HF 
solution. The time dependence behavior of the 
anisotropy A(f) for the 448-99 keV cascade in the 
HI solution is shown in Fig. 7. Since the coef¬ 
ficient A 4 , is negligible small in this cascade, it 
is sufficient to consider only the attenuation coef¬ 
ficient G,,(i) for the attenuation. ) would be 
expressed by relaxation constant \ as follows; 

G„(f) = e-V . 



FIG. 6. Delayed time oobwtdenoe speotmm for 9*0 
448-198 keV oasoide obtained with two GefU) detector 
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FIG, 7. TTjne differential perturbed angular correla¬ 
tion for the 448-90 keV cascade obtained with Ifae 35 
cm’ Ge(LI) detector and the NaI(Tl) detector. No cor¬ 
rection la made for finite solid anj^c In this figure. 

The beet lit obtained from the curve In Fig, 7 
gives 

A,= (O.B1*0.25)><10' sec*' . 

This result corresponds to the value (0.7S tO.lO) 
xlO' obtained In HF solution by Behar el al. 

The spin rotation measurement for the 448-830 
keV cascade by the time differential method is 
shown in Fig. 8. The spin rotation effect is clearly 
seen. Since the two Ge(Li) system was utilized, 
a narrow energy region for the two y transitions 
could be selected, and, moreover, since the re¬ 
solving time was approximately as short as for 
large Ce(Ll) detectors, It is assumed that this 
measurement was not much affected by the com- 
peting y-y cascades. 

The mixing ratios fi of the 446 and 830 keV transi¬ 
tions havebeenreported recently to be -0.06 6 
' -0.17 and 0.01^ 6%-0.09 by Behar efai., and using 


r cos 
*n 

oT 000 
o 

■ 005 , 






Ki/ 


nsr-fs-fs-« TW 

TIME In Mcl 


8. Time dlfteranUal spin rotation behavior tor 
^ 448-830 kaV oaseads obtained with two Ge(I.I) de- 
'Jfiora. Ko oorreottan la made for finite solid angle In 
Oils ftgate. 


these values, the angular coefficient .dinis evaluated 
tobe-O.OOS'^A,,*; 0.002. Moreover, Beharefol. 
have assigned the coefficient ■ -0.07 ± 0.01 for the 

448-09 keV cascade and the mixing ratio S’* —0.06 
iO.05 lor the 99 keV transition. If these values 
are taken into account, the A, value is calculated 
to be 0.18> Aj> 0,12 for the 448 keV transition and 
then, the coefficient A„ for the 448-830 keV cas¬ 
cade is evaluated as -0.0S1»A„» 0.088. Our re¬ 
sult is approximately consistent with this value. 

It is expected that the coefficient A^^ is negligiUy 
small in this cascade and the time dependence be¬ 
havior would be expressed by Eq. (5): 

135°). (5) 

6 ^ 2A22 

From the best fit of the data to Eq. (5), the 
precession frequency was obtained In an external 
api^ied magnetic field: 

w,’(7.3±0.3)xl0’ sec*' . 

This value yields ^(4-) = 0.24i0.01, and the sign 
is assigned to be positive from the observation of 
the direction of the spin rotation with respect to 
the applied field direction and ot the sign of the 
A,, coefficient. This result la shown in Table II 
and is compared again to the values measured up 
to now. 


IV. DISCUSSION 

The g factor for the first excited state of the 
present experiment agrees with the previous data 
shown in Table 1, and particularly agrees with the 
results of the RICV (recoil into gas and/or vac¬ 
uum) and ME (Mossbauer effect) methods. Wethldc 
that our result is better than previous results by 
the IPAC [time-integral perturbed (related) angu¬ 
lar correlation] method, because we measured 
with two Ge(Ll) detectors and the data analysis 
was done by solving explicitly the relevant equa¬ 
tions; the error in the assignment due to the 

XAULE n. The results of f-fsetor measureawnts 
for the l.OM MoV state by sovoral authors sod 
present experiments. Experlmeotal metbods for each 
messuremont are shown also. 


Level energy 
(keV) 

g factor 

Method 

Reference 


0.2410.01 

DPAC* 

PreBent 


0.4Si:0.02 

DPAC* 

s 

1093.9 

-0.1li0.l8 

MRES*’ 

6 


0,22. oio 

NRES'' 

7 


* DPAC: Time-differential perturbed (spm rotsUoa) 
angular correlation. 

'’NRES: Neutron reaoaanca energy shift. 
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perturbation effect by internal fields,and to the 
contribution from the h > 4 term in the polynomial 
expansion, is very small. 

On the other hand, it is found that there are coc- 
siderable differences in the results for the g 
factor of the 1.094 MeV state, as shown In TaUe 
n. Our result is consistent with the data by Al- 
fimenkor et al., who utilized a NRES method, but 
is inconsistent with the data by Kim et at,, who 
used the *"Tm decay. 

The 1.094 MeV level has been assigned to be 
/ > 4 and Identified as the band head of a Kir > 4- 
rotatlonal band as mentioned before, and the (d,p) 
reaction studies suggest this level to be represent¬ 
ed by a configuration involving two quasineutrons 
in Nilsson orbits having f) > {633 ) + (S21 - 2 ~). 

The g factor for this configuration can be obtained 
from so-called additive theory which is given by 
Eq. (6).“-» 


and the f factors a and respectively. The value 
of the ^ factor is thus calculated to be g{i-) = 

- 0.013 using g{ ‘"Er, (833 J ^J » -0.162 and 
fl‘"Er, (621 i"),] =1.03, which were obtained ex- 
perlmentally (or the neighboring odd neutron nu¬ 
clei. It appears that the resulting g cannot be in¬ 
terpreted with the above configuration completely, 
and therefore one should take into account the tm 
quasiprotons state, which is reasonably assigned 
to be (523 and (411 i*),. Then the ^ factor 
of the 1.094 MeV state can be explained by a mix¬ 
ture of about 30% of the quasiprotons state con¬ 
figuration, with gl“'Ho, (523 1.19 and 

g\ ““Tm, (411 - 0.643 which were obtained 

experimentally in neighboring proton odd mass 
nuclei. 


ACKNOWLEDGMENT^ 




where g{l ) is the g factor of a state i, which is a 
two particle configuration with the spins j, and j. 


We are indebted to Professor M. Yagi, Dr. K. 
Hondo, Mr. A. Kurlhara, and others at the Re¬ 
search Laboratory of Nuclear Science, Tohoku 
University, for preparing the sources and elec¬ 
tronic circuits. 


*A. Bohr and B. B. Mottelson, Nuelmr Strueltire (Ben- 
jainln. Rending, Mnna., 1975), Vol. U. 

’W Mlchnella, H. Ottmar, and F. Weller, Nucl. Phys. 
AIM, 161 0970). 

•l. M. Bollinger and G. E. Thomas, Phys. Rev. C 2, 
1851 (1970). 

*R. A. Harlan and R. K. Bhellne, Phys. Rev. 160 . 1005 
a 967). 

*B. T. Kim, W. K. Chu, and J. C. Glass, Phys. Rev. 

C 8, 1920 (1973). 

*K. H. Bockurts and G. Brunhart, Phys. Rev. C 726 
(1970). 

'U. P. Alflmenkovsfnl., Yad. Flx.n, 13 afl73)fSov. 

J. Nucl. Phys. 17, 6 (197;))). 

'E. Bodenstedt, H. J. Komer, E. Gerdau, J. Badeloff, 
L. Mayer, R. Auerbach, J. Braunsfurth, and G. Mlel- 
Iten, Z. Pliya. 170, 355 a962). 

*£. Mttnck, Z. Phys. 184 a968). 

Ben-zvi, M. B Goldberg, G. Ooldrlng, K. H. 
Speldel, and A. Dprlnzak, Nucl. Phys. A161 . 401 
(1970). 

*'j. D. Kurfoas and R. P. Scharenberg, Phya. Rev. 161 . 
1185 a 967). 

'*E. Bodenstedt, Ui The Sectromageetie btteractim ti 
Nuclear Spectroscopy, edited by W. D. Hamilton 
(North-Holland, Amsterdam, 1975), p. 738. 

'*E. Bodenstedt, la Perturbed Angular CorrMaiient, 
edited by E. Karlason, E. Matthias, and K. Siegbahn 
(North-HoUand, Amaterdam, 1964), p. 217. 


“b. Frauenfelder and R. M. Steflen, InAlpka-Bela- 
and Gamma-Ray Spectroecopy, edited by K. Steg- 
bahn (North-Holland, Amsterdam, 1974), Vol. 2, 
p. 1153. 

'’Table of Isotopes, 1th edition, edited by C. M. Leder- 
er and V. S. Shirley (Wiley, fotersolence. New York, 
1978). 

“M. Behar, L. M, Quinones, and Z. W. Oravowskl, 

Z. Phys. 274. 359 aB76). 

*’C. Gunther and I. Lindgen, la Perturbed Angular 
Correlations, edited by E. Karlason, E. Matthias, 
and K. Siegbahn (Nortb-HoUand, Amsterdam, 1964), 
p. 357. 

“ll. F. Wagner, M. Popp, and M. Forker, Z. Phys. 
248, 195 a971). 

•Y;. GiinUier and D. R. Parstgnault, Phys. Rev. 153 , 
1297 (1967). 

’"F. C. Zawlslak, D. E. Brandao, A. Vawinez, and F. P 
Llvl, Phys. Lett. 7, 337 (1963). 

”£. Bodenstedt, H^. Int ^ 1 (1976). 

”P. J. Brussaard and P. W. M. Qlanderaans, Shell 
Model Applications 4i Nuclaar Spectroscopy (North- 
HoUand, Amsterdam, 1977), p. 266. 

°E. EJiri, G. B. Hagenuum, and T. Hammer, In Pro¬ 
ceedings cif the IntenatUmal Conference on Nuclear 
Moments and Nuclaar Structure, edited by H. Horle 
and K. Suglmoto (Physical Sodely of Japan, Tokyo, 
1972), p. 428. 




rHYSICAL REVIEW C 


VOLUME 21, NUMBER 6 


JUNE 1980 


Grouiid>8tate nuclear g factor of ’^Ru 

K. Leuthold, E. Hagn, H. Ernst, and E. Zech 
Phyiik-Department. TKknIxhe Univenlidl Miinchm. D-Jt046 Garrhing. Wat Germaiiy 
(Received 15 June 1979) 

The magnetic hyperfine splitting constant giL^Hi,p/h of '’Rn u a dilute impurity in Fr has been 
determined by the technique of nuclear magnetic resonance on oriented nuclei to be 117.69^0.02 MHz. 
With the known hyperfine field for Ru/e of - 504 £ 12 kG the ground-tUle nuclear g factor of "’Ru is 
deduced to be (-)0.306 £ 0.008. The resonance shift snd the spin-latiice-rclasation time have been 
measured as fiinctions of an estemai magnetic field. 

[ RADIOACTIVITY *^RtJ from *®HutB .y); NMR tm oriented nuelei. Dethicetl p 1 
Knight shift, ralaxatlon times. J 


I. INTRODUCTION 

The deviations of nuclear magnetic moments 
from the single-particle Schmidt values are qual¬ 
itatively well understood lor nuclear states with 
configurations of few nucleons outside of closed 
shells. The main deviations are believed to be 
due to j'« 1' polarization of the core'-’ and, in ad¬ 
dition, to mesonie effects.’’^ In the region a~ 00, 
where «Zr,o or are assumed to be fairly 
good magic nuclei, the states with few protons in 
the gf/i shell and few neutrons In the j shell are 
well suited for systematic studies of these effects. 
Most experiments have been done for a better 
understanding of the uga/, magnetic moments, 
which have shown that the additivity of magnetic 
moments is violated, and that an anomalous orbi¬ 
tal magnetism due to mesonic effects exists.®*’ 

For the Interpretation of the data from odd-odd nu¬ 
clei, precise data for the neutron contributions to 
the magnetic moments have to be available. In 
this context, a systematic study of d,,, neutron 
magnetic moments is of interest. 

In addition to these aspects the magnetic mo¬ 
ments of ruthenium nuclei are interesting for the 
following reason. The ground-state spin of the 
lighter isotopes **'”'"'^“Ku is f= |*, which can 
be understood as a pure shell model configu¬ 
ration. The ground-state spins of the heavier iso¬ 
topes ’"Ru and ‘*Ru have not been determined ex¬ 
perimentally In a direct way. From indirect argu¬ 
ments, however, the most probable assignment 
is /=j , which could be understood in the frame 
of the shell model as a configuration. 

A measurement of the magnetic moments could 
possibly yield some Information on this subject. 
First nuclear orientation experiments on ’’RuFr, 
‘“RuFe, and ‘“RuFe (Ref. 8) showed, however, 
tlat the V anisotropies of “*Ru and ‘“'Ru are 
very small, so that no unique conclusions could 
I* drawn. A combination of the nuclear orienta¬ 


tion (NO) measurements with NMR-ON experi¬ 
ments (nuclear magnetic resonance on oriented 
nuclei detected by the anisotropy of radiation), 
however, would yield a precise value for the nu¬ 
clear factors and would thus allow a umi^ue spin 
determination. (This feature is based on the fact 
that the NO method yields the magnetic moment 
while the NMR-ON method yields the g fac¬ 
tor.) In order to clarify whether the NMR-ON 
method la well applicable to Ruf'e systems, the 
first experiments have been performed on 
for which the y anisotropy is comparatively 
large. These experiments are described in this 
paper. 

II PRINCIPLE OF MEASUREMENT 
A. Nuclear orienlalion 

The angular distribution ol oriented nuclei is 
most conveniently written as’’' 

lV(0)=lt 53 LI^F^',^'UB/kT)Pt(cosO)il,. 

( 1 ) 

The different coefficients have the following mean¬ 
ing. The F, are the usual angular correlation co- 
efficienU, and the (/, take into account the de- 
orienting effect of preceding unobserved (y.p*, 

EC) transitions. The CJ, and F, depend on the pa¬ 
rameters of the nuclear decay, i.e., on spins, 
multipolarities, and mixing ratios of different 
multipolarities if the transitions arc not pure. 

The describe the degree of orientation of the 
initial state. They depend on jfH/feT and on the 
spin ) of the sUte. If the B, are calculated as a 
function of iiB/kT instead of gBikT, it is found, 
that the j dependence of B. is rather weak in the 
region gB/kT^^ 1. This has the consequence that 
(i ran be determined rather reliably, even if no 
unique spin assignment is possible. (The asymp- 
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totlc values Bj/', which are obtained tor gB/kT 
»1, depend, of course, ooj). The temperatures 
which are necessary for the corresponding satu¬ 
ration of the anisotrc^ are extremely low In most 
cases and cannot be obtained in most NO experi¬ 
ments. The P^(co86 ) in formula (1) are Legendre 
polynomials, 0 being the angle between the quan¬ 
tization axis, which, in the present case of pure 
magnetic interaction, coincides with the directitw 
of the magnetic field, and the direction of obser¬ 
vation. The Qn take into account the solid angle 
of the detectors, they are normally in the region 
near unity. The sum in formula (1) runs on even 
k only, the maximum value depending on the 
spins and multipolarities which are involved In 
the decay cascade. It Is in most cases given by 

*«„=•*. 

To get a considerable degree of orientation at 
r~ 10 mK, magnetic fields of the order of >100 
kG are necessary. This is obtained by utiiizing 
the internal hyperfine fields B^j, which act on 
dilute Impurities in ferromagnetic host lattices 
(Fe,Co, Nl,Cd). The value Pgr dependent 
on the type of impurity-host system; a compila¬ 
tion of most presently known hyperfine fields is 
given in Ref. 10. 

To get rid of several disturbing effects, such 
as the decrease of the counting rate due to the 
finite lifetime of the parent nucleus, the ratio 


e 


IV (0) 
W(90) 


-1 


( 2 ) 


is normally calculated and analyzed as a function 
of the temperature T. 

The precision to which magnetic moments can 
be determined from the temperature dependence 
of the r anisotropy depends strongly on the par¬ 
ticular case, a typical value being -5%. Some 
limiting factors are imprecisely known mixing 
ratios of different tensor ranks of the preceding 
or EC transitions, nonallgnment of the hyper¬ 
fine field (Aharonl effect), different spin-lattlce- 
relaxatlon times in comparison to those of the 
thermometers, etc. A very much higher precision 
Is obtainable with the NMR-ON method which is 
described In the next subsection. 


B. Put^nrecfi nudnrinifnedc rooiunce on oriented 
nuclei 


In the NMR-ON method" the y anisotropy is 
used as a detector for nuclear magnetic reso¬ 
nance. As a precise knowledge at the absolute 
value of the y anisotropy Is not necessary, an ac¬ 
curate determination cd the temperature of the 
sample Is also not necessary. The only restric¬ 
tion Is that the y anisotropy is so large that the 


resonant destruction can be observed. The reso¬ 
nance condition is given by 

h>'“/rMff[B„ + (l + if)Ro] . (3) 

where g Is the nuclear g factor, pj, the nuclear 
magneton, Bg^ the magnetic hyperfine field, K 
the Knight shift, and fi, the external magnetic 
Held, which Is necessary to orient the ferromag¬ 
netic domains, and which thus establishes a unique 
quantization direction with respect to which the y 
anisotropy Is observed. If the Knight shift can 
be neglected, formula (3) reduces to 

In this case the nuclear g factor can be deter¬ 
mined from the resonance shift with the external 
field, l.e., without the knowledge of B„. 

Besides the static resonance condition, which is 
given by formula (3), dynamic effects have to be 
considered in the experiment. The rf field, which 
has the "correct” frequency yg, Induces rf transi¬ 
tions between the m sublevels, the effect being a 
total or at least partial destruction of the polar¬ 
ization with the corresponding change In the y 
anisotropy. If the rf field Is now switched off, 
the system returns to the thermal equilibrium 
with a characteristic time constant T,'. This time 
constant, which is normally denoted as spin-lat¬ 
tice-relaxation time, is not uniquely defined as 
will be shown in the following. The spin-lattice- 
relaxation mechanism can be described by a set 
of rate equations for the sublevel populations, the 
essential parameter being a reduced matrix ele¬ 
ment which describes the strength of the coupling 
between the nuclei and the lattice.^’ In the high- 
temperature region hr »,?£, the rate equations 
can be solved analytically. In this approach, the 
polarization, and all physical quantities which are 
proportional to It such as the magnetization, de¬ 
cay exponentially to the equilibrium value, the 
time constant being the spin-lattice-relaxation 
time T^ which follows the Korrlnga law TiT=X, 
where X Is the Korrlnga constant. In the low- 
temperature region hT«-gB, and also In the re¬ 
gion of intermediate temperature kT^gB, the 
rate equations have to be solved numerically. 

The time d^ndence of the polarization or the 
alignment consists of a sum cl exponential lunc- 
ttone with different time constants. It Is found, 
however, that the return of the y anisotropy to 
the equilibrium value can be deecribed in a fai^^f 
good ai^raxlmatlon by a single-exponential decsty 
with a time constant T[, which Is different from 
the above T, and. In addition, which le dependent 
on the Initial condittone, l.e., on the deviation of 
the system from the thermal equilibrium. This 
means, however, that a proportionality holds be- 
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tween Ti and TJ, the proportionality constant be¬ 
ing fixed If the temperature and the deviation from 
the equilibrium arc kept constant. Thus, a func¬ 
tional dependence of T^ on any parameter, such 
as the external magnetic field, can be detected 
by observing the corresponding dependence of rj, 
which can be measured more easily. 

The resonance frequency and the relaxation 
tine constant can be measured simultaneously 
if a sweep-mode technique for the applied rf field 
IS used. This nonconventlonal technique will be 
described in the following. The main features are 
shown in Fig. 1. Starting at i- = v, <!/« the frequen¬ 
cy of the applied rf field is swept continuously 
over the resonance with a constant sweep rate 
dv/dt^+p. At i> = Vf^Vitthe sweep direction is re¬ 
versed, the rf frequency Is swept continuously 
over the resonance again, the sweep rate being 
now dv/dt^^ -p. At v = Vy the sweep direction is 
reversed again, initiating a new cycle. This is 
shown in the lower part of Fig. 1. Before discus¬ 
sing the response of the nuclear spin system, the 
eilecl d inhomogeneous broadening has to be con¬ 
sidered. It Is found experimentally that the hyper- 
fme field does not have a sharp value but a cer¬ 
tain distribution. Assuming a Gaussian shape, 
which is a good approximation in moat cases, the 
distribution of the resonance around the center 
frequency is given by 


where r, is the inhomogeneous linewldth and / is 
the fraction of nuclei which can be affected by the 
rf. The normalization is chosen in such a way 
that 

jav)dv=f ( 6 ) 

is given. In the ideal case, f= 1 is expected. To 
get a reasonable resonance effect, the rf field has 
to be frequency modulated. Assumii^ that all 
time-dependent effects can be neglected the ob¬ 
served resonance effect at a frequency v is then 
given by 

/ i-st 

6 V')dv', (7) 

--i/ 

where is the modulation width, and a stands 
for adiabatic approximation. U is small in 
comparison to r„ the shape of R.{v) is approxi¬ 
mately Gaussian again, the linewidth and the am¬ 
plitude being dependent on the value of Ay. For 
a precise determination of Vj,, the modulation 
width Ay has to be chosen properly as a comprom¬ 
ise between a large resonance effect and a small 
resonance linewidth. 

If the resonances are measured with a sweep¬ 
mode technique the time-dependent effects of the 
spin-lattice relaxation have to be taken into ac¬ 
count. The resonance effect is then given by 


«(expt-ln2(u - , (5) 



FIG. 1. Details of the sweep-mode technique for 
NMR-on meaeurementa. The rf center frequency Is 
continuously up and down between the boundary 
If^Tnencles Vi and v, with a constant sweep rate di/dl' ±(> 
"“ttom). The response of ttie y anisotropy (top) de¬ 
pends on tile choice of the sweep velocity (see text). 

In the adiabatic case, two symmetric resonsneea with 
^ same center at Vgf are obaervod fourves a and c). 

In the mmadlsbat l o case, an integrating effect la active 
which leads to asymmetric resonanoos with a shift 
nl the center and an exponential decay In sweep dlroc- 
hon feunres i and rf). 


fl(p) = «.(p) 


I / fl,(i;')exp{-l<(p)-/'(p')|/r,'}du'. (8) 

"o 

The second term describes the resonance effect 
obtained at earlier times, which is decaying with 
the anisotropy relaxation time. The far-off-res- 
onadce frequency is either Vj or p„ (see Fig. 1) 
lor the upward or downward sweep direction, re¬ 
spectively. If we introduce the lime during which 
a frequency interval r„ is passed, 



Formula (8) can be written as 

ff(p) = fl,(i')+ / ( 10 a) 

for the sweep up and 


r(v) = R,(v)' 






( 10 b) 


for the sweep down. This shows that an asym¬ 
metry of R(p) is introduced, depending on the 
sweep direction, the essential asymmetry param¬ 
eter being t/TJ, i.e., the (experimentally choos- 
able) sweep velocity. In the slow-sweep limit 
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t/T[ »1, Alt') reduces to the “adiabatic” caseii,(t>}. 
This is illustrated by the curves a and c of Fig. 1. 
Both resonances have the same center frequency 
Vg. In the ultrafast limit t/T^ « 1, the structure 
of A(i/) would be that of the error function. In this 
case all Information on T[ would be lost, too. 

For the measured resonance effect 

R(i>) has an asymmetric shape, with an eiqicHien- 
tial decay in sweep direction. This is illustrated 
in Fig. 1 (curves b and d). Moreover, the “cen¬ 
ter" frequency (the frequency at which the de¬ 
struction of the anisotropy has its maximum val¬ 
ue) Is shifted to or to Vg - A, depending on 
the sweep direction. For the determination of vg 
from slow-sweep mode measurements, where A 
is small, but not negligible, an equal number of 
spectra with opposite sweep direction are usually 
added together. With this procedure the observed 
linewldth is slightly Increased, but the center fre¬ 
quency, which is the main result, is not affected 
by the sweeping. Because of the integrating ef¬ 
fect of the fast-sweep technique, the rf modula¬ 
tion width can be chosen small, allowing a highly 
precise determination of vg. Moreover, the re¬ 
laxation time T,' can be determined simultaneous¬ 
ly- 

In the presence of a small quadrupole interac¬ 
tion, which may be superimposed to the magnetic 
hyperflne splitting, deviations of the observed 
resonance behavior from that given by formula 
(7) are expected. The main effect results then in 
the (observable) fact that the resonance ampli¬ 
tudes are different for both sweep directions. 
Conversely, if these amplitudes are found to be 
equal, one can conclude that quadrupole effects 
have not to be considered in the determination of 
the magnetic hyperfine splitting constant from the 
observed resonance frequency. 

III. EXPERIMENTAL DETAILS 

The ”RuFe samples were prepared in the fol¬ 
lowing way. Inactive "’RuFc alloys were produced 
by melting isotoplcally enriched **Ru (enrichment 
98.1%) with highly pure iron (purity >99.999%) in 
an electron beam furnace. For the concentration 
of “Ru the relatively high value of 1 at % was 
chosen because of the small neutron capture cross 
section of o~ 0,3 b. The alloys were cold rolled 
with intermediate annealing steps until a (Inal 
thlcJcness of ~2 /tm was reached. Foils with an 
area of B x 8 mm^ were irradiated at the Karlsruhe 
research reactor FR2 for five days In a neutron 
flux of a 10^* ll/sec cm* to produce the radioac¬ 
tive Isotope ”JBu (ri/t= 3.9 d;After the 
Irradiation the foils were annwled again at a tern- 
peratore of ~700 V under Ugh-racuum atmosphere 


(~l(r''torr). ^clal care was taken in slowly cooling 
down the samples to room temperature. Two foils 
were then soldered with Ga-ln solder, which has 
the low melting point of IS %, to both sides ctf the 
Cu eoldfinger of a demagnetization cryostat 
With Cr-K alum as cooling salt, the samples were 
cooled to a temperature of ~0.01 K. To orient the 
ferromagnetic domains a small external magnetic 
field (<7 kG), which was provided by superconduct¬ 
ing split colls, was aiqjlied in a direction parallel 
to the foil plane. The y radiation was analyzed 
with four 7.6 cmdiam x 7.6 cm NaI(Tl) detectors 
which were placed at 0°, 90°, 180°, and 270° with 
respect to the direction of the magnetic field. 

The rf field was applied using a one-tum coil, 
the direction being perpendicular to the static field 
and parallel to the foil plane. The constant fre¬ 
quency sweep was achieved by driving the me¬ 
chanical tuning of the rf oscillator with a stepping 
motor. Using different gearing units, the sweep 
rate d v/dl could be varied over a large range. In 
comparison to electrically tuned oscillators this 
method has the advantage of a very much better 
constancy of the sweep rate. The rf field was fre¬ 
quency modulated with a modulation width of 100 
kHz and a modulation frequency of 1 kHz. The 
output of the oscillator was measured continuously 
using a high-precision frequency counter curating 
with a repetition rate of 1 kHz. The frequency 
modulation of the oscillator was synchronized with 
the frequency counter. Thus a unique determina¬ 
tion of the effective center frequency is possible, 
independent of the modulation width. The output 
of the frequency counter was used to synchronize 
a multichannel analyzer, which operated In multi- 
scaling mode, 

IV. RESULTS 

In the decay of "Ru only one strong y transition 
with an energy of 216 keV is present. A slmpldied 
decay scheme is illustrated in Fig. 2. For ’’Rufi', 



FIG. 2. SlmpHftod decay aoheme of 
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FIG. 3. FBat-8weep-NMB-C»I resonances for two 
difterent values of the polarising field The scale 
of the abscissa is a time scale (bottom) which has been 
converted to frequency (top). The left-hand resonances 
have been measured during the sweep up. the right- 
hand resonances during the sweep down. The dashed 
curves are the "adiabatic” resonances as obtained from 
the least-squares fit utilising Eq. (10). 

the corresponding y-ray anisotropy Is c ~ 20% at 
T~ 10 mK. Figure 3 shows resonance spectra, 
measured at 0° (with respect to for two dUfor- 
ent values of the external magnetic field. The 
solid curves are the results of least-squares fits, 
utilizing Eq. (10) as theoretical curve and a Gaus¬ 
sian line shape for the inhomogeneous broadening. 
The dashed curves in Fig. 3 are the “adiabatic" 
resonances, which have been added to demonstrate 
the large enhancement of the observed resonance 
effect by the fast-sweep technique. The shift of 
the resonance towards smaller frequencies with 
Increasing polarization field is due to the negative 
sign of the hyperflne field. More details of the 
resonance spectra for a measurement with 
-1.06(1) kG can be seen in Fig. 4. It is clearly 
demonstrated that the maximum of the resonance 
destruction Is shifted by d = 0.8 MHz in sweep di¬ 
rection. Thus a folding of both spectra to get rid 
of the asymmetric line shape would not be a good 
procedure for the precise determination of Vg. 

The upper part of Fig. 5 shows the resonance fre¬ 
quencies as a function of the external magnetic 
field. The solid line is the result of a least- 
squares fit, which yields 

117.69(2) MHz 
for the hyperflne splittii« and 
gp,Al + K)/h»0.2A«,3) MHz/laG 

lor the resonance shut. The lower part oi Fig. 5 
illustrates the devlaticm of the measured points 
from the fitted line, thus demonstrating the good 
accuracy obtainable with the fast-sweep technique. 
The quoted error for the resonance shift is mostly 



FIG. 4. Details of n fast-sweep-NMR-ON resonance 
ruo for B0 b 1.O6 (1) kG versub frequency. The maxlmn 
of the resonance curves are clearly shifted by d«0.80 
Mflz In sweep direction (upper spectrum: sweep up; 
lower spectrum: sweep down). The full curves am the 
results of a leasUsquart^s fit utilizing Eq (10); the 
dashed curves arc the "udiabatic" resonance, which 
is also 'I result of the fit. 



F\!G. b. KMTt-Otl center frequeneVea and devVe- 
Uon ol these (requencleB trom the fitted straight line 
^tiom). The values for Bo< 1 kG have been added for 
demonstration; they are not used for (he fit of Che re¬ 
sonance shift because of the incomplete magnatle satum* 
tion of the samples In this region. 






2386 


K. LEUTHOLD, E. HAGN, H. ERNST, AND E. ZECH 


due to an (absolute) uncertainty of ~1% in tbe cali¬ 
bration of the external magnetic field. This cali¬ 
bration has been performed Iqr measuring the 
resonance shift of *%oFe, which was found to be 
reproducible within an accuracy of ~1%. 

For the interpretation of our hyperflne splitting, 
the knowledge of the byperfine field for RuA'e Is 
necessary. From Mitssbauer-effect measurements 
on ”RuFe (Ref, 13) the splitting of the state at 
90 keV has been measured as 372 . 8 ( 1 . 3 ) MHs. 
With the known magnetic moment of .0.384 
(6) (Ref. 14) for this f* state, R„p= -504(14) 
kG is calculated. (The negative sign has been 
measured with the use of an external magnetic 
field.)“ From NMRlnvestlgatlonsof**161 and‘"‘Ru 
as impurities in Fe, Co, and Ni (Ref. 15) the 
ground-state splitting of '^RuFe (1 at %) has been 
found to be 1/^3 95.75(10) MHz. With p,,, 

3 -0.623(19) Px the corresponding hyperflne field 
Is deduced to be Rh, 3 -504(15) kG. These two 
values are not completely independent, however, 
as p ,/2 is calculated using p^^, and the measured 
j?-factor ratio2=0.759(16).“ Thus, 

3 -504(12) kG 

[Instead of the usual tabular value of -500 (10) 
kG (Ref. 10) I is adc^ed to deduce the ground-state 
factor of ”Ru, which yields 

I = 0.306(8). 

Much more precise results are obtained lor the 
ratios of the ground-state ff factors <rf ’”Ru, ”Ru, 
and ““Ru. These, together with the resonance 
frequencies, are compiled In Table I. 

From the resonance shift we get 

I^Hl^ h') I 3 0.315(7), 
which can be used to deduce the value 
A' = + 2.9(3.4)^ 

for the Knight shift of ’"RuFV. This value, which 


TABLE I. Magnetic hyperflne splitting and ratios of 
ground-stateg factors of ”'**'‘°‘Ru. 


system 

i<g(MHz) 

g/g (”Bu) * 

Reference 

"HuFc 

117.69(2) 

1.0 

b 

‘•RuFc 

95.75a0) 

0.8136(8) 

0 

*"Hu Fe 

107.30(10) 

0.9117(8) 

c 


^Possible hyperflne anomalies are neglected In this 
ratio. This Is possible, as only dlfterenees of hyperflne 
anomalies would enter, which are expected to be enudler 
than the quoted error. 

'This work. 

'J. J. Murphy, T. J. Burch, and J. L Budnlck, J. Hiys. 
Soo. Jpn. 36, 634 0974). 


is consistent with A=0, lies well within the usual 
range of Knight shifts for dilute Iron host al¬ 
loys'**" in the mass region i4< 100. 

Figure 6 shows the linewidtb (bottom), the reso¬ 
nance effect (middle), and the anisotropy relaxa¬ 
tion time T'l (top) as a function of tbe external 
magnetic field The llnewidth is found to be 
rather constant in tbe whole range. This behavior 
is quite normal, the mean value r= 1.4(2) MHz is, 
however, relatively large In comparison to other 
NMR-ON data on other systems In this frequency 
range. This could be caused by the relatively 
high Ru concentration of ~1 at %, which had to be 
chosen because of the small neutron capture cross 
section of **Ru. 

The dependence of the resonance effect on 
can be understood easily: The increase between 
£„= 0 and R„= 1 kG is due to tbe increasing degree 
of orientation, which reaches the saturation value 
at ~1 kG. [In this region of incomplete saturation 
the measured center frequencies are not described 
properly by Eq. (3) because of the finite angle be¬ 
tween B^ and Rg,, which, in addition, depends on 
Bg. Thus the resonance frequencies for 1 kG 
have been omitted for the analysis of the hyperflne 



FIO. 6. Observed Hnewldth (bottom), resonance 
effect (middle), snd anisotroigr relaxation time (top) 
versus the applied external magnetto field. 
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splltung and the resonance shut J The decrease 
of the resonance effect for Ba> 1.5 kG is probably 
due to the decreasing enhancement factor for the 
rf field, which Is proportional to in first 

apprcocimatlon. 

The behavior of the relaxation time in de¬ 
pendence of is anomalous in comparison to that 
of other systems in this mass region. Neglecting 
the data points for the magnetization region ii„ 

1 kG, Tj is found to be rather constant, with a 
slightly decreasing trend for Ba> 2 kG. This de¬ 
crease is partly caused by the smaller deviation 
of the sublevel populations from the equilibrium 


TABLE Q. Magnetic momenta of neutron |* states In 
the mass reglonA >90. 


laotope 

P (Mu) 

Beference 

loZrn 

-1.30362(2) 

a 

8mob 

-1.20(5) 

b 

^M0|3 

-0.9142 a) 

c 

flMo„ 

-0.933Sa) 

c 

CRuu 

-0.765(20) 

d 


-o.easas) 

e 

‘flRuit 

-0.698(24) 

f 

‘JJpda 

-0.642(3) 

K 

'»Cd„ 

-0.7393(2) 

h 

■SJcd.. 

-0.6150550) 

l.k 

‘Scd., 

-0.8278460) 

j.l 

'Jlcd., 

-0.7656(25) 

m 
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value, as observed by the decreasing resonance 
effect An increase of 7/ by a factor ~5 between 
0 and 5 ItG, as observed, e.g., on *°NbF'e and 
’*TcFc,‘" is clearly not present for ”RuFe. 

V. DISCUSSION 

With J’=V, the magnetic moment of ‘"Ru is found 
to be 

M= (->0.765(20) 11,. 

The negative sign has been adopted from the sys- 
tematics of magnetic moments of ** states in this 
mass region. A compilation of magnetic moments 
of I'states is given in Table II for the mass region 
A>90, where the neutron d ,/2 shell is successively 
fiUed. With the exception of “‘Cd, all data origi¬ 
nate from measurements on ground states. The 
value for has been deduced in the loUowlng 

way; Assuming H^o^, to be the “core," the iso¬ 
topes M^o,,, and ^Tc,, have the configu¬ 
rations Ipd,/,), and As 

the magnetic moments of “"Tc anl are 
known,the neutron contribution to the magnetic 
moment of ^Tc can be calculated: 

w/j / a) = p(7 *) - p( ,). 

This procedure is based on the assumption that 
the magnetic moments of the one-partlrle states 
remain unchanged for the two-particle state, 
which is valid in most cases to an accuracy of 
several percent. Figure 7 Ulustrates the behavior 
of the c/,;, neutron magnetic moments versus the 
neutron number. The relatively large values for 
Jir=51 are quite normal for states with one particle 
outside closed shells. The strong deviation from 



NUMBER OP NEJTRUNb 

FlO. 7. Magnetic moments of states In the mass 
region A > 90 versus neutron number. A similar struc> 
hire of P for "•“'"Mo, ”'“>*"Ru, ind cm 

be seen. This yield, a itrong evtdenos for the f«>t that 
the addition of proton pair, in the vg i/, •hell, by going 
from Mo to Cd, la aocompanlod by a aimultansous addi¬ 
tion of the aame number of neutron pelra Into toe vgf/, 
abell. 
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TABLE in. Caloulatad maRDetio momesla of |* statea for different neutron oooflguratloiia. 


Nucleus 

Proton configuration ^ 

Neutron oonflguTatlan ‘ 

lU (My)* 


“Zr 


(dsy:)‘ 

-1.44 

-1.30 

"Mo 



-1.42 

-1.20 

"Mo 

Uwi)’ 

ids/:)’ 

-0.95 

-1.53 

-0.91 

"Mo 


<gr/2>* <d,/2>‘ 

-0.50 

-1,07 

-0.93 

"Bo 


(gj/2>* (dt/2)‘ 

-0.93 

-1.51 

-0.77 

’’Ru 


(dt/j)’ 

(gt/ii* (ds/i)’ 

-0.50 

-1.05 

-0.62 

'“'Ru 

<ga/s)* 

(d,/j)' 

(di/,)’ 

-0.61 

-1.16 

-0,70 


‘Configuration above the core IjEr^o. 
^Calculated with parameters of Bof. 20. 
“ For references see Table 11. 


the Schmidt value (ii= -I.Sln*) is probably due to 
the fact that the shell Is filled completely at 
iV^SO, the shell, however, is empty. Con¬ 
sequently, core polarization may 

be active, thus reducing the magnetic moments. 
For N> 51 the d,/j- dj/a excitations are respon¬ 
sible lor a further reduction of p. In a simple 
Shell model picture the d,/, shell should be filled 
atW=56, and thus, no 7^= ground-state config¬ 
urations should be present for fV> 56. It is exper¬ 
imentally found, however, that ground states 
occur up to fV= 61 (‘JlJCdg,). This is due to the fact 
that the energy spacing between the rd,/, and 

shell is relatively small, so that the filling 
of these two shells does not take place indepen¬ 
dently. In principle, the quasiparticle occupation 
probabilities h‘ and should be used for a proper 
description of the ground-stale configurations. 
However, such data are not available with suffi¬ 
cient accuracy. Experimental values of magnetic 
moments of states can provide further informa¬ 
tion as a strong dependence of p on the nuclear 
configuration is expected. Applying the core-po¬ 
larization theory of Arima and Horie,' theoretical 
magnetic moments for the different extremal con¬ 
figurations arc obtained. The result for “Zr, 
"•“•"Mo, and ".“•‘“Ru Is listed In Table III. 
Although the absolute values are not described 
prc^rly for “Zr and “Mo for which the neutron 
configuration is fixed, a similarity of the qualita¬ 


tive trend can be seen. For the Mo isotopes 
'"‘Mo, and '"Mo the main neutron configuration is 
given by (vd,/,)*, (yd,,/, and (yg,/2)’ (vds/j)’. 
respectively. The main neutron configuration of 
the Ru isotopes '"Ru, and ““Ru should then 
be(yd,/j)’, (yd,/,)’, and (yg,,,)’!yd,respcc- 
lively. The slight increase of the magnetic mo¬ 
ments of the heaviest isotopes in these series is 
then explained consistently by the blocking of Uic 
— core polarization due to the more filled 
vg-,,, shelL To investigate, whether the Pd iso¬ 
topes fit into such a scheme, too, the magnetic 
moments of ““Pd and “^d would be interesting. 
NMR-ON measurements concerning this subject 
are in progress. 

Moreover, our mqierlments have shown that tlif 
NMR-ON method is well suited for the precise 
determination of the hyperfine splitting constants 
of RuFc systems. The application to '“Ru and 
'°*Ru could thus lead to a better understandint; of 
the structure of these anomalous ground states. 
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We have inveitigated the decay of ”lCf", '’Sr', and "St* mini Qe(U) ipectroecopy and intriniic Oe 
Compton-auppreukm spectroacopy techniques. We observe leveli at (J' in parenthetea) g.a (S/2~), 131.18 
(3/2 ), 281.01 (1/2 ), 513.998 (9/2’). 731.79 (3/2 ). 868.05 (7/2 ), and 921 (1/2 .3/2") keV. Our daU 
sugiest that the ~880 keV level observed in (t,a) and (’He/f) leactions h the knoam 868-keV level. The 
Qtt value for the "Sr' decay is calculated to be I323;f^20 keV from c»r EC/)}’ inteniity data. We use the 
cluster-vibration model to calculate the "Rb level structure and dectromagnetic decay properties. For the 
latter, are discuss the role of the Af I tensor operator. 


NUCLEAR STRUCTURE Cluster-vibration model. Influence of Ml tmiaor term. 

RADIOACTIVITY “Kr, “Kr", “sr. and “Sr“. Measured “Rb deduced 

levels, E,, Ig, J,T. Ge(LI) detector, Compton-auppreeslon apectrometer. 


I. INTRODUCTION 

A major problem In predicting the level struc¬ 
ture of odd-mass spherical nuclei is the inability 
of the simple single-particle shell model to ac¬ 
count for the large number of eitperlmentally ob¬ 
served levels below the pairing gap.*'’ Some of 
the "extra” levels in odd-mass nuclei have been 
accounted for in a phenomenological way by using 
a weak coupling model,’’' Recently, some success 
has been achieved in accounting for all the levels 
and their properties by incorporating explicit mul¬ 
tiparticle excitations and their interaction with the 
vibrational field.’’'’ The odd-mass Rb nuclei with 
E >=37 provide a teat of these calculations (or, as 
shown in Fig. 1, their level density below 800 keV 
changes drastically as the number of neutron pairs 
are changed.”'"’ Here we present our experimen¬ 
tal studies which were aimed at clarifying the 
number and decay properties of the ”Rb levels be¬ 
low 1 MeV. We then compare the results of clus¬ 
ter-vibration model calculations with the "Rb lev¬ 
els and their properties. Finally, we discuss the 
role of the tensor term in /-forbidden Ml transi- 
tiws. 

Since the last published compilation on A »8S 
nuclei by Horen,** several studies of “Rb have 
been reported. The levels of “Rb have beenstudied 
by CHe,!!), (Ref. 29), (/, ot) (Ref. 24)and(d.’He) (Ref. 
31) reactions. Coulomb-excitation,**^,n'y) reac- 
tltma,’*’** and decay studiesincluding our ini¬ 


tial reports.**’” A number of the levels observe< 
in reaction spectroscopy have / -value assignment 
Inccmslstent with the decay properties observed L 
the two (n, n'y) studies. In aiidition, a level of 
approximately 880 keV has been reported in some 
transfer reaction studies but not in all the relatec 
studies. 
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FIG. 1. Experlmoitslly observed levels of odd-mass 
Rb nuclei below 800 keV. These levels have been laktu 
from the data presented In Refs. 18 to 44, inolnsive. 
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LEVEL PROFERTIES OF JfHb*, 
n. EXPERIMENTAL 


using gas-chromatography techniques, we pre¬ 
pared sources of 10.37-y **Kr* from the gross 
fiSBion products of an underground nuclear deto¬ 
nation.**’^ A commercially available source was 
also used. Approximately 1 Cl of "Kr* was ad¬ 
sorbed mto 1 g of charcoal and sealed in a quartz 
counting ampule. 

Two types of 4.48-h“Kr'' sources were made. 
The first source was mass separated after gas- 
chromatographic separation of kryptmi from gross 
fission products.**'*’ Since this source was too 
weak, a second source was prepared from gaseous 
fission products but was not mass separated in or¬ 
der to achieve reasonable counting statistics. 

The "Kr* was counted several times using two 
different Compton-suppresslon spectrometers: 
one 'With a Ge(Ll) detector,** the other with an In- 
trinslc-Ge detector.** The ‘“Kr" spectra were ta¬ 
ken with an LEP8, a large-volume Ge(Li) detec¬ 
tor, and Comptoo-suppresslon spectrometers, hi 
addition, the sources were counted simultaneously 
with known energy standards.**' ** All spectra in 
this study were analyzed on CDC-7600 computers 
usli^ the GAMANAL code developed by Gunnink and 
Niday.*’ 

Sources of 69.5-min**Sr"were produced by irradi¬ 
ating enriched "Sr in the Livermore Pool-Type 
Reactor (LPTR). Since the initial experiments 
showed the presence of major non-Sr contami¬ 
nants, the enriched **Sr was chemically purified by 
adsorbing Sr ions out of an aqueous solution of 
'*8r(NO,), on a Dowex-50 cation column. Any im¬ 
purities adsorbed on the column were stripped off 
with 0.5 M a-hydroxy isobutyric acid (a-HIBA) 
with pH 5.2. The Sr was eluted with 1 M a-HIBA 
at pH 5.2 and precipitated as SrCO, using NH, and 
CO,. The SrCO, was washed, dried, weighed, 
divided into several vials, and sealed for Irradla- 
tion. Upon completion of irradiation, the SrCO, 
was removed from the irradiation vial and sealed 
in a coanting planchette. A new source was pro¬ 
duced every 80 minutes, and during each 60-min 
period spectra were taken sequentially oa four 
separate Ge(Ll) spectrometers. Each spectro¬ 
meter accumulated data for approximately 500 
min. 

Sources of 65.19-d “Sr* were produced by the 
”Rb(a,4n)"*■•*-. '’Sr* eequence using enriched 
*’Rb targets at the Lawrence Berkeley Laboratory 
(LBL) 223-cm cyclotron. The “Sr* sources were 
chemically purified by the same technique as 
simve to eli min ate any possible contaminants. 

^aln, singles, Compton-suppresslon, and energy- 
calibration spectra were taken. 


FROM THE DECAY OF THE... 

Hi. RESULTS AND DECAY SCHEMES 

A. “Kr” decay 

In Table I we present the energies and intensi¬ 
ties of the y rays we assign to the decay of “Kr". 

A portion of the Ge(Li)-LEPS spectra showing the 
129- and 151-keV y rays Is given in Fig. 2. The 
decay scheme deduced from our data is shown in 
Fig. 3(a). The logft values were calculated using 
aQ, of 901 ±2 keV and a half-life of 4.475i:0.010 
hr as reported by Wohn et al,^ 

We observe population of the 732-keV level ob¬ 
served in Coulomb excitation.’* Bond and Kum- 
bartskl" have shown that the if' value for this le¬ 
vel is l~; thus, the implied transition from 
**Kr"(2') is allowed. We also observe population 
of the 732-keV level in the decay of "^Sr" (sei- 
Sec. me). 

B. “Kr> decay 

The energies and intensities of the y rays from 
the decay of “Kr* are listed in Table IL The 
“Kr* decay scheme is shown in Fig. S(b). The 
Compton-suppression spectra of the decay of 
**Kr' and detaiU of the 151-,362-, and 5U-keV 
peaks from the intrinslc-Ge Compton-suppression 
spectrometer are shown in Figs. 4(a)-4(d), From 
our limit on the Intensity of any 129-keV y ray, 
obtained with the Compton-suppression system, we 
calculate a lower limit of 17 for the logff value for 
the unique third-forbidden S decay from “Kr* to 
the 281-keV level. We have observed for the first 
time the £3 transition from the 514-keV -f* level to 
the 151-keV -a* level in "’Rb. Our branching ratio 
of five 362-keV r rays per 10" decays of the 514- 
keV level (T,/, =1 (is) gives an £3 hindrance of 75 
relative to the Moszkowski estimate.** This value 
is quite different from the enhancement of 3 spu 
for similar transitions in the indium nuclei,**'** 
More data of a systematic nature are needed be¬ 
fore the role of the octupole vibratiim in these 
types of transitions can be discussed. 


TABI.E I. y raye from the decay of **Kr". 


£,IA£',) 


Aaelgnmeut 

(koV) 

(relative) 

From 

To 

129.81 (21 

4.0 (1) 

281 

161 

151.19 (3) 

lOOO (6)* 

151 

C8 

281.01 (4) 

». 0.01 

281 

G8 

304.87 (2) 

187 (2) 

LT. 


451.0 (1) 

0.15 (6) 

732 

281 

580.6 (1) 

«0,01 

732 

181 

731.6 (3) 

0.10 (4) 

732 

g.a. 


* Fiducial value. The error represents statiatloat and 
fitting error only. 
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FIG. 2. Portion of y-TBy spectrum from the dcusy of 
**Kr*' showing the 129- and ISl-keV y rgys. (N.B.: 
small peak at channel 1140 Is the 151-keV Ge escape 
peak.) 


C •*Sr"decay 

In Figs. 5(a) and S(b) we show the ■'Sr'* spectra, 
bi Table in we present the y>ray intensities for 
the decay of ‘’Sr". In Fig. 6 we show the decay 
scheme of “’Sr". II we use our values for the 
positron intensity and E.C. feeding of the ISl-keV 
level, we obtain an EC/3* ratio of (1.9 ±0.3) X 10*. 
This corresponds to a Q value of 1323 ±20 keV for 
the decay of the isomer.” Previously, only an 
estimated Q value of 1308 keV was available,” 

II. “Sr* decay 

The v-ray energies and intensities for the decay 
of ”Sr* are given in Table IV, and Fig. 7 shows 
the ”Sr' decay scheme. The observation of the 
951-keV 7 ray was not unambiguous; therefore, 
we report an upper limit for its intensity and do 
not include it in our decay scheme. 

Bubb et have stated that the decay of ”Sr' 
populates only the level at 514 keV in ”Rb. 

They did not observe y rays at 880 and 356 keV, 
which were previously reported”'” and assumed 
to deexcite a level at approximately 880 keV. They 
further claimed that the ’’Sr" decay populates only 
the 151-keV level in ”Rb. Our results, as 
shown In Table V and Fig. 7, disagree 'with those 
of Bubb cf rtl.“ We do observe 868-, 716-, and 
354-keV y rays that deexcite a level at 868 keV.“ 
This level has been observed in recent Coulomb- 
excitation and («, n'y) experiments."'**’" We note 
that Vatai et al.'’ found tentative evidence for 
868 -keV y rays; however, they did not have enough 
sensitivity in their measurement to observe the 
716- or 354-keV y rays and hence definitely estab¬ 
lish a level. 


fv<. 




FIG. 3. (a) Decay scheme for •'Kr". (b) Decay 
Bcbeme for "Kr*. The 281-keV y ray la not observed 
in either of these deotya; however, It la observed In 
the decay of "Sr" with a branohlng ratio of 9.7 xlO 
(see Fig. 6). 
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TABliE n. y rtye from the decay of “Kr^. 


(keV) 

(relative) 

AsBlgnment 

From To 

129.81 (2) 


281 

151 

151.18 (3) 

6(3) 

151 

GS 

362.81 (4) 

6 (1) 

513 

151 

513.997 (5) 

10 * 

513 

GS 


E. ■’Rb level Hiigiunenti 

In Table V we present a compendium of the “Rb 
levels observed In the various studies. The 868- 
and 919-koV levels have been observed in several 
studies**-*^” while a level at approximately 880 
KeV has been eugeested.”'’" Our work supports 
the levels at 868 and 019 keV but we obtain no evi- 
Jence for a level at 880 keV. The 868-keV level 
has been observed in Coulomb-excitation studies" 
as well as in (d,*He) (Ref. 31) and (n.n'y) stud- 
ieB.”’“ The gi0.7-keV level is observed in both 
(«,n'y) Studies”’” and is reported to have an 
/‘3 value in (d,’He) studies” and an / =1 value in 
(/.o) studies.” None of the decay, Coulomb ex- 
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t in' 


1(1^ 


la) 
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1024 

2(MS 

Chcnnri 

M72 

(b) 

I 1 

151.18 ^ 
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(' 1 

(1 

*1 

1 f 


* * H 

t 


- 


S60 570 580 ' 8* 

CWWia MME> 


Citation,” (</,*He),(Ref. 31) or (»,»'y) studies"’” 
report a level at approximately 880 keV- How¬ 
ever, both (/,a) (Pet. 24) and (’He,d) (Ref. 29) stu. 
dies report a single peak at about 880 keV. Pre¬ 
sumably this 880-keV peak is due to the 868-keV 
level, the energy discrepancy being due to the 
rather poor energy resolution of the charged-par¬ 
ticle spectrometers. Our "Sr* decay data imply 
aj' of for the 868-keV level, in contrast to the 
(I'.l*) assignment suggested by the charged-par¬ 
ticle reaction experiments.”’’®’’* In the case of 
the 919-keV level, the possible /3-decay feeding 
from “Sr" (i') and the / = 1 (f,a) result suggest a 




*10.4. (a) Early speotra of the •‘Kr» decay taken with “ T ray. 

from CSS showing the fhi^ie and statlatlcs of 514-keV y ray, The 
from CSS rtmwing 362.8-keV y r«r«. (d) Z from a 30-diqr counting period; 

»««« of oouat tor Pig. 1(a) is M^roxlmstely «“ *“™comrnl.ppre..lo« me..urem«.U. 

‘he values given in Table H are average values of five long-duraUon Compton aupp 
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FIG. 5. (a) **ar" Ge(I,l) apectrum accumulated with a 
graded abaurber betwceu aource and detector during the 
second half-life period. The peaka labeled 1 are the 
Impurity tinea from the decay of *^Sr" j (b) “Sr* spectra 
taken with Pb-Cd absorbers In front of a large-volume 
Ge(Ll) detector during first half-life period. 

I" or I" assignment. 

A unique ,/' assignment for the 95f.2-keV level 
cannot be made on the basis of the available evi¬ 
dence. The (<,a) study gives f =3 or 4, the 
(d,’He) an f =1 value, and the PHejd) an 1 = 2 val¬ 


TABLE III. y rays from the decay of ‘“Sr”. 


(keV) 

Iy(^Iy) 

(por 1000 decays) 

Assignment 
From To 

129.815 (SR) 

1.5 (4) 

281 

161 

151.194 (15) 

128 (3) 

151 

GS 

231.860 (20) ' 

839 (16) 



238.78 (5) ‘ 

2.76 (5) 



281.01 (3) 

0.004 (2) 

281 

CS 

450.79 (5) 

0.107 (6) 

731 

281 

611.00 (-)*’ 

0.14 (2) 



580.64 (5) 

0.0087 (9) 

732 

281 

731.797 (15) 

0.146 (8) 

732 

281 

768.6 (10) 

0.0030 (25) 

922 

ISl 

1919.8 (9)] 

0.0010 (5) 

919 

K-a. 


‘ Transition occurs In the parent nucleus. 
Annihilation radiation. 

Measured from first balf-IUe data. 

'' Evldenoe for this y ray is tentative. 
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FIG. 6. Decay scheme ol •’Sr". 


ue. The two (n,n'y) studies each give somewhat 
different information, fit the (n, n'y) studies of 
Tortl et al. enriched *’Rb targets were used and 
only two transitions out of this level were ob¬ 
served, of energy 951.3 and 800.2 keV. Barnard 


TABLE IV, y rays from the decay of 

7-ray 

energy (A£) 
(fceV) 

Relative 
Intensity (Ay) 

Assignment 

Prom 

129.80 (5) 

«0.005 

281 

151 

151.18 (3) 

0.012 (9) 

151 

tiS 

513.997 (2) 

997.0* 

514 

GS 

354.06 (5) 

O.OOS (2) 

868 

r.i4 

362.82 

^0.01 

614 

151 

716.87 (5) 

0.0032 (3) 

868 

15J 

868.05 (5) 

0.126 (6) 

868 

K-8- 

(961.0 (5))'’ 

(S0.0003) 

(861) 

(g.«> 


* Total tranaltton Intensity taken ns 1000. 

** A T rsy of 961 keV wis observed in two spectra take" 
wtQi high counting statlBtloa. HosTSver, the evidence or 
ita assignment to "Sr decay Is tentative. 
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FIG. 7. Decay Bcheme of "Sr'. Although uomcaeured 
and not ahown In thla figure. It should be noted that the 
posalblllty of unique Qrst-forblddcn (ulf) beta decay 
exiatB between the J* » f “Br* and the J *=5 * ground 
atate of ■‘Rb. A log /,1 value of 9.7 ie consletent with 
ulf beta decay In thle mass region (c.g., “Rb has a 
9.0 and ••Rb has a 9.8 log/|f value). Using this value, 
the half-life and measured Q value, the branching ratio 
to the ground state, would be one percent. 


»9S 

3/2- 


5/r,7/2 -S/2" 



EKpenmental Theory I Theory II 

8S Rh 
37 "Saa 


FIG. 8 . Comparison of the experimental negative- 
parity levels of ^Kb and the theoretical levels calculated 
In the cluater-vlbrailon model (see text for a deaoiip- 
tlon of parametrlaatlon I and 11). 


TABI.F vr rnmp nriann of ejoierlmcntal rewlte from^^**Rb_leyel_stodles,_ 
LoaJt 


Parent J 


Level J 

Kr 

Sr 

Sr 

Kr 

energy 





(keV) 

f 


t 

f 

8 “ 

0.0 r 




9.1 

151.19 f 

5.2 

4.6 



280.01 1* 

7.4 

7.3 


6.3 

613.998 F 



6.1 

9.3 

731.79 f' 

6.4 

5.9 



868.06 f 



8.8 


919.7 (J; f) 


^9.2 



951.2 (f) 



IT) 


1176.8 f*,f' 





* See Ref. 24. 





See Ref. 31. 





^BeeRef. 29. 





'' See Ref. S2. 






i‘ i" r 

p p P (s,a'r) 

( 7 , 0 ) W.’He) (’He,if) Ref. d Ref. e 


3 

3 

3 



1 

1 

1 

151.2 

161.2 

1 

1 

1 

281.0 

281.0 

4 

4 

4 

514.0 

614.0 

(3,4) 

1 

1 

731.9 

732.0 

1 ' 

1 

18 

868.7 

868.6 

1 " 

3 


919.6 

919.8 

(3,4) 

1 

2 

951.3 

951.1 

(4) 

(3) 

4 

1176 

1176.7 


' See Ref. 25. 

f Value for “88<>-keV'’ level. 
* Value for " 983 -keV” level. 
'' value for “SSS-keV" level. 
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TABLE VI, Wave ftinotlona of the low-tjrlng negatlve-parlW atatse. Only amplltudea larger 
than 4% are Hated, The aaaignment of the total angular momentum la omitted from die baaia 
vectors. 


a 



-0.367 

IKPs/r’)0,/s/,-'lt,12) 

0.335 

*)0ifs/j 'li'iOO) 

-0.483 

lt(/,/,-’)4,p,/,-’li-,00> 

-0.328 

K/s/r’lf.oo; 

-0.628 

|l<P>/l-*)0,7,/,-‘lt.l2) 

0.386 

f: 


IVs/r’>f.l2> 

0.665 

ll(Pi/r*)o.p3/2‘‘)f.oo; 

-0.315 



I(p3/j'’)f.«>0) 

-0.275 

1 l(Pi/J-*)®>/s/, 'lt>12) 

0.211 


-0.719 

iKpt/rv,/2-')2K76/r’it.oo) 

-0.316 

le) 

-0.209 

|l0>S/,'’»0J^S/,-'lf. 12) 

0.392 



’)2,ps/, *lti00> 

0.268 

*1 

ll(Pi/2'^o.Pi/2''li-,oo} 

-0.410 

llVs/^^|).p,/^')t.l2> 

-0.448 

1!(/ 

-0.693 

i(/s/r’),‘.i2) 

0.301 


0.289 




0.292 

ll(Pl/,"’)0ys/,-‘)t.l2) 

-0.269 

i" 


ii(/s/r’)2.Pi/r')f.oo> 

-0.260 

h 

-0.270 


-0.430 


0.310 

ii(ps/,■’)<)/, /r’it, 12) 

-0.340 


-0.293 

1(7 5/,■’)t. 12) 

-0.424 

K/8/s‘’>|-.00) 

0.298 



1 (7s/,-’It. 12) 

-0.513 




el al.,^ who used a natural Rb target (72.2% abun¬ 
dant In ’*Rb), report an additional 670.3-keV y ray 
that decays to the 281-keV level with a 4% 
branching ratio, as well as a 436-keV transition 
to the »• 514-keV level with a 1% branching ratio. 
We note that the weak 438- and 670-keV y rays 
could be masked in the study of Torti et af.’* by 
the relatively high background. The observation 
of a transition to the 151-keV level does rule 

out the I =4 assignment. The possible ^-decay 
feeding from ““Sr* (•/' = J*) and the y-ray branch¬ 
ing observed in the («, n'y) work of Bernard et 
af.*’ lead us to suggest a J' value of I' for the 
951-keV level. 

IV. DISCUSSION 

The 37 neutron nuclei have been treated by the 
cluster-vibration model (CVM).’*'“ Negative- 
parity states in "Ge and "Zn were described by 
coupling three holes in the subshell with single- 
particle configurations andto the 

quadrupole vibration; Le., it was assumed that 


for these nuclei N-40 plays the role of a closed 
subshell. Here we extend this approach to “Rb,,, 
which is a Z = 37 nucleus. In the present calcula¬ 
tion the following parametrization is used; The 
proton single-bole energies arc 
=0.5 MeV and -et/j/,"*) **eV, the ex¬ 

perimental energy of the first excited state in 
SSZr4a is taken as 1.08 MeV, the pairing strength 
is C =0.4 MeV, and the adopted value for the par¬ 
ticle-vibration coupling strength is a =0.3 (para- 
metrlzation I). The calculation is also performed 
for a slightly different parametrization, with 
p,/,'* being lowered by 0.1 MeV and the parameter 
"a” being Increased by 0.1 (parametrization 11)- 
The cluster-vibration Hamlitonlan is diagonalized 
in the bases | Here S repre¬ 

sents the number and R the angular momentum ot 
phonons, ,7 Is the angular momentum oi the three- 
proton cluster, and / is the total angular momen¬ 
tum. Figure 8 shows the spectra calculated tor 
parametrlzatlons I and U, and Table VI presents 
the largert components (^4%) In the wave function* 
ot the low-lying states calculated in parametrize- 
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TABLE Vn. Calculated B(£ 2 ) and B(M1) valuea for pannietrlaaUanii I and II. For deaorlp- 
tlon see the text 



B(£2) (eH)*) 

I 

Bim) (m#*) 

B(£2) (c'b*) 

II 

Bim) (m#*) 


0.0020 

0.0220 

0.003 8 

0.0226 


0.0063 


0.0061 


ii 

0.0066 

1.0846 

0.0072 

1.0006 


0.0138 

0.0002 

0.0156 

0.0004 

V-i;' 

0.0008 

0.0299 

0.002 3 

0.0639 


0.0011 

0.0260 

0.0018 

0.0509 


0.0115 

0.0004 

0.013 6 

0.0010 


0.0001 


0.004 8 



0.0023 


0.012 6 



0.004H 


0.0054 



0.0066 

0.0743 

0.0074 

0.0550 



0 0143 


0.0137 


0.0029 

0.1228 

0.005 5 

0.2242 


0.0072 

0.0009 

0.0064 

0.0025 


0.0002 

0.0001 

0.000 7 

0.0002 




O.OOC2 



0.0001 

0.0001 

0.00003 

0.0017 


0.0010 

0.0121 

0.0013 

0.0604 


0.0031 


0.006G 



table VIIL Compaiiaon of tee experimental and calculated electromagnetic propertica of "'Hb. T. BKEi), Q (elec¬ 
tric quadrupede moment), and m (magnetic dipole moment) are expronnod In unite pa, eV, rb, and H/,, renpectlvoly. 

The calculated translUona from each state are normalized to the corresponding experimental transition adth strongest 
Inteaslljr (underlined valuea). 




Theory 

Experiment (ID 


ly 


Experiment 


Theory 

(H) 


Q.OIM (2) 
1.5 (4) 
0.10 (4) 
0.01 
0.15 (6) 
0.125 (6) 
0.0032 (3) 



nf') 


1000 

SOOO 


nl,') 


27 

18 

0.006 

'C) 


4 

2 

1.5 

nf,) 


4 

8 

0.08 

B{E2) (f, 


0.0053 (6) 

0.0038 

0.4 

B(£2) (f, 


0.0048 (6) 

0.0061 

0.15 

B{E2) (^ 

-t.) 

O.OISI (5) 

0.0156 

0.126 

8{E2) tii 

’t.) 

0.027 (3) 

0.0136 

0.004 

«?(f,) 


+0.27 

+0,10 


M(f, ) 


+1.36 

+1.26 
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tloo IL These wave functions were used to calcu¬ 
late the electromagnetic properties. The effectlTe 
charges and gyromagnetic ratios are as follows; 

“1, “3.5, gj,=Z/A, g, “1, #,"0.7 g‘/**, 

and #,"1.33. The quenching of the #, value was 
taken from Ref. 17 and the gyromagnetic ratio for 
the tensor Ml operator (K, Xs), was taken in ac¬ 
cordance with Refs. 53 and 54. The calculated 
£(£2) and B(Ml) values for transitions between 
low-lying states are presented in Table vn, and a 
comparison of the experimental and calculated 
electromagnetic properties, branching ratios, 
half-lives, reduced transition probabilities, and 
static moments is given in Table VUL The over¬ 
all agreement between the experimental and calcu¬ 
lated energy spectra and electromagnetic proper¬ 
ties is reasonably good. Hofrever, the calculated 
branching ratio for the Ij-*!; transition is too 
large because B(M1) (ij—li) is not small enough. 
In fact. In the CVM, the il—il Ml transition is 
exactly forbidden in the zeroth-order approxima¬ 
tion (a "0). However, in the present parametriza- 
tion, which assumes an intermediate particle-vi¬ 
bration coupling strength, the B(M1) (Ij-I*,) value 
is hindered only by two orders of magnitude. This 
value is rather sensitive to the parametrization 
used owing to the Interference of many small par¬ 
tial contributions and therefore should not be in¬ 
terpreted too rigidly. In addition, in “Rb,,, the 
parametrization is adjusted to reproduce the ex¬ 
perimental levels and such a treatment may not be 
the optimum one for the electromagnetic proper¬ 
ties. 

m the present calculation we also Include the 
tensor term in the Ml operator. Generally, it 
drastically affects the Ml transitions, which are 
l-forbldden in zeroth order. In our case, such a 
transition is the K-'li Ml transition, which is in 
zeroth order of the type | 

■* llf7/r’)li OOji)]. In this case, the destructive 
interference between the higher-order contribu¬ 
tions to the Ml transition moment for a standard 


TABLE DC. Effect of the tensor term oa Ml trust, 
tions. 


Trinaitlon 

Tensor term 

(fVom To) 

Without 

with 


B(Ml) til/) 

t forblddea 



1 * 1- 

0.00003 

0.023 

Not 2 forbidden 



!• -w *- 

’I h 

1.100 7 

1.000 e 

1* — >- 
\ \ 

0.0624 

0.056 0 

S' — I* 

\ \ 

0.063 9 

0.063 0 

7' — 8- 
’'t 

0.000 3 

0.0006 


Ml operator is large, and such a transition is 
therefore strongly hindered in the presence of 
mixed wave functions.** Our calculated value for 
a standard Ml operator is B(M1) (li—I;) "0.000 03 
the calculated half-life of the state would 
then exceed the experimental value by three or. 
ders of magnitude, and the branching to the h 
state would be too small by three orders of mag¬ 
nitude. However, Inclusion of the tensor term in 
the Ml operator, with the usual value of the gyro¬ 
magnetic ratio, #, = 1.33,*’’** results in the calcu¬ 
lated value B(M1) = 0,023 pj. This leads 

to a correct order of magnitude for the half-life 
t(^). On the other hand, the other Ml transi¬ 
tions, which are not f-forbidden in zeroth order, 
are much less affected by the tensor Ml term. 

For comparison, we show in Table DC the calcu¬ 
lated B(M1) values for a standard Ml <^rator and 
those for the Ml operator with the tensor term in¬ 
cluded. 

This work was performed under the auspices n! 
the U. 3. Department of Energy, under Contract 
No. W-7405-Ei«-48. 
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Theoretical £4 tiamitioa matru elementi calculated in the full ehell-inodel ipace are preiented 

for excitatione of loiiie ground Uatea of stable nuclei for 18 gA £ 38. These matrix elements have been used 
to calculate inelastic transition probabilitiei for electromagnetic and hadronic probes. Available data on the 
relative magnitudes and energy distributions of £4 excitation strengths are found to be well reproduced 
theoretically thereby. Based on several expetimentally measured transition strengths, the empirical isoacalar 
£4 effective charge is found to be «, +e, •:(2.0±0.2)e. This is similar in magnitude to the analogous 
isoscalar £2 effective charge, but is much larger than existing theoretical estimates. 


NUCLEAR STRUCTURE "o, “f, ’“Ne, ”Nc, “hlg, ’“Mg, “Mg, “Sl, *“81, ”S, 
“S, “Ar, **Ari calculations for the strengths of £4 Inelastic scattering transi¬ 
tions and their proton and neutron components; complete 0 d(/ 2 -lS|/:- 0 d|/t shell- 
model wave functions; Chung-Wildenthal Hamiltonians. 


I. INTRODUCTION 

In this paper we present calculations for the 
strengths of A’{EA.) excitations of ground states 
in the region 18v> A< 38. The one-body transition 
density matrix elements for these excitations were 
calculated from the d,shell-model 
wave functions of Chung and Wildenthal.''’ These 
transition densities were then used to calculate 
matrix elements for electromagnetic excitation of 
these transitions and for the relative strengths 
of these same transitions as they are excited by 
various hadronic probes. The present calculations 
systematically employ harmonic-oscillator single- 
particle wave functions. The effects of using dif¬ 
ferent (e.g., Hartree-Fock) radial dependences 
for the single-particle states were examined and 
found to be significant, but no alternative clearly 
preferable to harmonic-oscillator dependence 
was determined. 

Our present study focuses on three aspects of 
£4 phenomena. The first issue we address pre¬ 
sumes reasonably good theoretical-experimental 
agreement between relative values of several 
large measured transition strengths. In such a 
context it is meaningful to speak of the “effective 
charges'* appropriate to the model space which 
serve to produce agreement between calculation 
and experiment In the absolute as well as relative 

21 


sense. By comparing values from the extant body 
of measured £4 rates to our calculated values 
we are able to extract a value of the Isoscalar £4 
effective charge for the sd-shell space of ep-if, 
-(2.0*0.2)c. 

We then proceed to deal with the general ques¬ 
tions of what type of £4 phenomena are predicted 
by the Chung-Wlldenthal wave functions and how 
well these accord with experimental facts. There 
are several aspects to be considered, such as the 
dependence of the aggregate £4 strength on the 
A value, the distribution of strength within a given 
nucleus as a function of excitation energy, and the 
A dependence of this distribution. 

Lastly, we consider the Individual neutron and 
proton components of the transitions In the TrO 
nuclei. From the values of these components 
the relative strengths by which a given state is 
excited by various hadronic probes, as well as 
electronmagnetically, can be predicted. We cun- 
sider in particular, alphas, protons, and plons. 

In Sec. n the calculation of the shell-model 
transition-density matrix elements is described v' 
well as their combination with the single-particle 
matrix elements (which Incorporate the radial 
function dependence) to obtain the theoretical BiE^I 
values. In Sec. HI these values are compared 
with the strong experimental B(£4) values to 
obtain £4 effective charges. In addition, the 
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(ttstrUiutioiiB ot calculated £4 strenitthB lor 
all stable even-even nuclei are presented In com¬ 
parison with available experimental data, together 
with some selected results for odd-even nuclei. 

In See. IV a method for calculating the hadronic 
excitation strengths is presented. The conclusions 
of the present study constitute Sec. V. 


U. SIIELL4IODEL CALCULATIONS OF THE TRANSITION 
DENSITIES 


The reduced matrix element for a one-body op¬ 
erator between initial and final sd-shell wave 
functions for N valence particles is expressed as 
a linear combination of reduced matrix elements 
between single-particle states Pj and the one-body 
transition densities ^ relation 




= L KT.lr'^UJ’XPil 1 |0(dJ,Ar)| I |py.>, 

( 1 ) 


where 




*^ar,Ar U.J > [(2P,DtedTTl)]*''* 


( 2 ) 


The operator 0{X/,iiT) has associated with it a 
unit operator in isospin space when AT = 0 and the 
operator t in isoepin space when AT = 1; our iso- 
spin convention is such that 


0(AJ),/,=H1(+/-)t,10(aJ). (3) 

The proton and neutron matrix elements for these 
operators between the .'fd-sbell wave functions are 
given by 


(I'.iJ; )(*""! III; ”'111 


{+/-) 


(-1 )»•/-»'« 


(4) 


It is well known in the case of £2 transitions 
that core-polarlxatlon corrections are important 
and we anticipate that they will also be important 
for £4 transitions. Thus we introduce proton and 
neutron effective charges e, and e, which relate 
the total proton matrix element M, to the proton 
and neutron matrix elements in the model space 
A, and A,: 

Mp=Apep+Aji^‘Ap{l + 6ef)+AJie^. (5) 

In terms of Mp the B(Ei) value is given by 

£(£4,J, -J,)- (2J,+ irW/ . (6) 

The quantity bep represents the effect of virtual 
excitation of core protons by the valence protons 
and the quantity fle, represents the effect of the 
virtual excitation of core protons by the valence 
neutrons. If we denote 6e, by 6pp and 6e, by 
then the generalizations of Eq. (5) for both the 
proton and neutron matrix elements take the form 

«,-Ap(Ubpp).A,bp,. 

^.•‘AJUBJ+Apb^. 

(The neutron matrix elements will be needed to 
calculate strengUuB for hadronic excitations.) For 
with ftppx^ixnately equal numbers of neu- 
Irons and protons and, since the nuclear 

tnteractlon Is charge symmetric, Thus 


I- 

we can express the neutron matrix element in 
terms of the proton and neutron effective charges, 

■ M^^AjUp+ApC,. ( 8 ) 

The values of the one-body transition densities 
JJ for some of the transitions discussed in the 
following sections are given in Table 1. These 
quantities constitute the total information content 
of the shell-model wave functions insofar as these 
£4 excitations are concerned. The matrix ele¬ 
ments 

or the equivalent can be calculated from these 
entries once a set of single-particle matrix ele¬ 
ments are specified. 

The triply reduced single-particle matrix ele¬ 
ments are 

] |0(AJ, A7t0)l I |p,>=(2)‘'*(pj |0(AJ)| |p^) 
and 

{Ppl I |0(AJ.Ar-l)| I |p,>-(6)‘'\p,| 10(AJ)| |pp>. 

(») 

The electric multipole operator Is given by 


( 10 ) 
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TABLE I. Calculated values of the one-body transition denattlea for soma eeleoted £4 tnnattions. 

A 

Tt-T, 


i-f 

ATmQ 

LJ 

2 2 

t ) 
t 1 

» 1 

S ] 

AT»1 

H 

• i 

* 1 

1 1 
a a 

18 

1 — 1 

o*-4*a) 

1 + * 4 ^ 

- 0.8266 

- 0.0728 

0.1817 

- 0.6749 

- 0.0693 

0.1483 

19 

l "* J 

7 < 1 ) 

0.4483 

0.3411 

- 0.1716 

0 . 230 & 

- 0.0377 

- 0.1721 

20 

0—0 

o*-4+a) 

0.4033 

0.2714 

- 0.3061 






0 ^- 4 * ( 2 ) 

0.0141 

- 0.1054 

0.0695 




22 

1—1 

0 *- 4 -'( l ) 

- 0.0210 

- 0.2000 

0.3206 

0.6233 

0.0303 

- 0.0638 



0 *- 4 *( 2 ) 

0.8423 

0.0269 

- 0.2217 

0.3384 

- 0.0610 

- 0.0218 

24 

0—0 

0*-4*a) 

- 0.3067 

- 0.0076 

- 0.0426 






0 -*- 4 *( 2 ) 

0.2402 

0.3082 

- 0.4845 






0 *- 4 *( 3 ) 

0.3469 

- 0.0976 

0.0327 




25 

i— ^ 

r^r ( 1 ) 

0.4962 

- 0.2212 

0.0778 

- 0.1159 

- 0.0182 

0.0257 



1 ^ r ( 2 ) 

0.2396 

0.4615 

- 0.2587 

- 0.0123 

0.0066 

0.0323 




- 0.2156 

- 0.2810 

0.6347 

0.1647 

0.0585 

- 0.0318 

26 

i —1 

0 *- 4 *( l ) 

0.7231 

0.1225 

- 0.3194 

- 0.5609 

0.0920 

- 0.1202 



0 *- 4 *( 2 ) 

- 0.0417 

- 0 J 206 

0.7093 

0.0043 

- 0.0235 

0 . 12 B 6 



0 *- 4 *( 3 ) 

0.1833 

0.1277 

- 0.2988 

0.3690 

- 0.0097 

- 0.1744 

25 

0-0 

0 *- 4 ’( l ) 

- 0.0065 

- 0.4561 

0.2478 






0 +- 4 +( 2 ) 

0.2207 

0.4496 

- 0.1617 






0 *- 4 *( 3 ) 

- 0.2008 

0.1694 

- 0.1190 




30 

1-1 

0 +- 4 *( l ) 

0.2305 

0.6219 

- 0.3076 

- 0.0978 

0.3469 

- 0.1862 



o ’— 4 ^( 2 ) 

- 0.1606 

- 0.8941 

0.3455 

- 0.0534 

0.2864 

- 0.0551 



0 ’- 4 '’( 3 ) 

- 0.0122 

- 0,0787 

- 0.0178 

0.3036 

0.3885 

- 0.0363 

32 

0 — 0 

0 ’- 4 ’( l ) 

- 0.0911 

- 0.5652 

0.3328 






O ’— 4 *( 2 ) 

0.0917 

0.3303 

- 0.1418 





0 — 1 

O ’— 4 ’< 2 ) 




0.0288 

0.4918 

-0.0856 

34 

1—1 

0 ’- 4 ’< l ) 

0.1301 

0.8449 

- 0.4448 

0.0049 

- 0.0446 

- O . OS 72 



0 ’- 4 ’( 2 ) 

- 0.1047 

0.1241 

- 0.0484 

- 0.0690 

- 0.3906 

0.1371 

36 

0—0 

0 ’- 4 ’( l ) 

- 0.1252 

- 0.4596 

0.3211 





0 — 1 

o ’— 4 ’< 3 ) 




- 0.0089 

- 0.4011 

0.1070 

38 

1—1 

0 * - 4 ’( 1 ) 

- 0,0345 

- 0.8166 

0.1947 

0.0281 

0.6669 

- 0.1589 


For A/ • 4 there are only two possible independent 
single-particle matrix elements in the sd-shell 
space and these are given by 

Since the £4 matrix elements are weighted by 


r*, the relation between experiment and theory is 
very sensitive to the specification of the radial in¬ 
tegrals in Eqs. (11). We have chosen to evaluate 
these integrals independently for each nucleus 
consider by choosing harmonic-oscillator wave 
functions parametrised to reproduce the Individual 
measured values of the rms chaurge radii. The 
rms charge radii for essentially all stable ad- 
shell nuclei are now known to high accuracy, a 
rather recent development. These values are 



11 


INELASTIC SCATTERING £4 TRANSITION... 


2608 


TABLE n. Rbu charge radii and the extracted her- 
joanbs osolUatair parameter b. 



*di 

(ftn) 

b 

(fm) 

Aoj 

(MeV) 

"0 

2.794(3)* 

1.820 

12.50 

"F 

2.898(10)'’ 

1.833 

12.34 

"Ne 

3.020(20)° 

1.869 

11.87 

"Ne 

2.949(20)'* 

1.821 

12.50 

’’Mg 

3.03508)° 

1.813 

12.61 

»Mg 

3.003ai)' 

1.793 

12.90 

“Mg 

3.017(32)* 

1.802 

12.77 

"Si 

3.127(3)‘’’'' 

1.827 

12.42 

"a 

3.139(3)' 

1.834 

12.33 

«8 

3.264(2)'’ 

1.881 

11.72 

“S 


1.881 

11.72 

«Ar 

3.399(5)' 

1.938 

11.04 

"Ar 

3.414(10)' 

1.847 

10.94 


‘Reference 26. 

'’Reference 27. 

° Reference 28, Table I. 

‘'Reference 10; »rt,(“Ne)-»;^,<”Na)--0.071 fn>. 
‘Reference 29. 

'Reference 30. 

SReferenee 28, TaUe n. 

*' For natural SI, r^, • 3.129 (3). 

‘ Reference 31, Tahlc IV. 

' Reference 31, Table m. 

listed in Table n. 

For the harmonic-oscillator potential V{r) 

• imuiV*, the point proton rms radius tor nuclei 
in the sd shell is given by 



where 

( 12 ) 

The last term is the correction for center-of-mass 
motion.’’* The charge radius is obtained by folding 
with the rms charge radii for the protons and 
neutrons and adding relativistic corrections. Ig¬ 
noring the relativistic spin-orbit correction, which 
is important only for nuclei with a large neutron 
or proton excess of spin unsaturated nucleons, 
ihe rms charge radii are given by’ 

where (0.86)* and -(O.SS)’. The 

values of 6 and R(o extracted from the experimental 
charge radii are given in Table n. In terms of b, 
Um radial matrix elements of Eqs. (11) are ex¬ 
pressed as 

The procedure we have adopted obviously takes 


Into account all of the new precisely known varia¬ 
tions in the sixes of sd-shell ground states. The 
conventional prescriptions for either harmonic- 
oscillator or Saxon-Woods potentials, which as¬ 
sume some smoothly varying mass dependence, 
e.g., Au)«4L4‘''’, fall to account for these varia¬ 
tions, sometimes by significant amounts. In our 
opinion it is appropriate to remove this source of 
noise in the comparison of theoretical to experi¬ 
mental elements by abandoning else formulas al¬ 
together and using instead the individual measured 
radii. 

We utilize harmonic-oscillator radial dependence 
rather than Saxon-Woods or Hartree-Fock pre¬ 
scriptions because these latter, supposedly more 
"realistic,” presciptlons do not in fact offer im¬ 
provements over the harmonic oscillator suffi¬ 
cient to justify the additional complexity and am¬ 
biguity their use introduces into the problems at 
hand. The problem inherent in specifying single- 
particle wave functions for open-shell nuclei such 
as concern us here is that the experimental sep¬ 
aration energies are inconsistent with the ener¬ 
gies of the shell-model single-particle potential, 
e.g., for ”81 the l.Sj/, separation energy is greater 
than that for Old,/,, and Od,/, is greater than Is,/,, 
in inverse order to the shell-model sequence. In 
the full shell-model calculation this effect comes 
out of the two-body part of the Hamiltonian, but 
simple single-particle models are helpless to 
deal with it. Moreover, by going from the infinite 
harmonic-oscillator well to finite wells, one runs 
the risk of obtaining more realistic surface be¬ 
havior in some wave functions at the cost of in¬ 
troducing more serious errors in others. 

In our Judgement it is advisable to retain the 
advantages of harmonic-oscillator dependence, 
where possible, until rigorous treatments of the 
single-particle problem, treatments which will 
presumbably follow along the paths explored in 
the treatment of single-nucleon transfer reac¬ 
tions,’ become available. At the same time, it is 
also advisable to ascertain the degree to which 
conclusions based on the harmonic oscillator are 
subject to change when alternate models are used. 
To this end we have explored the consequence of 
using the radial-matrix elements of r* which are 
obtained from the Hartree-Fock calculations of 
Brown and Massen.* Some results from this study 
are presented in the Appendix. 

ni. RESULTS AND COMPARISON WITH EXPER1MB4T 

We first consider the strongest experimentally 
measured £4 transitions together with the matrix 
elements A, and A, in order to determine the em¬ 
pirical effective charges from the relationship 
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D<£4)»(2J, + i)-‘A4,* 

- (a/, + 

This comparison is made in Table III in which the 
matrix elements M, have been rewritten in the 
form 

Af»* i(>i»+A,)(e,+ e,)+ iC'A* ->!,)(«» - O 

in order to show that the Isovector quantity A, 

-A„ is usually small relative to the Isoscalar 
quantity A^*A^. (An exception to this occurs in 
”Ne.) For this reason e,-e, cannot be reliably 
determined from the existing experimental data 
and we have set it equal to the bare value e, ~ e, 

“ e. 

The values of e,* e, which serve to equate the 
shell-model predictions to the measured value for 
each experimentally observed transition are listed 
as the last column in Table III. All cluster around 
a value of e,-f e,= 2.0e. This empirical value is 
much larger than the theoretical value of c,+ c, 

• l.lSe calculated by Horlkawa el aV Part of this 
discrepancy may be due to the fact that Horikawa 
et al. assumed unperturbed energies 
4Aw,...) for the one-partlcle-one-hole states and 
if there were a collective “giant” 4*. r« 0 state It 
could occur lower In enei^, which would thus 
enhance its admixture into the model-space wave 
functions and make the isoscalar effective charge 
larger. 

Analyses of the experimentally measured B(Ei) 
for the V transition in '‘’Fe have suggested 
that the £4 effective charge is small and the £6 
effective charge is even negative.’ The present 
results suggest that these “anomalies" in ”Fe 


may originate within the valence (yjt>) shell con¬ 
figurations via effects which have not been ac¬ 
curately calculated In previous shell-model cal¬ 
culations because of the large dimensions Involv¬ 
ed, rather than being a consequence of systematic, 
state-independent quenching of the effective charge. 

We present in Tables IV-VII calculated energies 
and values of A,, A,, Af,, A/„, and B{Ei) for AJ’ 

• 4* excitations, along with what experimental in¬ 
formation exists. Rather complete sets of pre¬ 
dictions are given for ATxO and AT° 1 excita¬ 
tions nuclei (Tables IV and V, respec¬ 

tively) and for the aTkO+ 1 excitations of the 7> 1 
states In -I nuclei (Table VI). For stable 
even-odd nuclei we present (in Table VII) results 
only for '“F and “Mg, for which some experimental 
data exist. The values of Af^, Af,, and £(£4) are 
based upon the values of the added effective 
charges 6 ^* 6 * 1 * motivated by the 

results of Table HI. 

In comparing theoretical and experimental val¬ 
ues of £(£4) it is Important to note that there arc 
several theoretical sources of uncertainty in the 
values quoted for the experimental £(£4). The 
£(£4) values are obtained from inelastic electron 
scattering data by an extrapolation of the form 
factors measured at finite values of the momentum 
transfer q to the value for q = w by using a model 
for the shape of the form factor. All results which 
wc quote have been obtained with the Tassie mo¬ 
del,* which Is probably quite adequate for the 
strong £4 transitions but potentially questionable 
for the weak £4 transitions, where unusual shapes 
in the transition density may result from cancel¬ 
lation between single-particle form factors. In 


TABI.E in. I.sosoalar effective charges for the stronger experimentally mea¬ 
sured £4 tranalUona. 



Ji~Jt 

lB(£4)I*'^(s*fm’) 

llioory 

Experiment* 

e 

‘•k 

2 2 ' ' 

46,8(«,+ «J 

B9±8 

i. 8 ±a .2 

"Ne 

0*-4’(l) 

106(s,+ «,,> 

195^20 

1.8±0.2 

=^No 

0*-4''(l) 

34.4(«,+ 

+42.0(«,-«,) 

130 ±16 

2.6±0.4 

^’Mg 

0+ -4'* (2) 

105(s,+ «J 

207±1S 

2.0±0.2 

”Mg 

0* -4*(2) 

a,) 

-U.2(s,-«J 

161 ±22 

2.7±0.3 

**81 

0*’4’(1) 

79.6(s^ + «,,) 

134±7 

1.7±0.1 


* for expertmoital rsferenoes see Tables IV, VI, and Vn. 
ej a a sasumed. 






I^KLASTIC SCATTERING Ei TRANSITION... 


260 S 


SI 


TABLE W. AT = 0 £•* transltloM In N-2 nuclei. 




Ef <MoVJ 

exp® 

ffm*) 

Al." 

(flB‘) 

B{Ea) (r'fm'x 10^) 
th exp 

Method of 
rxp. ttnalysls 

“Ne 

0*-4*(l) 

4.13 

4.264 

106.1 

212 

45 

.181 8' 

lu 1 is^ 


■<•(2) 

9.8C 

9.034 

-20.2 

-40 

1.6 




4'(3) 

10.97 


-3.8 

-fl 

O.OG 




4* (4) 

U.70 


-1.1 

-2 

0.004 




4' (5) 

14.29 


-1.4 

-3 

0.009 




4* (6) 

14.83 


13.3 

27 

0.7 




0+—4'<1) 

4.42 

4.12 

-19.7 

.39 

1.6 

2.0 i- 0.3^ 

i>ri 1 


4' (2) 

5.89 

6.01 

104.9 

210 

44 

4316' 

ni'n.s*' 


4* (3) 

8.79 


12.5 

25 

0.6 




4* (4) 

9.G2 


-0.8 

1.7 

0.003 




4* (5) 

11.15 


12.8 

26 

0.7 




4* (6) 

12.IR 


-9.1 

-18 

0.3 




4* (7) 

12.25 


-U.I 

-28 

0.8 




4* (8) 

12.G3 


-6.8 

-14 

0.2 



7'Sl 

0*-4+(l) 

4.S8 

4.62 

-79.6 

-159 

25 

271-5* 

e 


4* (2) 

7.49 

6.89 

85..^ 

171 

29 




4* (3) 

9.70 


16.4 

33 

1.1 




4^(4) 

10.15 


16.3 

33 

1.1 




4* (5) 

10.50 


-1.1.0 

-26 

0.7 




4*(0) 

U.06 


1.3 

3 

0.009 




4+(7) 

11.29 


-3.8 

-8 

0.06 




4* (8) 

11.93 


7.8 

16 

0.3 



Og 

0'-4'(l) 

4.82 

4.40 

-121.4 

-243 

59 




4*(2) 

6.65 

6.41 

07.7 

135 

18 




4* (3) 

7.56 


20.0 

40 

i.fi 




4* (4) 

7.94 


-8.7 

-17 

0.3 




4'(5) 

9.00 


17.2 

34 

1.2 




4* (6) 

g.nc 


-14.8 

-30 

0.9 




4 *(7) 

9.98 


19.6 

39 

1.5 




4* (8) 

10.40 


7.8 

16 

0.3 



“Ar 

0^-4* a) 

4.74 

4.41 

-123.5 

-248 

62 




4*(2) 

0.81 


3.3 

6.5 

0.04 




4-* (3) 

9.07 


-30.5 

-61 

3.7 




4'(4) 

9.96 


L8.6 

;»7 

14 




4'(S) 

11.75 


10.6 

33 

1.1 




4* (6) 

12.64 


22.7 

45 

2.0 




•a,= a,. 

“ From Ref. 21 except where notixl. 


^ Referratce 32. 

* Refermce 10. 

Uon in Ref. 17 tor the PWIVA A(f4) velueeln »Mg -'si are a8.7x l0> and 
(17.8±2.0)xl0’ **fm', resperUvoly. whereas a ™'ue^of (4.7 + S) x id e^fm^glvc^ In 

Ref. 11 for ”Mg. For ”Si we have used A(A4)* 

''Reference 18. 


. I(4.1t6)/28.7|x(l7.8t 2.0)x 10^ <f=fni'. 


addUlon, the £4 transition strengths have been 
extracted from simple one-step, plane-wave Bom 
apPTOGtimatlon (PWBA) calculations. The results 
we quote from Befs. 10-15 have been corrected 
lor distorted-wave effects with the computer code 
duels. t* por a low cases, only the PWBA anal- 
yols is availabU (Refs. 17-19). B(B2) values ex¬ 


tracted from a distorted-wave Bom approximation 
(DWBA) analysis are typically about 30% larger 
than those extracted from a PWBA analysis" and 
the difference is probably larger lor £(£4) values 
(see Sec. 5.5 in Ref. 15). Two-step excitations 
such as 0- 2 - 4 have not been considered and this 
must be important on some level lor the transi- 
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TABLE V. tnnslUoiis 2 noolal/ 



Ji-Jj 

th 

<MaV> 

«tp 

A ^ 

(fin*) 

Af/ 

(fin*) 

B(E4) (a*fin*xlo>) 
tfa 

“No 

0*^4*a)T-= 1 

10.86 

113) T** 

27.7 

27.7 

0.77 


4*(2)7- 1 

13.88 


8.4 

8.4 

0.07 


4’(3)r = 1 

16.74 


-8.9 

-3.9 

0.015 


4’(4)r'=l 

16.22 


-9.7 

-9.7 

0.09 

'•Mg 

0*—4*(l)r= 1 

9.74 

9.61* 

16.4 

16.4 

0.27 


4’(2)7- 1 

12.28 


26.6 

26.5 

0.70 


4^(3)T- 1 

12.89 


25.1 

26.1 

0.63 


4*(4)7= 1 

13.36 


-1.1 

-1.1 

0.001 

KS 

0‘ -*4*(1)7= 1 

10.08 

lo.is' 

-20.6 

-20.6 

0.42 


4^(2)T- 1 

10.78 


-76.6 

-76.5 

6.7 


4*(3)7= 1 

11.85 


15.7 

16.7 

0.25 


4* (4)7= 1 

12.41 


26.3 

26.3 

0.69 

“Ar 

0‘ —4* (1)7= 1 

10.32 


-7.5 

-7.3 

0.06 


to 

12.60 


31.0 

31.0 

0.96 


4* (3)7= 1 

12.76 


73.1 

73.1 

5.3 


4^4)7= 1 

14.67 


13.3 

13.3 

0.18 


* The theoretical results for have not been calculated. 

‘'Reference 32. 

‘ Rased on the enerity of Oie 1 state In and the i*T = 1 state in "P (Ref. 21). 
^ Reference 21. 


TABLE VI. E4 transiUoss for r,« -1 nuclei (T = 1 ->-7 « 1). 




th 

(MeV) 

exp* 

(fm') 

A. 

(fm*) 

M, 

(fin*) 

M, 

(fm*) 

JB(B4) (e'fm'xio*) 
th exp 

Method of 
exp analysle 

"o 

0‘ -4'(1) 

3.52 

s.oe* 

0 

-107.1 

-64 

-161 

2.9 

1.04 ±0.20* 

Dllt-LS' 


4‘(2) 

8.21 


0 

-81.5 

-41 

-122 

1.7 



”Ne 

0*-4’(l) 

3.42 

3.36 

-76.3 

7.6 

-111 

-27 

12.3 

I7i4'* 

bUKl 


4’(2) 

5.40 

5.52 

38.4 

89.7 

92 

124 

8.6 




4‘(3) 

6.22 

6.34 

-60.9 

-51.6 

-102 

-103 

10.4 




4’(4) 

7.21 

(7.34) 

-13.9 

62.9 

11 

87 

0.3 



‘*Mg 

0* -4'’(1) 

4.59 

4.32 

71.8 

45.3 

130 

104 

18.9 




4‘(2) 

5.41 

4.90 

-53.8 

-76.2 

-119 

-141 

14.1 

26*7" 

DDbLs' 


4* (3) 

5.87 

5.47 

2.1 

86.1 

36 

100 

1.3 

3.4* 

puns'. 


4‘(4) 

6.13 

5.72 

—60.0 

-8.2 

-94 

-42 

8.8 

13*5* 

Don s 

“Si 

0‘ -4"(1) 

5.40 

5.28 

36.1 

107.6 

106 

180 

11.7 




4'(2) 

6.02 

5.B5 

111.9 

86.2 

201 

155 

40 




I’(3) 

7.52 

7.22 

54.5 

45.3 

69 

41 

3.5 




4‘(4) 

8.23 


15.4 

-9.2 

18 

—6 

0.3 




0* -4‘(1) 

4.88 

4.69 

101.3 

100.9 

202 

201 

41 




4* (2) 

6.90 

6.25 

58.4 

-44.4 

65 

37 

4.2 




4 "(.I) 

7.23 


37.6 

69.1 

86 

107 

7.4 




4* (4) 

7.76 


56.8 

-34.9 

68 

23 

4.6 



"Ar 

0* ^4*(V 

7.79 

5.35 

-172.9 

0 

-259 

-86 

67 




4‘(2) 

14.88 


-11.4 

0 

-17 

—6 

0.3 


__ 


* From Ref. 21 except as noted. 
^ Reference 32. 

‘^Reference 12. 

Referotoe 13. 

*Refer«Ke 14. 

^ Reference IS. 
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TABLE VU. Selscted £4 tnositloiii is odd-even nuclei (T = 1/2—T ■= 1/2). 



^ From Bef, 21 except where noted. 

Reference 32. 

' Reference 18. 

' Thi *?^^ 4*(,) rtate. were not reeolved in the dectron senttering experiment of Ref. 1*. 

Rderenoe IS. 

*Retei«noe 16. 
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Energy (MeV) 

PIG, 1. Theoretical valuee for the JS(S4), (f— 
matrix elemcnta aa a function of excitation energy for 
N = Z nuclei In the sd ahell, Both AT - 0 awl AT ~ 1 tran- 
BltionB are shown. The numbers are taken from Tables 
IVand V; AT'I tranaltfona In ’’S havenotbecncalculated. 

tions which have a very weak one-step £4 matrix 
element. 

The calculated £4 strength distributions for 
N^Z nuclei are shown in Fig. 1 and compared 
with experiment In Tables IV and V. The identities 
of the observed strong transitions in the T^O nu¬ 
clei “Ne, “Mg, and “Si are correctly predicted, 
in particular the shift of the dominant £4 strength 
from the lowest 4* state In *’Ne to the second 4* 
state in “Mg and back (partially) to the lowest 4* 
state in Moreover, the magnitudes of these 
three strong transitions are reproduced to within 
experimental error. To pursue this particular 
aspect of the £4 picture further it is Important to 
obtain experimental measurements of the second 
4* state in “Si, of the first two 4* states in “S, 
and of the first 4* state in “Ar. It would also be 
valuable to measure or to set experimental upper 


bounds on the strength of the higher excited 4* 
states In the systems. Future experimental stud¬ 
ies on these T*0 nuclei should also concentrate 
efforts on attempting the formidable task of ex¬ 
tracting strengths for AT> 1 excitations to J*, 
T>4*, 1 states, the predictions for which are 
given in Table IV. 

The predicted distributions of £4 strength in 
the Tf > -1 nuclei are more complex than for the 
Tj ■ 0 systems and the individual values are smal 
ler. The experimental data, single values for 
“O and “Ne and three values for “Mg, confirm 
these predictions about fragmentation and av¬ 
erage magnitudes, but except for “O the experi¬ 
mental £(£4) values tend to be larger than the 
predicted values by about 1 to 1.5 standard devia 
tions. However, because of the varying structure 
of these excitations, this trend is not to be at¬ 
tributed to any simple isovector effective charge 
renormalization. More experimental measure¬ 
ments of £4 strength values of these systems 
would go far toward firmly validating the general 
picture of £4 strengths in T- 1 systems predicted 
by the present stage of nuclear structure theory 
as well as to provide specific and unique informa¬ 
tion on the salient characteristics of the indivi¬ 
dual ■/* « 4* states- 

The spectra of £4 excitations which can be ob¬ 
tained with odd-mass targets are, of ccurse, po¬ 
tentially richer and more complex than for the 
r, = -1, let alone the r, ■ 0 systems. Experi¬ 
mental electron scattering data have been reporte 
for “F (Ref. 18) and "Mg (Reis. 15 and 19); re¬ 
sults of our calculations for these two nuclei are 
presented in Table VII. Experiment and theory 
are In good agreement for the i*-f*(l) transition 
in “F; other i*-f'£4 transitions up to 11 MeV 
In excltatlcm are predicted to be weak. Only a 
few of the transitions in “Mg are predicted 

to be strong and these are in general not to the 
lowest level of each spin. The relative strength.^ 
of the B(BA) values reported by Okazaki el <d. 
(Ref. 19) are In excellent agreemei^ with the cal¬ 
culations. There Is an overall factor of 2 dis¬ 
crepancy between experiment and theory. How¬ 
ever, this is probably associated with the fact 
that a FWBA analysis was used by Okazaki et al¬ 
to eztract the £(£4) values (see the remarks in 
Sec. 5.5 of Ref. 15); the experimental £(£4) whid' 
we have used for other nuclei have been obtaioc<i 

using a DWBA analysis." Experimental results 

for two otber transltlcos which are predicted to 
be strong In “Mg have not been reported [Ehe 
—§■*(2) and |■•-*^*(8) transitions]. There is ob¬ 
viously an extensive amount of work to be done 
on this component of the £4 picture. Ultimately- 
the experimental delineation of the distributions 
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and magiiltadeB of £4 strength in odd-mass nuclei 
as a function of A, excitation energy, aixl final 
state spin, and the concurrent testing of the anal¬ 
ogous nuclear structure model predictions will 
significantly enlarge our understanding both of 
nuclear wave functions and the foundations of the 
£4 excitation mode. 


rV. STRENGTIT RATIOS FOR EXCITATION BY ELECTRO- 
MAGNEnC AND VARIOUS HADRONIC PROBES 


In this section ve derive some estimates of the 
matrix elements associated with inelastic hadron 
scattering and present some sample results for 
proton, alpha, and plonlc probes. The calculations 
are based upon the assumption, which has proved 
to be remarkably successful Indescribing alpha scat¬ 
tering,” that the cross sections for hadronic ex¬ 
citation are proportional to the same matrix ele¬ 
ments which enter into the calculations of electro¬ 
magnetic transition rates. Thus these cross sec¬ 
tions are proportional to 

£'(a)- (2J( + l)-‘[C,(a)M, + C,(fl)M . (16) 

where C^/, represents the interaction strengths 
of probe (s) with the protons/neutrons of the nu¬ 
cleus. 

Since we are concerned here with nuclear struc¬ 
ture effects rather than the details of the probe- 
specific absolute interaction strengths we choose 
to work with normalized strength factors B(a) de¬ 
fined so as to yield a value for T = 0 - T = 0 transi- 
*iona (for which W, -Af,“ 0) which is unique, in- 
ependent of probe (a): 

f(a)=B'(n)/lC,(a)+C,(o)P 

- (2J, + l)-‘[i(M,+Af,)+ iR(am, - Af.)j'. (17) 
■here 


£(«)“ 


Cp(a).CJ,a) 
C,(a)+C,(o) ■ 


(18) 


'or the electromagnetic probes, and C,= 0 
nd hence £(a«e)a 1, and Eq. (17) reduces to Eq. 

5), 


B(£4)-£(e)-(2J,+ l)-‘M,’. (19) 

’’or the alpha particle, and hence 

^lpha)*> 0 and 

H(alpha)-{ 2 if,+ l)->[i(Af,+Af,)P. (2°) 

'or plans at energies near the (3,3) resonance 
(o«»*)«±0.5 and 

(if, + ir [i(Af,+M.)± i(Af, -M,)f. (2») 
ion inelastic scattering experiments are current- 
' designed to yield the ratios of excitation 
■rengths with »' and »• projectiles. This quantity is 


expressed in our model as 


£(£) (M,+ 3M. y 
B(x*)"VaM,+Af, / ■ 


( 22 ) 


This precise result depends, of course, upon the 
assumption that near resonance the x'-n and 
x*-/) interaction amplitudes are 3.0 times stronger 
than the v'-p and ir*-n amplitudes, but analogous 
expressions are easily obtained for different as¬ 
sumptions about these elementary-particle fea¬ 
tures. 

Many strongly excited 4* states at high excitation 
energy have been reported in alpha inelastic scat¬ 
tering experiments. In Table Vlil are listed some 
strengths from alpha scattering on *^Mg (Ref. 20) 
in comparison with the present theoretical predic¬ 
tions for the first nine 4* states. Above 9.0 MeV 
there is complete disagreement between experi¬ 
ment and theory. This could be due to experiment¬ 
al errors in the spin assignments (in Endt and van der 
Leun” no definite 4* assignments have been made 
above 9.0 MeV) or to two-step contributlor.s to tbe 
inelastic scattering cross sections which were not 
considered in the DWBA analysis, rather than a 
failure of the nuclear structure wave functions. 

Some predicted values for B{a) and B{n^) in 
Tf = ~i nuclei are given in Table IX. It should be 
quite interesting to carry out the corresponding 
experimental measurements since several quite 
strong deviations from isoscalar behavior are 
predicted. Inelastic alpha scattering to 4* states 
in "Ne and ”Mg as well as in several N = Z nu¬ 
clei has been measured by Rebel et al.” but the 
extraction of B{a) values via the methods of Ret. 

20 hB'’e not been carried out. 

As a final example of hadronic excitations we 
compare some experimentally measured proton 


TABLE VUI. Alpha scattering transition strengths for 
0* ^-1* transltlonB In **Mg. 



Energy (MeV) 

£(slpha) (Ini'X10’) 

J/tT/) 

ih 

exp* 

th 

exp* 

t"(0) 

4.42 

4.12 

1.6 



&.B9 

6.01 

44.0 

21.4i3.3 

4*(0) 

B.79 

8.64 

0.6 

3.01:0.5 

4* 


9.12 


8.1 ±1.4 

(4*) 


9.30 


12.2 ±1.9 

4* 


10.03 


16.0 ±2.4 

4^(0) 

9.62 


0.002 


4*a) 

9.74 




4M0) 

ll.is 


0.6 


4’(0) 

12.17 


0.3 


4*(0) 

12.24 


0.7 


4'*(1) 

12.28 





' *B(Blpba)> (A/2Z)’B(fS) where B(IS) are taken from 
Table IX In Ref. 20. 
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TABLE n. Alpha Bcatterlng and plon acattsiiag stnngtha for die O'* ->4'* tranattlons In 7/ 
* — 1 nuclei. 


Nucleus 

1 

•i j 

Bfalpha) tfm*xlo’) 

B (alpha) 
B(£4) 

£(*') 

B(w*) 

"o 

o*-4*a) 

11.5 

4.00 

2.78 

”Ne 

0* ^4*(l) 

4.7 

0.38 

0.28 


4'(2) 

11.7 

1.37 

1.34 

’•Mg 

O'-4*0) 

13.7 

0.80 

0.80 


4* (2) 

18.9 

1.20 

1.19 

»S1 

0*-4*O) 

20.7 

1.77 

1.65 


4*(2) 

31.8 

0.78 

0.77 

«s 

0*-4*O) 

40.8 

1.00 

1.00 


4* (2) 

0.2 

0.05 

0.09 

»Ar 

0*-4'*0) 

30.0 

0.44 

0.36 


scattering strengths in ’^Mg (Ref. 23) with esti¬ 
mates for 30 MeV proton scattering. From the 
microscopic optical model of Brieva and Rook** 
we obtain values for the Interaction strengths at 
this energy of = 0.3 and 0.7. This yields 

j3(proton,30 MeV)-(2J,+ l)-'(0.3M,+ 0.7Af,)*. (23) 

The predicted and measured B values are pre¬ 
sented in Table X. The experimental 0*- 4; 
strength is twice as large as the predicted value. 
This Is probably a real discrepancy since, in ad¬ 
dition, the experimental electron scattering B{E4) 
value is larger than predicted (see Table V). The 
predicted ratio B{p)/B(B4) is consistent with ex¬ 
periment. The situation for the weaker 0*--4J 
transition is not so clear since the B(E4) value 
has not yet been extracted from the experimental 
data; the calculated B{p) value is In fair agree¬ 
ment with experiment. The proton scattering 
strength to the third 4* state is predicted to be 
much stronger than the electromagnetic excitation 
strength. 

V. SUMMARY AND CONCLUSIONS 

The Chung-Wlldenthal wave functions for the 
sd-shell nuclei have been used to calculate hexa- 
decapole transition densities. These have been 
combined with harmonic-oscillator radial wave 
functions to predict proton and neutron £4 matrix 
elements within the sd-shell model space. There 
is at present no good theoretical preacription for 
obtaining radial wave functions for open-shell 
nuclei which are more realistic than those of the 
harmonic-oscillator potential. 

The effects of model-space truncation on the £4 
operator have been taken into account by Introduc¬ 
ing empirical effective charges. The experimental 
values for strong electromagnetic excitations are 
all consistent with a Isoscalar effective charge of 
ep+e,‘=‘2.0e. This le much larger than the re¬ 


sults of microscopic core-polarization calcula¬ 
tions of Horikawa el al.,’’ which gave 1.15e. 

These empirical effective charges were used to 
calculate the proton and neutron matrix elements 
Mf and Af„; electromagnetic excitation strengths 
are determined by while hadronic scattering 
strengths depend on both and Af,. Predicted 
electromagnetic £(£4) values are in good agree¬ 
ment with existing experiments over a wide range 
of magnitudes. However, experimental electron 
scattering results are lacking for the upper sd 
shell as well as for pure ATv 1 excitations in 
nuclei. 

It is more difficult to extract nuclear structure 
information from the hadronic scattering cross 
sections. For transitions which are characterized 
by small direct matrix elements, two-step con¬ 
tributions are certainly Important; this may be 
responsible lor the disagreement between the very 
small isoscalar excitation strengths predicted to 
4* states above 9 MeV in '*Mg compared with ex¬ 
periment. A systematic analysis of alpha, protca. 
or pion scattering for 0* —4* transitions in many 
.vd-shell nuclei is needed to confirm our predic- 


TABLE X. Proton icatterlng transition strengths 
B(p )- Bfproton, 30 MeV) for the 0* —4* transitions in 
“Mg. 


Energy (MeV) B(p) (fin*x lo’) S(p)/B(E*) 
Ui exp* th** exp® th exp 


4.59 

4.32 

12.5 

18*3 

0.74 

S.41 

4.90 

IS.l 

41*2 

1.28 

6.87 

5.47 

6.6 


5.0 

6.13 

5.72 

3.3 


O.SS 


* Reference 21. 

"AtF)' (0.3Af»4 O.TAf,)’. 
®Reference 23. 

For B(R4)np eee Table VI. 
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TABLE XI. Hartree-Fock reaulta for *Ne. 


Harmonic Hartres-Foek 

oBclUator Skyrme m Skynse IV 

r, (fm)" 

BE(^l^fy), (MoV)' 

BE(d^tU (MeV)' 

* proton radial-matrix elementa. 

** Point proton rma radii. 

° Proton alagle-pBitlele eaerglea. 


179 

181 

198 

179 

236 

274 

2.905 

2.905 

2.902 


-S.42 

-5.62 


-0.02 

0.78 


lions for the relative sizes and phases of the pro¬ 
ton and neutron matrix elements. 

appendix 

In this section we discuss the Hartree-Fock cal¬ 
culations for “Ke and ’‘Ar which have recently 
been carried out by Brown and Massen." For 
these calculations a Skyrme interaction*® was used 
and a sell-consiatent spherical potential was con¬ 
structed out of the monopole densities obtained by 
adding the squares of the radial wave functions 
weighted by the orbit occupation probabilities, 
which in turn had been obtained from the stf-shell- 
modei calculations. The spin-orbit parameter was 
chosen to reproduce the d,/,-d,/i spin-orbit split¬ 
ting of about 5 MeV in A = 17. 

The results using Skyrme lU and Skyrme IV in¬ 
teractions for ”Ne are given in Table XI. Under 
the column labeled “harmonic oscillator” we give 
the r* matrix elements which we would obtain if 
we took the theoretical value of r,= 2.905 fm and 
interpreted it as a sum of harmonic oscillators 
I extract 6 and then to calculate (r*) = 15.75b'’. 
or the dfit orbit the Hartree-Fock results are 


very close to the harmonic-oscillator results, but 
the Hartree-Fock results for the off-diagonal, 
d^i^-dfi 2 matrix element are much larger than the 
harmt^c-oscillator result and they depend 
strongly on the value of the binding energy. (The 
radial wave function for the unbound <f,/, state 
obtained with the Skyrme IV interaction was (*- 
tained by the method described by Beiner et at.") 

The experimental separation energies of the d,/, 
and da/, orbits in “Ne, -18.87 and -18.42 MeV, 
respectively, are very different from the Hartree- 
Fbck single-particle energies because of the resi¬ 
dual Interactions. Thus, the tails of the wave func¬ 
tions, which are Important for the r* matrix ele¬ 
ments and which are determined by the separation 
energy, cannot be reliably calculated with spher¬ 
ical Hartree-Fock or any other smoothly mass 
depeiklent single-particle wave functions. These 
large separation energies may even result in <r*> 
matrix elements which are smaller than the har¬ 
monic-oscillator results. There Is at present no 
rigorous theoretical prescription for taking the 
residual interactions into account. 

The situation is different when the orbits are 
more deeply bound. In Table XH the Hartree-Fock 


tabi. 


EXII. Hartree-Fock TeaUlta for ”Ar. 


Harmonlo 

oscillator 


Hartree-Fock 
Skyrme in atyrme IV 


Vatfm) 

(MeV) 
BS{dj/,)p (MeV) 


220 

220 

3.318 


201 

213 

3.318 

-13.61 

-7.26 


196 

219 

3.298 

-17.52 

-6.93 


See footootee to Table XI. 
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results for ’*Ar are given. For both Skyrme m 
and Skyrme IV the results are close to the har¬ 
monic •oscillator values, even though the d,/, 
single-particle energies are quite different in the 
two cases. In this case the experimental separa¬ 
tion energies for the and orbits of —17.01 
and -15.25 MeV, respectively, are fairly close 
to the Hartree-Fock single-particle energies. 
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The complex tingle-particle field in nuclear matter is computed m the framework of Btueckner’i theory, 
in the cate of the realittic nucleon-nucleon interaction of Hammann and Ho-Kim The Hartree-Fock, the 
core polaniation, and the correlation contributions are calculated; renormalization correctiont are alto 
evaluated. The retulti arc compared with those denved from a disperaton relation approjwh. Particular 
attention is paid to the behavior of the efifeetive mast near the Fermi turface. where it presenu a narrow 
enhancement. Following a recent suggestion by Orland and Schaeffer, the nuclear matter results rue adapted 
to finite nuclei by assuming that the relevant viuiable is the different^ between the sjngle-particle energy 
and the Fermi energy. This yields fair agreement between the strength funrdions for quaaihole stales 
calmilated here and those measured from (e,e’p) knockout processes. 

[ NUCLEAR STRUCTURE Potential energy anil width of alngle-pnrtlolc atatea 
from Hammaiui-Ho-Kim Interaction. 


1. INTRODUCTION 

Bethe* emphasized that “the most striking fea¬ 
ture of finite nuclei Is the validity of the shell 
model. Nuclei can be very well described by 
assigning quantum numbers to individual nu¬ 
cleons,” In the simple case of nuclear matter, 
the Utter sentence amounts to stating that one 
can associate a well-defined energy to nucleons 
with a given wavelength. Landau’*^ explained the 
success of the shell model by the fact that for 
small excitation energies the spectrum of an In¬ 
teracting Fermi gas can be described In terms of 
excitations of nucleons surrounded by their po¬ 
larization clouds, l.e. of quasiparticles; these 
move independently In a smooth mean potential, 
possibly nonlocal. For soft phenomenological nu¬ 
cleon-nucleon interactions, this static potential 
I usually Identified with the Hartree-Fock field, 
hich Is represented by graph (lA) In Fig. 1. 

The validity of the concept of quasiparticles has 
Ben justified theoretically for single-particle 
lates close to the Fermi surface. The empirical 
uccess of the optical model shows that this con- 
ept Is also valid for scattering states.'' Besides, 
ie quastpartlcle model Is often used for deeply 
ound single-particle states, for instance when 
Flng a Hartree-Fock description of nuclear 
I'Puad states. It Is of Interest to investigate 
'hether this extension is valid. Experimentally, 
[tost Information In ikiw respect Is obtained from 
- i^'p) or {p,2p) knockout reactions. Theoreti- 
8lly, one must study whether lor a deeply bound 
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stale the single-particle strength Is stlU sharply 
peaked about the single-particle energy. This 
problem involves the study of the "true” energy 
dependence of the mean field. The existence of 
this energy dependence reflects the Interaction 
betwocn quasiparticle states. The dispersion 
relation (2.6) below, which connects the real and 
imaginary parts of the mean field, shows that the 
energy dependence is intimately related to the 
hid that the mean field is complex. The imagin¬ 
ary part of the field accounts for the spreading 
of the single-particle strength. 

A theoretical investigation of these properties 
of the mean field implies that one carries the 
calculation beyond Ihe Hartree-Fock approxima¬ 
tion, since the latter Is real and static. If one 
uses a soft phenomenological nucleon-nucleon 
interaction, the natural way to proceed Is to add 
to the first-order field (lA) the second-order con¬ 
tributions, represented by the “polarization” dia¬ 
gram (JIA) and by the "correlation" graph (HB).' 

In the case of nuclear matter, the energy depen¬ 
dence of these second-order contributions has 
recently been investigated by Orland and Schaef¬ 
fer’ On Ihe basis of the dispersion relation (2.6). 

In Ref, 8, we show that part of their discussion is 
marred by the use of a somewhat arbitrary para- 
metrlzation of the energy dependence of the 
imaginary part of the mean field. This led us to 
perform an explicit evaluation of the real and 
imaginary parts of graphs (lA), (HA), and (HB). 
More precisely, we have computed the Brueck- 
ner-Hartree-Fock approximation, which Is rep- 
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FIG. 1. Graphical repreaentaHon of the leading terma 
of the perturbation expanalon of the maea operator. 

Only direct terma are drawn. Graph (lA) la the Har- 
tree-Fook approximation, (IIA) la the polarisation 
graph, and (IIB) the correlation graph. Diagram (UIB) 
ylelda the renormallzatioo of graph (lA). 

resented by graph (BHF) In Fig. 2. This Is the 
sum of a series of partlcle>particle ladders of 
which graphs (lA), (IIA), and (niA) of Fig. 1 are 
the leading terras. We have also computed the 
real and the Imaginary parts of the graph (CO) of 
Fig. 2, which Is the sum of a series of diagrams 
of which graphs (OB) and (IBB) of Fig. 1 are the 
leading terms. 

The input of our calculation is the nucleon-nu¬ 
cleon interaction of Hammann and Ho-Klm.’ This 
interaction is a realistic one since it renders 
with good accuracy the S, P, and D nucleon-nu¬ 
cleon scattering phase shifts. However, It is in 
some sense only semirealistlc because it has 



IBHF) (CO) (H) 


FIG. 2. Graphical representation of some contribu¬ 
tions to the low-density expansion of the mass operator, 
Graph (BHF) represents the Brueckner-Hartree-Fbok 
approxlmatton (CO) shows the oonelstton oantrlbution. 
liie sum of graphs (BHF) sad (R) yields tbs rsaormal- 
tsed Brueo l mer-Ha r tree- Fook approximation. 


finite rank, l.e., is strongly nonlocal. This in¬ 
fluences the nonlocality of the corresponding 
single-particle mean field. Moreover, the 
average binding energy per nucleon at normal 
density as calculated from the Brueckner-Har- 
tree-Fock approximation is larger than the em¬ 
pirical value; we note that the Hartree-Fock ap- 
praxlmation yields good agreement with the em¬ 
pirical binding energy. These deficiencies have 
to be kept in mind when discussing our results. 
They are overshadowed by the following two fea¬ 
tures. Firstly, the interaction is sufficiently 
soft for using a perturbation expansion. Secondly, 
Brueckner’s reaction matrix can be computed 
faster and more accurately than for a local inter¬ 
action. 

The interaction of Hammann and Ho-Kim has 
already been used in Refs. 10 and 11 to Investi¬ 
gate some properties of bound single-particle 
states. In the present paper, we take advantage 
of the two features mentioned above to calculate 
separately the contributions to the single-parti¬ 
cle mean field of specific graphs of the perturba¬ 
tion expansion, and to compare these results 
with those recently obtained by Orland and 
Schaeffer' who used the dispersion relation (2.6). 
Moreover, we investigate the shape of the en¬ 
hancement of the effective mass near the Fermi 
surbice in more detail than was previously possi¬ 
ble in the case of the local Retd’s hard core in¬ 
teraction,'' Finally, the comparison between 
quantities calculated In nuclear matter and em¬ 
pirical data Is performed by assuming that the 
relevant variable that provides a link between the 
two cases is the difference between the single- 
particle energy and the Fermi energy. This 
method is based on a'suggestion by Orland and 
Schaeffer.' It yields better agreement between 
calculated and measured quantities than the ap¬ 
proach used in Refs. 10-12, and which consisted 
In identifying the momentum of a particle in nu¬ 
clear matter with the average momentum of a 
single-particle state In a finite nucleus. 

A few useful formulas and concepts are briefly 
recalled in Sec. II. Section IB Is devoted to the 
real part of the mean field. In Secs. BIA-BIC, 
we successively discuss some properties of the 
Hartree-Fock approximation, of the core poUrizt' 
tlon contribution, and of the correlation graph. 

We pay particular attention to the vicinity of the 
Fermi surlkce, where the empirical effective 
mass Is known to be enhanced.'* The size of the 
renormalization corrections Is evaluated in Sec. 
IBD. Our results ars comparsd with the dlspat' 
sion approach of Orland and Schaeffer' in Sec. 

BIE and with empirical values In Sec.BlF. 

The Imaginary part of the mean field is InvesH' 
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gated in Sec. IV, where we compare It with the 
value used b; Orland and Schaeffer, and also with 
a compilation of empirical data. 

In Sec. V, we calculate the strength function of 
quasihole states, i.e., the distribution ot the 
spread single-particle states. We obtain fair 
agreement between calculated and measured 
strength functions by equating in the two cases the 
differmice between the single-particle energy and 
the Fermi energy. As mentioned above, this 
method follows a suggestion by Orland and Schaef¬ 
fer.' It presents over that used in Refs. 10-12 
the advantages of identifying the main relevant 
variable, and of compensating part of the defi¬ 
ciencies of the Interaction of Hammann and Ho- 
Kim. 

11. BASIC FORMULAS 
A. OeflnItloiM 


Which is a local energy-dependent field. 

The fields M{E) and M(k) are equivalent in the 
sense that they yield the same quaslpartlcle pro¬ 
perties. In a finite system, they are phase 
equivalent since they yield practically the same 
phase shifts, though the corresponding scattering 
wave functions are different in the nuclear in¬ 
terior. In nuclear reaction analyses, one norm¬ 
ally uses a local energy-dependent optical-model 
^tential which should thus be identified with 
iVf(h'). In bound slate calculations, one often uses 
a nonlocal static shell-model potential (e.g., in 
a Hartree-Fock model); it should be identified 
with iW(t). 

When the nucleon-nucleon interaction has no 
hard core, the toUowing dispersion relation 
holds; 

F(/r:£)^Af„ ,(*)-( {2.6a) 


The equations and results given in Secs. II-IV 
refer to Infinite nuclear matter with equal number 
of neutrons and protons. Insofar as possible, we 
follow the notation of Ref. S, where proofs or ref¬ 
erences to Che original papers can be found. We 
denote by p the nucleon density and by k, the 
Fermi momentum. They are related by 

p=2(3Jr*)-‘*/. (2.1) 

The tnass operator 

limAf(fe;£ -irt)=M(k;E) = V(k-,E) + iW(k-,E) (2.2) 
n-o 

depends on h,. It can be identified witii the sin¬ 
gle-particle field felt by a nucleon with momen¬ 
tum * and energy E. One has W{k;E) :- 0. 

Most physical processes can be described in 
terms of quasiparticles. A quaslpartlcle with 
momentum k has a well-defined energy E(k) 

Riven by the relation (A = 1) 

t’(*) = feV2>fi + V(ft:£(*)). (2.3a) 

The mean field felt by a quaslpartlcle with mo¬ 
mentum k is the on-shell value of the mass op¬ 
erator: 

■V(kiE(k))=M(k) = V[k)-Hnii). ( 2 - 4 ) 

The Fourier transform 3^ |r - r' |) of M[k) yields 
s static nonlocal field. Equivalently, one may 
specify the energy £ of a quasiparticle, and de¬ 
termine its momentum k(E) by the energy-mo¬ 
mentum relation 

E=l*(E)]V2m-(-F(fc(E);E). 

The corresponding mean field is the on-shell 
value 

MOt{JS)iE)mM(jS)=V{E) + iW{E), (2.5) 


where d* denotes a principal value integral. The 
energy-independent background Min,{k) is the Har- 
Iree-Fock contribution to the real part of the 
mean field. In the presence of a hard core re¬ 
pulsion, one must use the subtracted dispersion 
relation* 


V'(A-;E)-i'(*-;Eo) 




where Eg is arbitrary. 


B. PerturbatJon cxpannon 

The nucleon-nucleon potential ol Hammann and 
Ho-Klm’ is sufficiently soft for using a perturba¬ 
tion expansion in powers of the strength of the 
interaction. Some contributions are represented 
in Fig. 1. The first-order term Is the Hartree- 
Fock (HF) approximation 


JMiu,(A)=M,„(A) = E (k.rir-lk.r^a. (2.7) 

i<*r 


Here, v is the nucleon-nucleon potenllaL and 8 
refers to antisymmetrization. Note that Af„| (A) is 
real and independent of E. 

There exist two second-order terms. They are 
energy dependent and complex. The "polariza¬ 
tion” contribution is represented by graph (IIA); 
its algebraic expression reads 


.S, 


l<k,rit'la,b)ttl* 

E -i EU)-E{a)-E{b)-iV ' 


( 2 . 8 ) 


We recall that the function £(n) is defined by tbe 
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energy-momentum relation (2.3). The "correla¬ 
tion” contribution is represented by graph (IIB): 




y y i(T,riui£,a>si» 

E+E(a)~E(j)-E{l)~ir, * 


(2.9) 


C. Low-denrity expamlon 


The Fermi energy Fy will be identified with 
F(*r): 

£,=£(*,). (2.17) 

Occasionally, we shall also consider the second- 
order approximation 

£' “(fc) = ll!V2m + Vmi ft; E (fe)) 


The sum of the one-hole line graphs (lA), (UA), 
(HIA),... of Fig. 1 yields the Brueckoer-Hartree- 
Fock (BHF) approximation 


Mnm (*:£)=L <k,ri/f|£+£0)11£,!)«. (2.10) 

l<*r 


Here, fAE +E(i)) Is the reaction matrix. It is 
the solution of the integral equation 


flE +E(})]~v + v 






la,b)(a,bl _ 

E +E{j)-E(a)-E(b)-iv 


^g[E +E (})]. (2.11) 

The BHF approximation is represented by the 
graph denoted by (BHF) in Fig. 2. 

The sum of the graphs (DB), (IQB),... of Fig. 1 
yields the diagram labeled (CO) in Fig. 2. It 
reads 


Ma'oihiE) 

y y ><r.rigiE(i)4E(f)iigji)«i» 

E+£(fl)-E(i)-£(f)-»>? • 

( 2 . 12 ) 

By analogy with Eq. (2.9), we also call Maui a 
correlation graph. 

Graph (UIR) in Fig. 1 is the progenitor of a 
series of graphs whose sum is represented by 
graph (R) in Fig. 2. The sum of graphs (BHF) 
and (R) yields the "renormalized" Brueckner- 
Hartree-Fock approximation; it reads 

MSh,(*;£)-(!- x)M,„,(*;£). (2.13) 

Here, 1 - k denotes the average occupation num¬ 
ber in the Fermi sea. In the case of the interac¬ 
tion of Hammann and Ho-Klm one has'° 

x^kO.OB (2.14) 


+ l(ro)ft;£(*)>, (2.1fib) 

and the renormalized second-order approximation 
E^(k) = k*/2m + V|i,Fft;E(*))+ F,?oift;E(lf)). (2.18) 

m. REAL PART OF THE MEAN FIELD 

A. Hiitne-Fock approximation 

The short dashes in Fig. 3 represent the value 
of the Hartree-Fock approximation 

ViiA)(fe) = V(iA)(B(fc)) (3.1) 

to the mean field felt by a quasiparticle with mo¬ 
mentum k [and thus with energy £(6)]. At the 
Fermi surface, one has V(ia)(*) = -50 MeV. The 
empirical value of the Fermi energy is 

e, = -.lBMeV (32) 

for = 1.36 fm''. This yields the following depth 
for the quasiparticle potential at the Fermi sur¬ 
face and for iijr = 1.36 fm*’: 


k/kp 



for hr = as well as for Ay = 1,36 fm'*. 

Engelbrecht and WeldenmiiUer'* have argued that 
the correlation contribution (2.12) can also be re¬ 
normalized, with the result 

Mh,Ali;E)=(l~KMco,{k;E). (2.15) 

Unless otherwise specified, the single-particle 
energy £(6) will henceforth be approximated by 
its BHF value (X = l) 

£(*) =**/2m + V.m ft:£(*)). (2.16 b) 


Ep - Elk) (MtV) 

FIG. 3, Dependence upon k/kf (upper scale) and upon 
E^—B{k) dower scale) of various ocotrtliutlons to the 
real part V( IkiE(k)) of t)ie quaslparttole field. In the 
case of the tnteraotioa of HsitunAim and Ho-Kim and 1°'' 
1.36 fm"'. The aliort dashes repressnt the Hartove- 
Fook approKimatloa. The full curve shows the BHf 
approximattoo. The long daabea give the oorreUHo" 
contribution. The dash and dots represent the sum m 
d>e oorrelatioa oootrlbtttloo and of ths BHF spproxlma- 
tloo. 
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V(k,) = -16-fc,*/a>« = -54.4MeV. (3.3) 

This is in lair agreement with the Hartree-Fock 
value. However, we shall see In the next sections 
that this agreement between theory and experi¬ 
ment is spoiled when higher-order contributions 
are taken Into account. 

The dependence of the mean field upon the 
quasiparticle energy is characterized by the effec¬ 
tive mass m*(£), which is defined by the equiva¬ 
lent relations 

m*(£)/m = l-^V(£) (3.4a) 

Figure 3 shows that the dependence of V(iai(£) 
upon£ is approximately linear. Hence, the ef¬ 
fective mass Is almost independent of E in the 
Uartree-Fock approximation. In the case of the 
Hammann-Ho-Klm InteraclLon and for h, ^ 1.36 
fm'', the dotted curve In Fig. 3 yields 

w,f*,(£)/»i *0.35 for |£ -£, | 50 MeV . (3.5) 

The property that the Hartree-Fock approxima¬ 
tion yields an effective mass which is almost in¬ 
dependent of energy is largely independent of the 
nature of the nucleon-nucleon interaction. It re¬ 
flects the static nature of the Hartree-Fock field, 
ue., the fact that V(ia)(A) is independent of £. In 
the case of the Interaction of Hammann and Ho- 
Klm, the value of the effective mass calculated 
in the Hartree-Fock approximation is particularly 
small. This is due to the strongly nonlocal na¬ 
ture of the interaction, which has finite rank. 

This should be kept In mind when comparing the 
calculated effective mass with the empirical 
value. 

Empirical data will be compared with theory in 
Sec. UIF. Here, we only summarize some of 
their main features. In the domain £ -E, > 20 
hfeV, the effective mass can be determined ac¬ 
curately by Investigating the energy dependence of 
the real part of the optical-model potential. This 
yields 

m*(£)/m=0.68 for £-£,>20 MeV. (3-6) 

Information on the effective mass near the Fermi 
®*ergy can be obtained from the density, of weakly 
itound single-particle states. One finds 

m*(£)/m - I for |E -£,| < 10 MeV . (3.7) 

The value of the effective mass at the bottom of 
Ote Fermi sea is poorly known, because the cor- 
■^spondlng single-particle states are widely 
*pread. It appears that 


nuclear matter and in... 

«t*(£)/t»i»0.7 forfi-£,<-20 MeV. (3.8) 

Equations (3.6)-(3.8) show that the empirical 
effective mass is not independent of energy; it 
has a maximum near the Fermi surtace. It has 
recently been pointed out that this local enhance¬ 
ment should be taken into account when investi¬ 
gating, e.g., the root mean square radius of 
valence orbitsthe empirical value of the Lan¬ 
dau parameters," the nuclear gyromagnetic 
ratiosthe gravitational collapse of stars,*' 
etc. Hence a detailed theoretical Investigation of 
this enhancement is fully Justified. Since it is 
not present in the Hartree-Fock approximation, 
it requires the investigation of higher-order con¬ 
tributions. 

B. Puhiiiation graph 

The BHF approximation Vmi Vt;E{k)) to the real 
part of the quasiparticle field is represented by 
the full curve in Fig. 3, for h, = 1.36 fm''. At 
k — kf, one has 

V«ui(*,)--83 MeV ; (3.9) 

the corresponding approximation to the Fermi 
energy is 

£(*,) =-44.6 MeV. (3.10) 

These numbers are much larger, in absolute 
magnitude, tlian the empirical values given by 
Eqs. (3.3) and (3.2). This shows that the inter¬ 
action of Hammann and Ho-Kim is on the average 
too attractive; we shall have to correct for this 
when comparing calculated and measured single- 
particle energies and widths. 

The matrix elements of the reaction matrix g 
are also larger in absolute magnitude than those 
of bare nucleon-nucleon interaction t>, with a typi¬ 
cal ratio 

{g)Av) => 63/50 = 1.66 (3.11) 

for fe,= U6 fm’’. This shows that the conver¬ 
gence rate of the perturbation expansion is fairly 
slow. For the simplicity of the discussion, we 
shall nevertheless assume that the BHF field is 
well approximated by the sum of graphs (lA) and 
(UA) In Fig. 1: 

V»Hi(fe;£) * V'nAt(fc) + HiiAi(fc;£). (3.12) 

Then, the on-shell quantity 

V,i,*,(^;£(*))= V!uAp(ib) = TjHA)(£(fe)) (3.13) 

of the polarization graph is given by the difference 
between the ordinates of the full and dotted curves 
In Fig. 3. The resulting value of expression (3.13) 
is represented by the short dashes in Fig. 4. The 
attractive nature of KiiA)(ih) for fr < It, directly de- 
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FIQ. 4. Dependence upon k/k^ (upper scale) and upon 
the difference Ef— E{k) (lower scale of the contrlbu- 
ttons of the polarization graph (short dashes) and of the 
correlation graph (long dashes) to the potential energy 
of a quaalparttcle, (n the case of the Interaction of 
Hammann and Ho-Kim and for Ap-1.36 fm* 


rivea front Eq, (2.8). Equivalently, it can be un¬ 
derstood on the baale of the dispersion relation 


Kn4,(fr;E) = ir-‘«‘ f (3.14) 

■’tf E-a 

and of the fact that 

WiU)(feiE') = 0 for £' ^Ef, (3.15a) 

»;„ai(*;£') ■'0 for E' >Ef. (3.15b) 

The dependence of VinAi(h) upon k can also be 
characterized by an effective mass, namely 

= 1 -^T{ua)(E) (3.16a) 

= [l+y^W*)] ’. (3.ieb) 


The value of is influenced by the dependence 
of 1 {uai(A;E) upon k on the one hand, and upon E on 
the other hand. This Is exhibited by the following 
Identities, which are also valid for Indexed quanti- 
tles: 

m*(E) m^E) »;(£) 
m mm’ 

where the E mass m(E) is defined by 
miEikWm = ~ ^ , 

while the k mass m(E) Is given by 

miEik^m = fl + T ^ 

L k ok 


(3.17) 

(3.18) 


We first discuss the dependence of mmn){E) 
upon E. Equation (3.12) shows that 

®shf(®) = 8i(iiAi('®) • (3.20 

The quantity miHi(£) la represented by the long 
dashes in Figs. 5 and 6, for fm*' and 

1.18 fm*', respectively. In the domain £<£„ the 
InequalltieB 

{3.2i; 

directly follow from the dispersion relation (3.14). 
from which one can also find that 

independently of the nature of the nucleon-nucleon 
interaction. The fact that mgHi(£) becomes equal 
to the bare mass m at some energy £„>£, is also 
a rather general feature, valid for all interactions 
for which the dlspereion relation (3.14) holds, 
l.e., In the absence of a hard core. It follows 
from the fact that H(iiAi(h;E') vanishes for E'<Er 
and for £' —». Tlie value of £„ depends on the 
nature of the Interaction. It would be of interest 
to clarify what are the main properUes of the in¬ 
teraction that determine the value of £.. In the 
case of the potential of Hammann and Ho-Kim, 
Figs. 5 and 6 show that £.- £jr«30 MeV. Tills 
Implies that the width of the peak of mBHi(£) la 
about 15 MeV. 

The results obtained here are similar to those 
presented in Ref. 5 in the case of Reid's hard 
core potential. They are more detailed, because 
the g matrix can be computed more accurately 
for the Interaction of Hammann and Ho-Kim, 
hence the interest of the present study. We note 
that the value of calculated here is 

close to the spectroecopic factors recently com¬ 
puted by Blrbralr, Alkhazov, Lapina, and Sadov- 
nika’^ and by Bernard and Van Glal’’ for single- 
particle levels close to the Fermi surface in 
'••Pb. 

The value of the BHF approximation to the A 
maas (3.19) is represented by the short dashes 
in Figs. 6 and 7. At the Fermi surface, one has 

= (3.23) 

for Aj,= 1.36 fm*', Thle Is very close to the value 
of »n/fg,{E,)/m =»RnA)(^r)/»» given by Eq. (3.5). 
Hence the dependence of WiA)(fe;£) upon k is much 
smaller than that of 1 {iia)(A) . This result suppm'^ 
the accuracy of the approximation recently made 
by Bernard and Nguyen Van Glal,*’ who neglect**! 
the dependence upon A of the polarication term 

(UA). The value of mmp(E) calculated here is 

approximately 20% smaller than that derived fmo 
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FIG. S. Dependenoe upon k/k jr (upper scale) and upon 
the difference Ef-E{k) (lower soale) of the £ mass 
(Icng dashes), of the k mass (short dashes), and of the 
effective mass (full curve), measured In units of the 
bare mass and evaluated In the framework of the BHF 
approalmatton from the interaction of Hammann and 
Ho-Kim, The value of the Fermi momentum Is kf 
•1.36 fm'‘. 



Held’s hard core Interaction. We argued In 
Sec. inA that this Is mainly due to the strongly 
nonlocal character of the Interaction of Hammann 
and Ho-Klm. 

The BHF approximation of the effective mass is 
obtained from the Eq. (3.17); 

>”Mii(g) _ ^hi(E> »w»hi(^) (3J41 

m mm' ' ' 

The value of mBiii(£)/m is represented by the 
full curves in Figs. 5 and 6. The enhancement 
that it displays near the Fermi surface reflects 
that of mull (£)• This feature is in qualitative 
agreement with the empirical evidence summarized 
by Eqs. (3.6)-(3.8). However, the calculated 
value of mSiii (£) is too small for all E{k). This 
is mainly due to the fact that mu„ (E) is too small 
in the case of the interaction of Hammani; and 
Ho-Kim. 

The fact that the enhancement of mun (E) is lo¬ 
cated near the Fermi surface must be ascribed to 
the Pauli principle. This is confirmed by the fact 
that the enhancement also exists in the case of 
the hard sphere dilute Fermi gas,' in which the 
shape of m(E) is entirely determined by the avail¬ 
able phase space for two-partlcle-one-boie or 
two-hole-one-particle exuiutlons. The long 
dashes in Fig. 7 show the value of miiHi(£) in the 



FtG. 7. The long dashes represent the dependenoe 
upon k/kf otm„f/m"m biaj/i" •“ “f 

tsraction of Hammann and Ho-Ktm and for k 1.36 
fm* ’. The odier curves correspond to the value that 
m/m would take in a hard sphere dilute Ftorml gas If 
one would take into account either the analog of the po¬ 
larisation graph (IIA) (short dashes) or the analog of ttie 
correlation graph (IIB) (full curves) (Ref. 8). The hard 
sphere rsdlus his been atQusted to yrleld the same aver¬ 
age depletion of the Fermi sea for the two Interaattoae. 
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case ot the interaction of Hammann and Ho-Kim. 
The short dashes correspond to the hard sphere 
dilute Fermi gas,' to which the parameter (kfC 
= 0.426) has been adjusted in such a way as to 
yield the same average occupation number below 
the Fermi surface in the correlated ground state 
as in the case of the interaction of Hammann and 
Ho-Kim. Here, c refers to the hard sphere 
radius. The difference between the shape of 
mg|„(£) for the two interactions is quite striking. 

It exhibits the fact that the narrowness of the 
enhancement peak is largely determined by the 
long-range part of the nucleon-nucleon interac¬ 
tion. 

For it^ = 1.36 fm'‘, the effective mass as cal¬ 
culated in the Brueckner-Hartree-Fock approxi¬ 
mation decreases by 15% when £(!!) -Ej, In¬ 
creases from 5 to 25 MeV. The enhancement is 
more pronounced at low density: For kf — 1.18 
fm'', the effective mass decreases by 40% when 
E(k) - Ef Increases from 5 to 25 MeV. Although 
the variation of m* is impressive, its influence 
on the dependence of V(h-,E(k)) upon E{k) is 
barely visible in Figs. 3 and 4. In Fig. 4, the en¬ 
hancement corresponds to the feature that the 
slope of (short dashes) is steeper 

in the energy interval 0> Ef -E(fe) > -25 MeV 
than elsewhere. Correspondingly, the single¬ 
particle level density is Increased in this energy 
interval, since it is proportional to the product 
(km*).’' We emphasize that this effect is due to 
the variatwH of the slope of V,n,.,{k-,E(k)). If the 
dependence of this quantity upon E(k) could be 
approximated by a linear law, the polarization 
graph would increase the Hartree-Fock single¬ 
particle level density by the same amount for all 
energies. 

C. rurrrtation graph 

The expression of the correlation graph (CO) in 
Fig. 2 is given by Eq. (2.12). Its formal similar¬ 
ity with Eq. (2.9) also justifies our use of the ex¬ 
pression “correlation graph’’ for diagram (IIB) In 
Fig. 1. However, Eq. (3.11) shows that these two 
graphs are not equal and that their ratio is approx¬ 
imately given by 

^i^ l l ! ^^ j | i.(1.66)»^2.75. (3.25) 

The on-shell value of Ifie correla¬ 

tion graph in the case of the Interaction of Ham¬ 
mann and Ho-Kim has been calculated in Refs. 

10 and 11. It is represented by the long dashes 
in Fig. 4. When added to the BHF approximation, 
it yields the dash and dots in Fig. 3. The corres¬ 
ponding value of the Fermi momentum is 
+ t(co,(*,;F(*,)>=-37.6 MeV. 


The accuracy of the calculated value of 
£(A)) is unfortunately not sufficient to reliably 
evaluate its derivative, i.e., its influence on the 
value of the effective mass, nor a fortiori its 
second derivative, i.e., its influence on the en¬ 
ergy dependence of the effective mass. From the 
dispersion relation 


V«o,(*;£) = »■*<!' 


WcoXfc;E') 

E -E' 


dE', 


(3.26 


and from the asymptotic behavior for E' close lu 

VKto<fe;B')-(E'-E,)' (3.27 

for k < It can easily be checked that 

W,co)(*;E,+0)>0, (3.28 

[aM(o,(fr;E)/8£l,>,^<0, (3J9 

[S*Vuo.(fe;E)/3'El„,.,=<». (3.30 


Inequality (3.29) shows that above the Fermi sur¬ 
face the correlation graph increases the value of 
the effective mass, as compared to the BHF ap¬ 
proximation. The singularities (3.22) and (3.301 
cancel one another; the quantity dm(E)/d£ is 
therefore finite at E =-Ef, The hard sphere dilute 
Fermi gas model suggests that the contribution 
of the correlation graph to the effective mass es¬ 
sentially amounts to symmetrizing the BHF en¬ 
hancement peak about Ef, and to increasing its 
maximum value by about 20%. In the present 
case, these rough estimates indicate that the 
enhancement peak of m*(E) should be almost 
symmetric about Ef, and that its width at half 
maximum is approximately equal to 40 MeV. The 
maximum values would be approximately equal to 
ni*(Ef)/m “0.7 for Ip. = 1.36 fm"', and m*(Ef)/ni 
“0.9 for A, = 1.18 fm"'. These are likely to be 
underestimates of the physical reality, since ti>e 
k mass rh is anomalously small in the case of the 
interaction of Hammann and Ho-Klm. 

D. Renomuliution comctioni 

The sum of the graphs (BHF) and (R) in Fig. 3 
yields the renormalized BHF approximation 
(2.13). In Fig. 8, we plot for kjr = 1.36 fm"' the 
renormalized quantities (1-x) Vhi^*), Vi\{rik,E0 
V,?o)(fc;E(fe)), and Vilu(*:E(fe))+ 

BUS the difference Ef~E’\k), with 

E|f=£"(fc,) = -49.S MeV. 

As expected from the smallness of x[Eq. (2.14)1- 
the curves shown in Fig. 8 are quite similar to 
those which appear in Fig. 3. The main origin 
of the differences is that the renormalized sin¬ 
gle-particle energy £*(*) contains the contribu- 




FIG. 8. Dependence upon the difference ot 

the renormallxad quantittea (1 - k ) (h) (short 

daHhes), £(*)) (full curve), (*,£(*)) 

(long dashes), and I'g|,(*;£(*)) + V?co, (*j£(*)) (dash 
and dots), for h]r>1.36 fnt'* and In (he case of the Inter- 
action of Hammann and Ho-Kim. 

lion of the {renormalized) correlation graph; see 
Eq. (2.18), In particular, this is responsible for 
the steep rise ot (1 -k) Hu- tor Ef-E^(k)«30 
MeV. 

h. ComparWon with a dhpenlan relation approscli 

Orland and Schaeffer' recently evaluated the 
quantities 

l^iiA,(*;£:) - K(iiA)(*;£r), (3.32a) 

and 

V,iiB)(*;E)-VluBi(fc;£,). (3.33a) 

They used the subtracted dispersion relation 
: 2 . 6 b); see also £qs. (3.14) and (3.26) where they 
inserted lorW{k;E') algebraic expressions sug¬ 
gested by the hard sphere dilute Fermi gas rao- 
fel. In Fig. 9, we compare their results with 
Ihe quantities 

V^UA.(*;£(fe9- KnA)(fe,;E,). (3.32b) 

«(iO)(fe;E(fe))-Mro)(fe,;E,) , (3.33b) 

*a calculated here from the interaction of Ham - 
mann and Ho-Kim. This comparison is’ legiti¬ 
mate, since Orland and Schaeffer neglected the 
ftependence upon k of the quantities (3.32a) and 
(3.33a), The overall agreement between the two 
approaches Is fair, despite the fact that both of 
^ni suffer from weaknesses. These mainly 
neosist In the parametric expression of W(fc;E ) 
used by Orland aiwt Schaeffer on the one hand,* 
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FIG. 9. The quantities (a.32a) and (S.OHa) aa evalu¬ 
ated by Orland and Schaeffer (Ref. 7) are represented 
by the full curve and the dash and dots, respecdvely. 
The Abort daahoa and the long daahea show the value ot 
(.I.OZb) and of (3.33b), Tesi»ctively, (or£^>1.36fm'*and 
In the case of the Interaction of Hammann and Ho-Kim. 

and in the finite rank nature of the interaction of 
Hammann and Ho-Klm on the other hand. 

F. Comparison with empiricti ssliws 

The comparison between our calculated depths 
and empirical depths can only bear on their 
energy dependence, since the interaction of Ham- 
niann and Ho-Klm yields too much attraction. 
Accordingly, we shall add to the calculated value 
of the depth a constant equal to 

Asm “ff—E^ = 2B,6 MeV (3.34) 

in the case of the BHF approximation, and to ' 

Ab,,, '* =t, -£,'* = 21.6 MeV (3.35) 

in the case of the sum of the BHF and of the cor¬ 
relation graphs. One should also keep in mind 
that the empirical depth depends on the geometry 
adopted lor the mean field, and that moreover 
the interaction of Hammann and Ho-Kim yields a 
too large value for the nonlocality range. Des¬ 
pite these reservations, a comparison between 
calculated and empirical depths is useful, in par¬ 
ticular, since it offers an opportunity to show to 
what extent the experimental data indeed exhibit 
that the effective mass is enhanced near the 
Fermi surface. 

Bear and Hodgson'* recently fitted the centroid 
energies of bound single-particle states with a 
shell-model potential well whose Woods-Saxon 
geometry was kept fixed, but whose depth was 
adjusted in order to reproduce each centroid 
energy. The resulting empirical depths are rep¬ 
resented by open dots (protons) and by crosses 
(neutrons) in Figs. 10 and 11. The vertieal bars 
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FIG. 10. llie dots represent the depth of s Woods- 
Sexon potential which reproduces the experimental 
■Ingle-particle centroid energy £(h). In the case of 
**08 (Ref. 24). We took £,--8 MeV. The short dashes 
show the trend Indicated by Bear and Hodgson (Ref. 

24). The full curve la the BHF approximation (plus 

• 28.6 hfeV) In the case of nuclear matter with kf 

• 1.36 fm~^ and of the Interaction of Hammann and Ho- 
Klm. The dash and dots correspond to the sum of the 
BHF approximation and of the corrolatlcn term, plus 

• 21.6 MoV. 

indicate the size of the width of the single-parti¬ 
cle states. Bear and Hodgson argued that these 
results suggest the existence of a plateau near 
the Fermi surface; they accordingly represented 
this trend by the short dashes, which follow two 
straight lines. The full curve represents the cal¬ 
culated BHF mean field, plus Abhi -28.6 MeV. 
The dash and dots corresponds to the sum of the 
BHF field and of the correlation graph, plus 
21.6 MeV. 

The overall agreement between calculated and 
empirical energy dependence is fair. However, 
several difficulties should be mentioned. Firstly, 
the empirical depths for proton single-particle 
stales do not exhibit a plateau near the Fermi 
surface; it is only by combining proton and neu¬ 
tron data that this trend appears. Secondly, the 
trend is rendered somewhat hazy by the large 



width of the bound single-particle states. Finally 
the energies of the single-particle states close to 
the Fermi surface are particularly sensitive to 
the nature of the low-lying core excitations in the 
case of light and medium-light nuclei. Accord¬ 
ingly, one would expect that the existence of a 
plateau In the energy dependence of the potential 
depth should be better exhibited in the case of a 
heavy nucleus and in the framework of a study 
that encompasses scattering states. In the case 
of *"Fb, for instance, the experimental single- 
particle levels close to the Fermi surface are 
weU reproduced by a static and local Woods- 
Saxon potential (m* =m). The elastic scattering 
data require m* =0.7 m for E > 20 MeV.*‘ Thus, 
the combination of bound and scattering data 
clearly shows that m * is larger near the Fermi 
surface than at positive energy. The Skyrme-HI 
interaction (mj, =0.7S) yields a satisfactory 
agreement between the Hartree-Fock approxima¬ 
tion and bulk nuclear properties; It Is thus 
probably reliable for most bound single-particle 
states. However, it yields a too small single¬ 
particle level density near the Fermi surface.’’ 
These features suggest that the enhancement of 
the empirical effective mass is local. 

Qiannini, Ricco, and Zucchiattl” have recently 
rendered the energies of bound single-particle 
states and nucleon elastic scattering data for nu¬ 
clei ranging from C to Sn. The dots in Fig. 12 
represent the corresponding empirical depths. 
We note that in this compilation, the existence 
of a plateau near E{k)=Er is better pronounced 
than in Figs. 10 and 11, owing to the availability 
of positive energies B[k). As in Figs. 10 and 11, 
the full curve and the dash and dots correspond 


0 n -1-1-1-1-1-r 



Ep-Elk) (MeV) 

FIG. 12. The dots represent the depth of a Woods- 
SSxon potential whioh fits bound slngle-parttole centroi 
energlee l£(*)< 0| or elastic soattsrlng data [SW 
(Hef. 27). We took £,•- 8 MeV. The fUU curve l« d>® 
BHF approximation plus A»i»»28.6 MeV, for nuclear 
matter with Ar>1.36 tm*' and for the Interaotton of 
Hammann and Ho-Ktm. The dash and dots oorreiixxxl 
to tbs sum of the Bruaoknsr-Bartree-Fook tppraxUns- 
tlon and ot the oorralatton term, pins Ag 2 ^^ 21.6 
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to tlM BHF and to the BHF + correlation graph 
approximation, reepectively, including the shifta 
Aun and The comparison with the data 

Indicates that the calculated enhancement of m* 
is somewhat too narrow, and that it should, more¬ 
over, be centered on Ej, rather than somewhat 
above Br- As we discussed in Sec. mC, the hard 
sphere dilute Fermi gas model suggests that 
these deficiencies would be largely corrected by 
a better evaluation of the value of the correlation 
graph in the vicinity of the Fermi surface. 

G. DiKuaBon 

There exists experimental evidence that the 
energy dependence of the depth of the single- 
particle potential is weaker near the Fermi 
energy than elsewhere. This corresponds to a 
local enhancement of the effective mass. This 
cannot be obtained in the framework of a static 
description like the Hartree-Fock approximation. 
One must Introduce the dynamics of the shell 
model by taking into account the coupling of the 
single-particle states to core excitations, and 
also the blocking of ground state correlations due 
to the existence of a valence nucleon. The re¬ 
sults presented here confirm and extend the con¬ 
clusions that bad been reached in Ref. & from the 
investigation of the Brueckner-Hartree-Fock cal¬ 
culations in the case of Reid’s hard core nucleon- 



E^-E^lkJ IMfV) 

FK3, 13. TTifl full ourve (rigfat-band scale) represonta 

e dependenoa upon JS(jb) (oppar soale of the Ima- 
part of the quEstpaitlole mfff" field m caloul- 
•d for hjpal.3e hn*‘ from Die Interaotlon of Hammann 
■d Ho-Klm and in die framework of the BHF approxl- 
Athn. The dashed ourve (left-hand loale) corresponds 
the dapandanoe of the ranonoaltaed socood-order 
’’’’''’Atnutiaa, Eq. (4.3), upoo the energy dlstanoo to 
* ®hnnl energy at oaloulatad from Bq. (2.18). The 
^ dashes abow the reeult obtained by Orland and 
‘haettsr (Ref. 7). 


nucleon Interaction. 

One may wonder whether the finiteness of nu¬ 
clei strongly influences the local enhancement of 
the effective mass. Hamamoto and Siemens’* 
evaluated the increase of the single-particle level 
density near the Fermi surface of ’’’pb in the 
framework of a particle-vibration coupling model. 
They found an enhancement which saturates only 
very Slowly with increasing excitation energy of 
the vibrations. Thus, it appears rather unlikely 
(hat the particle-vibration coupling leads to an 
increase of m* that would be confined near the 
Fermi energy. This suggests that the local en¬ 
hancement of m* is mainly due to the coupling 
of single-particle states to one particle-one hole 
excitations. This is in keeping with the finding 
that the local enhancement of m * exists in the 
UmitA-“, i.e., for infinite nuclear matter.* We 
note that the effect of the particle vibration is 

white the shell spacing in the independent 
particle approximation Is 0(A■*'’).’* Hence, the 
effect of the particle-vibration coupling vanishes 
in the limit A , as expected from the surface 
nature of the vibrations. 

IV. IMAGINARY PART OF THE MEAN FIELD 
A. Numerical mulu 

The imaginary part of the mean field felt by a 
quasiparticle with energy B(k) is given by 

( 4 . 1 ) 

We shall see in Sec. V that in tirst approximation 
the corresponding width of the quaaiparticle state 
is given by 

r(£(t))=2iV(£(fe)). (4.2) 

We calculated this quantity irom the interaction 
of Hammann and Ho-Kim. The solid line in Fig. 

13 8 b( 7 WB the dependence upon the difference 
Ef -E(k) of the BHF approximation H^u (E(h)). In 
the energy range |£f -£(*) | < 50 MeV, which is 
of physical interest, our results are quite close 
to those obtained by Orland and Schaeffer' from 
their dispersion relation approach, and which are 
represented by the long dashes in Fig. 13. The 
short dashes correspond to the dependence upon 
Ef-E’'(li), Eq. (2.18), of the renormalized BHF 
approximation, i.e., of 

(l-*)*»'.Hi (£(*». (4-3) 

We note that the renormalized approximation lias 
higher than the BHF approximation despite the 
reduction factor (1 - x)’; this reflects the differ¬ 
ence between the two energy scales used in tbs 
abscissa to cbaracteiize the quaalpartlcU atata. 
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FIO. 18. Spectral funotiona tor alngle-partlole states 
In *^a, as calculated at tjr-1,36 fm'' from Eq. (5J1). 
The quaslpartlcle energy £(6) In Eq. (5.2) has been ad¬ 
justed to the empirical peak energy of the bole states 
with quantum numbers Is (full curve). Ip (long dashes). 
Id (short dashes), snd 2s (dash and dots). 

have adjusted the quaalparticle energy E(k) in 
such a way that the difference Ej, -E{k) Is equal 
to the empirical value. 

In Fig. 17, we show the dependence upon Ef -E 
of the spectral (unction S,(fc;b') calculated In this 
way, with the energy E{k) adjusted to the experi¬ 
mental value of the difference Ef -E(k) tor the l.s 
stale in the nuclei “Be, '*C, and *'A1. We 
note that the peaks are asymmetric. This is due 
to the term proportional to in the numerator 
on the right-hand side of Eq. (5.2), and reflects 
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FKi. 19. Comparison between emplrioal strength 
(Unctions (Ref. 33) and spectral tunotiona calculated 
from Eq. (5.2) for6;r-1.36 fm*' (pa047 nuoleons/fm*). 
The ordtaate scale Is la arbitrary units. Tbe peak en¬ 
ergy E(k) tn Eq. (5.2) has been adjusted to die empirical 
value (or the alnc^partiole states wtdi quantum num- 
bars Is (trlan^s and continuous curves). Ip (full dots 
and long daabet), and Id (open olrolee and short dsriies). 
to the ease of **3, the tarn dashed otirvea oorrespond 
to the iPi/i and iPi/t levels, respectively. 


FIG. 20. Same as Fig. 10, forhf.~l.18 fm'* (p 
• 0.11 nucleona/fm’). 

the fact that Si,(k;Ef) =0, The width of tbe peaks 
increases with increasing binding energy and, 
correspondingly, their height decreases. 

In Fig. 18, we plot the spectral function St(h,£), 
as calculated from the right-hand side of Eq. (5.2) 
in which we adjusted the value of E(k) to the em¬ 
pirical energy of the Is, 1J>, Id, and 2s hole 
states In ‘‘Cai we took 6, = 1.36 bn'*. These re¬ 
sults are compared with empirical data in Fig. 
19, where we also show results pertaining to '*81 
and ^’Mi. The units in the ordinate scale are 
arbitrary. Since the data do not directly yield the 
normalized spectral function, we bad to attach 
to the theoretical curves one normalization coef¬ 
ficient, chosen in such a way that the height of the 
1 ^ peak is in keeping with the empirical value. 
We note that the agreement between tbe calculated 
and the empirical strength distributions is fair 
in tbe case of the Is state, but that the calculated 
peaks are too narrow tor the Id and Ip levels. 
This may be partly ascribed to tbe fact that for 
these two orbits the mean nuclear density <p) ia 
smaller than for the deeply bound Is level. This 
is illustrated in Fig. 20 where we show tbe spec¬ 
tral functions calculated as in Fig. 19, but for 
the Fermi momentum kf = 1.18 fm'*. 


VI. DISCUSSION 


In the present paper, we studied serer^ pro¬ 
perties of tbe mean single-particle field and of 
hole state strength (unctions in nuclear matter aod 
in finite nuclei. The input of our calculation 
the semlrealisUc nucleon-nucleon interaction of 


Hammann and Ho-Klm.* This Interaction pre¬ 


sents two advantages over a more realistic nu¬ 
cleon-nucleon potential, such as Reid’s (or in¬ 
stance*': (a) Firstly, it is sufficiently soft (or 
enabling one to use a perturbation expansion for 
the mean field, although the rate of convergeno^^ 
of this expansion is not faat (Sec. IHB). Thus, * 
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have been able to display the contributions to the 
real part ol the mean Held o( the Hartree-Fock 
term (Sec. IHA), of the polarization graph (Sec. 
lUB), and of the correlation graph (Sec. ID C). 

The two latter contributions had not yet been cal¬ 
culated In the case of nuclear matter. We com¬ 
pared our results with those of Orland and Schaef¬ 
fer' (Sec. niE), with empirical potential depths 
(Sec. mF), and with empirical absorptive poten¬ 
tials (Sec. IVB). (b) Secondly, the interaction ol 
Hammann and Ho-Klm is of finite rank. This 
allows an accurate calculation of Brueckner’s 
reaction matrix, and enabled us to Investigate 
in detail the energy dependence of the effective 
mass in the Brueckner-Hartree-Fock approxima¬ 
tion (Sec. inB), and the spectral function of hole 
states (Sec. V). 

The interaction of Hammann and Ho-Kim suf¬ 
fers from the following two drawbacks: (a) It is 
of finite rank, l.e.. Is highly nonlocal. This leads 
to an underestimate of the effective mass in the 
Uartree-Fock approximation (Sec. IDA), and 
more generally to an underestimate of the k mass 
m(k) [Eq. (3.IB)], (b) The strength of the inter¬ 
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action of Hammann and Ho-Klm is too large. In¬ 
deed, the calculated Fermi energy Is larger in 
absolute magnitude than the empirical value when 
calculated in the Brueckner-Hartree-Fock ap¬ 
proximation. 

We argued that the advantages overshadow the 
drawbacks. However, the Utter must be kept in 
mind, and If possible corrected tor, when com¬ 
paring calcuUted and empirical values (Secs. 
niF, IVB, and V). This comparison is semi- 
quantitatively satisfactory, if one adopts a sug¬ 
gestion due to Orland and Schaeffer' for mapping 
nuclear matter values onto finite nuclei proper¬ 
ties. These authors proposed to Identify In the 
two cases the difference between the Fermi 
energy and the quasipartlcte energy. This pio- 
scriptlon amounts to acrlbing a major role to the 
phase space available for the decay of Cm scat¬ 
tering state. Moreover, it Urgely corrects the 
error Introduced by drawback (b) above. 
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The leiding-onler correUtkm coirectiau to the indepeodent putide ihell mode) momentum dendty 
diatribution for 'S3 ere ctlculeted uiin| the Bniecltner theory of fliute nuclei. The Pauli conected defect 
functioni tie ca lc ulited uiing Reid soft core B and de Tounreil-Spmog interactioo potentiab with harmonic 
oscillator starting wave functiana and experimental ahell moM starting energiea. Ihe short-iange 
correlstions are found to modify sgoificantly the independent particle shell model momentum density 
distribution for low momenta and to dominate it for high momenta. Comments are made concerning the 
selection of ground state nuclear wave functions for calculating iguaaielastic scattering processes. 


[ NUCLEAR STRUCTURE “O, calculated momentum density distribution. 
Brueckner method finite nuclei; Reid soft core. Sprang potenUala used. 


The experiments o( Frankel et nl.' with 180° 
proton production from quasielsstic proton-nu¬ 
cleus scattering have stimulated Interest In the 
nuclear momentum density distribution. A sim¬ 
plified calculation of this process which is roughly 
dependent upon the nuclear momentum distribu¬ 
tion has been used in an attempt to extract this 
distribution from the data.’ 

As a result of this interest in the momentum 
distribution, Zabolltzky and Ey’have produced 
theoretical calculations of the momentum density 
distribution using the coupled-cluster or exp(S) 
form of many-body theory'* in the generalized 
Brueckncr-Hartree-Fock approximation. The 
calculations in Ref. 3 show that the momentum 
distribution Is dominated by two-nucleon correla¬ 
tion contributions at momenta greater than 2 fm'*. 
This suggests the value of an experimental deter¬ 
mination of the nuclear momentum distribution 
as a possible means of studying two-body correla¬ 
tions. Therefore, it is necessary to perform 
more realistic calculations of 180° proton pro¬ 
duction or similar processes such as quasielastic 
electron scattering In order to determine whether 
It is possible to obtain the nuclear momentum dis¬ 
tribution, or comparable information concerning 
nuclear correlations, from such experiments. 

With this eventual object in mind, we will pre¬ 
sent first the simpler approach of the Brueckner 
theory of finite nuclei’ to introduce two-nucleon 
correlations. This approach will be used to cal¬ 
culate the momentum density distributions for '*0 
using Reid soft core B and de Tourrell-Sprung 
potentials. These will be shown to be essentially 
equivalent to those of Ref. 3. We will then make 
use of the momentum distributions to discuss 
whether It is necessary to use more realistic 
single-nucleon gronnd state wave functions such as 


those due to a Woods-Saxon potential. 

We define the momentum density distribution 
k(P) with the following normalization: 

where A is the total number of nucleons. 

Using the Brueckner theory for finite nuclei, 
the nuclear momentum density distribution in¬ 
cluding the lowest-order two-nucleon correlation 
corrections is represented by the Goldstone dia¬ 
grams of Figs. l(a)-(e), where the cross repre- 

O 


(X) 
(X) 

iijj 

f 

FIG. 1. Goldstone diagrams representing momentum 
deiulty distribution with lowest order two-nucleon cor¬ 
relation corrections. 
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sents the nonlocal operator the wavy 

lines represent the two-nucleon interaction re¬ 
sulting from the sum of ladder diagrams, and 
the upward and downward pointing arrows repre¬ 
sent particles and holes, respectively. 

Diagram 1(a) represents the independent parti¬ 
cle shell-model result for the momentum distri¬ 
bution while diagrams l(b)-l(e) represent the 
lowest-order two-nucleon correlation corrections 
to the momei^m density. Diagrams 1(d) and 1(e) 
serve to renormalize diagram 1(a) such that the 
total number of nucleons remains unchanged by 
the introduction of correlations. The actual cal¬ 
culation of these diagrams can be simplified by 
recognizing that the parts of each of the diagrams 
l(b)-l(e) corresponding to Fig. 1(f) represent the 
two-nucleon defect function which is defined as the 
difference between the Brueckner-Hartree-Fock 
(BHF) pair wave function and the exact, correlated 
pair wave function. The defect function can be 
determined from the equation 

( 2 ) 

where | ^i> and ] <f>> are the exact and BHF two-nu¬ 
cleon wave functions, V is the interaction potential, 
/fg is the BHF Hamiltonian, uj is the energy of the 
two-nucleon propagator, and ^ is the Pauli op¬ 
erator. 

The evaluation of Eq. (2) is simplified in this 
work by Introducing several approximations. The 
most Important of these is the replacement of the 
BHF wave functions by harmonic oscillator ground 
state wave functions where the oscillator para¬ 
meter is chosen to provide a good fit to the low 
momentum (£400 MeV) portion of the elastic 
charge form factor. This eliminates the problem 
of actually finding solutions to the self-consistent 
BHF equations. Such solutions do not always give 
accurate binding energies and do not always pro- 
vide a good description of the elastic charge form 
factorA more practical consideration is the 
obvious convenience of having an analytical ex¬ 
pression for these wave functions and of being 
able to separate exactly pair wave functions into 
relative and center-of-mass factors by means of 
Moshinsky brackets. The additional approxima- 
tions are made that the experimental shell-model 
binding energies are substituted lor the eigenvalues 

H, in Eq. (2), and that the PauU operator ^ is 
treated in the Eden-Emeiy approximation. 

Using the above approximations, Eq. (2) is solved 
tn coordinate space for both the Reid soft core 
B and de Tourreil-^rung supersoft core poten¬ 
tials. The momentum distribution for “O is cal- 



S [mo] 

FIG. 2. Momentum density distribution for ‘*0: 1 
m.u. - = 129.57 MeV. 


culated using the momentum space Fourier trans¬ 
form of the defect function corresponding to each 
potential. The accuracy of these calculations is 
tested by computing the norm of the defect func¬ 
tions calculated in both coordinate and momen¬ 
tum spaces, and by verifying that Eq. (1) is sat¬ 
isfied for each distribution. The resulting momen. 
turn distributions for '"O are shown in Figs. 2 
and 3 where line A represents the correlated dis¬ 
tribution using the Reid potential, and line B is 
the correlated distribution using the Sprung po¬ 
tential. Line C is the IPSM harmonic oscillator 
momentum distribution and line V is the IPSM 
Woods-Saxon momentum distribution. Distribu¬ 
tions A, B, and C have been corrected for spur¬ 
ious center-of-mass motion as in Ref. 3. Calcu¬ 
lation of such a correction for the Woods-Saxon 
distribution is considerably more complicated 



P (muj 

FIO. 3. Momentum density distrlbutton tor "o. 
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than tor the dlntributlonai4 through C, and la 
beyond the scope of this paper. For this reason 
the Woods-Saxon distribution ID) does not Include 
corrections for spurious center-of-mass motion 
and is included only for the purpose of compari¬ 
son with C. The momentum distributions dis¬ 
played in Figs. 2 and 3 are in good agreement 
with the corresponding distributions in Ref. 3. 

At low momenta the primary effect of the cor¬ 
relation is the renormalisation of the IPSM dis¬ 
tribution (C). At a momentum of approximately 
2 meslc units (m.u., 1 m.u.^m^o 139.57 MeV) 
the correlated distributions (A and £) become 
larger than the uncorrelated distribution (C). At 
a momentum of 3 meslc units the correlated dis¬ 
tributions are almost an order of magnitude larg¬ 
er than the uncorrelated distribution. At small 
momenta the Sprung distribution (B) is larger than 
the Reid distribution (A) and is smaller than the 
Reid distribution at large momenta, as would be 
expected. 

It Is Interesting to consider the IPSM Woods- 
Saxon distribution (D). This distribution is larger 
at low momenta (less than 1 m.u.) than the har¬ 
monic oscillator distribution (C) since the Woods- 
Saxon potential is broader than the harmonic os¬ 
cillator potential. As the momentum increases 
above 1 m.u. the harmonic oscillator distribution 
becomes larger than the Woods-Saxon distribu¬ 
tion. At approximately 3 m.u. the Woods-Saxon 
distribution begins to show the oscillatory be¬ 
havior which reflects the range parameter of the 
Woods-Saxon potential,’’ and again becomes larger 
than the harmonic oscillator distribution at ap¬ 
proximately 4 m.u. Examination of Fig. 3 shows 
the essentially exponential falloff of the Woods- 
Saxon density as opposed to the much more rapid 
Gaussian falloff of the harmonic oscillator den¬ 
sity. The high momentum behavior of the Woods- 
Saxon wave functions is often considered to be 
more realistic than that of the harmonic oscilla¬ 
tor wave function. However, at momenta above 
2 m.u. the Woods-Saxon density (V) la much small¬ 
er than the correlated densities (A and H). The 
slower falloff and extra structure of the Woods- 
Saxon wave functions at large momenta is totally 
obscured by the two-nucleon correlations. There¬ 
fore, for processes which are roughly dependent 
upon the ground state momentum distribution, 
such as quasielastic proton or electron scatter¬ 
ing, the ground state may be well described by 
harmonic oscillator wave functions and two-im- 
cleon correlations. 

The effect of correlations is quite different in 
the case of the elastic charge form factor than 
in the case of the momentum distribution. Figure 
4 shows the elastic charge form factor for ”0 
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FIG. 4. Elastio charge form factor for 


as calculated using the harmonic oscillator wave 
functions with (solid line) and without (dashed 
line) correlations. The correlations are included 
by evaluating a set of diagrams similar to Figs. 
l(a)-l(e) where the cross represents the local 
operator Clearly in this case the inclusion 

of two-nucleon correlations results in negligible 
change to the elastic charge form factor. This 
tends to justify our use of the form factor as a 
means of selecting the oscillator parameter. 
ZaboUtzky and Ey’ argue that the form factor is 
relatively Insensitive to correlations since It is a 
measure of density fluctuations whereas the mo¬ 
mentum density distribution Is a measure of den¬ 
sity correlations and is therefore much more 
sensitive to the inclusion of correlations. 

In summary, we make the following conclusions: 

(1) The simplified approach of Bnieckner theory 
used in this paper provides a good description of 
the nuclear momentum density distributions. 
These distributions are in good agreement with 
those calculated in Ref. 3, using the much more 
complicated exp(S) method. 

(2) At momenta less than 3 meslc units the re¬ 
normalized single .^article momentum distribu¬ 
tion dominates, whereas at momenta greater 
than 3 meslc units the correlation contributions to 
the momentum distribution dominate. 

(3) Since correlation contributions dominate the 
momentum distribution at momenta greater than 
3 mesic units, the high momentum behavior of 
the Woods-Saxon distribution is totally obscured 
by the correlations. Therefore, for processes 
which are roughly dependent upon the ground state 
momentum distribution, such as quasielastic pro- 
tott or electron scattering, the ground state may 
be well described by harmonic oscillator wave 
functions and two-nucleon correlations. 

(4) Since the elastic charge form factor is io' 
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oensltlva to correlations, single-particle ground 
state wave functions may be selected by fitting the 
lower momentum (| 9 | &400 MeV) portion of the 
elastic charge form factor. 
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1. INTRODUCTION 

In the past several years, wo have been using 
the Belyaev-Zelevinsky' type boson-expansion 
theory (BET) as a tool for describing states arising 
from quadrupole Tlbrations and/or deformations 
In even-even nuclei.*'" The first paper* and a 
part of the second paper* In this series dealt with 
the formal aspects of the problem along the lines 
developed earlier by Sorensen,’ with a few key 
Improvements. Succeeding papers were mostly 
of an appllcatlon-mlnded nature. In Ref. 4, exten¬ 
sion of BET to a higher order (sixth) was made to 
show the convergence per se. This convergence, 
l.e., the possibility of truncating the series expan¬ 
sion, was verified numerically and was seen to 
hold consistently In later applications. 

Recently, SUvestre-Brac and Plepenbring* fol¬ 
lowed the prescription of Ref. 2, In treating the 
ff E 0* bands of deformed nuclei, and claimed that 
the boson expansion breaks down. Our most recent 
applications,"*" however, are based on a some¬ 
what different understanding of the boson expan¬ 
sion" than in Ref. 2. The purpose of the present 
paper Is to clarify, first, the difference in under¬ 
standing between Refs. 2 and 6, and then show that 
the use of the latter is more correct for practical 
atq;>licatlons of BET. Discussion will also be 
presented on how the boson expansion should, in 
fact, be made and what are its limits. It will be¬ 
come clear why the problem, pointed out by 
Silvestre-Brac and Plepenbring, was not en¬ 
countered in our applications,"*" and why It will 
probably disappear in their application as well, 
if they switch to the newer understanding of Ref. 

6 . 

n. BRIEF SUMMARY OF THE BOSON EXPANSION 
METHOD 

We begin by reciqiitulating a few formulas of 
Ref. 2. As done there, we first define the two- 


quasiparticle-pair operators which are needed: 

^ [“I,“/,]»» > (1) 

Ji<Ja 

“I“J,“/,!*» > 

where 

(3) 

Here oj. is a quaslpartlcie fermion creation op¬ 
erator and Is an element of some N x N 
unitary matr^, where N is the number of ways 
to couple two of the quasiparticle states to an 
angular momentum A, as denoted by square brackets 
in Eqs. (1) and (2). In practice this matrix Is 
chosen to be the result of a Tamm-Dancoff cal¬ 
culation, which results In a single collective mode 
and A' - 1 noncoUectlve modes.*’* Using the ab¬ 
breviated notation a ={aXp} and /> v® "'W 

summarize the commutation relations between 
fermion operators as* 


p 

(4a) 

ft 

(4bl 




(5) 


See Ref. 2 for more details of notation. 

In order to convert a fermion Hamiltonian, 
which may be written as products of the il’ and 
C* operators, into boson expanded form, we besin 
by writing series expressions for the fermion pj"' 
operators as 

K “’‘Al F Y, X,lflbc3)A\AlA, 

+ Y Xt{abcdefU^lAlA]A,A,-t-“-, 

Mtf 
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c;=Xo(/))+ 


+ z X,[p,ohiSiA\A\A,A,^--‘ , (6b) 

mtc4 

in terms o{ boson operators A and A“' that sat¬ 
isfy 

f>l„/111 = 6^. (7) 


By subsUtuting B* and of (6) into (4), the latter 
becomes a set of equations for the expansion co¬ 
efficients X, which can be solved analytically.‘ 

One nice property found^ ’ is that 

Xo = "^)i Xa(y>J oh) =P|^, 

X,=X,»'‘-=0, (8) 

i.e., that C’ has a finite expansion. The general 
forms for X, and X, are given as 

X,{abcd) -r(8^ 6^ + 6j + sY(flbcd), (9a) 

X^iflbcd; if) ^uAu^bcdef) + v\r(flbcdef) 

+wAfY(flbcdef), (9b) 


where 

y(aftc<f) = Z^»Pj<> 

* 

&^,(abcdef) = *«*</ + *»» ^c/ • 

^■r(abcdef)^Pb^ Yicefd ), 


( 10 ) 


A„fabcdef) =P Z . 

t 

with 


( 11 ) 

P„,= l+P. + P^ = 

The operator P^ exchanges the indices a and h. 

The coefficients r, s, «, v, and w in (9) can be 
expressed* in terms of x. One can then substitute 
the boson expansion series, (6), into the Ham¬ 
iltonian. This gives an infinite boson Hamiltonian 
defined on the boson space spanned by all states 
of the form 

[B)« (a;j)-i(>i;_^)*» • • • (i4l,)"«- |0>s, 

where X U the number of multipolos possible, and 

"i.. distinguish between different modes 

of each multipole. The solution of such a problem 
^'onld yield exactly the same answers as tlie 
original fermion problem, but obviously is even 
*'srder to solve. One realizes then that some 
truncation is necessary. If one begins truncation 
at this stage, however, then one has begun too 
late, and it is at this Juncture that the prescription 
given in Hef, 3 could have been misleading. 


III. TRUNCATION OF THE BOSON EXPANSION 

In our applications**" of BET, we intended to 
describe the properties of the positive parity low- 
lying states of even-even nuclei, which show 
collective quadrupole behavior. In practice, we 
may restrict ourselves to only a few modes of 
excitation, and describe many of the low-lying 
states of nuclei as superpositions of these modes. 
Whether or not this ansatz allows us to describe 
data, is shown n posteriori by comparing the ob¬ 
tained results with experiment. 

Before continuing, we clarify why the fermion 
pairs must be expanded in a posslbiy infinite 
number of boson terms. The answer is the need 
to satisfy the Pauli principle and this becomes 
clear if one considers the following example. Let 
a given fermion state be denoted by |/^. Suppose 
that this state definitely (with occupation prob¬ 
ability of unity) contains two quasiparticles in the 
single-particle states (),>«) and (f,-w). Now 
consider a state \F). By the Pauli 

principle, this expression contains some terms 
which vanish; e.g., for m = 0 and;, sj,, one term 
out of 2i, + l vanishes. Now the state ]/=) must 
have a counterpart (or image) In the boson space 
of the form |B>, as given above, if we let only 
a single boson term represent the pure config¬ 
uration | a i.e., consider only the first 

termof(6ah then when we construct .4’|B>, we 
flwl that the cancellation of Pauli-principle vio¬ 
lating amplitudes does not take place. Thus, in 
some cases, the operation of A' results In a state 
which has components violating the Pauli prin¬ 
ciple. It Is the succeeding terms of Eq. (9a) which 
check the fermion content of \B) and cancel out 
any Pauli-principle violating terms. Thus the 
expansion is necessary to strictly satisfy the Pauli 
principle. 

The above example hints at why It is inadvisable 
to boson expand pure fermion pair states such as 
(a* a’ \. Things can go bad very quickly if one 
does not expand to very high order. The intewsted 
reader is referred to the work of Marshalek.* 

We now return to the question of truncation which 
comes into our discussion in two ways. To dls- 
cuBB the first, we will begin with Eq. (6). We con¬ 
sider the A »2 collective solution of the Tamm- 
Dancoff problem. U defines a fermion operator 
of physical Interest, the other B’ operators 
ciM-'ieBpondlng to excitations which lie at or above 
twice the energy gap.* In the summations in Eq. 

(9) over all different bosons, we wUl restrict 
ourselves to the above A = 2 boson which has the 
coUective nature. Thus the expressions to be sub¬ 
stituted into Eq. (4) are those in Eq. (6), but with 
the indices a,b .subject to the restrietlonB 
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•coU, and • • ■2. Thug 

the summations in fact disappear. The solutions, 
for the coefficients which define the X,, are then 
easily found tobe'*'’ 

r*0, s='-l/(4*), u*vaO, w =»-.sV(18r), 

( 12 ) 

with the results for the coefficients of un¬ 
changed from Eq. (8). 

In (12), the relation r 0 is exact, while 

the expressions for s and u< are approximate. 

They can be used for practical calculations since 
they are obtained by neglecting terms which have 
been found to add corrections to these expres¬ 
sions of a few percent which subsequently have 
been seen to have virtually no effect on the final 
energies or wave functions in practical cases. 

The result that r = 0 eliminates large terms which 
appear in the Hamiltonian when the expression of 
Ref. 2 is used, i.e., when we set 

r = f2(»:*-.l)‘'*+Cr» + 2)‘'»-3rl/6. (13) 

The danger of the r term is more evident if one 
notes the following. Instead of Just retaining the 
collective mode with Xs2, suppose we start 
picking up more modes, one by one, and repeatedly 
resolve the commutation relations for B’ and C*. 
One finds that r=uot's0 is exactly true con¬ 
tinually, until one has decided to pick up all pos¬ 
sible modes of every single multipole. Then, and 
only then, r changes dlscontinuously from 0 to 
that expression given in Eq. (13). Note that during 
this procedure, s and w are deviating a little bit 
from their simple form In Eq. (12), but that pres¬ 
ents no problem or trouble in the calculations. 

At this final stage, the other problem that the 
expressions given in Ref. 2 for u, v, and to, 
demand x’ ? 2 and so on, also reappear. 

One may wonder what roles the terms in (9) 
play in the full general calculation. For this pur¬ 
pose we give a diagrammatic representation of 
the quadrupole collective operator B*,,, in Fig. 

1. The smooth lines represent single bosons while 
the dotted lines represent the quasiparticles. From 
Ilg. 1 and Eq. (6), we see that the first diagram 
describes or creates the boson excitation of col¬ 
lective nature. The third diagram (s term) checks 
the fermion nature of all sinc^e bosons present In 
the basis state or sample boson state |b) and adds 
a correction (subtraction) according to the nature 
of the bosons in |b>. Similarly, the sixth diagram 
(u/ term) checks the fermion nature of all possible 
boson pairs and makes correctioas. The second 
dlsgram (r term) does not ehedi anything as re¬ 
gards the fermion content of the bosons In the 
sample state, it picks out and counts all thebosons 
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FIG. 1. First six tsnns of a Jsgrsmmstlc expansion 
of the fermion pair operttorBj (f labels all quanhun 
noinbera). Smooth fdotted) lines repr e s e nt bosons 
fquasipartlcles). Permutation of Indloea in the r,a,v, 
end w terms snd summstlons over all qassipartlole 
pair components of the bosons are omitted from the 
figure for clarity. 


that are already present in the sample boson state 
and excites the collective boson onto that state. 
The purpose of this term In the most general case 
(of Ref. 2) is to effectively renormalize the co¬ 
efficient of the linear boson curator, to account 
for higher order corrections to the Pauli prin¬ 
ciple, which because of Indice permutations and 
contractions come in with large coefficients. If, 
by the physics of the problem, one knows that one 
does not desire to consider all possible multi¬ 
poles of bosons as well as all possible modes of 
these multipoles, then it is incorrect to include 
these r, u, and v coefficients in a truncated cal¬ 
culation; they are necessary to preserve the Pauli 
principle only when all the fermion operators are 
to be handled. As an aside, we see that the van¬ 
ishing of the r, «, and v coefficients in the trun¬ 
cated problem can be expressed, in the language 
of this diagrammatic representation, by saying 
that we Ignore unconnected diagrams in Fig. 1. 

Once we recognize that the unconnected diagrams 
are to be omitted in a realistic calculation, we 
may put the boson series in a more convenient 
form, and we begin to prepare for the second 
aspect of our truncation problem. We let ( rep¬ 
resent the diagram In the s term of Fig. 1. We 

will consider all boson lines to be collective bosons. 

Then we have 


B 


t 

nil 


= - 


J. 

4x 


2x4’xx’ ~ TxTxx’ 


where A'' creates the collective boson. Permu¬ 
tation of Indices which gave identical terms when 
the restriction to one collective boson was made, 
reduced the numbers in the denominators of the 
expressions for the w term, tor instance. Before 
discussing convergence we digress to cover a 
few points. 

The choice of x Itself has Invoked some contro¬ 
versy. Sorensen’ bad advocated both x » 1 and 
X «1 on different oeeaslons. Naively, from Eq- 
(14), one might suppose that large x improves 
convergence. However, when plugging the boson 
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e^qiaiiBiotl for into Eq. (4a), the leading term 
Is x*6,n to be compared to 8,j on the right-hand 
side. The choice 1 is naturally suggested aiKl 
is in fact consistent with the derivation of Eq. 
(12). The on(y way x can be chosen larger is if 
all modes are being considered in B'. Then 
terms can drop oia of the commutators of 
the higher order terms to reduce x’a,, from 
the left-hand side of Eq. (4a) to the 6,^ as 
required by the ri^t-hand side. The choice 
of r c 1 was used in all our previous triplications.. 
Nevertheless, the results are relatively Insen¬ 
sitive to changes in x of at least 20%. As an 
aside, we note that If one were to take the boson 
expansion out to high order and Include all modes, 
thus forcing the choice of x to be much greater 
than unity, the following happens.* The r co¬ 
efficient is for large x a factor of x* smaller than 
.1 while u {v) is X* (x*) smaller than w. Thus r, 

K, V, become more and more negligible as the full 
calculation is taken to higher and higher order. 

In addition, the exact expressions for s and w 
approach -l/(4x) and -sV(22.5x), respectively. 
These eiqiresalons are similar to Eq. (12), except 
in this case x» 1 while in Eq. (12), as pointed out 
above, only x c 1 is consistent. 

We now consider, under what conditions, the 
boson expansion can be useful in nuciear physics 
applications, looking at Eq. (14), the only way 
the boson expansion can converge quickly is when 
it is applied for a collective mode (i.e., a fermion 
mode In which a large number of pairs of single- 
particle orbits are contributing coherently with 
Individually small amplitudes). If all single- 
particle levels are degenerate, then the magni¬ 
tude of the quantity (which checks the fermion 
content of n boson configurations) is equal to 
[l'T,(2j-f 1)]" which is very small even for « = 1. 

Of course, in nuclear physics the single-particle 
levels are not degenerate; thus full collectivity is 
not reached. The quantity ^ Is then figuratively 
where fly are coefficients less 
than unity, they are largest for states near the 
Fermi surfaces, and decrease to zero for states 
farther away. In practical applications,^** where 
munerlcal convergence has been demonstrated, 
this quantity has a magnitude of about 0.2, making 
the net expansion coefficient of the series as small 
0,05. In particular In Ref. 4, it was pointed out 
®iid confirmed In later work that for nuclei which 
are mildly deformed, the fourth order resuhs 
differed negligibly from the sixth order results. 

(In the present paper’s terminology, e.g., fourth 
order means a calculation made by Ignoring «' ^ 
terms In and s* terms in the product of B 
operators In the Hamiltonian.) Only when the 
"bcfous Is weU deformed Is there aH)reclable dif¬ 


ference, but it can be safely said that the results 
(for low-lying states) have converged by sixth 
order, except for very fine details. 

Thus, if one encounters a problem where one 
needs to treat the multiple excitations of a col¬ 
lective fermion mode, the boson expansion can 
work quite nicely. To put it another way, the 
spreading of the collective fermion operator over 
many single-particle orbits ensures that the Pauli- 
principle violating components are but a small 
fraction of the total boson state which is obtained 
when a truncated boson representation of a col¬ 
lective fermion operator operates on a boson state 
comprised of a finite number of purely collective 
bosons. It Is possible to cut off the number 
of terms in Eqs. (6a) or (14), because the terms 
which are dropped add either very small or ex¬ 
actly zero contributions for the states ''1 interest 
However, if one envisions the boson expansion of 
several modes of basically pure quasiparticle pair 
nature, then Pauli-principle violations can be¬ 
come insurmountable if one tries to cut the order 
of the expansion at a calculationaiiy reasonable 
point. *“ 

IV. fONCLUSlON 

The correct procedure for using the boson 
expansion method has been set forth. Namely, 
that one represents the physical fermion operators 
by boson expanded expressions which do not in¬ 
volve boson excitations of nonphysical interest 
One solves the commutation relations for the co¬ 
efficients of this expansion and then converts the 
fermion Hamiltonian Into boson expanded form. 

A second truncation may then be made as regards 
limiting the number of bosons in each boson prod¬ 
uct operator of the Hamiltonian. 

From a graphical description, we were able to 
see that the r, «, and v terms do not check the 
fermion nature of the bosons and, in fact, violate 
the Pauli principle, if they are allowed to remain 
in a truncated calculation. The s, and higher 
order (connected diagram) terms do indeed take 
care of the Pauli principle and, for some problems, 
it may be possible to truncate this series and still 
describe the fermion nature accurately. Nuclear 
collective motion, wherein a large number of 
particle-hole excitations contribute coherently to 
produce low-lying energy states, is a good example 
of such a problem. 
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The assumption of applicability of a strong cen¬ 
tral limit theorem (CLT) to two-body interactions 
has brought forth a tremendous simplification in 
the nuclear shell model spectroscopy.' The con¬ 
ditions on traces of matrix olomenta, which give 
rise to normal eigenvalue distributions (EVD) for 
fermion systems (noninteracting and interacting), 
have been clearly formulated."*’ The question 
of normality of EVD for boson systems was re¬ 
cently raised by Bortlgnon et They have 

given analytical eiqjresBlons tor the first four 
moments of noninteracting boson EVD. These 
expressions, however, do not reveal the condi¬ 
tions for normality of EVD; also, the more in¬ 
teresting and more realistic case of interacting 
bosons was not treated. In this paper, we pre¬ 
sent simple analytic expressions for the first 
four moments of EVD for noninteracting and in¬ 
teracting bosons. We shall also discuss the 
conditioiis under which EVD for bosons tend to 
Gaussian distribution. 

The wi-particle scalar average Wk))” of a It- 
body operator ff(fe) in the apace defined by S sin¬ 
gle-particle states, corresponds to the average 
of expectation values of Hik) over all the states 
of m particles, and can be expressed in terms 
of 

where (]f) is the usual binomial factor. Equation 
1 is valid for both the fermions and the bosons. 
The number of states of m bosons in the space of 
N single-particle states is given by hence 

in terms of the trace of H{k) in Ir-partlcle space 


(0/(A)))*, we obtain 

( 2 ) 

where the double bracket (( )) indicates the trace. 
For noninteracting. bosons, the Hamiltonian H is 
a one-body operator H- ZJit (tip here «j is single- 
particle energy and «( is the number operator for 
the ith smglc-particlc state. Except for the cen¬ 
troid which defines the location of a distribution, 
the shape of the EVD is determined by its cen¬ 
tral moments. Therefore, we shall deal only 
with traceless single-particle energies 

„ and shall evaluate moments of H 
where » = Z/,n(, for noninter¬ 
acting bosons. Wo evaluate the second moment 
of // by separating W into its one-body and two- 
body parts: 


(ff- E «(’« I+ ^ t I'n I - 1 ) 


The first term above is the one-body part of {Hf 
.and its scalar average In w-particle space is 
given by w The remaining terms form 

tlie two-body part of {HY and their scalar average 
equals [m(m - 1)/N(M- 1)]S(<,’. Hence the 
average value of (Hf in m-particle apace can be 
expressed as 


Similarly the scalar averages of {fff and (6Y 
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can be obtained by separating^ into (l-t-2-1-3)- 
body parts and H* Into (1 + 2 + 3 + 4)-body parts. 
Adding the contributions from different A-body 
parts gives us the following expressions: 




N{N+X)(N+2) t 








m(N+m) 

N{S+1) t 

m(m- l)tV + »n)(W + w + 1) 
* NiN+i)(N+2)(N + 3) 


(5) 


It Is quite interesting to note that, by substituting 
-S for N in the corresponding expressions for 
fermions, and then by taking the absolute value 
of each term, one obtains the above expressions 
for the boson systems. For example. 


<fP> 


m(N-m)(N- 2m) V"-! s 
NlN-t){N-2) V*' 


( 6 ) 


goes to its boson counterpart by substituting 
-N for N and taking modulo of the final result 
(however, one cannot obtain momenta of EVD for 
fermions from thoee of bosons as we will be left 
with phase ambiguities). This was previously 
conjectured by Nomura*; using this principle one 
can obtain several new results. For example, a 
class of Wigner coefficients of the 0(N) group 
can be obtained from those of the Sp(N) group via 
moments in quasispln subspaces.' 

Another Interesting one-body Hamiltonian Is 
tffAfij, where C|^ Is an off diagonal single- 
particle matrix element when i*j, c,, is the 
usual single-particle energy, and are sin¬ 
gle-particle creation and destruction operators, 
respectively. Such a Hamiltonian is widely used 
in solid-state physics, where {i*j) can be 
Identified with the exclton hoppl^ integral be¬ 
tween sites i and j. The traceless single-parti¬ 
cle matrix elements in this case, are given 
by = 8(yN*'Zy,«,,. The expressions for 

sec(^, third, and fourth central moments of 
this Hamiltonian can be obtained ^ substituting 
Se,’, E?,’. and St,* by Siiy?,,, Sc,yi,^„ and 
Sl,yiyAi<ii> respectively, in Eqs. 4 and S given 
above. 

The preceding treatment of a one-body Hamil¬ 
tonian was simple and elementary. We shall 
start with some general results before going to 
the case of moments of EVD for bosons interact¬ 
ing via two-body interactions. A number con¬ 
serving, A-body operator for bosons in the space 
defined by S single-particle states can be de¬ 
composed according to the Irreducible (IR) rep- 


a 

resentatlons of the U(N) group; FtA)»Ef„F*(A), 
where F*(A) Is the rank-v part of F(A) and trans. 
forms as a [2v, v"**] partition under a U(N) trang. 
formation. FtA) can be written as a product of a 
unitary scalar operator and a completely IR 
v-body and rank-v operator S(vy. 


( 7 ) 

In Order to find out the different unitary IR parts 
systematically, we Introduce a contraction op¬ 
erator D., defined by the following double com. 
mutator: 



The operator D. reduces the particle rank (or the 
body rank) of F by one, without altering its uni. 
tary rank. Since 9(v) Is completely irreducible, 
any reduction of its particle rank by D. destroys it 
D.T(i') cO. It should be noted that this contraction 
operator is different from similar contraction op¬ 
erators for fermions.*•* Contracting F(A) r times 
by D. gives us 


IWA) =2^ r I ^Ar+A + V - l^F^A - r). 
By inverting this expression we obtain 


1 /N+v + A-l\-* 

V (-»’'*•*' /N*2v-2^ 

,u^U-k + v) ^ ) 

\t-k+f) 


(9) 


( 10 ) 


Application of this to a one-body operator H 
=E ifi, gives us the IR vsO part as n E £,/A'. 
and the IR V = 1 part as E c,it, In terms of the 
traceless single-particle energies Similar 
application of Eq. (10) to the two-body interaction 
given by i E V,fi„AfAfBfi„ e:q>ressed In terms 
of the two-body matrix elements gives us 
the following three parts: (1) the IR part 

»(»-!)2 + 

(11) the IR v • 1 part 

20«-IXN+2)‘* „/n)aa]' 

and (111) the IR ^ = 2 part 
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Here 7,/^, la the IR i'>2 matrix element, ob- 
talned by subtracting v = 0 and v = 1 contributions 
from Vy,,. 

We have already given expressions for the 
first lour central moments of EVD generated by 
the ooe-body (which Is essentially IR i'= i) in¬ 
teraction. Now we give the final expressions for 
second, third, and fourth central moments of 
EVD generated by a two-body, IR rank v = 2 
Hamiltonian H. The procedure leading to these 
final expressions is straightforward, and con¬ 
sists of (a) decomposing /T into parts according 
to the body (particle) rank, and (b) using Eq. (2) 
separately for each part. In order to take care 
of the bookkeeping of various terms, which is 
the only dlfflcult part in the whole procedure, 
we use the Feynman diagram type approach.’*’ 
The following Is the expression for the fth cen¬ 
tral moment p, [p7' H Is the traceless 

part (rf IT in m-particle scalar space] of EVD for 
m bosons interacting via two-body, IR rank v = 2 
interaction V: 



Here i goes from 2 to 4. All the necessary in¬ 
formation about the two-body, v = 2 interaction 
goes in the evaluation of coefficients C\. The ex¬ 
pressions for these in terms of the two-body ma¬ 
trix elements are given below: 

Cj’*=2Cj’+^ , 

C,‘ = ^(AA1), (12) 

C/= i(AAl) + CCl + sBA 1 + 2(CA 1), 

C/ = i(Ai41)+6(CCl) + 3(RAl) + 6(CAl) 

+ 3(AB1) + 3(C,’)’, 

where 


Here the summation is over all labels. These 
results can be very easily extended to evaluation 
of the moments of EVD generated by a general 
(l + 2)-body interaction H; the corresponding ex¬ 
pressions are given in the Appendix. 

The necessary information CJ for the evalua¬ 
tion of the fth moment of EVD in the m-boson 
space, generated by IR v = 2 interaction, can also 
be obtained from the fth moment in 2 to the f- 
boson spaces only. One, however, would expect, 
due to the two-body character of the interaction, 
that the fth moments in 2 to 2i particle spaces 
would have been necessary'" for evaluation of the 
fth moment of EVD in m-boson space. The valid¬ 
ity of this fact in fermion spaces’*"’ can be at¬ 
tributed to the particle-hole symmetry of the 
IR i> = 2 interaction. There is no concept of liule 
for bosons, and hence one can see that tlie IR v 
= 2 nature of interaction is responsible for this 
simplicity, and in fermion spaces, the particle- 
hole symmetry is a consequence of the IR i* - 2 
nature of the interaction. 

We shall now discuss the conditions for the 
normality of the EVD. The first two moments 
of the EVD tell us about the location (centroid) 
and the spread (width) of the EVD. The informa¬ 
tion about the shape of the spectrum is given by 
the third and higher central moments of the EVD. 
In principle, all the higher moments are neces¬ 
sary for determining the shape of EVD; but here 
we shall deal only with the moments up to fourth 
order. The corresponding shape parameters are 
the skewness y, = )i,/(/ij)’'’, and the excess y, 

- (i,/((ij)’- 3. For the Gaussian or the normal 
distribution, both y, and y, are equal to zero. 

Let us start with a pure one-body interaction; 
the central moments for such an interaction are 
given by Eqs. (4) and (5). In the dilute limit, de¬ 
fined by m -«>, AT-*, but m/fV<» 1, we find that 
the shape parameters y,(m) and y,(m) for m-boson 
EVD approach asymptotically to values given by 
the expressions 

y,(m) = m'‘'’y,(l), 

y»=Wl) + 3Kw‘‘ + 6N-‘). 

Thus, In the dilute limit, both y,(m) and 
approach zero if the shape parameters y,(l) and 
y,(l) for one-boson EVD are finite. Tbe same 
result was obtained for the fermion EVD in the 
dilute limit.’ Thus in the dilute system, one gets 
the same result irrespective of the fermion or the 
boson nature of particles, since the Pauli’s ex¬ 
clusion principle has negligibly small effect when 
N»ni. However, for bosons, since there Is no 
Umit to the number of particles In any single¬ 
particle state, unlike fermlcms, we can consider 
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the limit »>-•>> with finite N. This is called the 
dense limit; the second central moment and the 
shape parameters in this limit are given by 


= <T»(m) = m V(1)/(W + 1). 

(N+ 1)*/* 

, . , {[y,(l) + 3yw+l)-(2Af-H3)} 
(W+2)(A/ + 3) • 


(15) 


The width of the m>bosan EVD cKm) increases 
linearly with m. The shape parameters, how- 
i ever, approach values which are independent of 
m, but which very much depend on the shape 
parameters for one-boson EVD and the size of 
the single-boscm space N. For large values of 
N again, the EVD can be considered Gaussian if 
y^ll) and y,(l) are reasonably small. For exam¬ 
ple, in the case of noninteracting particles, with 
N equidistant single-particle states, we have 
y.(l) = 0andy,(l) = -1.2 [tiV+DA n* - 1)). We 
can see that lor N-i, the absolute value of ex¬ 
cess in the dense limit is less than 0.24; for 
iV = 10 It is leas than 0.12. Thus, the EVD in this 
ease approaches Gaussian in the dense limit if 
JV>5. 

We now consider the dilute and the dense limits 
of the shape of EVD generated by a purely two- 
body, IR rank-2 interaction V, by introducing 
dimensionless quantities P(m , n), defined by 

• (18) 

These are the ratios of traces of various com¬ 
binations of the matrix elements, and are char¬ 
acteristic of the interaction used to generate the 
EVD. In the dilute limit, yA"*) approaches 
NPi3,2)/m +P(3,3) and [y,(m)+3] tends to 
Ar’P(4,2)/m‘-hVP(4,3)/m + P(4,4). Thus the EVD 
approach Gaussian distribution if P(3,2)«m/N, 
Pis,3)«1, Pi4,i)«m*/tP, Pi4,3)<^m/N, and 
Cp( 4, 4)- 3)« 1. Oie can translate these condi¬ 
tions to conditions on the shape parameters of 
EVD for 2, 3, and 4 bosons. The skewness and 
excess in dilute limit approach constant values 
->^y,(2)+V5'y,(3), and y,(2)-6y,(3)+8y,(4), 
respectively. Thus the approach to Gaussian 
distribution in the dilute limit is decided by these 
shape parameters of EVD for 2,3, and 4 bosons. 
Since in the dilute limit, bosons and fermions 
behave similarly, the same coadltions will apply 
for fermions. This clearly shows that for purely 
two-body, IR rank-2 Interaction, the assumption 
of applicability of a strong central limit theorem 
Is not valid. The shape of the EVD In the dilute 
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limit does not necessarily qiproach the Gaussian 
distribution with Increasing m, as the limiting 
values of yAm) and y,(m) reach constant values 
d^Mndlng on the shape parameters of the EVD 
for me2, 3, and 4. Of course, the addition of 
the one-body part of the interaction and the IR 
rank-1 part of the two-body interaction to the 
two-body IR rank-2 interaction is likely to alter 
the whole picture, and the condltltms for nor¬ 
mality of the EVD will have complicated struc¬ 
tures. It is known that the IR rank-1 part of the 
Interaction is quite important for the nuclear 
structure studies." 

In the dense limit (m -> », t! finite) valid only 
for bosons, the values of Pi3,3') and P(4,4) com. 
pletely determine the shape of the EVD. For, 


, , ;>(3,3)[W(M+l)(Af+2)(AI + 3)f''» 

'-(w+4)(w+55- 


y,(m) + 3 


P(4,4)W(Ar+l)(JV + 2)tV + 3) 

“ (\ + 4)(Al+5)6i'+6)(W+7) • 


(17) 


For large JV, we get y,(m)='P(3,3) and yj(m) + 3 
= P(4,4) in the dense limit. Again one can ex¬ 
press these condlticms in terms of the shape 
parameters of EVD for 2, 3, and 4 bosons, using 
the following eiqiresslons for P(3,3) and P(4,4): 


,1/3 




dm .X, iN*4) . ,i av+4)CiyH-5)» 

n(n+1) (W+2)(JV + 3) 


(15 


-6[y,(3)+3] 


(N+e)iN+i) 


^W2)+3](A7+7)). 


So In the dense limit also, the skewness and Ihr 
excess of EVD for m bosons approach constani 
values depending on the values of y,(f) for r-3.1 
Yti}) lor j■ 2,3,4. The approach to Gaussian 
limit depends only on these numbers. 

Two sets of matrix elements have been given 
by Bortlgncm et al.* for the d bosons of the inter¬ 
acting boson approximation model." using the®^ 
two sets of matrix elements, we obtain P(3,3) 
-1.78 and P(4,4) = 23.12 for «»e interaction, 
while the second one gives P( 3 , 3 )= 2 . 0 fl and 

P(4,4)-26.55. The size of the slngle-partlcte 

space la given by N »■ 6. So, In the dense Unu > 
the Umltlng values of the shiwe parameters sr 
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y,(m)=0.81,0.95 and y,(m) = 0.27,0.61, for the 
two interactions, respectively; hence the shape 
of the EVD is nowhere near Gaussian. A pair- 
lag interaction in the space of s-d bosons with 
f/ = 6 gives P(3,3) = 1.46 and i’(4,4)= 15.84; hence 
the limiting values of y, and y, in the dense limit 
are 0.73 and -0.24, respectively. Similarly, a 
Q ’Q Interaction in the s-d boson space (having 
both IR rank-1 and IR rank-2 parts) gives the 
following limiting values for y,(w) = -0.76 and 
yj(m)=0.86 in the dense limit. Incidentally, for 
fermions and the Q -Q interaction in a large j 
orbit, the values of y, and y, in the middle of the 
shell have been obtained by Nomura,*’ and these 
are 1.26 and -0.6, respectively. 

One Interesting feature of the boson systems 
is the complete domination of the two-body part 
of the interaction, over the one-body part for 
large m . This can be seen from the expressions 
given in the Appendix for moments of the (l-f 2)- 
body interaction; each factor containing the ex¬ 
ternal single-particle energy term («) gels 
multiplied by m, while each factor containing a 
two-body matrix element (V) has a coefficient 
proportional to m’ in the large m limit. For ex¬ 
ample, the one-body contribution to has a 
coefficient which goes as m*, and the corres¬ 
ponding coefficient for the two-body contribution 
to goes as Ml* in the dense limit. One also 
sees that in this limit the shape parameters ap- 
proach constant values, which are not neces¬ 
sarily those of a Gaussian distribution. For the 
dilute limit, one can get the result of noninter¬ 
acting particles only if the one-body part (exter¬ 
nal single-particle energies) is dominant over the 
two-body part. 

Finally, let us consider the shape of ensemble- 
averaged EVD, using an ensemble of random in- 
teractlonp. The ensemble averaged skewness will 
he zero for any ensemble (with matrix element 
niean=0) of random interactions, because each 
necessary matrix element trace for the evalua¬ 
tion of the ensemble averaged third moment will 
have an odd number of matrix elements. We 
therefore need to consider only the ensemble 
averaged excess in this case. For the dilute 
limit one can show that the ensemble averaged 
eigenvalue dlstrlbuticm is Gaussian. For the 
lense limit, one gets the Gaussian distribution if 
'I is sufficiently large; the shape pai'ameters for 
inite Af in the dense limit have complicated 
■tructure and shall be discussed elsewhere, 
in conclusion, we have obtained analytic ex- 
■ressions for the first four moments of the EVD 
>f interacting (via twro-body interactions) and 
lonlnteracting boson systems. The conditions 
eadlng to normality of the EVD have been dis¬ 


cussed. Extension of the present work for con¬ 
figuration subspaces is straightforward. 


APPENDIX 

Here we give expressions for the first four 
moments of the EVD of a general (1 + 2)-body 
Hamiltonian (Af); 


//-« 

= (Al) 


>1 E i) >^ 1111 . 




m(N + m)(N + 2m) v'» ► f 
fm\fN-¥m + 1 \ 

I 

(3f), + iE,) 


(xr‘) 


OC) 

a N + m +1\ 
_ 2 / 

or:') 


(A2) 


(3E,)+<(n>>-, 


where 

^1 i« > (Ai) 
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/m\jS+m + \\ 
+ m) „ ^ VzA 2 / 






a:) 


Q N + m + l\ /mwN+m + 2v 

9 / \ a X 3 / 

/ 5VJVV 4 \ ~ ^ ^ ~ ^ ^ ^ + 5 G. + 2F, + 12F,. 6f,] 

VaA 5 / VsA 6 J 


■2/V 5 
/m\ /N + m + 2' 


/m\/7V + m + Zv 

-1^—^i-(4F..24F,+ 12F.]. ((f)*)-. 
\ 3 A 7 / 


where 













Note that the expressiooe for ((^*)“ are given m 
Eq. (11) of the text. 
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The nudeon^noclecm intenction, oriiiiuiting from the phenomenologicel quark-quark interaction: one 
^uon exchange with na ad hoc confining potenda]. is rigorously derived. The coupling constants of this 
potential and the quark maisei^whtch determine the strengths of the NN potentials in the various 
^^■n nrh ~ had been previously reliably determined from the masses of the s-wave btryona. Two 
diatiiiguishmg featurca of thia study are the reliable nature of the coupling conatania and quark maasea used 
and the inclusioa of the detailed radial dynamics of quarks. The mam results are ai follows: (i) exchange of 
colmsd quarks among other things leads to short-range strongly repulsive central NS potentials in the odd 
fh anugh alone, i.e.. it yields the saturation property of nuclear forces; (li) the spin-orbtt (tensor) potential 
between quarks goes over to the sf^-ortut (tensor) potential between nucleons, (iii) both these spm-oitit 
and tensor potentisls between nucleons sre found to have the correct signatures but they are very wesk; Ov) 
there h insufficient attraction in the NN potentials in the intermediate range, so that the colored quark- 
exchange mechanism is not adequate to keep the deutettm bound. The NN potentials derived from one 
gluon With m od hoc confining potential are compared finally with the correspondmg 

phenomenologica] ones. 


NUCLEAR STRUCTURE NN tatoractlfln from nonroIativlBtlc quantum chromo- 
dynamlcfl. Quark exchange, apln-orbtt and tensor potentials, short-range re- 
pulstve core. 


I. INTRODUCTION 

The problem of the nucloon-nucloQo (NS) Inter- 
acUon has engaged the attention of numerous 
physicists over the last five decades; neverthe¬ 
less a satisfactory theoretical understanding 
encompassing all Us features has not yet 
emerged.*’’ This Interaction between two nucle¬ 
ons, at low energies (< 400 MeV projectile energy) 
can be Imagined to be mediated by a nonrelatlvls- 
tlc potential. The use of a potential is Justified 
provided only low energy NN colUslans are con¬ 
sidered, and moreover, such a potential descrip¬ 
tion of the interactlan is both intuitively appealing 
and familiar through its long use In classical 
electrodynamics and gravitation. At higher ener¬ 
gies however, such a description—being unable 
to cope with die phenomenon Ot creatiwi and anni¬ 
hilation of particles—has been superseded by a 
eld theoretic or a dispersion-theoretic descrlp- 
on of the Interacttcn. The field-theoretic de- 
:rlptioo erf the Interactloo is the most general 
le, and Ihe potential description can be derived 
'om the former, in particular from the con- 
:ructa of vertex functions and pre^mgators, in 
le noarelattvlstlc limit. The NN interaetton has 
sen described In all three languages mentioned 
We appropriate to the energy d d»e colliding 
scleons. But in this study attention will be con¬ 


fined solely to the potenUal description, vaUd at 
low energies. 

The Interaction between nucleona observed at 
low energies obviously has Its genesis In the 
strong-Interaction dynamics of hadrons.*’’ Novel 
strides In strong-Interaction dynamics have, 
understandably, given rise to corresponding ones 
In the NN Interaction. The meson-exchange NN 
potentials and the reggeon exchanges are striking 
examples.’’* In recent years the spectacular 
success of the non-Abellan color gauge field 
theory In explaining hadron spectra (especially 
the spectra of the charmed mesons) suggests that 
the successful models of the new strong-interac¬ 
tion theory of quantum chroniodynamlcs (QCD) be 
brought to bear upon this long standing problem 
of the NN Interaction. 

The pertinent question now Is this; What exact¬ 
ly Is lacking and unsatisfactory in the present 
understanding of the NN Interaction at low ener¬ 
gies? At a phenomenological level, there Is a 
fairly reliable description of the AW InteracUan. 
The most modem of such deecrlptlons use, for the 
NN Interaction, a sum of one-moscn-exchange 
potentials.*’* The forms of these meson-exchange 
potentlala, as obUlned from the nonreUttvlatlc 
reduction of meson field theory, are employed in 
these descriptions, and often the meson-nucleon 
coupling consinnts are determined only from n 
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fit to the phase-ghift data.' Furthermore, all 
the meeane belonging to the SD(3) octets and 
singlets are Included, thus tremendously compli¬ 
cating the description of the phenomena. If one 
admits of such a complex description, (hen a very 
good x' fit to the phase-shift data Is passible.''' 
The reasons for considering such a phenomeno¬ 
logical description unsatisfactory are twcrfold. 
Firstly, a description Involving numerous mesons, 
notwithstanding Its success, goes counter to the 
aesthetic principle of simplicity. Secondly, the 
objection that the meson-exchange potentials— 
coming as they do from meson field theory—Ig¬ 
nore completely the quaric constitution of hadrons 
(which Is now well established'''') Is unassailable.' 

At the level of microscopic theories, only the 
long-range part of the ffN interaction can be said 
to have been understood. And this is attributed 
to the exchange of a single plan.'*' To explain 
the hard core at very short distances, physicists 
have had to Invoke the exchange of the heavier 
vector mesons p and ijj and To account for 

every specific aspect of the Interaction, a new 
mesm is brought In thereby making the theoreti¬ 
cal framework very complex. Indeed, It would 
be more satisfying to have a simpler theory of 
the phenomenon, one In which all that which is 
achieved here by meson nonets Is achieved by 
one or, at the most, two ‘Elementary” quanta or 
particles. In view of the tremendous success of 
QCD or the potential models thereof,' the question 
arises as to the possibility of deriving the Mf 
potential from this modern theory of strong-lnter- 
acUan dynamics. This questton Is not an entirely 
new one and has been In existence for a couple of 
years.’’'’*" The aim of this study Is to provide 
a satisfactory answer to this question. Quite 
apart from these reasons, the new emerging 
Ideology of O. Robson In nuclear structure based 
on the exchange colored quarks" suggests that 
the AW interaction comes about precisely, through 
the exchange of constituent quarks. The prelim¬ 
inary success of a phenomenological bond model 
based on colored quarks"’*' points to the fact that 
there Is some measure of truth In the concept of 
quark exchange between nucleons. 

Therefore, the objective of this study Is to 
calculate rigorously the AW potential which arises 
from the exchange of colored quarks. The intsr- 
acUcn between nucleons which arise In this way 
can be likened to the van der Waals Interaction 
between atoms. Just as this van der Waals Inter- 
actlon stems from the Coulomb potentials between 
electrons and protons, ttie present AfAf Interaction 
originates from the potential (arising from one- 
gluon exchange with confinement) between colored 
quarks which constltnte colorless (l.e., color 


singlet) hadrons. Because baryons are colorless 
the Interaction between them, based on color, csii 
only be a feeble vestige of that between colors 
quarks themselves, even as the Interactlan be¬ 
tween two He atoms (which are electronically 
saturated and therefore “colorless") is only a pgjj 
vestige of the electrostatie Interactfons between 
the consUtumit electrons and protons.' 

The theoretical framework employed here can 
be dubbed me one-gluon exchange with an ad hoc 
confining potential (OGEC) model. The precise 
meaning of this terminology will become clear in 
Sec. HA. The starting point Is the quark-quark 
[qq) phenomenological interactton, used by 
De Rhjula, Ceorgl, and Glashow,' together with 
an ad hoc confining potential. The calculation of 
the potential between two clusters of three quarks 
each Is then performed more or less along the 
lines of the resonating group method of Wheeler.** 
But In order to carry out this calculation. It be¬ 
comes necessary to determine the quark masses 
and coupling constants in a reliable way, for the 
strength of the quark-exchange potential (QBP) 

In the various channels would depend ciitlcally on 
these values. This determination is analogous to 
the determination of the plonlc mass and the plon- 
nucleon coupling constant, which are Inputs to the 
meson field-theoretic potentials. As already 
mentioned, there have been few attempts to calcu¬ 
late the NS potential arising from quark ex¬ 
changes.'’**'* The serious drawbacks of these 
calculations are that the quark masses and the 
coupling constants have been sloppily determined 
and the radial djmamlcs of quarks In nucleons has 
either been parametrized or treated unrealisti¬ 
cally. On account of this, statements concerning 
the strengths of the potential In various channels 
cannot be taken to be authentic. The OGEC con¬ 
stants used In this study have been reliably deter¬ 
mined from the masses of the s-wave baryons, 
and their consistency with some other s-wave 
baryonlc data has also been checked.*' The speoe- 
wave functions which describe the radial dynamici 
of quarks In nucleons have also been determined 
from a dynamical approach to s-wave baryon 
spectra.*' Using these reliable OGEC ccnstants 
and cluster wave functions (WF’s), the SN potentisl 
arising from quark exchanges has been calculated. 

The emergence of the general atmcture for 
NN interaction in the form 

ft 

F=V^)-eV',/B)L’(|.-e8,)-t-V,(R)-^ 

(though not explldUy shown, all the Vb include 
the various exchanges) from the qq OGEC 
Hal has been here rigorously demonstrated for 
the first Hme. The salient results cf this csle**' 
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latlon are aa follows: (1) The central part of the 
QEP In the odd channels Is strongly repulsive at 
short dUtanees, thereby showing that the colored 
quarh-exchange mechanism is capable of yielding 
the property of saturation of nuclear forces-, 

(U) the distance at which strong repulsion abrupt¬ 
ly sets in tallies with the core radius of the nu¬ 
cleon calculated in a previous study'*; (Hi) die 
spin-orbit part of the QEP has the “Inverted" 
character, which is observed experimentally, 
and the tensor part in the various channels has 
the right signatures; and (Iv) the QEP suffers 
from the serious drawback of insufficient attrac¬ 
tion in the intermediate range. In view of this 
limitation, it does not qualify to be the sole mech¬ 
anism behind all the observed features of the NN 
interactions. 

The organisation of the paper la as fallows. In 
Sec. n, the theoretical framework Is set up. 
Firstly, the theoretical basis for the phenomeno¬ 
logical OGEC qq potential la discussed. Subse¬ 
quently, the six-quark WF is constructed, and a 
definition la given for the nonrelativiatic NN QEP. 
In the third section, the structure of the QEP in 
the spaces of spin. Isospin, and color spin la dis¬ 
cussed. The spin-iaospln (SI) structure of the 
spin-spin, spin-orbit, tensor, and central inter¬ 
actions are discussed in that order. In Sec. IV, 
the radial structure of the QEP is considered. 

The radial dependence of the central, spin-orbit, 
and tensor interactions are examined, in that 
order. Having been assembled, the QEP’s cen¬ 
tral, spln-orblt, and tensor parts are separately 
compared with the corresponding pieces of the 
phenomenological potentials in Sec. V. In the 
same section, the possibility of including the L* 
interaction and the quadratic spin-orbit interac¬ 
tion in the QEP is pointed out. The results obtained 
here are then compared with those of four other 
contemporary calculations in Sec. VI. The 
present work must be conslderod the most reli¬ 
able among these in view of the careful deter- 
mlnatloo of the OGEC constants and the inclusion 
of quark radial dynamics, Lastly, in Sec. VH, a 
retrospective survey is made. 

n. THEOREnCAL FRAMEWORK 

A. OGEC Potential between quariu 

A nucleoi is a cluster of three valence quarks, 
®ach of them having a distinct color, so that the 
hncleon WF in color space is a fully antisymmet- 
*^c 3 X 3 Slater determinant. In high energy 
phenomena the interaction between hadrtms 
(which are bound states of quarks) is described 
^ the non-Abelian field theory of QCD. Accord- 
tag to this theory, the dynamics of quarks is in¬ 


duced by the color, rather than by the flavor 
degrees of freedom. Aa hadrons are color sin¬ 
glets (l.e., they are colorless), it would appear 
on the face of it that there can be no color inter¬ 
action between hadrons. It turns out that in 
OGEC, the direct part of the NN color interaction 
vanishes, as intuitively expected, whereas the 
exchange part of the color interaction between 
colorless hadrons is nonvanlshing and contributes 
to the NN potential [see Eq. (3.1)]. The two 
characteristic features of this non-Abelian field 
theory of QCD are asymptotic freedom and infra¬ 
red slavery. Asymptotic freedom is tantamount 
to the logarithmic vanishing of the QCD coupling 
constant when the quarks are very close together, 
and infrared slavery is the property by virtue of 
which quarks are unable to be Isolated, i.e., 
quarks are always confined within hadrons. If the 
nonrelaUvistic image of the QCD field theory is to 
be faithful then it is essential that the OGEC po¬ 
tential between quarks must possess both the 
aforementioned non-Abelian features. While the 
artifice of a linear (or harmonic oscillator) con¬ 
finement potential simulates very well the prop¬ 
erty of infrared slavery, a corresponding artifice 
for asymptotic freedom has been generally lack¬ 
ing.'-But recently Richardson''' has consid¬ 
ered the question “Can both asymptotic freedom 
and infrared slavery be incorporated in a qq po¬ 
tential in a unified manner? " and has provided a 
preliminary answer to it. In the light of tills in¬ 
vestigation it is found that a potential, which in¬ 
corporates asymptotic freedom, differs only in 
so far as being softer than a Coulomb potential, 
near tlic origin. Consequently the discrepancy 
between such an asymptotically free potential 
and the one used here is rather small. In the 
present analysis, the justification for ignoring 
asymptotic freedom is this small discrepancy 
between the two potentials. The question raised 
by J. L. Richardson deserves further Investiga¬ 
tion but this falls outside the ambit of this study. 

Starting from a part of the total Interaction 
Lagrangian of QCD''; 

B 

- ( 2 - 1 ) 

one can derive the potential betamen quarks in the 
nonrelativisUc limit be retaining terms in (2.1) 
to order 1/c’. This procedure, being almost 
parallel to that used in the derivation of die 
Fermi-Brelt InteracUcm in QED,*’ suffices to give 
the final result. This potential corresponds to a 
static one-gluon exchange between quarks, which 
was popularized through the work of De R&jula, 
Georgi, and Glashow.* To get the complete UGEC 
qq potential, one must add a linear (or a harmonic 



1646 


C. S. WARKE AND It. SHANKER 


21 


oscillator) coofinemeiit potential. The only other color-spin scalar F| • fj. The qq OOEC potential 
vestige of the non-Abellan nature of QCD Is the Is ttten 

_^_ _ _I 






(r-P, 


a). 


»«• 

in*c’ 


8*<rKl+|S,-S^) 


- 2P,)-S< - fx(P, - 2g.)• S,]-t ~ V' ”^ )] • (2.2) 


Several remarks about this potential are neces¬ 
sary. Here a, represents the strong-coupling 
constant and is Independent of the energy (logarith¬ 
mic dependence of a, on the energy is tantamount 
to asymptotic freedom). If this energy depend¬ 
ence is included before Fourier transforming the 
momentum space Interaction from (2.1), then one 
arrives at a coordinate space potential which 
obeys asymptotic freedom.*'' In the present 
analysis however, with a view to avoid complica¬ 
tions in the radial matrix element this energy 
dependence has been overlooked. 6 is a constant 
which Is included because the cmfinement poten¬ 
tial is asymptotically nonvanishlng. a Is the con¬ 
finement constant; it la the distance at which the 
sum of the Coulomb and confin^^t potentials 
in (2.1) vanish. ?=?, - r^ and P|(S,) is the mo¬ 
mentum (spin) vector of the ith quark. Since the 
nucleons are composed of only the nonstrange n 
and p quarks (which have the same mass since 
the assumption is made that the electromagnetic 
interaction between quarks is switched off), the 
mass m is that which corresponds to nonstrange 
quarks. 

It is important to note that in the OGEC poten¬ 
tial the dominant short-range interaction Is the 
Coulomb potential arising from the exchange of 
a massless gluon of the color gauge field. The 
spin-orbit, tensor, spin-spin, and momoitum 
dependent potentials are only corrections to this 
dominant term, as borne out by their multiplica¬ 
tive factors 1/c*. The long-range dominant part 
is me confinement potential, which has been takmi 
to be quadratic. Lattice gauge theories give some 
Justification for the linear choice of a confinement 
potential, whereas the oscillator confinement 
potential has only a phenomenological basis. 

From a previous, careful study*' of baryon spec¬ 
troscopy baaed on OGEC however, it has been 
found that ihese two forms of confinement poten- 
Uale are equally reliable. 

The dlstlngnlahlng feature of this InvesUgatloo 
is that the OOEC constants, namely, m, a„ e, 
and b, have been carefully determined from a 
dynamical approach to baryon spectroscopy." Si 
that approach both the linear and oscillator eon- 


I-- 

Hnement potentials were used along with the one- 
gluon-ezchange qq potential. The radial wave 
functions which were variationally determined 
were of two types: Exponential [;|i<>:A’^exp(-3/t/2)| 
and Gaussian |;/)aH''*exp(-i^Jj’)l. The argu¬ 
ments R in these were again chosen to be 
of the following two types: E'Vu+rjj+rjj 
and R = (Vu’ + r„* + r„*>*Thus, in all, eight 
cases were studied. These eight cases can be 
denoted by VCT, with F standing for the varia- 
tlonal wave functlan [£(G) for exponential (Gaus¬ 
sian)], C for the confinement potential Il{H) for 
linear (harmonic oscillator) types], and T for the 
arguments of type I and type n indicated above. 
Table I exhibits the values of the OGEC constants 
that go in as inputs Into this dteory ci the NN In¬ 
teraction. 

B. Tht rix-quafi wave function 

Haying defined the OGEC potential between con- 
sUtuent colored quarks, the ground must next be 
prepared for the definition of the NN QEP. The 

TABLE I. The four OOEC constants a, b, »,) 
determined from a dynamical approach to baryon spee- 
troBoopy (Ref. IB). The meaning of VCT is explained In 
Sec. DA. The constants In the gf potential (2.2) are tina 
accurately known. The somewhat larger value for tte 
nonstrange quark nuss (ni^aSTB MeV) Is vindicated hi 
Ref. 15. The quark nuss has the same value for sU tlu' 
eight cases studied. The quantity P Is * property of tbr 
quark radial wave fomtlon, i.e., of the dynamics; evec 
though it varies with the oases, toe rms charge radlii> 
of toe proton Is roughly oonstant for all the eight case^ 
(Ref. 16). The case ratavant to this study ia CH n. 


Case: 

SLl 




KCT 

Me 

a (ta) 

~2u,b (HeV) 


GBl 

0.4B84 

0.4332 

-1886.52 

1.14 

CL I 

0.4672 

0.2748 

-2431.82 


Gun 

0.6M8 

0.4865 

-1710.68 

2.02 

GL n 

0.5632 

0.3100 

-2261.43 

2.00 

SMI 

0.3341 

0A96B 

-2077.32 

3.62 

SLl 

0B786 

0.2372 

-2606.23 

3.72 

SMn 

0.4484 

0.4417 

-1864.77 

6.00 

SL n 

oAsao 

0.2757 

-2420.43 
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Intuitive concept of this potential is the following. 
Imagine two nucleone separated by a distance R. 
By virtue of the «« Interaction defined in (2.2), 
this configuratlao of the two nucleone corresponds 
to a certain potential energy, and when we change 
R, dlls potential energyfoUows this change, and 
the NS QEP Is Just this potential energy. Mathe¬ 
matically, If V Is the potential energy between six 
quarks and li*) is tiie state of six quarks, then the 
potential energy Is <4'|V|4'). Essentially, if 
we sharpen this definition, we would have the NN 
QEP, which can then be subsequently calculated. 
The above argument suggests that first of all the 
six quark wave function be constructed, corre¬ 
sponding to the two-nucleon spatial ccmflguration 
specified above. 

Let 0,(123), 0,(456) be the completely antisym¬ 
metric WF’s for the two-nucleon clusters a and b 
situated at a distance R apart. The completely 
antisymmetric wave function t for six quarks 
(i.e., for the two nucleon system) can be built up) 
from the basis function 0 ,, 0 , for three-quark 
subsystems, 

1 “ 

* "715 S ’‘^“^«1<<‘.(^23)0.(456)]„ 

xf. (2.3) 

In (2.3) the cluster WF’s 0,, 0, are coupled to 
total spin (isospln) S(T) so that 0 is a state of 
sharp spin (Isospln) S{T). And F,, is the WF 
describing the relative motion of the clusters a 
and b. The operators {?,} are all possible inter- 
cluster permutations, and the sign (- 1 )* is the 
signature of the permutation P^. This six-quark 
WF can be cast in a more convenient “cluster- 
antisymmetrlzed” form 

♦ - S/«)l'*>.<123)0,(456)l„ 

0.41 

ere 


0„(R) =^lF„(R) -t (- 1)»*>-*‘F„(-R)], 
and 

fl(b)={l,2.3|({4, 5.6}). 

An advantage of the cluster-antisymmetrlzed 
form is that it is an illustration of the validity of 
the spin-statistics theorem of Ehrenfest and 
Oppenheimer.“ 

C. UeTinition uf ilw NN quaik exchange potential 

Let H he a six-quark Hamiltonian defined through 
the two-body interactions ( 2 . 2 ), i.e., 

H= + i (2.5) 

1-1 TTi i-i 

Considering the sum of the kinetic energies (KE) 
of the three quarks in nucleon a( 6 ), this sum is 
equal to the KE of these three quarks about the 
center of mass of nucleon a(b) together with the 
KE of the center of mass of nucleon a{b).*° Call¬ 
ing the latter parts T„ T„ their sum can again 
be split up Into two parts, namely, the KE of the 
reduced mass particle of the nucleons a and b and 
the KE of the center of mass of nucleons a and 6 . 

If all calculations are performed in the center-ot- 
mass frame of the nucleons a and b, then the 
Utter term in the KE drops out giving 

Here !,(<,) denote the KE of three quarks about 
the center of mass of their respective nucleon 
a( 6 ), I.e., it is the internal KE while ^/3ni repre¬ 
sents the KE of the reduced mass particle of nu¬ 
cleons a and b each having a mass 3»i (m being 
the quark mass). 

Before the potential energy term In (2.5) Is con¬ 
sidered, we observe a result which will be used In 
the sections to follow. If P is the sum of the nine 
permutation operators P,, In (2.4), then 


<♦!♦) = -Ar<<(>.(i25)3;'(456)0„|(1 -P)(l - P)|0.(l23>0l(456)0„> 
= (0.(l2?)0',’^(456)<i,I (1 (123)0, 


(2.7) 


ila norm W Is Invariant under the two sets of 
rmutattens of the indices i,j\ i, 1 **® 

lices k, li k, leb. Use of those two symmetries 
ilvces (2.7) to tiie form 


I 

= ( 2 . 8 ) 

To prevent the notation from becoming clumsy, 
from this point onwards, the arguments of 0 , and 
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can be suppressed, and also the coupling sym¬ 
bol —which indicates that the nucleonic 
cluster funcUons have been coupled to have a 
total spin (isospln) of S(T)—can be dropped. For 
the ezpectatlcn value (EV) of the potential energy 
operator In (2.5) in the state 4 r, one has 

=*(')>.</'»♦.rI (1 -2' mm -^)| 

So long as the indices i, j in the above sum span all 
i the six quarks, P commutes with the total poten- 
Ual energy operator. In this way, the operator 
il in the EV becomes -P); using again 

the two symmetries of the indices pertaining to 
the two clusters, this EV can be reduced to the 
form 

1**1 

The qq Interactions in the above sum can be 
divided into two seta: intercluater interactions 
and intracluster interactlans. These Intracluster 
qq Interactions together with the internal KE’s 
in (2.6) contribute to the rest mass of the 
two nucleon clusters, namely, 2M^. Subtracting 
out this rest mass from the EV (4' |lf I'F), one has 

= 1^1 - 9^«)| r) 

+ E mmi - 9P„)| 

/' 5 

-I(1 - 9P„)| ■ (2-10) 

Functional variation of this expression with re¬ 
spect to tgj. yields the following Schrodinger 
equation for the relative moUon of the two nucle¬ 
ons: 

^ipsT IS mm ~ 9^,»)j 

y'"* 

( 2 . 11 ) 

In this formulation, die QEP is defined by the 
second term on the left hand side of (2.11). The 
identlflcatian of the QEP with this term would 
have been exact had the bare reduced mass 3«n/2 
been equal to This equality can come about 

only if mass renormalization is performed, but 
this la outside the scope of the present nonrela- 
tlvlstic frameworic. In any case, the SN inter¬ 
action can be defined by the second term on the 


left-hand side of (2.11). The remainder of this 
paper is concerned with the calculation of this 
EV. Robson’s definition of the QEP** is a partic¬ 
ular case of the definition given here, and it 
suffers from die drawback of ignoring all but the 
V(3e) term in the summation in (2.11). The error 
Involved in this omission will be discussed In 
subsequent sections. 

m. GENERAL STRUCTURE OP THE QEP 

The evaluation of the QEP in the subspaces of 
color, spln-lsospln (SI) and ordinary space is 
cmsldered now in that order. The EV defining 
the QEP Is invariant under two sets of symmetry 
operations: permutations of any pair of indices e 
nucleon a and permutations of any pair of Indices 
e nucleon 6. Using these two symmetries, the 
direct part of the QEP can be brought to the form 

Vc=9<((>A| V(36)| . 

This direct term vanishes on account of ()>,>(/>» 
being color singlets. 

Thus the NS interaction arises solely from the 
antisymmetrization of the six-quark WF, l.e., 
only when quarks are exchanged between the two 
nucleons. Using the two symmetries specified 
above and die additional (123) — (456) symmetry 
of the EV, the exchange part of the QEP can be 
reduced to 

ye! 

= - 9(^>.(l>, I [4V(14) + 4V(16) + V(36)]P„| . 

(3.1) 

A. ETshudoD of the color EV'i 

The permutation operator in (3.1) acts on all the 
subspaces: color, SI, and ordinary space. 

For the group SUc(3), the permutation operator u 
^^ = i + 2F,-F,. (3.3' 

The form given In Robson’s paper** Is incorrect. 
Considering first the 14 term in (3.1) as an llluh' 
tratlcn, die EV in color subspace is (suppreasinf 
die arguments of £»), 

r(14) = (t. t* IF, • F,(i + 2f, • F,) I £. £,). 

Direct calculations gives 

r(14) = t i Tr»(F(o)F(6)) = i. 

since** 


Tr(F(ff)F(6))=*6,,. 


(3.4) 
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Thus the QEP, after completing the color algebra 
for the remaining two cases, acquires the form 

V=- I [ v(i4) + vm) - 2 V(ie)] 

I <<'>*>• (3.5) 


B. Ersliulion of the ipln-iKiepln EV'i 

The first step will consist In the calculation of 
ttie norm defined in (2.8). It will be helpful to 
remember that the cluster functions therein are 
coupled to total spin (Isospin) S{T). Color algebra 
(namely, the EV (t.£»l.^| t.te)) gives a factor i, 
and disentangling the space part from the SI part, 
one has 

Dt= 1 - 3<0.<(), 1^1 1 Pli I d>.d>.>. (3.6) 

In Appendix A, it is shown that the SI EV in (3.6) 
possesses a factorlzatlan property, and calculat¬ 
ing the various 9~j symbols therein, one has 

3l = l-3<0.0,(Pi(d..0») 

^[(S - i)(T - .J.) + 2(i-S/3)(^- T/3) 

+ *(i+S/3)(t-t-T/3)]. (3.7) 


with 

/»(s.r)=(^^)[s(s + i)-3] 

(3 + 2T\/S{S + l) + 3\ . 

-V“^A“i8- )■ <3.10) 

Repeating this calculation for the 14 and 36 cases, 
one has 


D„(14) = -4 



>'(0.d-.|s’(f.,)P,'|0.0,)A,(S, D, (3.11) 

with 


/„(S,7-)=- 

4 


(3 4 2S) (3 4 2T) 
36 36 

( -i)«(3 4 2r) .. 
12(81) 


5S(3 ^ ZT) 
6(81) 

-S(S4l)», 


(3.12) 


and 



x(0.0*16’(f„)Pi| 0.0^/„{S, T), (3.13) 


This expression is symmetric in S and 7, as it 
ought to be, and the factorization of the EV into 
apace and SI parts, being a property common to 
all the EV’s in the six-quark state, will be fre¬ 
quently encountered in the following paragraphs. 

It will be worthwhile to remember that all spin- 
independent qq Interactlone in (2.2), when averaged 
In the six-quark state will have their SI struc¬ 
ture Identical to that of the norm In (3.7). 

The Interactions between quarks, which depend 
on their spins, are of the spin-spin, spin-orbit, 
and tensor types [see Eq. (2.2)]. Each of these 
types Is considered separately now. 


with 


/„(S, 7')- 


3427 

B 


,/ (3 4 27)(2-S)(S4 3) 

A 36x36 

S(S4l)(3-27) (27-l)(l-S) 
■^72 8 , 

,/(2.S - 1)(27 - 1) (3-2S)(3-27i 

A 16 72 


(34 2S)(3 4 27)\ 
36x36 /■ 


(3.14) 


I. Tht iptupOi tuencrtoH 

The starting point will be always the "color 
Independent” form of the IW QEP, namely (3.5). 

= - 4<0.0,| [ V„(14) + V„(36) 

x-2V„(16)]P*„"|0.0,>. 

By inserting the qq interaction (2.2) in the above 

expression, 

= <3.8) 

*nd evaluating the SI EV using the result of Appen- 
A, one has 

\ 3m*e*/ 

’<<4'.0,|6*(f,.)Pi|0.0^/„(S, 7), (3.9) 


The spin-spin interaction between nucleons a and 
b can now be cast In the canonical form of a cen¬ 
tral potential with the Wigner, Bartlett, Heisen¬ 
berg, and Majorana exebanges.” Inserting the 
foregoing results into (3.5), 

+ V"o. • c, + V" T. ■ f, 

+ ^"(e.-ajKf.-ft), (3.15) 

and taking the trace of both sides of (3.15), one 
obtains 

V” = - ilSm.Oe) + jw,(14) 4 2m,(16)], 

VV = - -it- «j(36) + - 2»>s(W], 

+ m,(14) - 6m,(16)1, 

Vj; = - -JtL- 25m5(36) 4 m,(14) 410m,(18)l, 
where the mJM) are the radial EV’s given by 
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I ♦.<#>.>. (3.17) 

2. ThnpOKubU buemctloH 


The starting point Is again (3.5) with the qq 
spin-orbit potential being given by 



(3.18) 


It is shown starting from this Interactlan that it 
Implies a spin-orbit interacUon between the two 
nucleons. As has been the practice up to now, 
the 16 calculation is carried out in some detail, 
and subsequently the corresponding results for the 
remaining two cases are presented. The general 
EV for the 16 case has the structure 



((A• s, + i-s,)^;;^* I . 

(3.19) 

From (3.18) it is seen that the vectors A, B act 
only upon the 0(3) states so that, as far as the SI 
space Is concerned, they may be treated as con¬ 
stant vectors. 

The factorination property embodied in (All) of 
Appendix A leads to die following structure (A the 
SIEV; 

<0.(^)»|A-s.^; (<(..<.,) 

(3-20) 

(i i T-j 

with 

x(/|)^.(/'i)i;S,Af>, 


ft i A 


;;], ,3..) 


and tile(rf B ■ S, has the structure similar to 
that of A' Sj [see Eq. (3.20)]. The results corre¬ 

sponding to (3.21) and (3.22) for the 14 and 36 
cases are 

f * 0 

M;j^(14)=C-S l'(f' + l)A I' iV 

h * M 

. ' * 

I'(i'+l)it i 

t i A • 


M.-(36)=D-S 

»•*« 


" * 
i ' i 


[3-2f'(f'-t-l)] 

6 


f i 
i i 


These could have been obtained from (3.21) and 
(3.22)—in so far as their U’ dependence is con- 
cemed—by Interchanging / and I’. This sym¬ 
metry stems from the (123) — (456) symmetry 
which is possessed by all these EV’s. Perform¬ 
ing the IV summation in (3.20), after substituting 
for (3.21) and (3.22), one has 



13|»(18) = - I 

where 

(5„=X(16). SA(T) + B(16). |f,(T), 

anH 

(3.21) 

A(16)[B(16)] 



and 
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36X36 ’ 

(2r + 3) (3-ED 
8 “ 54X36 “ 12x9 • 

Tfae fidii'Orbit tfN Interaction arising from the 14 
gnd 36 exchanges are, using (3.23) and (3.24), 

4ffa 


3)„(14)=5^<0.0.|Oi,P/,(0.0; , (3.27) 


with 


d„ = [A(14) + B(14)]-S/i(r), 


and 


with 

d„ = [A(36) + B(36)]-Sr,(r). 

The total spin-orbit potential is the sum of (3.25), 
(3.27), and (3.28). 

The total spln-orblt Interactian between nucle- 
cna can be cast in the canonical form. Firstly, 

=0„ (16)+'0„(14) + U„(36) 

where the even and odd parts are given by 

.g^r pMuiai i. s^)* ,A, 

Wl C L' 'J 4 *16 ' 

./X(36)-t-B(36) 

V ^ 

(3-29) 

To bring out th^IVJ^spln-orblt potentUl In the 
canonlcallorm “L^'S, it is necessary to carry 
out the radial EV’s In Oie foregoing equations. 

This will be tahen up In the section radial EV s 
(see Sec, IVC). 

J. The ttHUrliuertcaom 

The AW interactian arising from the qq tensor 
potential also turns out to be teneorla). The cal¬ 
culation of the 81 parts starts from (3.5) with the 
W Interactions given by 

m'c ' Tfi I 


and the ATAf tensor potential (anticipating the re¬ 
sult) Is 

U, = -4(<)..0,|[V,(14WV,(36) 

-2V,(16)]Pl”|d..d.j>. (3.30) 

The proof is first given—for the above statement— 
for the case of the 16 term, and then the corre¬ 
sponding results for the other two cases are pre¬ 
sented. The tensor potential (3.30) Is actually a 
scalar obtained by contracting two second rank 
tensors.” One these is compounded from the 
vector operator is the unit vector in the 

direction r,j), while the other la a second rank 
tensor compounded from ^o vector spin opera¬ 
tors of the two particles 8,-and 8^. Therefor*- 
(3.30) can be written as 


V,(ij) = 


4T,(s„Sy)-r,(V. 


(3.31) 


Tfae NM potential U, arising from this, if it Is 
truly tensorial, will have the same general struc¬ 
ture as in (3.31), l.e., <rr,(S„^- r,(»), where n 
is a unit vector in die direction R. In attempting 
to derive the •'macroscopic" tensor potential from 
the "microscopic” one, it will be useful to bear in 
mind that this derivation must necessarily pro¬ 
ceed in two stages. The SI calculations will lead 
to the replacement 

7’|(Sj,Sy) —T|(S,,Sj), 

and the radial calculations to the replacement 
T,(n,j) - r,(n) for aU the (i;)’s In (3.31). There¬ 
fore the proof will be completed only towards tfae 
end of the section on the evaluations of the radial 
EV’s (see Sec. IV D). For the present, the proof 
is carried out only for the SI parts. For illustra¬ 
tion, the 16 case is considered In some detail and 
the corresponding results lor the remaining two 
cases are then presented. 


'),(16)= in3’»(S,,2«)’r,(n„) 

m C \ f tm 




(3.32) 


Using the factorliatlon property of the SI EV, 
embodied In (All) of Appendix A, 

<<A.<>»| T,(S„S,)- r,(ni,)Pi' I 

i i) 

= :-Z44 '' WM,{18), (3.33) 

(i i 

where 


4 ,( 16 )=<(i i)i, (i'l)i; s, M I r,(s„ s.) • r,(s„)^| • 


(3.34) 
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aod after some manipulation, (3.34) can be reduced 
to the form 

(s,M Ii S.)|s.Af^ . 



By successive appUcatlcn of Wlgner-Eckart 
theorem and more powerful ones derived thereof,** 
one has, for this matrix element, 


r„(02[3M»-S(S + l)] 

* U(2S + 3)(M + 2)(2S + l)(as)(2S -1)]‘" 





(3.35) 

By considering now the EV (S,M|fj(S,, S,) • TiCnulS', 
M), It can be shown to be =|xthe quantity in 
the curly brackets In (3.35). Finally evaluating 
the two reduced matrix elements In (3.35), the EV 
ix ,(16) can be written as a tensor Interaction be¬ 
tween the two nucleons a and h, in so far as the 
spin structure is concerned, 

4,(16) = r,(s.,^)-r,(5.,) 


-('(»' +1)1}. (3.36) 


The remainder of the proof will be carried out In 
the section on the radial EV’s (see Sec. IVD). 

The results analogous to (3.36) lor the 14 and 36 
cases are 


4,(14) = Tj(S., S.) • , (3.37) 

4,(36) - T,(S., S,) • T,(^„){5[| - HI +1)1 

x*[i-f'(l' + l)]j. (3.38) 

Inserting (3.36) In (3.33) and carrying out the I, I' 
summation, one has 

. 8*«a. l/,„ (3 + 2T)\ 

36^3 - ZD-g—j 

(3.39) 


The tensor interaction is generally decomposed 
into even (r=l) and odd (r = 0) parts, 

D,=v;*" + v«", 

aura ^ 

|7’,(s.,s,) • 

where 

ft (- 

(3.421 

When the evaluation of these radial EV’s is com¬ 
plete, It will be found that 7’,(»„2^— T,(n) where ii 
= unit vector in the direction of R. 

4. The eentnl Intencllon 

The SI structure of the central interactions will 
obviously be the same as that of the norm of the 
six-quark WF. There are essentially four differ¬ 
ent types of central interactions between quarks: 
Coulomblan, oscillator, 6(r), and the momentum 
dependent potential [see (2.2)]. The last of these 
is the most difficult to evaluate, as will be seen 
in the forthcoming section on the radial EV's. 

TTie central qq interactions give rise to central 
NN potentials with all the four types of exchant;es. 
It is customary to cast this interacticn in the 
standard form, analogous to (3.15). The direct 
part of the interaction is absent on account of 
nucleons being color singlets [see the text pre- 
ceedlng (3.1)]; only the exchange interaction con¬ 
tributes. From the starting point (3.5), one has 

V. = - 4<d..(^* I [ V,(14) + V,(36) - 2 V,(16)]F,‘, \<^A' 

„/(2S-l)(2T-l) 2(3 - 2S)(3-2T) 

4 36 

.(3 + 2S}(3+2T) \ (3,431 

■* 9300 )’ 

with the SI dependence being identical to that is 
tte norm S given by (3.7). Putting this equal to 




(3.40) 


V, -t- V, • o, • oj -t V, • f, • ft 

The component Vb can be evaluated by , 
methods already outlined [see sequel to (3.1h)J' 
Finally, subetttutlng tfaeee values of V’s 
Into (3.44), 


and 
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-fl.p.(o..a,)(f.-T,), (3.45) 

with 

P=(*.f. |tV^14) + V,(36)-2V.(16)]f',>,| .^,0^ , 

where Is the sum of the four central interac- 
ticns mentlcoed earlier. This structure of p is 
very crucial, In making the NN Interactloi in¬ 
dependent of the OGEC constant b in (2.2). The 
[11 - 2] structure of the SN Interaction [see (3.5)J 
la responsible for b being totally absent in the NN 
potential. Contrary to this, the role played by b 
In bary(»i spectroscopy was very decisive in ob¬ 
taining a good fit to the baryonic levels.'^ 

Having determined the SI structure of the NN 
QEP, attention Is now turned to the determination 
of the radial dependence of the QEP. 

IV. THESTRUCTURtOFTm QEP IN 
COORDINATE SPACE 

Since the EV's are the averages in a six-quark 
state, the radial matrix elements arc really 18- 
dlmenslonal integrals. As in the treatment of the 
SI EV’s, the various types of interacttons can be 
examined sequentially. Before embarking on 
this program. It is proper that the nucleon radial 
WF 0, be accurately defined. Up to this point, 
these WF’s were kept quite general, but for cal- 
culatianal purposes these must be given specific 
forms. In the work on baryon spectroscopy, 
carried out by these authors,” two arguments R 
were used for 0„ as were two forms for 0,. The 
arguments were of a collective nature: r,, + 

''ji. Ira + »■«»’ + For0,, both e;qx)nentiai 

and Gaussian forms were used. Without going 
into the reasons lor this choice here, the following 
definition of 0, suffices: 

0,(123) = ij exp[-1 PHra’ + r„’ + r„’)l, (4.1) 

where q, the normallaatlan factor, =(3/ 3/ir’)‘”d’. 
In die present calculation only the normalized WF 
in (4.1) is used. Physicists have long since been 
familiar with Gaussian Integrals, which can be 
evaluated in closed form; flils is their main ad¬ 
vantage. The value of P, which characterizes the 
WF and is compatible with s-wave baryonic data, 
given in Table L 

A The nuHal nurro 

A glance at (3.6) suggests the following definl- 
tlon for the radial norm: 

®(R)=:<0.(123)0,(466)|Pi| 0.(123)0,(456)). (4.2) 

struetare of the radial EV’s appears In (2.11). 


The value of such a matrix element wiU depend 
critically upon the definition of the exchange 
operator P^,. This exchange operator not only 
exchanges r, and r, between 0.(123) and 0,(456), 
but also Interchanges these two coordinates in the 
argument of^e WF 0jr(R). lor the relative mo¬ 
tion. Since R = i(r. + r, -f r, - Cj - f, - r,), one has 

P‘0.(123)0,(456)0„(R) 

- 0.(126) 0,(453 )0„ + 


Taylor expanding the WF of relative motion to 
first order, 

0.vr(F,'.R) 0sr(R) + 5?,. • V„0„(R), (4.3) 


and the omission of the higher order terms ih 
justified since 0s,(R) is expected to var^ sUvwly 
with R. Now it turns out that for all interaction!! 
excepting the npin-orbit one, the contribution of 
the gradient term to the radial EV vanishes by 
virtue of the parity selection rule, whereas for 
the spin-orbit interaction, the matrix element 
corresponding to the first term vanishes while 
that corresponding to the second makes a nonzero 
contribution. Thus the action of on R Is In¬ 
cluded here contrary to Uie practice in molecular 
physics, and this action can be consistently 
defined for all the parts of the qq interactions 
in (2.2). 

The radial norm (4.2) falls in the first category 
of EV’s which do not receive any contribution 
from the second term in (4.3). TOs amounts to 
ignoring the action of P/, on 0s,.(R). All the cal¬ 
culations are performed In the center-of-mass 
frame of the dinucleon system. Thus (4.2) has 
the structure, if (4.1) Is used. 


3l(R)=-V / HI df, exp(-J6*[p,* + P,* +P,’^ +p,'*}) 


X6| 

'h + h 


3 

^2 

XRl 


+ r„ R 

3 

~2 


with 

P.’(p.'*) = Vu* ^ . 

P»’(p,'’) = + v„*(r.,>) + r„’(r„*). 


The presence of the two delta functions needs 
some explanation. Going back to (2.11) and re¬ 
membering that the QEP is defined at a fixed 
value of the argument of 0,^, namely R, It can 
be seen that all these ri^ial EV’s must be carried 
out for a fixed value of R. This Is a<Aiev^ by 
inserting a delta function 8[R - i(r, -e r, + r, - r. 

_ r, - r,)] In the EV. The fact that all ealeula- 
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tlooB are carried oat In die caiter-af-maae frame 
of reference, when stated mathematically, la tan¬ 
tamount to the Insertion of another delta foncdcn 
In the radial EV, 6[i(r, + r, + F,) - i(r^ + F, + F,)]. 
'Hm pair of delta functions appearing in (4.4) are 
entirely equivalent to the ones mentlonsd above, 
as can be verified by Inspection. These Gaussian 
three-dimensional Integrals are easily evaluated 
In closed form using the results of Appendix B. 
The radial norm Is thus found to be 

B. The EV's of centnl potentUe 

The central potentials are lour in number: 
Coulomb, oscillator (confinement), delta fonctian, 
and the potendal bilinear In the quark momenta. 
The Coulomb potential will be considered first. 
From (3.S), It is seen that three distinct EV’s 
contribute to the SN potential. Calculations 
show that a Coulomb potential between quarks 
leads to a eTi{CR)/R potential between the nucle¬ 
ons. Contrary to the practice of Illustrating the 
calculation for a specific pair of quark indices, 
only the final results of the calculations are pre¬ 
sented lor the EV's of the central potentials. 

The Coulomb radial EV’s, which enter into 
(3.45), are pnopordonal to 

= (4.7) 

The general structure of these EV’s Is found to be 

M^(i})^a,^m)^eT({A„$R), (4.8) 

where erf(x) is the error function (see Appendix 
B). The values of the coefficients In (4.8) for all 
the three cases appear In Table Q. 

The radial EV's of the next central potential, 
namely, that of the harmonic oscillator, are 
proportional to 

«„(y)=-^<'#>.^.l • (*•») 


CaleulatlODs show that these EV’s can be brought 
to the form 



The coefflclmits for the ttiree cases are listed 
in Table U. It can be seen from this expression 
that the harmonic confinement potential between 
quarks leads to a harmonic potential between the 
nucleons. 

The radial EV’s of delta-function potentials are 
proportional to 

= . (4.11) 

and the radial spin-spin EV’s are simply related 
to these 

M.(y) = |M^y). (4.12) 

Calculattons yield the structure 

M/y) = -f^*(R)d* 

xCj/‘“>exp(8*A,/B*), (4.13) 

The presence of the Gaussian factors, over and 
above that In the radial norm, indicates that the 
qq delta-function Interaction leads to an extremely 
short range NN potential. And even the strength 
of this potential Is quite small. In view of the r' 
factor in the denominator. 

The last of the central potentials whose radial 
EV’s are necessary Is the potential between the 
quarks which Is bilinear In the momenta of the 
quarks. From the mathematical point of view, 
the evaluation of these EV’s Is extremely labori¬ 
ous. The EV’s are proporUonal to 

The calculattons (with suppreased details) show 
that these EV’s have a structure given by 


TABLE H. The entries in thetatdalaaeEqs. (4.8). (4.10), and (4.13)1 define completaly die 
radial part of the Ntf potential arlaing from the indloated qq interaotlona. 


Coulomb: 1/r Counnemant: r* Amotloa: d(r) 

Cj/ Ajy C|y (l/Cw*) Cjy A|y 


14 


3(^‘ 

4 

1 

(i)» 

16/8ir 

3(4)*^ 

36 

to 

T 


• 

» 

(i)’ 

6/4» 


16 

to 

T 


1 

n 

<A»* 

16/7tr 
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TABLE m. The entrlee in the table leee (4.1S)] 
oompletely the radial part of the/W potential arielag 
fjrom the n potential MUnear In the quark momenta. 

•i _ G|j A'lj 

It 6/»N« ^ „ 

3« SfiR/m 44/3/1* « K 1 0 

‘ v^/< 

16 9/S/2irSSfiR 146/276* 1 

==«=™=====:==K=liSL«12^ 

(4.15) 

The values of these coefficients are tabulated In 
Table m. It is seen that this relativistic correc¬ 
tion term leads to a Coulomb-type Interaction 
between the nucleons. There Is an additional 
contrlbutlan which resembles a delta-llke interac- 
tlon [see (4.13)] between nucleons. And yet 
another contrlbutlan which amounts to a damped 
harmonic Interaction between the two nucleons. 


C. The radial EV’i of the spin-orbit terni 

The proof for the qg spin-orbit Interaction going 
over to the NN spin-orbit interaction was sus¬ 
pended halfway In Sec. IIIB2. Here, in this 
section, this remainder of the proof is carried 
to Its conclusion. In essence It must be shown 
now that the radial ETV’s of the vectors 
In (3_.29) are proportional to the angular momen¬ 
tum Lji of the relative motion of the two nucleons. 

Recapltalating the discussion in Sec. IV A on the 
definition of P^, this operator must now be made 
to act on the WF lor the relative motion 

of the two nucleons. The radial spin-orbit EV’s 
are proportional to 





where the vectors are defined in (3.26), 

S is Die total spin at the two nuclScns, i.e., 
The result of the calculations of the 
radUl EV’s is 



x|^erl(A|^)|Lj, • Sfijr • (4-17) 
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TABLE IV. The entries in Die table define oonpieteiy 
the ndlal sttuctura (see (4.17) and (4.23)1 of the jiff 
spin orbit and tensor potentials arising from the oonss- 
pondlngff potentials. 


i) 

Spin-orbit potential 

Tensor potenUnl 

^iJ 





14 

i 

1 

it 

7 


i 

1 


36 

t 

ii 

7 

3 ( 4 )*^* 

k 

s 


16 

10 

T 

10 

T 


II 

7 



The coefficients occurring In this result are all 
listed in Table TV. The constant K that usually 
goes with an angular momentum operator has 
been lumped. In this case, along with the multi¬ 
plicative constants. Thus the spin-orbit NN inter- 
acticn has now been finally put in the canonical 
form. 


D. The ndial EV‘> of the tenant fattnaction 

A glance at the end of Sec. TUBS shows that trtien 
the radial EV’s are evaluated. It would amount to 
the quantities r**"'"") being replaced by T,(jt). 
hi this section the latter half of this proof Is 
carried through. 

With the aid of the IdenUty 

S.-S.-3(S,‘>'i)(8,‘n) 
r * 

= -(S.• V)(S,• V)(i)-^S..S,9(r) , (4.18) 

the EV of (3.31) can be put In the form 

fM=('0.<<>al'r,(S.,S»)-T.(V,pl . (4.19) 

Using Fourier integral representations and com¬ 
pleteness expansions, the EV (4.19) can be cal¬ 
culated, and the results are 

t,. )r.(S.. S,) • T,{R) 

x/A»dA4^)e*p(^). (4.20) 

For the remaining two cases, one has 

x/A«dlfi.(5|«)e*p(^). (4.21) 

fm=^(^»(R)r.(i.S,)- T,(H) 

x/A»dX).(5^)exp(^). (4.22) 
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DeflnliiK and carrying out 

the integrattone, one obtalne 

X7’.(S.,^)-r,()?). (4.23) 

where ny[\,x) Is the normalized incomplete 
Gamma function” of order | > y(\, x)/T(\), and 
the coefficients C^|,A^f are the ones listed in 
Tabel IV. At this stage it can be appreciated that 
the occurrence of the incomplete Gamma function 
of order i can be traced to the use of the Gaussian 
quark WF’s. If some other choice had been made 
for these quark WF’s then there would be, corre¬ 
spondingly, a different function in place of ny(|,x). 
In any case, whichever quark radial WF’s one 
might use, the tensorlal character of the NN In¬ 
teraction will not be perturbed and will emerge 
finally, as In (4.23). From (4.23) it is possible 
to evaluate the even and the odd parts of the NN 
tensor potentials 3) defined towards the 

end of Sec. GIBS. 

Up to this point all the effort has gone into the 
derivation of the NN potential—starting with the 
qq interaction—and its casting in the canonical 
form. Now it remains to be seen whether this NN 
potential, arising from the exchange of colored 
quarks, has any measure of truth In It. For this 
purpose the 14, 16, and 36 parts which have been 
separately calculated must be brought together 
according to (3.5), the general expression for the 
NN QEP. Once this Is done, it will be possible 
to numerically calculate the strengths of these NN 
potentials in the various channels. 

V. CXlMFARISONOFTHEQEPWrrH 
PHENOMENOUXUCAL POTENTIALS 

Tile three main parts of the QEP, appearing in 
(1.1), are now assembled with a view to compare 
their radial profiles with the corresponding ones 
of {dienomenological potentials. 

A. The central part of the QEP 

Both the central potential (l.e., all the four types 
of qq potentials discussed in Sec. IIIB4) and the 
spin-spin potential contribute to the total NN cen¬ 
tral potential V^°‘(R) in (1.1). The detailed struc¬ 
ture Is given by (3.5), 

Vl‘*(R)= V,(R) + V.tft )o. • 0 , + V,(R)T. • f, 

+ • Oj)(f, • f,), (6.1) 

where 

V.(fl) = -|[3«,(36)+.^»ii,(14) 

+ 2m^l6)] + ^.(R), (6.2) 


»',(«) = -*t-»»«i<38) + «/14) 

- 2>n^l6)] + f d»(il), ( 5 . 3 ) 

-.6»n^l6)] + *^)(fl), ( 5 , 4 ) 

y.,W = -*[-25»n/36) + »»v(14) 

+ 10»n/18)] + #</)(R). ( 5 . 5 ) 

In the above four equations the quantities occurring 
in the square brackets represent the spin-spin- 
delta-functlcn interactlan, while ipifl) represents 
the contiibutlcn arising from the four ty^s of 
central potentials. This latter quantity is given 
by 

<>(«) = 2[m„(16) + m„(16) + + »i„(16)l 

- [»n^(14) + m„(14) + m,»(14) + m^(14)l 
-[w,(36) + m„(36) 

+ m,*(Se) + m^(36)], (5.6) 

and these matrix elements m,(i)) have already 
been calculated in Secs, m and IV. The phenom¬ 
enological NN potentials**’’'' are known in each of 
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R(tm) 



FIG. 2. A oomparison of tha central components of 
the QEP+OPEP, OPEP (Ref. 1) and tha Tamsgakl 
phenomenological potenthda bi the even channelB. Tha 
OPEP haa ttie same radial variation for both the even 
channels. 1^16 Tomagakl hard*-core radius is at 0.42 
fm. 

the four dlnucleon states: singlet even, singlet 
odd, triplet even, and triplet odd. To compare 
the QEP with such potentials, It Is necessary to 
take the EV of Eq. (5.1) In each of these four states 
|S,T). Doing this, one has 

Y,{R)-3V„(fl), 

= V.(it) - 3V.(«) - 3 + 9V„(fi), 

( = V,(fi) +V.(fi)- 37,(fl) - 3 V.,(fl), 
<VV’'(«»TO = V.(H) + V,W + V,(R) + V.,(Jl). 

Here, S and T stand for the elnglet and triplet, 
and E and O stand for even and odd, respectively. 
These four potentials are plotted as functloo of R 
Figs. 1 and 2. In these same figures one can 
contrast Die QEP with the one-picn exchange po¬ 
tential (OPEP) and the phenomenological poten- 
The contributions to the central part of 
QEP from only the spin-spin Interactions are 
also exhibited In Figs. 3 and 4. 

/. TlHlmieon 

The jAsnomenologlcal phase-shift date show 
that beyond about 250 MeV the phase shift changes 



RIfm) 

FIG. 3. The apln-spln ^ interaction (Eq. 3.12) leads 
to the above repulsive central Ntf tateractlon In the odd 
channels. The potentials continue to bo more repulsive 
wltbln the Taraugakt hard-core radliu at 0.42 tm. 

from a poaltlve to a negative value. With the 
phase shift being roughly the difference between 
the perturbed action and the unperturbed one, It 
is easy to see that Its sign will be opposite to that 
of the scattering potential.” What this means Is 
that at higher energies the NN Interaction acquires 
a repulsive component. The occurrence of such a 
repulsion Is welcome since It is found adequate to 
explain the saturation property of nuclei. The 
onset of such a repulsion only at higher energies 
can be simulated by a potential which Is very 
strongly repulsive at short distances (the bard 



R(fm) 

fig. 4. Remo as Fig. 3, but for tha even ohaanels. 
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core). This parUcnlar repreaentatton of ttie 
energy dependence of the *5, phase shift is by no 
means unique, even within the potential frame¬ 
work. Finite repulsive potentials (l.e., soft core) 
at short distances, as also momentum dependent 
potentials, are capable of reproducing ttiia phase- 
shift data. In the following it will be seen that 
the QEP gives the short-range strong repulsion 
and hence the property of saturation of nuclear 
forces. 

The central part of the QEP in the odd channels 
is strongly repulsive at short distances. This is 
shown in Fig. 1. Also, there is reasonable agree¬ 
ment with the Tamagaki phenomenological poten¬ 
tial.' However, the central part is only weakly 
attractive in the even channets (see Fig. 2), con¬ 
trary to the behavior of the pehnomenologlcal 
potentials. The insignificant attractlan In the 
triplet even state suggests that the colored quark 
exchange mechanism Is not adequate to keep the 
deuteron bound. The spin-spin interaction is 
found to contribute repulsion in all the four 
channels of the central potential (see Figs. 3 and 
4). It is also found that in the even channels the 
QEP Is repulsive inside the hard core, a feature 
which also appears in the investlgatlcsi of 
Ribelro.” Whereas, in Rlbeiro’s analysis this 
short-range repulsion is ascribed to the qg con¬ 
finement interaction; in the present model tt 
arises from the short-range spin-spin qq intre- 
actlon. Similar conclusions are also reached in 
the work of Liberman* and in a calculation of the 
Nff potential as given by the MIT*" bag model of 
QCD. 

As regards the origin of this repulsion, Machida 
and Namlki" had ascribed the bard core of the NN 
interaction to the exclusion principle. However, 
it turns out that when color is introduced one can 
construcr a six-quark wave function with the 
spatial structure (Is)* so that the exclusion 
principle in itself does not rule out six quarks 
being localized—as in a AW collision. The 
repulsion observed in the QEP at short dis¬ 
tances originates from the gluon interaction 
rather than from the exclusion principle. Lastly, 
if one were to define the radius of the short-range 
repulsion in the QEP to be nearabout the point td 
steepest rise, it is seen from Fig. 1 that this 
o'O.SSfm. The consistency (d this value with the 
hard-core radius expected on the grounds that 
the nucleon core size is a>0.3 fm (Ref. 16) is 
Indeed noteworthy. 

2. Tkt iHtrmedltte note 

As pointed out above, the QEP's central part 
fails short of providing suffleient attraction in 


the triplet even and singlet even states in the in- 
termedlate nmge. Hie Impllcatlao is that the 
deuteron cannot be bound by this mechanism of 
exchange of colored quaidcs. As it is impossible 
to alter the shape of the QEP curves—since the 
theory is truly mlcrosccqdc and all the OGEC 
constants have been reliably fixed once for all— 
this conclusion of Insufficient binding is irrevo¬ 
cable. 

B. SpliMniWt part 

Putting together the 14, 16, and 36 terms of 
the spin-orbit potentials into (3.5), one has in the 
various dinucleon states 

(»1i*(ft)>To = djtl40m,.(16) - 15w^(14) 

-55»n„(36)], (5.B) 

<Vli‘(«)>T. = w[-88mJ16)-6m,.(14) 

+ 50mj36)], (5.9) 

and the spin-orbit potential obviously vanishes in 
both the singlet states. It is seen from Figs. 5 
and 6 that the spin-orbit potential arising from 
the exchange of colored quarks is very weak, 
contrary to that observed in phenomenological 
potentials. However, the inverted signature of 
this interaction, as demanded by experiment, 
emerges correctly Irom the present theory. 
Within the framework of meson theory, a close 
connection exists between the hard-core re;wl9lon 
(produced by the exchange of vector mesons) and 
the Inverted signature of the spin-orbit NN poten¬ 
tial,'' Even though the QEP yields both the hard¬ 
core and the inverted spin-orbit Interactian, the 
link between these two features is not transparent. 

At this stage one might suppose that this defi¬ 
ciency of the QEP mi^t be overcome by introduc¬ 
ing a spin-dependent confinement potential.*''” 
Already, to have a OGEC theory of the states of 
charmonium—that explains all the observed 
splittings of levels—it has been found necessary 
to postulate a spin-dependent confinement poten¬ 
tial. One therefore wonders whether a similar 
correcUon is necessary here, too. Moreover, 
the Inclusion cf this correction to the spin-orbit 
potential does not vlUato tee values of the OGEC 
constants, since, for s-wave baryons, there Is 
no contribution to teelr mass from tee spln-orWt 
potential. Thus, replacing tee quantity -(l/''</ 
by (l/r„Xtl/dr,j)V(r„) in tee spin-orbit terms, 
one can see that if F(r,j)=(l/r,^)-(»',y/<ir(l'^’ 
then -d/ru)* - -(l/r,,)* - (2/<i*). This corre^* 
does not perturb tee already right signatures 
talned for tee spin-orbit potential. Carrying * 
a little algebra, It can be seen teat tee correc 
amounts to the replacement 
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FIG, 5. A oompirlson of the rospecUve tensor com- 
ponenta and the reapeotlve sptn-orblt componoita of the 
QEP, OPEP, and the Temagakl phoiomenologlcel po¬ 
tential. The large magnification of the QEP indicates 
that Its atrength la quite weak. The algnatures of the 
QEP are nevertheleas correct. 

(5.10) 

where ij(14) = ^, »l(16) = -^, andJ)(36) = |. It has 
been found that this correction is too insignificant 
to alter the conclusions already reached regard¬ 
ing the spin-orbit potential. 

It is not out of place here to record also the 
futility of applying a similar correctlan to the 
central part of the QEF, due to the additional 
spin-dependent confinement potential. This cor- 
rectlonjls fauitamount to replacing 6(r)—multi¬ 
plying S| • Sj In the qq interaction—by *(?) + 3/ 

2ira*. In terms of the radial EV's, the replace¬ 
ment Is - m,{ij) + (4/fl’X- 

l^at is to say, the correcUon Is Independent of 
(If) and consequently, In view of the structure In 
(3.5), the total correctlan averages to zero. As 
regards the tensor potential, it can be seen that 
•n oscillator confinement potential cannot possibly 
lead to a tensor potential. 

C. The teaaor part 

The total tensor potential is found to be 
(vr = *l2m,(16) -17«,(36) 

-Sf»t,(14)l, (5-11) 


»OMtV 



R tfm) 

FIG. C. See caption to Fig. 5, 


= *[4m,(16) + 11m,(36) 

-m,(14)]. (5.12) 

Figures 5 and 6 exhibit these plots, In compari¬ 
son with those of OPEP and the phenomenological 
potential,'’ The QEP is seen to suffer from the 
drawback of Insufficient strengths, even though 
the signatures In both the channels come out 
right. The weak nature of the quarii-excbange 
tensor potentials Is, however, a happy circum¬ 
stance, since the OPEP supplies most of what is 
called for by experiment. Neither erf the theo¬ 
retical potentials by diemselves are close to 
reality, but their stun, however, provides a 
better approximatlcn to what Is observed. 

D. The and the quadratic ipjn«iMt temie withia the QEP 

In defining the action of the exchange operator 
on coordinate space WF’s, the higher order 
gradient operators acting on the WF of relative 
motlan were neglected on the grounds that 

(R) varies slowly wltt R, If the higher order 
gradient operators are retained then one will 
arrive at the L* term which Is trften Included in 
the analysis of the phase-shift data.**' The way 
to include the quadratic spin-orbit interactlaa at 
the NN level is straightforward. In ths deriva¬ 
tion of the qq Interaction (the Ferml-Brelt inter- 
BCtian), If the relaUvlstlc eorreetlans 0(l/c*) 
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are also Included, this term will naturally come 
about In the interests of simplicity, man; of 
such finer refinements have not been Included In 
Uie present analysis, 

VI. COMPARISON WITH CONTEMPORARY 
CALCULATIONS BASED ON QUARKS 

Except for the work of Barry,all the approach¬ 
es to the NN InteractiGn via the quark model have 
used colored quaiics. In the work of Barry, the 
assumptlan Is made that a diquark is a fermion, 
and the problem is thus reduced to that of two 
“hydrogenlc atoms” interacting with each other. 
This treatment, moreover, lacks the merit of 
using reliable coupling constants and quark 
masses. The defect in the work of Libermann* 
is that the constants have not been well deter¬ 
mined, and for the qq Interaction, too restricted 
a choice is used. (The qq potential is taken to be 
just the sum of an oscillator potential and a "con¬ 
finement" spin-spin potential.) These are prob¬ 
ably the reasons which lead to a strong repulsion 
in the even channels as well of the central NN 
potential, calculated by Libermann. Klsllnger** 
has calculated the NN force arising from the ex¬ 
change of a massive dressed gluon. By arguing 
that Interquark distances (when the quarks are in 
different nucleons) are nearly the same as the dis¬ 
tance between the nucleonic clusters, be replaces 
the qq InteracUmi by the NN interaction. While 
this assumption is justified for the radial coor¬ 
dinates, the same cannot be said of the spin- 
isospin coordinates. Moreover, the constants 
used have no authenticity, and quark dynamics is 
totally ignored. The basic observations made by 
Robson‘S and Rlbelro*'' are borne out In the present 
study—regarding the signs of the central part of 
the QEP In the various dinucleon channels. 

VII. CONCLUSION 

These labors having drawn to a close, one must 
examine with hindsight what ground one has 
covered and learn the lessons one can. What 
measure of reality Is there in the colored quark 
exchange mechanism as a possible origin of the 
nuclear force? Certainly OGEC is not the whole 
story In so far as all the aspects of the NN inter¬ 
action are concern^. Its chief merit lies In the 
strong short-range repulsion that it gives in the 
odd channels of the central part, l.e., quark ex¬ 
change yields the property of saturatloa of nuclear 
. _I 


forces. Its weak tensor part ties in well with the 
close agreement between the OPEP's tensor 
potential and die tesnor potential of the phenom¬ 
enological potential. Ccmsldering the lack of 
sufficient attraction in the Intermediate range, 
one can say that the QEP is somewhat compli¬ 
mentary to the OFEP. 

If QCD is to be taken as the path leading to 
reality, then one must show on Its basis how 
meson exchanges can exist. A preliminary step 
In this direction has been taken by Lovas,’ who 
has shown by a simple generalization of the 
Okubo-Zwelg-Bzuka (OZI) rule that the mesons 
fi, 5* will have the weak coupling strengths they 
have. The next step ought to be In the direction 
of deriving the OPEP from a possible general¬ 
ization of the present OGEC model so as to In¬ 
clude the sea quarks as well In baryons. 

APPENDIX A 

In evaluating the SI EVa, It Is found that all ol 
them share a common factorization property 
which can be brou^t to light by studying the 
structure of a typical EV, 

m(6:s,t)=«..<>.» I d(Bpin)P;,^„ I . (ad 

The state 14>,6>) is a six-quark state of total spin 
(isospin) =S(T). are three quark states of 

spin (iB 0 spln)=:^(^). The structure of this cluster 
state (being totally symmetric In the spin, isospln 
coordinates of three quarks) Is 

<^’.=;^[x;(i)xy4)+xS(t)x;(4)], (A2> 

where Xsm, a three-quark state which is sym¬ 
metric (antisymmetric) In the labels of the first 
and second quarks and has total spin or Isospln 
= i, l.e.. 

If the state is symmetric (antisymmetric) in "he 
first two-quark coordinates, then the total spin 
or Isospln of the first two quarks will be 1(0). 

The structure of | Is now seen to be 

ir 

The EV (Al) Is now seen to possess the factor- 
Izatian property 


(AS) 


M(d;s,T)=i 2^ <(f,4)i,(i(4H:s.A^I<5(»pin)^l<4)4.(*'i)t;s.«) 
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Coosidering the elnider of these matrix elements, l.e., the ooe In isospln space, It can be seen that It 
^ be diagonal In Z„ Z; l[V. The reason Is that the operator does not act on the coordbiates 1,2; 4,5, 
which are characterized by Z,, Z; Z,', Z'. Thus, even though the spin operator O (spin) may act on the quarks 
1,2; 4, 5, the presrace of the Isospin-matrix element makes the spin-matrix element also diagonal in the 
Is. Therefore 


W(d;S, T) = i £<aiH.('’iH:S.«|<3(apln)^|<Z|)l,(Z'j)|;S.Af) 

mm, {I'-m-. 7'."ri^„iai)i.yiH:r,Az,). 


(A8) 


Again considering the Isospin-matrlx element, denoting the states by jZ, Z'; T,Mf) and changing the basis 
to one In which diagonal, one has 

(Z, Z')=(Z, T, M, I IZ, Z'; T, A/,) 


^ iiii J 

i > i \) t i if \ 

M r W; * T ) 


T,Mr\h,\ (»')W r. Mr). 


where the last matrix-element is equal to 
U* Z'saJ • 

Therefore, 

VrO,^')= 4[y„4,][jj,J 

Za<,Zu4« 

i [ (-I)**'”. (A7) 

fi i r 1 


I- 

Thus (A6) becomes 

i' i i 

M(d:.s,r)-5 >' i 

fi ; r 

Xspin matrix element. (All) 

Equation (All) embcxUes the factorization property 
for the SI EV’s. Repeated use will be made of 

this result In the text. 


and (Z) = 2Z -i-1, Using the theorem® 
( h U f 14 

E Os is 

^13*^34 I i 



Equation (A7) reduces to 

i 

ti,(Z,Z') = 4^i Z' i' 


(A9) 


K d(spin)s 1, thmi one has perfect symmetry 
between spin and Isospln, 


a i 4) 

1s('.Z')=4<4 V (AlO) 

(4 4 s) 


APPENDIX B 


hi evaluating the radial EV’s, the following 
three-dimensional definite integrals are found to 
be useful; 


/ dKexp(-RK“ + iAK-R) 

j ^expi-B^+iAK-B) 

J i?dKexp(-Bi& + iAK'R) 


/, A*R*\ 1 



4b) 



(if-R)exp(-Bi?-HAK- 


H) 



(B4) 
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/ SSdKexfii-Bt^ + iAK-R) 

iff*'* AR* / A*R*\ 
=1~F7Je*P(—4B-j. (B5) 

/ dK • eatp{-JJK* + < AK • ff) 



1 n A‘R*> 

1^ / A’R*\ 


."2^V2’ 4B t 



y xexp(-£x*-iK‘x)tSc 


:i 


y f*«tp(-Bx’-AK"xVff 



, (B8) 

y X|Xyexp(-Bx*-fK>x)dSc 



(B9) 

where 


y(if**) = >^erf(*) = 2 r exp(-f’)(/f, 

•'0 

(BIO) 

and 


y{n,x*)=y’ exp(-f)l"**<ft 
■^0 

(BID 


Is the incomplete Gamma function of order n. 
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Search for nuclear structure dependence of analyziBs powers for the (tj)) reaction in medinin 

mass nuclei 
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(Received 10 August !97'() 

Recent mcuurements of the (/»,() reaction on targets in the miss range 106 $ A < 128 have shown a 
change in the sign of the analysing power at forward angles for imuitjoas to the lowest 2* itata. The (/.p) 
reaction has been used in a similar search for corresponding effects on targets of '‘Mo. '“Pd, and ’“Te. In 
contrait to the (f,t) reaulta, the analyzing power toe L ^ 2 transitions in the (iji) meaauremenis docs not 
show a sign change and the data are fitted with standard distorted-wave Bom approximation calculations. 


"nuclear reactions "Mo, '“Pd. '“Tc meBBured aiH) A, DWBA 
analysis. 


It is well known that analyzing powers (A,) are 
usually more sensitive to the detailed description 
of nuclear reactions than are the shapes of the 
differential cross sections. This Is in part due 
to the approximate derivative of the cross section 
behavior of these analyzing powers and, more di¬ 
rectly, due to the spin dependen^features of the 
interaction. In the study of the (t,p) reaction it 
has been found that A, may be quite sensitive to 
the reaction mechanism' and attempts have been 
made to see if the effects of multistep processes 
would be evident in the measurement of A, val¬ 
ues.*’* However, no clear distinction was found 
between multistep and direct distorted wave (DW) 
calculations fitted to data involving transitions 
which were not forbidden. Recent (^, f) results 
by Yagl et al* indicate a systematic nuclear struc¬ 
ture dependence of A, tor 2* states in a series of 
vibrational nuclei. This dependence was explained 
us the result of a phase change due to interference 
between one- and two-step processes In the reac¬ 
tion mechanism, the indirect process being prim¬ 
arily Inelastic scattering to the 2* state foUowed 
bv an L w 0 transfer. This interference goes from 
ostnictive in the ‘**Te(?,<)‘**Te reaction to 
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destructive in the ‘"’Pd(p,f)"*Pd reaction. Such a 
sensitivity to nuclear structure effects could make 
A, measurements an important tool. 

The present paper describes an attempt to ob¬ 
serve effects analogous to those reported in Ref. 4 
namely, the study of the reactions ‘**re(7,/»)‘**Te 
and '“*Pd(/,/))"“Pd as well as the ’®Mo(l^,p)"Mo 
reaction. The principal purpose was to look for 
similar interference effects for reactions to the 2* 
states, especially as no such strong effects had 
previously been noted in the Ni nuclei,* or the Zr 
and Pb nuclei.* 

The experiment was carried out using a quad- 
rupole-dipole-dipole-dlpole (Q3D) spectrometer* 
for detecting the reaction protons produced by the 
incident 17 MeV polarized triton beam.* Details 
of this arrangement atre given In Refs. 2 and 3. 
Analyzing powers and cross sections were mea¬ 
sured at ten angles from 15° to 60° In 5° steps. 
Beams averaging 60 na were used with typical 
polarizations of 0.75. A solid-state monitor detec¬ 
tor at 30° served to provide relative normaliza¬ 
tions as well as absolute cross sections based on 
optical-model calculations. The Mb and Pd tar¬ 
gets were self-supported metallic foils of thick- 
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ness about 0.5 and 1.0 mg/cm*, reapactively. The 
Te target waa about 0.5 mg/cm* in tbleknesB pre¬ 
pared by evi^ration ot tellurium on a thin catbon 
loU. 

Thla communication deals only with the data 
directly relevant to the results discussed In Ref. 4. 
Data for other transitions will appear in a later 
publication. Oir measured cross sections and A, 
values for transitions to the lowest 0* and 2* states 
are shown in Figs. 1 and 2, respectively, for the 
targets •‘Mo, *“Pd, and ‘“^e. The error bars 
are from counting statistics only, and the absolute 
accuracy of the cross section data is ±20%. As 
the data indicate, the has cross sections to 
the 2* states considerably smaller than the other 
targets, and this Is reflected in the larger error 
bars. 

In the (p,t) measurements of Ref. 4, A, for the 
L >2 transitions showed a change of sign between 
Pd and Te at forward angles. Eaamination of the 
present data indicates that no dramatic differences 
exist among the three targets. The angular shifts 
that show up for both the cross section and A, re¬ 
sults exhibit a smooth variation with mass. In 
the case of the {p,l) data, the Te A, measuremeids 
represent picking up particles from almost a full 
shell and the Pd A, results are from the middle 
of the shell. This means that the Te 2' states are 
very strongly populated in this reaction, as the re¬ 
sults of Ref. 4 indicate, and the Pd 2* states cor- 



FIO. 1. Differential cross sections and A, values for 
ground state transitions. Tbs lines are DW calculations 
with the solid line using the parameter set of Ref. 8 and 
the dashed line Ref. 9. 



FIG. 2. Differential cross sections and A, values for 
2* transitions. See also the caption to Pig. 1. 


respondlngly have smaller cross sections. The 
Pd 2* states are also more collective as there are 
more particle-hole components available near the 
middle of the shell. It is this fact, coupled with a 
destructive phase between the direct and indirerl 
paths, that leads to the change in sign of A, in the 
(^,t)data. 

The corresponding situation in the U ,p) reaction 
would be to compare the other end oftheN = 50-82 
shell to the Pd nuclei. Therefore, the '^Mo target 
was included in the present experiment. This 
target represents axldlng neutrons to an approxi¬ 
mately empty shell, although still to a reasonably 
collective nucleus, which parallels the '"Te^sit- 
uation. Thus the Mo-Pd comparison in the 
reacUon is analogous to the Te-Pd comparison in 
the {^, t) reaction. In spite of this, the data for 
the (f ,p) case do not show the anomaly in the A, 
shapes to the 2' states that the (p, t) data do. 

Distorted wanre (DW) calculations were performe 
to determine if these could adequately describe 
the (F, p) data. These results are shown in Figs-' 
and 2. These calculations are extremely sensitive 
to the proton optical potential and very insensitive 
to the triton potential.'' Therefore, several sets 
of proton potentials were tried to see how they 
would affect the overall fit. The standard param¬ 
eter sets of Beeehettl et al.* and Percy* were 
used, with Blight adjustments in the real well 
depth in some cases in order to fit the posUlot^ 
of the D ■ 0 minimum. The parameter values use 
are listed in Table L The best overaU fit to 

theL>0andD>2A, results are obtained with tU 

Becchetti parameters.' The qpposite result 
found in the N1 regimi' where the Percy paramete 
gave the best fit. In all of the angular dlstrl^'’' 
examined here, the quality of the DW fits Is 
fair but It does reproduce the general featur** 
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TABLE !• Optieal-inodel parameters used in DW calculsUons. The values shown are for 
Mo wlfii Ihose for Pd and Te extrapolated uslni; the formulas given In Refs. 8 and 9. 


Particle 

V 

(MeV) 

(fm) 

“f 

(fm) 

W 

(MeV) 

(fm) 

(fm) 

(MeV) 

(fm) 

Ou, 

(fm) 

1 


1.16 

0.752 

21.6 

1.498 

0.817 

B.O 

l.io 

0.83 

P‘ 

56.4 

1.17 

0.75 

2.6 

1.32 

0.51 

B.2 

1.01 

0.76 





8.15' 

1.32 

0.51 




p" 

51.6 

1,25 

0.60 

ia.8' 

1.25 

0.47 

7.5 

1.25 

0.47 


* From Ref. 8. 

’’ From Ref. 9. 
'Derivative form. 


the data. Indeed both sets of optical potentials do 
reproduce the gross features of the data and there 
is no evidence for the comply out-of-phase be¬ 
havior that was noted in the (p,t) A, data. 

To esamine the effect of the present optical-mod¬ 
el parameters on the (?, t) data of Ref. 4, DW cal¬ 
culations using the parameter sets in Table I were 
used in a (^, t) calculation. Fits for the L * 0 
transitions comparable to Fig. 1 were obtained. 

For the L = 2 situation the ‘*Te(?, f)‘*^e was also 
adequately described, but for the ‘“Pd target the 
DW calculation was out of phase with the data. 

This result concurs with the analysis of Yagl el 
al* The present analysis assumes that the reac¬ 
tions studied are all direct reactions with minimal 
compound nucleus contributions. It is also worth 
noting that the present triton energy corresponds 
very closely to the outgoing triton energy of the 
{f>, f) study so Ingoing and outgoing channels are 
very similar. 

The authors of Ref. 4 were able to describe their 
(h, f) results with a coupled-channel formalism 
involving the Inelastic excitation of the 2' state fol¬ 
lowed by an I. s 0 transfer. The wave functions for 
the ground and 2* states were calculated in a BCS 
and quasl-partlcle RPA formalism.*'’'" In the (p,0 


study the differences between the Pd and Te mea¬ 
surements are based on an increase in the ground 
state correlations In Pd. This results in a sign 
difference in the spectroscopic amplitudes between 
the indirect and direct transfer processes for the 
Pd target, while no sign difference is manifested 
in Te. According to our present measuremenls, 
to be correct this same formalism must predict 
that for a (i,p) measurement, the direct and In¬ 
direct transfer process are In phase. This test 
is critical to the success of the interpretation of 
Yagl et al.* 

Although the present results do not show a de- 
I>endence on the underlying nuclear structure as 
did the (?,<) measurements, there are pi-esumably 
other nuclear regions where the microscopic 
structure of lowjylng states will be such that a 
cancellation of (7,p) strength will occur slmliar to 
that in (?,f). Such a cancellation should produce 
anomalous A, angular distributions for the strip¬ 
ping reaction. It is planned to examine other re¬ 
gions between closed shells for such effects In 
the (7,/>) reaction. 

These results were obtained under the auspices 
of the U.S. Department of Energy. 
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Large abaorptioii potential for the Ag+p reaction at sub-Conlomb energies 

A. Feigel, E. Finckh, K. Riiskamp, and U. Weiae 
PIffsikaiaches Imtitut Jer Vniomltat Eriaitgen-NSnbefg. D^20 EHangen, Germany 
(Received 19 Dece m ber 1979) 

The uulyzing power of the reaetkx hu been meuured ia the lub-Coulomb region. The 

volume integral of the tinaginaty potential deduced from thi> meaiurement hat a much larger value than for 
Zr and Sn, confirming the value IVo s 20 MeV obtained in an "’'Ag(p,n) inveatigation by lohiuan et at. 
The large volume integral ia probably an indication of ahell eflecta in the optical model. The volume integral 
doea not determine the abiorptiaa croaa aeetion nni<)iie!y. 


[nuclear reactions '**Ag(p,P()), E—6.06 MoV; meanurad A (6); deduced op-' 
L tical-model peramatern; mirtchad target 9a30-160°; A6>5*. 


Johnson el Investigated the (p,n) cross 
section In medium weight nuclei, 89 «A «130, In 
the energy range £,= 3-6 MeV. The data were 
fitted with optical model calculations of the total 
reaction cross section. The parameters for the 
Imaginary pt^ential (derivative of Woods-Saxon 
potential) were rB = 1.3tA‘'’, Op = 0.4 fm, and Wp 
was fitted to the data. The results for Wp showed 
a resonancelike behavior with A , rising from Wp 
»12 MeV around A = 120 to a maximum value of 
Wp X 28 MeV at A = 103. The volume integral of 
the imaginary potential shows of course the same 
unexpected A dependence. This resutt induced 
us to Investigate other experimental evidence 
lor such a deep Imaginary potential. 

Besides the cross section, the analyzing power 
of the elastic proton scattering ie strongly Influ¬ 
enced by the absorption potential. We, therefore, 
measured this quantity for the ^°*Ag(p,/),) reac¬ 
tion. The target was a self-supporting ‘**Ag loll, 
enriched to 92%. The proton energy chosen, 

£ t«t >6.06 MeV, Uee well below the first isobaric 
analog resonance of '"Ag 6.496 MeV) and 

of *”Ag “ 6.189 MeV). Polarized protons 
from the Erlangen Lamb shift source were accel¬ 
erated by OUT EN tandem, energy analyzed, and 
focused on the target through a 2 mm diameter 
aperture. The beam current on the target waa IS 
nA. The polarization was continuously monitored 
by a *He-filled polartmeter. The scattered protons 
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were measured with 12 detectors on the left and 
right sides of the beam. The angular dlstrlbutiuo 
was determined from 6 =30° to 160* In 5° steps. 

Since the analyzing power ia rather smalt at 
this low energy, care had to be taken to avoid 
systematic errors. The beam position on the tar¬ 
get was, therefore, stabilized and the polarization 
of the beam was switched on and off with a fre¬ 
quency of 10 Hz. The angular distribution was 
measured In this way for both spin directions. 
The proton spectra were triten using a routing 
system and a PDF 11/40 computer. The data 
are shown In Fig. 1 together with a calculation 
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using tbe optical model parameters of Johnson 
et af/ (m* coltunn In Table 1). The agree¬ 
ment IS remaifcably good. Using the parameters 
of Becchetti and Greenlees', the analyzing power 
can be fitted equally well with small changes in 
the depth of the real and imaginary potential (sec¬ 
ond column in Table I and Fig. 1). The calculated 
curve shows a systematic departure from the data 
in the angular region around 90* and 120°. To 
improve tbe fit, the parameter r, of the real po¬ 
tential has to be increased to 1.20 fm. At 
energies above the Coulomb barrier such small 
chai^eB in Vg can be compensated by the Vr” 
ambiguity; perhaps, the sensitivity is larger at 
low energies. 

The analyzing power can be reproduced in the 
calculation with different combinations of the depth 
iFg and the dlffuseness 0 ^; only the product Is 
determined MeVfm. The volume Integral 

of the Imaginary potential has nearly the same 
value. However, the (/>,») cross section in the 
energy range E,*3-6 MeV is reproduced in the 
calculation only for ej,=0.4 fm and, therefore, 
Wp‘20 MeV Is the correct value. This example 
shows clearly that the volume Integral of the 
Imaginary potential fixes the analyzing power but 
not the absorption cross section uniquely. That 
Is to be considered when optical model parameter 
sets are used lor the analysis of compound reac¬ 
tions. 

Larger values of Oj, and smaller ones of the im¬ 
aginary potential increase the calculated cross 
section and the necessary reduction would lead 
to a dtftueaniaae of the real potential a,ho.52 fm. 
This value seems to be more unreasonable than the 
large value of Wp. Therefore, starting from the 
parameter set of Becchetti and Greenlees we have 
chosen O|,“0.4 fm and ra=1.20 fm and varied V 
and Wp. A good fit to the analyzing power and to 
the reduced cross section is obtained (see Fig. 1 


TABLE I. Optical model paruneters. The usual nota¬ 
tion Is used, all potentials are In MeV, all langthi in 
hn. The volume Integrals and the absorption cross seo- 
tioD are calculated for £g>6 MeV. The real potemtal is 
given by the formula V= Vp_6*£ + 0.4 Z/A‘^’ + 26(W- 
Z)/A. The energy dependence was choaen In all cases 
a-0.32 MeV*. Johnson et al. (Ref. 1) use the factor 
0.45 in the Coubmh correction term. 



(al 

(b) 

(c) 


5{>.4 

56.61 

54.18 

u 

IJZO 

1.17 

iJio 


0.73 

0.75 

0,76 

*0 

20 

13.56 

21.12 

ra 

ImTO 

1,32 

1.32 

ap 

0.40 

0.606 

0.^0 


6.4 

6.2 

6. ' 

r* 

1.03 

1.01 

1.01 


0.63 

0.75 

0.75 

n. 

1.22 

1.21 

1,21 


510 

4f)l 

503 

1/wdr 

144 

151 

157 

7^ 

0 J)315 

0.4/30 

DJ44S 

’Johnson el al„ Ref. 1 


‘See text. 

'See text. 

and third column In Table I). 

The large depth ol the imaginary potential found 
by Johnson ct al. Is in agreement with our polar¬ 
ization data. The volume Integral is independently 
determined and. In spite ol the small dtlfuseneas 
Op, Its value jjA =147 MeV fm“ Is above the val¬ 
ues of other elements.’ This large value together 
with the smaller-than-average values lor the ma¬ 
gic nuclei tin* and zirconium’ confirm the resaltB 
of Eder et al* that at low energies the Imaginary 
surface potential shows large shell effects. 


"C. H. JofansaD, A. Qalonsky, and K. L. Ksmell, Phys. 
Rev. Lett. M, 1604 (1877). 
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Importance of tiie breakup mechanism for composite particle scattering 

O. Baur and R. Shyam 

liatltui far Kemphytik, Kenffonchungtenla^ Julick. D-5I70 JUUch, WatOtmanp 
F. Rdael and D. Trautmann 

Iiatllut fiir Tktontixht Phytik, UnlotnllSt BattU CH-4056 Battl SwiaerUmd 
(Received 16 October 1979) 

We calculate in our formulation of the elaatir and indaatic breakup pro ce aa in nucleua-nucleua coUiaiona 
the corresponding flux removed from the daatic channel, ft ia the dofninant reaction mode for luiface 
partial waves. Strongly reminiacent of the Serfaer model, the absorption can be characterized by 
“geometrical” quantities (radius of the projectile and target nucleus) and a “strength parameter" which 
becomes constant for energies much larger than the binding energy of the projectile. 


NUCLEAR REACTICM8 A(d,p) breakup nt £^>25.5, BOMeV, A-Z7 , 62 , 93, 181, 
197; A(o,’He) breakup at £g>100, 140, 172.6 MeV, A >58, 62, 90; calculated 
breakup probabUltiea, total cross sections, deduced gross propertlss. 


It has long been suspected that In deuteron nu¬ 
cleus collisions the breakup process has a strong 
influence on other channels. Whereas recent in¬ 
vestigations'*’'’ have emphasized the study of the 
(eedbadc of the breakup channel on the elastic 
channel, the real breakup has been calculated 
theoretically'*'’'* and compared to very complete 
experiments recently.’** Of course, the breakup 
mode will also have an influence on stripping 
channels as shown in detailed investigations by 
Johnson and Soper.'' Since the distorted-wave 
Born approximation (DWBA) theory for elastic 
and inelastic breakup is in rather good agree¬ 
ment with experiment,* we feel that it is now pos¬ 
sible to take this approach as a starting point lor 
the investigation of the effect of breakup on other 
reaction channels. It is the purpose of this paper 
to determine the influence of the breakup process 
on the absorption in the elastic channel. The 
breakup mode is not only important for the weakly 
bound deuteron but also, at sufficiently high in¬ 
cident energies, for all other composite particles. 
As an example, we study the a-particle breakup 
process on medium mass nuclei at £', = 100-172 
MeV.*'* It turns out in our calculations that the 
absorption due to breakup is very important in 
the surface region. Similar to the Serber model,'* 
where the breakup cross section is determined by 
geometrical quantities (the radii of projectile and 
target nucleus), we find simple scaling properties 
tor the breakup probability. 

We consider a projectile o to be composed of 
b+n (e.g., a^d, b’*pi for more complex parti¬ 
cles, of course, different modes of fragmentation 
exist). The Inclusive A{a,b) spectrum consists 
of the elastic and inelastic modes* (depending on 


whether the target nucleus A stays in the ground 
state or not during the reaction). It is calculated 
following the procedure described in Ref. 6. In 
this first order theory, only the coupling of the 
elastic channel to the breakup channel is con¬ 
sidered, whereas the coupling of the breakup 
channel back to the elastic channel or to other 
channels is neglected. 

Even without introducing such a coupling we can 
determine an Influence of the breakup process on 
the elastic scattering. We consider the transmis- 
slon coefficient T, , which determines the total 
reaction cross se^ion of u-fA scattering, as 
given by 

Ctl, 

Here 2, denotes the elastic channel. For slniplir- 
ity of notation we take a and A to be spinless; 
hence 1, corresponds to the total spin, and r de¬ 
scribes any other channel with total angular nio- 
mentum /,. Because of the unltarity of the S- 
matrlx, we can express the transmission coeffi¬ 
cient T,^ as a sum (or integral for continuous 
channels) over all reaction channels. This alluwi’ 
us to study the effect of the breakup channel un 
r, in an explicit way, even in a first order the- 
0*7. 

We define the "probability of break-up” 
by 


7. I. 


•f/dS^O, 


efi<r(a,b) 

aa/lE, ' 


where d*<T(a,6)/<fn,dE, denotes the inclusive 
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double dlKerentlal cross sectioo; it is calculated 
as described in Rets. 0 and 9. The integration 
over Qt can be done analytically and the energy 
iidegri^n Is perlormed numerically. Enough 
partial waves are used to ensure convergence, 
and we go substantially beyond the grazing partial 
waves, in order to make sure that the long-range 
Coulomb effects are also taken into account. 

In Fig. 1 we show our results lor the reaction 
”Nb(d,j^) at the Incident deuteron energy of 25.5 
MeV. The potential parameters used are the same 
as described in Ref. 6, where it is shown that our 
theory is in good agreement with the experimen¬ 
tal breakup spectra. Whereas the transmission 
coefficient (which is calculated with a standard 
optical model potential) shows a “smooth cutoff" 
behavior, shows a distinct peak around 

grazing partial waves (l^ “ 11). With increasing 
projectile energy our calculations show that the 
localization of the breakup probability in / space 
becomes much more pronounced because of the 
smaller wavelength of the Incident particle. Thus 
we have established the peripheral nature of the 
breakup process. It is worthwhile to compare our 
results with other approaches. Whereas in Raw- 
itscher's approach there is some surface peaking 
of the breakup probability,'^ we have close resem¬ 
blance with Austem el al.,^ as can be seen in Fig. 


3 of Ref.l. (Although these authors consider in a very 
BophlsU cated model adifferent target nucleus and 
rather simple types of interactions, a qualitative 
comparison of our results with those of Ref. 1 
seems meaningful.) However, we cannot cor¬ 
roborate their “L = 9 effect” (see Ref. 1); instead, 
we have a rather smooth dependence of T^''''^’oa 
If, which is expected if semlclassical concepts 
are meaningful. The surface peaking of the break¬ 
up probability is also present in the results of Ref. 
3. In these calculations, only the elastic breakup 
is included, and a large part of the absorption, 
which is due to the inelastic breakup, is thereby 
missed. 

Another interesting feature of Fig. 1 is the fact 
that for If •> 13, 7’^'''’*’exreeds the total trans¬ 
mission coefficient. Of course, we must always 
have T, This is not a deficiency of 

our breakup calculations; rather, it shows the in¬ 
adequacy of the phenomenological deuteron optical 
model potential used to determine iransmlBsloii 
coefficients T,^ for large values of If. The fitting 
procedures to obtain such optical model para¬ 
meters are too restricted in their radius depen¬ 
dence; The Woods-Saxon shape precludes the 
alow decrease of T, for large If, Thus our calcu¬ 
lations provide direct evidence lor a large exten¬ 
sion of absorption in deuteron nucleus scattering. 



O 1 r>. the transmleslon coefflclait as calcuUted from a standard opUcal model potential and 

b^atp p^^iuS Induced reaot.mi on »Nb at £,.2B.S MeV. O. the rtghj^mid 

.. breakup and rem:tl<m cross Motions a« ^ ^ ^ 

m shaded are^toTLgnilude of the experimental total cross sectlcn for (d,p) stripping to bound sutes, as taken 
a Ref. 6. 



3670 


G. BAUE, R. SHYAM, F. RdSEL, AND D. TRAUTMANN 


21 


In model calculations,” where we have switched 
oil the nuclear part of the projectile target Inter- 
actico, we could espllcitly see that thia long range 
deuteron absorption is entirely due to the Coulomb 
breakup. In Fig. 1 we also show the experimentally 
observed total cross section for (d,/>) stripping 
to bound states (E, <0). It is only a minor fraction 
of the direct processes. 

As another example, we calculate the breakup 
probability 7’*^“''For simplicity we con¬ 
sider here only the (a,’He) breakup process; a 
similar effect is expected for (a,f) breakup. Qn 
addition, there will be other fragmentation modes 
like a-d+d, etc.) In Fig. 2 we show the Impact 
parameter dependence of the total (o.’He) break¬ 
up cross section defined by 

r (21.+i)r ,7 

=.2v Id 6 6 T,'^"P (3) 

where b = ( 1 . + i)/?. is the impact parameter. 

The optical model parameters used are taken from 
Ref. 9. Even more strongly than in the (d,p) case, 
we note in Fig. 2 the localization of the breakup 
probability at peripheral impact parameters. We 
can see that for Increasing o-partlcle energy the 
shape of the breakup probability curve remains 



FIQ. 2. hnpaot parameter dependence at tbs total 
(o , ’He) brealnip cross section on N1 targets tor various 
a-energtes £.. 


unchanged; only its magnitude increases, with 
some kind of “saturation.” This shows tte geo¬ 
metrical nature of the breakup process. Thus it 
is established that the breakup la an important 
absorption effect in the surface region lor a-in- 
duced reactions (at least for a-particle energies 
mneb larger than the breakup threshold). There¬ 
fore all kinds of theories which disregard the pos¬ 
sibility of the breakup of the a particle must lead 
to quite appreciable deviations of the theoretical 
transmission coefficients as compared to the ex¬ 
perimental ones. Since the grazing angular mo¬ 
menta determine the angular distributions, the 
possibility of breakup hsua to be included in all 
optical model theories for composite particles. 
This holds especially for the a-nucleus optical 
potentials calculated in Ref. 13, where absorption 
is assumed to be only due to the excitation of 
target states treating the a particle as an elemen¬ 
tary particle. 

Finally we try to extract some “gross proper¬ 
ties" of the breakup reaction. We introduce a sim¬ 
ple parametrization of our numerical results, 
which shows a remarkable similarity to the Serber 
picture. We write 

( 4 ' 

with 6=1/9,, 6 o = f./9„ bl/q,, and 9 , being the 

wave number of the projectile. F, and cor¬ 
respond to the incident and binding energies of 
the projectile, respectively. The breakup probab¬ 
ility has a peak at a partial wave I, with a width 
df. The impact parameter 6 . and dA are almost 
independent of the Incident energy. The factor 

describes the strength of the breakup process, 
which is expected to show a saturation lor sufflci- 

TAB1.E I. simple parametrization of the breakup 
probability, Eq. (4). The numbers are determined by 


flttlng our 

numerical results to 

Eq. (4). 

_ 

A 


AR 



{d,p) breakup at £, 

,«25.5 MeV 


27 

1.29 

1£5 

0.205 

62 

1.25 

1.90 

O.IfS 

93 

1.24 

1.89 

0.1S5 

IBI 

1.13 

1.95 

0.185 


14, p) breakup at £, 

,>80.0 McV 

0.420 

27 

IM 

1.63 

93 

1.15 

1.92 

0J16 

197 

1.19 

1.90 

0.280 


(a ,*He) breakup at < 

^>140 MeV 

0.040 

88 

las 

1.08 

90 

1.U 

1.16 

0.047 




IMPORTANCE OF THE BREAKUP MECHANISM FOR... 


1671 


» 


«ntl]r high Incident energiea and vanish for small 
incident energies. We relate 6^ to the sice of 
the target and projectile by 6 o=’'o(A‘'’+In 
Table I we show the values ot r, and nR extracted 
from the cases we have studied In deuteron scat¬ 
tering at ■>25.5 MeV and 80.0 MeV, and a 
scattering at £.3100, 140, and 172.5 MeV. These 
mtmbeys are remarkiAly independent of A and £,; 
this supports the Serber picture. The slight de¬ 
crease of r, with A for £, » 25.5 MeV deuteron 
breakup can be explained** by destructive nuclear 
Coulomb Interference which becomes more im¬ 
portant for Increasing .A. The optical model para¬ 
meters used in these calculations are of the stan¬ 
dard type; extensive details will be given in Ref. 
12 . 

In conclusion, we want to say that we have 


studied the influence of the breSkup channel on the 
elastic channel. We use our method*’*'** to cal¬ 
culate the real breakup, which reproduces the ex¬ 
perimental breakup cross sections. Then we use 
unltarlty to determine quantitatively the Influence 
of breakup on the elastic channel. Since t^’**'*’ 
ie smaller than 1, our first order theory gives re¬ 
liable results. On the other hand, these breakup 
probabilities are large enough to be of great im¬ 
portance as a surface absorption mechanism. 
Finally we give a very simple geometrical inter¬ 
pretation of our numerical results for the breakup 
process, which confirms some of the concepts 
of the Serber model. 
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The eflyinnietfy in the pnnilel end tmuvene motnentum dietTibutioiis for ftigmente produced by the 
rngmcfiuiion of '*0 at intermediate cnergiea has been partially i ^lainwi previously by the deflection of the 
ptojcctUe trnicctory. The remaiiiint diiciepancy of ~ 25% between theory and eiperiment it tuggetted here 
at due to the scattering angle fluctuation aa a result of the damping of the projectile ttlweri,^ energy. A 
model is introduced to study quantitatively this effect. 

[ NUCLEAR REACTIONS Momentum distributions of projectile fragments studlecll 
Including the effect of statistical fluctuations. J 


Recently, Van Bibber el at.' have measured the 
parallel and transverse momentum distributions 
for fragments of Z » 3 produced by the fragmen¬ 
tation of ‘"O at 90 and 120 MeV/nucleon with Au 
and A1 targets. They have fitted the energy spec¬ 
tra and angular distributions assuming a Gaussian 
distribution In both p„ and in the projectile 
frame of reference, l.e.. 

The distribution of as a function of fragment 
mass F Is In good agreement with the parabolic 
form Op^’aOfi’FiA - F)/<A - 1) expected from mo¬ 
mentum conservation.' Here, A Is the projectile 
atomic number. They found that Og agrees with 
the value 88 MeV/r found at 2.1 GeV/4 averaged 
over many targets.' 

For the distribution, however, they found 
that It is more than 200 MeV/r. This behavior 
is in sharp contrast with that at 2.1 GeV/A where 
to within 10%. Van Bibber el at. attributed 
the large value of as evidence for orbital 
deflections. Extending the derivations of Ref. 2, 
they obtained 


flA-f) , F(f-i) 
A - 1 * A(A-1) 


(2) 


where cri’=a„* is the usual form c^e to the Intrin¬ 
sic nucleon motion, while cr,'=a<Pji/> Is the 
variance of transverse momentum of the projectile 
at the time of fragmentation. 

Fitting the experimental data with Eqs. (I) and 
(2), they obtained a, ~ Og while a,~ (200-240) 
MeV/r. Using a Woods-Saxon nuclear potential 
and a point charge Coulomb potential, they cal¬ 
culated the classical deflection flinction 8(6), from 
which they obtained the a, according to 


•r 


N(b)Bla’0(b)db. 


(3) 


In the above, lV(6)«26/(R*-6,') la the geometncal 
weighting factor, Is the momentum of the 
projectile, R Is the sum of target and projectile 
radii, and b^ serves as a cutoff In Impact pa¬ 
rameter such that the fraction of the total cross 
section which appears as fragmentation is 0.6 
±0.1.* The resulting theoretical value for o, ob¬ 
tained in Ref. 1 is (170-200) MeV/r, which is 
systematically smaller than the experimental 
value by 2S%. Thla happens at both energies and 
for both targets. 

We feel that the discrepancies mentioned above 
are Interesting and point to other Important phys¬ 
ical effects which were not considered In Ref. 1. 
For instance, the trajectory of the projectile is nni 
only deflected classically, but may also be dis¬ 
persed due to quantal effects. Furthermore, the 
motion of the projectile Is damped, resulting in a 
decrease of Us velocity, which is Indeed experi¬ 
mentally verified. Due to the excitation of the 
nuclei, we expect modifications of the classical 
trajectories also from dissipation and fluctuation 
effects. These effects are well studied in deep 
inelastic heavy ion collisions at relatively low 
incident kinetic energies. Both quantal and sta¬ 
tistical effects would lead to a dispersion of (he 
classical deflection function. Therefore we expert 
that they would Increase tto value of o, calculated 
according to Eq. (3). 

To formulate the problem explicitly, let us 
assume that the classical scattering angle has a 
Gaussian distribution 

p(e,b)=r - - — exp{-f8-e(6)l'/2A'(h)}, 

a(6) 

where 8(6) is the scattering angle obtained tron> 
a classical calculation for a given impact pa¬ 
rameter 6, and A(6) is the width of the angular 
spread due to both quantal and statistical fluc¬ 
tuations. Equation (3) is then rewritten as 


31 3672 
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+^a , 

where e,* 10 given by Eq. (3) and 


(5) 


*1 

x(l-e'“’'*‘). (6) 

In the case we are considering, we have from 
Ref. 1, |d(fr)|<S°, This immediately shows that 
Aa,*>0. Hence, any fluctuation of the scattering 
angle will lead to an increase of the value of o, 
calculated in Ref. 1. For such small deflection 
angles, we can approximate slnV*0, cos’9<= f. 

For simplicity, we assume that A(h) *■ const« 
then 

(7) 

To Increase a, by 25% in order that 5, agree 
with the experimental value, we need do,‘ 

*0.56<r,‘, i.e., 

—■y “ — 3 0.56/"rf/)N(*)ain’0(fc). (8) 

*> 

From the deflection hinction calculated in Ref. 1, 
which Is shown by the long-short dashed curve 
in Fig. 1, the integral on the right-hand side of 
Eq. (8) is -4,5 x 10"*. Then Eq. (8) leads to 

A,»3'. {9) 

At the energy we consider, the quantal fluc¬ 
tuation in angle is e:q;>ected to be small. As the 
dominant angular momentum is ' 200 A, the an¬ 
gular spread from the uncertainty principle Is 
only ~ 0.3* which is Indeed negligible. We there¬ 
fore suggest that the required angular Quetuation 
of 3° is mainly of statistical origin. 

In the following, we shall perform a model cal¬ 
culation to study quantitatively such an angular 
fluctuation. The model we shall use Is an exten¬ 
sion of the transport theory employed for the 
study of deep Inelastic heavy ion reactions at low 
incident kinetic energy -10 MeVM ’ The trans¬ 
port equation can be approximately reduced to 
equations for the mean trajectory and Its spread. 
The former is similar to the claSBicSl Newtonian 
equation of motion with frictional force. The latter 
desertbea the evolution of the angular and mo¬ 
mentum widtha. Using the same Woods-Saxon 
nuclear potential as in Ref. 1 aad similar sta¬ 
tistical lig«t {Wo*:S0 MeV, 0=4 fm, A*14 MeV) 

M in Ref. 6, we (*taln the scattering angle, final 
kinetic energy, and angular width as functlona of 
the impact parameter. These are shown In Fig. 



FIG. 1. Si-aUrrlng angle $ (-), final Idnettc energy 

( -). and angular width (— —) a* functions of 

the Impact parameter h. Calculatlona are done with the 
nufirar potential of Ref. 1 and atatlatlcal tbsory of Ref. 

S. The long-ahort daahed curve la the deflection funetton 
obtained without irtcttonal force. 

1 for the reaction ’"O + "Al at 92.5 MeV/A. In the 
range of the Impact parameter we are Interested 
in, I.e., 4 fm6 f 7 fm, the angular width Is In¬ 
deed of the right magnitude. 

From Fig. 1, we see that the scattering angle 
becomes larger when the frictional force is Intro¬ 
duced In the evaluation of the orbital deflection. 
This effect by Itself would lead to a slight increase 
of o, according to Eq. (3). However, this Increase 
of (7, is largely canceled by the decrease of the 
projectile momentum Pj, because of (he kinetic 
energy damping. Furthermore, the final projectile 
momentum also has a statistical distribution. 

But it affects only slightly the calculated value of 

o,. 

Ir this paper, we have ahown that the experi¬ 
mental data suggest strongly that the transverse 
momentum distributions of the fragments from 
projectile fragmentation are Influenced by the 
scattering angle fluctuation of the projectile’s 
trajectory. Its m^nitude can be explained by a 
model which is derived for deep Inelastic heavy 
ion collisions at much lower energy. Since the 
reaction time at the energy range we are con¬ 
sidering Is comparable to the time a pertnihed 
nucleus requires to achieve global equilfortum, 
we mqiect that only local excitation is realised in 
the course of the reaction. The parameter A In 
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the statiatical model characteiizee the energy 
dependence of the nuclear transition matrix ele¬ 
ment. The normal value as used in the deep in¬ 
elastic heavy Ion collisions Is ~ 7 MeV. Here we 
use a larger value ~ 14 MeV because of the stronger 
energy dependence of nuclear transition matrix 
elements when only local excitations prevail. If 
we used A c 7 MeV, the angular width would be 
substantially reduced, and the total kinetic en¬ 
ergy loss would also be too small compared to 
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the experimental value. 
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A projection operator approach U preaented for the determination of enetpea and widths of shape 
resonances in low-enerpy heavy-ion scatterin( The method products essentiaUy the some roaulls as standard 
S-mattia technupics in much less time, sitd woths best for rtairow virtual artd quanbonnd resonances that 
could easily be missed by a scan. Eiamples for 'kT + "C art given. 


NUCLEAR REACTIONS Shape rcaonancoa in low-energy heavy-lon coUlaloan; 
calculaSed E m and T. Projection operntors, no noaimlng. C'nropnriaon with 
S-matrlx methods. 


To find the resonance energies of the >/th partial 
wave t/V ‘ *7^ scattering state wave function 
generally requires a scan over the S matrix or 
phase shift. This is a time consuming procedure 
which could in fact miss narrow resorunces. A 
projection operator treatment of shape resonances 
has been developed which eliminates the need for 
such a phase shift analysis and is particularly 
useful for narrow resonances. In its original 
form as developed by X^v and Beres* the method 
was appropriate for nucleons scattered by nuclei. 

In the present paper we adopt the method to the 
treatment of heavy-ion scattering The technique 
determines not only the positions but also the 
widths of resonances In an optical potential well. 
The method of Ref, 1 was a variation on an earlier 
paper by Wang and Shakln’ that used projection 
operators to extract alngle-partlcle resonances 
from the continuum. 

If a spinlesB heavy ion is scattered from a spin¬ 
less target, then the resulting equation of Ref. 1 
can be written as 

= 0 , ( 1 ) 

where A'uglh the resonance energy, J is the total 
angular momentum, h Is the real one body Hamil¬ 
tonian, R and^ HT 0 projection operators that divide 
the single-particle Hilbert space Into orthogonal 
resonant and nonresonant subspacesj respectively, 
and the notation *„ = MR, etc., is used. We as¬ 
sume tJiat the resonant radial wave function can 
be approximated by the harmonic oscillator wave 
function without affecting the energy and width 
Tf the resonance. In Eq. (1) the term involving 
the Green’s function for pifi, represents an 

21 


important real part or shift that depends on £ it¬ 
self. The calculation of this shift constitutes tite 
main point of thlB article. The width at Eyuis 
given by 

The choice ctf the harmonic oscillator wave func¬ 
tions is somewhat different for heavy-ion scatter¬ 
ing than it is for nucleon scattering. In the latter 
case, a well known relation for /iu> is used.’ It is 

«w = 40A-'''’MeV. (8) 

The reasomng which led to Eq. (3) is based on the 
shell model and is not appropriate for the case of 
heavy Ions. The choice of Hm for the present case 
is guided by the fact that Is to approximate 
the actual radial wave function for the shape res¬ 
onance. The latter wave function is normalized, 
vanishes beyond a certain cutoff radius, and will 
look like a bound state in the interaction region. 

The following method for choosing Pui has proved 
to work very well. The harmonic oscillator poten¬ 
tial is given by 

V(r) = 2»«u>V’, (4) 

where w is the classical angular frequency of the 
oscillator. The eigenvalues associated with the 
potential of Eq. (4) are given by 

£^ = »ro(2ii + f-i), (5) 

where n slgnUleB the number of nodes at the eigen¬ 
state, and I the orbital angular momentum. The 
potential of Eq. (4) is drawn in Fig. 1. The hori¬ 
zontal line in the figure represents the energy of 
the state with quantum numbers (n, 1). At the ra¬ 
dial distance r, the relationship 
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FIG. 1. Plot of tbe harmonic oaclllator potential 
F(r) = 4mu*r*. Hic horizontal line repreaonta an 
energy eigenvalue. 


= v(.g 


( 6 ) 


Is satisfied. From Eqs. (4) and (5) It follows that 






(7) 


Equation (7) can be considered from another point 
of view. For a given specification of (n, I) this 
formula specifies the harmonic oscillator wave 
function in terms of the single parameter The 
physical significance of r„ is clear. Beyond this 
radial distance the amplitude of the wave function 
drops off very rapidly with Increasing r. Thus if 
ipnf Is to approximate the resonant radial wave 
function, the value of r„ should be chosen to cor¬ 
respond to the distance at which the latter is ex¬ 
pected to begin "dropping off." If the results of 
tbe method were extremely sensitive to the value 
chosen for r„, then It would have little value. As 
It turns out, all that Is required Is a reasonable 
guess. Varying Vg by one or two fermi’s does not 
significantly affect the results. 

Figure 2 compares this method with an S-matrix 
scan. The potential chosen is a Woods-Saxon well 
plus a Coulomb repulsion term. The parameters 
chosen are almost the same as those used by 
GotAd et al.* In an optical model calculation of the 
“C + ”C cross section. The object here is to 
compare the two methods for finding resonances 
and thus no attempt was made to produce an ex- 
perlmeidal fit. 

In Fig. 2 the </ => 10 partial wave was examined. 
Part (a) shows a plot of E-Ef^ya E, where Ef^^ 
Is obtained from Eq. (1), The intersection with 



FIG. Z. '*C + '’C elastic scattering. Comparison of 
the projection operator method Eq, (li In part (a) and 
tbe S-matrlx scan In part (c) for the Z,=]0 partial wave. 
The cross section based on the S matrix is shown in pert 
(b). In part (a) a resonance was found at IZ.HZ MeV with 
a width Eq. (2) of 0.40 MoV. This can he compered 
with parts (b) and (c). 


the zero ordinate line g^ves a resonance energi of 
12.5 MeV. Equation (2) then readily yields a 
width r(£;jg)="0.40 MeV. We note that 
essentially a straight line and only a few points 
are needed to find the intersection. In pari (b) 01 
Fig. 2 the tradltioiial cross section based on the 
S matrix is shown vs B, and in part (c) /teW vs 
is displayed. The S matrix predicts a resonance 
at 12.5 MeV in agreement with our simpler met - 
od. In addition, the S-matrix method yields a 
■width of aboiR 0,40 MeV, which agrees with our 
results. In a similar calculation for the ^ 
tlal wave, our method yielded 17.35 MeV 
and r(£^ = 1,56 MeV. In comparison, the S-w ' 
trlx results were less than 2% greater. 

In summary, since only a few poltRs are ne 
to determine the position of a resonance, our 




n rROJECTION OPERATOR METHOD 

method 1 b much less time consuming than the 
standard techniques. Furthermore, id nee our 
approach Is most accurate lor narrow resonances. 

It can be used tor finding both virtual and quasi- 
bound heavjr-lon resonances. The latter tend to 
be very narrow and could easily be missed by a 
scan. We emphasize that although narrow single- 
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particle resonances are not expected to be seen 
directly in heavy-ion data, they are often neces¬ 
sary as Inputs to more detailed nuclear reaction 
and structure calculations. 
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The P-wnve diipenive ooatributioii to the elutic fcattenof of low-enetgf poativc piau (7* ^ ~ 50 MeV) 
by deuteioiu ii itudied in a ifanple model with plan tad p-mcK» rocattering via iaobar eacitatiaii. For S- 
•tate deutenmi it ii found that only the temor part of the effective potential for ooe-boaon exchange 
contributes, and the resulting intetference with the tingle icattering it a teniitive function rf the p 
panmeter, k. 

TNUCLEAH REACTIONS dlir*. »*), 49 MeV; P-wave dispersive contrlbutlonn 

I ir, p reBcatterlng: interference with single soatterlng; p parameter. I 


The calculation of the effects of the absorption 
of P-wave pions on low-energy elastic ir* ^ scat¬ 
tering (Via v**H—pp-rt* ’H) is a problem of long 
standing In medium-energy physics.^'^ In the low- 
energy domain (40 MeV^TjJJ t60 MeV), the quan¬ 
titative resolution of the problem is further com¬ 
plicated by the fact that the single-scattering e* *E 
amplitude is nearly real there, so that the Inter¬ 
ference with the “absorptive” amplitude wiU be de¬ 
termined by the dispersive contribution cf the lat¬ 
ter.* More recently, McMillan and Landau* have 
performed an extensive numerical study of the 
single-scattering contribution to the elastic v* 
cross section in the 25-100 MeV region, examlninK 
effects due to the presence of the Zf-atate compo-. 
nent of the deuteron wave function, to internal mo¬ 
tion of the target nucleons, and to imcertainties in 
the off-energy-shell pion-nucleon scattering am¬ 
plitudes and the pion-nucleon phase shiftB. They* 
find that the contribution from the f)-state compo¬ 
nent becomes fairly sizable for plon lab energies 
above 49 MeV, e.g., raising the badcward elastic 



FIO. 1. (x. p)-rescattering graphs used in calculatliig 
the P-WKve dleperiWe contribution to elastic x* *H scat¬ 
tering. The nucleon momate are C-q and % 

•> -p-£, where IT is tlie resosttersd meson momsotum. 


angular distribution at 49 MeV by 12% in the case 
of the Moravcsik-Gartenhaus* wave function with a 
6,7% D-state probability; moreover, McMillan and 
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FIG. 2. x**H elBsUc differential cross section (mil'' 
line) for a plon lab kinetic energy of 49 MeV in the siw f 
scattering approximation (Ref. 3). In the calculation o 
the P-WBve dispersive correction, an S-staic Hulihcn 
wave function with O) - 0.326 and ft - 2.029 Is used 
the daehed end dotted curvee Indicating the effect o l ' 
P-wave dlaperelve contribution for «- -1 (» exchaiwe^ 
only) and 6.6. The dashed-dotted curve indicates the 

foot of the P-wsive dispersive contribution for a - ^ 

exchange only) using McGee’s wave functloo (Ref- ^ ^ 
also lake A,- 1200 MsV and A,- 1600 MeV. Datasw 
are taken from D. Axen et al. (Ref. 11) and B. Bale 
et el. (circles) (Ref. 12). 
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Lutdaa show that Bader's* approslinaUcms in the 
single-scattering terms {neglecting entirely the 
Z>-state contributions) produce at this same en¬ 
ergy results whichdUfer from those where com¬ 
plex phase-shut functions are used by about the 
same amount. The elastic cross section within 
the single-scattering approximation is found* not 
significantly affected by the choice of the ofi-en- 
ergy-shell function. Note that the possibility of a 
non-negllglble contribution from absorption does 
not enter into their* considerations. The subse¬ 
quent calculation of the v* *H elastic cross sec¬ 
tion at 47.5 MeV by McMillan and Landau aras ob¬ 
served by Btuman* to "represent the data (of Axen 
et al.) reasonably weU"; indeed, it was remarked* 
“that a simple single-scattering approach is so 
close to the data... is encouraging.” Thus it would 
be useful to provide some theoretical Justification 
for ignoring this bothersome contribution in dis¬ 
cussions of single-scattering fits to the low-euergy 
elastic data. 

The boson (v,p)-re8catterlng model of Brack 
ct at.,’ which has lately proved successful in fitting 

*H absorption, is the basis for the calculation 
of the P-ymve dispersive contribution to elastic 
v* *H scattering I sketch here. In my adaptation of 


this model to the present diagonal situation [v*^ *Ii 
(absorption) —pp - r* *H (reemission)], 1 make the 
following reasonable approximations; 

(1) In the energy dom^n of interest, i.e., 40 
MeV«r^t «60 MeV, only the rescattering terms 
via A excitation are kept. (The relevant graphs . 
are shown in Fig. 1.) 

(2) As In Ret. 6, my considerations are limited 
to sialic boson exchanges. 

(3) The dependence of the absorption (reemis- 
sion) “form factor” on the initial (final) w* mo¬ 
mentum is neglected ("threshold approximation"*). 
In spite of the quantitative shortcomings alluded 
to above, I have for simplicity carried out the cal¬ 
culation in terms of Seder’s apprordmations,*’* 
i.e., the real approximate phase-shifi functions, 

«p(»6i,,j,(*,)lslne',,„(AfJ-<4,.„(*c/»".)*‘*‘. (1) 

with <1 = 0.18, ai =-0.12, <, = -0.048. <, = -0.01, 
a^ =-0.032, 0^3,0.205, are used. First, for con¬ 
venience I use a Hulthdn (S- state) wave function 
with a, = 0.328 and =2.02B in calculating the ef¬ 
fect of this perturbation on the single-scattering 
prediction of Ref. 3. The graphs of Fig. 1 yield 
the amplitude 


(3) 


< T* I T= » =-f (2w„ 2u),)-‘''*tf {f (45'*5 - »(5,+?j) •q'x 51 - J (Oi + 5;,)'git?! + 0 J *5} 

X dpdltdR'(2r)‘*{a; -oJXrt, -a,)P,(fc'-p)P,(fe-^)F/(u>, + (j’/4M) -t, - (/>*/M)l, 

(2) 

where (i = »,p) 

a, = (/?/»»,)[ W/,)/w51(«. - + «T v.)-'((A,* - m,*)*/(A,* + ft*)* |ft*fr„,* + ft*)- {Awy'>N 

x{f«i*+(E+p)*J--f/3.*+(C+P)*]-'}. 

With approximation (3) the integrals over C and 
E' can now be obtained in closed form. Thus the 
evaluation of the perturbation reduces to a single 
numerical integration. 

AslnRef. 8, Itake*/*//=2,/*// = 1.7. In my 

calculation I set A, «1200 MeV, Ap= 1600 MeV. N 
Is the nonnaUzation constant of the deuteron S- 
state wave function. Note that only the tensor part 
of the effective potential for one boson exchange 
eontributes. Next, with slight formal modification 


of expression (2), I calculate the effect using the 
more physical MeGee wave function* (7% D-etaie 
probabiUty). For j exchange only I find a 50% 
reduction in the Hulthdn results; nevertheless, the 
perturbation in this case is still quite substantial 
at all angles. (I also find the D-state contribution 
to be negligible here.) The expectation that the 
resulting interference with the single-scattering 
amplitude 


1 1 r ST* + £J1 *^* 

<7’-0|a,lr=® ai-i^7'=oj j rfp{2r)-*^^^^ [ J 


( 4 ) 
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where my notation follows those of earlier 
worfcs^** [with denoting the appropriate 

Q8o)Bpin projection operator; L{c), laboratory 
(center-of-mass) frame; u>(£), meson (raicleon) 
energy, etc,'*’] depends sensitively on the p-meson 
parameter, k; 1b confirmed in the dashed and dotted 
Hulthdn plots of Fig. 2. One sees that as the cur¬ 
rently favored value of k = 5.5 is approached, the 
perturbation on (dcr'V<ffi^)a arising from the P~ 
wave (Uspersive contribution becomes negligible 
and the good fit to experiment already provided by 


the single-scattering approxtmation of Ref. 3 is 
preserved. The pertuitiatlon Is platted on the sin¬ 
gle-scattering prediction of Landau and McMil¬ 
lan with the 47.5 MeV data of Axen et al.^^ and the 
47 MeV data of Balestri ei a/.” shown for com¬ 
parison. 

I am happy to acknowledge the use of the PDP-n 
computer of the Rutgers Nuclear Physics Labora¬ 
tory. This work was supported in part by the Rut¬ 
gers Research Council under Grant No. 07-2330. 
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DifTerenlul croa tectioai wft reported for (»*j>) reacliom id discrete finsl stales over the range 
fl»20-45 (Ilf) and for the inclusive (rr',p) reactiiuu in ‘Li at Bsriff to the contuiuum. The 
conlinuuin cross sections indicate the predominance of the two-nucleon pion atMorptioo meclunisin when 
(tr ji) shows the importance of multiple (charge-exchange) scattering. The combined use of the exclusive 
and incluiuvc crou sections is discussed. 


NUCLKAH REACTIONS ‘■’LI(irr,p)*'*LI, r,= 7SMoV, «^20_tlG", T,‘17BMcV 
d,-20-9.‘i'’mcaaured ‘Ll<x*,p), T, 75, 175 MeV, 20° tnoasurrd olT,); 
dlacusaed reaction nu'chnnium effects. 


A alRnlflcant part of the pion-nucleus Interaction 
ia true pion absorption, but only a fraction thereof 
represents {*,p) reactions to discrete final states, 
A(f ,/)JA -1. There ia no definitive interpretation 
of such reactions (or of the related pion produc* 
tlon reactions A - l(p, tJA] and most progress 
towards an understanding of the pion absorption 
mechanism has been realized for the two-nucleon 
system.' The dissipation of the pion energy re¬ 
quires the involvement of large of'-shell momenta 
(aO.5 GeV/c) which Is a little known regime of the 
nuclear dynamics. Studies of (r*,p) in ‘ff indicate 
that, rather than coming from the nuclear single 
particle motion, such momenta are the result of 
n-{NS) Interactions which can be described, for 
instance, in terms of r -t TV off-shell scattering 
preceding the sAr— N annihilation on the second 
nucleon. In the interpretation of (r,/>) reactions 
In many-body systems (A >2) one has to consider 
the possibility of pion off-shell scattering from 
several nucleons besides the effects of ordinary 
(on-shell) multiple scattering. Theoretical at¬ 
tempts have been made to connect the A(w,p}A -1 
reactions in and heavier nuclei by using the 
two-nucleon and plon-rescatterlng models.’’’ 

The treatment of the dependence on nuclear struc¬ 
ture presents a problem In these reactions but Is 
of lesser importance in Inclusive reactions 

particularly In regions where few-nu- 
cleon interactions are kinematically allowed, for 
Instance, sNN-^. The other reaction aspects 
of theA(s,J>)A -1 reaction models can In part be 
tested In this pact of the ^ectrum Just as it con- 
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nects to the more ambitious efforts to predict the 
full >l(ir,p)X spectrum (for Instance, the Intranu¬ 
clear cascade model'*). In this note we report on 
the first measurements of the full (v,p) absoiption 
spectra with results on “■ ’Li(f *,^)’’'L,i and 
''Li(s'‘,p)X We discuss the information extract¬ 
able from these exclusive and Inclusive reactions 
separately and the additional Information power 
that lies In their combined use. 

The experiment was carried out with the EPICS 
channel and spectrometer system at LAMPF. 

Using fairly thick targets (314 and 245 mg.^cm’ of 
987 pure "1.1 and ^Ll) we obtained (v,p) spectra 
such as the example shown in Fig. I. All cross 
sections were normalized by measuring the **<f 


2S0 



FIG. 1. A typical'LKir*,^) spectrum (Atainsd at 
S -20* and r -17S MeV. The insert shows an anlarfe- 
meot with Hw 0 and 2,IS HvV states in 'LL 
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Analyzing powetv and poUrizationa for the and charge aynunctric rcactiona were 

ctlculaled in a 4 Am model space within the framework of the generalized R -matrix methodology of Lane 
and Robson. The calctilated dilTerencca are approximately an order of magnitude smaller than those quoted 
by Dries ei al. 


NUCLEAR REACTIONS Calculated analyzing jxrwer and polarization dlffer- 
mcoa for the charge symmetric reactions'iKd,p) and -H(d,a) (or 10.0 MeV. 


In a recent letter Dries el al.' measured the 
vector and tensor analyzing powers for the 
*H(d,«)lHe and reactions for low ener¬ 

gies 5.5 MeV), where effects due to the 
Coulomb Interaction should be enhanced. On the 
basis of their data, Dries el al. conclude that the 
energy trends of all the analyzing powers are In¬ 
consistent with a simple energy shift correction 
lor Coulomb effects proposed by Hardekopf 
el al.* Dries el al. also conclude that there are 
real differences in the magnitude of the com¬ 
parable analyzing powers and polarizations In the 
two reactions when the data are compared at 
equal projectile energies. Typically, /I,,®”) and 
A,(120*) differ by about 0.05 when the *s\d,p) 
and H la, i‘) reactions are compared at equal In¬ 
cident energies. The neutron data Is larger (less 
negative) than the proton data,' and this trend 
holds lor all deuteron energies considered in Ref. 
1. Unfortunately, the conclusions of Dries el al. 
are clouded because there Is considerable scatter 
In the *B(d,n) data.” 

In addition to experimental uncertainties, the 
(/,>0 and (d,p) reactions are of Interest because 
they can be used to explore charge symmetry 
violations of the nuclear force. Polarizations 
are expected to be identical when exact charge 
symmetry holds.'' This exact symmetry can be 
broken by die Coulomb Interaction, but its effect 
on observables is not well known.' The audior 
notes that questions of charge symmetry viola¬ 
tion have been frequently raised In the *He sys- 
tem.»-*« The large 'H(/>,h)P’’-A, differences 
were found by Donoghue el al.* to be small, and 
the apparent discrepancy was removed by ad¬ 
ditional experimental effort. The (p,n] results 
are consistent with Coulomb effects and one would 
®*pect the (d,p) and (d,n) polarization results to 
likewise show a normal Coulomb breaking effect 
ot about 0.01-0.02, and not be as large as re¬ 


ported by Dries et al. 

The model used in the analysis of {d,n) and 
ld,P) scattering Is based on die generalized R- 
matrix formalism of Lane and Robson.*' Details 
of the formalism have been given elsewhere*''*' 
and only salient features will be outlined here. 

The internal states for the ''He system are ex¬ 
panded on a basts of properly symmetrized trans- 
latlonally invariant harmonic oscillator eigen¬ 
states including all states of up to 4 Aw of oscil¬ 
lator excitation. All three two-body breakup 
channels, namely f> 4^1, n4*He, and<#4*H, are 
explicitly included. The model predicts at most 
a 3% breaking of isospin purity for states above 
the d 4’H channel.' The td.n) and *Hld,P) re¬ 
actions require the calculation of both "H and ^e 
bound state properties, and the model predicts 
binding energies which are 5% less than the ex¬ 
perimental values (or both clusters. The calcu¬ 
lated rms radius is within 8% of data for 'He and 
wldiin 2% (or 'H. 

Calculations of the 'H and 'He ground state 
wave functions yield a 0.01? Coulomb prompted 
Isospin breaking effect in the A = 3 system. In 
addition, our previous calculations suggest that 
Coulomb forces will have a small effect on level* 
as well as reaction properties*®'*' In the A =4 
system. In particular, the R,-A’difference In 
the *H (/», h) reaction was found to be typically 
0.015 or less. Thus, we are led to the conclusion 
that the 'H(rf, n) and •H(d,p) reactions will show a 
similar effect with expected differences being 
lessAhan the 0.05 result of Dries et al. 

Calculations of both polarization and analyzing 
power differences have been performed for 
« 10 MeV and are summarized in Table I. The 
calculations are performed at 6. „ =120* which 
shows the largest difference of experimental 
A* values.* The values in Table I are based on 
the £/"*** spectrum" which corresponds to the 
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TABUS I. Anslyilog power end polarlzatioa differ- 
enoea for the *H(3,p) aod reaettooa apt 

trum). 


Ee (MeV) 

a'(3,/>)-a*(3,») 

P,l3,p)-P,(3,a) 

1.0 

-0.004 25 

-0.000 34 

1.6 

-0.00654 

-0.001 92 

2.0 

-0.00679 

-0.00161 

2.5 

-0.006 70 

-0.00140 

3.0 

-0.005 33 

-0.00127 

6.0 

-0.003 73 

-0.002 06 

B.O 

+0.006 93 

-0.000 11 

10.0 

+0.00668 

-0.000 01 


level scheme of Fiarman and Meyerhof.” The 
use of the spectrum, which lies several 

MeV above the experimental levels,” leads to 
differences which are about a factor of 4 smaller 
than those summarised in Table I. Variations In 
ttiese spectra emphasize that the level positions, 
both near the d channel and lying higher In 
the continuum, can have a significant Impact on 
the calculated polarization and analyzing power 
values. 

The ^e levels above the <f +% channel are 
broad and overlapping.*' This feature suggests 
that significant variation In polarization values 
will not be encountered In the vicinity of the lev¬ 
els above the deuteron threshold In the '*He sys¬ 
tem, The level character will also favor smaller 


polarization differences which are expected in the 
vicinity of broad energy levels. This teature Is 
reflected In the results summarized In Table 1. 
The calculated values are generally less than 
0.007 which Is about an order of magnitude 
smaller than the differences of Dries et al. The 
0.007 model result la reasonable when compared 
with the 0.015 difference in die U>,n) reaction 
below the d threshold. The (P,«) reaction 
estimate was made In an energy regicui where 
narrow resonances predominate. 

It should be noted that polarization differences 
as large as 0.05 can occur In the %(7,p) and 
'Heltt,M) reactions,”'” but even differences dlls 
large do not require charge symmetry violations 
as an explanation. The differences can be at¬ 
tributed to channel as well as level effects.” 
Model calculations” predict these trends and are 
In agreement with (f,p) and (%,») data.”'” In 
view of the fairly wide qualitative agreement be¬ 
tween our calculated results"*'” and the (?,/>), 
(«,«), and (p,n) data,*'”'” we conclude that the 
data set of Dries et al. suggests trends which are 
not consistent with observed *He properties. 
TThese inconsistencies may be attributed to either 
the id,p) or (d,n)data. As note^earlier, con¬ 
siderable scatter exists In the Id, u) data. Since 
there Is only one set of {fl,p) data, additional 
measurements would aid In determining If the 
anomalous dltferenees between the proton and 
neutron data are real. 
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The Mattering of high energy hadrom from nuclei ii treated in a generalized ckauie approximation for 
induxive croai Mctfofu which takee into account aome Fermi motion and binding potential dfects. The 
conaiatency with unitarity ia demonatnited. 



LEAR REACTIONS High energy scattering, single scattering amplitude 
Inolusive cross section, closure approximation, unitarity. 


] 


Alt approach to the projectile-nucleus elastic 
scattering which utilises In a systematic way the 
compensation of Fermi motion and bindings ef¬ 
fects has recently been derived.*'’ Its application 
to the analysis of pd high energy backward scat¬ 
tering’’* revealed remarkable agreement with ttie 
data. 

Here we investigate the unitarity of this ap¬ 
proach concentrating cm the analysis of the single 
scattering amplitude. Consider a model where a 
projectile (mass m and momentum scatters 
(wlUi a scattering matrix r) on a nucleon (mass 
m and monientum ^ which is bound by a IcKal 
potential V to a core of Infinite mass. Using this 
mcxiel we present an approximate treatment of 
Inclusive cross sections (excludlrig, however, 
true absorptlcm or charge exdiange processes). 
We thus assume that die projectile does not In¬ 
teract with the core. 

We denote by c, the eigenvalues corresponding 
to eigenstates <p„ ot the nuclear Hamiltonian 

and set£-p/2M+<,and^-p/p. 
The Inclusive differential cross section Is 



>«I<*«p'It|*o,p)I*. 


( 1 ) 


Using die spectral representation of the Green’s 
function [G “ (£ - - ffprejM*)"'! we can express 

as 




In our approadi we approximate die Green’s 
function C in Eq. (2) by G,; 


(P'.5»1G,(E)IP'.P^ 



(3) 


where p', (p*), f', (P") denote projectile and total 


nucleon plus projectile momenta, respectively. 
The approximation in Eq. (3) Is very similar to 
the generalized closure approximation defined 
In Ref. 5, for the treatment of inclusive cross 
sections. However, we must use the same ap- 
proKlmatlcn for die Green’s function In the 
Llppmann-Schwlnger equation for the scattering 
matrix r. This consistent approximation Is cru¬ 
cial to Implement unitarity. The closure energy 
if) la assumed to depend on p' and an external 
vector X bnl not on P' (il^).*’* It Is defined to be 
chosen In such a way as to lead to vanishing first 
order corrections to o,„u,. 

Defining h, ‘G,"' - G~‘ one has C *G, +a‘C, 

+A*G, * -, A'G, ^C,h,Gt, A*G, =G(h,Cth(C,. 

In a similar way one can look for a closure en¬ 
ergy t (which may differ from t) for die Green’s 
fimctlon entering the Llppmann-Schwtnger equa¬ 
tion t = F + PCt where 0 Is the projectlle-nucleon 
potential. This approximate Green’s function la 
Gt. We also define 

tr^O^PGfti, ( 4 ) 

(p'. P' Ip. J*) = <P'I h |p)fl’(P' - P). (5a) 

viiere fr tines not depend on P (?').'•’ [One sees 
from Eqs. (3) and (4) diat the approximate scat- 
terii« matrix Ij^t contains only a two-body cut 
'Whose position depends on e (<7 does not contain 
many body cuts which appear In t).| 

The first order correction r-/ 7 = A* 7’+-• • Is 
given by &.'t otjCTlijCtix where A? =Gr'' - C"*. 
Including the correction a't we have 

v«,ui «<tf(Gj -Ge)l7) +('r(A‘G; - A*G,)fr) 

+ (A‘r’(G; - C, )/r> <'r(C; - G.)A'T> . 

We now determine e and t so that the A'G and 
A*T terms vanish. First examine the A*G cor¬ 
rection 
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For a local potential V we have 

/ V(P,-P>o{P.-P)^^.=l-(^i-P)^/2«+«,J«o{J‘.-p) 

If we then set 


(5b) 


«(p',x)r.? =eo + ^(P- 


p')* 


( 6 ) 


and perform (he integration In (5b) the Integral ie seen to vaniab. Proceeding In the eame way with the 
A't corrections we obtain G, =0^ and from Eq. (3): 


<P-. P'lG.lp',f'> - f')e’(p* -P')(£- - 



Cla) 


The Llppmann-Schwlnger equation for t, [see Eq. (4)| is 


<S^tlp'> =i5(P-p')+ / m(p 


. 5* vfsp*_. ■ ■ 


(Tb) 


which ttierefore corresponds to the free on shell projectile nucleon I matrix with the kinematics of the 
Initial nucleon at rest,* So neglecting second order corrections we have 





( 8 ) 


The integration over d*P was already performed in (8) where we used -p)|*d*P »1. 

Equations (7b) and (8) manifest the compensation of Fermi motion and binding potential effects'' which 
results In a freezing of the Fermi motion of the struck nucleon In Eq.(8). 

A similar calculation has previously been done for elastic scattering,' v*ere Bie first order correc¬ 
tions to the elastic amplitude were set equal to zero. The result ^q. (20) of Ref. 1J coincides wifii 
Eq. {7b)forp=p', i.e., forward elastic scattering. Therefore, the optical theorem 






P^ — felMlic ! f*Q, p) 


( 9 ) 


Is preserved within the generalized closure approximation for and f,tauic • This is seen by comparison 
cS Eqs. (8) and (9). 

In calculating higher order corrections for the Green's function discontinuity we have to consider the 
term 

(i.Vc; - A>G. Itr) - / f),(f-p)l(p'l?clPli*{[^^^ - + f")} 

{p2^ " f') + VCf* - P')jipo(*^ - p) 

1P*/2m - p'V2p - (p-(i'F/2m-«j» “ 

Integrating over (PP<PP' one can eliminate ^ obtaining 

(trlA»G;-A»Gjfr).^ Jl0^Kp)fKp'irrlp)l*(g--|l-.£^-i6) ’ 

X - (G* - C) ■ 

So by neglecting all terms involving commutators of the potential V with the kinetic energy of ttte nucleon 
which appear in bird and higher orders' we obtain 




(10) 


I 
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By B aimUar conalderatlon F, fuUUla the Ltppmann-Scbwloger equation 


<sr,(p)lp'>=i;®-p')+J i:(p-p”) 


^/2iJ. +{P - iy/2m - p'VJm - {? - P’f/Zm ' 


It la therefore an on-shell t matrix with the Initial and final momenta of projectile and bound nucleon to 
be p,?',9-p,&-p', respective!]^ and again one can show that unltarlty has been implemented. 

We would like to comment briefly on the structure of Eq. (10). It la manifestly a quasifree approxima¬ 
tion in which the binding effects compensate the final state nucleon core interaction. Since both effects 
are due to snc^ a compensation la understandable. One is thus left (contrary to Eq. {8)J with a Fermi 
broadening effect only. For comparison we consider dte plane wave approximation where the nucleon 
core Interaction In die final state Is neglected (for a discussion see also Refs. 7 and 10), In this a^iroxi- 
mation we evaluate the free Green's function for an off-shell energy £ +€„ both in the discontinuity 

and in the Lippmann-Schwinger equation obtaining 


• ^ / I-P)I’I<P'I<(£ =iS*/2M +to)IP>l’»(£ 





( 11 ) 


ydiere <p'l tip) is a free t matrix evaluated at the 
oft-ehell energy £ +c,. Note that there 

Is an energy shift (P-pf/2m In die fl function 
of Eq. (11) as compared to Eq. (10). This shift 
may be appreciable. 

If we now consider a core of finite mass M -m, 
rather than the infinite mass core considered be¬ 
fore, the wave function will depend on relative 
momenta. Equation (3) is modified to*‘ 


Calculating e In the stanwrd way (such as to have 
vanishing first order corrections to o,„^) we ob¬ 
tain 


relations. However, one cannot have an equation 
such as (5a) since the Green's function appearing 
In the calculati(m of t, has the structure 


^ £-p'*/2P-t+»6 


which is more complicated than Eq. (3). This 
fact does not allow the elimination of V from the 
equation corresponding to (Sb). One can over¬ 
come this difficulty and construct an approxima¬ 
tion for U starting from the auxiliary matrix 
f,' fulfilling Eq. (4) with c as In Eq. (6). Defining 
t{ =<; - f[G,PpT{ , one can consider V at V‘ 

=^t\ . A simple expression for can then 

be obtained taking all I'l to be equal, neglecting 
1/A effects and setting , 


c(p*,x)r,;-€o+ 


(p-p*')*(Af-m) 

2mAf 


Equations (7a) and (lb) are not modified and higher 
order corrections leading to Eq. (10) can be cal¬ 
culated wlOt no additional comnAlcaticoB. 

In principle the same procedure may be applied 
to a first order optical potential theory 

T,=w,+C(G{t-f’,)T„ being the ground 
state projection of a many body system treated In 
the single particle approximation without cor¬ 



( 12 ) 

where is the projectile distorted wave function. 
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plane determined by the projectile momenta. 
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ooe ts negteoting are expected to be of order 
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'b Eq. (10) Dm quaitfrae UnemattoB doei not mean that 
the plane Identified by the projectile Initial and final 
momenta p contains also Ifae (Insl nucleon raomentnm 
P-p^ due to the fact that P need not be In the plane. 

‘‘f. Lena, Proc. Top. Meet. Intern. Energy Phys.. Zuoz 


1076, Vol. 2, SIN report, p. 376 and toUoarlng. 

should be viewed here as the total projectile plus nu¬ 
cleus momentum (we are working In the laboratory 
frame). 
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Hme-depeBdeat quadrapde intmctioiiB in 

S. L Gupta, Asbok Kumar, S. K. Soni, and S. C. Pancholi 
Dtpanmtnt <>f Miftia and Astnphfda, Unimnit) iffDtlU, Dtlhl-H0007. India 
(Reseived 11 SqXember 1979) 

y-y time-diHefential directiaiial concladoa •tudiet h»ve bees curfed out on the i/1^ (4S9.6 keV) 5/2* 
<27.8 keV) 1/2* cocade in ‘”1 uang a aouice in 4JV Hd The meanirementi reveal timenlependent 

electric quadrupolc peiturhation of the correiatioa Frtan the plot of A^J) n T (finite time reulution 
corrected), the obtained vahia rf the relaxation parameter XJ* and the unpeiturbed d,(0) coefficient (aolid 
angle corrected) are (0.21 ±0.01) X 10* aec ' and -(0.068± 0.002), teapectively. The obaerved X? it 
conaittent with that deduced from the theory of Abngam and Pound. 

E RADIOACTIVITY ^**Te^*^ [from ***Ta (n.y)); measured *y-Y(0,f)l deduced! 

X‘',Ai(0).g,(<<>). J 


L INTRODUCnON 

Tellurium radicals are knovm to have ionic 
structure in HCl solution and generate strong elec¬ 
tric field gradients due to electrons In covalent 
bonds. The field gradients are made time depen¬ 
dent due to the Brownian motion of the ions in the 
liquid. The Interaction of these fields with the 
electric quadrupole moments of nuclei in their in¬ 
termediate States is expected to cause time-de¬ 
pendent perturbation of the y-y angular correla¬ 
tion. In our earlier work' we carried out tlme- 
differential directional correlation measurements 
on the I* (360.3 keV)-J* (87.8 keV) |* cascade using 
’’’Te"*' source in HCl solution. A time-dependent 
electric quadrupole perturbation of the correlation 
was found. Similar time-differential perturbed 
angular correlation (PAC) measurements are 
performed on the (459.6-27.8keV) y-y cascade 
using activity in AN HC^ solution and are 

presented in this paper. This work has been un¬ 
dertaken to search for any quadrupole interaction 
similar to that observed in '^'l. Our data in this 
case also clearly indicate a time-dependent 
quadrupole perturbation d the correlation. 

II. EXPERIMENTAL DETAILS 

The source of high specific activity was 

obtained from New England Nuclear, U.S.A. It 
Was in the form d concentrated solution In iff 
H(X The radiometric purity of the source was 
> 99%. The counting source was prepared by 
taking a lew drops of this chloride solution in a 
perspex vial of dimensions 3 mmdlam x4 mm. 

The timing coincidence spectrometer consisted 
of 3.54 cm<fiamxl.27 cm NElll plastic scintilla¬ 
tor and 3.81 cmtUamxS.Sl cm Nal(Tl) detector 
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both coupled to XP-1021 photomultipliers. The 
last output on the side of the plastic scintlUator 
was further coupled to a constant fraction pulse 
height trigger. Aluminum absorbers of appropri¬ 
ate thickness were used in front of both the scin¬ 
tillators to cut off the conversion electrons and 
~1.S MeV 3’s feeding the 27.8 keV level in “*I. 

The 459.6 keV gamma photopeak was gated in the 
NaI(Tl> detector whereas the upper -75% of the 
Compton distribution of the 27,8 keV y transition 
was gated in the plastic scintlUator. The calibra¬ 
tion of the TPHC-ADC system was carried out 
by observing the shift of the prompt resolution 
curve using a ‘°Co source with the introduction of 
accurately caUbrated GR8T4-L30 air dielectric 
coaxial delay lines and was found to be (0.62 1 0.01) 
nsec/channel. 

The fuU width at half maximum (FWHM) of the 
prompt curve at the above energy settings using 
a °°Co source was 2.9 nsec with a slope (i) of 0.2 
nsec. The delayed time coincidence spectra were 
recorded at 90°, 120°, 150°, 180°, 180°, 210°, 240°, 
and 270° and the data from the corresponding 
angles in the two quadrants were stored in the 356 
channel subgroups of a 4096 channel analyser. 
Stmultaneously, the singles counts from bothdetec- 
tors were also recorded for normalization pur¬ 
poses. 

Figure 1 shows the chance subtracted delayed 
time coincidence spectra recorded at 90°(1}, 
120°ttl), 150°(ni), and 180°(IV), The prompt part 
in the spectra arises due to the counter-to-counter 
scattering and other prompt y-y cascaxles. After 
normalizing with the gate counts, the data at each 
corresponding channel of the delayed region were 
analyzed by the weighted least squares method for 
obtainiiig A,(f) coefficients. The delayed region 
so chosen was weU outside the prompt part. 
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I3t Hi )S) 169 179 189 199 209 319 229 


CHANNEL NUMBER —- 


tlG.l. The chance siRitrscted delayed time coiBOl- 
danoe apeotn recorded at poeo* (I), 120* (II), 150* 
an), and 180* IIV) (or the (459.6-27.8) keV y-y caacade 


Tlie main coDtribntlon to the (4SB.6-27.8) keV 
y-y cascade appears to come from the f 
j*—- j-* Interfering cascade. This was esti* 
mated to be < 1% and hence no correction was ap¬ 
plied. The contributions from other y rays coin¬ 
cident with the 27.8 keV y ray are negligible be¬ 
cause of their weak photon intensities. 

The dilferentlal nonlinearity (DNL) curve for the 
system was also recorded. The nonlinearity was 
estimated to be < 1% and hence no correction was 
applied. 

An estimate of self-absorption for the 27.8 keV 
y ray within the thickness of the liquid ‘**Te"'' 
source employed for the present measurements 
was also made.’ It was found to be ~0.4% and 
lienee no correction for this effect was applied 
to the cascade anisotropy. 

The solid angle correction factor (^,) for the 
correlation geennetry and at the energy settings 
mentioned above was determined experimentally 
by the method given in Ref. 3. The instrumental 
angular resolution curve was obtained by record¬ 
ing 511-511 keV coincidences using a ”Na source. 
The correction factor obtained by direct 
numerical integration over the experimental reso¬ 
lution curve, is 0.816± 0.002. 

Ul. RESULTS 

After applying finite time resolution correction'' 
to the A,(f) coefiicients, a plot of Aj(?) vs F is 
shown in Fig. 2, which exhibits the exponential 
behavior of the perturbation. The AjT) values 
were least squares fitted to the equation 

Aj(F)=Aj(0)exp(-X*''F), (1) 

yielding Xf' (the relaxation parameter) 

= (0.21t 0.01)xl0° sec'* and the BoUd angle uncor¬ 
rected unperturbed ejqpanslon coefficient A,(0) 

= -0.056± 0.002. After solid angle correction, 
A,(0)e-(0.068 L 0.002). This is compared with 
the earlier results in Table I. Using our x;' and 
known Xg[T2^,Eie.8±0,2 nsec (Ref. 5)] and using 
the relation 



for a time-dependent perturbation, the integral 
attenuation coefficient C,(«o)=0.16± 0.01 Is ob¬ 
tained. This value of Cg^w) is quite small and is, 
therefore, indicative of a strong perturbation of 
the correlation. 

IV. DISCUSSION 

The results of the present time-diflerentlal PAC 
measurements In "’Te**''' decay and those of our 
earlier work* in ’*’Te"** decay both show a time- 
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FIG. 2, Plot of A] (?) (uncorrected tor solid an^e) vs 7 from tlme-dlSeraitlsl measurements in for a concen¬ 
trated '^tTe"'*'' source In 4M HCl. The relevant decay scheme (Ref, 15) is also shown as an Insert. 


dependent quadrupole perturbation of the correla¬ 
tions. The source forms used in these measure¬ 
ments are similar. The time-dependent inter¬ 
actions seemingly arise as a result of the rapidly 
fluctuating electric field gradients due to the 
Brownian motion of the complex tellurium chlo¬ 
ride ions. These fields interact with the nuclear 
electric quadrupole moments of the first excited 
8tate8[Q(57,6 keV level in ‘“T) = -0.71 b and 
e(Z7.8 keV level in ‘*"1) = -0.68 b|. 


Abragam and Pound*’ have shown that for time- 
dependent electric quadrupole interactions in the 
liquid sources, the relaxation parameter X.\‘ is 
given by 




*(ft-^l)(4/(/-fl)-*(* + !)- 1] 

^-FizTTT?- 


(3) 


TABLE 1. A; coofflcieots (A^ bo within cxperimeotal error) for the (459.6-27.8) keV y-y 
cascade in **1. 


Reference 


Source form Detectors used 


Integral 


6 

7 

8 
B 

10 


10 

11 


Present 

WDik 


Te metal 

UNO] solution 
HNO] solution 
HNO] solution 
(dilute) 


Te in N1 matrix 
Te metal) ZnTe 
powder; aqueous 
solution of 
AjTeO, 

477 HCl solution 


Nal-Nal 

Nal-Nal 

Nal-Nal 

Nal-Nal 

Nal-Sia.l) 

Ueai)-51(LD 


Detectors used 

Nal plastic 
Nal plastlo 


NSI-NE 111 
plastic 


-O.iao 10.033 
-0.0488^-0.0090 
-0.01481 0.0029 
.fO.056 ±0.018 
-0.033 ±0d)ll 

-0.035 ±0.017 

Differential 

A,(0) 

-0.02B± 0.007 
Isotropic 


-O.D6a±0.002 
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Here, the coupUng factor eQ((a* v/e7'))/A 
•> 2v&i/q, where Ai'q is the electric quadrupole 
Interaction frequency, represents the correla* 
tlon time for the ions in the liquid. Svdhstltutlng 
rj*2xl0"“ sec (Refs. 13 and 1) for the concen¬ 
trated 4N HCl solution, A»>g = 3000 MHz (Ref. 14) 
and 7»f for the 27.8 keV level in ‘”l in Eq. (3), 
xf (theory) 3 0.40x10* sec~' has been obtained. 


This is roughly in agreement with our X!' (e^pt) 

= (0.21 ± 0.01) X10* sec~‘. The difference in the 
two values could perhaps arise due to the uncer¬ 
tainties involved in the estimation of r, and di/g. 
In any case, our differential correlation measure- 
meirts clearly inAcate the presence of time-de¬ 
pendent electric quadrupole interactions in the 
HCl solution. 
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Compodte particle emissioa from ‘‘Zn* 

H. Machner 

Inultulfilr Kemphytik. Kim/onchungunlage Jitlleh. D-SITO JulIcK Wat Gtrmany 
(Rccaved 10 Octotier 1919) 

Calc uU tiora whhin the fnmeworic of the exciton-eoekicence model of anfle integnded ipectn es wdl w 
of aotolsr dutiibutioiu fix U(ht charged particlci with A ^4 from "Zn* with £*=37.4 MeV have been 
made. Them reproduce atdl the influence of diflerenl pn^ectiles (denterom, hehona, alphas) leading to the 
same compound system. The analysis indicates projectile and qectile dependent radii of the coalescence 
spheres. 

NUCLEAR REACTIONS "CuW.JO.£-24.7 MeV: **Nl(*He,£), £ = 24.3 MeV; 

'‘Nl(a,Jf),£ = 35.S MeV; Calculation of pre-equilibrium angle Integrated spec¬ 
tra, angular distributions, and comparison with experiment. 


In a recent paper' we have shown that complex 
particle emission from proton Induced reactions 
could be treated in the exclton model assuming 
the coalescence of excited nucleons to clusters 
(exciton-coalescence model). There is only one 
additional parameter with respect to nucleon 
spectra, namely, the radius of a coalescence 
sphere. Within the framework of this approach, 
even the angular distributions of complex part¬ 
icles could be rqiroduced surprisingly well. A 
more stringent test of the model would be to com¬ 
pare Its predictions with data from complex part¬ 
icle Induced reactions. 

For this purpose we have chosen the data of 
Ref. 2. These are of special interest because 
they are from a Ghoshal type experiment^; The 
intermediate system "Zn was produced via three 
different entrance channels leading to approxi¬ 
mately the same excitation energy 37.4 MeV of 
the composite system. This was done by the fol¬ 
lowing reactions: ®Cu+24.7 MeV d, “Nl+24.3 
MeV *He, and 35.5 MeV «. Light charged 
particles up to a s have been measured. 

Although In the original Ghoshal experiment’ no 
influence of the entrance channel has been obser¬ 
ved according to Bohr’s compound nucleus hypo¬ 
thesis, * the spectra under discussion here show 
strong entrance channel dependence. 

A main feature of the model in Ref. 1 Is the con¬ 
densation of those excited nucleons into clusters 
which are wlUiln a sphere In momentum space. 
This gives the initial exclton numbers lor states 
from which complex particle emission is pos¬ 
sible. For proton Induced reactions these values 
are 3p (particles) + 2h (holes), 4p'f 3h, and 5p 
i-4h for deuterons, tritons, and alphas, respec¬ 
tively. This Is In contrast to the work of Refs. 
5-7, where complex particle emission was allow- 
8d If the number of excited particles equaled the 

21 


number of nucleons in the corresponding cluster. 
Of course, this influences the shape of the spec¬ 
tra. On the other hand, the coalescence picture 
gives the direction of the emitted clusters. The 
emission rates are given by 

w,{p, h, 6, a)= h;(p, *, c) A (p+/., -p., k, S) 

xe(p+*+p,-p,)<fc. (1) 

The angular distribution functions A are given by 
the recursion relation’ 

A(p,k,n^.*)= j O,.*) 

X A(p — 1, A — 1, 0^i.4..i). (2) 

The transition ratew is calculated from the nu¬ 
cleon-nucleon cross section. 

The angle independent emission rates W,(p, h, e) 
are those from Ref. 6 with the following correc¬ 
tion. In counting all possible states for a com¬ 
posite system with excitation energy £ which Is 
divided Into a residual system with excitation 
energy U and p, unbound particles with energy 
E-V, one looks for the number of ways to dis¬ 
tribute the energy U to p + k-p^ excitons, and the 
energy E-U top, excitons.* Because there are 
p particles the number of possible conflgnratlons 
has tb be multiplied by p. On the other hand, 
fermions are indistinguishable. Therefore, the 
number of possible configurations baa to be di¬ 
vided by (^). In the case of nucleon spectra the 
latter factor was Introduced by Blann in Ref. 9, 
while the first one was given by him in Ref. 10. 
Also Gadioli has taken these factors into account 
by deriving transition rates." In the hybrid 
model, *•“’ taking only nucleon emission Into ac¬ 
count which leads to (t these two factors can¬ 
cel out. On the other hand, these arguments when 
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also applied to the statistics of holes, influence 
averaged nuclear transition rates. Whereas the 
Influence of the factors given above in the ezcUon 
model approach of nucleon spectra is weak, the; 
are of great importance for complex particle 
emission. 

The quantity p, denotes the number of nucleons 
in the projectile. The cross sections are given by 

with rjfi) the average n exr.iton lifetime including 
depletion derived from the integration of the mas¬ 
ter equation, and c, the total reaction cross sec¬ 
tion. The calculations were carried out with pro¬ 
jectile dependent initial exciton numbers The 
summation was stopped when the system reached 
thermal equilibrium characterized by the exciton 
number it. 

We have assumed in all cases that >ig«'(P,-*'l)P 
-f lA as in previous work.‘ To reproduce angle 
integrated proton spectra, the nucleon mean free 
path has been multiplied by a factor <A 4 (Fig. 1). 
Examples for the deuteron and alpha in the exit 
channel are given in Figs. 2 and 3. The radii of 


the coalescence spheres have been treated as free 
parameters and are derived from fitting the style 
integrated spectra. The deduced values are given 
In Table I. From this analysts It turns out that 
In cases where projectile ejecttle are the 
same particle type, the radii F>, are larger than 
In the (4her cases. Larger P, values mean, un¬ 
der the assumption of phase space relations, a 
smaller volume In the nucleus from which tto 
particle Is being emitted. Therefore, a possible 
explanation of large P, values may be the fact 
that a part of the projectile particle survives nu¬ 
cleon interactions. Thus in the case of alpha 
emission, the difference between deuteron and 
alpha Induced reactions results In a change of 
>>30% in the emitting volume. The radii /i of the 
interaction regions are also given in Table I. 

They are obtained from radii in mcnaentum 
space from which phase factors and spin align¬ 
ment have been explicitly removed by using the 
relation** 




(v+v)>(2s + l) 


(4) 


with T, V, s the number of protons, neutrons, and 
the spin of the ejectlle. A comparison of the radii 



FIO. 1. IbMton decay of "Zn* with E*=37.4 MeV. 

The data (Ref. 2) are repreaented by dots while the evep- 
orattve oontrihrutioo is dashed line drawn. The aum of 
evaporatton |dus pre-ecpilUbnuin contrlbotiOB Is aoUd 
line drawn. DilTereiit entrance channels are Indicated 
next to tbs spprcqirlate oorvee. 








FIG. 3. Same aa Fig. 1 but for alpha emiaalon. 


of the emitting volume with those of the ejectUes 
lodlcates a strong ejectlle dependence (Table I). 

It turns out that the radii of the emitting volume 
are roughly equal to the radii of the free clusters. 
The compound contributions to the spectra are 
calculated by the evaporation approximation''*''’ 

(5) 

and by using effective Coulomb barriers.'* The 
absolute height has been derived by first adjusting 


TABLE I. Radii of ooaleecence spheres In momentum 
space P| and of emiwn g volume R; In the last column 
die eJectUe radii A, from Ref. 18 are given. 


£iitr 11106 
channel 

Exit 

channel 

P, (MeV/c) 

R (bn) 

R, tfm) 

d 

d 

251 

3A6 

3.24 

*Ha 


247 

3.61 

-4.31 

a 


207 

4.16 


d 

t 

288 

2.28 


•He 


261 

2.62 

1.82 

a 


242 

2.71 


•Hs 

*He 

366 

1.80 

1.97 

d 

a 

327 

1.70 


•He 


31S 

1.77 

1.63 

a 


360 

1.65 




FIG. 4. Angular dlstiibutlaas for deuterons emitted 
from “Zn* with E»-37.4 MeV: The data (doU) for 
£^>18.8 lileV are from Ref. 2, The calculatlona are 
solid line drawn. Different projectile and targets ire 
indicated next to die appropriate curves. 


the pre-equtllbrium contribution at the high en¬ 
ergy part and then adjusting the compound contri¬ 
bution to the low energy part of the spectra. This 
procedure implies a relatively large uncertainty 
in the case of triton emission which has been 
measured only up to 19 MeV. It should be further 
mentioned that triton emission Is n weak channel. 
Therefore, the deviations between the free triton 
radius and radii of the emitting volume are largest 
In this case. 

From Figs, 2 and 3 it is obvioos that the model 
reproduces the shape cl the complex particle 
spectra very well. Small deviations occur due 
to direct reactions and breakup of the projectile 
as In the (*He, dx) case which Is not Included In 
the present calculation. 

In Figs. 4-6, angular distributions are com¬ 
pared with data. We used an Initial distrlbulloa 
function 

A(p„ j cosa 6{»/2 - a). (6) 





2m 


H. MACHNEE 


SI 



The agreement between data and ei^ertment Is 
eatlefactory although not as good as in the case 
of proton Induced reactions/ But the agreement 
is in the same accuracy as for proton emission/'' 
The deviations between the theoretical curves and 
the data are largest at backward angles where the 
contribution of compound emission to the cross 
sections Is largest. This contribution has been 
assumed to be emitted isotropically. 

Thus the coalescence model, previously applied 
to high energy data and modified to fit in the 
frame ot the exclton model can well describe the 
Influence (d different entrance channels on dtCfer- 
eid exit channels. Data analysis suggests that 
complex particles do survive In part interactions 
with nucleons In nuclear matter. The emitting 
volume of the excited nucleus has approximately 
the same size as the emitted complex particle. 



The author is grateful to Dr. M. Blaim for 
bringing the factor (^)"' as discussed above to 
bis attention. He also thanks Dr. Mayer-Borlcke 
for his continuing and encouraging support. 
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